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The longitudinal-electric oscillations of the hot gluon system are studied beyond the
well known leading order term at high temperature 7" and small coupling g. The coefficient
nin w? = m?(1 4+ ngyV/N') is calculated, where w = w(q = 0) is the long-wavelength
limit of the frequency spectrum, N the number of colours and m? = ¢g?NT?/9. In the
course of this, for the real part of the gluon self-energy, the Braaten-Pisarski resummation
programme is found to work well in all details. The coefficient 7 is explicitly seen to be
gauge independent within the class of covariant gauges. Infrared singularities cancel as
well as collinear singularities in the two-loop diagrams with both inner momenta hard.
However, as it turns out, none of these two-loop contributions reaches the relative order
O(g) under study. The minus sign in our numerical result 7 = —.18 is in accord with
the intuitive picture that the studied mode might soften with increasing coupling (lower
temperature) until a phase transition is reached at zero-frequency. The minus sign thus

exhibits the ’glue’ effect for the first time in a dynamical quantity of hot QCD.

1. Introduction

Mostly, our understanding of a complex physical problem profits from its known
solution at the end of some parameter axis. In the case of QCD the large-N limit so far
failed in 341 dimensions: the 'master field’ is not known [[]. But for QCD in contact with
a thermal bath there is indeed such a parameter and is called temperature. It appears
that during the last years the essential problems with the high temperature limit of QCD
have been overcome. The coupling g is weak there, perturbation theory is applicable, and
the limiting form of several quantities (as e.g. the two-gluon Greens function at ingoing
momentum ~ ¢7') can be written down explicitly in this limit. The above prospect is one
of the reasons for the current high interest in hot QCD. The more immediate reasons are

the relevance to heavy ion collisions and to the early universe.

Several difficulties specific to thermal gauge theory [B] long hampered the above un-
derstanding of temperature as a useful tool. Especially for the damping rate of the gluon
plasma oscillations various numbers (mostly negative, hence unphysical) were produced,
roughly one for each gauge used [, B2, fl]. In contrast, the gauge independence of plasma
parameters was demonstrated nonperturbatively [[f], ranking them among the measurable
physical quantities. It turned out that resummation is inevitable. However, even if gauge

independence is restored on-shell by resummation [f], the latter may be incomplete.
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The breakthrough came with a few papers of Pisarski [[], §] and Braaten and Pisarski
[, I0] around 1990. In their basic paper (which is [f] and henceforth referred to as BP) it
was shown that, in order to obtain soft amplitudes consistently, hard thermal loops must
be added to the tree-level vertices and summed up in the gluon propagator. A momentum
~ T is ’hard’, but if ~ ¢7T it is ’soft’ (0 < g << 1). Gauge independence of this setup
was proved [f, ] and the (gauge independent and positive) gluon damping rate was
obtained [[J]. The development culminated in giving this new ”true zeroth order” the
form of a Lagrangian [[J, [[4], which generates the leading terms of all soft amplitudes
and can be even rewritten in a mainfestly gauge-invariant form [[J]. Applications cover
the soft dilepton production [[[f], quark damping [[7], screening [[§], energy loss [[9],
kinetic equations [P0] or even star matter [RI]. There are current questions concerning
the existence of a 'magnetic mass’ [P2, B3], the measurability of the damping [P4] and the
regulator, which prevents revived gauge dependence of the damping. But through the
present work we were not forced into the former problems. With regard to the latter,
all gauge dependences are cancelled algebraically on the plasmon mass-shell. We assume

that potential mass-shell singularities [R5 are regularized in the manner of ref. [P{].

The system considered in this paper consists of only gluons in thermal equilibrium (no
quarks). We concentrate on the real part of the frequency of the plasmon mode and take
the first step beyond ’zeroth order’. There are three possible origins of contributions to the
relative order O(g) (‘relative’ means up to the prefactor m? = ¢?T2N/9). These origins
form the section headings of §§ 3, 4 and 5. Their classification is due to BP. Thus, the best
introduction to the present paper is the subsection 4.3 in BP. We shall not summarize this
paragraph here. The predictions of BP concern the possible maximum contribution to
each subset. Explicit calculation may well give something below O(g) (a) for kinematical
reasons, (b) by ’accidental’ cancellation of prefactors and (c¢) by compensation among
ranges of the integrals. BP give an example for case (a) in discussing the imaginary part

of hard one- and two-loop diagrams. Sections 3 and 4 give examples for case (c).

As we restrict ourselves to the long-wavelength limit ¢ — 0 there remains one single
number to be calculated. This number is the prefactor n in ([.]]) below. It is related to
the real part of that quantity v = v, + ¢y; whose imaginary part is the damping rate:

. ¢*’NT

w? =m? (1+ng\/N) =m?’—2my, , Y=a a, = —4mn . (1.1)
241

Hence, our result n = —.18 (already disclosed in the abstract) means a, = 2.3. The

real part is thus somewhat smaller than the imaginary part a; = 6.635 [[J]. The second
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digit in —.18 is not quite certain. The work leading to this number is laborious. Our

motivations were:

(1)

(i)

Is QCD physically simple? If so, our expectation on the behaviour of e.g. the gluon
system should be confirmed immediately in the first term of the ’true’ perturba-
tion expansion. We expect that, with increasing coupling, the ’glue’ reduces the
frequency of the plasmon mode below its zeroth-order value m. Moreover, this fre-
quency could play the role of an indicator, reaching zero at the onset of glue ball
formation. In figure 1, an increasing coupling might be associated with decreasing
temperature [27]. Remember that often (especially in asymptotic series) the first

term of a perturbation expansion gives qualitatively the full answer.

The high-temperature limit as a perturbative starting point needs examples. We
should like to give one more. The first example was given already in 1979 as Kapusta
[B]] calculated the pressure p ~ T* (1 — 5g2N/167%). Note the minus sign.

BP at work. While filling §4.3 of BP with detail, we will test the resummation
programme independently. The test concerns the separate gauge independent sets
within O(g), but also the absence of infrared singularities, UV-convergence and (last

not least) the physics, which here is in the minus sign in question.

Working with the BP resummation we shall reformulate it in our Minkowski nota-
tion. This is a matter of language only, we do not claim for preferences. BP use
"English’, say, and here is the translation into "Dutch’ [Bg].

The paper is organized as follows. It starts with the details of the ’zeroth approxima-

tion’ (section 2). In the next three sections the O(g) contributions are calculated. We

follow the BP classification in reverse order. The two-loop diagrams (section 3) could be

suspected to be outside of the realm of feasability. But they are not. Both, the two loop

diagrams and the 1-loop hard diagrams (section 4) do not (yet) contribute to O(g). The

main part is section 5 on the one-loop soft diagrams. The formal result of the soft analysis

is summarized in section 6. Here we go until to the end of the analytical treatment. In

section 7 the figure 3 gives a rough view into the numerical procedure.
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Figure 1: Longitudinal plasma frequency versus coupling (schematically). The straight line corresponds

to the leading order w = M. The curve inside the window is the subject of this paper. By the dots
outside, the function g4/1 — ¢" is formally followed up to stimulate speculations.

2. The frequency of the plasmon mode

In this short section we specify the subject and introduce notations. For simplicity,
we allow for only gluons, activated thermally and of N2 —1 kinds. To get rid of quarks in
a physical manner, they would have to be given masses much larger than the temperature.

Then, the Lagrangian reads

1 1 2
_ - apura “AQ
L= 4Fuv F 5 (8 Au) + ghost term . (2.1)
We use the Matsubara contour and Minkowski metric + — —— [B9]. Hence a four vector

reads P = (iw,, p) with w, = 2mnT, P? = (iw,)? — p?>. Let Q be the argument of
the polarization function (its ’outer momentum’). We shall keep writing @)y even if it is

already continued into the complex plane. By now the term ') soft’ applies to Qg as well.

Although the terms 'gluon self energy’ and 'polarization function’” have identical mean-
ing, we prefer the latter to emphasize the view of a medium having dielectric properties.
The longitudinal plasmon mode (which lives on degrees of freedom not activated at zero
temperature [B(]) is detected as a zero of the dielectric constant or, equivalently, as a pole
of the longitudinal part (index ¢) of the gluon propagator. To ’zeroth order’, i.e. when

dressed with hard thermal loops, and within covariant gauges this propagator reads

Gu(P) = Aw(P)A(P) + B (P)A(P) + Dy (P)Ag (2.2)
1 1
where Aa = OéAO y AO = ﬁ y At,g = m (23)



We emphasize that the above object (at soft momentum P) is much more than a certain
perturbative outcome with uncertain meaning. It is, as BP have demonstrated, the exact
asymptotically leading term of the propagator in the limit of high temperature (97" << T)).
The ghost propagator is Ag and remains undressed to zeroth order. The Lorentz-matrices

in (2.9) belong to the matrix-basis [B9, A, B9, Bl
VoV C_ QoV +VoQ@

v T V2@ Q?
with V=QU —(U-Q)Q = (—¢*, —Quq) , (2.5)

where U = (1,0) is the four-velocity of the thermal bath at rest. The form (E3J) derives
from G = G° + G°IIG by using (B4) and the polarization function IT* at one-loop order
(leading term as given in (B.§) below).

