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ABSTRACT: We compute the soft-drop jet-mass distribution from pp collisions to NNLL ac-
curacy while including nonperturbative corrections through a field-theory based formalism.
Using these calculations, we assess the theoretical uncertainties on an «ag precision mea-
surement due to higher order perturbative effects, nonperturbative corrections, and PDF
uncertainty. We identify which soft-drop parameters are well-suited for measuring o, and
find that higher-logarithmic resummation has a qualitatively important effect on the shape
of the jet-mass distribution. We find that quark jets and gluon jets have similar sensitivity
to as, and emphasize that experimentally distinguishing quark and gluon jets is not re-
quired for an ag measurement. We conclude that measuring «; to the 10% level is feasible
now, and with improvements in theory a 5% level measurement is possible. Getting down to
the 1% level to be competitive with other state-of-the-art measurements will be challenging.
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1 Introduction

The QCD strong coupling constant « is an essential ingredient in theoretical predictions for
the Large Hadron Collider (LHC). Using a variety of high-energy event-shape measurements
in scattering processes [1-18], the value of a; has been measured to a precision of <
1% [19, 20]. However, there is currently more than 30 tension between the most precise
extractions, which are from low-energy extractions in lattice QCD [18], and from thrust and
C-parameter measurements in ete™ collisions at LEP [12-14]. To resolve this discrepancy,
it is important to consider alternative observables for determining as. One such candidate
is the soft-drop (SD) [21] jet-mass cross section at hadron colliders. Soft-drop jet mass is an
important jet-substructure observable [22-39] because the soft-drop grooming reduces pile-
up contamination and sensitivity to hadronization while still allowing for precise theoretical
calculations. The perturbative state-of-the-art of the soft-drop jet mass is next-to-next-to-
leading logarithmic (NNLL) accuracy for the general case [40], and results are even known
to N3LL for e*e™ collisions with no angular weight to the grooming [41]. Thus a precise
extraction of ag through soft-drop observables is foreseeable.

The feasibility of using soft-drop thrust to measure o, has already been investigated
in detail in ref. [34] for eTe™ colliders. Here our focus is on the use of soft-drop jet mass for
«s extraction in pp colliders. Although extractions from pp colliders are more challenging
than those at eTe™ colliders, due to the more complicated environment, given the upcoming
high-luminosity phase of the LHC, it is timely to probe the prospects of this observable
for precision a determination. Points of reference for current precision of hadron collider
as measurements are the 2019 PDG value of as(mz) = 0.1159 £ 0.0034 [20] which has
3% uncertainty, as well as the more recent transverse energy-energy correlation (TEEC)
measurement by ATLAS [17], as(myz) = 0.1196 & 0.004(exp.) 730072 (theo.) which has 9%
uncertainty. In this work, we will consider the cross-section differential in the soft-drop jet
mass for boosted jets with py > 600 GeV, with an eye towards the opportunity for future
higher precision experimental measurements of soft-drop jet-mass cross sections.



The soft-drop procedure traces the clustering history of the jet, grooming branches
with soft radiation, until a sufficiently hard branch is found. More precisely, the jet is first
re-clustered using the Cambridge/Aachen algorithm, and next, the groomer un-clusteres
the jet, rejecting the softer subjet at each step, unless the pair satisfies the soft-drop criteria
given by

min(pr;, pr;) <Mﬁj>ﬁ’ w1
pT; + DTy
where AR;; is the distance between the two branches and zcut, 8 and Ry are parameters
that control the strength of the groomer. The first time a branch is found that satisfies
eq. (1.1), the groomer stops, and all the remaining emissions are kept.

Compared to ungroomed observables, the soft-drop jet-mass spectrum is less sensitive
to pile-up and hadronization corrections, for a wide range of jet masses. In addition, jet
grooming allows for a more robust perturbative prediction: in the region soft drop is active,
the non-global logarithms (NGL) arising from soft radiation crossing the jet boundary can
only modify the normalization [40]. The impact on the shape of the spectrum arises only
due to differences in the NGL-effect on the normalization in quark and gluon-initiated jets,
and hence is typically smaller compared to ungroomed jets. Thus, the soft-drop jet mass is
well-suited for hadron-collider predictions and may provide a powerful cross check on the
existing oz measurements based on ungroomed event shapes in eTe™ collisions.

Some of the characteristic features of the soft-drop jet-mass distribution are shown in
figure 1. The figure shows the differential jet-mass cross section simulated in PYTHIAS
for quark and gluon jets with pr € [550,650] GeV and Rje; = 0.8 without (upper panel)
and with (lower panel) grooming, choosing representative values of soft-drop parameters:
(zeut, B) = (0.1,1). The figure demonstrates that in the low jet-mass region, the soft-drop
jet mass has a much larger range that is dominated by perturbation theory, compared to
its ungroomed counterparts, allowing for fits to a; in a region with a larger cross section.

It is important to delineate the region where soft-drop grooming is active and predic-
tions for the spectrum are dominated by perturbation theory, with nonperturbative effects
giving small power-suppressed corrections. The criterion that ensures that nonperturbative
effects are power corrections is

1
A m? 2+8
Q Q20D< 7 > <1
m5 QQcut

For jet masses m that satisfy this condition, the transverse momentum k; of the soft-drop

= soft-drop stopping emission is perturbative.  (1.2)

stopping emission will be perturbative, i.e. ks > Aqcp, and consequently the nonperturba-
tive effects are subleading. More precisely, we take Aqcp = 1 GeV and replace the inequal-
1

. . QAqcp m? 2+6 1 . oy .
ity with n;% WJt = 5. This transition point demarcates the start of the soft
J cu

drop operator expansion region (SDOE) [31] and is shown in figure 1 by the brown dotted

line at & = &spor, where &€ = m%/(prR)?. This region is also the one where resummation
of logarithms of ratio of scales corresponding to soft drop passing and failing emissions is
important, and a rigorous perturbative factorization theorem can be established. At even
lower values of the jet mass, when k; ~ Aqcp for the emission that stops soft drop, then
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Figure 1. Jet-mass spectrum for quark and gluon jets in PYTHIAS, at parton and hadron levels and
with the underlying event (modeled as multi-parton-interaction (MPT)) with and without soft-drop
grooming. We use the shorthand & = m?%/(prR)?. The green vertical dot-dashed line indicates
the jet masses below which soft-drop grooming becomes active and the groomed spectrum deviates
significantly from the corresponding ungroomed spectrum. To the right of the black-dotted line,
for € 2 £po ,the fixed order non-singular corrections to the spectrum become important. For the
soft-drop spectrum, the nonperturbative corrections become O(1) only to the left of the brown
dotted line given by £ = £spoE.

2 2+8
we are in the soft-drop nonperturbative region (SDNP), i.e. when % (%ﬁ) =1.
J cu

We define this region as £ < {spnp, with a precise definition given in eq. (4.1) below. Here
nonperturbative effects are O(1) and we will not attempt to compute the cross section in
this region. As the jet mass increases above the green dot-dashed line at £ = £; in figure 1,
the soft drop grooming becomes less effective. This occurs because for jet masses £ > &g
the very first subjet seen upon declustering the jet is already energetic enough to pass the

groomer. The criterion for this to happen is
2
my

QQCut

Hence, we refer to this region as the plain jet-mass resummation region. As can be see in

21 = soft drop is less significant. (1.3)

from figure 1 the parton, hadron and underlying event level spectra look almost identical
for € > &y for both groomed and ungroomed cases. Finally, the region, for which & > &ro
is referred to as the fized-order region. In this analysis, we will not investigate fitting
for & > &g, since obtaining the same precision as in the SDOE region would require a more



dedicated study of the cusp region at £ ~ &. We discuss the various regions in detail and
provide precise definitions of these transition points in section 2.1.

In our analysis we compute NNLL perturbative predictions, in addition to employing
the formalism of ref. [31] to include the leading nonperturbative power corrections. We
also include soft-drop non-singular fixed-order effects, such as the ones in ref. [34], but,
as discussed above, we do not include resummation in the cusp region as investigated in
ref. [42]. We also show in section 2.7.2 below that the effects of NGLs at LL and large N,
limit is within the NNLL perturbative uncertainty, and hence we do not directly study the
effects of NGL normalization effects on the ag-sensitivity of the groomed jet mass. A more
detailed comparison with previous work is summarized below in section 2.9.

As we can see from figure 1, the hadronization corrections are still non-negligible in
the perturbative region and must be taken into account in order to achieve a percent-
level precision measurement on «s. The nonperturbative (NP) effects to the soft-drop jet
mass were studied in ref. [31] using a field-theoretic method that is independent of any
hadronization model, and are given by

1 do, 1 dé, d 1 dé, QYL (B) 1 dé,
- _ —00® _—_[CF 2y & > 1k ch 2y & ) 1.4
ndm? ~ Gnam? g2 ( T g qmz ) Tz G g (1)

In this expression, ddy is the partonic cross section, and the hadron-level cross section doy
is obtained by including the NP power corrections represented by the two latter terms. do,
represents the normalized cross section for jets initiated by parton x and will be precisely
defined below. The functions CT and C§ are parton-level objects that describe how the
power corrections vary as a function of jet-kinematic and grooming parameters. Eq. (1.4)
is valid at LL accuracy where a distinct two-pronged geometry of the groomed jet can be
defined. At higher orders there can be subleading corrections that are distortions to this LL-
approximation. Nevertheless, as shown in refs. [43, 44], a more accurate computation of the
Wilson coefficients leads to improved description of the leading NP corrections. They have
been computed to NNLL accuracy in refs. [43, 44], which we will employ in our analysis
below. The power corrections for each Kk = ¢, ¢ involve six unknown nonperturbative
constants Qf,, TP, and TP, with TP, (8) = Y, + TP}, where « indicates that the
constants differ for quark and gluon jets. These constants are universal in the sense that
they are independent of the jet kinematics and the grooming parameters. The superscripts
signify specific soft-drop related geometric constraints that we review in section 3.

Since the impact of the power corrections is non-uniform across the SDOE region, as
can be seen in figure 1, the nonperturbative constants must ideally be fit for along with «.
It will, however, be challenging to fit the theoretical prediction to experimental data for
7 parameters: ay along with the 6 constants. Instead of analyzing the prospects for such
a fit, we instead assess the uncertainty on a precision o measurement due to the lack of
knowledge of these NP parameters. This allows us to estimate the ultimate precision on aj
that can be achieved in absence of any perturbative uncertainty, while not attempting to
constrain the NP power corrections. In this work, we use values of these 6 constants from
studies of Monte Carlo hadronization models [45] for the estimate, and show that the size



of the power corrections turns out to be comparable to perturbative uncertainty at NNLL
accuracy.

Given the setup above, we will investigate the sensitivity of the cross section to oy in the
SDOE region, and to what extent perturbative variations and nonperturbative power cor-
rections impact the uncertainty in «s determination. The two main features of the jet-mass
spectrum that can be exploited for a precision-as measurement are its shape and the inte-
gral of the jet-mass curve. We will state results for two ways of normalizing the cross section:

Normalize to inclusive cross section in the pp-n bin: Ldg'io— , (1.5)
Tincl dprdnd§
Normalize to cross section in a fixed jet-mass range: ! o (1.6)
Tfitrg (§SDOE, &) dprdndE
where
2 & 3
Tincl = d;TZln’ Tfitrg (§SDOE; §0) = /£SDOE d¢ dpjd;dg' (1.7)

Both normalization choices reduce sensitivity to the PDFs, NGLs and the luminosity. Here
&) is the transition point for the NNLL spectrum, that differs slightly from &y, and is defined
in eq. (2.9). Hence, the dominant region of interest for « fits is taken to be & € [{spoE, &)-
It is customary to normalize the spectrum by its integral in the SDOE region, i.e. the
choice in eq. (1.6), as was done in the recent soft-drop jet-mass measurements by the AT-
LAS collaboration [46, 47]. While normalizing the cross section in a fixed range reduces
perturbative uncertainty, we will show below that it loses almost all sensitivity to as, since
the shape of the cross section in the SDOE region remains largely invariant upon variations
in as. The sensitivity to as therefore lies in the integral of the cross section in the perturba-
tive region (SDOE region and beyond). Thus, the fixed-range normalization choice greatly
reduces sensitivity to a, variations compared with the variations due to perturbative uncer-
tainty and nonperturbative corrections, and hence increases uncertainties in any potential
as measurements. This insensitivity is particularly severe for quark jets where, at NNLL
accuracy, the spectrum in the SDOE region flattens and variations in « have almost no
effect on the cross section normalized to a fixed range. Based on this study, we will justify
our recommendation for the first choice in eq. (1.5), and avoid self-normalizing the cross
section in the SDOE region. Note that we do not integrate over #d%dg to get o, but
rather incorporate it into the quark and gluon fractions, as will be explained in section 2.2.2.
The outline of the paper is as follows: in section 2 we review the details of resummation
of the soft-drop jet-mass spectrum using soft-collinear effective field theory (SCET) [48—
51]. The framework for the NP power corrections is discussed in section 3. Finally, in
section 4 we employ this setup in testing the sensitivity to as and impact of the NP power
corrections via the procedure outlined above. We conclude in section 5. The appendices
provide details of derivations and supplementary material on the numerical analysis.

2 Perturbative predictions

The various regions shown in figure 1 are distinguished by specific logarithmic or power
corrections involving ratios of different energy scales that become significant. We imple-



ment the resummation of these logarithms and the treatment of nonperturbative power
corrections using SCET.

2.1 Kinematic features

We first review the main kinematic features of the soft-drop spectrum. Although we are
primarily concerned with as determination at the hadron colliders, our presentation of the

formalism is done such that it is equally applicable to eTe™ collisions. In the case of pp
collisions, we will primarily focus on jets identified inclusively with R/2 < 1. The results
for ete™ remain valid for large R jets and reduce to familiar expressions for hemisphere
jets when R = 7/2. We refer the reader to refs. [31, 40, 43] for a more thorough discussion
and derivation of some of the results stated here.

The large momentum associated with the jet is given by
R T
Q=prR (pp case), Q =2FE;tan 3 (eTe case). (2.1)

We will be concerned with the region of the jet-mass spectrum that is dominated by soft
and collinear emissions. We define variables z;, the pr or energy fraction of a soft subjet,
given by

X la
z; = Pry (pp case), 2= — (ete™ case), (2.2)

T, E;
and angle AR;; or 0;; that it makes with the jet axis. The soft-drop criteria in eq. (1.1)
for passing for soft collinear limit z; — 0 and 6; — 0 can be compactly expressed as

0. B
z > zéutARfJ (pp case), 2 > Zeut (2 sin ;) (eTe™ case), (2.3)

where in defining 2/, and Z.,; we have absorbed the parameter Ry:

ete™

-8
26 = Zeu (R(()pp))_ﬁ (pp case), Zeut = Zeut {\@sin < 02 ﬂ (eTe” case). (2.4)

With this definition, we can identify the energy scale Q¢ associated with soft drop:

R\'"P _
Qcut = pTzéutRHB (pp case), Qcut = (2 tan 2) EjZet (ete case). (2.5)

Finally, we will find it convenient to work with a dimensionless combination of the jet mass

and the large momentum @

(Y

g=2J (2.6)

m
Q?

As shown in figure 1, the soft-drop jet-mass spectrum can be divided into four distinct
regions. The regions encountered as we reduce & from its maximum value £ = 1 are as
follows:



1. The fized-order region: this region corresponds to groomed jet masses close to the
end point of the spectrum for £ < 1. In this region the logarithms In(§) generated at
each perturbative order are O(1) and the region can be adequately described in fixed-
order perturbation theory. In practice, at a given order in «g expansion, only a finite
number of particles contribute to the jet mass, and hence the end point is seen at
somewhat smaller values. For leading-order (LO) analysis, {1,0 = 0.25, and for next-
to-leading-order (NLO) we have {npo ~ 0.4 [52]. In our analysis we will treat this
region to O(as), the LO accuracy. We also retain all the finite zcy terms in this region.

2. Plain jet-mass resummation region: this region is dominated by soft and collinear
emissions and corresponds to & < £ < 1, and the logarithms, a”In"™ (&) with m < 2n
become large and must be resummed. Here

R\"?
fo=2 R’  (ppcase), & = Zew (2 tan 2) (eTe™ case). (2.7)
From egs. (2.1) and (2.5), we see that

cht = QfO . (2.8)

As discussed below in section 2.4.2, power corrections of O(§) are small and contribu-
tions from soft and collinear modes in this region factorize. However, soft drop does
not significantly groom the jet in this region, as one of the first few de-clusterings pass
the soft-drop condition. Consequently, the jet mass after grooming is only slightly
smaller than its value prior to grooming. Thus, in this region the effect of soft drop
alone can be treated in fixed-order perturbation theory. Below the & transition point
this situation changes, and resummation must take into account a change in the log-
arithmic structure due to soft drop. Note, however, that close to the cusp, the soft
emissions passing soft drop are at angles AR;; ~ R and hence one must employ the
version of soft drop without the collinear approximation AR;; — 0. Doing so leads
to the “soft wide-angle” transition point &, differing slightly from &y [24]:

o

g=—>20 2.9
T+ .
where ( for the two cases is given by:
R R
¢ = tan B (eTe™ case), (= Teoshn; (pp case) . (2.10)

The value of & corresponds to the location of the distinct soft-drop cusp. Defining the
parameter ¢ will prove useful in universally keeping track of wide-angle soft effects.

