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Coherent Effects of a Macro Bunch in an Undulator

M.Dohlus, A.Kabel, T.Limberg
Deutsches Elektronen Synchrotron DESY, Notkestr. 85, D-22607 Hamburg

Abstract

The longitudinal radiative force of an electron bunch moving in an undulator has been investigated in [1] assuming an 1D
density distribution. To obtain the contribution of pure curvature effects and to avoid singular fields, the 1D linear motion
field was subtracted. To relate these results to the 3D case we present analytical and numerical field calculations using the
field solver of TRAFIC4. The 1D and 3D cases have been calculated in the transient regime, the steady state regime and the
steady state regime averaged over one undulator period for the 1GeV parameter set of the TESLA FEL.

1. Introduction
There are 2 effects caused by the macroscopic charge distribution in an undulator which increase the energy
spread and the emittance of a bunch and may therefore disturb the FEL process: one is caused by the fields due
to the undulator motion [1, 2, this paper], the other is related to the finite conductivity and roughness of the
beam pipe [3,4,5]. The fields of the macro bunch undulator motion have been considered earlier, using the
model of a one dimensional bunch excluding singular field contributions [1], and by the model of a rectangular
bunch in circular motion [2]. In this paper we take into account all field contributions for one and three
dimensional Gaussian charge distributions. The 1D theory considers a transverse observer offset while the 3D
theory is valid for observation points without offset. It is confirmed, that the effect of the 1D singularity can be
described by the superposition of the field of a 1D bunch in linear motion and a smooth non singular field [1].
The longitudinal and transverse component show a strong dependency on both the longitudinal position in the
undulator and the transverse offset. In comparison to this, the field averaged over one undulator period is small
and depends only weakly on the offset of the observer particle. Our analytical results agree well with the fully
3D computations using the TRAFIC4 field solver. Additionally we present calculations of the transient process
of a bunch which enters the undulator. Although the local field develops its strong spatial dependency after one
or few undulator periods, the one period averaged field is far from the steady state condition until the core of the
retarded bunch is in the undulator.

2. Theory
The motion of charged particles in the magnetic field of an undulator
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with K the undulator parameter, sλ the period length of the path, zλ the undulator period, =u γβK the

maximal angle of the undulator path to ze the undulator axis, ( )221 uU −= the relation between the z-

period and the path period and ssk λπ2= . We assume a Gaussian line charge density )( vts −λ for one

dimensional calculations with ( ) σσλ qsgs =)( , 0cv β= the bunch velocity, q the bunch charge, σ
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the RMS bunch length and )(xg the Gaussian normal distribution. The charge density used for three
dimensional calculations is
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with rσ the RMS bunch radius. The longitudinal electric field E is calculated for a test particle at the location

yut ySSvtS err ++== )()( δ with Sδ the longitudinal offset to the bunch center, y the transverse offset
and tSt re ∂= the longitudinal direction. The longitudinal electric field can be expressed by the scalar and

vector potential Θ , A as
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The term dvtdE Θ−=1 describes the field that is needed to change the potential energy. The mean value of

1E vanishes because the scalar potential in the undulator is a periodic function. The second term, which is not

conservative, is singular for one dimensional source distributions. To obtain a finite and smooth distribution 2E
we divide the field artificially into
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with LMΘ the potential of a bunch in linear motion. LMΘ is calculated in the same way as Θ , but with the

source path zLM ss er =)( and the observer position yLMLMt ySSS err ++= )()(, δ . The field of a line
charge density is given by the one dimensional integration of the retarded sources:
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with SSs δ+=0 , sSSs ++= δ1 , )()( sSSS ut ++−= δrrR , R=R ,
R
Rn = ,

22 ysRLM += , )()( ss sre ∂= . The last term of Eq. 6b is of the order ( ) ( )20
422 162 σπεγKqK + and

therefore neglected in the following. The distance R between source and observer is in first order approximated

by 22
0 )( yUsR += . For the integration of Eq. 6 for macro bunches (bunch length >> photon wavelength)

we take into account the corrections 0RRR −=δ and approximate all integrands by their first order Taylor

expansion with respect to Rδ :
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with )( 00 RSs βδλλ ++= , )( LMLM RSs βδλλ ++= and
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2.1 Mid Offset Range Approximation
The mid offset range approximation estimates Rδ by the first term of Eq. 8a and neglects second order terms of
y. Therefore it is valid for us yku σλ<<<< . Although the mean value of 1E (with respect to time)
vanishes, it causes a large oscillating contribution for particles with an offset of the order of the bunch length:
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The offset dependency of 2E is almost negligible in comparison to 1E . Therefore we specify here only the
offset independent part of this term and neglect the positive part of the integration range (which is of the order
of ( )20

42 16 σπεγqK ):
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ω . The validity of this approach is demonstrated in section 3 for the case of the TESLA

FEL undulator.

