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ABSTRACT: Double parton distributions are the nonperturbative ingredients needed for
computing double parton scattering processes in hadron-hadron collisions. They describe
a variety of correlations between two partons in a hadron and depend on a large number
of variables, including two independent renormalization scales. This makes it challenging
to compute their scale evolution with satisfactory numerical accuracy while keeping com-
putational costs at a manageable level. We show that this problem can be solved using
interpolation on Chebyshev grids, extending the methods we previously developed for or-
dinary single-parton distributions. Using an implementation of these methods in the C++
library CHILIPDF, we study for the first time the evolution of double parton distributions
beyond leading order in perturbation theory.
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1 Introduction

Double parton scattering (DPS) is a mechanism in hadron-hadron collisions in which two
partons from each hadron initiate two separate hard-scattering processes. The Tevatron
and the LHC have provided evidence for this mechanism for a wide range of final states
with heavy flavors, jets, photons, or electroweak gauge bosons [1-6]. While often sup-
pressed compared with single-parton scattering, DPS can be significant and even dominate



in specific final states or kinematic regions. A prominent example is like-sign W production
[5, 7-13], which (via its leptonic decay) also provides a background to searches for physics
beyond the Standard Model [14, 15]. Significant progress in the theory description of DPS
has been made in the last decade [16-24], and there is a sustained interest in phenomeno-
logical aspects (see for instance the recent study in [25] and the references therein). A
detailed account of theoretical and experimental aspects of DPS is given in ref. [26].

Double parton distributions (DPDs) are the nonperturbative quantities needed to com-
pute DPS cross sections. They quantify a variety of correlations between two partons in
the proton [19, 20, 27] and thus reveal aspects of hadron structure that are not accessible
in ordinary parton distributions (PDFs). Our knowledge of DPDs is still quite limited,
although there is considerable activity in devising theory guided ansétze [28-31] and in
computing DPDs using lattice QCD [32] or quark models [33—40].

Reflecting the multitude of information they contain, DPDs depend on a large number
of variables, namely the momentum fractions x1 and z9 of the two partons, the transverse
distance y between them, and the renormalization scales p; and po associated with each
parton (corresponding to the factorization scales in the two hard-scattering processes that
the partons initiate). Their scale dependence is well understood (see eq. (2.1) below), but
the numerical delivery of evolved DPDs is a computational challenge. We believe that
this represents one of the bottlenecks for using realistic forms of DPDs in predictions,
either at the analytical level or in the form of Monte Carlo event generators [41-45]. In
the present work, we present a method that addresses this challenge, allowing for high
numerical accuracy at a moderate computational cost.

We recall that the evolution equations for PDFs can be solved numerically either by
discretization in the momentum fraction x or in Mellin space, and that public codes are
available for both options, see for instance refs. [46-50] and [51-53]. For DPDs, even the
simplest realistic initial conditions for evolution have a correlated dependence on x; and
x2 (see egs. (2.7) and (2.8) below), which precludes the analytic computation of complex
Mellin moments in these two variables. As far as we can see, this makes a discretization in
x1 and x9 inevitable.

The main reason why the handling of evolved distributions is much more demanding
for DPDs than for PDFs is the sheer amount of computer memory needed to store the
former. As an example, consider interpolation grids for xz; and xy with 64 points (for
PDFs, this is at the lower end of typical grid sizes in the LHAPDF interface [54]), and
grids with 48 points for y, 1, and pp. This corresponds to 642 x 483 ~ 4.5 x 10® real
numbers and thus (with 8 bytes for a double precision floating-point number) to 3.4 GiB
per parton flavor combination. A full unpolarized DPD with 5 active quark flavors has
112 = 121 parton flavor combinations. Getting evolved DPDs from pre-computed grids
would thus require an enormous amount of memory (with an added penalty of accessing
this memory for interpolation in the five variables). The path we have chosen instead is
to store a DPD only for a pair of initial scales, and to evolve “on the fly” to the desired
values of y; and . In the above example, this reduces the memory imprint to 642 x 48
points and thus to 1.5 MiB per flavor combination.

We will see in subsection 3.4 that the computational effort for evolving a DPD with



pe grid points in o1 and x5 scales like p3, whilst the scaling with the number py of points
in y is at most linear. It is therefore of great importance to limit the size of interpolation
grids for the momentum fractions, without sacrificing numerical accuracy. In our previous
work [55] we found that a highly accurate interpolation and evolution of PDF's in x space is
possible using Chebyshev grids. In the present paper, we show how to adapt this approach
to the case of DPDs. We find that with p, ~ 54 and p, ~ 40 to 56 points, one can
achieve high accuracy for the interpolation and integration of DPDs with zy, 29 > 107
and y > (7TeV)~ L.

We have implemented our approach in the C++ library CHILIPDF,! which is under
development and which will be made public in the future. Our implementation demon-
strates that the methods we will describe do work in practice. It also allows us to explore a
number of physics aspects. So far, DPD evolution has been studied only with DGLAP ker-
nels at leading order (LO). We extend this to next-to-leading and next-to-next-to-leading
order (NLO and NNLO). Moreover, our implementation includes the change in the number
of active quark flavors at specified matching scales, and access to distributions with differ-
ent scales (1 and p9) and flavor numbers (n; and ng) for the two partons. Last but not
least, we can evolve DPDs for polarized partons, which may for instance have measurable
impact on observables in like-sign W production according to the studies in refs. [12, 13].

This paper is organized as follows. In section 2.1 we recall some basics about DPDs
and set up the corresponding notation. Using our implementation for a physics study, we
compare in section 2.2 the evolution of DPDs at LO, NLO, and NNLO. In section 3, we
summarize the method we developed in ref. [55] for interpolating and evolving PDFs and
describe its extension to DPDs. We study the joint interpolation in the two momentum
fractions z1 and z2 in section 4, and the evolution in the two scales p and po in section 5.
Section 6 is devoted to the interpolation in the distance y between the partons, from
some minimum value to infinity. In section 7 we cross check our implementation against
the DPD evolution code DOVE, which was originally introduced in ref. [28] and further
developed in subsequent work. We conclude in section 8. In appendix A we prove an
important statement about the independence of DPD evolution and flavor matching on
the path taken in the (1, p2) plane.

