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Abstract: The lattice formulation and numerical simulations of non—abe-—
- lian gauge theories enable us to investigate their topological structu-
re in a systematic way. In this talk I shall report on some recent ad-
vances in this direction for the pure SU(2) theory, which might serve

as a first step towards an understanding of QCD.

Invited talk given at the "International Symposium on Topologicai and

Geometrical Methods in Field Theory”, 8-14 June 1986, Espoo, Finiand.

I. Introduciien

.t has peen arguea since a long Time that the {anticipated) dynami-
cai properties of QCD - such as spontaneous chiral symmetry breawing,
the solutivn of the Uptl) problem, CP conservation and comnfinement -
are, to a large extent, a consequence of the topoclogical structure of
the QCD vacwuum {1,2]. The key &lement in this picture is the exiscence
of instantons (3], which carry one unit of topological charge and, ow-
ing to the Atiysi—Singer index theorem {4], impliy the existence of
fermionic zero medes, and winich appear to provide a mechanism [2] for
reguiarizing the vortex [5,6] or monopole {7] configurations thav have
peen shownt to confine colcur. )

nowever, nwboedy has yet been able to make use of this picture to
perform quantitative calculations in continuum, 4~dimensional non-abe-
iian gauge theories. The reason is that instantons have a size para-
meter p, which leads to a divergence ar p2w. AL present it is not Xnown
how to freat this divergence [8]. Furthermore, for large walues of p
che gauge coupling g{p) is not smail, and one capnet rely on perturba~
tive resulics.

The lattice approach to gauge theories, on the other hand, presencs
a2 weii defined framework in which the stakbic preperties of QCD can be
caiculated explicitly. The main difficulties involved here are in defin-
ing and computing the topology of a lattice gauge field configuration
and in deriving a more intuitive understanding of the vacuum structure,
In the present talk I shall report on recent progress made in this
field for the pure SU(2) gauge theory, which I consider to be the first
step towards a better understanding of the dynamical properties of QCD.

The talk is organized as follows. In sec. 2 I review the basic ele-
ments of topoiogy, emphasizing the points relevant to our lattice caicu-
lations. Section 3 contains first results of a quantitative computation
of tepology and a discussion of the Ug{1) problem. In sec. 4 I report
on an attempt to reach an intwitive understanding of the vacuum, and

finally in sec. 5 I conclude with some remarks.

2. Tovoiogical properties of SU(Z2) fields

+

it is not my aim here to give a complete survey of the topoiogica:
propercies of SU{2) gauge fields. Rather, T shail cvoncencrate on thuse
topics, which are of direct relevance to our further discussions, anc

on some recenc developnents, which oniy now have made a seiid, quancita-
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tive investigation of tepoleogy on the iatfice feasiple.
a, Topological charge

A signal for non-trivial topolegy is a non-vanisning topeological
charge [3]

T O I

(%: space-time manifold), which assumes integer vaiues. Geomeirically,
Q is the seceond Chern number of Lthe principle bundle underliying the
gauge fields.

On the isttice the topulopical significance of equ. {1} is iost,
because naive transcriptions of the integrand are not a Lotal diver-
gence. The topology thal we need to study here is that of a principal
pundie. Therefore, we cover the (base) manifold ¥, which for obvious

reasons we choose to be a 4-terus, by a set of cells cj,

M7= Uey, 2

with ¢34 = ¢yncy =¢; ngc Since the lattice introduces a celliular
structure, 1t is quite natural to start from this perspective. In each

cell cj we now gauge transform the potentials by

= ?;’(Ar-f(.)r)}‘: s (3

so0 that Aﬁi) is non-singuiar. On the overiaps cyj the petentials are

related by

1'_ - (4)
Aw f( f.)fzr? ,

where
i
= 9i ?i
The local sections gy or, equivalently, the transitien functions vy

now completeiy determine the bundie.

To derive the appropriate expression(s} for the topelogical charge,

we write

@ = Z J‘:’C X G/,qu-T" [:F f“]

Jzzz: {6)
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It is élementary to show now that
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which finailv leads to expressions
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(eijk = CInC ACK) respectively, which oniy involve the local sections
or transition functions.