3. Soft-drop resummation region: as we move past & to yet smaller jet masses £ < &,
the application of soft drop removes a significant amount of soft, wide-angle radiation.
The hierarchy £ < & results in large logarithms In(£ /), and a different resummation
from the previous case is required. At the same time, perturbative power corrections



of O(&/&) are small and can be neglected. We will also restrict ourselves to the
case £y < 1, such that power suppressed terms in &y, or equivalently z.ut, can be
ignored and the leading power factorization derived in ref. [40] can be employed. This
enables us to further factorize the soft function from the plain jet-mass region into
contributions that fail and pass soft drop, such that the large logarithms a?In™ (/&)
can be resummed. (For the special case of 8 = 0 the leading logarithms are single logs
with m = n.) From the point of view of nonperturbative power corrections, as long as
the first subjet that stops soft-drop is perturbative (with k; > Aqcp), which amounts
to satisfying the criterion in eq. (1.2), the perturbative prediction dominates. This
is the SDOE region where nonperturbative power corrections can be incorporated
through constant parameters that appear in a systematic expansion. In terms of &,
the condition in eq. (1.2) for being in the SDOE region can be expressed as
148

<§SD§NP) " <1, (SDOE region) (2.11)

where the parameter {gpnp, defined by eq. (2.12) below, characterizes the region
below which nonperturbative corrections become O(1).

4. Soft-drop nonperturbative region: here the nonperturbative effects are O(1). This
happens for jet masses

1GeV 17

(§]

£ 2 &spnp = §o< ) -
cht

In the SDNP region, the perturbative resummation of large logarithms in SDOE re-

(2.12)

gion still carries over. However, the collinear-soft function describing dynamics of
the emissions that pass the groomer becomes nonperturbative. This region is equiva-
lent to the shape-function region in ungroomed jets, however the shape function that

appears here is not normalized to one and involves convolution in fractional power
21

kyt' of the nonperturbative momentum knp [31]. It remains to be explored how the
nonperturbative power corrections in the SDOE region (reviewed in section 3) are
related to the shape function in the SDNP region.

Further below we will review the perturbative resummation that is necessary in the
plain jet-mass and the soft-drop resummation region. We note that close to the soft-drop
cusp, a more refined treatment along the lines of ref. [42] can be performed by identifying
a resolved soft emission that stops the groomer. Our treatment nonetheless fully captures
the dominant leading order effect at the soft-drop cusp including all the perturbative power
corrections related to the jet mass and soft drop at O(as), and we estimate that the impact
from the lack of cusp resummation is smaller than all other uncertainties for the large values
of pr considered for analysis of s in pp collisions. We leave to future work a more detailed
integration of the cusp region resummation with the setup presented here.

2.2 Quark/gluon fraction

The quark gluon fraction is a very useful theoretical concept, regardless of whether there is
a direct experimental way to measure the number of quark jets and gluon jets. To compute



the soft-drop jet mass we do not even need to know whether the two classes of jets can be
distinguished. What we compute is the total jet-mass distribution, inclusive over quarks
and gluons. To do so, we compute the individual jet-mass distribution for quark jets and
for gluon jets separately in SCET, add them together using perturbative predictions for
the quark and gluon jet cross sections or equivalently the quark/gluon fraction, and then
match the sum to full QCD results to include additional fixed-order corrections.

At tree level, the quark/gluon cross sections are identical in SCET and QCD. Beyond
leading order, the quark/gluon cross sections are ambiguous in QCD but not in SCET.
In SCET, whether a jet is quark or gluon is determined by the quantum numbers of the
collinear fields in the hard scattering operator. Thus, in SCET the quark/gluon fraction is
well-defined and systematically calculable order-by-order in perturbation theory. Whatever
ambiguity there is for the quark/gluon jet definition in QCD is immaterial, since after
matching to the NLO inclusive (over quarks and gluons) jet-mass distribution we no longer
need to discuss quark/gluon fractions. So at NLO and beyond the quark/gluon fraction is
not meaningful in QCD, but it does not have to be. The quark/gluon fraction is nevertheless
a useful concept because the leading-order prediction gets small corrections at NLO in
SCET and provides valuable intuition for what the full matched distribution might look like.

Note that the prediction for the cross section also depends on PDFs, as can be seen
from egs. (2.17) and (2.66). It has been argued in ref. [53] that for observables that are
sensitive to PDFs, a consistent determination of oy cannot be carried out unless PDFs
are simultaneously determined. The arguments in ref. [53] apply to inclusive cross-section
measurements, while here we study jet substructure measurements. We remove the depen-
dence on the inclusive cross section by appropriately normalizing the cross section as shown
in eq. (1.5), so that our observables become mostly insensitive to PDFs. The remaining
small uncertainty is propagated into our result through the quark/gluon fractions, but we
will show that the resulting uncertainties on an o measurement are a subdominant effect
compared with the uncertainties due to scale-variations of the perturbative cross section,
as well as those due to nonperturbative effects.

2.2.1 Impact of PDF variations on quark/gluon fractions

To compute the quark gluon fraction we begin at leading order by computing the rates for
dijet production using the different partonic process q¢ — g9, q¢' — q¢’, etc. The quark
fraction at leading order is then

20(pp — qq) + o(pp — 9q)
20 (pp — dijet)

Ty = , (2.13)
where ¢ heuristically refers to quarks or antiquarks, identical or distinct. The gluon fraction
iswg=1-—1x4.

We show in table 1 the tree-level quark/gluon fraction computed with various PDFs.
These fractions were computed with Madgraph [54] for pp collisions at 13 TeV with a pp
cut of 600 GeV on the jets. We show results for a representative sample from among various
available PDF sets. We see that there is surprisingly little variation among the PDFs with
a typical quark gluon fraction of z, = 0.51 with about a 2% uncertainty.



PDF ag used | x4 | % change

NNPDF 23 LO 0.119 0.479 -6.0
NNPDF 23 NLO 0.119 0.517 1.3
NNPDF 23 NNLO 0.119 0.523 2.5
NNPDF 23 NNLO 0.120 0.514 0.84
CT18NLO_as_ 0119 0.119 0.514 0.87
CT18NNLO__as_ 0119 0.119 0.507 -0.49

MSTW2008nlo68cl 0.120 0.510 0.063
MSTW2008nlo68cl 0.117 0.514 0.87
mean — 0.510 1.6

Table 1. Quark/Gluon fraction for different parton distribution functions which average to z, =
0.510 with a standard deviation of 0.013. The % changes are listed relative to this mean and the
average % change is the average of the absolute value of these %’s. These PDF sets were chosen
fairly arbitrarily as a roughly representative sample, including some with the same value of a; and
different orders. This rough estimate indicates uncertainty on «, stemming from the quark/gluon
fraction and associated PDF choice is subdominant to other sources of theoretical uncertainty at
the current time.

To systematically improve the computation for the quark gluon fraction, we include
perturbative corrections using SCET factorization, as discussed below in section 2.6. In
particular, we provide expressions for quark/gluon fractions for exclusive soft drop groomed
dijets identified via a p¥*® on additional jets. Taking the result from there (in a schematic

form) we have

~

1 77 K1K
=5 0 /dfadfbfﬁa (€ar 1) Fry (660 1)@ (Toany Ty ) [ HE2R2 (Do) SR, |, (2.14)
{ri}

where here kK — k1Ko is the partonic exclusive dijet hard scattering process, and > {r:}
indicates a sum over all channels for each k; variable, except that at least one of the
final-state jet labels, k1 or ko, is fixed to be a quark. Here f, is a PDF, 7. accounts
for initial-state radiation which depends on the exclusive jet veto and that may or may
not change the identity of the parton participating in the hard scattering, H encodes the
hard scattering including virtual corrections, and S¢ are global soft functions. N is a
normalization factor.

We would like to determine the impact on z, from using PDFs obtained at different
orders in perturbation theory, which also requires systematically including higher order
terms in other parts of the factorization theorem. Since we are interested in an estimate
for these effects in a context that is more general than exclusive jets, we choose to ignore
the jet veto dependence as well as higher order corrections from the global soft functions,
and hence work with tree level functions Z,.,s and §G~ Thus, we focus on including the
perturbative corrections to H in a manner that is consistent with the use of higher order
PDFs (in particular, for example, with the same choice of factorization scale p in the fs
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and H so that the p dependence cancels to the order being considered). At this order the
soft functions are just matrices, for example in the qqg — gq channel

N2 0
sY, = ( . CFN) : (2.15)

2

This and the other tree-level soft functions can be found in [55]. The hard functions have
been computed to NLO [56] and NNLO [55].

Using the CTEQ NNLO PDFs with as = 0.119 we find the LO, NLO and NNLO
quark/gluon fractions to be

©=0507, 2)10=0530, 2NO=0.538, (2.16)

corresponding to an 4.5% increase in the fraction at NLO and a further 1.5% increase at
NNLO. Thus, we see that the impact of variations of PDF induces at most 2% uncertainty
on quark gluon fractions. As we will see in section 4.2, this translates to around a 1%
uncertainty on ag, which we will show is quite subdominant compared to other uncertainties
in an extraction of o, from soft-drop jet-mass spectra.

2.2.2 Measurements of inclusive jets

We will be concerned with jets produced in hadron collisions with an underlying process
such as pp — dijets+X or pp — Z+j,+ X with the jet initiated by the parton x = ¢, g. We
will derive the factorization in the context of inclusive jets measurement but our conclusions
will also hold for the exclusive case. We begin by considering the cross section, differential
in pr and 7, for inclusive jets [57, 58]:

dedndf Z / dx;jxxzdz a H?a, :u)fb(a:ba U)Hgb <xa7 Ly, 7, p7T7 M) gc(za & pr, R, M) )
(2.17)
where f,; are the parton distribution functions, H, is the hard function describing inclu-
sive production of parton ¢ with transverse momentum O(pr), which initiates a signal jet
carrying momentum fraction z. The inclusive jet function [59] G. describes the formation of
jet of radius R initiated by a parton ¢ and the jet-mass measurement £. The factorization
is valid for R/2 < 1, which implies that the relevant modes describing the jet dynam-
ics are the hard-collinear modes with transverse momentum k; ~ prR (but with energy
~ pr), which is parametrically smaller than the scale pr characterizing the jet production.
Numerically, however, it has been shown to work very well for R/2 < 0.4 [60-65]. The p
evolution in eq. (2.17) resums the large (single) logarithms o?In*(prR/pr), with k < n:

Ldz
gl(z f pTR ,u Z/ : ( /Hu’)gj( /7£apT7Rnu)v (218)

where Pj; are the time-like splitting functions. As the DGLAP evolution between the
hard and the hard collinear scale pr R involves branching of the original parton leading to
formation of multiple jets. See also ref. [66] for an extension of this formalism to leading jets.

— 11 —



While the quark/gluon fraction is internal to the entire machinery for a theory pre-
diction, it is nevertheless useful to pull them out such that we can define the intermediate
objects corresponding to quark- and gluon-initiated jets, and analyze their properties sep-
arately. The integral over the jet function in eq. (2.17) defines the event averaged number
of jets for quarks and gluons [66],

1
/O Az d€ Gu(2, €, p1s Ropt) = (Nujots) . K =,0. (2.19)

The number density is generated dynamically via QCD fragmentation process and depends
on the center of mass energy and the jet algorithm. As such it is not straightforward to
identify quark and gluon fractions associated with inclusive jet measurement.

Our goal, however, is to analyze jets in the region of small jet masses, where, as we
describe below, the hard collinear modes at the scale prR factorize from the collinear and
soft dynamics governed by the jet-mass measurement. The additional constraint of the
small jet-mass measurement enables us to speak of quark- and gluon-initiated jets. When
we deem a jet to be a quark or a gluon jet in perturbation theory, we are not referring to
the color charge of all the partons inside but instead the color charge of the only collinear
sector that is singled out due to the small jet-mass constraint at leading power, i.e. with
corrections suppressed at O(§). In general, there will be non-global emissions of soft gluons
from outside of the jet but they do not modify this aspect. In the limit of small jet mass,
the inclusive jet function in eq. (2.17) factorizes as

Ge(2, & pry Ropt) =Y Hesi(z,pr Ry 1) Ti(&prom, Rop), €< 1. (2.20)

The H._,; function involves hard-collinear modes integrated out at scales prR, while J; is
still a multiscale function whose factorization depends on the jet-mass region, which will
be treated in subsequent sections. The H.,; obeys the following evolution equation,

d Ldz z
M@Hl*{] (zvaR7 ,LL) = Z/ 7 Yik (Z,>pTR>M)Hk—>3(Z/aPTR> /-L) s (221)
PR

where the anomalous dimension ;; is given by
Q
Yij (Z,pTR, ,U,) = (5@'5(1 — z)Fi (pTR, ,u,) + ?SP]'Z'(Z) . (2.22)

We see that the same splitting function appears that is tied to the z dependence in H;_,;.
The functions I'; are responsible for Sudakov double logarithmic evolution between the
hard-collinear, collinear and soft modes in the small jet-mass region. This diagonal evolu-
tion is consistent with the RG evolution of soft and collinear modes in J; in eq. (2.20). It
is helpful to separate the purely diagonal piece at all orders by writing [67]

Hisj(2, PR, ) = Jij (2, o7 R, ) Njy o (PR, 1) (2.23)

where the functions J;;(z, prR, i) also track the flavor of the jet which the original parton
fragments into and describes the dependence of their corresponding energy fraction. They
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satisfy the same DGLAP evolution equation as the inclusive jet function in eq. (2.18),

whereas the functions N/

ihel satisfy multiplicative RG equations:

d .

N@lnNilncl (pTR7 :U’) =1 (pTR7 :U’) : (224)
The evolution equations for NiirlCl and J;; alone do not fix their all-orders expressions, and
hence there is some freedom in separating the constant, non-logarithmic pieces of H;_,;
between the two functions. At each order, we define J;; such that summing over the flavor
index j leads to the inclusive jet function:

ZJZJ(Z7PTR7:U/) = Ji(Z,pTR,M) . (225)

J
This also fixes the [} ;.
This enables us to write an all-orders definition of quark and gluon fractions in this

small jet-mass region:!

Yapeta® fo @ Hoy @ Jo

R = 2.26
o (pT ' IU) Oincl (pT7 77) ’ ( )
with )
d“o
. = - E HS @ J,
O'mcl(pT, 77) dedﬁ v fa & fb & ab & Jed 3

where the convolutions denoted by ® are written out as in eq. (2.17). In the denominator
we have summed over all the indices resulting in the inclusive cross section. Thus, the
normalized jet-mass cross section can be written as

1 d3c ~ 5
=140 ) Ra +x46G ) R7 ) 2.27
oinal (pr, 1) dprdnd¢ ™ o&pr B ) + 29 Gy & o R p) (2:27)
where we have defined [68]
~ 1 dog "
gH (gypTRa M) = mdif(p% 77) = Nincl(pTR7 M)jﬁ(gapT7 7, R7 :u) : (228)

In the expression above we have suppressed the effects of NGLs for now, and we discuss
them in detail below.

2.3 The fixed-order region

Using egs. (2.25) and (2.28), at O(a;s) we can write eq. (2.20) as

= 5(1 = 2)[8(6) + G(E ()] + 5(§)Ji(zapTR,u) : (2.29)

"We thank Kyle Lee for discussions on this.
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In the second line various pieces Ji; have been summed to yield the semi-inclusive jet
function J, with GE] being the O(«;) term. Furthermore, our extension of G.. to include
the large £ fixed-order region is defined in such a way that

I
| dg Guteprrip = 1. (2.:30)

We first state the results for the ungroomed cross section which will prove useful for
the groomed case. We evaluated the one-loop, fixed-order results for G, in eq. (2.28) for
ungroomed jet-mass distribution for quark and gluon jets clustered with kp-type algorithm:

o 7['2
WSl ) =300+ 90 5 (54T 231
o1 - 4¢) [ = 22:(0) + £o(©) (4108 (Y5 ) - SVIS 45)] } ,

« 7'('2
GEQualE, (1) = 3(6) + 221 {6(5) (ca(3+ %) - 300) +001- 1) [ ~20aL4(6)

+£o<§>(4cAlog(”ﬁ) bz, © 2”fTF§ﬁ)H

with £,,(z) = [O(z)In"z/x]+. We derived these results using one-loop calculations for quark
and gluon collinear functions that appears in the soft-drop double-differential jet-mass and
groomed jet-radius factorization [43], discussed below in section 2.7.2. See appendix A.2 for
more details. We see that at LO the end point of the jet-mass distribution is at £ = 0.25.
It is straightforward to check that these expressions are normalized to 1, such that the
O(ay) piece upon integration over £ vanishes:

/ df g/{ Nosd 57045(/1’)) =1. (232)

As we show in appendix A.3, the one-loop calculation for the groomed jet-mass spec-
trum can be expressed in terms of the results for the ungroomed spectrum stated above,
plus an additional correction:

GFOL(E, Zeuts By Ry s (1)) = GFRoua (6 s (1)) + AGEQ (€, Zeut, By Ry as(p)) . (2:33)

The groomed cross section ngd is similarly normalized, such that all the effects of grooming
in the cumulative jet-mass cross section vanish at the end point. The evaluation of the
remainder Agf?d is detailed in appendix A.3.

2.4 The plain jet-mass region

We now turn to plain jet-mass region with £ < 1 where the large logs of In(§) in G,. necessi-
tate factorization and resummation. We first review the results for jet-mass measurement
without grooming and include the soft-drop related pieces in the subsequent section.
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2.4.1 The ungroomed jet-mass spectrum

We first set up some useful notation. For a jet of radius R emitted in the direction 7 at
rapidity ny, we define the light-like vectors

nt = C_l(l7ﬁ) ) nt = C(la _ﬁ) ) (234)

where we have performed a large boost in the direction of the jet using the parameter ¢
defined above in eq. (2.10). Doing so allows us to work with hemisphere-jets like coordi-
nates and all the intermediate factors of jet radius appearing in the factorization formulae
are easily accounted for. In terms of these light-like vectors, we define the light-cone de-
composition of a momentum g* as

nt

g = q*ﬁ—u +q —+d (2.35)
5 5+t .