A=g—B-D , B= (2.4)

At this point it is clear how the position of the pole in the B-term of the propaga-
tor is obtained to any desired higher order in the coupling: consider the corresponding
1PT diagrams, which form IT*) but formulate them with dressed lines (B.7) and dressed
vertices (see below) and consider counter terms, see §4.3 of BP, which here, however, are
not yet needed. Also n-vertices with n > 4 do not yet occur. Once II* is obtained that
way, one forms II, = Tr BII. If one is interested in the limit ¢ — 0 only, one obtains
w=w(qg=0)as w=RNeQ by solving

O =1I,(9,q =0) (2.6)
for the complex number €. At next-to-leading order in ¢ this equation reduces to w? =
Re I1,(m,0) with m = gv/N T/3. On dimensional grounds w is m times some function
f of only g. Thus, the only explicit temperature dependence of w is the trivial one in
the prefactor m; the other T-dependence is implicit in the running of the coupling g. At

small g the function f(g) need not be a pure power series in g. Possibly the asymptotics

of f looks as follows,
W =m? (1+ngVN +76°In(g) +79°+... ) (2.7)

because such logarithmic terms will appear in section 4. Since w is a measurable quantity,

each term of its asymptotics must be gauge independent. If not, the calculation is wrong.

We continue listing further details on the 'zeroth order’. The leading term [I0, [4] of
7" is

Q) = 3m* (U'U"= < (U-Q)Y"Y" /(Y- Q) >) (2.8)
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3 9 4 2 KrKY
= — Y +4¢°N D 2.9
"9 T KK —-Q)* "’ (2:9)
where Y = (1,¢), Y2 = 0. < ... > is the average over the directions of the unit vector

¢, and the blank summation symbol means
=/ 7 Ly’ &’k T 2.10
Y= 2o re=(5) [erry 210

We write n(k) = 1/(e”*—1) for the Bose function and ¢* = T',/g" for the threshold between
hard and soft momenta [I§]. Since the functions I, = Tr AIl/2 and II, = Tr BII in (.3)
are related by

y(Q) + 2I1,(Q) = 3m” (2.11)
(use (R.§) together with (B.4)), we have to record only

1@ =1nY [ E0 2.12)
‘ K*(K - Q) ¢ | '

For this sum evaluated see Appendix B. There also the spectral densities of the propa-
gators A; and A, are detailed. For the definition of spectral densities and the general

spectral representation see (b.5) below. Often differences of two propagators do occur:

AZt = Ag — At s Aag = OéAQ - Ag . (213)

Last not least, if the outer momenta are soft (as in section 5), the 3- and 4-vertices
[] are to be dressed by one hard thermal loop each. After the colour sums are done,
the remaining parts of the vertices read as follows (cf. e.g. (3.2) and (3.28) in BP, the

different sign is due to notation):

F123 — (QI‘Q2|Q3>123+5F123 7 (214>
K'K2K3
where o2 = —8¢°N

TN R T O K+ G+ G
and  (Q1|Q2]@3)™ = (Q1 — @2)°¢"* + cyclic ; (2.15)
F1234 — gl4g23 _'_gl3g24 o 2912934 + 5F1234 ’ (216)

9 9 1

where  OT'2 — 1642N K1K2K3K4( + + )
g ; N1234 N2134 N4231

and N1234 = K2(K + Q1)2(K + Ql + Q2)2(K - Q4)2 .
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In both expressions, (2.14) and (B.16), the sum of the (); must vanish. The dressed-vertex
Ward identities, cf. (3.31) and (3.33) of BP, are

(Q3)30T'* = II'*(Qy) — IT*(Q2) (2.17)
(Q1)40T™** = =0T (Q1 + Qu, Q2, Q3) + I (Q1, Q2 + Qu, Q3) - (2.18)

This completes our listing of known ’zeroth order’ results as we shall need them.

The plasmon mode is a ’longitudinal-electric’ wave. To appreciate this term (used
in the abstract) note that V#A%(Q) = —iq - E(Q) = —igk} ,(Q), where E*(Q) is
the Fourier transform of —0y A%(z) — VAg(z). Herewith the B-term of the full gluon

propagator may be written as

1 5ab

— < B¢ (Q Ebmn —Q)> = ————— 2.19

Q2 1 g( ) 1 g( ) Q2 _ H@(Q) ( )
with II, the exact longitudinal polarization function and < ... > the thermal average.

The strongly correlated fields near the pole are indeed longitudinal electric ones.

3. Two-loop diagrams with hard inner momenta

In this section the complete set of 2-loop diagrams is analysed with respect to its
possible g3-contribution to the real part of the polarisation function I7*(Q). Here, and
only here, we shall restrict ourselves to Feynman gauge (o = 1). The outer momentum
reads Q = (Qy, q), and the limit ¢ — 0 is taken as early as possible. We emphasize these
restrictions, although we do not expect them to be crucial for the somewhat unexpected
results, namely, that the 2-loop contributions turn out to remain below the relative order
O(g). Because of the latter, readers who are only interested in the relevant terms might

skip this section right now.

The set of 2-loop diagrams is shown in figure 2. They are numbered from ¢ =1 to
1 =13. Correspondingly, there is an i-th contribution to I, and each has an individual
numerator n*” and denominator d under a double sum over the hard inner momenta P

and K:

nt

1 1
=g NS M= T (BIT) = Sg'NH H:ZZ%. (3.1)
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To be specific, the denominators d are

(K- Q)?*(P—-K)?*P? (i=1) , KYK—-Q)?*P—-K)*P*> (i=1,8,9)
KK -Q)PP(P-Q)* (i=2) , KNK—-Q)*P* (i=10)
KK —-Q?*P—-K)?P* (i=3) , KYP—-K)*P? (i=11,12)

KK —Q)?*P—K)?P*(P-Q)? (i=4,56) , K'P?>(i=13) . (3.2)

In three denominators (nos. 2, 10 and 13) the factor (P — K)? is absent. In these cases
the two sums are easily decoupled. The symmetry factors are given in the figure caption.
They are included in n** and n, = Tr (Bn).

To exhibit the typical steps in treating any of the more complicated diagrams we shall
work out one example in detail. The results for the 12 others will then be listed only.
Consider the loop with an inserted ghost loop: number 8. The symmetry factor is 1. The
structure constants at the ghost vertices combine via f°*?f°* = N§%, and the Kronecker

helps to treat the remaining two f’s in the same manner. Using the notation (2.17):
n" = =2QK - Q|- K)"*(P - K),(Q|K - Q|- K)"\"F, . (3.3)

At this point it is convenient to leave the algebra to a little REDUCE program. Never-

theless, all calculations have been checked by hand.

The denominator d = K*(K —Q)?(P — K)?P? does not change under the substitution
P — K — P. Thus, the numerator n** may be replaced by its symmetric part under
this transformation. Once symmetric, it can be expressed by invariants Z or by pairs of
‘odd-invariants’ O (which change sign under P — K — P). Such invariants are

T=2P>—2PK , T =2P"P" — P'KY — KI'PY
Ox =2PK —K? | Og=2PQ—KQ , O" = P'K" + K'P" — KFKY . (3.4)

The result for n*” then reads

1 1
= —2¢"(Ok —20)" + 59" (K* = 2KQ) — K"K” (3K* +41)
—I"(K 4+ Q)* + 30" O + terms containing Q" or/and Q” . (3.5)

The terms not made explicit in (B.J) vanish due to V' - @ = 0 under the Tr B... opera-

tion. Conveniently, when taking this trace (with ZW, say) we also exploit ¢ — 0, which
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Figure 2: 2-loop diagrams. The dotted lines represent ghost propagators. Normal lines refer to hard
and therefore bare gluons. The right-left mirror images of nos. 3 and 4 are included by doubling the
corresponding symmetry factors. These are 1/6 (diagram 1), 1/4 (diagrams 2, 11, 13), 1/2 (diagrams 6,
7,10, 12), 1 (diagrams 3, 5, 8) and 2 (diagrams 4, 9).

amounts to B — — (0, ¢) o (0, ¢)/¢*>. The two angular integrations in 33 now permit
the replacement 7 — —% (p2 —pk ) We obtain:

ne = ——(’)K + 2050 — 20% + - (K2 - QKQ) + kK2
+ §k22+ 3 (p2 —p k:) (K + Q) — (279 k —k2) O . (3.6)

Note, that here and anywhere in the following ¢ = 0 and hence Q = (Qo, 6) Next we

try and rewrite n, as a linear combination of factors which occur in the denominator:

I = PP+(P-K?’-K> - 2(P-K)\’-K°

Ok = P’—(P-K)?? — —2(P-K)?
—%(9?{ — (P—-K)?(2PK — K*) — —(P—-K)’K?

—205 = —2Q5(2P) - Ko — —2Q° (4(P — K)? = K>+ 4p* — k:2) . (3.7)
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The rightarrows in (B.7) indicate allowed substitutions in (B.§). The symmetry is now
abandoned in favour of cancellations. Note that if a factor (P — K)? is cancelled with
that in the denominator there is another symmetry, namely P — — P, which allows for
the last step in the third line of (7). If (K — Q)? is cancelled, the new symmetry is
K,P — —K,—P. Through such steps we arrive at

3
_ k2> +ny 4o 4+ Q? <2K2 _ %(K QP+ 5@? —6(P — K)?) (3.8)

2
neo= (P K (K= 20K - QP 4+ 27 + (K = @ (K7 + 58— 2p?)
4
K2 <_ 2
+ 3p
4 20

with ny = §Q2k2 and no = —§Q2p2 )
This is not the last version. So far we have done nothing towards the fact that both
inner momenta may be taken hard. Clearly, the last lengthy term in (B.§) is two g-orders

smaller than e.g. the first one. Hence, we neglect it. It is tempting to do so with the

term n, as well. This, however, is not allowed:
4Q%°K* = 4(KQ)? — 4Q*K?

