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Abstract

We describe an approach for developing the numerical simulation codes for the FEL amplifier with the
homogeneous overmode waveguide. The radiation field are calculated using Green’s function method. We
start with the regorous solutions for the eigenfunctions of a passive waveguide. Using these eigenfunctions,
we find the Green’s function. Finally, the Green’s function is simplified using paraxial approximation.
This algorithm of electromagnetic field calculation can be implemented in linear and nonlinear code for

simulation of the waveguide FEL.

1. Formulation of the problem

To describe the FEL amplifiers operating in
the millimeter or far infrared wavelenth range,
one should take into account the influence of the
waveguide walls on the amplification process. The
most comprehensive study of the waveguide FEL
is presented in the book [1]. The reader can find
there extended list of the references to original pa-
pers relevant to the problem. The present study
assumes a waveguide to be overmoded. Such an
approximation does not reduce significantly the
practical applicability of the obtained results. In-
deed, the FEL amplifier has advantage against
conventional vacuum tube devices only when the
undulator period A, is much larger than the radi-
ation wavelength A\. The FEL resonance condition
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is Aw/v: = A/(vph —vz) , where v, is the longitu-
dinal velocity of the electrons and vy, is the phase
velocity of the electromagnetic wave:

vpn = ¢ (1 — czki/uﬂ)_l/2 :

Here k| is the transverse wavenumber of the wave.
It is obvious that parameter c¢?k? /w? should be
much less than unity when Ay, > A, i.e. the waveg-
uide should be overmoded.

The operation of the FEL amplifier with an
overmoded waveguide can be described by dif-
ferent methods. Our approach is based on the
method of the Green’s function. We start with the
rigorous solutions for the eigenfunctions of a pas-
sive waveguide. Using these eigenfunction, we find
the Green’s function. Finally, the Green’s func-
tion is simplified using paraxial approximation.
The obtained expressions can be implemented in
linear and nonlinear codes for simulation of the



FEL amplifiers. In this paper we demonstrate the
application of the Green’s function for solution of
the initial value-problem for the FEL amplifiers
with rectangular and circular waveguides.

Let us consider a helical undulator with mag-
netic field H, + Hy = Hy exp(—ikwz) . Electrons
in the undulator move along the constrained he-
lical trajectory in parallel to the z axis. The elec-
tron rotation angle 8, = K/v is assumed to be
small and the longitudinal electron velocity v, is
close to the velocity of light, v, ~ ¢. A waveg-
uide is placed inside the undulator. The electro-
magnetic wave propagates in the waveguide in the
same direction as the electron beam. For the elec-
tron beam with a small density perturbation, the
distribution function can be written in the form

f=1fE,7) + fi(z,&,71) exp(ith) + C.C. .

where £ is the energy of electron, phase ¢ = ky 2z —
w(z/e—t).

We consider the initial conditions when an
external electromagnetic wave and unmodulated
electron beam are fed to the undulator en-
trance: fil,—0o =0, fo = no(¥L)F(P) , where
P=¢&-¢&, [dPF(P) = 1. The evolution of the
perturbation to the distribution function, fi, is
described by the Vlasov equation. Integration of
the Vlasov equation gives us the relation between
the longitudinal component of the beam current
density, and amplitude of the wave.

To simplify the consideration, we write the
Vlasov equation for the case of negligibly small
energy spread in the beam. The initial distribu-
tion function is the delta function in this case,
F(P) = 6(P — P), and the Vlasov equation can
be reduced to

d dre | N 2 ~
2105 4 [ =2 -
+ ICdZ + (cﬁgojo(h_) C )} J1

w

d2

dz2

Jo(P)U(z, 71) .

1
T (1)

Here j. = —jo(7L) + j1exp(iv)) + C.C. , is the
longitudinal component of the beam current, den-
sity, —jo(FL) = —ecng(7L), C = ky —w/(2¢y?) is
the detuning of the particle with nominal energy
& from resonance with wave, 772 = v72 + 62 .
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In the following we assume that the trans-
verse size of the electron beam is rather large,
r2 /72 > ¢® /w?. In particular, it follows from this
assumption that we can neglect the reduction of
the plasma wavenumber due to the presence of
the waveguide walls.