The factorization of the G,; function in eq. (2.17) for ungroomed jet-mass measurement
on inclusive jets involves double logarithms and NGLs due to soft emissions:

OGP Nosa(#:€: Q. 1) ZZHH Qe SIEQ| . (2.36)

The hard collinear scale Q was defined above in eq. (2.1). This factorization formula is
valid to all orders in o and at leading power in the power counting set by &, such that its
relation to the full theory result is given by

gH,NOSd(Z’ 57 Qa Qs (M)) = gg};iélsd(z’ 57 Q7 N) (1 + O(g)) . (237)

In eq. (2.36) if{ is the cumulative jet-mass cross section that accounts for the contributions
from the soft and collinear modes. The index j runs over the number of hard partons outside
of the jet that contribute to soft radiation everywhere, part of which is clustered with the
jet. Such configurations lead to NGLs and the ®q denotes angular integrals between hard
collinear and soft radiation. The cumulative jet-mass cross section is given by convolution
in the + component between the soft and collinear contributions:

Q= [ ds [Tag e S (-5 -5). @)

Here Jy(s, u) is the standard inclusive jet function discussed below in appendix B.2 and
g?,i is the cumulative ungroomed soft function discussed below. For simplicity, we will
treat the NGLs in the convolution in eq. (2.36) at NLL accuracy (and at LL and large-N,
in our numerical studies below) where they can be included multiplicatively [69]:

> A2 Qo) @0 E Qo) = (Hioan(z Q) SR (1EQ. Q1) (Ex(6, Q. )

(2.39)
where defining 8¢ (¢, ) = (85 (¢}, 1)) we have
N 00 00 s ¢+
EleQuy= [~ as [Taer s 8w d(e- -g). @40
0 0 " Q Q
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Here (...) denotes angular averaging after solid angle integration and

Loedy!
tno, ] = 5 [ 505 0. (2.41)

Similarly Hoy (2, Qs 1) = (Hyrss(2, Q. 1)), where Hyn(2, Q. 1) is the same function
appearing above in eq. (2.20). At the lowest order for jets clustered with anti-k7 algorithm,
the non-global piece S{;, is given by

St (tluo, ) =1—C CA<O‘S>21 <Z;) T (2.42)

The function 8§ now no longer depends on the angles of hard partons, and can be expressed
as a cumulative integral of the differential soft function:

et
86, (2 om) = [ detse, (). (2.43)
0
The one-loop result is given in eq. (B.20).

From eqgs. (2.28) and (2.36) the differential cross section stripped of its DGLAP evo-
lution at O(a;) can be written as

G 1(€,Q, 1) = N (Q, ) 5%3;“sd<s,c2,u>(1 + 0(5)) , (2.44)

The O(c) expressions of N/® | are given below in eq. (B.1).
From eq. (2.39) we have

E(Fatsiean), s=doaq.  (2s)

With the RG evolution made explicit, eq. (2.45) reads

TP (€,Q,p) =

e (2.46)

11\aTi)nsd (5 Q ,U,) <S§GL (ts)jplam [aﬂv g Q /’L]

)

Q=0 (s, p.7)

d K K ,YEQ
+ (mSNGL(tS))jplain[aﬂ;ﬁa QM]M)

where the function of the derivative operator blain [0q; &, Q, p] is defined in terms of Laplace
transforms of the jet and the soft functions and the explicit expression is provided in
eq. (C.9).

Next, we define the non-singular piece that is needed to recover the full plain jet-mass
one-loop cross section in eq. (2.31) including power suppressed terms. It is obtained by
subtracting the plain contribution from the full theory result,

g:,.lifosd(zv‘saQaas(ﬂ)) = gE,ONosd(Z7§7Qaas(M)) - /Sllzlgsd(z f Q 'u) (247)
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which at O(as) yields
Grtla(€ an(m)) = GERLLa(€ aslu) (2.48)

- 01 - 146) (SO N (Qu) + QPR ) + QSEN@. ) )

Hence we have

G (6 ) = X 01~ 46)Lofc) (410g (=) - S 1)> ,

ns s 1 =1
Gy ional(6s (1) = 5201 = 46)Lo(€) <4CA log (*\/275> 520

n CA —snfTF4§m) ) (2'49)

(VI—2-1)

Thus the total resummed ungroomed jet-mass cross section including O(a;) power sup-
pressed terms reads

]. do-};IOSd ain 5Nn.S.
; df mCI(Q /’L) f:)lNosd(g Q :u) + gm Nolld(gv CVS) . (250)

2.4.2 The groomed jet-mass spectrum

In the plain jet-mass region the modifications due to soft drop can be treated in fixed-order
perturbation theory. Because up to O(zcyt) the jet grooming primarily only affects the
measurement on the soft radiation, this amounts to making in eq. (2.39) the replacement

e
85, (0 1) = 8L (€3, Qeut €, B, 1) = 8, (65, 1) +/0 A0t A, Qe €5 By as(w))
(2.51)
where ASY, is the fixed-order soft-drop related correction. At O(a;) we have

ASIN T, Qe €, B as()) (2.52)
[Q&0]

- oo () - (58) )]
|

where ¢ was defined above in eq. (2.10). Here, the plus function is defined as

[@(x)q(x)][j:o] = lim

e—0

(@(x — Oqx) — 6z — o) / " 42’ q(ﬂ:')) . (2.53)

Note that because the soft modes defining this function are at wide angles, the end-point
of the plus function appears at the soft wide-angle transition point & given in eq. (2.9).
We derive this one-loop expression in appendix A.3.

This replacement allows us to write down the factorized formula for soft-drop jet-mass
cross section in the plain jet-mass region:

GP (2,€,Q, ) Z”HN (2, Q1) Besa(,Q, ) | (2.54)
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where X, ¢4 is defined analogously to eq. (2.38) with additional soft-drop related fixed-order
pieces in the soft function in eq. (2.51). Its relation to the full theory cross section is given by

Gresa (2,6 Qs s (1)) = GEA (2,6, Q1) (1 + O(6, ) (2.55)
Thus, analogous to eq. (2.44) the resummed cross section (to NNLL accuracy) is given by
P (€ Zeuts B, Ro ) = N (@ i) TP (€, Qu 1) (2.56)
where
plaln K QVEQ §
nsd (E Q M) SNGL(tS)jplaln[aﬂvg Q /’L}( ( )+Q |: ’f 757RM ) (257)
° Q=)
+<d3“ (t ))j“ 90:£.Q ]( o [ Ry D
dln{ NGL\!S plain 06, U (1 Q) 7507 AT, [ Q:a)(,us MJ)

The kernel QF; accounts for the effects of soft drop, including resummation between the
jet and soft scales. The explicit expression is given in eq. (C.13).

The additional O(&y) power corrections dropped in eq. (2.56) include finite zcy terms
and are captured by the following non-singular term:

AGH = AGEAM (€, Zeut, B, R, as(1)) — QASI(QE, Qeut. €, B, as(1) - (2.58)

where A(]F appeared in eq. (2.33). At one-loop the factor of @) cancels against a 1/(Qf)
from ASb[d} such that Ag“[ Vs independent of Q. The AS; U accounts for all the soft

K,sd
singularities which allows us to evaluate this non-singular piece via simple numerical in-
tegration. Including the non-singular corrections in egs. (2.49) and (2.56) accounts for all

perturbative power corrections at O(«;) in the plain jet-mass region:

Grsd = Niaa(Qu ) TP (6, 1) + GIRi (6 cus() + AGESI (€, Zeue, B, R, as(p)), (2.59)

where we have dropped some of the function arguments for simplicity. In appendix A.3 we
will show that AG;";[” results in a numerically small contribution which can be ignored in
comparison to perturbative uncertainty from scale variation at NNLL. Hence, we will drop

1] e .
Ag: :d[ in our as-sensitivity analysis.

2.5 The soft-drop resummation region

In the soft-drop resummation region for { < &, the (differential) soft function Sf; in
eq. (2.51) can be factorized into pieces that correspond to soft-drop passing and failing soft
radiation, such that

S (0%, 1) + ASH (£, Qeur, €, B, 1) (2.60)

ol(g) )]

:Sg(chhCaﬁuﬂ)@é&ﬁsﬁ(£+Q(§$ﬁ7 y )
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where the term in the square brackets indicates the size of the power corrections. The
S¢ and Sf are the global soft and collinear soft functions [40] that respectively describe
physics of soft modes that fail and pass the soft-drop test. Qcut, defined in eqs. (2.5)

and (2.8), defines the scale of the global soft function. The one-loop expressions are pro-
243
1+8
the argument of S¥ following [31]. We show in appendix B.4 that the collinear-soft func-

vided in egs. (B.39) and (B.29). Here we have made use of a dimension () variable in
tion is independent of Qcut, as Qeyut is a high scale from the perspective of collinear-soft
emissions [40]. It is also independent of the jet radius R, since collinear-soft modes are
at parametrically smaller angles than the jet radius. Thus, from eq. (2.60) we have the
following factorization formula in this region:

E?ng(zaéaQyzcutuﬁaM) = ZHK’—H%(Z)Qnu)Sg'(QCut)Cvlﬁau)SﬁGL(tgs) (261)
7 K7 _i_ %(cht)ﬁ
X /dk/ds J (s, 1) S8 (k,ﬁ,u)é( - 0 )

The relation between this factorized cross section and the full theory result is given by

1 0(e (go)ﬁﬁ)]  26)

where we have displayed all the power corrections that are small in the soft-drop resumma-

gf;,sd(27 ga Q> Zcut s B> as(ﬂ)) = ,l;?z(lilm (Za Ea Qa Zcut s Ba ,u)

tion region. We discuss these corrections in detail in the next section. Next, we note that
since the wide-angle modes are groomed away in this region, the NGLs give a contribution
that is independent of the jet mass. The argument of the NGL piece is given by

tgs = t[Qeut, Q] - (2.63)

Comparing with eq. (2.45) we see that the evolution of the NGLs is frozen to the fixed

scale Qcut.
Finally, at one-loop we can remove the DGLAP piece and write

~/I;l?:(lilm(€7 QJ ch‘m 67 R7 ,u’) = Nilrilcl(Qa lu)j:d resum(ga Q? chta ﬁ? R? ,LL) ) (5 < 50) ) (264)

where

e’YEQ
I'(-9)

T = Sg(Qeuts €, By 1) S (tgs) Tl €, Qs ] (2:65)

QZL:)(N’CS,P«J)

The function JJ[0q; &, Q, 1] now involves Laplace transforms of the jet and the collinear-
soft functions, and is given in eq. (C.18). Because the NGLs are independent of &, the
terms in the second line in eq. (2.57) are not present in the soft-drop resummation region.

2.6 Soft drop on exclusive jets

Another way of isolating jets is via an exclusive measurement which involves vetoing addi-
tional jets. For example, for pp — dijets with a veto on transverse momentum of additional
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veto

jets pr, < pypt°, one can derive a factorization formula with a pr jet veto [70-82] for a soft
drop groomed jet—mass measurement
dO’( Veto) _ Z B ((E Q pveto R2 M Z/)B (xb Q pveto RZ M V) (2 66)
d§1d€2d(bborn v o ’ o '

{"‘””17“27“&7"@13}

X tr [ﬁSgHQ (Qm (I)borny ) X0 Sg’lsg (p%eto R7 Qlcut7 Q2C11t7 67 , V)‘|

7. K1/ + cilJrB
X /dSl dkl Jfﬂ (Sla#) Scl(klvﬁnu)é(él it QlQl )

Qf
1
i : 59+ Q2Qu "k
[ dsadly s )22 s 5, 1)5 (62— 2 QQQ%M ).
2

Here Q1, Q2 and @ are appropriate large momenta associated with the two jets and the
beam functions respectively, and @Q; .yt are the global soft scales:

Qi =pr.coshny,  Qiewt = (2coshn) ™ Ppr zeut - (2.67)

The momentum fractions x, j are constrained by the born kinematics. The born kinematics
phase space ®por, is captured in the hard function ﬁ;g”. The sum runs over various
partonic channels x4k, — k1Ko which lead to the production of two jets. Color is traced
over, and there are two color channels for k,-kp = quark-quark, three for quark-gluon,
and nine for gluon-gluon. The parton distribution function dependence appears through
the beam functions Bfe and B’, via a further factorization between perturbative (Z) and
nonperturbative (f) contributions in the direction of the beams:

B (. Qi R ) = 3 [ § Twle/e Qi R ifoen). (269

The global soft function Sglg”g describes the dynamics of soft particles emitted off the initial
state partons as well as those that are clustered in the final state jets but groomed away.
As a consequence of jet grooming the jet-mass spectra of the two jets are decoupled.

It is useful to separate eq. (2.66) into quark-gluon fractions that are independent of the
jet-mass measurement, times a function that depends on the jet mass. To make this mean-
ingful we must carry out the separation in a p-independent manner. To this end we define

B, Buags) = 3 B QA R ) B (0, QS R ) (269)
{Kakn}
tI‘ [ﬁf{lﬁg (Q“ @born) ) ®Q Sglgg (p"]’“eto R Qlcut’ Q2cut) 57 N’ V)i|
1ncl(Q1’ )Sg’l (Qlcutv /67 RJ /’L) IHCI(Q27 )582 (QQCUTA ﬂ7 R7 :U’) ’

such that the exclusive jet cross section in the soft drop resummation region is given by

dO’( veto)

_ 2.70
36106201 (2.70)
Z xfeﬁ)i(}i}Q p%eto <I>born) ,lfﬁlslén (gla le Qlcuta ﬁa Ra M) ,‘l;egs,lslén (£2a Q27 Q2cut7 ﬁa Ra ”) .
{r1,k2}
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This equation is analogous to eq. (2.27) for the inclusive case, except that here we have
fractions x,,,, that depend on the quark-gluon identities x; of each of the dijets. The
jet-mass shape dependence is described by the same partonic cross section QN,@Sd for flavor
k defined in eq. (2.28), whose resummed version Qfog’(‘i‘m was defined above in eq. (2.64).
The definition of mi’;‘;}? in eq. (2.69) is RG invariant since the p-dependence arising from
the J,, and S¥ functions associated with the final state jets in eq. (2.66), is equal but
opposite to that of the factors in the denominator of eq. (2.69).

In section 2.2 we made use of the exclusive dijet factorization to determine the impact
that variations in the PDFs cause to the quark-gluon fractions. Since there the fraction for

a single quark jet was examined, we can make the connection with the fractions defined

here using
excl excl excl excl
pexel _ 224" + Tyg gexel _ Tgg + 2Ty (2.71)
q excl excl excl) ’ g excl excl excl) * :
2($qq + .%'gg + qug ) Q(xqq + ﬂ:'gg + xqg )

Here a subscript ¢ indicates a sum over all quark and antiquark flavor channels. Note that
by construction :Ung + x;"d =1.

2.7 Power corrections in the soft-drop resummation region

We notice from eq. (2.62) that there are three kinds of power corrections appearing on top
of the soft-drop resummed result. The O(€) is related to jet-mass resummation, the O(&)
is related ;co finite z.y effects that are ignored in the soft approximation, and lastly the
O((&/&0)2+7) results from collinear-soft approximation of the soft-drop passing subjet. We
investigate the O(§p) power correction in eq. (2.58) in resummation region at O(cay). Thus,

ool (§)7)

+ AG™E N, 2o, B Ry g (1). (2.72)

we can refine eq. (2.62) at O(as) as

g~m,sd (fv Q, Zeut, B, s (:u)) = ~/1§:(lilm (57 Q, Zcut, B, :U’)

n.s.[1]
K,sd

in appendix A.3 shows that this is a

n.s.[1]
K,sd

As remarked above, a fixed-order analysis of AG

small correction. Thus, we will suppress the corrections from AG in the analysis below.

The remaining two power corrections, however, require a careful treatment. Unlike
egs. (2.49) and (2.56) where the power corrections were of purely fixed-order origin, we
cannot simply set all the scales in eq. (2.62) to be equal as these power corrections are
related to turning off one, but not every, resummation. We now describe our strategy to

include these power corrections using profile functions.

2.7.1 Soft-drop power corrections

2
Let us first consider the O((£/£0)%#) power correction. Eq. (2.60) prescribes calculating
this power correction by setting scales of the soft pieces in the difference of two factorization
formulae in egs. (2.56) and (2.64). On the other hand, the jet scale must be left where it
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2

should be in the two cases,” as we would still like to retain the jet-mass resummation in the

two cases. This can be straightforwardly implemented via the following set of £-dependent

scales
Plain jet-mass profiles : Hplain = {1s(§),ps(&), unt, (2.73)
soft-drop jet-mass profiles : s = {10 (6): tigsn 1es(€), i}
soft-drop to plain jet-mass transition :  psd—plain = = {1J(&), tgss tes—s (), N} -

They are chosen to individually minimize logarithms in the momentum space expressions
of the factorization functions. We describe their implementation in detail in section 2.8,
but for now it suffices to note that in the jiplain profile the p.s and pgs scales merge into
a single soft scale g [83], turning off any soft-drop related resummation. This, however,
continues to retain resummation between the jet and the soft scales. We have also defined
a profile fisq—plain that merges the collinear and global soft scales for § > .

