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Abstract 

This paper describes the beginning of an attempt to study the weak coupling 

limit of lattice gauge theories, using the Hamiltonian formulation and the 

semiclassical approximation. The topics are caustics and the behavior of 

the ground state wave function in the vicinity of caustics. For two very 

simple SU(2) models (one plaquette, two plaquettes) we demonstrate the 

existence of caustics, determine their locations and study the peaking 

behavior of the ground state wave function on them in the limit g 2~ 0. 
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I, Introduction 

Lattice gauge theories l) on a finite volume have been studied quite intensely 

during the past years 
2

) For the limit of large lattice coupling constant the 

. . 3) . strong coupl1ng expanslon has been used to prove conf1nement and to calculate 

various physical quantities of interest. Existing calculations 4 ) extend over 

large orders of the inverse coupling constant. For smaller values of the coupling 

constant where this expansion can no longer be used computer simulations 5 ) 

{Monte Carlo calculations) have been performed 2 ), In both the strong and the 

weak coupling regimes they are consistent with the expected behavior: for large 

coupling constants they match the results for the strong coupling expansion, 

whereas in the weak coupling region they do not contradict the scaling behavior 

predicted by the renormalization group equation 6 ) For example, for a physical 

mass the expected behavior is: 

1 [ , / ] . - Pv,_~ ' ] 
m Pi,y• = coud • /;;_ •exp - /;>~, 1 , . ( ros'J '. [1-. O{g') 

( 1.1) 

( ~ 0 ,~1 , are the coefficients of the {3-function, a is the lattice dis-

tance, and the constant is the quantity to be read off from the numerical com-

puter analysis). The status of analytic calculations in the weak coupling regime is 

much less satisfactory than that in the strong coupling region. For U( 1) gauge 

theory in 3 dimensions GOpfert and Mack 7 ) have shown that confinement holds for 

all values of the coupl_ing constant, but for nonabelian theories an analogous 

proof is not available. Note that for these theories it is the weak coupling re-

gime which is relevant for the continuum limit. 

A natural framework for analytic investigations of lattice gauge theorie is 

the Hamiltonian formulation B). Based on the Hamiltonian of Kogut and Susskind B) 

several attempts have been made for solving the SchrOdinger equation, in particular 
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for the ground state wave function. Motivated by a successful variational calcula­

tion in compact Quantum Electrodynamics in 2+1 dimensions 9 ), various variational 

techniques have been explored lO)first in the abelian U(1)-case in 2+1 and 3+1 

dimensions, then also in the nonabelian SU(2) ll) and SU(3) 12 ) cases. Other cal­

culations make use of the t-expansion 13 ) or Lanczos' method 
11
'), None of these 

authors claim to have a systematic study of the extreme weak coupling limit. The 

behaviour in the limit of small coupling constant, however, is used as an important 

test for the quality of the approximation. 

Systematic perturbative studies of the weak coupling limit in the Hamiltonian 

formulation have been started by LUscher 15 ) and MUller and Rllhl 
16 ) The latter 

deals with SU(2)-lattice gauge theory in 2+1 dimensions and calculates, to leading 

order in powers of the coupling constant, the energy gap and the static potential. 

The first approach (calculations are done in the continuum limit directly) makes 

use of the fact that for small spatial volume the effective coupling constant is 

small: the size of the volume therefore controls the validity of the perturbation 

expansion, and one expects that perturbation theory gives a reliable answer for 

small-size models. With increasing volume, of course, corrections due to tunneling 

effects have to be included 17 ) 

The standard method for studying tunneling effects in quantum mechanical 

systems is the semiclassical approximation. The particular g~-dependence of the 

lattice Hamiltonian 8 ): 

H 3-2 
2 

T-t- 2 g;.V ( 1.2) 

(T is the electric part and plays the rOle of the kinetic energy, V represents 

the magnetic part and provides the potential) suggests to attack the g 2 --'!> 0 

limit of ( 1.2) by the same method as one treats the limit ~ ~0 in ordinary 
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quantum mechanics (i.e. g 2 plays the rOle of 11 ). This then leads to Hamiltonian 

classical mechanics in a system of many degrees of freedom. Several years ago 

instanton contributions lS) to the.(euclidean) partition function of gauge theories 

have been investigated quite extensively; since the integration over the size of 

the instanton configurations diverges, it has remained unclear whether instanton·con-

figurations in the functional integral could be a useful starting point. In prin-

ciple one expects that analogous configurations exist also on the lattice and 

show up in the limit g 2 ....;:> 0; if these contributions were the only effect seen in 

a semiclassical approximation to (1.2), an analysis of this type would not appear 

to be very promising. It is, however, welJ.-known that a semiclassical analysis 

of a quantum mechanical problem has many more facets l9) 20 ) such as foci, caustics, 

shadow, Young's phenomenon; it is also very likely that phenomena of modern non-

1 . h . 21 ) h . b . • w h t 
1near mec an1cs sue as chaotlc ehav1or play a role. e therefore feel t a 

the idea of applying the full apparatus of the semiclassical approximation to 

the weak coupling limit of ( 1.2) looks sufficiently promising, and an attempt 

should be made. 

In this paper we describe an exploratory study of a simple SU(2) lattice 

model (without fermions) which exhibits some of those features which we expect to 

be relevant for a larger realistic lattice model. In order to analyse the ground 

state of ( 1.2) in the semiclassical approximation, one solves the corresponding 

classical equations of motion: the solutions start in the region of small fields, 

where the ground state wave function is of order unity, and then spread out in 

configuration space, '..rhere the wave function decreases exponentially. It is there-

fore natural to study first classical solutions at distances not too far away 

from the point of zero fields. At very large distances the expoDential suppression 

makes it less probable that the details of the ground state wave function matter. 

At finite distances the most prominent feature of the classical solutions are 
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caustics, i.e. regions in configuration space where neighboring trajectories inter-

sect, It is this phenomenon on which we concentrate in this paper. 

In order to investigate the influence of caustics on the ground state wave 

function in some detail we have chosen to study the simplest nonabelian lattice 

models: one consisting of one single plaquette, the other of two plaquettes. In 

both cases we use free boundary conditions*): the classically allowed region then 

consists of one isolated point, the origin. The classical solutions we are interested 

in have energy zero and leave the origin in all possible directions of configura-

tion space. Although focal points and caustics in the semiclassical approximation 

to quantum mechanics have been known for a long time, it is only more recently 
20

) 

that a formulation has been given which allows generalization to higher numbers of 

variables. In this formulation, caustics are related to singularities of mappings, 

and Arnold 22 ) has given a complete list of normal forms of stable singularities 

for the Hamilton-Jacobi functionS for spatial dimensions ~5. This classification 

has turned out to be very useful for us, although our models also contain singu-

larities which are not on this list (they correspond to unstable singularities). 

The most striking feature of the ground state wave function is that on the caustic 

it develops a peak in the limit g 2 -) 0: 

"f ~ cows'- g-p e-xp [- 'Yg> S (A l] . ( 1. 3) 

Here p is a positive fractional power which depends upon the detailed structure 

of the caustic; A denotes the coordinates of the point on the caustics, and the normali< 

zation of the wave function is such that for a regular point (not on the caustic) 

*) For the case of periodic boundary conditions LUscher 15-) has shown that the 

potential has valleys (toron configurations). It is for- this complication 

that we have chosen to us.e, for the beginning, free boundary conditions. 

the-factor in front of the exponential is independent of g 2 • Our main effort has 

been to establish for our models the appearance of caustics in the case of SU(2) 

gauge theory and then to find, in the vicinity of the most interesting parts of 

the caustic, the form ( 1,3) for the wave function. 

This paper will be organized as follows, We first (Section II) present a brief 

summary of the semiclassical approximation. In particular we say a few words about 

the classification of caustics as stable singularities of mappings. As a first 

illustration we then (Section III) apply the semiclassical approximation to the 

simplest model, consisting of one single plaquette. Because of the high symmetry, 

this model does not yet fully exhibi~ the phenomenon which we want to explore. 

We therefore in Section IV turn to the next simplest model which consists of 

two plaquettes. Here we first use the computer for locating the caustics, then 

we construct the ground state wave function in the vicinity of the most interesting 

parts of the caustic. In the last section we summarize and give a brief discussion. 

Some details of analytic calculations are put into two appendices. 
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II. Semiclassical Method in Quantum Mechanics 

The generic form of the SchrOdinger equation which is to be solved in the limit 

-fi -:I] 0 is the following *) 

[ >' a.i, ( i
2 

c l_ ) ] - 2 G- (x! cx'Cix"- r._b dx< + V(x) lf'(x) = E1f(x) . 

Here a, b = 1, , ••• , N; Gab(x) is the real, symmetric, and positive definite 

metric tensor, and r:b are the connection coefficients: 

rc 
"b 

~ J.. r<""'( ;)& 2 l7 ~b a" • -r 
J &"' .. 
~ 

- JG""') 
() )( "" ' 

( 2.1) 

( 2.2) 

There are two equivalent ways of deriving the semiclassical approximation. The 

first one is usually presented in textbooks on quantum mechanics (see, e.g., 

Ref. 23). With the ansatz 

"fl I\() ~ M ><) <'Kp [ i-t, S ( x)] (2. 3) 

:5 ( )<) S !><) + OU/) ( 2.4) 

one goes into the SchrOdinger equation (2.1) and derives differential equations 

for the func~ions S (x) and A(x): 

b CJ5 
G-o. (x) i;• JS 

ox• 2 [ E-VCK)] 

I 2. 5 l 

or S;a. 5 ... =2.[E-V(xJJJ 
J 

*)This "I; is merely a small parameter and will be identified later with- ig 2 • 
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6 ( ,_ as) G- • (x) A d--;;• i ~ 
or (A2 S i .. )j .. = 0 

where ja is the covariant derivative: 

(A,_ Js.) == ax . & J 

d 
C!x& ( A,_ CJS)-

ax.• 

~o 

c 

r" b 

(2.6) 

(A,_ ;:;s<) 
d)( . 

(2. 7) 

Both equations {2.5) and (2.6) can be solved if we know the solutions of the 

classical equations of motion of the Hamiltonian 

HC~,x) 
1 ab 

2. G- Cx) p. Pb + V(x) 
(2.8) 

Since eq. (2.5) is the same as 

H ( &s x) = E d)< I 
( 2. 5') 

the solution is given by the action integral 

)( 

S (x) ~ 1 fL dq .. (2.9) 

X, 

The line integral goes along the classical· trajectory which connects the points 

x
0 

and x and has energy E. The point x
0 

is specified through the _boundary condition 

which Y' (x) has to obey. Similarly, the continuity equation (2.6) is solved by: 

, [ x ~h ( as) 
A (x) = cws.f-. exp - j d..r:: G ()-;;• j« J 

x, ~ 6- •b ~ OJ5 I . J 

d x ... dx b 

(2.10) 



- 8 -

where d G" =1/G dx 8dx b' is the differential of the arclength, and the line integral 
I' ab 

again goes along the classical trajectory. 