2 Basics and main results

2.1 Theory framework

To begin with, let us recall some properties of DPDs that are relevant to this work. A
DPD F,\ab?(x1,z2,y; 1, o) depends on the longitudinal momentum fractions 1 and
of the two partons, on their distance y in the transverse plane, and on the factorization
scales p1 and po associated with each parton. The labels a1 and a9 specify the flavor and
polarization of each parton. DPDs involving transverse quark or linear gluon polarization
have open Lorenz indices and depend on the difference 7 of the transverse parton positions
rather than on the length y of this vector. As specified in section 2 of ref. [56], they can

! Chebyshev Interpolation Library for PDFs



be decomposed into scalar distributions that depend on y. The evolution and matching
equations discussed below hold separately for these scalar distributions. Throughout this
work, we consider only DPDs in the color-singlet channel, i.e. where the color is summed
over separately for each of the two extracted partons.

Notice that we allow different numbers n; and no of active quark flavors for the two
partons, which is useful when the hard-scattering processes initiated by a; and ao take
place at very different scales. Technically, n1 and ne are specified by the renormalisation
prescription for the twist-two operator pertaining to parton a; and as, respectively.

The scale dependence of a DPD is given by the evolution equations

d n
dln 12 Flan? (xy, xe,y; s pi2) = Z [Pfllbl (11) (519 Fzﬁla’g (22, Y5 1, M2)} (z1),
1 by
d 1,12 2 ni,n2
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with separate Mellin convolutions
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for the two momentum fractions. Although we define each convolution integral in eq. (2.2)
with the upper integration limit equal to 1, the effective integration range is reduced by
the support property

Fn17n2(a317x27y;/1/17u2) =0 for T+ 22 > 1 (23)
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of DPDs, which is conserved by the evolution equations (2.1). The evolution kernels
P’ (z;p) in eq. (2.1) are identical to the familiar DGLAP kernels for the evolution of
PDF's with n active quark flavors. Note also that the distance y plays no active role in the
scale evolution, so that each “slice” of a DPD at fixed y evolves by itself.

We remark in passing that the homogeneous evolution equations (2.1) hold for DPDs
depending on the interparton distance y. An inhomogeneous term appears if one inte-
grates the distributions over ¢ or performs a Fourier transform from ¢ to its conjugate
transverse momentum [19, 24]. This term is closely related with the splitting contribution
(2.7) discussed below and has been extensively studied in the earlier literature [28, 57-60].
Throughout this work, we will exclusively work with DPDs that depend on y and evolve
as given in eq. (2.1).

The transition from n — 1 to n active flavors in a DPD is described by matching

equations
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with flavor number of n and the matching kernels A7, (z,my; 1) are the same as the ones
for PDF's [61]:

fitw ) = S0 [ ALy s ) @ £ ()] (). (2.5)
b
Eq. (2.1) is a coupled set of differential equations in p1 and pe. In appendix A we
show that with an initial condition at some point (uo1, po2) one obtains a unique DPD
regardless of the evolution path taken in the (u1,u2) plane. We will also show that the
result of successive flavor matching does not depend on the order in which the flavor
thresholds for the two partons are crossed. Note that the path independence of evolution
and flavor matching in the (u1, 1) plane is exact even if the perturbative expansions of the
DGLAP and matching kernels are truncated. This is in contrast to the independence on
the scale at which the flavor matching is performed, which only holds to the perturbative
order of the truncation.
The following evolution and matching kernels are currently implemented in CHILIPDF
and used in the present work:

e DGLAP evolution for unpolarized and longitudinally polarized partons up to NNLO
(order aj:’). For the NNLO kernels we use the approximate parameterized forms given
in refs. [62, 63] and refs. [64, 65]. The kernels in these references were confirmed by
the calculations in refs. [66, 67].

e DGLAP evolution up to NLO for transversely polarized quarks and linearly polarized
gluons, with the kernels given in refs. [68, 69].

e Flavor matching for unpolarized partons up to NNLO, i.e. order a2. The correspond-
ing kernels were computed independently in refs. [61] and [70-72], and we verified
that they agree with each other.

e Flavor matching for polarized partons up to NLO. At order ay, the matching kernels
are directly proportional to the DGLAP kernels for the same polarization.

We now take a closer look at the dependence of DPDs on the kinematic variables x1, x2,
and y. The y dependence is not directly observable, because DPDs enter cross sections
(differential or integrated) via so-called double parton luminosities

ny,ng e .
£a1a2’b1b2 (xly T2,T1,T2; KU1, 12, ymln)

= /ng 0(y — Ymin) Foran® (@1, 22, Y5 p1, pr2) Fy " (T1, T2, Y5 pa, p12) (2.6)

where y is integrated over with a lower cutoff ymi, of order 1/ min(uq, pu2). The origin of
this cutoff is explained in ref. [24], where it is also shown how the dependence on this cutoff
is removed when the cross sections for single and double parton scattering are combined.

The form in eq. (2.6) holds for unpolarized and longitudinally polarized partons; for
transverse quark or linear gluon distributions additional tensors depending on ¢ appear
under the integral.



At sufficiently small distances y, the dominant contribution to a DPD arises from the
perturbative splitting of a single parton into the two observed partons a; and as. At leading
order in the coupling, this mechanism gives [19, 24]

L Ozs(uy) V(l) x1 fao (-Tl + T2; :uy)
7Ty2 2T a1az2,a0 1+ 29 T+ X9

where the scale p,, should be taken of order 1/y so as to avoid large logarithms In(yu)

FPL (w1, 2, iy fty) = . @2

in higher-order corrections. In addition, there is an “intrinsic” two-parton contribution,
which lacks the 1/y? enhancement of the splitting part at small y but grows more strongly
at small x1 and x5 for gluons and sea quarks.