Using these three profiles, the soft-drop power corrections can be captured by consid-
ering the combination:

5m __ Aresum 5plai Sresum
gn,sa(EChed (f) = /@(?:;il (ga ,usd—>plain) + ggviljn (5, ,uplain) - sgsu (57 Mplain) +..., (274)

where the arguments fip1ain etc. in these expressions are understood as inserting each scale
from the set in eq. (2.73) into the respective factorization function. For simplicity we have
suppressed other arguments. The behavior of jisq—plain €nsures that in the plain jet-mass
region the first and the third term cancel, leaving the fixed-order soft-drop cross section.
Note that the choice fies—s(§) In psd—plain is arbitrary as long as the same profiles are
used in the first and the third term in the £ > &y region. This matching also ensures that
the NGL pieces cancel with each other in precisely the same fashion. Additionally, in the
implementation below, the fiy1ain profile is designed to saturate to py for £ > &, but ahead
of the LO jet-mass end point £ = 1/4, such that close to the endpoint all the resummations
are turned off. Finally, the terms ‘..." in eq. (2.74) correspond to jet-mass dependent power
corrections which we now address.

2.7.2 Jet-mass power corrections

The jet-mass power corrections need careful treatment. We cannot simply extrapolate
the formula for the non-singular term in eq. (2.47) into the groomed region as it lacks
resummation related to any soft-drop factorization that we would like to retain. Eq. (2.47)
is actually connected to a soft-collinear factorization where the soft modes live at the
boundary of the jet. This is perfectly fine for large jet masses beyond the soft-drop cusp
and eq. (2.47) remains legitimate in the ungroomed region. However, in the region soft
drop is active, the soft modes cannot lie at angles close to the jet radius, but must be
confined within the maximum kinematically allowed groomed jet radius. We define

R
R tan =
re = Eg , (pp case), rg = ﬁ , (ete™ case), (2.75)
2

2The canonical jet scale is the same in the two cases but can differ in the precise implementation through
profile functions as we show below.
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such that the groomed jet radius is constrained by the jet mass as [43]

rg < r(¢) = min { (Qgi’ut) " 1} (2.76)

(£ )

Because of this restriction, there is a non-trivial resummation between the global soft and

collinear soft scales. The second argument of min is valid when £ > &y, the ungroomed
region.

To properly evaluate these mass-dependent power corrections, we instead need to con-
sider the cross section, differential in groomed jet mass, and simultaneously cumulative in
the groomed jet radius, as worked out in ref. [43]. The jet-mass measurement constrains the
range of groomed jet measurement, with the maximum allowed value given by eq. (2.76).
When ry $ 7", one has a distinct collinear-soft subjet that stops the soft drop. Eq. (2.61)

is in fact a special case when the (cumulative) rg, = r7"*

g
values are allowed. On the other hand, for a given £ measurement, the groomed jet radius

, such that all groomed jet radius

can be as small as
re 2 rgﬂ“(g) = E. (2.77)

This corresponds to the situation where there is a single hard collinear mode that fills up
the entire jet, and the soft drop is stopped by a haze of soft radiation at the angles R, to
the jet. In this region, the jet-mass measurement is not factorized, but groomed jet radius
is, with the corresponding factorization formula given by

,ggrdl (27 57 Tga Qu ZCuty /87 M) = Z HH’—H@(Za Q? /’L)Sg' (QCuta <7 67 N)SIGGL (tgs) (278)

S8, (Quutr . 6,1 S 1) 5 (550 @ros)
g g

The soft function S(’ij describes dynamics of soft modes at the groomed jet boundary. The
soft-drop resummation is included through an RG evolution between the global soft and S,
scales. Here C" is the collinear function which, as can be seen from egs. (A.11) and (A.13),
is precisely the fixed-order result for ungroomed cross section in eq. (2.31) with a jet
radius 74 R, differing only in the §(¢) pieces at one-loop to satisfy RG consistency (which
are moved into the DGLAP evolution piece). Next, in addition to the NGLs present at
the jet boundary, probing the groomed jet radius results in additional NGL at the R,
boundary [69], with the argument of this NGL piece being

te = t[chtr;+f8, Qryg) . (2.79)
The two arguments are canonical scales of the S?q and C" functions. Since we are only

interested in capturing the O(«;) jet-mass related power suppressed terms we will turn off
this NGL piece in the numerical analysis.
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For our purpose, it is important to note that the jet-mass dependence in collinear
function factorizes as in the case of an ungroomed jet with the jet radius R — ryR:

rlgcn<f§) :/ds/dﬁ Ji (s, 1) Sﬁm(€+,u)5<f2 - erg - é:g) <1+O(f2>)

g g

- z(é Qryeie) (1+ o(é)) , (2.80)

where ¥,, was defined above in eq. (2.38). However, the collinear function is not RG
invariant alone, but only in combination with the other pieces in eq. (2.78). The cross
section resulting from eq. (2.80) defines the “intermediate-R,” factorization:

) d
,tgj;d(za 5) Tg, Q7 Zcut s /Bu M) = dié- [Z HH’—Hﬁ(zv Q7 H)Sg’(QCutv Ca B) :U’)SII\{TGL(th)

X Sgg (chtréll+6’ ﬁ’ M)Sll\{TGL(tcs)En (i) QTg, M)] s (2.81)
g

where, as before, we have NGLs associated with the groomed jet boundary, and this time
the arguments are

tes = t[thrl*B Q} : (2.82)

g M
Tg

Since we are not constraining the groomed jet radius, we set it to its maximum allowed
value in eq. (2.76) in these expressions. Thus, from eq. (2.80) we see that all the jet-mass de-
pendent power corrections in the soft-drop resummation region are given by the difference of
two factorized cross sections in egs. (2.78) and (2.81) at 5 = r***() by setting the scale of
jet and collinear soft functions to be the same. The scale of the global soft function must be

left to its canonical value to retain soft-drop resummation. To this end, we define the profile:

Min-R, factorization profile: Pomin = {pc (&), pes(§)s thgss N} (2.83)

such that the jet-mass dependent power corrections in the soft-drop resummation region
are given by

O(§) p.c. for £ <& : ~fr$r7lé3( 7Tgnlax(§)aﬂmin) - ggt( 7T§;nax(€)7ﬂmin)7 (2.84)

where we defined the maximum groomed jet radius in eq. (2.76).

max
g

in the S¢ function in egs. (2.78) and (2.81). The new scale y¢(§) minimizes logarithms in

As a consequence of setting ry = 77**(£), the same collinear soft scale p.s(§) appears
the collinear function and is defined below in section 2.8. Following eq. (2.80), we ought to
use this same scale in the J,; and S, functions in the intermediate R, cross section. We
give explicit formulae for evaluating these power corrections in appendix D.

We would like to connect this formula with the jet-mass power corrections in the
ungroomed region in eq. (2.47). This is quite straightforward as the profile uc () automat-

max
g

pies(§) is switched to pgs for € > &y to turn off any soft-drop resummation in this region.

ically becomes pn when r = 1 in the ungroomed region. We only need to ensure that
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Figure 2. The matched curves at NNLL for quark jets (left) and gluon jets (right). The dotted
curves correspond to overlap terms that are subtracted in the matched cross section.

Thus, we will define a ftmin—splain Profile, which includes this behavior of the collinear soft

profile,

Min-R, to plain jet-mass transition: fimin—splain = {#c(§), tes—gs(&); tgss BN} - (2.85)
Using this result we arrive at the complete expression for the matched cross section in
eq. (2.74):
gplain Sresum

#,sd <£aﬂplain) — Ysd <£a Mplain) (2.86)

+ ~,gj$( ) T;nax (g)a Mmin%plain) - 2?( y T;nax (g)a Mmin%plain) .

e

The second line now captures all the jet-mass dependent power corrections. We display
in figure 2 how this works in practice. Recall from eq. (2.28) that G.. is defined as the
normalized cross section O’,%‘Cld(i%’ which is what we plot in figure 2. For now we have
turned off all the NGL terms, which we discuss separately below. We have colored each
term to match the corresponding curve in figure 2. We see from figure 2 that the two power
corrections have opposite signs and their size can depend on the kinematic and grooming

parameters, as well as the flavor of the jet.?> Next, we see that the pieces lején and é;gt

pieces cancel each other in the same region. This is straightforward to see from eq. (2.81)
where r, = 1 results in complete (internal) cancellation of S¢, and S¢ functions as well as
canceling of 3, (£) between the two cross sections.

We now turn to the NGL pieces. In the implementation of the NGL, we make use of
the canonical scales of the set of profiles used above. This allows us to employ the same
matching scheme in eq. (2.86) to merge NGLs that differ in each of the terms. In this work
we will limit ourselves to analyzing the impact of NGLs at LL in the large N, limit using
the parameterization provided in ref. [84]. In figure 3 we show the NNLL spectrum for
quark and gluon jets for g € {0,1,2}. We find that the impact of NGL on the quark jets

In the figure we follow a slightly different implementation than written in eqgs. (2.73) and (2.86) by
letting the collinear soft scale merge with global soft scale for both g}f:gf“ pieces. This still has the same
effect of the two pieces canceling out each other entirely in the ungroomed resummation region, as can be

seen in figure 2 for log,, & > log,, & ~ —1.

,25,



o
o

F NNLL ¢ jet I NNLL ¢ jet I NNLL ¢ jet
06l Pr=600GeV, 7, =0, R=08 Fzu=0L8=1 T zu=018=2 R
J¥ [zw=01,8=0 T T
S| 4f— who NGL I I ]
=L with NGL T — \ I ]
S 02T f/ | N + | CoN .
L 1 1\ I 1 [ ] 1 1 \ ]
L | | \ 1 | | ‘Q I | | N\ 4
’11H}111H}HH}}HH”HH}M}:}w1!‘}1"%1”1111}11‘11}‘111}Hf
F NNLL ¢ jet 4 NNLL g jet + NNLL g jet
06L%u=0.1,8=0 Tzuw=018=1 Tzw=01,8=2 Ei
x =3 I
NIERE:
S| & 04l T \ T B
= \ I \
—|8« \ I \
50.25 ! [ T | | T I I ]
r | | \ | | | |
L | | \ | | | |
oL v T ! Ll i 1 T
4 -3 -2 -1 -3 -2 -1 -3 -2 -1 0
log,o(é) log,((&) log;o(é)

Figure 3. Impact of non-global logarithms on the matched groomed jet-mass spectrum. Here we
treat NGLs at LL and large N, limit. The differences between the solid and dashed curves are
within NNLL perturbative uncertainty.

is very small, while the difference for gluon jets is somewhat larger. As mentioned earlier,
despite the fact that the NGLs appear only in the normalization in the SDOE region, these
differences in their relative impact on quark and gluon jets can lead to modification of
the shape. However, we will see that the differences in figure 3 are well within the NNLL
perturbative uncertainty due to scale variation. (The only borderline case is § = 2 gluon
jets.) Thus for simplicity we not include a; variations in these NGL pieces in our analysis.
We leave a more detailed exploration of NGL effects on groomed jet mass to future work
when higher precision results become available for pp collisions, such O(a?) terms or the
full N3LL resummation.

2.8 Profile functions

In this section we describe the implementation of profile functions [12, 85] as well as the
scheme for varying them to estimate perturbative uncertainty. We will employ the profile
functions described in ref. [43] and review the essential ingredients here. We start with the
two scales piy and g, from which other profile functions will be derived:

uN = en@, Hgs = €ngcut ) (2'87)

where the parameters ey and ey give a handle for varying these scales, as described in the
next subsection. For central profiles, we take en = €45 = 1.

2.8.1 Soft-drop resummation region

We first consider the soft-drop profiles valid in the region £ < &;. The value &j, defined in
eq. (2.7), is the point at which the collinear-soft and global-soft scales merge. To define
the jet-mass dependent soft and collinear scales we first introduce the auxiliary function
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frun(rg) defined by

2
1+ 9) rg <2
frun(rg) = yo( 4y3 g Yo (288)
Ty 2yp <1y <1
Here A
el Qcb (2.89)

Yo = > )

(,U,gs/l GGV) cht
and ng is an O(1) number. We take ng = 1 GeV as the central value for our numerical
analysis. This number governs the point {spnp at which the jet-mass dependent scales will

freeze,
1
248 7 ng \ 18
Esone =&y, = 0( 0 ) . (2.90)
UN \ Hgs
Using the auxiliary function, the central collinear-soft profile p.s(§) is given by
148
&N\ 245
pes(§) = Hgs frun((&)> ) ) &< &. (2.91)

To derive the jet function scale pjy from p.s, we first derive an auxiliary ungroomed soft
scale

ucs(é“))“ﬂ ’ £< g, (2.92)

fe(©) = 1en(©) »

such that the jet function scale is given by

T N pes (£)\ T :
(&) = {MNNS(&)} = | 1N Hes(E) < o ) 1 : £E<&. (2.93)
Finally the collinear function scale ¢ is defined as
_ fhes(§) ﬁ
pe() = ( ! ) (2.94)

Thus pc inherits its variations from pcs and figs.

2.8.2 Ungroomed region

At the value & the global-soft and collinear-soft scales merge, i.e. jics|e, = pigsl¢,- Beyond
this value, we enter the ungroomed resummation region. We first derive the profile for the
ungroomed soft function, us. Following ref. [86] its profile can be written as:

ps(€) = pn FRAN(E), (2.95)
where f{117(€) is given by
z0(1+ £2) € < 21
3 2r9 < § < 11
plain(g) = { ¢ 4 GrrammEa) T <E<m . (2.96)
1- o) 7y < €<
1 r3 < <1
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Here zg corresponds to the point where the scale is frozen in the nonperturbative region.
To be consistent with eq. (2.89), we set it to

no

(kN /1GeV) -

The purpose of this function is to give a smooth transition between the linear dependence

g = (297)

on & for 2zg < € < x1, and a constant value for £ > z3. To this end, we add and subtract
a quadradic function in £ in the regions [x1, 2|, and [z2,x3], respectively. When choosing
values for x1, xo and x3, we must ensure that the transition to the fixed-order region,
whenever possible, starts only after the soft drop turns off, but in addition to finishing
before the jet-mass endpoint at £ = 0.25. To this end, we take z1 = 1.15&p, 3 = 0.2, and
x9 = (21 + 1‘3)/2.4

Analogously to eq. (2.93), the jet scale for ungroomed profiles is derived from ps(&)
profile

1

i 1

) = [ ] (2.98)
such that the jet scale also has the plain jet-mass transition points. In the implementation
of the set of profiles fisq—plain the jet scale in eq. (2.93) will be replaced by the profile in
eq. (2.98) once £ > &y and the global and collinear-soft scales by the ungroomed soft scale
in eq. (2.95).

2.8.3 Profile variation

We now describe the profile variations used to assess perturbative uncertainties. They are
implemented through a set of parameters introduced above,

{ei7047)‘777p7 nO} . (299)

The order in which the parameters are introduced in the section also corresponds with
how they are implemented in the code: the variation of parameters introduced later are
impacted by simultaneous variation of parameters introduced earlier, but not vice versa.
We now turn to describing the effects of varying each parameter.

First, the hard and global soft scales are varied by varying the e¢; = ey = ey, where
we have set ey = eys to prevent the soft-drop cusp point &y from varying. These variations
affect all the other scales derived from these scales, as shown in the previous section, and
below.

Second, we implement an independent variation of the collinear-soft scale, by making
use of a trumpet function fyary(rg):

2(1 —r2), rg < 0.5
fvary('rg) = g 9 s (2100)
14+2(1 —1ry)2, 0.5<r, <1
4We deal with cases with aggressive grooming, such as zey = 0.2 and § = 0, where the soft-drop

transition point can appear in the fixed-order region with 0.2 < & < 0.25 by setting x3 = (0.25 + &)/2.
For yet higher zcuts, when & > 0.25, we set 3 = min{& + 0.1,1}. In each of these two cases we set
T = 1.15&0 < X3 Oor rp = fo < s, and z2 = (3;‘1 +3;‘3)/2.
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Figure 4. Profile functions for pp collisions at pr = 600 GeV. Top panel shows profiles used for
the soft-drop resummed and plain jet-mass cross sections. The bottom panel shows the profile
variations with a (left panel) and with v (right panel) in the soft-drop resummation region.

which implements a variation for r, < 1. Following eq. (2.91), the variation of j., scale is
given by

(€, a) = pgs lfvary ( (5%) %ié)] ) frun ( (5%) %ié) , E<¢&. (2.101)

The choice & = 0 returns the default profile, and varying o = 40.5 allows for variation
in the resummation region up to a factor of v/2. The tilde indicates that this is not quite
the final scale. This is because, as written, the « variation will drive this scale below
the nonperturbative scale ng in eq. (2.89). To prevent that, we re-freeze this scale in the
nonperturbative region:

fes¥ (€, @) = frreene[es ™ (€, )] (2.102)
where
H, H > 2ny
oz = . 2.103
fﬁee e[:u] n0(1+%)’ M<2’I’LO ( )

Having defined a-variation of p.s, the corresponding variations of pj; is derived using
eq. (2.93) by replacing pes — 5™, As mentioned above, these two scales inherit the eg,
variation through the 4 scale.
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Third, we consider the variation that breaks the following canonical relation between
the soft scales: p28 = plt+8 ftgs- It is implemented via a parameter p as follows:

Y (€ 0, p) = [fy((fo)g) )
et (&, 0, p) = frreese [fiea (€, v, p)] -

Here the auxiliary scale fis is defined in eq. (2.92), i.e. without any « variation.