Expression (12) was first derived by Lischer {9]. In ref. [10] it
was then shown that in SU{2) one can use the cochain reductien {11] te

integrate equ. (12) completely:
3 (13)

6{= a(;;+ a(z " af:i) ag .



Eacl: term is a2 sum of integers

a('ll): 2:41(1), 4:3},2)3,

QY =z m

wiere n is Lhe winding number associated with lattice points

(14)

CincCjaCKNCinCy and nf1), 02 ang n'3) arise from gauge singuliarities
along faces, plaquettes and links of the cells, respectively.
it is alse possibile to integrate eyu. (1i), because again the ince-
grand is (almust everywhere) a total divergence. Writing
-y L= =3 {15)
9; = €D¥f>(€°(t') = 33K + 1 €a(T'Sﬁv1d 5
one finds that the oniy contribution to Q comes from "vertices" ac
wnich g = -1, i.e. a = m {10,11,12):
{16)

a - aﬂ) - Z’nn(”()‘;.;'i)

wictn

a0 = A s{(:(‘xrv Epvge ‘e"_\.(ojé';a’.)rz‘“) €Z
&

wnere Sg(xs) is a sphere of radius € around the location xse3cl of the
vortex with orientatien induced from'ﬁci. Computationally, equ. (186}
shows special promise since it only requires to locate the {gauge} sin-
gularities of the local section.

To define a smooth bundle to a lattice gauge field configuration
requires interpolation from the lattice points to any point ir{Dci. An
efficient procedure would be to extend the lattice gauge fields to the
bundle such that the image of”aci under the map g decombuses into
spherical poiyhedra. Then the search for singularities xg reduces to
the computation of at most /x4 determinants. Such an incerpolation ex-—
1sts now for SUG¢2) [13]. As the cells discussed above these authers con-
sider the dual cells surrounding the sites of a simplicial lattice. To
exploit this algorithm on a usual hypercupic lattice one must slice a

hypercube into simpiices.
b. Zero modes

A further, though related, signal for topeiogicaily non-trivial
properties of the gauge fields is the occurrence of zero modes in the
spectrum of the euciidian Dirac operator.

The point of contact between the fermionic and bosenic sectors of

_6_
the bheory is the Atiyal-Singer index theuvrem 4, which relactes The
numper of risht—handed {n4) and left-handed (n_-) normalizable zero
modes ro Che topological charge dy

" ” Cl (18}

4 =N =

A simiiar theorem in 3 space-time aimensions has been proved by Callias
iG]

N, -m. = i , (15)

wnere Q 1s tne maghetic charge.

To expose the index theorem and its pnysical consequences on the
ilattice, one has to make a choice of fermions. There are several ways
of putting fermions on a lattice. None of them is entirely satisfactory
in preserving the continuum symmetries. For our purpuses Kogut-Susskind
fermions [15] are best suited, since they have simpler chiral proper-
ties than other fermions, Their action is

S, = X [r2mali

a (20
§,+---+xf,,

APy r-’f- ( i,;—:) U " X, A" he )+ 2 5::1',‘]’

it

the link matrix, "
ad
Uy o= 27 (q'!o{xf,Ar),

and a the lattice spacing, and where Yy, Xy are singie-cemponent (co~

i
“

wiere Uy "
;

(21)

ioured) Grassmann fields defined at the lattice poinct x, which omn a
hypercune combine to define 4 flavours of Dirac fermions. Alternative-

1y, Kogut-Sussiind fermions may De viewed as a iattice verslon of the

Dirac-Kdhier equation (167,

There are no exact zero modes for Kogut—Susskind fermions. But
there are "approximate" zero modes, whose eigenvaiues will become ex-
actiy zero in the continuum limit a»0, and they willl have anomalies
appropriate to 4 flavours [17]:

(22)

m-n. = 4R
To test and exploit equ. (22} {on the lattice) in full detail, we will
have to identify the appropriate currents and the yg operator. Werk
along these lines is in progress. If one is only interested in the ex-
istence (or non-existence} of zero modes or in their total number, it
is sufficient to diagonalize ¥ [18]: the number of zero modes {and

approximate zero modes for finite a, respectively) of M, #g{M), is
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HE(H) = U,

In 3 space-time dimensions the same resulcs apply with Q replaced by q.
Semi-classivaily, ny counts the number of instanfous (mencpoles)

and n- the number of antiinstantons l(antimenopoles).
c. Physical consequences

The phvsical consequences of gauge field configurations with non-
trivial topolegy enter through the anomaly

;’f"ﬂl%c é?‘,U}.S=4?,,-¢¢_ = Q. (24)

The anomaly Dreaks the classical Up(1) invariance of the QCD Lagrarn—
gian, so Lhat Goldstone's theorem is evaded, and there need not be a

nesr.y MASSiess meson with the guantum numbers of the n'.

turns out Lhat ©he mass of the ' is related to the tepu.ugical suscep-
tipiilivy

Q:é = <Q2> VA% (25)

(V: volume of space-tvime manifoid ¥) by (19:

2 z z 2N
071?1 %'44?% - 2'141}7 = ;;?? ﬂ;t_ (261

as the number of colours Ne2®, Owing to the yualitative success of

large No predictions, we anticipate that tusing Ne = 3 light Fiavours?

qé AV (/ap&/?el/)q. (27}

As a further consequence topelogical non-triviality may cause spot—
taneous chiral symmetry breaking. The latter has been studied on tie

iattice {20]}. For the order parameter one finds

- ' ) 721
< Pewy> =€— T [soea] > = & <7; ,\:.‘E+(z:¢\)’->

oy

-1 ma_ feA) 28>
“""b Mcal f’f}\ ?‘2_*(2”'4)2_ ) ‘
V> - &

are the eigenvalues of M, and

. I\
where \\11

—_
. R -3
by, Lunn <¢¢(fm)> =N & T Qo). (25
30 VI
Thus, sponvaleous chiral symaetry breaking requires the occurrence of
zero modes. Sut they duv noc need hecessarily be normaiizable [21].
Celier, more speculative ideas about tne invelvement of topulogy in

£he dynamicvs of QCD wiil be CTouched upon iater.

a cuantitaLive study of Lopuiogy: the Up(1) vrobiem

Sy far Lhe only guanciiy shewing ciear proof of non—trivial tupoiogy
that one has Deen apie ru calculaie quantitatively is cthe topoulogical sus—
ceptibility ¢, which piavs a key role in the resviution of the Uptl?
probiem (equs. (24)-(27)).

The caivulation of Y. invoives to generate equilibrium gauge field
configurations and to compute their topological charge Q. To make contact
te the n' mass through equ. (267, which holds in the large N. limit, the
gouge fieid configurations are to be generated in the pure gauge theory.

In table {1 and fig. 1 1 have summarized the results of a recent high
statistics calcuiatlon [12,22] of yr based on the fast algorithm descri-
5ed Ln sec. 2a, turther details of the calculation and a cemparison to
srevious work on smailer lattices [28] can be found in the original pa-
vers. Tabie 1 indicates that finitve volume effects are quite Lixeiy smaii
for the V=104, B=2.0 and B=2.4 and V=12%, §=2.5 simulations. The curve in
fig. 1 represents the fourth pewer of the 2-lcop renormalizaction group

furmula for the jiaciice spacing a,

-’ Az
a =N, (f 752/!)’2” exp (—,—%?{,Zﬂ) (30)

norpalized cu a"ixu at V = 104, B 2.4. We notice that aqxt does not
scale asvintotically (yec). 3ut, using the results of ref. [24), we find
that the Lopeiogical suscepitibility shows the same deviations from asymp-
toiic scaiing {or betiter: dispiays the same B-function) as the string
tension X, wideh gives us confidence that we see contfinuum physics.