= K'- KK -Q) —2Q°K*+ Q"' - Q*(K — Q) - (K — Q)"2KQ
K'— K*(K - Q)" , (3.9)

Q

where the last term in the second line was omitted due to K, P — — K, —P. In the case
of ny this last step does not work. In fact, ny remains of the relative order ¢? and is to

be neglected. The hard-hard result for number 8 is now obtained:

4 2 1 1 1 2
Hi=-7,—=-7—7 7'+ =7 7+ 1 <—J J, —2J') 3.10
8= 3427 3% 1+3 1+3 0+6 0+031+0 ol > ( )

where the objects Z, I, J are sums out of the following collection:

B 1 (K2, p*)
ZO_ZZ(K—Q)2(P—K)2P2 ’ ZZI@K Q)*(P — K)2pP? '

)
%= 22 R Z{2—ZZK4P K)?P?

1 T2 o2 T?
h=2fn="1 M=l R —qr a

1 2 , 1
Jozzm ; J122m> JoZZﬁ - (3.11)
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Something enervating happened in the last steps leading to (B.10). Certain terms with
a prefactor Q? were neglected but others not. Consider again the term n; in (B-§). It had
the effect of adding a term (Z, — Z|)) to Hg (moreover, Zj = 0, see (B-I4)) below). With
regard to (B.1]) the two sums only differ by the kind of pole prescription. Furthermore,
if we replace n, in (B.d]) by n1, such an expression could well be among the 3-loop contri-
butions (read Q? as w? ~ ¢g*T? and the T? as e.g. Iy, i.e. as a loop that factorizes off).
To summarize, we learn that the correct definition of 2-loops requires 3-loops. Here we
do what we can and evaluate the 2-loop terms as they stand. Fortunately, as it will turn

out shortly, the 2-loop terms remain below the relevant order O(g).

With the above mentioned reservation in mind we return to the full set of all 13
diagrams and list the results:

27 9
H1 = 9Z0 y H2 - O y H3 == 15Z1—?Z()+§Z6 y
2 1 1 1 2 1 1 1
Hy = ZZy—=7—=Zy+—=Z,—=I Hy = -7y + —Zy— —Z}
4 3427 34 60+60 31&70 ; 5 61+120 1970

41 43 19
Hs = 6Zy— —7Z1+—Zy— —2y—6I.Jy ,

6 12 12
20 10 25 7 8 5
H, = ——Z - =7 - =7 4+ = — 78— 101y J, — 31y Jy + 121,
7 32+32 3131+30+60 0J1 oJdo + 1210y
2
Hg see (3.10) , Hy = §Z1 ,
! 10 ! 7 / ! !
2 1

In the first line, the result for Hy actually was —27Q*J2/4, which however had to be
neglected in the hard-hard sense. To deal with all contributions, the collection (B.11]) was
sufficient. But one of these sums diverges, namely Z) (see below). Appeasingly enough,
the Z)-terms cancel each other when adding H; to Hyp, or Hg to Hyp. Summing up the
13 contributions H; one obtains

- 2 1 16 10
HZQ loop hh _ g'N? (gZz - ng + Zo— Z, — ALy (Jo — J}) + ?Iojl - Ellt]O) . (3.13)

It remains to evaluate the sums (B-IT]). This is done in Appendix A. There the term
independent of temperature, which is contained in each frequency sum (see [A.3)), is

neglected from the outset. After renormalization, and if we may apply an argument of
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BP (§2) in the present case, there remain only terms which are down by two powers of g.

Hence, all of the following integrals are UV-controlled by Bose functions:

1 o0 e p+k
Zo = —27, ., 2y — /d /dkkl—,
0 ! L= Tt pn@)m n()n<p_k>
1 1 [e'e] o p k’z
7y :—%%—5Z+wﬂlyﬁmméﬁ%mmEm<ﬁfﬁ>’
Z - 2 —0. (3.14)

where the logarithm is understood to take the absolute value of its argument. For the
delicate object Z5, which had cancelled in (B.13), we state the singular parts here:

Zésing _ /qjodpn(p) /qjodk (pn'(k:) /_1ldu L 2?pn(k‘) /1du{ ! r> , (3.15)

1674 1—u 11—

where u = cos(¢) and ¥ the angle between k and p. The u-integrals diverge when the
three-momenta become parallel. If we had worked with a corresponding cutoff A, most
probably, In(\) and 1/\ would have appeared in place of the u-integrals, respectively. We
identify the above with the ’collinear singularity’ studied recently [BJ] in order to establish
the Kinoshita-Lee-Nauenberg theorem [BJ] in thermal field theory or even in hot QCD
B4]. To justify our identification note that the above singularity (a) occurs in a separate
factor, (b) stems from loop self-energy insertions (diagrams 7, 8, 11, 12), (c¢) has nothing
to do with IR or UV, (d) cancels among different contributions and, once more, (e) occurs

when p and k (or — i ) become parallel.

It remains to list the results of Appendix A for the single sums:

1 foo k 3
J(] = F/q* dkn(k)m 9 Jl - _EJO s
™ @ Qo=0 , nq")
]1 = ﬂ“"zj(] s Jé = 00 +F . (316)

These relations still contain the soft )y, since they allow for shifting ¢* down to zero.

The relative order of the 2-loop contributions is O(g?) instead of the O(g) in search.
To see this, we return to (B.I3) and take ¢* of order T' in magnitude (thus allowing
only for really hard inner momenta). By substituting p = 7', k = Tk’ the sums Z; o3
become T? times a dimensionless number, while Jy; remain to be numbers of order 1
in magnitude. Thus, the contribution (B:13) to I1, is of order g* N*T? or, equivalently,
m2Ng? as stated above. If we shift ¢* towards the threshold T\/g', the integrands increase
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and n(k) — T/k . This amounts to at most O(¢g*?1In(g)) in place of O(g?). But, instead of
speculating this way, one rather should search for those other contributions which remove
the toy parameter ¢* at all. We shall leave this point as an open question. In the present
paper we are not forced to answer it, since for the only true O(g) contributions (1-loop

soft) we shall see the independence of ¢* explicitly.

One might ask for any deeper reason for the null result of this section. In general the
real part of I is an even function of w. In Appendix A, especially, odd w-powers are
removed by the operation S,,. Naturally, IT should be considered as a function of w?. On
the other hand, any sum Z must have the form T2 f(w?/T?, T'/m ) with a dimensionless
function f. For hard-hard terms the second argument is absent (but it is present at
1-loop soft). Thus, the only way to get O(g) is that f(w?/T?) develops a root-singular
dependence of its argument. This is not very probable. And it did not happen indeed.

4. One-loop diagrams with hard inner momentum

As is well known, the 1-loop contributions constitute the leading (or ’zeroth’) order
w® = m of the plasma frequency. But upon subtracting those ’strictly hard’ contribu-
tions, which are really used to build up m (and which are given an upper index zero in
the sequel), contributions of the relative order O(g) might remain. In this section we thus
concentrate on that possible origin of O(g) which is second in the list of next-to-leading
contributions given by BP (§4.3).

The contributions to m are hard as well as soft. Those of O(g), if soft, are to be
calculated with dressed propagators and vertices. Thus, in sorting contributions, one is
faced with an eight-fold variety of indices: hard/soft, bare/dressed, with/without upper
index 0. We will help ourselves by a proper definition of the term ”1-loop hard” and

thereby separating it from the term ”1-loop soft”.

There are three 1-loop diagrams: the loop (1), the tadpole (t) and the ghost-loop (g).
Let "ltg” stand for the sum of these diagrams. A lower index ”dressed” requires to use

both effective propagators and vertices. Diagrammatically, our classification is:

1-loop hard = ltg (all K)pae — [ltg (all K)pare |° (4.1)
1-loop soft = ltg (soft K)qressed — 1tg (s0ft K)pare - (4.2)
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We now read (1)), () as the specification of the contributions AT, P ™ and

AHél_lOOp °f to II,. The prefix A always indicates that something is subtracted which
was already counted. Consider the second line first. If we relax the restriction to soft K,
(E:2) remains still valid because, with increasing K, the dressed vertices and propagators
turn into bare ones automatically. Independence of any threshold ¢* is thus inherent in
the definition. This independence (or "UV-convergence’) can be used to test intermediate
results. If we omit the K-specifications and add (f-]]) to (£.2), only one subtraction is left,
namely that of the zeroth order. In passing, the ghost-loop drops out in (f.g) because it

is not dressed.