2.2 Approximation for the Time Averaged Field of a 3D Beam
The time averaged field E of a 3D beam (Eq. 3) is the sum of the time averaged term 2E and the time

independent field 3E . For the calculation of 2E we make the assumption that the field is independent of the

transverse offset and estimate Rδ by the third term of equation 8a:
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This equation differs from the time averaged field calculated with the mid range approximation (10) by the
terms ( )Sg δ3 and ( )Sg δ4 . Therefore the assumption of a negligible offset dependency is only consistent
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under the condition 221 γσ skK <<+ (weak influence of 3g and 4g ). The linear motion contribution 3E for a
particle without transverse offset is
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Fig. 1: Longitudinal electric field for test particles with y = 50µm and δS = 0, -σ, +σ and transverse component ( xtS er ×∂ )
of the Lorentz force for a test particle with y = 50µm, δS = 0.

3. Calculations
The following calculations were carried out for the parameters of the 1GeV parameter set of the TESLA FEL (K
= 1.27, λz = 2.73cm, γ = 1957, σ = 50µm) with the formulas described above and by the TRAFIC4 field solver
[6] which integrates Eq. 4 numerically without any approximations. All fields are normalized to

22
00 4 σγπεqE = which is 939 V/m for a bunch charge of 1 nC. We distinguish between the steady state

regime that assumes an infinite undulator and the transient regime.

2
0mean mcLeE u γ 2

0rms mcLeE u γ

1D approach without 3E , [1] -5.14⋅10-6 3.59⋅10-5

1D approach without 3E , Eq. 11 -5.11⋅10-6 3.57⋅10-5

round beam, TRAFIC4 -5.16⋅10-6 10.0⋅10-5

Table 1: The mean energy offset and the rms energy spread for the parameters of the 1GeV parameter set of the TESLA FEL
(K = 1.27, λz = 2.73cm, γ = 1957, σ = 50µm, length=27m).
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3.1 Steady State

Fig. 2: Longitudinal electric field and transverse component ( xtS er ×∂ ) of the Lorentz force averaged over one undulator
period. The comparison is between the 1D longitudinal field for a test particle with y = 50µm (calculated by mid range
approach and TRAFIC4) and the 3D longitudinal field (calculated by Eq. 11&12 and TRAFIC4). Further the averaged
transverse field (1D, y = 50µm) is compared with the linear motion field.

The time dependent field of particles with a transverse offset y = 50µm and δS = 0, -σ, +σ is shown in Fig. 1.
The slight deviation between the mid range approximation and the TRAFIC4 points is essentially caused by
neglecting the third term of Eq. (8a) in the factor RSδ∂ which is needed for the calculation of 1E by Eq. (7b).
The major contribution to the strong oscillation of )const,( =SSE δ comes from the variation of the potential

energy dSdΘ− . It was proposed in [2] to estimate this oscillation by a circular motion model with the local
curvature radius. In the given case this would overestimate the amplitude of the +σ particle by a factor of 3/2.
The transverse component (perpendicular to the magnetic field ) of the Lorentz force is the space charge force
of a beam in linear motion superimposed by the centrifugal space charge force. Averaged over one undulator
period the strong oscillations cancel (see Fig. 2). The averaged longitudinal fields for an observer offset y =
50µm and a round beam σr = 50 µm without offset calculated by this theory are plotted on the same line. This
result is also in good agreement with the fully three dimensional calculation of TRAFIC4. The deviation
between 2E calculated by Eq. 11 and 3EE − calculated by TRAFIC4 (3D) is less then 0.05⋅E0 for all

positions in the bunch ( σδ 5<S , ry σ5< ). This confirms that 2E is really insensitive to the transverse
position of the test particle. The averaged transverse component of the Lorentz force is almost identical to the
transverse field of a bunch in longitudinal motion. The mean energy offset and the rms energy spread are listed
in Tab. 1 (undulator length Lu = 27 m).

3.2 Transient
The transient behavior of the longitudinal E-field of a 1D bunch that enters an undulator has been calculated by
TRAFIC4. Therefore it is assumed that the magnetic field (Eq.1) vanishes for z < 0 and the path (Eq. 2) is
linear for negative path coordinates: zu ss er )0( −=< . The field observed by test particles with a transverse

TESLA FEL-Report 1999-07



7

offset y = 50µm and δS = 0, -σ, +σ is shown in Fig. 3. The instantaneous field ),( SSE δ (left diagram) after
half an undulator period looks almost like the steady state field in Fig. 1. Nevertheless the averaged field

2
2 ),(1),( s

s

S
Ss dSESSE λ

λ ξδξλδ −
−= (right diagram) needs several hundred undulator periods to approach

the steady state condition as calculated in Fig. 2.

Fig. 3: Transient longitudinal electric field for test particles with y = 50µm and δS = 0, -σ, +σ. The left picture shows the
field in the first undulator period (compare Fig. 1). The right picture shows the averaged field

ξξλ λ
λ dEE s

s

S
Ss

2
2 )(1 +

−= for 1000 periods.

4. Conclusion
The longitudinal as well as the transverse component of the Lorentz force caused by a macrobunch in the
TESLA FEL undulator at 1GeV can be one to two orders larger than the forces of the same bunch in linear
motion. Averaged versus one undulator period these components are of the same order as for linear motion.
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