Tu compuce the topological susceptibility in physical units, we need
to sel the scale. The string tension calculation [24) gives, assuming VK
= 400 MeV, A = 6.6 MeV. Using the V = 104, B = 2.4 result one then ob-

tains
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(262 21 7rev) . (31

This is not in guantitative agreement with equ. (27). hHowever, consider-
ing the iimitations of the large N, expansion, the agresment is quite

satisfactory.

4. Rudiments of an intuitive understanding of the tepology of the vacuum

in the above no reference is made to instantons. They play a roie in
the semi-classical analysis of the problem and offer an intuitive under-
standing of topology, but until a year ago it was not certain whether
they existed in the yuantum vacuum or not.

The way to find out {25,26,27] whether there are instantons, or any
other semi-tliassical objects, underiying the vacuum is to stark from an
equilibrium gauge field configuration and freeze their guantum fluctua-
tiens by an appropriate relaxation precedure. If instantons exist, they
should remain benind and Decome ciearly visible, as they are solutions of
the ciassical equations of motion and, hence, are stable under relaxa-
tiens. On the iattice they are, of course, onily quasi-staple.

To be specific, one generates equilibrium SU(2) gauge field configu-

rations using (e.g.) Wilson's action

6 ﬁz (["'L7‘T o ) ”'ﬁz- [’ 'LTT(x,‘u oy J:w,‘u x, )] (32)
pv pev

Cne then repiaces successively each link matrix by

+ *
Gop = o CZ[ o Yot o Uofo? Yoo Untyp Uurpgul 190

. where ¢ is a pormalization constant such that Ugfg € SU(2), which leaves
us after a number of sweeps through the lakttice with solutions of the

ciassical lattice field equations

S _ o,
$ Unp

(34)
a. Zero temperature [23)

Let me flrst discuss now what evidence for an underlying semi-classi-

cal suructure tieere is in the zero temperacture phase, i.e. in the ordina-
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ry vacuur, which is supposed to coufine,

Figure 2 shows the history of 4 typival gauge field configurations,
which where generated at B = 2.1 on a 64 lattice 'in the pure gauge theory,
as a functiuvn of the number of relaxation sweeps through the lattice.
Wniie configuraticn A decays inte the trivial vacuum, cenfigurations B,C

and D show plateaus at
HS — (35}
F 22N, N=nr2,...,

which ipndicate The existence of aquasi-stable solutions of the classical
field equations. This is precisely what cne expects for an underiying
(multi-} instancon fleld configuration.

To pruve that these objects are really instantons, one has to show
that.their action density is iocalized in space-time, that Lhey have the
appropriace topeloglcal charge and that they give rise to zero modes 1in
accord with the index thecrem {18). In fig. 3 I have piotiea tne action
dengity

-—J-F.Z (l-;_’-TrU.‘ v)
{0 pev o»
(36)
in units {100 S,/B1 for a 3—dimensional cross section threugh the
center of the would-be instanton of configuration B {after 30 sweeps).
This and similar plots for configurations C and D indicate that the ac~
tion is indeed cencentrated in small space-time regions. Te prove that
aiso the twu other requirements are satisfied, I have plotted in fig. 4
the history of another 3 typical configurations, this time generated at
g=2,2 (for a change). Alsc shown is the eigenvalue spectrum of M and the
topulogical charge Q, which were computed at the positions marked by ar-
rows. Configuration E, which decays to the trivial vacuum, has Q=0 and
no {approximate) zero mode. Configuration F(G), which has action N=i
(N=2} and Q=+1(Q=+2) and consequently is self~dual, has 1(2) zero modes
twhich is hard to recognize in fig. 4), not ceunting the fourfold dege-
neracy (ue to fermion doubling. So, we may say that we see instantons.
leanwhiie, this kind of imvestigation has Deen repeated on liarger
iatiices and for iarger values of B [28] (and even including dynamical
fermions (29)}). The result is much the same. It seems though that the
vacuum 1s mere compiicated than being simply a diiute gas of instantons
ane antiinstantons {22}, In this context I alse like to mention that,
relying on these methuds, it is hard to distinguish ap instanton from a
net too widely separated meron [2] pair: presumably, the relaxation pro-
cedure will drive the weron pair to an instanton. Moreover, it is con-

ceivable that a widely separated meron pair will decay rather quickly.
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b. Finite temperature {30]