We return to the line ([.1]) and consider the first term with respect to I, in covariant
gauges. With reference to the three diagrams l,t,g and with the notations Ay = 1/P?,
Ay = 1/(P — Q)?, the result reads:

1 2 10
Hel, bare = 592NZ (QAO +2(a— 1)Ap + g(a - 1)p2A(2) — ?p2A5A0 + 4m2A5A0

20 1
o = DmPAT A+ 2 (0 = Dm?PATAF — S(a - 1)2m4p2(A5A0)2) L (43
1 2
Hﬁt, bare 2 2NZ < 6A0 - 2 Oé - 1)A0 - g(a - 1) 2Ag> ) (44)
1 2,
Hég, bare §Q2NZ §p2A0 A0 . (45)

Writing down ([I.3) we started with ’strictly hard’ terms (the first three), which are not at
all influenced by an upper index 0. The tadpole contribution ([£.4]) is made up of only such
terms. It thus drops out in ([L.1]). The fourth term of ([£.3)) survives under the 0-operation,
but the remaining terms (containing m?) do not. The 0-operation amounts to @ — 0

after the frequency sum in 3" has been performed. To indicate this we write [ Ay |9 = A$

(instead of Ag). With (L), (£.4), (.5) the difference ([L.1]) reads

AH[l—loop hard _ g2N Z ( . §p2(AaAO o ABA()) + 4m2A6A0

1
2
+ the last three terms of (4.3) ) . (4.6)

Let us switch to Feynman gauge for a moment. With (B:11]) and with (B:10) at Q2% =

we obtain

1 3 o
Aﬂgl loop hard §g2N <_§ [[0 _ [(;] + 4m2J0 ) _ m2§g2NJ0 . (47)
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Hence, the magnitude of interest is hidden in

1 o k 1 00 x 1
Jo = ﬁ/o dkn(k)élkz—m? N 4—7T2P/0 du x2—1lexr—1" (4.8)

where ¢ = m/2T = gv/N /6 , P for principal value ,

and where (A.3) has been used at ¢* = 0 and Q2 = m?. At first glance J seems to be
of order 1/g. However, the integral with 1/cx in place of the Bose function vanishes. In

fact, the first two terms of the asymptotic expansion of Jy are

1 /e 1 oo 17 1 2
~ —In(E —/d—
Jo 87T2n(2)+47r20 .

et —1  2u+ a2
Thus, Jp is large only as In(g), and AIT, 7" "9 only reaches the relative order O(g%In(g))

(e >40) . (4.9)

instead of a pure O(g) in search. The terms of (f:§), which depend on a, are also of the

order of Jy (at most).

The result ([.9) comes most opportunely, for otherwise there would have been a
dilemma. BP show that the 1-loop soft terms form a separate gauge independent set,
and argue that consequently the set of other O(g)-terms must do so aswell. Thus, after
we got no O(g) from 2-loop hh, the 1-loop-hard terms, if O(g), would have to be gauge
independent. But, according to ([.G), they do depend on a. By the smallness of .J; this

is of no concern.

Once we have learned that, within the order O(g), the line (f.1]) gives zero, we may
proceed simplifying the subtraction term in the 1-loop-soft line, which is the last term of
(E.2) (without the minus). There, the 'total hard’ parts of ({.3) and ([L.4) suffice. We will
write down the subtraction terms for loop and tadpole separately. The gauge dependent
pieces of these two terms cancel (reflecting the gauge independence of the zeroth order).
But when kept separately, these terms (e.g. the last two in ([.4)) could be (and are
indeed) necessary to restore ¢*-independence. However, as all a’s will drop out in the
sequel before UV details need be studied, we need not keep them. The subtraction terms

are now prepared as
5
HZI, bare Q2NZ (AO - 5A8A0p2> (410)
1} = ¢°ND (—3A) (4.11)

for use in the following section. (f.10) and ({.11]) are real. Therefore, if one studies
imaginary parts [[J], no subtractions are required. Gauge dependences however may

remain in the dressed tadpole and the dressed loop. We shall check their cancellation.
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5. Omne-loop diagrams with soft inner momentum

5.1 THE TADPOLE DIAGRAM

As discussed in the preceding section there are precisely two diagrams, tadpole and
loop, which might (and do) contribute at order O(g) through (f.3). In this subsection we
concentrate on the first. Using the dressed 4-vertex (R.I6) and the dressed gluon (R.2) the
first term in ({.2) becomes

, 1 soft
H#adpole = §g2NZ G(P))\p ({gup‘g)\u + gu)\gplf - 2g/ﬂ/gp>\} + (ﬂ—wup)\(Qa _Q> _Pa P))
P

(5.1)
This is equation (4.23) of BP (apart from the sign, which is notational). Using the relation
A+ B+ D = g, the propagator may be written as

G:gAg+DAag+AAtg with AagEAa—Ag ete. . (52)

Turning to the longitudinal part 1, of (B-])) by taking the trace with B, i.e. by sandwiching
(B2) with vectors V and dividing by V%, we may decompose into three parts as follows

vl — 1+ I, + 1T, (5.3)

The index bv refers to the bare vertex in (b.0]). The other two terms combine the HTL-
part of the vertex with the a/- and t/-part of the propagator. Its first term, gA,, may be
omitted, because it does not contribute to the order O(g) under consideration (it leads to

an integral J; and only reaches the order of those terms already neglected in section 3).

The quantity IIy,, is easily evaluated. Note that the matrices B, A, D occur at two

different arguments. This amounts to
Tr B(Q)A(P) —2/3 , TrB(Q)D(P)— —p°/3P> (¢ —0)

when the limit ¢ — 0 is taken. In this limit we obtain
soft

4 !
Ally, = #NY (—3Ago — 2B = Bar = 380 Ay p2> . (5.4)
P

In writing down (f.4) we have included the subtraction term (f.11]), which is the second
in Ayg = Ay — Ag. By this subtracion the first term of (b.4) becomes UV convergent.
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Nevertheless, the index ’soft’ on the sum in (p.4)) remains necessary in order to control

the two a-dependent terms.

With (B-4) we have reached a point where one can for the first time see how a true
O(g)-term comes about in a natural manner. So, let us stay with the Ayo-term of (f.4)
and evaluate. The propagators we work with (see e.g. (5.19) below) are even functions of

Py and of p. Hence, their spectral densities p(z, p) are odd functions of x:

A(P) = / dz gxipi - / dz x ;02(‘6_’1;)2 . (5.5)

To calculate >> A we need

1 1 n(Py) 1+ 2n(x) T
—— =—|[ dP, = — - )
Z P2 — 22 271 /Q 0 P2 — 22 2x - x? (5.6)

Py

where the integral surrounds the whole complex Py-plane counterclockwise. If p is soft
also z is soft since otherwise the density p vanishes. Therefore, the leading term of (5.6)
can be extracted as shown to the right. For any propagator A with such properties we

thus have

soft

S AL =T [ 1) vln) with )= [dr o), (57)

where f is an arbitrary weight function. In the case at hand we have f = 1, and the
minus-first moment 1y(p) can be taken from the table (5.19) or from Appendix B:

soft 2

A R A L
_ZAZ_T/IDW(]))_QWQ/O dp3m2+p2 =L . (5.8)

L is UV-divergent, i.e. it depends on ¢*. The sum )} Ay, if evaluated just so, has the

same sort of divergence. The difference is finite:

T [ )
3N, = %/o dp . S Ap =3K  with
m? T o m? mT /3
o= S M - _/ d - . 5.9
ZpQ ¢ 272 Jo p3m2+p2 3 4m (5.9)

Thus, the considered II-contribution is of the order g2 NmT = m?3gv/N in magnitude.
(B-9) shows that the 'odd power’ g arises via a simple substitution thanks to the presence
of the scale m. Our expressions at 2-loop hard-hard and 1-loop hard had no such scale.

We learn that there are terms of order O(g), indeed. Furthermore, sums over single
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propagators can be evaluated (for a collection see Appendix D). But, as a rule, sums over

pairs of propagators (at different arguments) need numerical evaluation.

The remaining two terms in (f.3) are more complicated. They both represent examples

for the excellent utility of Ward identities. We start, using vertical vector notation, from

IR AR { Aue(P)Dy,(P)

Ty =27 N0 2\ auP)a(P)

} STH(Q, —Q, —P, P) . (5.10)

In the upper line D(P) = Po P/P? brings in the momenta the Ward identities (2.18) and
(B-I7) are formulated with. Using both one obtains:

P\P,6T"(Q, —Q,—P, P) = 21" (P — Q) — 211" (Q) , (5.11)

where use has been made of the fact that the above IT"" is an even function of its argument
and so is Aye. In the difference (F.111) we take care to do the same mainpulations on both
terms. Using (£0), sandwiching with V-vectors, replacing (VK)?/V2 by — k2 /3 at § — 0
and forming a common denominator (which is K?(K — Q)*(K — P)?; the numerator is
2K P — P? and the term P? may be neglected), a hard K-sum is obtained. It is given in
Appendix C (form 9 4 ¢ there). This leads to the final form of the term studied:

soft

1
I, = gg2N§ A II (P — Q)AoAy p° (5.12)
P

In the lower component of (5.10), appearently, there is no momentum in front of §I" as
is needed in the Ward identity. We can produce such momenta, however, by the following
exotic line which works at ¢ = 0:

ViV e 2 (KQP? - KPQ7 (Qgﬁu Qg;zy

V2 02
The g, -term may be neglected, if (5-13) is used with two of the K’s in 6I"'*3* (typically,

such terms can be neglected when deriving the Ward identity (R.1§)). Note that 6T is
invariant under the interchange of Q with P. Thus, with (£.1§) and (R.17), we have

- guu) K'K" =~ KrKY . (513)

QuQuoT"™(Q, —Q, =P, P) = QQ, 01" (P, =P, —Q, Q) = 2II"*(P — Q) — 211 (P) .
(5.14)
Using again (P-9) together with
(kD)
2

— K*A,,K* = k* — : (5.15)
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which is an invariant under K — P — K, we end up with the sum 5 of Appendix C. The

result is
soft 1

Iy = g°N > AM(P)W [IT,(P—Q)—II,(P)] . (5.16)

As the above derivation used the somewhat dangerous line (5.13) we like to mention, that

originally II;, and Il,, were evaluated ’by hand’, i.e. by first doing the frequency sums

and preparing the leading terms afterwards. The results were indeed the same.