At distances y of nonperturbative size, our knowledge of DPDs is rather limited, and
in practice one needs to make a model ansatz. Where needed, we will take recourse to the
model used in refs. [24, 30], where a DPD is written as a sum F'™ 4 FSP! of intrinsic and
splitting parts at all y. At a starting scale ug, the intrinsic part of the DPD is assumed to
be proportional to the product of two PDFs:

2
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to ensure that the DPD smoothly goes to zero at the kinematic boundary z1 + xo — 1.
Other models in the literature take only a power (1 — x; — x2)"; for the motivation of the
form (2.9) we point to section 3.2 in ref. [28].

The splitting term in the model of refs. [24, 30] is given by the perturbative splitting
expression (2.7) multiplied with the same exponential factor exp|[—y*/(4ha,a,)] as in the
intrinsic part. This retains the correct small-y limit whilst providing a more realistic
decrease at large y.

2.2 Quantitative impact of higher orders in DPD evolution

With the methods presented in this work, we are able to evolve DPDs at different pertur-
bative orders, for all relevant polarization combinations and with different scales and active
flavor numbers of the two partons. As a demonstration, we now compare DPDs evolved at
LO, NLO, and NNLO from a common starting condition.

As starting condition we take the perturbative splitting form (2.7) with n; =ngy = 3
active flavors. The splitting formula is evaluated at p, = 2GeV and y ~ 0.561 GeV~L,
which corresponds to the scale choice p, = by/y with by = 2772 ~ 1.12, where g is the
Euler-Mascheroni constant. This choice is suggested by the form of the NLO corrections
to the splitting formula (2.7) and was found to keep these corrections at a moderate size
[73, 74]. For the PDFs in the DPD splitting formula, we take the default NNLO set of
the MSHT20 parameterization [75].> The parameterization assumes quark masses m. =
1.4 GeV, my = 4.75 GeV and a five-flavor coupling as(myz) = 0.118.

*We use the central PDF from the MSHT20nnlo_as118 set obtained via LHAPDF [54]. The CHILIPDF
library includes an interface for importing data from LHAPDF.



We evolve these initial conditions to u; = 9 GeV with ny = 3 for the first parton and
to pa = my with no = 5 for the second one. This is a setting relevant for the production
of a J/U and a W, a channel for which double parton scattering has in fact been observed
experimentally [4, 76]. Flavor matching for the second parton is performed at the charm
and bottom quark masses, with kernels of the same order (LO, NLO, or NNLO) as the
evolution kernels. An exception is longitudinally polarized evolution at NNLO, where we
use NLO flavor matching.

We show the effect of the higher-order DGLAP evolution for a selection of unpolarized
DPDs in figure 1. The distributions are given in the top panel of each plot, and their ratios
with respect to the leading-order distribution in the lower panel. At small momentum
fractions, higher-order evolution has an effect of order 10% on F,g, whereas for the other
flavor combinations shown in the figure, the effect is of order 1. In all cases, we find that
the change from LO to NLO is much larger than the rather moderate change from NLO
to NNLO.

A selection of polarized DPDs is shown in figure 2. For linear gluon and transverse
quark polarization, we have only implemented evolution at LO and NLO. We find that the
NLO corrections to evolution introduce effects of order 10% for AuAu and dudw in different
regions of x1, where as for AgAg they reach 70% at small z1. For dgdg, one obtains a huge
relative difference between NLO and LO evolution in the limit 21 < x9. This is because
for z — 0 the splitting function Pjgs4(2) vanishes like z at LO but grows like 1/z at NLO
[69]. At both orders, the evolved distribution at x; < z2 remains however small compared
with its peak around x1 ~ xs.

As is the case for PDFs, DPDs are not observables, and distributions evolved at dif-
ferent orders are combined with parton-level cross sections computed at different orders.
Nevertheless, the strong evolution effects we observed in several channels and kinematic
regions suggest that NLO corrections in double parton scattering can be of substantial size.

3 Interpolation and evolution of DPDs in ChiliPDF

In this section we sketch the mathematical framework underlying CHILIPDF, summarizing
the relevant methods presented in ref. [55] and extending them from PDFs to DPDs. In
particular, we give explicit formulae for interpolation and integration, and for the discretiza-
tion of the DGLAP evolution equations. A detailed account of Chebyshev interpolation
and its applications can be found in ref. [77].3

3.1 Chebyshev interpolation

We start by reviewing Chebyshev interpolation of a function f(¢) on the interval ¢t € [—1,1].
The function is discretized on a grid consisting of the so-called Chebyshev points, which for
given N read

tizcos(%) with ¢=0,...,N. (3.1)

3The first chapters of this book are available on https://people.maths.ox.ac.uk/trefethen/ATAP.
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Figure 1. Unpolarized DPDs at 2o = 5 x 1073, evolved from (u1,u2) = (2GeV,2GeV) to
(9 GeV,my ) at different perturbative orders. The starting conditions and the procedure of flavor
matching are specified in the text. The ratio shown in the small panels is taken with respect to the
LO result.
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Figure 2. As figure 1 but for polarized DPDs. Panels (a) and (b) are for longitudinal, panel (c)
for linear, and panel (d) for transverse polarization.

These are the points where the N*' Chebyshev polynomial of the first kind, T (¢), assumes
its maxima +1 and minima —1. They form a descending series from tg = 1 to ty = —1
and satisfy the symmetry property ty—_; = —t;. We call the set of Chebyshev points a
Chebyshev grid.

A sufficiently smooth function f(¢) on t € [—1, 1] can be approximated by the Cheby-
shev interpolant px(t). This is a series of Chebyshev polynomials T;(t) with j =0,...,N
whose expansion coefficients are such that one has py(t;) = f(¢;) at the Chebyshev points.



For details see equations (2.6) to (2.8) in ref. [55].