Equivalently, one could start from Feynman's path integral 
24 ) representation 

of the time-independent SchrOdinger wave function 

~ 

"!' {x) J [d•] e:xp [ Jt. j P~ dq •] 
x. 

I 2.11 I 

Here the integration goes over all paths which connect the points x
0 

and x and 

a:t 
have energy E; p .. "' ~X"- " I •L•b v , and cL =- 2 G «. f, 'X X - , In the limit l;---.o 

the clas~ical path dominates and 

l( 

l/J(xl = A c~> exp [ fJ;. f p~ .t.d. (2. 12) 

"· 
This is the same as (2.9), but the prefactor A now represents the quantum flue-

tuations around the classical path between x
0 

and x. Under normal circumstances 

the leading contribution to A (in the limit ~ -)0) comes from the gaussian flue-

tuations, but as we will discuss later, it may happen that one has to keep more 

than quadratic terms in the exponent of (2.11), 

In a given problem it may happen that the wave function y (x) is known al­

ready in some region of configuration space. Then the task will be to find 1P(x) 

in the remaining part of configuration space by means of the semiclassical appro-

ximation. To be specific, let "f' (x) be known in a bounded region D with boundary 

l. . W·e then know the functions S (x) and A(x) onL and can use this information 
0 0 

to set up the classical problem: for any x0 6) 0 we have --p.,."' d~lxo which uniquely 

fixes the classical trajectory through x • Now let us assume that for any x outside 
. 0 

of D and not too far away from ~ there is exactly one trajectory which connects x 
0 
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with some point x G ~ . We then have a unique prescription for calculating 
0 0 

{2.9) and also (2.10) and, hence, for calculating the wave function 1P (x) at 

the point x. This will remain true also further away from ~ , until we reach a 
0 

point 'Nhere different trajectories coming from 2" intersect. 
0 

Before we start to discuss this phenomenon in more detail let us describe how 

the semiclassical approximation works in a lattice gauge theory calculation, The 

Hamiltonian has the form B) 

1-1 = ..i. > 
2 T + 

2. 
j> v (2. 13) 

where the electric part T consists of a second order differential operator with 

a positive definite metric (in its form it agrees with the differential operator 

of eq, (2.11)),and the magnetic part Vis a positive semidefinite function of the 

group elements associated with the links of the lattice. In order to compare with 

eq. ( 2, 1 ) we note that the ground state energy of ( 2. 13) goes as 0( 1 ) when g 2 -;) 0. 

After multiplication with g 2 the SchrOdinger equation takes the form 

[ ;~T -t- 2V] <y = g2 E11-' ( 2. lh) 

which explicitly shows the dependence upon g 2 • For small g 2 , the classically 

allowed region shrinks to those points where the potential V vanishes. If we 

choose free boundary conditions, V = 0 only for zero fields; for periodic boundary 

conditions the po~ential vanishes on a manifold of dimension :>o 25 ) (a more detai-

led discussion is given in Ref. 15). There exist other types of boundary 

conditions for which V vanishes on a set of isolated points: an example for this 

is presented in Appendix A. In the main part of this paper we will work only with 

free boundary conditions. This is the simplest case, since the classically allowed 

region is just the one point where all field variables vanish. 
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Now since in the classically allowed region both Vand g 2 E are zero, we know from 

as 
dX~ 

0, Therefore S canst on each connected component of 

&s 
p-.= ;h;"'- "' 0. This then determines the 

eq. (2.5) that 

the classically allowed region, and also 

starting condition of the classical trajectories: for the case of free boundary 

conditions we search for classical trajectories of zero energy which start at the 

origin with momentum zero. For a complete calculation of the semiclassical wave 

function, however, we need more than the starting values of the classical solution: 

we also have to know the starting value of the prefactor A (i.e, the constant in 

(2.10)), This information is easily obtained from the quadratic approximation to 

(2.14) and its solution, the gaussian wave function. If we would work with periodic 

boundary condition, this last question would be significantly more difficult: the 

solution can be found in Ref. 15. 

We now return to intersection points of classical trajectories. This phenomenon 

is most conveniently phrased in terms of geodesics and curvature. It is well known 20 ) 

that a classical trajectory which connects two points x0 and x
1 

minimizes the 

action integral 

)< 

s = 1 p. d.q .. ( 2. 15) 

x, 

Here the variation goes over all paths from x
0 

to x
1

, which have constant energy 

E = H(p1q). Using the equations of motion 

... 'dH &"!, (2. 16) 
q = -- = 

<Jp~ Pb 

and the relation between time and arclength 
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cl..cr = V &._6 q~ qb' dt 

=/2 [E-v]' .;.~; 1 

eq. (2.13) can also be written as 

x, 

5 ~ f 1/2 [E-VJ' rJ..o:r. 
)(, 

(2.17) 

( 2,18) 

Trajectories which minimize this integral can, formally, be viewed as geodesics in 

a space with a metric 

(;. ob = 2 [ E-V] Gab , (2.19) 

Let R~cd be the corresponding 'Riemann curvature tensor, and let us consider a 

continous set of geodesics xa( G' ,GX.) through the point x ( G" denotes the arc­
o 

length, ex labels the geodesics). Then the vector 1:{c;o<) is tangential to 

. a • <J.x•( J/ . the geodes1c x ( c:;, ()( ) , whereas the vector '\r = -:;- V,oc measures the devla-
v..Cl ot:O 

tion of an infinitesimally neighboring geodesic from the geodesic xa( C', O). 

Obviously, va "' 0 if the two geodesics intersect. Such a point is called conjugate 

to x or focal point. The vector va satisfies the equation for geodesic deviation 
0 

(J . . )26) acob1 equatlon : 

1)2. 
- ._ 
cJ..r;;'- 'tr + 

~ ~ 

'f.. b,,t 
c(xb d.x' "-
-- -- '\r 
d..- d..-

=0 

D 
Here cJ,.rr denotes the covariant derivative along the geodesic: 

lhr" 
d.rr 

= 
.. 

'V' ; b 
c( X b 

d.rr 

(2.20) 

(2.21) 
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Equation (2,20) has an obvious interpretation: the curvature tensor R' acts like 

a force on the vectorv. Depending on the sign and size it either pushes neighboring 

geodesics apart or causes them to intersect. In particular, if R is zero the 

geodesics do not intersect. This shown quite clearly that it is the presence of cur-

vature which is responsible for focal points. 

If on a geodesic xa( (), o<. ,. 0) a focal point exists, it will, in general 

also exist on other geodesics nearby. The locus of these focal points is called 

caustic • In N-dimensional configuration space the caustic forms a manifold ~ f 

of dimension less than N. The shape of :f f can be rather complicated, but useful 

information can be obtained from Arnold's list of generic singularities 20 ), 22 ) 

The basic idea is to relate the caustic to stable singularities of smooth 

mappings for which mathematical literature is available, In the 2N-dimensional 
as 

(pq)-space each function S(q,t) describes, by virtue of pA ~ d~~ , a N-dimensio-

nal surface whose shape changes as a function of time. For simplicity consider the 

case N = 1 (Fig. 1). At some timet S 
. as o 

each q there 1s one value p= ~ . At 

may have the form shown in Fig. 1a: for 

some later time t > t S has a different 
0 

shape, as shown in Fig. lb. For some values of q there are two values 
as 

p = •q 

for other q's there are none. In terms of classical trajectories, fort = t
0 

one 

classical trajectory passes through each point, whereas fort> t
0 

some points 

are reached by two different trajectories, others by none. It is convenient to 

introduce, for each S(q,t), the map11:p~q. It is the inverse of the equation 

as 
p; ()q With the Legendre-transform f 

d+ 
P'1 - S we have q = iJ, , In Fig. 1a 

the map ~ is smooth, whereas in Fig. 1b there is a singularity marked by the dashed 

line. To the right there are two preimages of this map, on the left hand side there 

is no preimage. The general task is then to classifY singularities of mappings 11: 

- 13-

p ~ q j because of 
'U 

q "-,. 'l- we are particularly interested in derivative maps. 
op. 

In Refs. 20, 22 Arnold presents a list of normal forms in the neighborhood of 

these singularities. With a little algebra it is possible to deduce from them 

the shape of the caustic ;ff. In the following sections we shall discuss examples 

which arise in our model calculations: in some of the cases we can make immediate 

use of Arnold's list of singularities, There are, however, also singularities 

which are not contained in this list: these are unstable singularities. 

We now return to our wave function y(x) which we have started to construct 

by means of the semiclassical approximation. As long as each point x is reached 

by one classical trajectory, lV(x) is represented by a single term (2.12), as we 

have outlined above, Beyond a focal point, however, points x may be reached by more 

than one trajectory. The wave function ~(x) then consists of several terms of 

the form (2.12): 

"'' ( )<) l 
-i 

Ai lx) 

)< 

Vxp [ ~ f p. Jq + 
Xo1 

in ] 
2 /.a . (2.22) 

Here, for a given x, the sum over j runs over all classical trajectories which 

connect the point x with some point x
0

j on the initial surface x
0

• For each such 

trajectory the index~. counts the number of focal points between x . and x 
J OJ 

(Morse index), As we have said before, in lattice gauge theories with free boun-

dary conditions all trajectories start at the origin, so x
0

j 0. It is clear 

from (2.22) that a focal point represents a singularity of the semiclassical 

a.Pproximation to "''(x). Before the focal point "V (x) consists of one piece, 

after it 1p (x) has the form (2.22). What becomes singular is the prefactor A(x). 

This is most easily seen if we use Riemann normal coordinates 26 ) ya rather than 

the previous system xa. Consider again the classical trajectories as geodesics 

in a curved space (2.19), starting from x
0

• In addition to our reference trajectory 
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xa{ C' )-'take N-1 linearly independent and infinitesimally neighboring geodesics 

x~( q) ( i = 1, ••• , N-1). They could be labelled, for instance, by a set of N-1 

' 
angles relative to the reference trajectory xa( G'), by ~hich they leave the point 

x
0 

•. At the focal point, some linear combination of them will intersed with xa( C"), 

The new coordinates ya are the arclength ~ and these N-1 angles. Because of 

(2.9) and (2,18), the arclength is the same asS • Along each of these trajectories, 

2 
the Y • ... , N . . 

y stay constant, The metr1c tensor Gab transforms lnto: 

~ 

G.1 -) & __ .,, 

~ 

d..~ 
. ' -. 

oi.;J 

,, 
c/.x - .. 
OC'j 

de+ G -'l ,1.+ ;; I c/.x / > 
cJ~ = G- .. 