At the second term in (b.16) we encounter the possibility to cancel a self-energy in
the numerator against the same contained in the propagator. We shall do so whenever
possible following a hint in Ref. [[2]. As this step occurs repeatedly in the next section,

let us work with a short hand notation,

1 -2

2_p?= 2 _ 11.(P)=b A, — A = |
m a , m «(P) , = =TT (5.17)
where the identity IT, + 211, = 3m? has been exploited. Then:
—2 1
e <b+2a b—a) (m b) m-Qge + 2 + 1y, (5.18)

where by I' = 1 + aA we keep terms together such that the behaviour as 1/P? at large
P may be associated with. Due to their neat properties we call I', and I'; 'propagators’.

Let us list them together with other propagators in use:

propagator spectral density p relation »(p)
1 1 1
Ay %[5(x—p)—5(x+p)] Aozﬁ 2
1
1
A DD
l Pr () 3Im2 +p2
m2
I pr (m? +p* —a?)  Ty=1+(m? - P)A, = (5.19)
Ty pe (m? + p? — 2?) Ly=1+(m?— P?)A, 2m”
Im? + p?
Qt Pt (Zlfz — p2) Qt = m2At — Ft 0
3m?
Q 2 p? Qy=m2A,—T
¢ pe (z = p?) ¢ =MmAy ¢ 3m2 + p?
2. .2 .2
Ay ST O(p* —2%) Ay =m?— II,(P) 2m?

2p  p?



The argument of each propagator is P. The object Ay is nothing but the quantity b in
(B.17). It is a 'propagator’ having no pole contribution. According to (B.5), in each case

the minus-first moment v equals minus the propagator at Py = 0.

To apply the above reformulations, the third term of the soft tadpole contribution

(B.3) is given by

soft

1
Iy =~¢°Ng s Z (20 + T+ Aphg | (5.20)

One may require that the expression (5.20) is UV-stable automatically and needs no
cutoff. This is indeed the case. Consider for example 2I'; + T'y. As the table (£.19) shows,

the moment 1) of this combination behaves as p~* at large p as required.

To summarize this subsection we evaluate the sums over single propagators in (f.4)
and (p.20), see Appendix D, and obtain

1 erms containin which wi
AP = g*N <_3IC_ 3m—2ZAter> e e+ (5:21)
P

cancel against those in the loop

5.2 THE LOOP DIAGRAM

The loop has the symmetry factor 1/2. It is made up of two dressed 3-vertices (.19)

and two dressed gluons. After the colour sums are done the contribution reads

soft

Migey = EQZN > G(P—Q),eG(P)T(Q, P —Q,—P)T(Q,P—Q,—P)" . (522)
P

Turning to the longitudinal part, each vertex is contracted with one V-vector. Since each
propagator G is made up of the three terms (5.3), which we now number from 1 to 3, nine
contributions can be distingushed:

1 1 soft
HZIOOP Huy Z HZ] ) Hij = igzNZRU : (523>
P

2 loop V—
4 2,7=1

An element II;; or R;; depends on ¢, if at least one index takes the value 2. Thus, if
(B.23) is arranged as a 3 x 3-matrix, the gauge dependent elements form a 'red cross’. To

comment the next steps consider for example Ro3 :

1 1
WA, WT | with Wr=V,(P Q)" . (5.24)
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Using the details of T''?3, (2.14), one obtains

WAW = (P2—Q2)2 <V2+(VP)2>

p2

- 165°N(P? ~ Q) Y 1 (KP ~ KQ) ((VK)? - <m><vp>’“—f)

KP—KQ)RP—R kp)(rp
— N S Y BT EDEL = RQ) ey gy (5 - BDER)) - (55)
NgNg 2
where Ng = K?(K — Q)*(K — P)2. The expression simplifies slightly through ¢ — 0
since e.g. (VK)(VP)/V?— —(qk)(qp)/q* — —k p/3, where the last step exploited the
angular integrations contained. Note that @ = (Qo, 6) in all what follows. The double

sum, which runs over K and R, both hard, can be decoupled, see Appendix C. This
decoupling is possible in all nine cases and leads to squares of various single sums (over
hard K and soft outer variable), which can be evaluated towards the leading term. They
are listed in Appendix C and denoted by small greek letters. It should be noted that,
most probably, all we do at this stage was already worked out by BP in §4.2. But let us

be obstinate in order to have an independent test.

We leave the above special example and notice the result for all nine terms at the
same intermediate level. The element R,y in the center of the 'red cross’ is the only one

containing squares of a:
1 2
R = =2 AL A0 oA Q* — 8¢°N7] (5.26)
The object 7 is the hard K-sum mentioned above. Its evaluation is straightforward:

(KP)(KQ — KP) k p
= Z Q- KP) 2p . 8¢ N7 = m? + non-leading terms . (5.27)
Nk p

Using (B.27) the square bracket in (5.26) becomes Q? —m?. Thus the whole term vanishes
on mass shell. No a? survives. The other gauge dependendent pieces stand at the four

ends of the 'red cross’:
2
Ri = A7 8w([(P- QF - @+ 5 (P - 2rQ - @)

16¢g°N
3

[PQ= P+ ) +7] - 8NP 5 - - 7]

Ry — 6A Duly (2P =207 + 89°Np)”
RQl - R12 ) R32 = R23 ) (528)
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where the hard K-sums read 9, ¢, 7, A, p and are defined in Appendix C. Their leading

terms are:

8°Np =m?—II; —p’Agll; , 8¢°Npu=1Il,—m* , d=p" , A= (Py—Qo)(p+7) .
(5.29)
In passing, the symmetry R;; = R;; arises only when the leading parts of the K-sums

are taken. In general, if ¢ # j, R;; differs from R;; in the denominators, which are
K?*(K + Q)*(K + Q — P)? in place of N.

It is irresistible to look back at the gauge dependent pieces of the tadpole contribution:
(b-17) and the last two terms in (p.4)). Both contain A, and the expressions (p.2§) do

so as well (note that P — @) — P is allowed in any R-element). To rewrite Ro3 we set

Q* = m?, insert (F-29) and use the notation (5:17):
1 1
Roz = —gA;ZAg(b + 2a) — BA;ZAgAg(b +2a)? . (5.30)

For Ri2 we observe that it is the sum of three squared brackets containing one 'greek’
sum each. The next steps are P — @ — P, inserting (p.29), using again the a-b-notation,
but still maintaining the order of the three squared ’greeks’ of (5.29):

1 1
Rz = 5ALAN <(b — ) AGPY + 5(b+2a)* — (b - a)2A§P02p2) : (5.31)

The second term will cancel the last term of Ro3. and one (b—a) suffices to kill A,. After
a few rather trivial steps (including the omission of a term which is odd in P) we end up
with

Ria + Ro1 + Raz + Raz2 = %AQZAO (3P2 +p? = Ay p° He_) : (5.32)
Obviously, these three terms precisely cancel the gauge dependence parts of the tadpole.
BP are right. The order O(g)-terms form a gauge independent set. As this result was
expected (see the text below (B.7)), it merely tells us that the procedure followed so far

works smoothly.

The physics is contained in the four R-elements in the corners of the matrix:

10 , 169°N
3P 3

Ru = AZA£(2P2—2PQ+5Q2— [(Qo —2F) (B + ) + 20]

1 a2 3p°  (?
- 3(89°N)’ [? BRI R )

2p?
2 2 2 2
R = arou(5rer -5 0 (n s qua i+ 2| - 2 )
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7—\)f?)l = Rl?)
- 1 2 277 )2
Ras — —AMAMG—pz (4p — 8¢ Np) . (5.33)

The hard K-sums contained here, which are again defined in Appendix C, can be traced
back to those already given in (p.29):

Qu=p —p, Qy=¢—¢ , Quo=\" -\, p=FRB-19, (=0-p . (534)

In the sequel the above R-elements are subject to several transformations and re-
groupings with the general aim of simplification. For instance, we cancel self-energies in
the numerator as in (B.I§) and reduce P-powers by changing from A- to I'-propagators.
The procedure ends up with the four standard expressions given in (6.1), (6.2) below. To
illustrate the steps we concentrate on the derivation of My, see (6.2). This term is part
of R33. Admittedly, this is the simplest term of (5.33). At first we insert p, (C.9), square
out and reduce the number of terms slightly by means of P — Q — P. In pure factors Q3
or 1/Q3? we replace Q2 by m?, thus anticipating the analytical continuation otherwise to

be done at the end. The resulting expression

1
Rss = “3mie Ay Ay (8mzp4 + Po(Qo — Po)bb™ — 8p? PyQob + Pozbz) (5.35)

is ready for cancellations of b as often as possible:
Ayb= 2T —Ty , Aypb>=-3b+a(4ly—T)) . (5.36)

Clearly, there remain terms of the form A~b, which will be collected at the end to give
My, see (6.2). Next we keep only terms having the index ¢ twice and denote this selection
by RY, :

_ 2R(Qo — o)

1 it 4 — 2
gl = TR AT

_ 8 2
Ty — wAt PyQol'y — WAt Pialy . (5.37)
In the last term we use the identity

Pia= (3m*+2PQo + F) a~ — (3m® + p*)2PyQo — 3m’p” | (5.38)

valid at Q3 = m?, in order to reduce Py-powers. Note that a~A; = I'; — 1, where the
—1 leads to terms with only one propagator. The product 2P,Q, may be replaced by m?,
if it occurs with factors symmetric under P — ) — P. Even if it occurs with A; T, we
may write

AT 4R Qo = 4A7 PoQo + Ay Ay 4FPyQoa
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and symmetrize in the last term by
4PyQoa — m? (Sa +3a~ —3m? — 4p2)

followed by Aa = I'y — 1. Note the two more origins of single-propagator terms (SPT).
The procedure ends up with

1
SR = —3m* A7 A, =3 (m* Ay —I7) (mA, ~Ty) +SPT (5.39)
with
8.1 2, B 1 m? _ PyQo
4 2/ Py
+58 -5 (A7 - A 0 (5.40)
For the sum over SPT we read off from Appendix D that
8 2 2
ZSPT:—§V+§V+4V—2V—QIC—§£ : (5.41)

where the first four terms correspond to the first four in (.4(). Each of these four sums

diverges in the infrared, since
m? Tm? o 1

272 Jo D
but they cancel each other in (f.41]). We also see how terms denoted by K arise. They

are collected in the first term of (6.1). The UV-singular objects £ either cancel or are

needed in (6.2) to compensate the ¢*-dependence of the first part of M;. Clearly, the
first two terms of (p.39) give My in (6.2), as announced. At first glance, the propagator
(), is introduced for a shorter notation only. Note however that in the IR-region 2, is less
dangerous than T';, as can be seen in (5.19).