Barycentric formula. A simple and efficient way to compute the Chebyshev interpolant
without having to evaluate Chebyshev polynomials is given by the barycentric formula

N
=3 F(t) bitt) (3.2)
1=0

with the barycentric basis functions

bi(t) =

(3.3)

t—t

where By = fy = 1/2 and ; = 1 otherwise. Even though it is not directly evident from
eq. (3.3), the b;(t) are polynomials of order N. The number of operations for evaluating
the barycentric formula scales linearly with N. The barycentric formula is found to be nu-
merically stable in the interpolation interval (however, this is not the case for extrapolating
the function f(¢) outside this interval, see chapter 5 of ref. [77]).

Accuracy estimate. A computationally inexpensive estimate for the accuracy of Cheby-
shev interpolation is obtained by interpolating f(¢) on the Chebyshev grid without the end
points ¢y and ty. The resulting interpolant gy_o(t) is a polynomial of order N — 2 and
can be computed with an adapted form of the barycentric formula, see equations (2.23) to
(2.27) in ref. [55]. Comparing pn(t) with gy_2(t) yields an estimate for the interpolation
accuracy, i.e. for the difference between py(t) and f(¢). This estimate was found to work
well for PDF interpolation [55], and we will investigate in later chapters how reliable it is
in the case of DPDs.

Integration. Using the expansion of f in terms of Chebyshev polynomials T;(¢) and the
analytic form for integrals of these polynomials, one readily obtains the integration rule

1 N
[ atro =3 ) (3.4)
- i=0
with weights
4& Z 3, cos ]9 (3.5)
g . .

even

This integration rule is known as Clenshaw-Curtis quadrature. For a detailed discussion of
its accuracy (and comparison with Gauss quadrature), we refer to chapter 19 of ref. [77]
and to section 2 of ref. [55].

An estimate for the integration accuracy can be obtained by using a quadrature rule
on the Chebyshev grid without its end points, in full analogy to the procedure described
above for interpolation. The result is known as Fejér’s second rule. Details are given in
equations (2.31) to (2.33) of ref. [55].
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3.2 Interpolation strategy

In this subsection, we consider the scales p1 and us to be fixed and omit them as arguments
for brevity. We discuss the discretization of DPDs in the three variables z1, z2, and y,
which we generically denote by z. Depending on the typical dependence of a DPD on
z, different variable transformations z — w are used to map an interval [zmin, Zmax] Onto
a finite interval [upin, Umax]. For the momentum fractions z; and xo we always use the
transformation

u(z;) = Inx; fori=1,2, (3.6)

which corresponds to the choice for interpolating PDFs in ref. [55]. For both z; and wo,
the interpolation interval has a fixed upper limit xy.x = 1, whereas the lower limits may
be equal or different (but must be nonzero). For the y dependence (where ymax may be
infinite or finite) we use a number of different transformations, which are presented in
subsection 6.1.

For reasons given below, the z intervals are usually split into a few subintervals. On
each subinterval, we perform a linear transformation from u to a variable ¢t € [—1, 1], which
is used for Chebyshev interpolation as described in subsection 3.1.

Consider a particular subgrid with N + 1 points ug, ..., uy, which is mapped by a
linear transform onto the Chebyshev grid to,...,ty given in eq. (3.1). The corresponding
grid points in the physical variable are then given by the inverse variable transformation
zi = z(u;). Similarly to the PDF case, it is advantageous to interpolate DPDs scaled by
their momentum fractions,

F(x1,29,y) = v122 F (21, 22,y) , (3.7)

because this leads to less steep functions in z7 and x5. The interpolation in one variable is
given by the barycentric formula

N
F(z,..)~ ZE( ) bi(u(z)) for zo <z < zy, (3.8)
i=0
where the ellipsis denotes the other variables and
5 g (-1 (-1
EF(..)=F(z,...), bi(u) = B; j . .
() =F(z,..) (W) =i ;)ﬂju_uj (3.9)

The interpolation of the full DPD is obtained by discretization in both momentum fractions
and the interparton distance and reads

Nw,l Na:,Q Ny

ﬁ(l‘l, T, y) ~ Z Z Z ﬁijk: bl (111(:1,‘1)) bj (111(1}2)) bk (u(y)) s (3.10)

i=0 j=0 k=0

where N1, N2, and N, specify the polynomial order of interpolation in each variable,
and

Fiji, = F(x14, ©2,5, Yk) (3.11)
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denotes the values of F' on the interpolation grid. Eq. (3.9) reflects that the form of the
barycentric basis functions (3.3) remains unchanged under a linear transform of the inter-
polation variable. Analogous formulae can be used to interpolate functions derived from
DPDs, such as the Mellin convolutions of DPDs with an integral kernel (see subsection 3.3).

Note that we interpolate ﬁ(:cl, x9,y) on a full rectangle in the (z1,z2) plane, given by
Z1 € [Z1,min, 1] and x2 € [2min, 1]. This includes the region x; + z2 > 1 where the DPD
is zero. In this way, we can use the same interpolation grid in z; for all values of zo and
vice versa, which in turn permits a simple implementation of DGLAP evolution for the
two partons. The implication of this choice on the interpolation accuracy is discussed in
section 4.

Chebyshev interpolation is “global” in the sense that the interpolant at a given point z
depends on the function values at all points z; in the interpolation interval. For grids with
many points, this can lead to an accumulation of rounding errors, especially in regions of z
where the function is much smaller than elsewhere in the interval. To limit this effect, it is
advantageous to split the full z domain into several subintervals and to use the barycentric
formula (3.10) separately on each subinterval. In ref. [55] this was found to substantially
improve the interpolation accuracy for PDF's, provided that the number of points in each
subinterval does not become too small. We find that the same is true for the interpolation
of DPDs in 1 and z9, as well as in y.

To specify such a composite grid with k£ individual subgrids, we use the notation

[ZO’ Rlyeves Zk](pl,pz,...,pk) ) (312)

where z; are the subinterval boundaries and p; = N; + 1 is the number of Chebyshev
points in subgrid number i. We refer to this as a (p1,p2,...,pxr)-point grid. Note that
neighboring subgrids share their end points, such that the total number of grid points is
Ptotal = Z§:1 pi— (k—1).