The covariant derivative of S simply becomes: 

5 ... 
) 

. ) S 
.• 

JS 
d;j .. cf., 

""J «'-s G j ~t.' = 
~ .. , 
& era' 6'' 

12.23) 

I 2. 24 I 

In the last line we have used the fact that in Riemann normal coordinates ~al~ Jal 

-1a r '" I 61 . . . .. and G ~ 0 . Eq. 2. ln these coordlnates Slmpllfles: 

o~(A'"s;b) ~ __ I_ d ( ff A'S ;£) 
;~ VT d 'db I 2.25) 

I CJ(VG A>.&'A') 

ff CJ 'j 1 
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Along the trajectory ya(t): 

« ~ ............. 
co•st = A ~ 

~ 

i'" ~ G(JuJf-. G-<1 
or 

v&' 
(2.26) 

At the focal point the transformation x~ becomes singular, i.e. the Jacobian 

· I <Jx I determlnant Jy vanishes. Hence 
- - , ....... > 
&'=' dd G.' dy { becomes zero, and A is 

singular, The same can be seen in the path integral (2.11): at the focal point two 

minima of the action integral f p._oC.IJ 
4 

coincide. Therefore, one of the eigen-

values of the matrix of second variations must be zero, and the prefactor A in 

(2.12) from the gaussian fluctuations becomes singular. 

The appearance of such a singularity near a focal point only signals that the 

semiclassical approximation breaks down. In principle, one has to solve the 

SchrOdinger equation near the focal point more accurately than it is done in 

eqs. \2.5) and (2.6). In the examples that we will present below it is sufficient 

to approximate in (2.1) the metric and the potential by their constant values at the 

focal point. We then search for a superposition of plane waves which away from 

the focal point matches the behavior obtained from the semiclassical approximation. 

This procedure divides the configuration space into two parts: there is an inner 

region near the caustic where the "naive" semiclassical approximation (2.3) cannot 

be used. The size of this region scales with some fractional power of J, , and the 

power depends upon the detailed shape of ~f' In the outer region (2.3) or (2.22) 

are valid approximations. At fixed "fi , "f' (x) as a function of x is perfectly 

well-behaved. But if we let i; -) 0 for fixed x, then "'V (x) is s·ingular on a caustic: 

relative to a point away from the caustic, A (x) scales with a negative, frac-

tional power of ~ 
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-p [ i ] 
'If ( ><,~.~-, ) = ceurl- · i;, ""1' It, S ( x-,~~-, ) (2.27) 

The value of the exponent p depends upon the detailed structure of ~ r· 

In the following we shall present the two simplest examples which illustrate 

all the features outlined above. In case of the two-plaquette .problem (Section IV) 

we have found it convenient to proceed in the following way: a) first establish the 

existence of a caustic and the behavior of classical trajectories in the neighbour-

hood; b) use Arnold's list of normal forms to find (up to a smooth transformation 

of variables) the function S; c) from a local approximation to the Schr6dinger 

equation at the focal point find the solution which, aw~ from the caustic, matches 

the semiclassical approximation. This solution shows the singular behavior of the 

prefactor A near the caustic or, equivalently, the behavior ( 2. 27) when i.-) 0, 

d) Finally, replace 
. I 
Yt. -7- Yg• which leads to the situation of lattice gauge 

theories. 
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III. The One-Plaquette Problem 

As a first illustration of the ideas outlined in the previous section we consider 

a single plaquette with free boundary conditions. This simple quantum mechanical 

system has been investigated by several authors 27 ) 

The notation is indicated in Fig. 2. For each link variable we use the para-

. . LL ._,_.., 2. -:--=~~ . . 
metn.zat10n ;=X; 0 +t)<i·c;-, )<.; 0 -t'X,;=1. (1"'1, ••• ,4),andtheHarnll-

tonian takes the form 

H =- .i 
R 

, 
4 ' l /:J.; + 

;.,, 

2 
5.,_ -ir [ ~- u, u2 u;·u~'] . (3.1 I 

Here L) stands for the Laplacian in 4 dimensions, and the prime indicates that 

the variables are restricted to the surface of the unit sphere. It is convenient 

to use 4 dimensional polar coordinates. The link variables then are X;~= cos e.- J 

X1
; = Sil1 fJ,·{siwti;~tf;JSiw~·sri..q;)r.m~), and the Laplacian .4

1 
takes the form: 

' 6 = • 
J' rJ 

;)e• + 2 c~ e, ie. 
' 

+ . 'e· Slit ' 

_,2 
L,. ( 3.2) 

where~. is the usual angular momentum vector operator expressed in term of polar 

' 
coordinates. 

We now have two options to continue. According to the strategy outlined above 

we would first solve the SchrOdinger equation with (3.1) in the quadratic approxi-

mation. For the ground state this leads to a gaussian wave function, the exponent 

of which has the form -/~2 S (x-1>><:l.,x;fJ)('f) , It is manifestly 

gauge invariant. We then would useS for defining the startinp: conrHt.ions for t.hf' 

classical equations of motion. The solution to this again preserves gauge invariance, 
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such that the resulting expressions for S and A are also invariant under gauge 

transformations. The number of variables that we are dealing with is 4 X 3 = 12; 

from the gauge fixing procedure outlined in Ref. 28 we know that the number of 

inqependent variables is much smaller. By applying suitable gauge transformations 

to the variables u1, ••• , u4 we can fix the SU{2) elements u 1 = u
2 

= u
4 
~ 1. 

After this there is still invariance left under a global gauge transformation which 

leaves us with o.nly one degree of freedom. Therefore, if we encounter a focal point 

along some trajectories in our 12-dimensional space it well, in fact, lie on a 

hypersurface of dimension~ 11, Displacements within this surface are generated 

by gauge transformationswhichcorrespond to a synunetry of our Hamiltonian. 

For practical reasons it is therefore advantagous to eliminate all gauge 

degrees of freedom from the start (this does not hold for more complicated 

lattice models, e.g. already a 13-cube), Following the procedure of Bronzan 28 ) 

we fix the SU{2)-elements along the maximal gauge tree which consists of the 

links 4, 1, and 2. This leaves us with the Hamiltonian 

H= 
J' It -1!.'+- [/1-U>e] 
t 32 

-1 -1 where all angles, now belong to the loop variables U = u
1

u
2

,u
3 

u
4 

There is 

( 3. 3) 

still gauge freedom left: a global SU(2) rotation which for all variables u
1

, u
2

, u
3

, 

u4 and U means a "spatial" rotation of the angles .J and 'f . The ground state 

wave function must be invariant under these rotations, i.e. it has "angular 

momentum" zero. By eliminating in this wa:y the dependence upon ,(!and !.( , eq. 

(3.3} reduces to an ordinary differential euquation: by a simple change of 

variables it is possible to solve this equation in terms of Mathieu-functions 27 ) 

For various reasons, however, we wish to apply a semiclassical analysis. 
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First we solve eq. {3,3) in the quadratic approximation. Clearly the lowest 

energyJrotationally invariant1and normalizable solution is 

"if, (e)~ N e-xp [- ~· · e7') 
( 3.4) 

with energy eigenvalue E = 3;2, and the function S can be read off as 

s = 2 g' ( 3.5) 

Nevertheless, eq. (3.4) is only approximately correct: since the quadratic approxi-

mation to (3.3) is restricted to the region fJ<~ 1 it is not justified to require 

normalizability of "f'o for e ~ 1. One therefore has to replace (3.4) by a com­

bination of parabolic cylinder. functions 29): 

lv 
'% (?:} ~ h [ "Dv(<-)- 1:>,.. (-?)] 

( 3.6) 

2e 
i!= V2-g 

with energy eigenvalues E: = V + ~· For V = 1 this reduces to ( 3. 4); for V =#= 

positive integer the asymptotic behavior (g <~ e << 1) is: 

N 
"J'Jr)= 2;, 

,/ ' 
[ 

v - i/(( v -t;..q 
~e -(->)e 

For v close to one: 

' ~ -V-< t/4] 
--:-:-:-2- e. 
r( 1-v} 

'ljl, (<c)= N { ~v -c~ 
" ~ e + i (/-v) V2n' '&-v-• e ~~) 

( J,]) 

( 3.8) 
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The main difference between (3.4) and (3.7) or (3.8) is the term~ L~~: in 

-·· addition to the exponentially decreasing term e ./£r there is also an exponen-

tially increasing term e 'l'~l( which, in the semiclassical approximation, has 

necessarily to be present. 

In the present problem it is most convenient to visualize the situation in the 

3-dimensional phase space of the SU(2)-element U: it has the topology of S
3

, 

and our quadratic approximation is valid on a 3-dimensional tangential plane at 

the north pole. We now choose ~ to be a sphere around the north-pole with 
0 ~ 

radius g << e. << 1. On the surface of this sphere we have P9 = ae D '-f e, 

""' • P, ~ 0 
With these starting conditions,. the classical equations of motion 

to be solved reduce to 

.. e = Siw 8 I e = lr a,c,f..(e b) I 3.9) 

(} 

S = jote'v'32( 1-W>B') 
0 ( 

2 e' 

16- d'{n- e) 

(e '""~II} J 
f) 11f4f 71) 

I 3. 1o) 

with lf =: canst, {)-:: canst. Hence the classical trajectories are rays leaving 

the north pole at t = - ~ • Along any of these rays the first focal point is at 

the south pole of s3 
( e = ~ ). According to what we have said in the previous 

section, the semiclassical approximation will be invalid near this focal point *) 

This can be deduced from the calculation of the prefactor from eq. (2.9). One finds: 

f., i·=- {R" Si~A ~ + 2lw '"' e- 2 E .e.~ ~]+AN 
2 I 3.11) 

which implies 

*) It also happens that at the south pole the metric of our coordinate system be-
. ( •• ~~ ... / . 'tV '/ ) . . 

comes s1ngular !J =if , ' ... '/ S•'t,/·() 1 9 = 'Y Sik~e sie,.:l.{} .• Th1s 1s, however • a 

feature of our choice of coordinates, and it should be distinguished from the 

appearance of the focal point. 
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N 
A (e) ~ 

e.-. -n-e I 3.12) 

near the south pole. (Similarly the north pole is an intersection point of 

different trajectories, A is singular also for e...::;o.) 