1+B+p 1—p

(ﬂs(g)) e (Ngs)m7

(2.104)

As a final variation in the resummation region, we break the canonical relation between
the jet and the hard scale in eq. (2.93), via parameter v:

1_
W (€ p) = ()2 (Y (60 p) 2

where, analogously to before, the auxiliary scale fy*Y (&, «, p) inherits the a and p variation
from being defined by substituting p.s(§) in eq. (2.92) by pya™v (€, a, p) defined in eq. (2.104):

1
vary \ 1+3
vary Hes o
Hes vary .
Hgs

(2.105)

AP (€ a, p) = (2.106)

Next, we consider profile variation in the ungroomed region. The hard scale is varied
as before using the parameter e;. The trumpet variation of the us(§) scale, defined in
q. (2.95), is implemented only in the ungroomed resummation region {y < { < x3, where

the parameter x3 appears in fP2" defined in eq. (2.96). To this end, we first define

run

1 0<&<&
i »y S0y Tmi ;la 2 ’ <€ <
f\?;f;,n(ﬁ) = C(§ 50 mid ) 50 5 mid ‘ (2107)
C(é?xmidvl’:ﬁ; 25 ]-) ’ LTmid < 5 < x3
1 r3<€&<L<1
where
Tmig = 2 J; =3 (2.108)
and
ai £ < Tstart
2(az—a1)(E—Tstart)* Tstart +Tend
ai + 7 Tstart < & < s E—
(€, Tstart, Tend; 1, a2) = (@ena =astart)” | (2.109)
a - Mgl megal <6< aog
a2 Tend < §
Thus, the profile ps(§) is varied as
A (€, N) = [ £ ()] pin ), (2.110)

but since the variation with A may spoil the freezing in the nonperturbative region, we

must re-freeze the soft scale by taking

P (€N =
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plain

Finally, analogously to eq. (2.105), the variation of the scale p};*" is given by

NI

ain,var 1+ var —
phEEY (e X y) = pd T (Y (€ N) 2 (2.112)

In our analysis, we choose the following profile variation ranges for the six different

parameters:
e; €[0.5,2], ae[-1,1], A€ [-1,0.3], (2.113)
v € [-0.1,0.1], p €[-0.1,0.1], ng € [0.75,1.25] .

We have adopted the same range of variations as in ref. [43], with the exception of A
parameter which did not appear there. A key criterion in deciding the range of variation
is to ensure that the hierarchies among various scales is maintained. We also ensure that
variation does not interrupt the monotonic behavior of the scales or introduce unphysical
kinks. These profiles with the variations are displayed in figure 4. Since it is a priori not
clear how the different variations might affect each other, we vary the profiles randomly in
all six parameters, and take an envelope for our uncertainty.

Figure 5 shows impact of profile variations for each of the parameter for the LL, NLL
and NNLL jet-mass spectrum of quarks and gluons. Note that at LL. and NLL, the shape
and the transition points are governed solely by profile functions entering the RG evolution
kernels. The soft drop cusp for LL and NLL cross section is thus located at &y, whereas
it appears at &) for NNLL once O(ay) terms are included. The end-point of the jet-mass
spectrum for LL and NLL is located at £ = 3, where x3 was defined above in eq. (2.96).
The NNLL curve, being matched to LO non-singular cross section, has the end point at
& = 0.25. The transition to the nonperturbative region, however, happens for the same
jet mass for all of the three orders. Next, since we are normalizing to the inclusive cross
section according to eq. (2.86), and indeed the integral over the curve for the NLL and
NNLL spectra is close to 1, although the integral of the LL curve is around a factor of 20%
smaller. We find that the dominant variation is induced by the overall scale variation due
to e;, the trumpet variation via «, and the variation due to breaking of jet, soft and hard
collinear canonical relation in egs. (2.105) and (2.112) through ~. On the other hand, the
variation of the plain soft function scale in the ungroomed region via A, the breaking of the
soft drop canonical relation via p in eq. (2.104), and the nonperturbative scale variation
via ng lead to subdominant effects. We also notice here a more significant dependence on
the perturbative order for the slope of the spectrum in the soft drop resummation region
for quark jets compared to gluon jets. We will discuss the impact of this effect on ag below.
The analogous profile variation figures for 5 = 0 and 8 = 2 are provided in appendix E.

2.9 Comparison with previous work

We now make a comparison with earlier calculations of the groomed jet-mass spectrum
and list the various improvements achieved in this paper.

1. Resummation and matching: The leading power factorization in the small z.y limit
was formulated in SCET in ref. [40]. In refs. [52, 87] the analysis was extended
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Figure 5. Variations for each of the six different profile-variation parameters individually, for quark
and gluon jets at ppr = 600 GeV, with 8 = 1. Other values of § are shown in appendix E.

by including finite zqy terms in framework of diagrammatic QCD for § = 0 soft

drop at NLL (single-logarithmic) accuracy and matched to NLO fixed-order results.

The finite z.yt pieces were incorporated both at the level of fixed-order perturbation

theory as well as by modifying the resummation kernels in the Sudakov double log

exponent. Using the 1 — 3 splitting functions in the collinear limit, the calculation

in this framework was improved to NNLL accuracy in ref. [88] providing a cross check

for results in ref. [40].

In ref. [58] the groomed and ungroomed jet-mass spectrum

for inclusive jets in pp collisions was calculated at NLL accuracy, and matched to

LO fixed-order results. Formulating the problem in terms of inclusive jets enabled

determination of the absolute normalization up to NGLs.

In our analysis we have performed the state-of-the-art NNLL resummation with the

ingredients available to-date. In order to extend the analysis to N3LL accuracy, we
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need two loop constant pieces of the collinear-soft S7 and global soft S¢ functions for
quarks and gluon jets with generic jet radius R < 7/2, as well as the corresponding
3-loop non-cusp anomalous dimension. This is partially achieved through the calcu-
lation for hemisphere quark jets for 8 = 0 in ref. [36]. However, the 2-loop global soft
constant term calculation for non-hemisphere jets is still lacking.

Next, while our matching to fixed-order results is performed at LO, we have done so
by computing fully analytic expressions for the jet-mass dependent pieces Q&NO «d and
Qﬁ,sd of the inclusive jet function, as defined in eq. (2.28). In the groomed region, we
have analytically captured the jet-mass related power corrections using the doubly

differential groomed jet mass and groomed jet radius result in the rg 2 TN () regime.

~'g
term defined

We have also checked that the finite z.44 power corrections in the AQ“'[”
in eq. (2.58) are numerically insignificant for our analysis. This is consistent with the

K,sd
observation in ref. [37].

. Perturbative uncertainty: Typically, the perturbative uncertainty has been estimated
by varying resummation scales up and down by a factor of two around their canon-
ical values. In ref. [58] the jet scale and the global soft scales were defined as a
function of the collinear soft (or ungroomed soft) scales, and hence their variations
were analogously constrained. In contrast, we have parameterized our variation in
terms of parameters that each probe a different physical effect associated with resum-
mation. Unlike ref. [58] we have also included profile variations that probe breaking
of the canonical relations related to the jet-mass and soft-drop measurements. In
fact, breaking the jet, hard collinear and soft scale relation via parameter v leads to
a variation comparable to other standard variations, and is the main determinant in
the overall perturbative uncertainty in 8 = 0 soft drop (see figure 17). Furthermore,
to avoid being biased by correlations when varying scales one at a time, we consider a
more comprehensive variation by randomly choosing points from the specified range
of profile parameters. We have, however, chosen not to consider variations in the
cusp location as in ref. [34], since this is a kinematically calculable endpoint.

. Transition into the ungroomed region: The problem of consistently combining the
results in groomed and ungroomed regions around the soft-drop cusp has been con-
sidered in the previous literature. In refs. [40] this matching was performed using
numerical fixed-order code, and thus lacked resummation in the ungroomed region.
Refs. [52, 87] did include resummation in the ungroomed region and performed the
matching to NLL ungroomed resummed result. Note that no subtlety in the analysis
of the transition point arises at this order since the entire shape of jet-mass distribu-
tion is described via resummation kernels and the transition can be straightforwardly
implemented using collinear-soft transition point &. The same applies to the NLL
analysis of refs. [34, 58]. Ref. [34] however, did take into account the uncertainty
induced due to differences between the collinear-soft transition point &y and the soft
wide-angle transition point &). Finally, in ref. [24], the transition region was more
closely analyzed by computing the cumulative of the fixed-order soft-drop correc-
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tion AS:&I] in eq. (2.52). Their implementation of matching between groomed and
ungroomed region involved directly using the (cumulative of) AS’:d[l] correction aug-
mented with running coupling corrections. However, this partially resummed result

could not remove in discontinuity in the matched groomed result at O(a?2).

As shown above, our treatment of the cusp using profile functions results in a seamless
transition between the groomed and ungroomed regions, such that the transition
happens consistently at the soft wide-angle transition point & defined in eq. (2.9) in
the matched result. This was possible only after including the resummation between
the soft and the jet scales which was not accounted for in ref. [24] (which can also
be phrased as neglecting the multiple emission contributions). Furthermore, our
results include complete NNLL resummation of Sudakov logarithms across the entire
spectrum.

4. Resummation at the soft-drop cusp: The resummation of logarithms of £ and &
in the cusp region becomes subtle because, similar to the consideration of NGL in
ungroomed jet mass, there can be arbitrary number of widely separated soft subjets
whose angular location must be tracked to determine the outcome of grooming. In
ref. [42] an all-orders resummation was performed for the case of single resolved soft
subjet at “NLL accuracy”. Note that because the groomed jet-mass measurement is
inclusive over the kinematics and the number of resolved soft subjets, the calculation
with a single resolved soft subjet alone does not capture the entire NLL tower of
a?Iln"¢ terms. Nevertheless, this calculation showed that the effect of resummation
is to shift the location of the cusp and cause small variations in the normalization.

Because ref. [42] did not match the cusp-resummation results to the cross sections in
the ungroomed jet-mass region above and the groomed jet-mass resummation region
with collinear-soft modes below, it is not clear how much the impact of resummation
on the location of the cusp really is. For jets of pr > 600 GeV that we consider in
this analysis, figure 6 of ref. [42] suggests a positive shift in & of about 20%. A
proper matching to results for larger and smaller jet masses may render the shift
smaller. Furthermore, a 20% shift may already be ruled out by the ATLAS data
when compared to NNLL theory. Nevertheless, we find that a 20% shift to & is only
about a 5% modification to the range that we use for analyzing sensitivity to the
as. Thus our conclusions derived below while ignoring resummation of the cusp are
expected to continue to hold, though more investigation of this is warranted.

3 Nonperturbative corrections

It was shown in ref. [31] that nonperturbative power corrections in the soft drop resum-
mation region take the form in eq. (1.4). It is helpful to rewrite the NP power corrections
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as [43]
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.2% is the hadron-level jet-mass cross section for flavor x as defined above in

where do
eq. (2.28) and {QF,, TP, T, } are O(Aqep) constants that multiply ry moments of
doubly differential, parton level cross sections dé,/(d¢dry). Here ry = R,/R defined above
in eq. (2.75). The meaning of the parameter ¢ and the function wmax is explained below.
Comparing with eq. (1.4) we see how functions C7, are defined in terms of these moments.
The result in eq. (3.1) is a model independent statement derived from an effective field
theory analysis, and a places strong constraint on any hadronization model. The leading
hadronization corrections are described by the three O(Aqgcp) constants that only depend
on the quark or gluon flavor of the jet, but are independent of zcyg, 8, R, pr and 7. This
implies that one can in principle constrain the parameters {§27,, T?OH, T?l .} by comparing
experimental data on groomed jet mass and theoretical predictions.

The statement of eq. (3.1) is that all the hadronization power corrections can be
descried in terms of these constants, whereas the rg-weighted cross sections multiplying
these numbers are perturbatively calculable and account for the dependence of these power
corrections on grooming and kinematic parameters. The nature of power corrections is
clearly more involved than compared to the ungroomed jets. This mainly results from
the dynamical nature of the groomed jet radius R, in contrast to a fixed jet radius R
in the ungroomed jets, and the requirement to pass the soft drop test at each stage of
de-clustering. As a consequence, the entire power correction has both perturbative and
nonperturbative components. The perturbative component, involving doubly differential
cross sections, is responsible for describing the dynamics of the R, distribution, whereas
the nonperturbative component is parameterized by three unknown O(Aqgcp) constants
at leading order for each of kK = ¢,g. The two terms that are added to the parton level
cross section in eq. (3.1) represent the “shift” and “boundary” nonperturbative corrections
resulting from modification in the jet-mass measurement as well as change in the outcome
of the soft drop test due to hadronization.

The above factorization is valid in the LL strong ordering limit of perturbative
collinear-soft (c-soft) emissions. This captures the dominant “two-pronged” configura-
tion of the collinear and c-soft subjet that stop the soft drop and determine the groomed
jet radius Ry. The ‘..." in eq. (3.1) represent further subleading power corrections which
include effects that are suppressed by higher powers in Aqcp, and corrections at O(Aqcp)
where strong ordering is not obeyed and higher-pronged configurations of c-soft subjets
and collinear subjet contribute. The latter is thus an NLL effect. Nevertheless, similar to
the expansion in number of resolved and ordered soft subjets in resummation of NGLs [89)],
the two-pronged configuration of the “LL factorization” captures the leading nonpertur-
bative power corrections, and is sufficient for the precision studies here. As we will show
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below, the sizes of these hadronization corrections are comparable to NNLL perturbative
uncertainty, which impacts the precision to which these nonperturbative effects can be con-
strained. Hence, any further subleading effects not accounted in eq. (3.1) are well beyond
our current sensitivity. We also note that typically in analytical models of hadronization
corrections, such as in ref. [90], effects of hadron masses are ignored and any “universal
nonperturbative parameters” are understood with additional O(1) fudge factors. In our
case, however, the factorization in eq. (3.1) is more general, and the form of the NP cor-
rections shown above remains the same even if hadron masses are explicitly taken into
consideration because scaling related to R, is governed solely by perturbative dynamics.”

The two terms in eq. (3.1) capture dependence on the groomed jet radius analogous
to how the jet radius R appears in the expressions for nonperturbative power corrections
to (ungroomed) jet mass and jet pp respectively [80, 90]. For ungroomed jets, the nonper-
turbative contribution to the jet mass Q1 (R) is proportional to R, which for groomed jets
is now replaced by ry times QF, in eq. (3.1). The reason a term analogous to jet pr power
correction is present is because for groomed jets, the recoil of the collinear soft subjet due
to hadronization can change the outcome of the soft drop test relative to a reference parton
level configuration, and is of the same order as the effect of shift in the jet mass. The recoil
includes both shift in the c-soft subjet pr s (ignoring the subleading effect on the jet pr) as
well as a change in its direction relative to the collinear subjet, the parton level r, = Ry/R.
These two aspects of c-soft subjet recoil are accounted by the parameters T?,On and T?,m
respectively. Thus, the boundary correction includes a 1/r, dependence familiar from the
1/R correction appearing in the jet pp shift due to hadronization.

Moreover, the boundary effect only appears for c-soft subjets that barely pass or fail
soft drop. As a result, the change in the parton level r, due to c-soft subjet recoil captured
by T?M is relevant only for 8 > 0. The boundary effect can be probed by replacing the
inequality in the soft drop condition by equality. To implement this, we evaluate the double
differential cross section using a shifted version of the soft drop condition (for pp collisions):

Oua(e) = @(min{zi, zi} — & (Agij)ﬁ + {0&7) ) (3.2)

Taking the ¢ derivative then turns this into a §-function constraint. The weight function
Wmax(§,7¢g) = 1 in the region where the r, < r7***(§) defined in eq. (2.76). This condition
ensures that there is a distinct collinear-soft subjet that stops the groomer. The contri-
bution from the region where r, < rg“aX(g) is a subleading NLL effect, which must be,
however, suppressed by hand using this weight function because of the 1/r, enhancement.

These moments being perturbative quantities can be in principle computed to arbi-
trarily high accuracy. Despite the fact that beyond LL factorization in eq. (3.1) there
are subleading corrections arising from higher pronged configurations, a more precise com-
putation of these weighted cross section allows one to accurately capture the dominant
geometrical effect of soft drop, and account for some of the higher order terms. These

SHowever, the hadron mass effects do complicate the relation between the NP constants that appear in
eq. (3.1) from those in other groomed observables, for example, angularities. See ref. [91] for how hadron
mass effects are incorporated in operator-based analyses.
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Figure 6. Weighted cross sections for shift and boundary power corrections. Vertical lines denote
the extent of the SDOE region.

moments were first computed in ref. [31] at LL in the coherent branching framework. In
ref. [43] the problem of computing the r, moments as a function of jet mass was cast into
a computation of the double differential cross section. Ref. [43] developed the effective
field theory for doubly differential cross section and used it to compute these moments at
NLL’ accuracy. We have already reviewed and utilized some aspects of this EFT setup
in section 2.7.2. The calculation was further improved in ref. [44] by matching the dou-
bly differential cross section to the ungroomed region, including an improved treatment of
the cusp region along the lines of the analysis presented in section 2.7, and extending the
resummation to NNLL accuracy. In what follows we will make use of results from ref. [44].

To assess the jet-mass dependence and the size of the NP power corrections in eq. (3.1),

we write
1do, 1d6, QF 1d61,. YPo.+B8YP,. 1 déa

0. A€ 6. A€ 1GeV 6, dE 1GeV 6, dE

and the coefficients of the NP parameters, (1/6,)déd;,/d€ for i = 1,2, are defined by the
functions that appeared in eq. (3.1). The weighted cross sections for the two effects are

(3.3)

shown in figure 6 for quark and gluon jets. The orange and blue bands denote the perturba-
tive uncertainty associated with the NNLL calculation, ignoring subdominant NGL effects.
The vertical lines mark the extent of the SDOE region given in eq. (4.1). Comparing with
the results in figure 5 we see that these weighted cross sections in the SDOE region are
about factor of 10 smaller than the leading parton level cross section. Thus, as expected,
for O(1 GeV) values of these parameters, these corrections are small in the SDOE region.
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4 Sensitivity of matched jet-mass cross section to o

In this section, we consider how the various theoretical uncertainties translate into un-
certainty on the extraction of as. We will state results for two ways of normalizing
the cross section, as shown in eq. (1.5), namely either using the inclusive cross section
Tincl(pT, ) Or the cross section obtained by integrating over the fit range of jet-mass values
Thiteg (PT, 1, €3DOE, &))- The fit range that we consider for o, analysis is given by

2+8
¢ € [éspor, &) £spDOE = &spNp O 1P, (4.1)

where {gpnp was defined in eq. (2.90) and & in eq. (2.9). Here the factor of 5 has replaced
the strong inequality in eq. (2.11). The choice of 5 is motivated by analyzing the impact
of perturbative uncertainty in the shift and boundary corrections shown in figure 6. For
¢ < &spog defined in eq. (4.1), the perturbative uncertainty grows and leads to poor
description of these two effects in the SDOE region.