The treatment of Ri1, Ri3 and even of the remaining parts of Rz along the steps
just described leads into a lenghty and tedious procedure. Here we only comment on one
more detail. After the b-cancellations in R are done, a term Ay Ag p? is left, which also
occurs in the subtraction-term ([L.I7) (but the two do not cancel). The sum over it gives
I, as defined in (B.I1]) and to be evaluated there at hard inner momentum. But since the
result (B.14) allowed for ¢* — 0, we may write

1 m?
ZAEA(]]F = —§ZA0+IJ0 (543)
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and turn to soft integration momentum. Since the Jy-term may be neglected, see (£.§)
and ([.9), we learn that the replacements

STAFAG P — %L + glc and  m*Y AJA;—0 (5.44)

are allowed in Rq; as well as in the subtraction term. By including the latter this subsec-

tion ends up with

soft

11 11 1
s - (e e
P

2

|
Rut + Rus + 57233} ) . (5.45)
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6. Result

The analysis of the preceeding sections may be summarized as follows. The only O(g)-
contributions to the real part of the polarisation function II, arise from the soft tadpole
and the soft loop, (b-21]) and (f.47). Their sum is independent of the gauge parameter «

and may be cast into the following form:

4
AILTO® ™ = N ( AR+ M; ) (6.1)
j=1
with
P 1 N B 1
Ml_ mQZA A@ 2 g‘c 9 M2:_3m ZAtAt_?)ZQtQtP y
3 1
2m2 2% o Ma= D) > QE}; : (6.2)

Any non-covariant gauge should lead to (6.1) as well. The first term of (6.1), 4K, is

positive. But the whole contribution is expected to be negative.

Obviously, the above four terms carry different index pairs. But there are more prop-
erties in favour of the decomposition. Each term M,
(a) converges at large Py when summing over frequencies
(b) is UV-stable, i.e. it does not depend on the cutoff ¢*
(c) is IR-stable (this forces the two terms of My together, see below)
(d) contains two propagators, where one is taken at argument ¢Q — P. Moreover,
each M either has the form Y A~A f(p) or it can be cast into it (see below).

The statement (a) is a rather trivial consequence of the spectral representation (b.G).
The latter shows that, at large Py, the leading term of a propagator is 1/P} times its first

moment [dx zp.

The statement (b) is ultimately justified by evaluation. However, the special as-
signment of the L-term can be understood immediately. At hard inner momentum the
propagator A; in M turns into the bare one. This is Ay and cancels the extra factor
P?. Now, the remaining sum is easily evaluated by means of (5.7) and (F-19) to give
—K - L/3.

The statements (c) and (d) lead into further analysis. There is a next step in common
to all four expressions (see (B.4) below), if we are able to get rid of the extra P’s in M,
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and Mj3. This is achieved by introducing temporarily two more propagators:

propagator  spectral density p relation U(p)
2 8
Qo po (12 —p?) Q= PNy — gm2p2 —gm2p2 (6.3)
At Pt (Zlfz — p2)2 At = P2Qt — m2 m2

With the relation’-column of (f.3) and with view to Appendix D we obtain

M, = —5£——IC+—ZA Q- 2 (6.4)

M; = —IC—— A‘Q—. 6.5
3 2 2m?2 Z e p? (6:5)
Now all terms are either known (K, £) or have the desired form Y>> A~Af. Using the
spectral representation for both propagators and doing the frequency sum, one is left
with three integrations (over p and two x). The following formula reduces them to two.

Let A and B be two of our propagators (not necessarily different) and 14, ¢ their
minus-first moments. Then:

SABIG) = LBALG) = T [ f0)valo) vnl) +
[ 1) [ao s patep) -2 [BQu—ap) + 0n)] - (66)

This formula may be derived in a straightforward manner. It is much easier, however,

to go in the backward direction. Inserting the t-definitions (f.7) as well as the spectral
representation (B.5) of B to the right of (B.6)) and symmetrizing with respect to x, one
arrives at the conclusion that
5 1 1 _ T (1_15 Qo (Qo + ) )
G =27 (P — Qo) —y* 2%y " (Qo+ )~y
might have been used for the frequency sum on the left of (6.6). S.f(z) = f(z)+ f(—=z).
If z and y are soft, (p.7) is indeed corrrect and is valid in the same sense as (5.§). If

(6.7)

A # B, (b.6) may be used in two versions. In such a case we favour the transversal
density p; to appear on the r.h.s., because it is slightly more convenient in the numerical

procedure.

Using the spectral representation of B and taking (B.0)) at Qo = m +ie, the imaginary
part of (6.4) is easily obtained as

Sm ZA B f(p mT/ dp f(p /dx ,oA(x,p)pB(:B—m,p) . (6.8)
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Using this formula for (-]]) one arrives at precisely the analytical expression for the
damping rate. The latter is equation (25) in [[Z]. Note that it was obtained there in
Coulomb gauge. Our longitudinal spectral density p, is p?/(p* — 2?) times that of ref.

2.

We return to the real part. The analytical continuation )y — m + ie was so far
carried through in trivial expressions only. However, in ([.6) this continuation requires
more care. Any propagator B can be expressed by A, or A;. The functions IT in their
denominator get an imaginary part. The real parts of A include this Landau damping,
see (B.4) and (B.5), and are denoted in Appendix B by A"(x,p). Note further that the
denominator x — @y in (6.6) is harmless because at x = @y the square bracket vanishes
too: ¥p(p) = —B(0,p). To summarize, after analytical continuation and when taking the
real part of (B.0), the propagator A, which is B or occurs in B, has to be replaced by
A"(m — x,p). It includes Landau damping if p* > (m — )%

Consider Ms to see the above steps at work and to verify the statement (c) as an-
nounced. Using (B.6), (B.12), the table (5.19) and the abbreviation ¢t = x —m we obtain

S [ (s ) i s = i (1 i)

1
and N = /da:;pt - [1+(p2—t2)A§(t,p)} : (6.9)

The two terms N still correspond to the two terms in (5.3). To realize that both A
are IR singular, consider p small, neglect ,ofde and use the delta function asymptotics
P Jx — §(x) /p?, see (B.I3). With (B:f) one obtains
5 5
Na — — , Ng = ——— . 6.10

Clearly each of these terms would make M divergent in the infrared. But the two

My = =3

P2 — 22

singularities cancel.

The above expression ([.9) also shows that by splitting off a factor mT of each M,
dimensionless quantities are obtained. One may set m = 1 in these quantities, whereafter
the two integrations run over dimensionless variables p and x. This is the point where

further evaluation is relegated to the computer.

To summarize input and output, let My = 4K and n; = 3M, /mT . Then:

4
W =m?(14ngVN')  with =Y = 0182 , (6.11)
=0

28



where the result is composed of the following individual numbers:
no=+0.551 nm=-013s 19=-0256 1n3=-0126 1, =-0213 . (6.12)

Hence, all non-trivial contributions have the ’right’ sign. And the total is negative in
accordance with the intuitive picture given in the introduction. The third digits are un-

certain. Consequently, even the second digit in (B.11]) can not be stated with conviction.

7. On the numerical problems

This short last section is an attempt to list the pitfalls one encounters in the numerical
treatement of the twofold integral in each of the four terms ;. The stucture (f.9) is typical.
Both, a density p and some expression linear in a propagator A"(1 — x, p), develop their

specialities over the (dimensionless) p-z-plane. Consider for example

939 1 s o
Ny = _16—7T+R/0 dp/dx;pg(z,p) (= —p7) Q(t,p)
2 2 42
with t=x—1 ) Q(tap) = 7 <3 +p2 + p2 Z(tap)> (71)

and with p, and A} from Appendix B. The delta functions in the pole contribution of py
lead to single integrals. In figure 3 they run along the dotted lines which start from the
points x = £1 at the x-axis. In each step (to larger p) the frequency wy(p) is determined
numerically from (B.9). On the whole left dotted line the propagator A} is undamped.
On the right it is damped.

The integration over the cut-part of p, is conveniently done with the variables a =
p+x, b =p—x. It runs over an undamped pole of A} | see the dotted line inside
the area p? > x?. We imbedded this pole in the sense x/(x* + £2?) and worked with a
suitable variable step-width. There is one more singular line at a« = 1 which separates the
damped/undamped regions of Aj. With increasing p these two singular lines approach
each other exponentially. To handle this speciality we separated a stripe around the
a = 1-line and introduced a logarithmic variable 7 = —In(a — 1) there. In passing, there
were no problems at the vertical line x = 1 since the ” 0/0 ” on this line can be avoided

analytically.
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Figure 3: Integration area in the numerical evaluation of 74. On the dotted lines there are poles of the

spectral density (outside) or of the propagator. The stripe on the line @ = 1 had a width of Aa = .2.