We therefore return to the SchrOdinger equation and demand that, away .from the 

south pole, the solution matches the semiclassical approximation, If we approximate 

the potential in (3.3) by the constant value 8/g 2 , the SchrOdinger equation be-

comes a free wave equation for spherically symmetric {euclidean) waves. A solution 

can therefore be written as a superposition of spherically symmetric rays: 

T1 2-n 

'f. J -"''""' "fo (e) = N ,l{t .. {t d'l' ., 

0 • 

3,..; 
=(2n),N' T "-2 (<:! 

tR 

k= SJ(.,.e) 

~ 

Alternatively, we could start from the SchrOdinger equation (9=.,-9)• 

~ ;/ 
[ - J_ ( -::, + 

d' ~e 

2 () ) 
1!) ~ -t 3

J'.) 'lf, I 6-J = E 'lf', (6) 

I 3.13) 

I 3.14) 

and pick the solution which is regular at 8 = 0. The normalization in ( 3.13) 

has to be chosen such that it matches the semiclassical behavior (3.10), (3.11): 

'If'. le! ~ N 

1 ~ T ( i(n-9)) 
2 ~n e- "1.!' - 1>. ~ 

S V J'{'n-&!' 
g' 

I 3.15 l 

This solution exhibits all those characteristics which we have listed in the 

previous section: 

I i) At the south pole e = 1l' -yr 0 takes the value 

"f', (.,) ~ N 
2' V2' _16~> 

g' 
e I 3.16) 
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It is, therefore, regular as a function of 9 . Note that as a function of g 2 the 

prefactor goes as O(g- 2 ). Normalization is chosen such that for any point away from 

the south pole or the north pole the prefactor is independent of g, 

(ii) Asymptotic behavor of "f'o( (})sets in for g 2 <<n-9 , In this region it 

matches the semiclassical approximation: 

"Yo ( 9} ~ N e 
.>,; "/s' 2 2 [ .P(n-•l/e' 

--- e 
-n-e 

e- d'(n-91/g 'J (3.17) 

This has to be compared with (3.10) and (3.12): the "singularity" ...... -1/(n-e) 

disappears if we take a closer look at distances n-&=O(gl.) and use the full 

solution (3.15). The configuration space thus divides itself into the "inner" 

part 7J- 9 < g' where the semiclassical approximation is not good enough and 

an "cuter11 part Tl- 6> g 2 where this approximation provides an adequate des-

cription. 

In addition to these features which are typical for a focal point, the 

asymptotic behavior(3.17) contains another piece of information. It is only 

the first term in the brackets of {3.1T) which matches the semiclassical so­

lution· "fo ""'A · t..Y.p [- t::l. S] with S of (3.10). We interpret it as a 

spherical wave whose center is located at the north pole. On its way towardS 

the south pole it decreases exponentially. The second piece in (3.17) belongs 

to a wave which moves in the opposite direction, In terms of classical trajec-

tories, the first piece belongs to classical solutions which at time t = - 00 

have left the north pole and at time t = 0 arrive at the south pole. In the 

second wave, the trajectories have traversed their common focal point and are 

on their way back to the north pole. Because of the rotational symmetry it is 

clear that the north pole is again a common focal point, and beyond this point 
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the whole procedure repeats itself. As a result, there is a whole tower of ex-

ponentially small contributions, and our discussion only refers to the leading 

two terms. 

For this simple model it is not difficult to calculate even exponentially 

small corrections to the ground state energy. The exponentially small piece near 

the north pole comes from trajectories which have completed a full circle: 

-1-Y = 
I 

Vn 
2 

•1 -3 
3 

-32/s' 
e 

( 3.18) 

For further illustration, we consider in Appendix A another version of the one-

plaquette model. There the ground-state is (almost) degenerate, and the splitting 

is exponentially small. The same kind of arguments which have led us to (3. 18) can 

there be used to calculate the mass gap (A.B). 

Although this one plaquette model has given us a first illustration of a 

focal point and its characteristics, it is far too simple and, if we would stop 

here, it would leave us a misleading impression. What it has shown correctly is 

that, because of the compactness of the configuration space, classical trajec-

tories are likely to intersect. In the neighbourhood of a focal point, the wave 

function has certain distinctive peculiarities. Special to this model, however, 

are position and simplicity of the focal point: because of the symmetry, all tra-

jectories intersect at the same point, the south pole. As we shall see, in a more 

general model the coupling between the plaquettes generates a much more sophisti-

cated shape of the caustic, and some parts of it are considerably closer to the 

origin than the south pole, After the study of the two plaquette model we will 

have a clearer impression that caustics really are a dynamical .effect. 
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We finally mention that the singularity of the function S of the one-plaquette 

model is not contained in Arnold's list of.normal forms 22
): in our case we have 

a three-dimensional configuration space, and the singularity consists of an iso-

lated point, the south pole. In Arnold's language, this singularity is not stable. 

The appearance of this unstable singularity is closely related to gauge invariance. 

IV. Two-Plaquette Model 

1. Model and computer analysis. 

The Hamiltonian of this model is (Fig. 3): 

s< ' ' 2 { [ -• -·] [ -· -.1} H=--l"Lo.~+-,_ -tr -1-u,u,u.5 u, +-lr 1-u,u.~u,u, . 
f t=• j 

(4.1) 

Our treatment will be similar to that of the previous section. The gauge tree 

consists of all links but 4 and 5. Along the gauge tree we fix the link variables 

. . . . . -1 -1 
to un1ty and are left w1th two rema1n1ng loop var1ables B

1 
= u

1 
u

6
u

5
u

7 
and 

BII = u
7

u4u;
1
u;

1 
.In terms of these variables the Hamiltonian becomes: 

H .r r 4 r(J) + 4 r(J!)- 2l (ff) .r1\ (]l) 1 
2. [ -· -· J + i• 4 - -/;,- l3I - i:r Eli 

(4.2) 

-7 

whereSVL,R are the differential operators l6) 

-7 

fl,~ = 
' [- -7 _,J 1 _, _, _, _, 

2 +L+><oP 1 
_, - \7 L = )( " p ( 4. 3) 1'. i ) 

_, 

with rL 2 -> I "r R2 "Ll . rn (4.3) the operators are written in cartesian coordinates. 

For later purposes it will also be useful to have them expressed in polar coer-

dinates. By the chain rule one finds: 

_., 
( <~S 'f -sio1 0 

) ( w~ o •'•~) · 2 i rL,R = ~·uv (~If o . 0 1 0 • 

0 0 , -sm~ 0 e-~n{) 

r .... · J ~-~ · · 1 n ( 4.4) 
Sti..6 i}., 

.s1 ... e ~g o . o ,j,_. 9\, ... :J o . a~ 
001 0 0-1 .~ 

M • 
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Before rewriting (4.2) in terms of polar coordinates we note the following. After 

having exploited local gauge invariance in order to fix the link variables along 

the gauge tree, we still have the freedom of performing .one global SU(2) rotation. 

Such a gauge transformation acts as a spatial rotation of the SU(2) vectors B1 and 

B11 • Therefore the gauge invariant ground state wave function can depend only 

upon the relative (spatial) angle between the vectors B1 and s 11 . Among the remai­

ning three angles, one of them belongs to a rotation of one of the B-vectors 

around the other. The other two parametrize rotations which rotate B1 and B11 

simultaneously. It is therefore suggestive to define the two spatial angles ~ 

and C(, of B1 relative to a fixed coordinate system, whereas .J; and 'f,_ are defined 

relative to the vector B1
, Since the wave function then will not depend upon ;}, J 

~ , and y
1 

, these degrees of freedom must drop out of our problem. We demand 

that, as starting conditions for the classical trajectories near the origin, the 

momenta p .J:. , P~. , P~. are zero. From the equation of motion it then follo1.'S 

that they remain zero forever, and the remaining equation of motion for the phys-

sical degrees. of freedom ( 81 1 e~) .v-1 and their conjugate momenta) become 

independent of ~1 !../, 1 f.t:~.. and their momenta. That means that -,1. 1 t.flt' I..!' a_ still 

evolve as functions of time, but gauge invariant quantities do not depend upon 

them. Nevertheless, we shall come back to the rotations of lf:~... 

Rather than presenting the Hamiltonian (4.2) in terms of polar coordinates, 

we immediately switch to classical mechanics. With the ansatz '\f'""' A-Ui<:p[-j2 $) 

we arrive at the following classical Hamiltonian: 

H = J>s" 
[4 , 

Pe, -t 

1 

It Pe. 2 W>(j Pe, · Pe, + 

4 
1 (--+ 

+ 4 Pv s.;,'e, 
1 

s;.•e,) + 

- 2 7-

1 

2 Pv 
cQ) e, une~UI):t-.s;~-.e, s;"'-ez 

~ i"t..t e.., siCA e.l. 

+ 2 Siw.J P..J- ( Pe, cl-, e, ... Pe, cfs e.) J 
+ 

4 
9' 

[ 2 - <, e" - "' e,J ( 4. s I 

Here we have set P.J, "" P~. " P~. "o and relabelled .,j2.-= ,j . The equa-

tions of motion which follow from ( h, 5) are given in Appendix B. 

As a first step we consider the quadratic approximation. The appropriate 

approximation to (4.2) is: 

H 
1 '[ _, ~ ] <. -? , .. , ) 

- J' g 4 t., .,. 4 .d, - 2 \71 • \7, + 9, I". + x. , 

where we have returned to cartesian coordinates. With 
-? 
%1,2 

...!. 
vz lx~ ± .x:> 

H can be diagonalized, and the lowest energy wave function is: 

'-~'· ex,, x', J 

5 

N e-xp [ .. ~, S ] 

2. ( ~;. + ~·) 
t:.J • CV:z. 

=: ( ~1 + 
I ) ( .. , > .. ,) ( I - . )(.., .,.. x2 + 2· -

w 2 
w, 

<. 
w, :::; 3 } <..J ': S" 

2 

.. ...'. )·x' .. , 
wl. ". X-2 

( 4.6 I 

( 4. 71 

I 4.8 I 

l _,l 2. _.,l:. 

As mentioned before, S depends only upon 8_, =x, 1 62 = X.z., and the relative angle 1J 



- 28-

_, _, 
between x 1 and x 2

• We can use S conditions in (4.8) in order to define starting 
Js dS 

for our classical trajectories. Then 

whereas 

P9, ~ 
"dS 
ae, ,.,, 2 e, ( + 

"'• 
and similar expressions hold for p B:.,. 

p,, N, • o, P'f, = ;i"f, = 0 

) ., 2 e, <4>J (-}. -
_, 
L.:J"-

O!S 
pq,. a-;;,= o 

), (4. 9 )" 

and P~· It should be noted that in 

the same way as the gaussian approximation (3.4) represents the leading term of 

the parabolic cylinder function (3.6) - (3.8), the wave function (4.1), (4.8) is 

the dominant part of a more complicated expression. ~q. (4.7) describes an 11 out-

going 11 wave which exponentially decreases away from the origin. However, because 

of the compactness of the group manifold, part of this "outgoing" wave tunnels 

back to the origin and arrives as an "incoming" wave with an exponentially smali 

amplitude. These exponentially small pieces have to be added to (4.7). From the 

point of view of harmonic oscillators, the Hamiltonian {4.6) after diagonalization 

describes two uncoupled oscillators, each of which can be treated in the same way 

is in section III. The true ground state wave function near the origin then is a 

_product of the two single oscillator functions, but since there is freedom to dis-

tribute the full energy E between the two oscillators, the wave function really is 

a superposition of such product states. It is conceivable that a closed represen-

tation in terms of products of parabolic cylinder functions holds. 