The complex amplitude of the effective poten-
tial, U, is connected with the components of the
electromagnetic wave by relation

el
U=-—
2i

[Em +il77y] . (2)
The transverse electric field of the wave is pre-
sented in the form:

EJ_(Za FJ_; t) = [ngz(za FJ_)

m] expliw(z/c— )]+ C.C., (3)
To close the problem, we should solve Maxwell’s
equations with the boundary conditions on the
waveguide walls and express the fields in terms of
the first harmonic of the beam current density.

2. Green’s function of homogeneous

waveguide

The electromagnetic field is expressed via the
vector and the scalar potential as

— =

H=VxA4

In the following we use the Coulomb gauge for the
potentials,

CA=0. (5)

Substitution of (4) into the Maxwell’s equations
gives (at the Coulomb gauge):

oy~ 1024 4. 1.0¢ Am o
gy Lo A AT~ op _ am
v c2 02 ¢’ ot cJ’ (6)
€2¢ = _47T,0e 9 .;: Upe ) (7)



where p, is the charge density. It follows from
(7) and from the charge conservation law that
V-J =0 .In the Coulomb gauge the scalar
potential, ¢, is the static Coulomb potential. The
dynamical part of the field is associated with the
vector potential, ff, only.

Let us consider a monochromatlc external wave
of the frequency w. Then A, ¢ and j may be
wrlttenasA A e~ ‘”t—i—CC b= g e~ Wt-{—

-

C.C., j=jwe i +C.C.. Equatlon (6) for A,
and J, = j., + iw(dm) "1V, takes the form:
2
o . ir -
VA, + S A, =20, (8)
c c

We assume the waveguide walls to be perfectly
conducting. The boundary conditions for this
case force the vector of the electric field be per-
pendicular to the waveguide wall. In addition to
the Coulomb gauge condition (5), we impose the
boundary condition for the scalar potential ¢ be
equal to zero on the waveguide walls. The bound-
ary conditions for the vector potential A are
defined by the boundary conditions for the field:

9)

where 7 is the unit vector perpendicular to the
waveguide wall (|7Z] = 1).

Under these boundary conditions, the solution
of the inhomogeneous Helmholtz equation (8) has

the form:
=> / GoA(F,
B

where G23 (7, ) is the tensor Green’s function of
the waveguide and 7 and 7 are the coordinates of
the observation and the source point, respectively.
It can be shown that the condition ¢,|s = 0 re-
sults in the zero value of the integral [2]:

ﬁXAw|s:0,

JEA) A7,  (10)

Z/Gaﬁ 7 ) (Voo (@) dF =0. (1)
Hence, (10) takes the form:
A () = Z/G“B 7, M) A (12)
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Using (12), we write the following expression for
the electric field of the radiated wave:
E° m_l_zfaaﬁ 7, )i

S dr, (13)

where tensor Green’s function, G, in the parax-
ial approximation is given by !

2mi

o i (KTE)2
“ w

2w

L O]

dy Vo oz
OPTE(™) | OPpTE()) ]
© e oy’ % oz’

2mi .| W C(kJT_M)zQ/ '
+w ;exp{z[c 5 |z 2'|
T™ (= T™ (=
" |:€z Oy " (7L) +€y5¢ya (M)]
Y

oz
ofe )

oM |
oy’
Here symbol ® denotes the direct product of vec-

tors. The waveguide functions, /™" and )™ are
the solutions of the Helmholtz equation:
Vig+kty =0, (15)
with the boundary conditions
-Vl =0, v™s=0, (16)
and the normalization condition
[vrar =1 a7)

The B th component of the transverse beam
current density, j7, is connected with the complex

1 Expression (14) contains only transverse components of

G’gﬂ. In the case of an overmoded waveguide it provides
sufficient accuracy for the calculation of the transverse
component of the vector potential.



amplitude, ji, as

1 BN\ s . . R
—v7(2)j1(z, 71L)exp (1sz + 1wz) . (18)
Using relation B, , exp (iwz/c) = EZY , and equa-
tions (2), (14), (13) and (18), we write the expres-
sion for the effective potential of the interaction

between the particle and the radiated electromag-
netic wave:

———602/dz /er_gl 7))

X DD’{Z¢

c(kI")i

1S - z')]
+ 57 oM E I, )

D))

TE (™)

X exp [—

X exp {— 5
w

where DD’ denotes

o o\ /0 )
/I . s e
pp= (39: +18y> (3:6’ lay’) '

The external electromagnetic wave can be ex-
pressed in terms of the eigenmodes of the passive
waveguide:

L= L. C(kTE)2Z
(€2 (Ea) + €y(Ey)]ext = XM: CEE exp l— i #
(a OY" (71) aszE( >>

x | €, -

Ay

kTM
+ Z C™ exp { ]
o O ML) ¢TM(F )
X (em o By ) , (20)
where coefficients C’EE and CI™ are given by
. N . ouwTE B . awTE
82
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o™ Z/drl (Ez(O, FL)

Total power of the input radiation is expressed in
terms of coefficients C}¥ and C;™M as

(Z IChP P + Z [eFh 2) . (21)

In the case of a single-mode input radiation, we
can let the value of the amplitude coefficient CEE

ext =

(or, CT™) be real and positive constant, and write
the expression for Uy as
for TE-mode:

UTE _ : of TWeei \/* [ OULE _,BT/JEE
ext = 167 2c Oy "o
kTE 2
X exp l— i %] , (22)
for TM-mode:
1/2 ™ ™
™ . WWext 61/]1/ . 61/}11
Uext' =165 ( 2c ) ( oz +i Oy
TM)2
X exp {— i W} . (23)

Thus, we have obtained the expressions for effec-
tive potential of particle interaction with the ra-
diated wave, U;, and with the external wave, Ugyt.
We are interested in the sum of these two contri-
butions:

U=U + Uex - (24)
Substituting (24), (19) and (1) into (1), we obtain
the integro-differential equation for the first har-
monic of the beam current density, 71 (z,71) which
can be solved numerically using computer code.

3. Wall resistance effects

All the results, obtained above, refer to the case
of perfictly conducting waveguide walls having the
)
conductivity ¢ — oo. In reality the conductivity



has always finit value. The problem of the exi-
tation of the waveguide having finit conductivity
can be solved in the same way as for the perfectly
conducting waveguide. The vector and scalar po-
tential are connected with the field components
acording to (4). Taking to account the Coulomb
gauge for the vector potential (5) we find from
Maxwell’s equations that the vector potential is
subjected to the equation (6). When the waveg-
uide is excited at frequency w, we have equation
(7). The boundary condition for the scalar po-
tential on the waveguide walls is ¢, = 0. The
boundary conditions for the vector potential, AL,,
must provide the boundary conditions for the field.
Leontovich,s boundary condition for the field may
be written in the form:

ic

(7 x A)|s = x (@ x (VxA)s. (25)

wn/!

where 7 is the unit vector ( |7|?> = 1), perpendic-
ular to the surface, and directed inside the waveg-
uide, n' ~ /i4dwo/w is the index of refraction of
a metal. We suppose the value of n’ to be large
complex number, i.e. |n’|? > 1. Finally, we come
to the expression for the Green’s function which is
identical to (10) obtained for the case of perfectly
conducting waveguide walls. The only difference is
that the eigenvalues and eigenfunctions become to
be complex values for the case of waveguide walls
with finit conductivity. Scalar functions ¥T" and
™ are the solutions of the Helholtz equation

Vig + ki =0, (26)

The eigenfunctions are ortogonal and normalized
as

/ Ty - Vo dTL = G (27)

It is relevant to mention that the orthogonality
and normalization conditions are formulated with-
out complex conjugation.

The boundary conditions for ¢TF and ™,
written down in paraxial approximation, are as
follows:

ic

o o
(KPP ™)s = =Sl - V™ — (& x 1) - Vo™s -

When w/(Jn'k1|c) < 1, these boundary condi-
tions can be written in the form 2:

R . k‘TE 2, TE
ﬁ'V¢TE|S:—IC( 1 ) ¢ |S

iw[(e. x i7) - V]2 E|g

wn/ en! (kTE)?
pTMy2TM W o s M
(kL) s = —i - Vi s

In conclusion we should like to stress that de-
scribed approach for the problem of waveguide
exitation is valid for a metallic, or dielectric over-
moded waveguide. The only requirement is that of
a large value of the refractive index of the waveg-
uide walls which reveals an opportunity to use
Leontovich’s boundary conditions.
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2 Tt should be stressed that the parameter of the pertur-
bation theory is w/(|n'k, |c). The requirement |n/| > 1 for

)

~ <, TE — — = ' TM _ TE\2,, TE
[TV = + (€. x i) - Vb H|s = _m(kl )Y s » the overmoded waveguide is necessary, but not sufficient.
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