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Abstract}

A reparametrizaticn invariant action for string filelds describing non-inter-
acting closed bosonic strings is presented. Its construction is based on
zeometric principles motivated by Polyakov's functional integral for sur—
faces. Special care is devoted to the precise definition of singular

operators and to reparametrization ancmalies.

April 1986

1. Introduction and summary

More than ten years ago Kaku and Kikkawa [ 1] worked out a field theory of
relativistic strings. The basic object is the string field gi[x], which is
a functional of open or closed curves
*
X = (X7(2))

;P d=26, 058 <ar
In the quantum theory of string fields aE[XJ is an operator creating a string,
which is located on x, from the vacuum. Therefore string field theory is some-
times referred to as "second quantized string theory". Kaku and Kikkawa consider

open hosonic strings and their treatment is based on the light-cone-gauge

formulation of relativistic strings [2].

On the other hand the importance of having s Lorentz— and gauge-covariant
formulation of string field theory has been pointed out by several authors in

the last years. Gauge covariance means covariance under reparametrizations of

the string. An early sattempt in this direction was made by Marshall and Ramond [3].

In their work, however, the Virasore anomalies {see [4] for a review) are not
taken into mccount, which spoil the reparametrization invariance of the operators

under consideration.

Recently different groups have obtained covariant actions for free and
interacting string fields [549]. Besides the original string field
they contain supplementary fields, whose number is infinite in the most symme-
tric treatments. Although these approaches setisfy the quest for a covariant

string field theory, the following guestions remain open:

1.) What is the geometric meaning of the supplementary fields? As string
theory is supposed to be a theory of geometrical objects, namely strings,

all fields appearing in it should have some gecmetrical origin,



2.) The local symmetry of the actions, consisting of so-called chordal gauge
transformationa [6], is not identical to reparametrization invariance,
It is only on the subset of string fields szatisfying the Virasoro con-

straints
Ln&._-o , h>0 (1.1}

that both symmetry transformations coincide. Therefore, what happened

to reparametrization invariance?

These two guestions motivate a different approach, which is presented in
this paper, The guiding principles are to introduce only fields with a definite
geometric interpretation and to consider reparametrization invariance as the
basic symmetry. The first requirement is met by the introduction of a one-

dimensional metric
g (28] «eR , o0sés v

on curves (& ). Inspired by the work of Polyakov [10}, who considers a two-

dimensional metric gab( ¢ ,T) on string world—sheets, the metric is treated as

an independent variable. Conseguently the atring field is a Tunctional § [x,g)

also depending on g{d ).

Below we present & free action for the closed bosonic string field §:,
vwhich is. local and reparametrization invariant. The kinetic term invelving
the string variable x is a generslizstion of the dual model Hamiltonian
L, + io - 2. fhe requirement that Virasoro anomalies are cancelled leads to

the presence of a kinetic term for the metric g too. Formally the action reads

in 4 space-time dimensions

- z 2 S Z P8
z %(&) * [ F %“) S(Log. %(Z))l ) (P +H—F)3(z]

+‘¥‘3 q(2) g{"(&)] } . S (1.2)

where
i Whd _

L2472 (Lo+l. 46.,) 0w
LER

»* and P are numerical constants &nd the prime denotes differentiation with
respect to & . The precise definition of the action S, which has to take care
of anomalies and singularities In the operstor X, is subject of the following

sectlons.

When the string field };[x,g] is expanded in terms of oscillation modes
. e . Tr-} . .
of the metric g, an i1nfinite number of flelds T Dd arise, which may be

regarded as supplementary fields like in [5—9].

Many problems remain to be investigated:

- construction of the corresponding action for superstrings,
- construction of interacticons terms,

- relation to the actions of [5-9].