Splitting the interpolation interval in y has the additional benefit that one can use dif-
ferent variable transformations u(y) for regions with different characteristic y dependence,
such as the power law behavior from perturbative splitting and an exponential decrease at
large distances. Details will be discussed in subsection 6.1.

3.3 Mellin convolution

Consider now the convolution of a DPD with an integral kernel, which may be a DGLAP
evolution kernel, a flavor matching kernel, or a hard-scattering coefficient. The general
expression to be computed reads

(K F)() :/:dZK(z)ﬁ<x) , (3.13)

z z

where x stands for x1 or z9 and the dependence of the rescaled DPD on all other variables
is omitted for now. The kernel K(z) is appropriately rescaled, given that g1 = g2 ® g3
implies hy = hg ® hg with hy(z) = zgr(2).

To discretize eq. (3.13), we consider for simplicity a single Chebyshev grid with p,
points for & € [Zmin, 1]. The result of the convolution (K ® F)(x) is a function defined in
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the same z interval as F (z) and can hence be interpolated on the same grid. It is thus
sufficient to evaluate eq. (3.13) at the grid points z;,

(K®ﬁ)(xi):/:dZK(z)ﬁ(xi) %/:de(z) pzzlﬁ(xi,)bi,(lnx") . (3.14)

z
=0

where in the second step we have approximated ﬁ(scz /z) by its interpolated form. Here
and in the following, we use the number of grid points p, rather than the polynomial order
N, = p; — 1 to specify summation ranges. At the grid points, the convolution is thus
obtained by a matrix multiplication

pz—1
/=0
where the kernel matriz
1
d i
K :/ ;K(z) by <ln ‘%) (3.16)

can be computed using standard numerical integration techniques (we use an adaptive
Gauss-Kronrod routine). If K(z) contains plus- or § distributions, this requires rewriting
eq. (3.16) as specified in equations (4.5) to (4.10) of ref. [55].

It is straightforward to generalize the preceding discussion to the case where the interval
[Zmin, 1] is split into several subintervals with corresponding subgrids. The relation (3.15)
remains valid, with an appropriately generalized definition of the kernel matrix and with
pz being the total number of grid points in .

The kernel matrix method can be readily used for flavor matching of DPDs, discretizing
the Mellin convolutions with the matching kernels in eq. (2.4). It is also a crucial part in
DPD evolution, which is presented next.

3.4 DGLAP evolution

We now discuss the evolution of DPDs; starting with evolution in pp at a fixed value of ps.
The evolution equation for the rescaled DPD reads

Ty F s azy i) = [Plu) @ Py o) (@), (3.17)
where ]3(2:7 p1) = zP(z;u1) is the rescaled splitting function and we omit parton labels
and the associated sums for the time being. After discretization on one or several subgrids
with a total number of p;1, ps2, py points in x1, x2, y, the integro-differential equation
(3.17) turns into a linear system of ordinary differential equations in p1,

Pz1—1

d =~ -
a2 Fije(pa, p2) = Y Piir(p) Firjpo (i, p2) (3.18)
1 =0
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where ﬁijk(,ul, pi2) is given in eq. (3.11) and P,y is the matrix for the kernel P(z) as defined
in eq. (3.16) or its generalization to several subgrids. At NNLO accuracy, we have

2
151'1'/ (,u) _ Z [as(ﬂ)] wH ﬁgf) ’ (319)

4
k=0

and after a change of variables from the scales u; to the evolution times

ti = —In(as(p)) for i = 1,2, (3.20)
we obtain
d ~ pz,1—1 »
EFijk(tlatQ) = IZ%) Kii/(tl) Fi/jk(tl,tg) (3.21)

with a new kernel matrix given by

—t —2t -1 —t —2t
Kol) = [fo+ Cmv S| [BO+ SR B e
where [, are the expansion coefficients of the QCD f function (see equation (5.4) in [55]
for our normalization conventions).

To solve eq. (3.21) we use a Runge-Kutta algorithm with a fixed maximal step size
in ¢1. Notice that the t; dependence of K,y (1) starts only at NLO, which leads to a more
uniform accuracy of the algorithm compared with the direct solution of eq. (3.18), where
Py (p1) changes with In i already at LO. As documented in appendix A of ref. [55], we
find that the use of a higher-order Runge-Kutta algorithm — in particular the 8" order
algorithm of Dormand and Prince [78] — greatly improves the accuracy of evolution for
a given number Nrk of intermediate time values at which the r.h.s. of the differential
equation is evaluated for evolution from one value of ¢; to another.

The Runge-Kutta algorithm is also used to compute the transformation (3.20), solving
the differential equation for the running of a; ! as a function of In y.

Flavor labels and sums have to be added in eq. (3.21) as in the original version (2.1).
The mixing between parton flavors under evolution is the same as for PDFs, and corre-
spondingly we solve the evolution equations in the same basis that is used for PDFs in
ref. [55]. For each of the two partons, we thus form the linear combinations

Ei :Zqzj:a ui_di7 di_siv Si_ci, Ci_bi, bi—ti, (323)

where gt = ¢£G. The combination ¥~ and all flavor differences then evolve by themselves,
and mixing is reduced to the combination ¥* and the gluon.

The system (3.21) needs to be solved separately for each combination of the indices
j, k that correspond to the “inactive” variables xo and y during evolution in ¢;, and for
each of the 2ny + 1 active flavors of the second parton. This gives a large number of
P2 Dy (2n2 + 1) combinations — typically several thousand. It is much more efficient to
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apply the Runge-Kutta algorithm not to each of these combinations, but to a set of p;1
basis vectors e! that generates all possible initial conditions on the grid for z1. With the
choice of basis ¢] = 5Z~j, evolution from tg; to t; requires solving the system

-1
d Pz,1
Uii(ty, tor) = Ko (t1) Uy (t, to1) 3.24
i j(t1,t01) ZZ:‘B (t1) Uij(t1,ton) (3.24)

with the boundary condition Uj;(to1,t01) = ;5. The solution of eq. (3.21) is then obtained
by a matrix multiplication

Pz,1—1

Fijr(tite) = > U(tr,tor) Fyjp(tor, ta) (3.25)
i'=0

where the evolution matrix Uy (t1,t91) acts as the discretized version of the Green function
for the original evolution equation (3.17). With flavor labels reinstated, eq. (3.24) is solved
separately for the evolution kernels of the different channels (i.e. for qf — q;-L, a4 —4q; T,
and the coupled system of X1 and the gluon).