Let a last warning stand at the end. In order to get all numerically relevant pieces in

the p-z-area, we had to run with p up to pretty high values: not 10, not 100, but 2500 !

8. Conclusions

Braaten-Pisarski resummation is applied to calculate the real part of the gluon plas-
mon frequency in the next-to-leading order. Two of the three classes of contributions,
which were predicted by BP to be separate gauge independent sets within the order O(g)
of interest, do not reach this order. But this surprise of a ’gauge independent number zero’
is not in conflict with neither prediction nor any principle. The gauge dependent terms
in the remaining class (soft one-loop diagrams in the effective expansion) are explicitly
shown to cancel out. Within the covariant gauges (used therein) and within O(g) we had
no (true) IR-problem. Also, the result is independent of the soft-hard threshold ¢*.

The most laborious part has been the reformulation of the loop contributions of subsec-
tion 5.2. Most probably, there is a shorter and more elegant way of evaluation. However,
once one is half way inside the jungle, it is a hard decision to go back for only the belief
in a better world. For each contribution, we have immediately restricted ourselves to
the part Tr BII and to the limit ¢ — 0. We were thus for instance unable to check
transversality [BJ] of the polarization function to O(g).

The next-to-leading order term has been obtained with a negative coefficient. This

minus sign is in accord with the intuitive picture of a system whose longitudinal-electric
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mode becomes soft with decreasing temperature and increasing coupling. The details
(although very special) support the general prospect of using the known high temperature

limit to understand QCD perturbatively ’from above’.

Permanently, while this work grew up (and ran into every pitfall), there was a very
enjoyable and helpful contact to Anton Rebhan. Thanks to Fritjof Flechsig, who checked
the imaginary parts, an algebraic error could be eliminated (it invalidates the result
presented in the preprint foregoing this paper). I also acknowledge encouraging discussions
with Neven Bilic, Max Kreuzer, Rob Pisarski, Martin Reuter and Uwe-Jens Wiese.

Appendix A

Here the various sums (B.IT]) of section 3 are evaluated. The integration momenta
read K and P and are considered hard in the sense ¢* < k with ¢* = T'\/g’. But as far
as no use is made of this inequality we may play around with ¢*. To start with (and to

introduce notations) consider I; and .Jy which we combine in vector form:

k 2 14
{Jo, I} ZK2{1K 22 _212/dk{k; k}Tzﬁ. (A1)

Note that K = (iw,, k ) but Q = (iw,, 0) with n/ an outer index. To do the frequency
sum we use the formula [29]

T;F(iwn):% dQF(Q)—% QY () S F () ]ﬁ jé 7{ (A.2)

™ ™

where S is an operator which symmetrizes: SqF(Q2) = F(Q) + F(—Q). The intergal with
arrow runs along the imaginary axis in the {2-plane, that with circle surrounds the right
half plane counterclockwise. As is indicated to the right of (J[A.3) and reasoned in the main
text, we omit the temperature-independent arrowed integral in this section. In ([A]) the
poles surrounded in the right-half plane lie at Ky = k and at Ky = k + )y. Note that
n(k 4+ Qo) = n(k). One obtains

1 ~nlk) 1 1 1
Tzn: K2K—-Q)?  k Q (QO — 2%k + Qo +2k>
and thus

1 yoo 1, k?
{JO,[l}:p/q* dkkn(k)ﬁ . (A.3)
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For hard k the —Q3 in the denominator can be omitted, of course. But Jy also occurs in
the 1-loop-hard analysis, where the ’strictly hard” part is to be subtracted. In the hard
sense we have thus obtained I; = T2 /24. Note the relation 2I; = —1. We may see of how
this relation derives from ([AJ]). Compared to [y, the factor k? /(K — Q)? introduces an
additional pole (factor 2). The extra propagator combines with the first as —1/4k%. This
gives —1/2. In essence, the same mechanism also applies to Z; and Z, giving 27, = —Zj.

This way we avoid examining 7, here.

The sums J; and Jj contain a K* in the denominator. Surrounding 1/(Ky — k)? leads
also to a derivative of n(k), which one gets rid through integration by parts. The result
is

3 Lo .
1 12d) (A4)

Analytical continuation of the discrete QQp-values amounts to Qg — w + ie. The 3/4-

Ji=-2Jy  and  J)=J,970+

relation in ([A.4) then holds true also for the imaginary parts.

We now turn to the doubly sums Z; and Z5. In a first step each sum is made explicit
by using (R7]) and (A7), performing the two operations S and marking the poles in the
Py right-half plane. After the P,-integration is done there remain terms involving n(w)
where w = | p — k |. But under the spatial P-integral (which is [5 = (27)73 [ d®p) the

substitution p — k —p interchanges w with p. This way we obtain

3 3 2 2
B , PPt ‘Lf 1 1
Zl’g = /K L { k , 5 } o dKon(KO)Kg — k2 (KO _ Q0)2 — k2

1 n(p) 1 1
+(K0+Q0)2—k2> p ((KO—P)2—W2+(K0+]9)2—W2> - (A5)

With view to the Ky-integration, poles in the right-half plane come from the denominators
Ko—k, K+Qy—k, Ko —p—w, but from Kg—p+w and Kog+p — wonly if p > w
or p < w, respectively. The (lengthy) result will thus involve the step functions 0(p — w)
and 6(w — p).

All Qo-dependence is in various denominators, and these get ie terms by analytical
continuation. Pairs of the corresponding delta-functions could contribute to the real part.
We find, however, that any two delta peaks either do not cross or they force k (or p) down
to O(w). Thus, and thereby explicitly referring to ¢* < k, we may omit all the ie at all.
Note that this no-contribution of delta pairs can be made responsible for the non-O(g) of

the 2-loop diagrams.
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In the following, w stands in place of an earlier @)g. After the Ky-integral is done
there are again unwanted w in some Bose function arguments. This time we exploit the
interchange of w with k& under the corresponding substituion in the spatial K-integral.

To write down the next Z-version we need appropriate notations,

1 1 1
Ne = OEmi—e® ~ gphaxl 0 =W
1
R = R = Rvw~v
- (wWEtp+k)?2—w2 = N
1
R1 = ) R2:R1p_>_pv (A’6)

w2 + 2kw + 2p(k — p)(1 + u)

where ¢ is the angle between k and p. We may then write Z; o = S, Z J{72 with

3 r3 2 2
v o p°+w” | n(p)n(k) 1
Zi2 = /K/P{k > } ok o) M TN AR+ R

3 03 2 2
o PPk n(p) [nlp+k)
+/K/P{w, . }p s Ve

n(p — k)
ok

—0(p—Fk)

N_R™ +6(k — p)WN_R_] . (A.7)

The unwanted step functions can be recombined. To show this we restrict to the relevant

pieces of the twofold integral over the square bracket,

[e'e) 1 2 k2
A:/ dk:k2/ du{wz,p;— }[] = A+ Ayt Ay (A.8)
0 -1
where A; refers to the j-th term in the square bracket. In A; we substitute & — k£ — p.
This gives
o0 1 24+ (k—p)? k
A1:/ dk/ au LI oo — k)1 ), o E =P nk) _po (A)
P -1 2 Ap(1+ u)

In A we substitute k — p—Fk followed by u — —wu. This leads to just the above expression
for A; except that the integration limits now are 0 and p. A; and As thus combine to one
integral from 0 to co. In Aj the step function sets a lower limit at p. But this turns to 0
aswell by k — k + p (followed by u — —u):

Ry . (A.10)

Agz—/ooodk/_lldu {k2+2p(k+p)(1+u)’ p2+(k+p)2} n(k)

2 4p(1 + u)

The step functions have gone, and wanted arguments enter the Bose functions. But we

become aware that each integral A; diverges when the angular integration runs down to
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u = —1. We show that these singluarities cancel (in the case at hand, but not in Z}). Let

us first summarise the form of Z;", so far reached:

1 o0 00 1 p? + w? 2pk
+ _ 2
Ziy = 9.1 /0 dpn(p)/o dkn(k) /_1du ({ k=, 5 } ( o) [Ny + N_

k? P’ + (k —p)?
2 — R S A
1+u+p(p k). 2(14+w)

+R, +R]+ H } R — dittop_>_p1> . (A1)

If we decompose into partial fractions,

1 1 1
Ry = 2p(p —
Tru ' w(w2k) <1+ujL plp k)Rl) ’

the collinear singularity in Z;" is removed immediately. Note that Ny +N_ — N, —N, =0

by u — —u. In Z; the crucial terms add up as

—pk(u_u+2>_>—2pk:
ww+2k)\1+u 1—u 1+u wlw+ 2k)

The big round bracket in (AT1]) now reads

<> = m { 2k%(Qy + Q) +2(w + k)*(Q1 — Q2) , —4pk

+ ([P + o+ k+w?] Qe+ [P+ (0 — k)] Qi — ditto,— ) } , (A12)
where Qi = pkR: and Qi =p(p—k)R; ,

and is ready to be integrated over the relative angle. For the resulting logarithms we
write In(z) but mean In(|z|). At this point we remember that evaluation at hard-hard
momenta is sufficient. We thus reintroduce ¢* as lower limits in (A.11]) and expand in

powers of the soft w. For example:

11 W+k?2 3k
w(w+2k) 4—k‘2+2kw+0(w) ’ w(w+2k‘)_1+%+0(w)
and

1 4pk + 2(p — k)w + w?
2/ d 1

_1uQ+ n< w [2p + 2k + w]

2pk p+k 1 9
— ] o — : :
n(w)+ln<p+k>+w2pk w2p+2k+0(w) (A.13)

Since Z* will be operated with S,,, only terms even in w need be retained. Then, at the

end, S, amounts to a factor of 2. Working this way we obtain the hard-hard part

1 p+Ek 2p 1 p+k p k?
L) ={m (=), E () Em—— . .
/_1du< > {n<p—k>’ ’ 2n<p—k‘>+2kln<p2—k2 (A.14)
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The first term in the second component leads to decoupled integrals, which are easily
identified with the hard parts of Iy and Jy. The result for Z; o, as given in (B.I4) in the

main text, is now obtained.