Since it will be useful to consider the individual quark and gluon components of the
cross section for these two choices of normalization, we also utilize eq. (2.27) and write

L& to dog | Tg doy. (4.2)
Oinct dprdnd§ o d§ o d§

1 3o zq doy zg dog
"\ dp+dnd = fitrg di + fitrg J¢ (43)

Titrg (§sDOE, §)) dprdndg Oq § Oy dg

where oinc1 and ogire Were defined in eq. (1.7), the ol are defined such that
1 dJH £ 1 doy

de— 9% _ 1 / de— 0% _ 44
/ 0—11’1C1 df spom ﬁtrg df ( )

To summarize the different scales, we have, in order from smallest to largest
o &spnp defined in eq. (2.12) is where the nonperturbative effects become order 1.

o &spog defined in eq. (4.1) is the lower end of the fit range, where nonperturbative
corrections can be treated in a systematic power expansion.

o & defined in eq. (2.9) is the location of the cusp, where soft wide-angle emissions
become relevant. It is the upper end of our fit range.

o & defined in eq. (2.7) is the transition point where the collinear-soft and global-soft
functions merge into a single soft function.

o &po = w3, with z3 defined in eq. (2.96), is the point where fixed order perturbation
theory is accurate. For £ > £po there are no large logarithms.
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Figure 7. The «, dependence of the normalized jet-mass spectrum of quark jets (top two rows)
and gluon jets (bottom two rows), for various logarithmic orders (columns) and with different
normalizations (rows 1 and 3 use the inclusive cross section normalization, while rows 2 and 4 are
normalized in the fit range). Solid curves show matched jet-mass spectrum for az(mz) = 0.118,
while dashed curves correspond those with a £10% variation in as(mz). The start and end points
of the fit range in which the curves are normalized is indicated with vertical lines, for each value of 5.

4.1 Quark- and gluon-jet dependence on o

Before analyzing the theoretical uncertainty on c; measurement using soft-drop jet mass,
let us pause to discuss how the jet-mass spectrum provides sensitivity to a;. For example,
a leading logarithm approximation for 5 = 0 gives (cf. eq. (C.18)),
dofy
dlog(§)

where a,, is a {-independent constant. This estimate shows that the LL formula predicts

as(1)Cr Qs

X exp —%aﬁlogg = (4.5)

the slope of the jet-mass spectrum to be proportional to ay, as was pointed out in ref. [92].
One can wonder whether this estimate carries over to NLL and NNLL predictions.
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Figure 8. Variation of the quark fraction that would give a similar change as a certain variation
in as. We take the central values to be a 51% quark fraction and 49% gluon fractions, and the grey
lines represent a one percentage-point variation in the fraction.

To analyze how the slope of the jet-mass spectrum changes from LL to NLL to NNLL
we give results for spectra at these orders in figure 7. To get a visual idea of oy sensitivity,
we also show variations of as(mz) by £10% by the dashed curves around each central
solid curve. For quark jets, we notice a striking feature: while the estimate from eq. (4.5)
can be argued to roughly hold for the LL curves with 8§ = 0 (varying the slope of the
spectrum in the resummation region by £10% gives a similar change as varying as(myz)),
the approximation is not useful at NLL and beyond, since the jet-mass spectrum flattens
out. Thus, normalizing cross sections in the fit region washes out almost all dependence
of the quark-jet spectrum on «y, and the only sensitivity comes from the area under the
curve in this range. For gluon jets, on the other hand, a linear dependence on « persists
at higher logarithmic orders.

4.2 Variation with quark/gluon fraction

To assess how « sensitivity changes with variations to the quark and gluon fractions, we
calculate the values of x? that are obtained by varying the fraction, and compare with the

x? values obtained by varying oy, as shown in figure 8. The dependence is roughly linear,

dog
Qg

would result from a variation in the quark fraction of roughly 4%. This value is consistent

with the quark fraction satistying z, ~ 0.514-2°%s, which shows that a 1% uncertainty in o
with the previous observation that gluon jets are more sensitive to the variation in ag, from
which we arrive at the estimate that any given percentage uncertainty on the quark/gluon
fraction propagates to less than half of that value for the corresponding percent uncertainty
in ag. Given the small uncertainty on the quark/gluon fraction discussed in section 2.2,
we find that this is a subdominant uncertainty for the extraction of aj.

4.3 Variation with profile parameters

To estimate the uncertainty in the theoretical calculation, we vary scales using profiles
as described in section 2.8.3. In figure 9 we show the combined perturbative uncertainty,
obtained by taking the envelope of the curves obtained from random profile parameter
choices from within the ranges given in eq. (2.113). We observe that, as expected, the
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Figure 9. An envelope of the profile variations for quark and gluon jets respectively, at L1, NLL
and NNLL. The perturbative uncertainties are only shown just beyond the fit range considered for
ag-sensitivity analysis. The pinching in the uncertainties in the plots in the right column results
from the fit range normalization.

uncertainties decrease as the order increases, and that the central NNLL curves are within
the NLL uncertainty bands in the jet-mass region to be used for the «y fits.

In figure 10, we show the NNLL jet-mass cross section for 8 = 0,1, 2, with the bands
corresponding to the envelope of results from the random scan of profile parameters, as
specified in section 2.8.3. As in figure 9, in the right column we show spectrum normalized
in the fit range (shown as small vertical lines). As a result of fit-range normalization, the
perturbative uncertainties are significantly reduced. However, we will see below that it
also dramatically decreases the sensitivity to g, especially for quark jets where the NNLL
spectrum is much flatter in the fit range. We notice that as we move to smaller jet masses
towards the nonperturbative region, the bands grow in size. This is due to small scales of
a; probed in the region.

4.4 Variation with the nonperturbative parameters

We note that the NP factorization is valid only in the SDOE region. At even smaller jet-
mass values, the nonperturbative contributions become large, since corrections in higher
powers of Agcp are no longer suppressed, and both perturbative and nonperturbative
components must be treated on equal footing. As described in section 2.1, this happens for
jet masses & < &gpnp where the collinear-soft subjet itself becomes nonperturbative. To
stay well away from the SDNP region, we require the condition given in eq. (2.11). More
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Figure 10. An envelope of the profile variations for quark and gluon jets, for different values of S.

specifically, we implement NP corrections only in £ € [£gpor, &)]. We take the factor of 5
in eq. (2.11) as a substitute for the strong inequality.

Ideally, we would like to fit the cross section to the nonperturbative parameters Qf,,
T?OH and T?M. This fit would, however, involve seven different parameters; «; along with
three nonperturbative constants for quark jets and three for gluon jets. Such a fitting of the
jet-mass spectrum to seven parameters, using available collider data, would be challenging.
Given the uncertainty on the experimental data, it does not seem viable to expect an
extraction of all seven parameters simultaneously from the SDOE region alone. A possible
solution to this problem can be to make use of the SDNP region. It will be very interesting
to work out the relation between the NP parameters in the SDOE region and the shape
function that appears in the SDNP region [31, 40]. Such an exercise will prove immensely
useful in being able to better constrain the NP parameters, as the hadron and parton
level curves differ significantly in the SDNP region. Note that this cannot be achieved by
simply extending the SDNP shape function to the SDOE region as has been considered
earlier [40, 58], see ref. [31]. We leave this exploration to future studies.

One might consider varying the nonperturbative parameters in the GeV range, thereby
covering all possible values of these parameters on the order of magnitude of Agcp, as
a probe for the uncertainty induced by not including the nonperturbative corrections.
However, we found that such variations bury all predictions in an immense uncertainty.
This fact can be understood from eq. (3.1): the cross section is linear in the nonperturbative
parameters and hence an uncertainty band from a variation of 2GeV will be roughly 10
times larger than a variation of 200 MeV.
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Figure 11. The dependence of the cross section on nonperturbative parameters. The start and
end points of the fit range are indicated with vertical lines.

Furthermore, a blind variation of these parameters is somewhat naive. In ref. [31],
by considering various combinations of parton showers and MC hadronization models, it
was observed that these parameters exhibited strong correlations. For example, while the
shift correction is expected to be positive, the sign of T?OH parameter turns out to be
negative. While the sign of this constant is not constrained from the derivation of the NP
factorization, this observation is consistent with the negative shift observed in the py of the
ungroomed jets [90].° Additionally, as can be seen from the shift and boundary corrections
in figure 6, the weights have approximately similar size, and the fits to MC hadronization
models in ref. [31] for quark jets also resulted in similar absolute values of QF, and T?Oq
parameters. This cancellation is why the § = 0 for quark jets in MC simulations has
almost negligible hadronization corrections in the SDOE region. This shows that mMDT
(8 = 0 SD) does not intrinsically make the groomed jet mass perturbative, but rather
that (in MC) the very tiny hadronization corrections result from (an almost accidental)
cancellation of two distinct physical effects of shift and boundary corrections. This is also
confirmed from a more recent updated analysis in ref. [45] of these NP corrections using
NNLL calculations of the weighted cross sections multiplying these parameters in eq. (3.1).

Hence, instead of a blind variation we will incorporate these observations from the
above-mentioned studies with hadronization models. Our approach will therefore be to es-

®Roughly speaking, the negative sign in the jet pr results from a recoil effect and a consequence of
accommodating an additional NP particle for a fixed energy budget of the hard scattering.
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timate the uncertainty due to the nonperturbative corrections by comparing results without
power corrections to results using values for the power correction parameters from Monte
Carlo simulations. Explicitly, we use the default tune of Pythia 8.3 to fit for the param-
eters QF,, Ti@,on and T?M following the analysis in ref. [45]:

Tg=055GeV, TP, =-073GeV, TP, =090GeV, for quarks, (4.6)
Ty =091GeV, TP, =-024GeV, TP, =0.90GeV, for gluons. (4.7)

As remarked above, the signs of (27, and T%On are opposite. This fact turns out to work
in favor of reduced uncertainties, since the two of the nonperturbative correction terms in
eq. (3.1) always partially cancel. Such correlations between the parameters also explain
why these values, despite being different from the ones in ref. [31], give similar corrections
to the partonic spectrum for quarks. We also note that the differences between these values
and from those in ref. [31] are compatible within perturbative uncertainties, see ref. [45].
The values quoted in egs. (4.6) and (4.7) make use weighted cross sections in eq. (3.3),
shown in figure 6 computed to NNLL accuracy, instead of just LL accurate coefficients
used in ref. [31].

Figure 11 shows the effect of including these values of the nonperturbative parameters.
We can see that these parameters have a larger effect at smaller values of jet mass, as
expected, but also that the overall size of the effect is in general smaller than the scale
variations shown in figure 9. We estimate the nonperturbative uncertainty on the measured
value of oz from the difference between our reference parton-level curve and a “hadron level
curve” obtained using the values in egs. (4.6) and (4.7). Such a procedure may overestimate
the uncertainty, as the parton-level curve, without any nonperturbative corrections, cannot
be correct. But it may also underestimate the uncertainty, as values larger than these may
be more accurate. Note that when comparing the 5 = 1 results in figure 11 to those showed
for Pythia 8.3 in figure 1, both the partonic and the hadronic curves are different. The fit
to Pythia are used here only to get the nonperturbative constants €27,. and T?OH and TCI@J -

Note that our treatment here is not the same as using Pythia to account for NP power
corrections, as has been done previously, for example in ref. [87]. We only use the values
above as a useful guide for the size of these effects, while still employing the NNLL results
for the weighted cross sections that multiply these constants. The same conclusions will
follow if we use results of fits from other combinations of hadronization models and parton
showers. Ultimately, our goal here is to show the typical size of these NP corrections,
and the irreducible uncertainty on ay that follows, should we not choose to fit for these
parameters. Our choice for Pythia is partially motivated by the observation in ref. [45]
that fits performed with are found to be consistent with the universality predictions of
eq. (3.1) that the NP constants be independent of z.., there be a linear 8 dependence
of the boundary corrections, and that they be independent of production process (such as
quark jets in ete™ — qq vs. pp = Z + q jet).

4.5 Statistical analysis

In order to determine the sensitivity to ag, we first quantify the deviation of different
variations from a central curve. Our central curve is calculated using the default profiles
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Figure 12. Values of x? obtained by varying as(myz). Left panels show quark jets and right
panels show gluon jets. Upper panels normalize to the inclusive cross-section, while lower panels
normalize to a fixed jet-mass fit range in the SDOE region. When normalized to the fit range, the
quark jets loose sensitivity to s as seen from the different y-axis scales in the left panels. The
bottom panels also show that both quark and gluon jets loose sensitivity to as when cross sections
are normalized in the fit range, whereas this is not the case when the inclusive cross section is used
for the normalization.

in section 2.8.3. To imitate a potential comparison with collider data, we split the range
&spor to &) into a number of bins npiys = 10. After integrating the cross section over each
bin and dividing by the bin size, we obtain the nyi,s-dimensional vectors Ag. and Ad, of
cross-section values in each bin, for the central and variational values respectively. The x?
value is calculated as

P (AGe, AG) =

%

(4.8)

For the profile variations, where we perform a scan, probing a random variation of all
parameters simultaneously, each point in the scan will give a certain x? value. In that
case, we determine the y? to compare with other variations as the value for which 90% of
the x? values are contained within. We then compare the y? values with that obtained by
a variation of the full cross section with a, and estimate the uncertainty in the theoretical
extraction of o, as the variation which gives the same x? value.

We show a scaled x? value corresponding to as(my) variations for quark jets and gluon
jets in the left and right panels of figure 12 respectively, for the two different choices for
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Figure 13. Uncertainty in a(mz) due to profile variations and nonperturbative-parameter uncer-
tainty, for different values of 3, for the normalized soft-drop jet-mass cross section.

normalizing the cross section (upper versus lower panels). For quark jets the sensitivity to
a, is dramatically larger when normalized to the inclusive cross section, as compared to
normalizing in the fit range. Quark jets normalized in the fit range also loose sensitivity
to a; as the order is increased from LL — NLL — NNLL. For both quark and gluon jets
the sensitivity is largest at NNLL when normalizing to the inclusive cross section. We will
elaborate on these points in more detail below, as well as considering other values of j.

4.6 Final results for oy uncertainties

Summaries of the aggregate uncertainties on ags(my) as we vary f3, zeyy and pr are shown
in figures 13-15, respectively. Both the perturbative and nonperturbative uncertainties are
obtained by comparing the x? values obtained by the method described in section 4.5 to
the ones obtained by varying as(myz). Each figure shows the result for quarks and gluon
jets separately, and with two different choices of normalization as presented in eq. 1.7.

As discussed before, the quark jets lose sensitivity to variations in ag when the spec-
trum is normalized in the fit range, i.e. in the range £ € [{spor, &) as defined in 4.1. Since
the spectrum is close to being flat at NNLL in this range, and the shape is largely indepen-
dent of variations in ay, both the perturbative and nonperturbative corrections are large
when using the fit-range normalization, and much smaller for the inclusive normalization.
This feature is not present for gluon jets since the spectrum is not flat, as was seen in fig-
ure 7. For gluon jets, the uncertainties obtained using inclusive normalization and fit-range
normalization are of the same order of magnitude. Since data includes contributions from
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both quark and gluon jets, there is a clear preference for using the inclusive norm in future
as(my) analyses. The size of the perturbative uncertainty that we find on as(myz) is also
of the expected size for a NNLL level calculation. For example, it can be compared to the
ete” thrust fits of ref. [12] which were done at different orders, where an 8% uncertainty
on a,(my) was found for a fit at NNLL.” This value is of the same size as the uncertainty
we find for quark jets with the inclusive norm, which is the relevant comparison.

We can also ask how the uncertainties vary with different soft-drop parameters 8 and
Zeut, to identify the ideal parameters for a potential measurement. These results are shown
in figures 13 and 14. We do not see any particularly compelling trends of note for the
variation with zcut, so simply fixing z.yy = 0.1 likely suffices for ag analyses. For 5 = 0,
it looks like the dominant uncertainty is perturbative, while for higher 5 the perturbative
and nonperturbative uncertainties are more comparable. In particular, for the favored
inclusive norm choice we find that nonperturbative relative to perturbative uncertainties
are: comparable for § = 2, roughly half as large for § = 1, and as much as a factor of
eight smaller for 8 = 0. Note, however, that for 5 = 0 there is a strong cancellation
between Qf, and T?Oq which have similar magnitudes and opposite signs, making the
precise nonperturbative uncertainties quoted for 8 = 0 more sensitive to the numbers
used for these parameters. Our numbers for the nonperturbative corrections should be
interpreted as estimates only, since their values are obtained using fits to Monte-Carlo
data from Pythia 8.3. To improve the estimate of uncertainty, one can, for example, try
to fit some or all of the nonperturbative constants 27, T?,On and T%H. At present, the
values obtained in Pythia 8.3 as given in eq. (4.6) and (4.7), give a sense of the order-
of-magnitude of the expected uncertainties due to hadronization corrections. The values
were fit using multiple 3, zcyt and pr values. Our results should be taken as motivation
to independently analyze data obtained with different values of £, in order to compare the
consistency between the resulting values of a,(my).

A similar pattern for the uncertainties is seen at other values of pp, as can be seen in
figure 15. In general, it will be important to simultaneously include data from multiple
different bins in py when fitting for as(myz), in particular if one attempts to reduce the
nonperturbative uncertainty by simultaneoulsly fitting for those parameters.