In the next step we solve the equations of motion derived from (4.5). Apart 

from the special case ,;., o, p,-..o, e1 =e2., Fe,= Pe2. no closed ana-

lytic solution is available. So we have used_ the computer (in Appendix B we des-

cribe a perturbation around a soluble case). The configuration space in which 

the classical solutions have to be visUalized is 3-dimensional ( ~, ~. and if), 

There is the peculiarity that the boundary planes 81 ,. 0, "71 or ~ = 0, n have to 
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be contracted to a line: for example, on the plane 6'.2-= 0 points with the same 

value ~1 , but different~ are identical {Fig. 4). This whole plane should really 

be contracted into a single horizontal line (as we have indicated by arrows in 

Fig. 5). We further note that solutions in the horizontal plane ~=0 always 

stay in this plane; the same holds for the vertical plane 9.,={},_. Finally, we 

should not forget about the other angle variables ~. ~~, and~~ upon which 

the ground state wave function does not depend. Here ~~plays a special rOle in 

the following sense: if we rotate one of the loop variables B around the other, 

say BII around· B1
, then Cf1.. changes, but all points in Fig. 4 with 1J~o are 

left invariant. This rotation in q
2 

will be of importance later on. 

Rather than following the evolution in time of classical trajectories we con-

centrate directly on focal points, They are determined in the following manner. 

Let us return, for a moment, to the notation of section II. If X denotes the 

starting point for a classical trajectory x(t) (with starting value of momenta 

as/ P ~ a-;; •·x ) , then chooseN-1 other points close to X, e,g. 

( x,., Jx,, )(, > ••• ,x") 
(4.10) 

( -<,, x, ... , ><,., • Jx.v-11 x") . 
The corresponding momenta are again obtained by differentiating S • Denote the 

corresponding trajectories by x(t) + J X(l)(t'} (i 1, • , • , N-1). For finite time ,., 
they will stay close to x(t), i.e. the deviations J X '(t) remain small . So we 

can linearize the equations of motion: 

d; "'It! 
,)'+, I 

f) X dp ;:;~~~ 

<:lH 
_ J r (l}!tl~ ch< ax I X=• I•! 

P·ral 

J x "'r~J + a' f' I 
--() •·•"' vp P p·fl•l 

"d'N 
. J x"'!i-} + CJ C!x /><=xi<) 

P P ·r<>l 

. d p "'!t} (4.11) 

. J p (;)(t} • (4.12) 
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A focal point is reached if at some timet our trajectory x(t) intersects with 

some neighboring trajectory which can be written as a linear combination of the ch/;1(-iJ: 

'f,lt-t Jt}- xltl-di-idtl = xlt}+ 

This can happen only if 

0 dtt 

cf C<) 
x, 

J "' XJI 

,_, 
2 
;,., 

( ., 
0(' J X 'It} 

J (H-i} 
x, 

Ul-1 

Jx.v ><.v 

( 4. 13) 

x, 

( 4. 14 I 

So for each classical trajectory x(t) we have to calculate N-1 other trajectories 

{by solving (4,11), (4,12)) as well as the determinant (4,14). In our two-plaquette 

model,N=3. We therefore need two more trajectories with starting values 

( e, .. J e, f e, f v) 1 e, , e, .. J e, , v! ( 4 _ 15 I 

Starting values for the momenta are obtained by differentiating S in (4.8). 

Let us now briefly describe the results of a computer analysis. We begin in 

the plane e1 ::: e2. and plot the lines of focal points {Fig. 5), They are ob-

tained by varying the starting angle~ near the origin and by then calculating, 

for each single trajectory x(t), the position of the first two focal points. The 

most interesting part of Fig. 5 are the cusp on the line ti=O at B,=9,->: 2.H 

andthepointFat e,:02.~2.,'tS" 1 tf~ A.6G . The position of the 
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cusp has also been calculated analytically in Appendix B. In Fig. 6 we illustrate 

how classical trajectories behave in the vicinity of the cusp: the lines of focal 

points are envelopes to the classical trajectories. This holds everywhere on the 

left hand branch in Fig. 5, the branch on the right hand side is generated by 

trajetories which do not lie in the plane e, = $2 • Near the cusp in Fig. 6 

we easily see that each point to-the left of the lines of focal points is reached 

by only one trajectory; on the right hand side three different trajectories pass 

through each point. 

Leaving the plane e, = e, we first follow the tip of the cusp. It always 

stays in the plane ~ 0, and it describes a curve which is shown in Fig. 1. The 

embredding of the point F into the 3-dimensional e.., J e2 1 J" space is indicated 

in Fig. 8. It looks like a bottle-neck, although the "bottle" above and below is 

triangle-shaped. Near any of the 3 corner lines we have a cusp-structure similar 

to that of Fig. 5. All smooth pieces of the 2-dimensional caustic are envelopes 

to classical trajectories. From this it follows that at the "bottle-neck" classi-

cal trajectories are squeezed together in order to pass through the point F in the 

9
1

..- e2 plane. Combination of Figs. 5-8 provides further informati-on on the caus-

tic } r= above and below the bottle-neck the ends of the caustic ~ f are tied to 

the corner roints (9.., 1 8J.,V)=-(T1,71 1 0)=(-n,-n,n)> (n,O,O)=(T11 O,n} 1 {0,77,0) 

~ (o,-,,n) and the origin. These points are then singular, too. The fact that ,L f 

also reaches the origin relates back to our discussion after (4;9): there is not 

only an "incoming" wave front which reaches the origin, but from a particular 

direction ( V=n) this wave front is even singular. Altogether we see that the 

caustic is a rather involved 2-dimensional surface with corners, cusps and the 

bottle-neck, Intuitively one may think that these one or zero dimensional parts 

of 2 f are more singular than the smooth pieces, and the wave function will be 
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more singular than elsewhere. We shall see that this is more or less correct. 

There is still another part of the caustic which does not require further 

computing work. Combination of Figs. 5 and 6 shows that trajectories which leave 

the origin with some ~> 0 eventually come down again and pierce through the 

plane r(J = 0 at some point beyond the line of focal points shown in Fig, 1. 

In fact, each point of this part of the lf= 0 plane is reached by such a tra-

jectory coming from the origin. Now we have to remember that we still have the 

rotations in c.p2 which leave all the points of the plane {} = 0 invariant. E:ach 

point in this plane, which can be connected with the origin through some trajec-

tory x(t}, can also be connected through a <f~ -rotated version of this trajectory 

and, hence, is a focal point on x(t). This implies that the whole plane V=O 

beyond the line shown in Fig. 7 is part of the caustic. As we shall discuss below, 

it turns out that this is the most singular part of the caustic. 

2. The cusp singularity 

In the following we shall describe how the wave function behaves in the neighbour-

hood of the most singular parts of the caustic. We start with the cusp in the 

e, =B. plane and ignore the direction perpendicular' to this plane, since this 

dimension does not participate in building up the singularity. Our construction 

goes in various steps: we start from Arnold's list 20 ) of normal forms of S , 

then construct a solution to the SchrOdinger equation which away from the cusp 

matches the semiclassical approximation, and, finally, include the cp2-rotation. 

All this will first be done in the classical.l;r allowed region, then translated into 

our situation of the two-plaquette model where all this structure lies in the for-

bidden region, 
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As we have outlined in Section II, the singularities which one encounters 

in a semiclassical analysis are singularities of the projection map in 2n-dimen-

sional P1 -space of the n-dimensional manifold 
<l1' 1 i p, 1 I q, ap onto the 

configuration q-space. According to Arnold 20 ) the cusp-singularity is described 

by the normal form: 

--:r ( p,,q,) = ~ pI -+ q, P· ' ( 4.16) 

with iH Lr 3 q,, ;:) = p, • 2 q,p, 
P• 

( ll. 11) 

iiFF 2 
-p, , - Clq,_ = -p, 

(4.18) 

In 4-dimensional ( p
11
fl.,q 1

,tfa. }-space this describes a projection onto the 

q 1 -~ plane. (4.17) is a cubic equation which can be solved analytically. A singu-

larity of this mapping occurs if the Jacobian vanishes. In our case: 

0= 
dq, 
Clp, 

A2 p/-t 2q, · 

In the q 1q2
-plane this describes the singular line 

q, :t S' (- '!..>) 3 /:!. 

' I 

(4. 19) 

(4.20) 

which is illustra~ed in Fig. 9, Inside the shaded region the map has three prei-

mages (i.e. three classical trajectories with different momenta reach a point in 

this region}: 



Cp. l1 

(p1 )3 

with 

,r-;-:' 
~ 2 v- r 
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(p1 ), ·- 2V- fu. ( * "''o~ 
·-2V~ 

G 
=(I-,o') 

'"' '(' . ~, 

l?v=-:Fl" 
6 

( 4. 21) 

(4.22) 

Outside this region there is only one (real) solution with an expression similar 

to (4,21), (4.22). Clearly, this type of singularity looks very much the same as 

the cusp in Fig, 5. 

A more detailed analysis, however, shows that the singularity structure of 

(4.16) does not yet in all detail agree with the result of our computer study. 

What is not yet right is the shape of classical trajectories whose slope p2/p 1 

can be calculated from (4,21) and (4.18): they are not tangent to the singular 

line (4.20), whereas in Figs. 5 and 6 the singular line is the envelope of the 

classical trajectories, On the other hand we know from the discussion in Ref. 20 

that the normal form { 4.16) always allows for a smooth change of variables which 

leaves, the shape of the singular lines invariant. We could now try to construct 

this transformation of coordinates; however, it turns out to be much more con-

venient to proceed directly to the next step of our task, namely the construction 

of a solution to the SchrOdinger equation in the vicinity of the cusp. This will 

give us the desired function S(q1,q2) from which we can read off the 

necessary change of variables in (4,16). 