The sums Z] and Z) need not really be calculated, since they cancel between different
diagrams. We like to show, however, how the collinear singularity looks like. We may
start with the expression (A1) taken at Qy = 0. Due to the square singularity 1/(Ky—k)?
the further calculation is slightly different from the above. But (A.§) to ([A.I0) may be
used again, except that now w = 0. At the level of ([A.IT]) the result is

1 () () 1 p2_'_w2
Z, = _167T4/0 dpn(p)/o dkn(k)/_ldu<{k2, ; }

l (pn’(k:) _ B) (N} +N-) = 2p(p+ k)N3 + 2p(p — k)NE]

2 —k 2 1
+Hk2,p +(Z ) }1+uNl—dittop+p] ) , (A.15)
-1 1
— pw=0 _
where N; = Ry = =k T+u

The second square bracket agrees with that of ([A.11]) if taken at w = 0 (which allowed the
second term of the first component to cancel). Consider the first component of (ATF).
Making explicit all denominators containing u and using u — —u, the collinear singularity

can be packed up in a separate factor:

o () e [
2= [Ldu (=) [Tapnt) [ dkn(h) 52 =0 . (A.16)

The whole term vanishes because the p-k-integral runs over a function which is antisym-
metric under an interchange of p with k. We turn to the second component and treat
it in a similar manner. Singular terms can again be localized, but now their prefactors

remain non-zero:

1
1674

1
1+u

7z = /Ooodpn(p)p/ooodk ( —2n/(k) + ' (k) /_lldu

b an) = ) [ ] ) - aan

The last object to be considered is Z;. After all, it is a rather simple sum and becomes
zero through N, + N_ — 0. To end up, we note that this is in accord with the relation
27 = —Z; as both sides vanish.
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Appendix B

Here properties of the propagators A, and A, are detailed. These propagators are
defined in (2) and related by (E3) to the polarization functions /I, = 1 Tr AIl and
1l, = Tr BII at one-loop order. While here we merely only list the known facts on I7,
A and their spectral densities p, they aquire a unique notation. From (B.§) to (B-11]) and

with Py a complex variable still already apart from the imaginary axis:

1, (P) = gng (%) L (P) = 3m? [1—g<%>] (B.1)
with g(z) = 2°— %z (z2 - 1) In <§ j_L 1) (B.2)
2 2
g(z) = §+15z2+35z4+’” (z—=00) .

If Py approaches the real x-axis, one derives from (B.1]), (B.2) that

, o n=1-¢&, (B.3)

TR

3
Sm Ht(x—i-i&t,p):—zﬁgnﬁ(ﬁ—ﬁ) , &

The corresponding real part is (B.]), (B.3) with the logarithm taken at the absolute value
of its argument. For the imaginary part of II, one may use the identity I1, + 211, = 3m?.
From () and (B-3) and by anticipating the notations of (B-§) we obtain

, 4 ) ;

Re Ay(x +ie,p) = o Dt2+9(p2i:c2)6’t2 = Aj(x,p) , (B.4)
2 -D

Re Ag(x +ie,p) = ‘ = Al(z,p) . (B.5)

m?n D} +0(p? — 2?) C7

(B:4) and (B.H) are even functions of x. For a special purpose in section 6 we add the

small-p behaviour

Al(m,p) = —6%2 + o) . (B.6)

The spectral densities [[]] p+ and p, have a common structure :

1 N

p=p et PP = ri(r—w) —rd(r ), P =0t =0

(B.7)

Wi (wtz - p2) ry = Wy
)

with T¢ 3m2 — wg i p2 5



N, = 1265 Nz=—6%

Y

Cy=3n&n , Cy=3n& ,

1—-¢ 1-¢

The frequencies wy, wy are the positive solutions (# p) of

D,_min+&2+%mn<*f> ,Dpﬂ%g+6—3ﬂncjﬁ>,(3&

w2:p2+nj(wap) (]:tag) : (Bg)
They are obtained by solving (B-9) numerically.

The most important moments [[[§, Bl of the densities p are

n=1  [dapep) =1 (j=tt) (B.10)

n=3 /dm?’pj(x,p):m%p? (j=t0) . (B.11)
1

n=-—1 /dx—ptxp) /da:—pgxp) TR (B.12)

All the above details of the spectral densities are particularly important in the course
of the numerical evaluation of the 'magnificient seven’ of section 6. Note that the two
cut-parts of p behave quite different. Consider p fixed and let x approach the borders +p

t

of the interval set by the step function. Then p§"* runs to —oo due to the prefactor 1/7.
Only the squared logarithm in D, keeps the integal in e.g. (B.10) finite. On the other
hand, the cut part of the transversal density has no such prefactor. If p << 1, this density
is concentrated around z = 0. With v = 3 3,72z one obtains
1 cut 2 2 1 vp 1

—pi(,p) = 0 —x);m%p—ﬂx) (p—0) . (B.13)
Note that this formula trivially leads to the minus-first moment (B.12). But in the other
two moments (B:10), (B:11), the pole-contribution dominates at small p.
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Appendix C

Here we comment upon the treatment of the hard-hard double sums, which occur in
the loop diagram of subsection 5.2. Then the resulting single sums (the ’greek sums’) are
collected. A typical and sufficient general example is (5.29). The denominator is already
factorized. Thus the only task is rewriting the numerator appropriately. As (p.25) shows,

this leads to products of the following three single sums:

- .
ZKOk: - oL (C.1)
p
K
Ko = .1 5079 pop
kik; kz 1 IV pipe\ Pi
DiPe \ Pj DiPjDe
+<<sw— p2)p—;]+c b (€3)

where N = K?(K — Q)*(K — P)? (= Nk in the main text). The form of the right-hand
sides is dictated by symmetry. Note that ¢ = 0. Thus, the only direction, which the
K-sums 'know’ of, is that of p. The coefficients o, 3, 7, p and ¢ are determined by taking
traces and by multiplications with p. The results are given in (C.9) to (C.13) below.

There occur ten such ’greek sums’ in the main text. Irrespecitve of several relations
between these sums, we shall list them all as in a table of integrals. Their evaluation
towards hard integration momentum K is rather familar and not given here. Note that
the two outer momenta () and P are soft. The shorthand notations II, = II,(P), II, =
II(P —Q), Ag = 1/P? and Ay = 1/(P — Q)? are also used in the main text. But
Ph=Qo— Py, [-] = [k - (E p)?/p?] and ¢ = 8¢*N are special to the following table.
Some of the results simplify by using b = m? — I1,.

definition result ( leading terms )
KP — K
p= ——— Q -1, ou=I—m*=-b (C.4)
KQ—KP) kp
7:2( )(1\? ) pzp . pT=m? (C.5)
ﬁzz%[—] =TT —mP— b (C.6)



KP (kp P
‘P:ZT( Py , ¢S0:m2—P02A0Hz (C.7)

roy B BRIRD) oy~ R (©8)

The above five sums occur in the gauge dependent contributions from the soft loop.
The following five sums, which determine the physical soft loop contributions, are either

symmetric (first three) or antisymmetric (last two) under the shift P — @ — P:

kD _ _
:pr[_] , 9Qup=Qom?— Pyll,— Py Il; = Bb+Pb~  (C9)
K2 (kp _
o=3 05\[ P) , 9Quo =p* NPy Il +p? Ay By I, (C.10)
1 (k) _
(=25 ( pf) L 0QuC=—Qom’ + Mg P} I+ Ag By 1T (C.11)
Koy _ _
B=2 -l eQf=I — I =b-b (C.12)
Ko (k p)? _
VZZWO ( pf) ) ¢Q07:A0P02H5—A5P02U[ . (C.13)

Relations between these sums are given in (b.29) and (5.34) in the main text. They can
be derived directly from the definitions.

Appendix D

Here the soft sums over single propagators are collected, which occur in section 5.
For their evaluation see (p.5) to (B.§) as well as the table (5.19). For the quantities IC, £
and V, the results are formulated with, see also the main text at (5.8), (5.9) and (p.49).

Fy

YA = Z(A;—AZ)@ = L (D.1)

ZAZZ—QQ > (A7 —A) SZZ_; = K (D.2)

YAy = YA = Z(A;—At)% = 3Kk-L (D.3)

Zré% =Y (ri -1 go 5 = mQZFZ J;gz = 2K (D.4)
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1 1
m? _ Py m?
Ay — = A —A)— — = =V D.6
20 24 t)Qop2 (D-6)
1 _ P 1
P2 P2
Zrzp—g = thp—g = 0 (D.8)
> =0, %ZQZ = 3L (D.9)
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