To compivce the picture of the vacuum, 1t is useful to study it at
finite Lemueravures: as the time dimension of the lattice is made
simalier, fiuctuations with large scale size wnich are respensiblie for
confinement Will eventualiy break down tou their more elementary "con—
stituents”. Furthermore, the finite temperature decunfined phase of QCD
nas iong attracied interest as a novel fors of matter [31]1, but very
littie is known aboui its physics [32).

defore I shall present some recent work going in this direction,
iet me first remind veu of the giobal properties of the finite tempera-
ture vacuum {33]. For high temperatures the functional integral is
highly peaked about configurations, wnich are static up to a gauge

transformation. This implies that

i

2 -2
L (x) =4 (-7 U*),,.,-) = 0 (37
T &

and

ltx) = 2{7?97;0

(38)
= +
X410 Ti» Zz. {2 /} 3

where E is the colour eiectric field, L the Wilson line and T the tem—

perature. The fact that L{x)#0, i.e. that the center symmetry is spon—
taneously broken, estaplishes the existence of a high-temperature non-
confining pnase. A further consequence is that the dynamics of the spa-
tiai degrees of freedom is essentially that of the corresponding zero
temperature theory in 3 space-time dimensions.

To, investigate the structure of the finite temperature vacuum, one
proceeds exactiy as before: generate equilibrium gauge field configura—
tions at the desired temperature, freeze the gquantum fluétuations
tslowly) and see what is left behind. In fig. 5 I have plotted the re-
sults for a selection of typical configurations, which were generated
at B=2.4 on a 103.4 lattice. This corresponds to a temperature well
above the deconfinement phase transition, Configuration H decays to the
trivial vacuum. Configuration I shows a plateau about s=82ﬂ2, which
suggests that this carries an instanten or antiinstanton. Calculations
of the topological charge and the zerc modes prove that this is indeed
the case. Most interesting and indicating new physics are configura-
tions J and K. Configuration J shows a plateau about half the height of
that of an instanton. On the plateau one finds Q=0, and the (4-dimen-—

sional) Dirac uvperator has no zero mede. Configuration K shows a hint

_12_
of a plateau about 3/8 x 306, On Lhe first "pizceau” one finas Q=1 ano
sne zero mode, while the second plateau has Q=0 and ho zero mode as in
cenfiguralion J. This indicates thal configuration K containg an instan-
ton pius the objeck seen in configuracion J.
To illuminate what these objects are, I have plotted in fig. 6 the
colour electric and coiour magnetic field strengths separately. One

sees that on the plateau
—z (39}
E x) M 0.

Further calcuiation of the Wilson line on the plateaus gives

Lex)y & 20/,

(It is not koown yet whetfer the two values (x1) balance or not. )

(40}

Equations (35) and (40} mean that these objects are static lapproxi-
mate) sciutions of the classical equations of motion. Indeed, if one
compuces the action density, one finds this to be exactly the same for
ail time slices. Furthermore, one finds that the action is localized.

i fig. T I have plotted the density

. Z-» &
R A A T
where 3 is the colour maghecic fieid, in units [10D,/B} for a 2-
cimensionai cross section chrough the center. It is striking though
that the action density falls off much slower than in case of the
instanton [fig. 33.

A further striking preperty of this object is the value of its
action, which is about half of that of an instanton. Te demonstratce
that this is indeed a genuine property, I show in fig. 8 a comparisen
of results on 83.4, 103.4 and 123.4 lattices, which all point at the
same value.