T also investigated the case of open strings. It turned out that the action and the oscillator algebra is

corvesponding to (1.2) has problems for cpen strings, which are due to singula-

. . Lal,a2l=[ar ar1=n 6" 6
rities of the operator K at the endsof the string, é=0,1T' ,» These singulari- LU B ] "o Ll h+m
ties produce new anomalies which spoil reparametrization invariance. Hopefully [ = ] = 0 (a.b)
R Ay, & =
some boundary terms might cure this.
I
A vacuum string field is defined by

2. String fields

- {2.5)

. . . q**£=,,."§=o nyo

Tn this section the framework and notation is fixed, For more details see [h, 5, 6]. n o " ° !

susl the units are chosen such that the Regge slope does not appear in the . . . .
As u £E P pp and is a Caussian in the variables x. In the following we consider string fields

equations. We consider Euclidean space~time in 4 dimensions. Closed parametrized . . .
qua P ? which are contained in the Fock space generated from Io. The inner product on

curves are expanded as : . .
P this space, formelly written as a path integral

® .
[ vhi _
= ps 0% ¢ <2 =4, d
FUBERER I S PRt e (%, 3,), - (®xe) 3,00 £.0¢] (2.6
Xf-:. = ( Xr)* . is uniquely defined by
The string field is a real velued functicnal {[x]: &LX'L(“J , which » N + " . " (2.7)
is assumed to be differentisble with respect to the functional derivative A, = (5\“ ) o P = ( Au ) ) (Eo; Eo)x = 1 .

operator. This operator is expanded as

S, - 1 Z C-—'\nl BF (2.2) they lock the same for the a-oseillstors.
g Xr(“ an 2 X

In the following we shall write all egquations only for the a-oscillators, if

The second derivative operator

Creation and annihilation operators are defined by . 82.
1 !

L N 2w x [ )

a, =1 (4w) Bx"; + " : Sxfay SxMeo
' ;:L S p ) is singular in the limit &> T . The singularity can be removed by a normal

a-f‘,_"(qqr)"( SxF -+ 111’“)(,...'-).. . _ .

" )(h (2.3) ordering prescriptlon. We define
ql* - 5 (o
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& TN
L(é) = = er\(n Pl + ( X (é)) with some strictly monotonic function S(&Y}, obeying
§(2+ar) = $(8) + 2w | (3.2)
: e - d (2.8)
E = 4 e (Lo+L.. -= 6 )
i ™ znl " 12 " ! ) Infinitesimally we write
f vwhere S(Z] = 8+ & £(“
: (3.3)
(2.9) o ! Get)
= . . . ()= %)+ gL x(3) +
Ln = -g: %_1 ) qm—l A, X £
are the Virasoro operators, obeying the Virasoro algebra The corresponding mapping which is induced on string fields

[l bl (now) Lungn + m(m=1) &, 2100 Tix] — & 0x]= $0%]

rey Mih

The centrel term proporticnal to &, the Virasoro anocmaly, is due to the normal is infinitesimally given by

ordering. The constant term in L{ & ) may also be considered to be an effect of - l) o
normel ordering [11] §L><] = ; [x] + ESAA x,(l} R(Z) §[Kj + Gle ;
A ' g where
4 - _ 4 (2.11)
%?q"qd =L, + b -Lo-5 i 3
- ey = (ds fea) X8 ——— (3.5)
and is included for later couvenience. In the light cone gauge the free string R; = Sol& .P.(?a) R( } S -P« gxf"(”

field acti i ssentiall iven b . . . r o . \
ion s e v B v is generator of the reparametrization specified by (2 ). Rf is a well defined

operator and does not need normal ordering. When f is expanded as

™ (.12}
(de L@ = 2(L+L) + consh
—ini
(3.6)
_?,(L) = z“, C, e
3., Reparametrizations
we have
A reparametrization is a mapping in the space of all curves x, given by R\‘* = = Z Cu Rn
n

¢ SRy = xP(se T
wFy > XPay= x"( ) (3.1) R.= Lu-L.n

1
1
4
E
EH
-




The algebra of these operators

[R,.,‘ R} = (m-n) Roynt (3.8)

does not contain the Virasorc anomaly, Therefore it is consistent to require that

reparametrizations form a symmetry of string field theory.

The transformation of operators under reparametrizations is determined by

their commutators with Re. If an operator Al &8 )} obeys

LRy, A] = 3 P A + fa A2 (3.9)

then it is said to have reparametrization-spin {B-spin) J. For example for the

following multiplication operators we find

)(P(H has }-—-0 ) 'y has }=4

and for the derivative

S : =1
&l g

If A{ 3 ) has R-spin 1 the integral

Soll: Al

is reparametrization invariant,

The operator L{& ), which is naively expected to have R-spin 2, transforms

ahomalous?