In order to illustrate the general idea we return to the notation of Section 

II and work in a classically allowed region, The task is to solve the SchrOdinger 

equation 
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[- ·t-.' L'l- k,2 ] '1j-'(q.,q,)= 0 (4.23) 

with the requirement that, away from the point (q1 ,q2) = {0,0) the limit 

leads to a wave function of the form "1./) (q.,.,)- A(q,q,) <~p [f Stq.,q,!) 

with S showing the ~haracteristics of Figs. 5 and 6. Clearly, any superposition 

[ ' _, _,] 
of plane waves exp t p · 'f with 

_,, k' 
p = 0 is a solution of (4.23). The 

direction of the classical trajectories in Fig. 6 suggests that the momentwn 1 is 

mainly along the 2-direction, i.e. lp~/ << lp~ /. In this approximation we write: 

"jj(q.,q.J= flip, exp[i(q,p,+ k,~.-l~: q,J} 

Comparison with (4.16) shows that the ansatz 

f (p,) = [ ; 4] 
~· -~ p" 

satisfies all our demands. The exponent in (4.24) becomes: 

5 ~.p,+k,q,-
p/ 

2i<,q, 
4 

p1 

1 

f ( p.) . 

In (4,23) we can always rescale the q's such that k
0 

2' Then: 

s I 2 ~ 
q I P• + 2 q 2 - p, q" - p, . 

( 4 .2)-1) 

( 4.25 I 

I 4.261 

{ 4. 27) 

In the limit -#1 -") 0 the integral in {1!,24) is evaluated by means of the saddle 

point method. The cor:dition for the existence of an extremum is: 

&s CJ 
( p,'q, + r:J Q; - = q,- ;;Jp, 

( 4.28 I 
C!p, 

This agrees with (4.16), {4.17) and, hence1 in the q 1-q2 plane the line of singula­

Fities is the same as {4.20). Only the value of P2. is slightly changed: 



as 
p, = Clq, 

_! 
2 
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, 
p, ( 4.29) 

This has to be compared with (4.18): it is this change of p2 which, near the tip 

of the cusp, makes the trajectories tangent to the line of singularities, To 

finish the discussion of (4.24), {4.25) we still have to calculate the fluctuations 

around the saddle point. It yields the prefactor A: 

2 

Vj~ · (p,- P•suW•) ·s" V . J; • 
= '2Tl• 

S" A J dp, e. 

It is well defined unless 

1/ < .s =- 12 p, -2<¥, =0. 

( 4. 30) 

( 4. 31) 

This is just the defining equation of the singular line (4.19), (4,20). On this 

line we cannot use the gaussian approximation (4.30) but have to keep higher than 

quadratic terms in S. The result is still well-defined, but relative to a regular 

-0 
contribution (4.30) it goes as ~ ' • An exception to this is the tip of the 

cusp, the 

pre factor 

point (q 1,q2) = (0,0), There we use directly (4.24) and find that the 

-Y, 
diverges -..1 ~ If relative to a regular contribution with s''.;:. 0. 

So the tip of the cusp is more singular than the singular lines. 

Next we try to incorporate the extra degree of freedom which corresponds to 

rotations in <f 
2

• In terms of those variables which we are using presently, •,re 

are looking for a solution which is invariant under rotation around the q
2
-axis. 

As a result of this, the negative q
2
-axis should become part of the caustic. It 

is not difficult to find the appropriate generalization of eq. (4.24). Let simply 

r: "C" ( p...,...,, p.,:l) and (j~ = ( q"" 1 .q n) be two dimensional vectors. Then 

(4.24) becomes: 
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I ) J _,, [ i (~ _, ' _,> (-'')')'l 
"f' 'l,q, = « P• exp J; q1 p, + ,_q,-q,p,- p, 'J. 

I ~ I<< .i 

( h .32) 

P• 2 

Call this exponent again S and repeat the same steps done before. The saddle point 

conditions are: 

(JS 
= "" - 4 p., ( p.: + p.~) - 2 q, p., 0 = -

Clp, 
( 4. 33) 

i9S 
O=-CJp, = '{,, - Lr p,. ( p.~ + p.~) -2 <j', p, 

The caustic is defined by the condition that, in addition to the first derivatives 

in (4.33), the determinant of the matrix of second derivatives of S vanishes: 

0 - ( < < q,) ( , ... q,) 
- Pu t P•z T ::2 3 p1..., -t- 3 pl"t t 2 . ( 4. 34 I 

Solutions to (4.33) and (4.34) fall into two classes: either 

_, _,<- q2. 
q,~o, q

1
=o, p, =- 2 (4.35l 

or 

q, < a I , ~~, = ., {F, , p;, ~ J- ~, I r~ 11 <i~ < 4. 361 

The first solution is the negative q
2
-axis, the second solution represents the 

rotationally invariant generalization of the previous singular line (4.20). As 

to the singular behavior in the limit i1 -7 0 we find, after some algebra, the 

following behavior (relative to a regular point), On the line ( h, 35), which in­
-'/. 

eludes the tip of 

(4.36) still A 

tional rotational 

the cusp 
_1/6 

~l; 

at the origin, A diverges as t, l. , On the surface 

, just as before. We see that, as a result of the addi-

degree of freedom, not only has the caustic received an addi-

tional piece, but this new piece is also the most singular part of the caustic. 
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Finally we have to take care of the fact that, in our two-plaquette model, 

the caustic lies in the classically forbidden region. The analogue of (4.24) is: 

"f( q,q,) ~ f ri-p, <-"Jl [ 
~ 

9' ( p,q,..- ~q.- p,'q,-p,')]. ( 4.37) 

lp"lt'dp,l 

In contrast to the oscillatory case considered before we now no longer look for sta~ 

tionary points in the exponent but for maxima. A closer look at the second derivative 

shows that outside the shaded region in Fig. 9 we have one maximum (as in the 

oscillatory case we had one stationary point), whereas inside we have two maxima 

and one minimum. On the negative q2
-axis the two maxima have the same height. 

If we approach the singular line, the smaller of the two maxima combines with the 

minimum in order to form a saddle point and this disappears, So in contrast to 

the oscillatory case the wave function is no longer singular on the line of Fig. 9. 

It is only at the tip of the cusp that A still diverges: A ,...._; t,-~ relative 

to a regular contribution. Similarly, if we apply the same argument to the 

analogue of ( 4 .• 32), we find that the wave function is no longer singular on (b. 36), 

but on the negative q2-axis A still diverges as 
-~ 

~ (relative to a regular 

point), 

3, The bottle-neck singularity 

We now return to the other singularity, the bottle-neck in Fig. 8, and perform 

a similar analysis. We again begin with Arnold's normal form 20 ) which applies 

to this case: 

~ ' 3 
< 

~ p, " - v • ., q, p, I 4. 38 l 

<H 
= 2 p, p, 91, Clp, I 4. 39) 
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(H 
2. 3 ' = p, - r. ..- ~ 'h r' q,· Clp, 

"i!' 
p3: - dqJ 

, 
~ -p. 

( 4.40) 

( 4. 41) 

In the six-dimensional {q 11 qt 1 f31 p1 ,f~ 1 P1)-space it describes a map onto the 

three-dimensional (f.,, f?, fa J subspace. The caustic is defined as the locus of 

singularities of this map: in addition to (4.39) - (4.41) we require that the 

Jacobian of the map (p.)p~) -~(f11 th_) be singular: 

CJ( f,q,) 
0 

- a r r" f• 1 
= '1 [ p. (-3p,•1.J -r:J. ( 4.42) 

In the ( q'.,,qlt fJ') -space, eqs. ( 4. 39), ( 4. 40), ( 4. 42) describe a two-dimensional 

surface which is illustrated in Fig. 10. The main features of the result of our 

computer analysis (Fig. 8) are well reproduced. A little algebra shows that in-

side the "bottle-neck" the mapping has four preimages, outside there are ·only 

two. However, just as in the previous case, Arnold's normal form (4.38) is not 

yet exactly what we need. Again the trajectories whose slope can be calculated 

from (4.39) - (4.41) are not tangent to the caustic, and we have to make a change 

of variables. Again it is convenient to proceed directly to the next step of 

our analysis, the construction of the wave function near this singularity at 

{q, ,q2,q3) = (0,0,0). We have to solve 

[- i<<L',- k:J oy{f.,q,,q,) =0 ( 4. 43) 

-? 
such that for q :#=- 0 1f(q1/qll'f.r) in the limit 11-70 matches the semi-

classical approximation. Starting from a superposition of plane.waveswith lp~J= k 0 

we make the assumptjon lhnt p""' is mainly along the q
3
-axis. Then: 



With p 
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-?-1 p·, ~ p,q,~f,9,+pq,- h 
2p 

(p,'<p,'). 

2 and a weight factor e)(p [ i ( P3
2

- p,2p~)] we obtain: 

"J'(q
1
,1,,1J) = J dp,clp, exp [I (ff-.- p,'- p,'p,)J. 

lf\l}lpa/<<2 

The exponent 

s = p,q, T p,q, <-2qJ- t' (p!-t-p,') 

yields the saddle point conditions: 

'f1 = 2 P•P> -t- 1 p,qJ 

I 3 > 2 
q 2 ' 2 q, f• - P• • P• 

J 2 
+p,-p, p, 

These equations coincide with (4.39), (4.40) if we put " p,-,p,-v9J 

(4.441 

( 4 ·'•s I 

( 4. h6 I 

(4.1171 

( 4.481 

and 

restrict ourselves to small q
3 

<< 1 (disregard terms. of order q3 
2

). Therefore, 

the shape of the caustic in (q,,tf? 1fl} -space is slightly deformed, but all the 

essential features (corner lines, bottle-neck, number of preimages) remain un-

changed. 

From (4.45), (4.46) we can 

Away from the caustic we have 

read off the 

at,.,., '•o 
C:Hp1, Pl.) 

asymptotic behavior in the limit -f1-/Q, 

and hence can use the method of 

statio~ary phase. If the point lies in the interior of the caustic we have four 

values (p1'p2
) for which th_eexponent.S is s.tationary, i.e. the wave function 

comes as a sum of four terms. For each of them, the gaussian fluctuations go as 

O(~ ). On the caustic we have to distinguish between the planar pieces and the 

' 
corner lines. On the planar part the matrix of second derivatives ~ 

i~~N 
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has one zero eigenvalue, and for the corresponding eigenvector the first non-

vanishing term in the Taylor expansion of 5 is the cubic term. Appropriate scaling 

X-tY:) 
of the integration variables yields A ~ O(t; 2 ~ , i.e. relative to a 

regular point the pre factor goes as ~,- Y< On the corner lines (except 

for the point ~ = 0) there still is only one zero eigenvalue, but now the cubic 

term in the Taylor expansion of the exponent vanishes. So the first nonvanishing 

term is a mixed third derivative, as a result of which the integration variables 

have to be scaled differently. One finds A~ O(t.'/') , i.e. relative to a 

regular point the prefactor diverges as 
-Y. 

t; It • Finally, at q"""' 0 we see 

from (5.45), (4.46) that ( %) -Y, 
A =- 0 't. , which means A diverges as .ft com-

pared to a regular point. So q1 
= 0 is the point of strongest divergence. 