Wnat is the origin of these field configurations now? A solution ef
the equations of motion of exactly the kind we have found is the well-

known Wu-Yang monopoie (34]

& XX,
3(9() = "‘-"14'4' 3 T1=?Z;
* T
(42}
-1
é?i (x) = O

(a: colour index), which suggest that they are mopopules. The only draw-

sack is that the Wu-Yang monopoles have an infinite action and so must
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be smoothed at the origin to qualify as a candidate. A monopoie carries
one unit of magnetic charge. To shou that this is also the case for our
solution, I have calculated the magnetic charge by computing the totai
magnetic flux out of a surface enclosing the "monopole” [35] (with Ao
piaying the role of the Higgs field). The result pointed at the right
vaive but was not tocvally unambigucus because of the size of the "mono-
poie” and the relatively small lattice {ef, fig. 73, and I therefore
will net report it here. Instead, I will present another proof, which

empioys the Callies index theorem (13}. In fig. 9 I have plotted the
eigenvaiue spectrum of the 3-dimensional (spatial) analogue of the fer—
mion matrix M fequ. (203], i.e. the eigenvalues of the 3-dimensionai
Jirac operacor. (That makes Sense, because the fleld configurations un-
der comsideracion are static up to gauge transformatiens.’ The spectrum
in fig. 9a vorrespunds to configuration A [ef. fig. 5] (after 20
sweeps?}, which nas decayed to the triviai vacuaum. One finds no zero
mode. The spectrum in fig. 9b corresponds to configuration J {after 20
sweeps), which has a plateau about half the height of that of an instan—
ton. In this case one finds one zero mode {(module the flavour degenera-
cy). According to the index theorem {19), one zeroc mode implies omne

unit of magnetic charge. This completes the proof: what we have found
are indeed monopoles. A further study shows that monopoles are the domi-
nant underlying field configurations in the deconfinement phase [301,
whiie in the confinement phase we mostly find Lnstantons [30,38].

This is as far as we have got in our intuitive understanding of the
vacuu&. If we could work these results — instantons in the confined
phase and monopoles in the high-temperature, deconfined phase - into a
coherent picture, we would have a model for confinement. The fact that
the monopoles nave about half the action of an instanton suggests that
they descend from merons (remember: 3-dimensional cross sections of
merons are monopoles), which can be viewed as constituents of instan-—

tons (2].
5. Outlook

One may say thal - thanks to the lattice approach - topological Te-
search in gauge theories has entered a new stage: s0lid computations of
topelogy are now pussible, and one car eventually test which of the
various confinement schemes discussed in the literature is realized in
nature.

One would iike to extend these calculations to the physically more

—14-

interescing gauge group SUC3) and to iuciude dynamical fermions. In
principie this is possible. A first attesmpt to compule Xy for SU(3) has
been made in ref. (377, This calculalien required, however, a major com—
mitment of compuser Time and therefore was restricted to smail latti-
ces, since for vie SU(3) topological charge there is no fast combina—
toric algorichm yer. A Dreakihroogh in chis girection is padly needed.
As far eas dynamical ferpicons are concerned, the interrelation of topo—
logy and the essentially zero light querk masses require an exact up—
dating procedure. Such a procedure exists {381, but it is very time

consuming too.
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The ratic $/8 as a function of the number of relaxation sweeps

for 4 typical gauge field configurations in the confined phase.

The action density 8, for a J-dimenslonal cross section through
the center of the "instanton”. The integers plotted are

[100S,/B]. The dots correspond to zero.

The eigenvaiue density p(\) and the cerresponding S/ for
another 3 typical gauge field configurations. The arrow

indicates where p(X) and Q where computed.

The ratie S/ as a function of Lhe number of reilaxation sweeps
for a seiection of typical gauge field configurations in the

deconfined phase.

The colour electric and colour magnetic field strengtns

separately for configuratien Jj ([fig.51.

The accion density Dy for a Z-dimensional cress section througn

che cencer of the “"monopole”. The integers plotted are

[10D,/B].
Comparisén of plateaus on 8d. 4, 103.4 and 123-4 lattices.

The eigenvalue density p(Z) of the 3-dimensional Dirac operator

for (a) configuration H and (b} configuration J after 20

sweeps.
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