5 Implications and conclusions

We studied the prospects for a precision measurement of the strong-coupling constant as
in pp collisions by computing the soft-drop jet-mass distribution to NNLL order. Since
this observable greatly reduces sensitivity to hadronization corrections compared with its
non soft-drop counterpart, one can hope to use a wider range of jet-mass values m?, for
extraction from data. We estimated the theoretical uncertainties on an « measurement at
the LHC, using a field-theoretic factorization-based framework for both perturbative and
nonperturbative effects. We rely on Monte-Carlo simulation only to give a ballpark measure
of the nonperturbative parameters, exploiting factorization to predict how nonperturbative

"This 8% uncertainty on as(mz) at NNLL is reduced to 4% at NNLL' and 2% at N3LL’, and finally to
1% after removing renormalons [12].

— 48 —



effects are modified by the jet kinematics and jet grooming. We use scale variations for
the perturbative uncertainty, and estimate of the quark/gluon fraction uncertainty with
variation among PDF sets.

To study the possibility of getting a precision g measurement, we computed the re-
summed jet-mass cross section to the current state-of-the-art of NNLL for pp collisions, as
outlined in section 4. Uncertainties on as can be seen in figures 13—15. The perturbative un-
certainties were estimated using profile functions for the scale variations, as explained in sec-
tion 2.8. At this logarithmic order for z¢,t = 0.1 and pr = 600 GeV, we find the perturbative
uncertainties to translate into anywhere between 6% and 16% uncertainty on «; in potential
measurements, depending on which value of 5 € {0, 1,2} is chosen. If the cross section were
known to higher logarithmic order, the perturbative uncertainties would be correspondingly
smaller, perhaps by as much as a factor of 2. As discussed in section 2.9, some ingredients
for a soft-drop N®LL cross section are still lacking: the functions S% and S& that appear in
the factorization formula in eq. (2.61), are missing the two-loop-constant contributions, and
the three-loop non-cusp anomalous dimension. These pieces have been computed in ref. [36]
for 3 = 0 with hemisphere quark jets in e™e™, while for pp colliders one would need the anal-
ogous results for gluon jets at small R, as well as the two-loop global-soft function constant
for quark jets at small R. As noted above in section 2.7, at this order the NGLs may also be-
come relevant and will need to be accounted for. Finally, for a complete prediction for soft-
drop jet mass measured on inclusive jets, the results above will need to be combined with
the production hard function, PDFs and the DGLAP evolution of the inclusive jet function.

An important finding of our work is how normalizing the jet-mass spectrum affects the
uncertainties. If we normalize to the range in which «y is to be fit as in eq. (1.6), the sensi-
tivity to ay is greatly reduced for quark jets, compared to an inclusive normalization as in
eq. (1.5). The reason is that the quark spectrum flattens out at NNLL order, so even though
variations in a; affect the slope and the height of the jet-mass spectrum, changing «; has
a very little effect on this fit-range normalized flat spectrum. However, when we use the
inclusive normalization, additional information is included: the total number of jets in the
sample, which by itself does not have a strong dependence on «a. This choice therefore re-
tains sensitivity to ag, as the height of the spectrum in the fit region changes with variations
in ag. One might be concerned that using the inclusive normalization makes the prediction
sensitive to a region outside of the fit range, where the theory uncertainty is large. However,
since soft drop never vetoes a jet entirely, one does not actually need a prediction of the
shape outside the fit region at all; one can simply count the total number of jets falling in the
respective ppr-n; bin. Since the ay sensitivity is superior with the inclusive normalization
than with the fit-range normalization this suggests that utilizing the number of jets in the
fit range compared to the total is critical to measuring «s. This partially explains why gluon
jets are not better than quark jets for measuring o, despite their more complicated shape.

A novelty of this work is how the nonperturbative effects are incorporated using model-
independent power-corrections, as constructed in ref. [31] and presented in eq. (3.1). The
framework relies on six constants, Q7,, T?,Om T%K (with k = ¢, g representing values for
quarks and gluons, respectively), which cannot be computed using first-principle methods.
For our analysis we used the values obtained from Monte-Carlo extractions in Pythia 8.3
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from ref. [45]. These values were only used to estimate the nonperturbative uncertainty on
an «,; measurement due to lacking information about these nonperturbative parameters,
as shown in figures 13-15. For example, for 8 = 1 we find around 3% nonperturbative
uncertainty for quark jets and 8% uncertainty for gluon jets. Other results can be found in
the figures, and we note that they do depend on 3, but are fairly independent of z.yt and pr.
While these give us rough estimates of the expected uncertainty due to the lack of knowledge
of nonperturbative corrections, the specific values should not be taken too literally, as they
rely on input from a Monte-Carlo hadronization model. These uncertainties are improvable
as they can, in principle be measured. If the data is good enough, one could fit some
or all of the nonperturbative parameters which could dramatically help improve the aj
measurement. The best prospect is perhaps obtained if the data can be acquired with
very fine binning so that one can remove biases from the nonperturbative parameters while
retaining sensitivity to the perturbative o, sensitive cross section.

Our results for uncertainties on « can be used as motivation for higher order pertur-
bative computations that would enable fits to be extended to N3LL. In particular, from
figure 13 we note that § = 0 has the smallest nonperturbative uncertainty, being dominated
by the perturbative uncertainty by a large margin. This conclusion relies on the abnor-
mally small nonperturbative effects for 5 = 0, which arise due to a cancellation between
positive and negative nonperturbative parameters. The negative sign is predicted by fits
of the hadronization parameters to various Monte Carlos, and the exact magnitude of the
cancellation may not be robust. However, even if one triples the size of the nonperturbative
uncertainties we find for the § = 0 case, one still concludes that extending pp results for
=0 to N3LL is the best target for carrying out higher order perturbative computations.

One strategy to perform the extraction on pp soft drop groomed jet-mass data would be
to carry out independent fits with different values of 8 and fixed 2.yt = 0.1, while simultane-
ously including multiple bins in pr and different rapidities 7. The use of rapidity bins gives
different quark/gluon fractions and possibly enable the study of a quark rich region [93].

Summarizing we find a combined uncertainty of around 9% for quark jets and 16% for
gluon jets with the inclusive normalization. Combining these findings, we therefore con-
clude that a current theory computation would result in around ~ 10% uncertainty on «,
which is roughly an order of magnitude higher than the state-of-the-art extractions from
lattice QCD and from thrust and C-parameter data in e*e™ collisions [19, 20]. Our estimate
of the uncertainties is comparable to the experimental uncertainty on the TEEC measure-
ment [17], and it would be interesting to carry out a similar analysis of the theoretical uncer-
tainty of a; measurement using TEEC. While a precision-a measurement from soft drop
groomed jet mass in pp colliders does not compete well with other methods at present; more
experimental data and higher order perturbative calculations will make an a, extraction us-
ing soft-drop jet mass more compelling in the future. In particular, the data could be used
to reduce the nonperturbative uncertainties by fitting for the model-independent nonpertur-
bative constants from eq. (3.1), and the computation of the missing two- and three-loop in-
gredients to achieve N3LL accuracy could bring the theory uncertainties down as well, thus
obtaining high precision data and carrying out a sustained theory effort is well motivated.
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A Fixed order results

Here we derive one-loop results for the groomed and ungroomed jet mass in the fixed order
region in egs. (2.31) and (2.33).

A.1 Matrix elements and phase space

In the following we will limit to O(«s) and hence consider splittings i* — jk, where i* is
the jet initiating parton and j is the softer of the two final state partons. We identify two
logarithmic variables, the jet mass and the energy fraction:
q; S
2 2 J _
s=pp=@i+p)°, T=+%, Y=_3, (A1

1 1 J Q QQ )
where @) was defined above in eq. (2.1), and we follow the light cone decomposition defined
in egs. (2.34) and (2.35). We will find it convenient to work with the dimensionless variable
y. In the limit when j becomes soft, the jet mass can be expressed in terms of the plus

component of the softer parton:
qr
s = Qqf y = é , (soft limit) (A.2)

with = being the same as in eq. (A.1).
Next, the squared matrix element in the MS scheme for the i* — jk in collinear limit

is given by g ) e
Sl =L Bite). o= () (A.3)
J
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where

P, (z) = Cp [H(lx_z)z - ex} ,

N x 11—z
Pyy(x) =Caq . —i—x—i—m(l—:c)} ,
Pyy() = nyTr |22 + (1 — 2)° — 2ea(1 x)] . (A.4)
The two-particle phase space for collinear radiation is given by
eVE 2N\ dxdy
L og2 2 qpg O‘S ( a ) _ A5

where the pre-factors are included for later convenience. We will also need the expression
for one-particle soft emission phase space:

1
Q2 29 Leu2€dq)5 (:L‘ y) 2 L€ 2¢ (Aﬁ)
B % e <) dl‘ dy
21—\ Q) ylteae’
The soft limit of the splitting functions that survive at leading power are given by:
A~ 2CF A Ca
PO (z) = =, PO(z) = —=. (A7)

X

For g* — gg splitting we also have another soft limit from z — 1 which compensates for
the factor of 2.

A.2 One-loop result for the ungroomed jet mass

We evaluate here the inclusive jet function for a jet clustered by kr-type clustering and
yielding the jet-mass dependent variable £&. We have cases where one of the partons after the
1 — 2 splitting leaves the jet, in which case the energy fraction retained by the jet z < 1 and
when both the partons remain in the jet. We first consider the case where both the partons
are present in the jet. In terms of the 2-particle phase space variables defined above, we have

G (e, Qi ) = s (2g?) [ S (57 By ) ) BE )06
’ (A.8)

The energy fraction z of constituents clustered with the jet is set to one for this case. In
the second line we have the measurement function for an ungroomed jet. This involves
the jet clustering constraint given by

Okr(z,y) =O(2(1 —2) —y). (A.9)

The —§(§) term corresponds to virtual contributions. This calculation, in fact turns out
to be precisely the same as that of the collinear function introduced above in eq. (2.78),
such that

Gl (2.€,Q, 1) = 6(1 — 2) C*(€.Q. 1) (A.10)
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The result for quark jets was calculated in ref. [43], giving

« 7T2
CT1E.Qu ] = 3(6) + s(gﬁcf”’{a(s) (328+3La+3 - o2 ) (A1)
+O(1 - 4¢) [— 2£1(6) + Lo(6) (4G ) - Svi- 45)] } ,
where
Lo= | (A.12)

Q?
The result for k = g is given by®

_ as(p) 50 67 57 10

+O(1 - 4¢) l —2CAL1(&) + Lo(&) (4CA log (@)

RN Wg@)] } (A13)

Including the other cases where one of the partons is outside the jet, we have

Gikosa (2, @:6,10) =6(8)[5(1 = 2)+ I}V (2, Q)] (a14)
+a;iF5(1_z){6(§)(—3+7;2>
+O(1-4¢) l—2£1(5)+50(§) (an(25=5) —;’M)H
G Nosa(5:Q:6:) =0(6) [5(1—2) + I (2,Q, u)}
Loy {5 (D)) voa-19 [—2@151(@

+£0(§)(4CA10 (Hﬂ) BO\/ﬁ+CA Z”fTFg\/ﬁ>H

Here J, is the inclusive jet function and the one-loop results can be found in ref. [59].
Thus, we can read off the parts that correspond to G, function defined in eq. (2.17)
yielding the results given in eq. (2.31).

A.3 One-loop result for the groomed jet mass

We now include the soft drop grooming condition in eq. (A.8):
Grot ™ (2,Q,€ aq) = 0(1 — 2)u*15(29%) /d@c (@.9) (ZPM ) (A.15)

X Oy (2,9) [Osa(,4)d(E — y) + Osa(, y)d(&) — 6(8)]

8We are grateful to Lorenzo Zoppi for this result.
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The soft drop constraint for either pp or ete™ collisions can be written as

@Sd<x,y)=@<mm{“’“}—§o< 4 >ﬁ> Ou(z,y) =1 - Bua(z,y),  (A.16)

xr1 + To dxq19

where the variables z1 2 are given by

zyC? 1—x (1- r)y¢? x
5 Tt z2(z,y) = T3 (A.17)

¢ in was defined in eq. (2.10) and & in eq. (2.7).

Including the other case when one of the partons leaves the jet, we re-write eq. (A.15) as

gn,sd (Z, Qa 57 as) = gn,Nosd (Z, Qa Ea as) + 6(1 - Z)Agn,sd (Qa ‘fa O‘s(#)) ) (A18)

where the first term is the result for ungroomed jet-mass measurement given in eq. (A.14),

zi(z,y) =

and the second, finite piece being the remainder that depends on the soft drop condition:

$0ua@ ) =2 () [ (5 )

X Opy (2, 9)Osa(z,y)[6( —y) — 6(€)] - (A.19)

To proceed further, we consider the result for eq. (A.15) in the soft limit, which will also

be useful for other results for the soft function in the ungroomed region. Since soft-drop
to O(zcut) affects only the soft radiation, the soft limit of the above result will properly
capture all the divergent and logarithmic parts of the cross section, and the remaining
parts will be finite. The soft limit is found by letting z < 1 in eq. (A.15) and retaining
the pieces that survive in the leading power,

G0, @.6.00) =001 — pceg?) [P (57 p0 ) (20)
x B (2,9) [0 (, 9)3(€ — y) + O (, 9)3(¢) — 5(¢)],

where the constraints are now given by

50) B —(0) _ 9 B =5 % A
On(@y) =0 —y), 64y =0(y+z-& y77). (A.21)
We now re-write eq. (A.20) as

GO (2 Q,¢,a5) = (1 - 2) [g,ﬁ?gosd (€,Q.as) + A6V (€. Q, as(u))] . (A.22)

where the first term on the r.h.s. corresponds to the soft limit of the ungroomed jet-mass
measurement and the splitting functions in eq. (A.8) (for the case when both the partons
are in the jet). Similarly the second term is the soft limit of the result in eq. (A.19). The
first piece is simply the ungroomed soft function written in terms of &:

sCh 1 L 2 2
G Rosa (€ @) = 25— {6(5)(— R T A GRS 4&(&)} ,

(A.23)
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with Lg defined above in eq. (A.12), and the finite remainder being

€VE 2¢ oo T o
AG, (€ s() = - 225 7 (”) /0 dy 50) )0 (@) [5(6 ) —5(E)]

™ Pl-e\Q (wy)*e o
2 1)
_ o [@(’56 _;)@(5) 1n<(1+<2) K%) " 1] +1>] R

The soft drop and jet clustering conditions ensure that x is never allowed to be more than
one, hence the upper limit can be sent to co. As a result, just as eq. (A.23) is simply
the ungroomed soft function, so is this term nothing but the result for O(ay) soft drop
correction in eq. (2.52) with the replacement ¢ = ¢*/Q. This term thus will be correctly
reproduced by the resummed cross section in eq. (2.57) in the fixed order region.

Thus, we can evaluate the non-singular correction in eq. (2.58) by subtracting
eq. (A.24) from eq. (A.19). Doing so regulates the soft singularity at  — 0, and thus
we are able to numerically integrate the remainder to obtain a residual fixed order correc-
tion that vanishes as £ — 0:

AGHH = AGa (€, Q, as(n) — AGY) (€, Q. as(n) (A.25)
_ Qs | [dr v VP (x - pO
—%[/0 §;<@R< ) Pin(a) — 09 (2, ) PV (@) |

+

where the integration region is specified by the following constraints involving the soft drop
(failing) and jet clustering conditions:

Or(z,y) =0 (x(1 — z) — y)Osa(z,y), (A.26)
O (a,y) = O(x — O y=7 —a — ().

In eq. (A.25) we set the subleading power cases for P’ to zero.

(0)
J

We show in figure 16 the result of numerical integration of eq. (A.26) for zcy €
{0.1,0.2} (columns) and 8 € {0, 1,2} (rows) for quark and gluon jets. Comparing with
the cross section in the first row in figure 9 we see that these non-singular corrections are
smaller by a factor of 100, and well within the perturbative uncertainty. This justifies our
reasoning for dropping these terms for simplicity in our ajs-sensitivity analysis. Further-
more, we see that these corrections are discontinuous at & as they are only O(«s) pieces.
Including multiple emission contributions will be necessary to consistently describe O(&y)

power suppressed terms in the groomed jet-mass cross section.

B Results for factorization functions

We follow precisely the same convention and notation for anomalous dimensions and
Laplace transform as detailed in appendix A of ref. [43].
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Figure 16. Soft drop non-singular corrections shown for various combinations of soft drop param-
eters and quark and gluon jets. The jaggedness is related to numerical integration. The dashed
vertical lines denote the SDOE region given in eq. (4.1), which is also the range chosen for the
ag-sensitivity analysis.