This approach is also attractive in the PDF case when a large set of different PDF's is
evolved simultaneously, and it is for instance used in the PDF evolution codes APFEL [49]
and EKO [53], with U;;(t1,t01) being called an evolution operator and an evolution kernel
operator, respectively. In CHILIPDF', the evolution of a DPD in one scale is implemented
in the same way as the evolution of a set of PDFs.

The number of operations for evaluating eq. (3.25) for all indices i, j, k and flavors for
the second parton scales like (paﬂ)2 P22 Py (2n2 + 1), and the number of operations for
solving the evolution equation (3.24) scales like (px71)3 Ngrk with Nk introduced below
eq. (3.22). The number of grid points for the interpolation in the momentum fractions is
therefore a major factor determining the computational speed of DPD evolution.

The preceding discussion is trivially extended to evolution in the scale ps at fixed p;.
To evolve from (o1, poz2) to (p1, p2), we first evolve from (uo1, 02) to (1, po2) and from
there to (p1, pu2). We verified that evolving to (po1, p2) in the first step leads to the same
final result with very high numerical accuracy (see also subsection 5.1).

4 Interpolation of DPDs in both momentum fractions

As shown in the previous section, our approach to interpolating DPDs in z; and x5 is
a straightforward two-dimensional generalization of the method presented in ref. [55] for
the interpolation of PDFs in . In the present section, we study the performance of this
approach. Let us point out some particularities of the DPD case:

1. To limit computation time, interpolation grids should not have too many points,
while still giving numerically reliable results. For PDFs one can typically afford
denser grids, and the demands on interpolation accuracy are often higher than for
DPDs.
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2. The DPD is a non-analytic function of z; at the point 1 = 1 — x2 because it
vanishes identically above that value. Since we interpolate on the same grid in x;
for all values of x9, this singular point is generally in the middle of an interpolation
interval. Polynomial interpolation is not very accurate in the vicinity of such a point,
but we will see that this effect is in general relatively mild.

3. The perturbative splitting mechanism gives a dependence on x; that is qualitatively
different from the x dependence of a PDF'. In some channels, the splitting contribution
(2.7) goes to zero for 1 < 2 and thus results in a strong rise of the DPD as a function
of x 1.

Of course, the last two points also apply to interpolation in zo at a given x.
In the following, we will study the interpolation accuracy for DPDs that have a known
analytic expression. To this end, we simplify the forms (2.8) and (2.7) to

(1 — 1 — xg)r
1-— xl)r(l — xg)

F\int(r)(xlsz) _ (

aia2

r fai(@1) fay(@2) (4.1)

and

(4.2)
X1 + T2 X1+ T2

~ xy Jao (1 + T2
F;ﬁiz (1:1’ $2) = Va(1lf)l2v‘10 < > aO( ) ’
respectively. For the PDFs, we take the simple parameterizations of the Les Houches
benchmark PDFs given in section 1.32 of ref. [79] and section 4.4 of ref. [80].
Corresponding to the typical use case, we take the same interpolation grids for x; and
x2 (a situation in which different grids are useful is encountered in section 7). We consider

three composite grids of the form

12 (coarse x grid)
[107°,5 % 107%,0.5, 1] p. p) with p =< 16 (medium z grid) (4.3)

24 (fine x grid)
where the shorthand notation from eq. (3.12) has been used. We find that for the given
x range, three subgrids with the above interval limits generally give the best accuracy for

a given total number of points. As a measure for the quality of interpolation, we use the
relative accuracy defined as

relative accuracy = |interpolated result/exact result — 1‘ . (4.4)

In the following, this interpolation accuracy will be shown as a function of z; for fixed
values of xo. The latter are not grid points, so that interpolation is performed for both
momentum fractions.
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4.1 Interpolation of the product form

We start with the product form (4.1) for the three values r = 0, 1, 2 of the power in the phase
space factor. The case r = 0 corresponds to a “naive” product form with a discontinuity at
x1+x2 = 1 that is not very plausible on physics grounds. In fact, evolution to higher scales
quickly changes such a discontinuity to a steep but continuous decrease. We nevertheless
include the case r = 0 here, in order to see how our method performs in this limiting case.
The following plots show the uu distribution; we verified that for other parton combinations
the interpolation accuracy is not significantly better or worse.

In the left panels of figure 3 we see that all three grids yield an excellent interpolation
accuracy at small momentum fractions. Not surprisingly, there is little dependence on the
power r in this region, given that the phase space factor is very close to 1 for x1,zs < 1.
In the right panels of the figure, we see that a degradation of the relative accuracy sets in
as x1 approaches its kinematic limit 1 — z9 = 0.7, and that the degradation is stronger for
smaller r. Nevertheless, the accuracy is better than 1% as long as the distance 1 — (21 +x2)
from the kinematic threshold is above 0.15 for » = 1,2 and above 0.2 for » = 0.

The plots in figure 4 show the x; region around the point where the DPD has a non-
analytic behavior, which is at x; = 0.7 in this example. In these plots, we include the
region 1 > 1 — x9, where the interpolated DPD oscillates around its true value zero. Note
that this region is included when one computes a Mellin convolution for the DPD with
the kernel matrix method described in subsection 3.3. However, the effect of oscillations
around the true value will partially cancel out in convolution integrals.