LRy, LG

2 j}'(a) L(s) + 1P,(z.) L'¢2)
{3.10)

— —

4 g :

o\ uiu}

It is precisely this anomaly which causes difficulties in finding reparametri-

zatbion invariant sctions. Without the anomaly the sction

SMR = (£J Knp, }:)x

(3.11}

4
g = (o (/@) L)

which has been considered by Marshall and Ramond LBJ would be formally repara-

metrization invariant,

4, Reparametrization invariant action

Apart from the Virasoro anomaly another problem with the action SMR is the
appearance of the inverse of x' in it, which would make a treatment with Fock
space methods diffiecult. Motivated by Polyakov's approach to the first quantized
string theory [10] we loocked for a solution to both problems through the intro-
duction of an independent metric g{ 8 ) as a new variable, Under reparametrizations

it transforms according to
~ 2 d 2 (4.1)
g da* = g (£(2)) ds)

or infinitesimally

@(a)= g + g{ 1@'(&)30,1 + {ng‘m} ' (k.2)

The string field E[x,g] now also depends on g{ 2 ). The generators of repara-

metrizations on ; are extended correspondingly and read

) £ &
Rrgdz{i&)x"fs\ o (2@ 3(4)4(&)3'(;))% } ‘ (5.3)




- i0 -

In order to be able to give precise definitions of operators involving g(é )’
we have to specify the space of siring fields and its inner product again,

Formally the inner preduct would be given by a path integral of the form

(51, ¥;) = SJ].LL %f&]] ( E,‘ [,’hg] ' E;Lxla])x / b

where the measure is required to be reperametrization invariant. Arguments

similar to those in [10] suggest

U o 1 P (h.5)
dp Lyl = T‘l' 3Q) YJ @

where

®(¢)

cg,(z) = & . (4.6)

Therefore we use P(3} instead of g(4 } in the following and define a Fock space

of string fields with respéct to q’(&] . Leg

. (4.7)

P-T,9% ", v, .-
n

and define osecillators analogous to (2.3)

-4 P}
b o= i(%xm) * (},ep_h‘ +ZT""‘WH)

n

N (4.8)
";“ = () ( SY + TTh QP_,,)

satisfying '

[bhlt’m1= L‘En,EM]=Y\8m+h \ [L“,EMJ-'-O {4.9)

- = = = = = - = — - -~ ~ ~ - - - -

- 11 =

The space of string fields and its inner product are defined in the same way
as in sect. 2, including the b-oscillators. Furthermore we introduce the

counterpart of L( ), namely

K(2) & R
= = ————— & (P
$¥(2) S ( (

4D (KR &5

with

wHe

kv\= ‘1’?’ -'lo t’u_ ; (b1}

(L.12)

Lkm,k»] = (m-m) K., + ;tj;_-vn(w‘-«) QMM .

The generators of reparametrization are in terms of
< e 5
Ry« o f dar ") 5
é (L.13})
1 | }

+ (1!; () + d@ P ) 0 .

R“=L,\-—_L-..h +kh“'h\‘€_h -;JI'HT h(bu+E—h)

and still satisfy the algebra {3.8). The operator K{( € ) transforms as follows

LRy, kil = 2 '@ K@) + L) K'(a)

(4.15)

FH@ee) - ﬁ; o

The last term is the Virasoro anomaly again, whereas the third term is due to
the Tact that already classically ("P')‘l does not transform like an operator
with R-spin. Trying various possibilities we found that the simplest wmodifi-
cation of K( 3 ) which naively (disregarding the Virascro anomaly) has R-spin 2,
is

Ky - o) ey

PN O DR B T T Y S R S



,‘12_

This operstor offers the possibility to cancel the Virasoro anomaly of Liéd ).