B.1 Hard collinear normalization

The contribution of the hard collinear mode to the normalization is given by

Qg 1 2
(H)CF{_IQM 3. p 3+37r}7

1ncl(Q N) (Bl)

o o2 22 2"

as(u) Ca, op? ﬂo 5 3w 23
11’1C1(Q :U’) o {_ —-In @_7 Q2 +CA< 12_'_4)_1260}

The cusp anomalous dimension is given by

T e [as] = =20, TP [ (B.2)
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and the non-cusp anomalous dimension being simply
PYNK [as] = 2 [045] (B3)

where ~y, is the anomalous dimension for flavor x, such that

%' =—6Cp, %" = -2, (B.4)
961 1172 260  4n?
AN = (= 3+ 4n? — 48(3)CE + (— b 52C3>CFCA + ( + >0anTF»
27 3 27 3
118 38 2
= (- ac)cr+ (- 2+ T ) oam - 451 (B.5)

B.2 Jet function

The jet function for a quark jet collinear to the direction n is given by

omr)3 _ = X _
T3 = w0/ 3 (005 (Q = - PYIOBLS (3 — 13) xu(O)I0), . (B.6)
N¢ 2 u
In this expression, x,(0) the gauge invariant SCET quark “jet” field, given by x,, = W):ﬁn
to leading power in SCET. Here &, is the SCET n-collinear quark field and W, [n - A,,] is
a Wilson built out of n - A, collinear gluon fields. Here n is an auxiliary vector such that
n-n ~ 1. The measurement operator m?, measures the invariant squared mass of the jet,
and acts on a state | X,,) of n-collinear particles as
2
5100 = (3 pi) X ®B.7)
1€Xn

Similarly, the gluon jet function is written in terms of the SCET gluon, gauge invariant
building block B, = g 1[W,iD" W,] as

n

3
Jg(m3) = %tr@!t’»’ﬂow (Q—7-P)6@(P1)s (my —m3) BL,(0)0),,  (BS)

The one-loop expressions are obtained by simply starting from eq. (A.8) without the jet
clustering constraint as the collinear partons lie at angles parametrically smaller than jet
radius. The results are given by

as(1)Cr (

™

m2
L1 ) - Somd ) - L (2 - 7)), (B.9)

Ty(m3. ) = 8(m3) + :

s C
) = o) + 2 (P o 12) = 2 oo
3(m3)

+36

(Ca(67 - 972) - 20nFTR)) :
where we follow the convention

Lot p) = 1Ln(£+) : (B.10)
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After Laplace transforming using

Tulss) = [0, (B.11)

the quark and gluon jet functions at one loop become

Jg(s,p) =1+ - lQIOg (sue )—l—zlog(sue )+Z_€ , (B.12)

2

Jg(s,u)—l—i—? 710g (s,ue >+Zlog<s,ue )+C’A — | —nrTr—-| .

36 6 9
Here the cusp anomalous dimension satisfies Casmir scaling to the 3-loop order we need
here

’} =20, TP [as] ) (B'l?’)

while the one and two-loop non-cusp anomalous dimensions needed for NNLL resummation
are given by

’yb]q = 6CFa ’Y(()]g = QBOa (B14)
1769 2272 484  8n2
'yilq:CF [CF (3—47T2+48C3)+CA (2,7+9—80C3> +TRTZf <_w_9>] )
2192 2272 736 82
’yi]g =3 (27 i 32C3> + CaTrny (27 + 9> —8CrTgny . (B.15)

for quarks and gluons respectively.

B.3 Ungroomed-soft function

The ungroomed soft function measures p™ with a jet radius constraint. The operator
definition is given by

1 _ _
S, (€7, 1) = -t (O Y Y Ja (" 11 pus) TV i }0) (B.16)

The operator p, acts on the ultrasoft fields passing the cut and satisfying the jet radius
constraint @g) in the soft limit. In absence of any real soft radiation the @g) is trivially
satisfied (as there is always a collinear parton in the background that sources the ultrasoft
gluons). Here Y,, ..[n - Ays] and Yy . [0 - Ays] are Wilson lines built out of ultrasoft gluons
resulting from a field redefinitions of the SCET collinear quark and gluon fields that result in
decoupling of collinear-ultrasoft interactions at leading power. For x = ¢ these correspond
to adjoint Wilson lines. The subscript 4 on the matrix element denotes MS renormalization.

In terms of the standard definition of light cone coordinates, the jet radius constraint

oy = @<C - \/i) : (B.17)

is given by
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where ¢ was defined above in eq. (2.10). Upon expressing in terms of n, n reference vectors

defined in eq. (2.34), this constraint simply becomes that of hemisphere jets, @g) =0O(p —
p*), such that

Cx (@) [ dptdp™ . _
S5 (0+,¢) = Lx / Oy — ph)[6(eF — pT) — 8(e*
e (7,6) = — ra—o ) o (p~ —p")[o(T —p*) —a(eh)]
1 a,C. ()¢ 1 e 1 1
_ 1 @l (@) 1 (“) —5(%)( — ) (B.18)
eov ™ (1l —e)p[\lF 2euy  2€R
We can expand the (u/¢1)1+24® using the identity:
lim 2 __0@) [@(‘r) —be[e@)l” g (B.19)
es0 potbe 1 — g —be x|, x|,
such that the 1/er poles cancel. The renormalized expression reads
ko (gt +y o @GO + m
Se (7, ) =4a(¢ )+ 5 — AL (¢ ,M)Jrﬁfs(f )| - (B.20)

We note that when expressed in terms of the dimensionless variables z and y defined in
egs. (A.1) and (A.2), we find precisely the same one-loop integral leading to the expression
in eq. (A.23):
1 0 ot
S5 (0, ) = égéﬁl)%sd (Q,Q,as(u)> . (B.21)

The cusp anomalous dimension is given by
r's,,. [as] = —2C,T"*Pla] (B.22)
The non-cusp anomalous dimensions are given by

i =0, (B.23)

S5 808 1172 224 472
em — (O - 2 Te( 222 - 2 ) ).
" C (CA( 57 + 9 + 8C3> +ny F( o7 9 ))

B.4 Collinear-soft function

The collinear-soft function is defined by
~ 1 ~ —cs /. 1 . _
Sk B, ) = - O DXLV} 8 (k= B () (Qeut) =7 n - s TV X }10),, (B.24)

Here X,,[n - A%] denotes collinear-soft Wilson line resulting from the same ultrasoft de-
coupling field redefinition of collinear quarks and gluons as in the case of ungroomed soft
function above. The Wilson line V,,[n- A], on the other hand, arises from integrating out
off-shell modes generated through collinear-soft gluons emitted by partons in directions
other than n. The measurement function involves soft drop constraint expanded in the
collinear-soft limit. In general, the groomer involves clustering of collinear soft particles
along with the energetic collinear partons (at parametrically smaller angles), with sub-
sequent grooming tests. Thus, it is not straightforward to write down the expression for
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arbitrary number of partons. At one-loop accuracy for a single collinear-soft gluon carrying

momentum p* we have
—cs _ _1 _B_
esd(pu) = @(Tl P — (cht)Z}rﬁ (n 'p) 2+B> . (B25)

Comparing with the earlier expression for the soft limit in eq. (A.21), we have additionally
made a small-angle approximation which leads to dropping the y¢? term in eq. (A.21).
Note that unlike eq. (B.16) we do not include the jet radius constraint as the collinear soft
particles lie deep within the jet.

Despite various appearances of Q¢ factors, the function in fact only depends on S.
This can be seen by rewriting the above constraint as

2 B 1

3 = B0 (@) P p) = 6(E = O 5= (0 )TN T ) (B26)
where p is related to p as

p= <p+(cht/w)1iB, pl,m) 7 (B.27)
(cht /w) 1+8
which being a reparametrization symmetry transformation of the n and 7 reference vectors
results in the matrix element being independent of Q¢,t. Here w is an arbitrary dimension-1
parameter.
To evaluate the O(a;) expression we can proceed by making the same change of vari-
ables under the integral as in eq. (B.27), setting w = 1, which yields

: a;Cy (p*e7?)¢ / Aprdp™ oo iy g s by s
K — — B — — B.2
stk = 2 P [ Lo — 1) ) aG-) —sB] (B2
2408 1L 2048)
_ 1 oG (@) 1 (u) T ey 2P (1 1)
euy T F(l—e)#% k 2(1+p)\evv  er/|’
Thus, we find
7 - asCy [ —2(1408) - 28\ w2243 -
= B -
S B, 11) = 3(F) + gl (bt )+ S| (Ba)
The Laplace-space transform of S¥(k, 3, 1) is defined as
Se(s o) = [ ake RSz (k) (130
which gives
- asCh 1+ 7 5 25 w2 B(3B+4)
Flg) — 1 _ 1 VETHE) — — B.31
St =1 = (G5 ) ot - S e
The cusp anomalous dimension is given by
T[] = —2C.I"P[ay] (B.32)
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The one-loop non-cusp anomalous dimension is again zero,
’Yf]g “=0. (B.33)
We determine the two loop non-cusp anomalous dimension via RG consistency:
W (B) = =1 =i =7 (8). (B.34)
where vfg (B) is stated below in eq. (B.42).

B.5 Global soft function

The operator definition of the global soft function is given by
K 1 S) (A m
S (Qeuts 6.6, 1) = 7 {0 T Yo} O (B T (VLYo 0h - (B35)

The function involves precisely the same Wilson lines as in the case of ungroomed soft
function (with the fields labeled as AX,), with the following constraint®

N _ —=(0)~(0
044" (ph,) = 8 O . (B.36)
where the jet radius constraint is the same as in the case of ungroomed soft function, but
here we have the soft drop failing constraint @ég) (p*) with momenta expanded in the soft

limit. For the case of a single gluon, this was stated above in eq. (A.21) which in terms of
pT =yQ and p~ = xQ reads

ol (") = 9((cht)2+%(p+)2fff —p - p+<2) . (B.37)

The one-loop result is obtained by evaluating

asCy (N2€7E)6 dptdp~ —(gs)
G cuts M = ) B.
SG(Q t 6 M) F(l—ﬁ) / (p+p_)1+€ R,sd ( 38)
with the renormalized result being
0 g () - 55 (55)
SE(Qeut, By 1) =1+ 1 - — | — B.39
&(Qeu: B 1) r L0+ % Q) " 2\155 (B.%9)
(2+5)< { ¢ } 2 2>}
1 2L121+<2 +log” [1+¢7] )| -
The cusp anomalous dimension is given by
Lgx [as] = +2C,"Play], (B.40)

9Note that in absence of any global soft radiation at tree level, the constraint is vacuously true. For
one-loop virtual term one can appropriately convert the eir poles to euyv poles by imposing a constraint
Vs = 653) — @ig) in the virtual matrix element.

— 61 —



K

The one-loop non-cusp anomalous dimension fyOS ¢ = 0. We use the following fit to the
numerical determination of the two-loop non-cusp anomalous dimension for arbitrary 3
computed in ref. [96]:

3 60) = 155 (3 ®) + i) & @) (B.41)
where
726 (8) = Cr(0.005633386° — 0.6214625% — 1.113378 + 16.9974) , (B.42)
776 (8) = Tr( — 0.260416° + 2.0176582 + 3.481178 — 10.9341) ,
725 (8) = Ca(+ 0.6407035° + 3.3730857 + 3.68876 — 20.4351) .

C Resummation in Laplace space

The resummation kernels are defined as described in appendix A of ref. [43]. For expressions
for K(T', u, o) and n(T, u, 1o) to N3LL order see ref. [97]. To derive the form given in
eq. (2.46) we first include resummation in the Laplace space for the differential cross section
without the NGL piece:

dz ws d x 2 WjtWs F
e = QI Q) () [ ) ) Qe) . (C)

where the jet and soft functions are evolved from scales py and ps respectively to final
scale u, such that
Ky =Ky, 1), Ks = Kes,,, (11, 11s) (C2)

and likewise for the w; and wy. The Laplace transform of S*

Dlain 1S defined as

Splaln u, :u / d£+ et plam [E*,,u]
:S’Cm[ ]+ASd[u QCU.THB?R ,U/:I (C?))

At one-loop, the ungroomed soft function in Laplace space, renormalized in MS, is given by

2
8 fuy ] = 1+ 25 {— log? (ue 1) — % , (C4)
and
5241, Q6. B.Co] = [ et e ASL [, Q86 5,C.n] (€5)
Following the arguments of ref. [43] we can show that
d -
o V) ()85, (Qa) (C.6)

(QQS)QH/ o (€0 (i )5 ()

~(gwe) e[ 0 (5%), ()| 32,

e’YE Q

dq + log <Q§) O‘s(:ucsm):| EVk
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Here the derivatives of € correctly insert the inverse Laplace transforms logarithms of p
by using the result

42 o0 e Ve _d”/dgg e @ 4" e
/2m6 (770 08" 0) = 3z [ 570" = 3 ED L
Thus, we have
dx(§) e

Tf jplaln [00; &, Q, :u]

) (C.8)

Q=w j+ws

where

K 1 ; Qs Ws (2 \WJ
plain[aﬁ;faQa,u] = geK +K$W

< e[ 1o (L) actun] 82, [on 108 (B2t (09)

which captures the first term in eq. (2.57). In eq. (C.9) we have rewritten the Laplace
transforms of the jet function and the Sf function in an alternative notation [43]:

Je[log(e"Ezp?), as(py)] = Ju(z, 1), (C.10)
St [og (ue®p1y), aus)| = S, (u o)

such that the first argument involving the derivative Jg in the Laplace transforms of the
jet and collinear-soft functions is understood to replace the logarithms that appear in the
corresponding Laplace space expressions.

To obtain the cumulative cross section we simply integrate over £ from —oo to &, such
that

w wr d Q2 wjtws—
B(°) = eI (Qua ) (13)* [ 55 e (15 )T (2) S (Q2) , (C11)

211
STain [0 ot C.12
_gjplain[ Q’57Q7MF(—Q+1) Q:wJerS. ( . )
Next, the soft drop piece in eq. (C.3) involves the kernel
Ly
sa |, B, R, —/ 2(e™” 0)? AS] [ , Qeut, B, R, ] C.13
d[ " &0 H o a O¢ Qeut p (C.13)

:/O d£+[/;jrgieg(l_g§) (G’YEQ)Q‘|A gd[€+anut7ﬁaRau]

_ eVES 0o + 0 Vs
_F(_Q)/O det g ( Q§>A all", Qeu, B, R, 1]

where
LG(z) = LYx) + %5(36) ) Lz) = {i(fz

, a#0, (C.14)
+

where the plus function £%(z) is defined as usual with the boundary condition at x = 1. The
plus function £&(x) for > 0 simply equates to 1/x!17% but the prescription above makes
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the singularity integrable. Using the result in eq. (2.52) this simplifies to the following

expression:
oGy et 1 _Q O(1 —z)0(x) 14 ¢ 9
= F(—Q)/deﬁo (1—z:c)l . ln(gc2+ﬁ —C)

+

We see that unlike the fixed order expression in eq. (2.29) the expression above as a result
of resummation (for Q < 0) is non-zero for £ > &.

To evaluate this integral we note that for a function f(x) that has integrable singularity
at x — 0,

/01 dw £5%(1 - 22)[0(2)0(1 — ) f ()], = /01 dz f(@)[C;%(1 - z2) —1]  (C.16)
e f)]

1/z

/z
=0(z— 1)[/01 dz f(z)[Lo (1 — 22) — 1] —

l—z/dxf (1—z:c)1+9 1),

where the plus prescription is only needed to regulate the integrable singularity at z = 1/z.
We simplify the first term further (assuming z > 1):
1/z 9 z71 1 1 1 1
| @l a1 = [ (e F@) -1 - f@) - g rh).
(C.17)

such that this form will improve the convergence at both z — 0 and  — 2.

By following the same logic, we can define the corresponding operator for resummation
in the soft drop region:

Jeil0a;€,Q, p] = L Keotk; (13)* (Qpes) ™™ (( Jhes )H’B> (C.18)

§ (SQQ)Q cht
Hes [ Hes Hl'ﬂ
Ootlog (Qf(cht) )’O‘S("“) |

D Jet-mass power corrections in the soft drop resummation region

M%) , as(w)] Se

X J,: {6Q+log (Q2§

To obtain the non-singular fixed order correction we calculate

EAGPE = o [EN+Egs+Ke+Kesy | (W>WN< Hgs )wgs< Hes >wC39< " )wc
Q cht cht (Tér]nax ) 1+5 Qrgnax

x s(@“l (AR [JL” (@€ 1)) + S5l (e, ucrmaX)D : (D-1)

The superscript [1] corresponds to one-loop pieces. The factor of £ on the left hand side
corresponds to power correction to the cross section, differential in In¢. Note that the
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£0(&) terms are set to zero, and thus only the logarithmic pieces contribute to the power
correction. This expression is obtained by taking the r, — rrgnaX(g) limit of the small-R,
cross section where the jet-mass measurement is treated in fixed order. The scale pg4s is
given by eq. (2.87), the scale p.s with variations was defined in eq. (2.104), and finally the

collinear function scale u¢ is defined as

e (€) = MN(’"‘;jf))l*lﬁ. (D.2)

Thus pe inherits its variations from p.s and pgs. The evolution factors involve kernels
corresponding to the collinear function C* and the groomed jet radius collinear soft function
S, defined in ref. [43]. Their anomalous dimensions are exactly negative of N, and S¢
functions, respectively:

FCN [045] = —TI'y» [as] 5 Yer [as] = —7N* [O‘s] ) (D'3)

FSgg [as] = _FSE [as] ) 7S§g [as] = _755 [as] .

As a result, in the ungroomed region with pcs, = jgs and in the fixed order region where
pc = pn, the evolution factors for S¢ and ng, and N, and C” respectively cancel each
other.

Finally, since the jet and soft functions are evaluated at the same scale ¢, one need not
take the Laplace transform. We directly evaluate the power correction using the momentum
space expressions for jet and the soft functions given in eqgs. (B.9) and (B.20).

E Individual profile variations for different values of (3

In figure 5 in the text we showed for § = 1 the results of individual variations of profile
parameters, which are used to assess the perturbative uncertainties order by order. In this
appendix we give the analogous results for 8 = 0 in figure 17 and for 8 = 2 in figure 19.
Once again, the dominant contributions to the uncertainty come from the parameters e;,
a, and . In figure 18 and figure 20, we show envelopes of the profile variations, for g =0
and 8 = 2, respectively.
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Figure 18. An envelope of the profile variations for quark and gluon jets respectively, at LL, NLL
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Figure 19. Variations for each of the six different profile-variation parameters individually, for
quark and gluon jets at pr = 600 GeV, with g = 2.
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Figure 20. An envelope of the profile variations for quark and gluon jets respectively, at LL, NLL
and NNLL.
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