We see that for r = 0, one obtains a rather poor approximation of the DPD in the
range z1 € [0.6,0.8] with the coarse or medium grid. In situations where this region is
deemed important, one should take a dense grid and check the reliability of the results
by comparing with an even denser grid. Of course, this is only needed in the relevant
subinterval (i.e. for 1 € [0.5, 1] in our example) and hence entails only a moderate increase
in the total number of grid points. For r = 1, where the DPD is continuous but has a
discontinuous first derivative at 1 = 0.7, we see that the fine grid performs very well, and
for r = 2 already the medium grid yields a good approximation of the DPD.

4.2 Interpolation of the splitting form

We now turn to the interpolation of the splitting form. We see in eq. (4.2) that it decreases
almost as fast as a PDF for x1 + x5 — 1, so that according to the results of the previous
subsection one does not expect particular problems with interpolation in that region. This
is confirmed by our numerical studies.

The shape of the splitting form is strongly influenced by the end-point behavior of the
splitting kernel Va(l1 32,%, and in the following we show results for two qualitatively different
cases:

Vity(2) = T[22 + (1 - 2)7] VA () =204:0-2).  (45)

Whereas the first kernel is finite for z — 0 and z — 1, the second one goes to zero in
both limits. This implies a strong decrease of F;gpélg (21, x2) for both x; < xe and 1 > x5.
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Figure 3. Relative accuracy (4.4) for interpolation in z; and s, evaluated for the product form

F\int (r)

i (x1,22) of eq. (4.1) with r = 0,1,2. The interpolation grids are specified in eq. (4.3). Here
and in similar plots, the exact result that is being interpolated is shown in black.
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Figure 4. Interpolation of DPDs at large momentum fractions. The DPDs considered are the
same as in the right panels of figure 3. The plots on the left compare the exact and interpolated
forms of the DPDs. The plots on the right show the difference between the interpolated and the
exact values, along with the exact form. Notice that the plots in the top row have a different x
range than the remaining ones.
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Figure 5. Relative accuracy (4.4) for interpolation in z; and zo, evaluated for the splitting form
FpPl (21,29) of eq. (4.2). The interpolation grids are specified in eq. (4.3). The plots in the top

a1az
row are for an unpolarized uu pair, and those in the bottom row for a pair of linearly polarized

gluons. Notice that a logarithmic scale for x; is used in panel (d).

Other splitting kernels diverge at the end points — namely when an unpolarized gluon
produced by the splitting becomes soft — and we verified that the interpolation accuracy
for these channels is not worse than the one for uu.

We see in the top row of figure 5 that already the medium grid yields a very good
interpolation as long as the momentum fractions are not too close to the kinematic limit.
At small 1 and z9, the accuracy is somewhat less good than for the product form in
figure 3, which can be understood because the splitting form has more structure in that
region. This is also seen for the interpolation of ﬁ;;; g at small momentum fractions in panel
(¢), where the accuracy of the medium grid is at the permille level. In panel (d) we see that
the linear decrease of the distribution for x; < x5 requires the fine grid for a satisfactory
interpolation at the smallest z1, where the DPD is many orders of magnitude smaller than
its maximum value. On the other hand, the medium grid still performs well for z; > 1074
We note that the coarse grid does not give a good accuracy in any of the cases considered
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Figure 6. True interpolation accuracy in x; and 25 compared with its estimate (4.6). All values
refer to the medium z grid in eq. (4.3). The DPDs used are specified in eqgs. (4.1) and (4.2).

here, and it is entirely unreliable in the case of panel (d). We conclude that at at least 16
points per subgrid should be taken, unless one considers only unpolarized DPDs and has
only very moderate accuracy requirements.

4.3 Estimating the interpolating accuracy

Let us finally study the reliability of the accuracy estimate for interpolation described in
subsection 3.1, given by

value interpolated without end points

relative accuracy estimate =

value interpolated with end points L (4.6)
In figure 6, we compare this estimate with the true relative accuracy (4.4) for the medium
z grid in eq. (4.3). We see that the estimate is typically not more than two orders of
magnitude away from the true accuracy (except around points where the error estimate or
the true error has a zero crossing). Somewhat surprisingly, the estimate almost coincides
with the true accuracy in some cases, as seen in figure 6(a). Closer inspection reveals that
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the estimate tends to be above the true accuracy close to subinterval end points; this is
expected because in that region interpolation without the end points is particularly bad
by construction. We find a qualitatively similar picture for the accuracy estimate in other
kinematic settings, and for the other two grids in eq. (4.3). Although not perfectly accurate
in all regions, the method based on eq. (4.6) provides a good and easy-to-compute indicator
for the quality of interpolation.

5 Evolution and flavor matching of DPDs

In this section, we demonstrate the accuracy of DGLAP evolution and flavor matching
for DPDs with the methods presented in subsections 3.3 and 3.4. As a default setting for
DPD evolution, we take a maximal step size of h = 0.22 for the evolution time (3.20) in the
Runge-Kutta method. We use the 8" order algorithm of Dormand and Prince [78], where
each Runge-Kutta step is divided into 13 substeps for which the r.h.s. of the evolution
equation is evaluated.

As initial conditions we take the splitting form (2.7) evaluated with the Les Houches
benchmark PDF's of refs. [79, 80]. Following the settings in these references, we take

Ho = \/§GeV (5-1)

as initial scale with n = 3 active flavors for both partons. The evolution accuracy is
independent of g, and we fix this variable to the value y = by/po =~ 0.794 GeV . Unless
specified otherwise, flavor matching is carried out at the canonical scales iy = mg, with the
quark masses m, = v/2GeV, my = 4.5GeV, and m; = 175 GeV. The strong coupling at the
initial scale is taken to be as(pg) = 0.35. Throughout this section, we consider unpolarized
partons and use evolution and flavor matching at NNLO. We specify the scales and the
number of active flavors for the two partons in the form (u1, p2) and (ng,n2).
Guided by the studies in section 4, we interpolate both x; and x5 on the grid

[107°,5 x 1072,0.5, 1] (16,16,24) - (5.2)

This corresponds to the medium grid in eq. (4.3), except for the third subinterval, where
we afford a finer grid for improved interpolation accuracy at large momentum fractions.