Strictly speaking this analysis is still incomplete for the following reason. 

So far we have constructed a solution to the SchrOdinger equation which, in the 

vicinity of the most singular point q = 0 (or the point F in Fig. 5) reproduces 

the singularity structure of our computer analysis. As we have mentioned earlier, 

each point inside the bottle-neck can be reached by four classical trajectories, 

each point outside by only two, Comparing this with the situation illustrated in 

Fig. 5 we notice that all trajectories come from above, i.e. they leave the origin 

with some initial .J> 0 and eventually turn downwards *) There is , however, 

still another possibility to connect such a point with the origin: there is always 

a trajectory which leaves the origin with some V < 0 . This then implies that 

our solution (4.45) cannot be complete because it does not contain this extra solu-

tion. But since these extra trajectories do not participate in building up the caus-

tic near the bottle-neck, one may expect that they simply add an extra term to 

(4.45) and hence do not affect our conclusions. 

*) For an interior point in the plane ~ • 9l above the bottle-neck F, two 

trajecto:dea lie inside th.e :plane 81 -= elRnd tWO Othe~ trnjecto!'i"''S ~i<:>!"Ce 

through this plane. 
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As the last step we have to replace ~ -J ~~ and to locate our caustic 

into the classically forbidden region. From the previous example we have learned 

that only those stationary points of the exponent have a chance to survive as an 

identifiable term of the wave function which are genuine extrema and not just 

saddle points. A closer look at (4.39), (4.4o), and the matrix of second deriva-

. iJ'S . . . 
t1ves ~~ shows that there 1s altogether only one extremum 1ns1de the 

of.- C'Jfo 

bottle-neck. For, q3 
> 0 it is a maximum, for q

3 
< 0 a minimum. All other statio-

nary points turn out to be saddle points. It is now useful to connect our analysis 

of the vicinity of the bottle-neck with that of the cusp (Fig. 5 ): let us follow 

the path shown in Fig. 1 1, Near the cusp there is a well-defined term in the wave 

function~ , until the trajectory reaches the plane ~= 0. At this point there 

is a second, equal contribution from the "mirror" trajectory below the plane ..J=O. 

Continuing along the classical path into the region 1J< 0 , the corresponding 

contribution to "'' becomes subdominant to that of the "mirror" trajectory, but 

it still provides a well-defined term in the wave function since it belongs to a 

maximum of the exponent. This remains so until the trajectory hits some part of 

the caustic: from then on the extremum of the exponent turns into a saddle point. 

In thi~ way each point inside the shaded region above the bottle-neck can be rea-

ched by one such trajectory, which agrees with our analysis of the vicinity of 

the bottle-neck. There is , of course, always the other trajectory which leaves 

the origin at~~ 0 and always provides the dominant term to the wave function. 

In contrast to the analysis of the cusp singularity it is not possible to read 

these results directly off from the analytic continuation of (4,45); when replacing 

i/t. by - "/g "1. , the integral diverges for large p
2

• If we introduce a 

cutoff, the main contribution will come from some endpoint of the integration. 

This difficulty reflects that (4.45) is incomplete: it does not contain the extra 

classical trajectory which, in fact, now even gives the dominant contribution. 

4. A few additional remarks 

This completes our presentation of results of the two plaquette model. As we have 

indicated before,_ this is still far from an exhaustive discussion of the ground 

state wave function. Along each classical trajectory which leaves the origin we 

have computed so far' only the first two focal points. They form that part of the 

caustic which we have tried to illustrate. If we move further along any of these 

trajectories there are more focal points which are part of other pieces of the 

caustic. It is only because on these parts of the caustic the wave function is 

exponentially further suppressed that we stopped after the second focal point. 

Altogether our analysis suggests that for any point in configuration space the 

wave function is a sum of separate pieces; on the caustic some of these pieces 

coalesce and produce, in the limit g 2~01 an additional negative power of g. Although 

far from being trivial, it appears to be possible to construct the wave function 

in the vicinity of the most interesting parts of the caustic. As a technical point 

it is apparently easier to perform the analysis of the wave function on a caustic 

in a classically allowed region; some of the structure then disappears when trans-

lating into the classically forbidden region. 

The following remark may be very important. Clearly, our SU{2) two-plaquette 

model contains an analogous U( 1) two-plaquette model: we only have to restrict 

our plaquette variables BI and BII to a U(1) subgroup ( c.p,=l.f;t "'0 1 V;==0 1 

{t2 ·0arn) , It is interesting to note that in this restricted confi-

guration space there is no caustic, In other words, intersections of neighboring 

trajectories only occur if we leave the U( 1)-part of our configuration space. On 

the other hand, we have seen that the most singular part of the caustic is the 

plane .J, 0 (beyond the line in Fig. 7), i.e. it lies in the U( 1)-subspace. 

It is tempting to speculate that some of this will generalize to larger lattice 

models. If so, this represents a qualitative difference between abelian and non-

abelian gauge theories. 
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V. Conclusions 

In this paper we have started an investigation of the ground state wave function 

of nonabelian lattice gauge theories in the weak coupling limit. In this regime 

it seems natural to apply the semiclassical approximation which reduces the 

SchrOdinger equation to a problem of classical mechanics. In this first part we 

have concentrated on a particular phenomenon, the caustics, which appear at some 

finite distance away from the origin. As the most prominent feature of caustics, 

-p -:i2 5 
the ground state wave function peaks as S ~ where the power p depends 

upon the detailed shape of the caustic. In order to illustrate this phenomenon 

in some detail we have chosen to study two simple models, one with only one SU(2) 

group element, the other one with two group elements. For these two examples, we 

have shown what the caustics are and how the wave function behaves in the vicinity 

of the caustic. It is not yet clear to us what, in a larger lattice model, the 

relevance of the caustics will be for confinement dynamics. We feel, however, 

tempted to speculate that, when we come to evaluate in a larger lattice model 

quantities of physical interest (vacuum expectation values of gauge invariant 

operators, time-time correlation functions etc.), the enhancement of the ground 

state wave function on the caustics gives a significant contribution. 

Several remarks are in place concerning the interpretation of our results. 

First one may ask whether the caustics are merely an artifact of the simple models 

that we have selected or whether they are more general. We firmly believe that 

they are a general feature of nonabelian lattice models, and, as a support for 

this, we have started a computer analysis of a less naive lattice model, a cube 

of unit length. Again we have chosen free boUndary conditions, as a result of 

which the Hamiltonian depends upon 7 ~U(2}-group elements (after the usual pro-

cedure of gauge fixing). Results are encouraging in two respects: a) focal points 
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do exist and b) they are closer to the origin than in the two-plaquette model. 

We feel tempted to speculate that in larger lattice models they move even closer 

to the origin and may become accessible to some kind of analytic treatment. 

Secondly, the appearance of caustics seems to be connected with the nonabelian 

nature of our lattice model. As we have pointed out at the end of Section IV, no 

caustic is found if we restrict ourselves to the U(1)-part of the configuration 

space (<p1 ·~,=o, iJ,,o, ;:r,=o ..- n) In order to have caustics we appa-

*I rently need the freedom to leave the U( 1}-part • On the other hand, the most 

singular part of the caustic lies in U(1}-subspace: this is because this part of 

configuration space is left invariant under a special set of gauge transformation, 

namely the rotations in 'f 2 . Since this argument can easily be generalized to 

larger lattice models, we may speculate that this enhancement of the U( 1)-part 

of field configurations will be more general, too. 

We conclude with a few· words on future steps of this program. Clearly the 

next most obvious task is to locate caustics in larger lattice models and to 

determine the behavior of the wave function in their vicinity. Taking an optimis-

tic point of view one may hope that caustics will exist already in the region of 

small fields. One then might try to use some kind of perturbation theory for 

solving classical equations of motion. It will only be after knowing the caustics 

in some detail for a large lattice model that we can hope to understand which 

*) This does not necessarily imply that compact QED has no caustics at all: for 

a complete analysis of the ground state wave function we have to follow the 

classical trajectories beyond the region le,/-' TJ J te)(<.n , All we can 

say is that1 if caustics exist, they lie outside the region 161 1<~ 

1e,_1 <, 
".belian case. 

i.e. at much larger distances from the origin than in the non-
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rOle the caustics play in the dynamics of confinement. It may very well turn out 

that we also will have to explore the behavior of classical solutions at times 

long after they have left the origin. In the compact group space classical tra-

jeetories will circle around, and some of them will come back into the neigh-

bourhood of the origin. After a while some regular pattern of motion may emerge 

which could be of importance. Altogether we feel that the applitation of modern 

methods of clas~ical mechanics provides a promising tool for studying the weak 

coupling limit of lattice gauge theory models. 
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Appendix A 

In Section III, _the one-plaquette case with free boundary is found to reduce to 

a one-dimeQsional problem after Using gauge fixing and overall SU(2) gauge rotation. 

If the same proceduTes is applied to the one-plaquette case with periodic boundary 

condition (i.e., u
1 

"'u
3 

and u
2 

"'. u 4 with reference to Fig. 2), three variables 

remain. Thus the one-plaquette case with periodic boundary is roughly comparable 

in complexity with the two-plaquette case with free boundary. 

In this Appendix, we discuss briefly another one-plaqutte case that reduces 

to a one-dimensional problem. The boundary conditions are chosen to be 

u, 
_, 

~ u3 •".1. 
-1 u •• u~ . 

With these boundary conditions, the magnetic energy is, from (3.1), 

V· 2. 

3' 
-tr- [1- u,u,u,u,]. 

This is invariant under the gauge transformation 

u.-o A U,73 a• .I. 
_, -<1 u, _, 73 U,A I 

(A.l) 

(A.2) 

(A.3) 

where A and Bare arbitrary elements of SU(2). If u
2 

is put on t.he gauge tree, 

then only one variable is left. Using the variables of Section III the result is 

V= 4 
g• ( 11- ""2e). (A.4) 

This differs from the corresponding V of Section III, e.g. (3.3), by merely the 

factor of 2 with e . 
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This factor of 2 makes an important difference. While for free boundary V ~ 0 

only at 8 = 0, for the present case V = 0 at both e = 0 and e = 71 . These two 

points, 0 and -n , are distinct in the sense that they cannot be transformed into 

each other by {A.3). Consequently, unlike that of Section III the ground-state 

wave function is symmetrical under 

e -7 T1- e (A.5) 

There is an excited state, with exponentially small excitation energy E1 
- E

0
, 

which is anti-symmetrical under (A.5). 

There is some arbitrariness in choosing the electric energy. A natural choice 

ie 

T= 1_''-
2 

_., 2 .J)2: _,"t. 