The operator
(4.17)

H(z) = L(2) - 2 (k@) - %)

obeys
LRy, @] = 23 HQ) + §@) H'e@)
_j__ " {4.18)
- A a - en] P
where the extra 4B -term cbmes from V"(ﬂ. For the choice of &
(L.19}

d —2(¥3r+a) = O
the anomaly is absent and H( & } is an operator with R-spin 2.
In order to cbtain & reparametrizaticn imvariant kinetic term K as in (3.11)

we must define a quantity of the type

K= gdz (3(@))_% H(2)

taking care of singularities of the operator product. The ansatz which we shall

try in the following is to use normal ordering again. Let

Ple) = P+ ¥ 3)
' . . {4.20)

- FME o tie
Qh__(g,h_-;'_-% ii(tl-wr)“z-é;(lo:ne +L,;he )

n=1

_ Then
{h.21)

[
=

: %(ng. = explynm) wxplyf-(2)

- 13 -

is well defined. However, it aguires an anomalous dimension such that its

R-spin comes out to be
31
IS Shlivees . (4.22)
We account for this by introducing the rescaled field
4, - [3cp (k.23)
where
Pl
+ = 1 )
P Adn (h.24)
such that the operator
- 4 b
. e .
_ : _1
has R-spin J = - 1, equal to the naive R-spin of g{é ) 2 . Furthermore we
define the rescaled
ke
(L.25)

~ z ~ Y 5 12
K = F ki) £-¢ S0 S toea

In products like
TN
: K(2) -

. e

.

the normal ordering produces new ancmalies, which change the numerical coeffi-

cients of the Virasoro anomaly. For

W =

we obtain

1 A "
. e‘%*’m{L(e)-ae[k(a)—LH(&) +l~.\k= (4.26)



- 14 -

[R;,, Fa]= e he + by H(a)
_/L nt ‘4:*(&).
—én,(ol-481raa)£(z) ie :

- 1)
r X (tama - ') §'(ay e : .

{(h.27)

If we choose the constants ® and J. suitebly

4 - _ﬁ_ . {4.28)

2 = Tugy ! 129

the anomaly is cancelled and H(& ) transforms with R-spin J = 1. Note the

difference between {4.19} and (4.28).

Now the way is paved completely for writing down a reparametrization invariant

acticn for closed string fields.

5=(% k&)
k= {dz Be)

with H{ 3 ) defined in (4.26).

(4.29)

If one tries to write down the anslogous action for open string fields,
it turns out that in this case normal ordering introduces some additional
apomalies, which would have to be cancelled by some boundary terms in the

action.

~
. o . .
Returning to the case of clesed strings, let ;n [q] be that string field

which is the Fock space vacuum with respect to P(2) .

b, g = b, @ =0, nz0 (4.30)

_'15_

When ¥[K.°I’:' is expanded like

Fps 2T G0 Bl

{(%,31)
o Ne o Do AT °o Do
= Y, Eo +Y4 E’a +"f° Eo +Y-1.4 EM t e
with
I=(i4,..., .“k) ) 451‘-45'-'5'(&
and J being multiindices, and
"g Ae /\4 — t\a "~ o 2 l‘\e
Ed = L’-« 5., 1 Eo = Il"--4 -{o 1 E'm = b-»1 ;o
(h.32)

= o A Lo
E?. = ‘-—'r;—‘ L-Z §0 . e"'c.
we obtain an infinite number of string fields Yg [X,W,]. Since 8§ transforms

trivially under shifts of %, , we may restrict ourselves to string fields

independent of %, and obtain the action in terms of the component fields

(3-’-' z ‘{E;' Anz}j: L’\rg 1 [Ln +[_h_(fli+1r)x)£“]Yi: )x

3,77 (1.33)

-~ B (4, v,

with coefficients

! A ; _14;) A gt
Ahf:'=(§3, :S%-“CM"' = iﬁ}') (4.31)

t A "%*(‘, ~ [ ry
0¥ (511 ) 31

which can be evaluated straightforwardly .
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5. Conclusions

We have obtained a reparametrization invariant action for non-interacting closed
string fields, which allows to interpret supplementary fields as stemming from

an extra metrie variable on the string,

Our approach is motivated by Polyakov's treatment of the path integral for
gurfaces [10]. Although I believe that there is some relation to it, it is not
yet eclear what the connection is. In particular the action itself does not
single cout the number of dimensions & = 26 particularly. A possibility would
be that 4 = 26 comes out as a special case, when the gauge is fixed & la Faddeev-
Popov and the theory is quantized, If this produces additicnal contributions to
the Virasoro anomaly, the value

a- 26
L2 %4

as suggested by Polyakov's calculation could result. This question deserves

o =

further study.

The next step would be to define a proper interaction term. GQuestions of

spontaneous symmetry breaking etc. could then be investigated.
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