[ rcu4)+ 'Jru,)T rru,)+ 
_,, 
9'- ru.,J] . (A.6) 

With this choice, the Hamiltonian is 

( c/ d) 4 
H=-~.1' 5e,+2c~eae +a-JA-.:...2e) (A. 7) 

The electric part agrees with that of Section III. If we argue that u
3 

and u4 

are really not distinct from U1 
and u

2
, then the electric part is simply 

f[ ~(u1J T fru,J) 

which is half of the T of (A.6). Some rescaling with 
'At 

2 is then needed. 

Following exatly the same procedure as that of Section III, the ground state 

energy E0 and the energy E1 of the first excited state are found to be 

Eo 4 = 
' 

6-
11_2. 

2 + 
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2 !O -\-i -3 -/,~2 
Tl 9 e 3 (A.8) 

where the upper (lower) sign is for E0
(E 1), Therefore the excitation energy is 

E,- E, ~ 
II -\1. 

2 ?1 

-~ _,,/_,. 
~ e . 

(A.9) 

A purist m~ question the meaning of the second term in the right-hand side 

of (A.8). After all, there are also corrections in powers of g 2 • In contrast 

(A.g) has a rigorous meaning: it is an asymptotic expressiOn in the sense of 

Poincare for g-) 0. 

Throughout this paper, we have concentrated on the very. simplest cases of two-

dimensiona"l lattices. It ,is interesting to note that the present case has a natural 

extension to the cube, as shown in Fig. 12. The generalization of the boundary 

conditions (A.1) is 

-'1 _ _, 

U1 =Uq~U 1 =U" 

u,= u .. = u;· = u:; 
-1 -1 

U3 ~ uG = u, = u., 
(A.10) 

The Hamiltonian is invariant under 

ll.- -7 A U., 'B (A. II I 

where i = 1, 2, 3 and A, Bare arbitrary elements of SU(2). Therefore, after gauge 

fixing and overall gauge rotation, three independent variables remain. This problem 
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of the cube is roughly comparable in complexity with, but has a larger discrete 

group of symmetry then, the two-plaquette problem of Section IV. Indeed, the 

electric part is·essentially the T of (B.3) with 

O(~l 
2 

The corresponding Vis zero at the following four points: 

u. u, u.J = 1 

U ,_ 1 
4 I u -U.=1 2 J 

ll, - 1 I U.~·l1,=1 

and U ~ -1 
J I u., u., 1. 

(A.12) 

(A. 13) 

These four points are distinct in the sense that they cannot be transformed into 

each other by (A.11), which is the most general gauge transformation. There are 

therefore three linearly independent excited states with exponentially small ex-

citation energy. 

- 51 -

Appendix B 

For the two-plaquette problem studied in Section IV, one of the most symmetric 

points of the caUstic is the tip of the cusp in Fig, 5, This point is charac­

terized by' 9, = 9.2 and .(t "' 0. It is the purpose of this Appendix to show that 

it is located at 

(B. 1) 

e,=e.--2.3t<''l-o4ot4. 

In terms of the variables e.J, 1 9::~.1 and lJ together with their conjugate 

momenta Pa, 1 Pe. 1 and Pit the Hamiltonian is given by (4.5). It is convenient 

to generalize (4.5) slightly in the form 

~I= I+ V , (8.2) 

where 

- I -~ <. -- + --[ 2 >( I I ) 
/ = 2 ~ Po,+ Pe,- 2o< Pe, Pe, cmJ + P.J s••'e, ,;.}8, 

2 1 ( 
+ 2o< p, Jiw e, ''" e, (4) e, ""e~ «nrf- "'" e, "'"e.,.) 

(8.3) 

-t- 2oc P.r s<•v ( Pe, c~ e, + Pe, c~e,) J 
and (8.4) 

V = 4 j_, ( 2- w e,- ""e,) . 
When (8.5) 

I 
<:f.~lj 

this Hamiltonian reduces to that of (4.5). This factor of i is ·due to the fact 

that there is one common link (7 of Fig. 3) out of the four links of each 

plaquette. 
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The classical trajectories of interest are all in the classically forbidden 

region. Thus the rapidly varying exponential factor is exp(-g-28); see eq. (2.3) 

and the last sentence of Section II. Another way of describing this situation is 

to say that the time in the classical equations of motion is purely imaginary. 

This purely imaginary time is conveniently avoided by reversing the sign of V. 

We therefore start with the Hamiltonian 

T-V 

With (B.6) the classical equations of motions are 

e1 ~ PE>,- Ol Pe, un!T ... Ol p,. SivJ c~ e, 

e, = Pe,- "'Pe. """ .,. "'p,r ~·· ,J c~ e, 

. ( ~ 1 ) - --+-- +2o< 
,; - PJ' s;,'e, ,r;,>e, p,-

un ()1un 8~ {.(JIJ- Siti8,si'u B2 

sir,~. e., .rrtA.8~ 

+ .x sr,J ( Pe, c~ e" ~ p.,, c~ e~) 

f ~ em e., 
Pe, =p..t s;.3 e, 

~ t. un &~ 

p e, ~ p,y ""'e, 

+ 01. p'~ v s;(.('!e 
1 

Siw.J 

w.it + " P~, P.1' s"''e, 

< G~ $, WI!!' + 
+ ex P.:r Siw •e, 

Siv J' 
ot p f}, p,- "'"' e, 

p.,. =- otp9,p6,s,,J'.,. ot r:t c~ e, d~.e, s;~~ 

- .xp,. (Ql,'}' ( p, c~ e" + p, c~ e") 

+ 4 s•L. e_, 

+ 4 si~ e, 

(B.6) 

(B.7) 
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In order to locate the tip of the cusp it is necessary to study the classical 

trajectory with e,~ 82 and~ infinitesimal. The point (B.1) is determined by 

the location on this trajectory where ~ ~ 0. Therefore 

$1" e, Pe. "Pe,. 
(B.8) 

and (B.7) reduces to 

e, ~ C1- o~.J Pc, 

Pe
1 

= 4 s;" e, (B.9) 

. 
v 2 

P.v s••'e, (1-+"'""28,) -t2,Jp..f c~e, 

P.t ~ - ot Pe' v -2 "' P-r Pe c ~ e~ 
1 ' 

The initial conditions are fJ"-1 0 , p94 -7 0 ana Pv -o o as f-7-00. 

The solution of the first two equations of (B.9) is 

-1 I .,...---, ) e, = 4. """ \e'1' [ '2 v'1-Dl t] (B. 10) 

where we have dropped an additive constant to t without losing any information. 

At t = 0, (B.10) gives 8., = EJ.2."""TI , which corresponds to the 11 south pole" in 

both BI and BII" Therefore t remains negative in the range of interest. 

In order to treat the last two equations of (B.9), a convenient variable is 

f = 
Y, 

Go;,~ [ 4 (../- o<) t] I (B.11) 
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Then 

J~ 1 . 
4VA-o~'vr•-"'c~.~ + P.J" wJ--1) r UH).+«.(.r~~¥f·t17J] 

and 

-11 7. -1-i. 
+If 0< (A-ot.) ( ¥-3) ( J --1) ,J = 0 

w-~-"·vr-1· olp,. 
ri! 

32ot _1_ ,J 
~Y+1 

-'-s. ~ ( ~2. -~ 0 - 4 o1 (.1-01.) ( r3) J -1} p,r = 

(B.12) 

(B. 13) 

If (B.13) is used to express V in terms of p,r , and the resulting expression is 

substituted into (B.12), P\t is found to satisfy a known second-order ordinary 

differential equation with the solution 

p~ = } 
~"'")'-'$.] ~[1+ (~ -::r (a,/,/ 

<; J)' 

where F is the hypergeometric function, 

a, b=*[-t-+2 "' 
( -fTo<) ~± ,._., (~={~«)~] 

and 

c = .1-t 

2 

~ = 'f "t-1 

( A-<oi)V, 
A-~ 

= 1 (A- £c> e J 
:2 " • 

(B. 14) 

(B.15) 

(B. 16) 

(B.17) 

The tip of the cusp on the caustic is determined by set tins ~ = 0. Thus it 

is given by the value of e-1 > 0 where 
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{ 
d [ (~'")v,] C( -1-2~} ) ~ "'1 + } 4+ ~-o< + ~-o< -1- ~ "'f( a.,bj <j 'J = o. (B.18) 

Alternative forms of (B.18) can be obtained by applying the quadratic transform 

of hypergeometric f~ctions. 

There are three values of IX for which (B. 18) can be solved exactly. They are: 

I i I If tX = 0, then z = 1 and e.,= ~:=7J j 

(ii) 3 2 
If oc. = 5• then z = 3 ; and 

(iii) As o< -1 1 -
1 

z _,2 and e1 ~ &2 -7 ¥ + 

Numerical calculations have been carried out for the following three cases: 

( iv) 

(v) 

(vi) 

1 
If (){ = 8• then z rv 0.951707 and 

1 
If ot. = 4, then z ......., 0. 864858405 and 

the results (B.l) J ; and 

1 
If 0t = 2' then z,...., 0. 714005919 and 

Note that 9 1 -:::: 8 2 decreases as ex: increases. 

e, = B2 ~ 2.698464; 

e, = 82 ~ 2.388T04C14 [This is 

e, .. e,_ ...... 2.o13o88107. 
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Figure Captions 

Fig. 1: 

Fig. 2: 

Fig. 3: 

Fig. 4: 

Fig. 5: 

Fig. 6: 

Fig. 7: 

Fig. 8: 

Fig. 9: 

Fig. 10: 

Mapping of the N-dimensional Lagrangian manifold in the 2N-dimensional 

phase space to the N-dimensional configuration space in the simplest 

case N""1. (a) For each q, there is one value of 1. ~ (b) For 

each q, there are either two or no value of p depending on whether q 

is to the right or left of the dotted line. 

Single plaquette with free boundary condition. 

Two plaquettes with free boundary condition, 

The three. gauge invariant degrees of freedom for the SU( 2) two-plaquette 

problem with free boundary condition. The lines with arrows indicate the 

contraction of boundary planes to lines (see text). 

Caustics in the plane 9., = 61 . Two of the interesting features are the 

tip of the cusp at {j = 0 and the "bottle neck" F. 

Schematic drawing of. the behavior of classical trajectories in the 

vicinity of the cusp. 

Caustics in the plane ~ = 0. 

Schematic drawings of the caustics near the "bottle neck" F. 

The cusp singularity in normal form. It is classified as A
3 

by Arnold 20 ) 

The "bottle-neck" singularity in normal form. It is classified as n4 + 
20) 

by Arnold 

Fig. 11: Schematic drawing of a classical trajectory that passes near both the 

tip of the cusp and the "bottle Qeck" singularity F. 

Fig. 12: The cube as the 13 SU(2) lattice, 
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