5.1 Path independence of evolution and flavor matching

For a given heavy quark flavor ¢, we apply the matching equations (2.4) at a fixed scale g,
so that in the (p1, p2) plane we match at the line (g, p12) for the first parton and at the line
(1, pq) for the second one. We show in appendix A that, under these conditions, the result
of evolution and flavor matching between two points in the (u1, p2) plane is independent
of the evolution path.

We verify this numerically by comparing the results of evolving and matching from
(1GeV,1GeV) with (3,3) flavors to (500 GeV, 1000 GeV) with (6,6) flavors along the two
paths shown in figure 7. The path in black is the default taken in CHILIPDF when matching
from 3 to 6 flavors for both partons and then evolving to the final pair of scales. The
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Figure 7. Two paths for evolution and flavor matching in the (u1, p2) plane. Next to each line
segment, we specify the numbers (ni,ns) of active flavors for which the DPD is evolved. Flavor
matching is performed at the points marked by dots. The path in black is the CHILIPDF default
for matching from (3, 3) to (6,6) and for subsequent evolution up to the final scale pair.

staircase-like path in red can be selected by subsequent evolution calls for each line segment.
The results are in excellent agreement, as illustrated in figure 8 for the t¢ distribution, for
which the differences are largest among all flavor combinations. The agreement deteriorates
close to the kinematic limit 1 = 1 — 29 but remains small compared with the interpolation
accuracy in that region. The choice for a particular evolution path in our implementation
is therefore of no consequence for the accuracy.

5.2 Evolution and flavor matching accuracy

We now study evolution and flavor matching to higher scales, using the initial conditions
specified at the beginning of this section. To assess the accuracy, we use three settings:

1. our default setting with the grid [107°,5 x 1073,0.5, 1](16,16,24) and a maximal step
size h = 0.22 for the Runge-Kutta algorithm,

2. a finer grid [107°,5 x 1073,0.5, 1](40,40,40) With the same maximal step size h = 0.22,
3. the same finer grid with a smaller maximal step size h = 0.0088.

The difference between settings 1 and 2 is taken as an estimate of the error from discretiza-
tion in 1 and x5 with our default grid, and the difference between settings 2 and 3 is taken
as an estimate of the error due to the Runge-Kutta algorithm.
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Figure 8. Relative difference between the tf distribution obtained by evolving and matching
along one of the two paths in figure 7. Both paths lead from (1 GeV,1GeV) with (3,3) flavors
to (500 GeV, 1000 GeV) with (6,6) flavors. The distributions at (1 GeV,1GeV) are obtained by
evolving backwards from the starting conditions at (o, o) specified at the beginning of the section.

These errors are shown in figure 9 for evolution and matching to (100 GeV, 10 TeV)
with (5,6) active flavors. The plots are for selected parton combinations; we verified that
the errors for the other combinations are of similar size or even smaller. We see that
the Runge-Kutta errors are always negligible compared with the errors from discretization.
The latter are of similar size as (or even smaller than) the interpolation errors for the initial
conditions, which are shown for u# in figure 5. Evolution to high scales does therefore not
degrade the overall accuracy of DPDs with our method. Only close to the kinematic limit
does the relative error from discretization become large. With the chosen grid, it remains
below 1% for 1 — (z1 + x2) above 0.2.

In figure 10, we show the errors for evolution and matching to (1.01 ¢, 1.01 ) with
(4,5) flavors, i.e. to scales just slightly above the matching scales for the final flavor num-
bers. The accuracy remains excellent, even for DPDs with charm as first or bottom as
second parton, which are still tiny at the chosen scales.

5.3 Backward evolution accuracy

A stringent way to test the accuracy of an evolution algorithm is backward evolution
from large to small scales. Whilst small inaccuracies of distributions at a given scale are
diminished when evolving to higher scales, they are amplified by backward evolution. In
the following, we adapt the backward evolution test performed for PDFs in ref. [55] to the
case of DPDs.

We start with the three-flavor input DPD specified at the beginning of this section,
match to 4 flavors at the input scales (o, po), and then evolve to (fiow, tow) With fiow =
my/2 = 2.25GeV. At this point, we match from 4 to 5 flavors for both partons. Since
the matching scale differs from my, all DPDs are nonzero at that point, including the ones
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Figure 9. Relative Runge-Kutta and discretization errors for DPD evolution and flavor matching
from scales (10, po) with (3, 3) flavors to (100 GeV, 10 TeV) with (5, 6) flavors. The initial conditions
are specified at the beginning of the section.

with bottom quarks or antiquarks. We take these distributions as starting conditions for

evolution with 5 flavors, evolving
1. from (tow, flow) tO (Lhigh, Mhigh) With g = 1TeV in step 1,

2. from (fhigh, Mhigh) back to (Liow, thiow) in step 2.

We use our default value of h = 0.22 for the maximal Runge-Kutta step size.

The relative difference between the input to the first step and the output of the second
step is sensitive to the accuracy of forward and backward evolution. In figure 11, this
quantity is shown for selected parton combinations; the accuracy is not worse for other
combinations. We find that backward evolution is very precise, with the relative errors in
our exercise being below 1075 over most of the phase space. This also holds for distributions
containing bottom quarks or antiquarks, which have zero crossings at the scale o Wwhere
the ratio shown in the figure is evaluated.

We note that backward evolution is inherently more demanding for two scales than
for a single scale. Indeed, step 2 of our study corresponds to backward evolution first
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Figure 10. As figure 9, but for different flavor combinations evolved and matched to scales
(1.01p4¢, 1.01 pp) with (4,5) flavors. A dashed black line indicates that the interpolated function
is negative.
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Figure 11. Relative accuracy of evolving DPDs from piiow = mp/2 to pnigh = 1 TeV and back to
Iow for both partons. Details are given in the text.
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from (pihigh, Mhigh) tO (Low, high) and then from (pow, fihigh) tO (Kiow, flow). Inaccuracies
accumulated in the first substep are amplified in the second one. We repeated the above

exercise for evolution in only one scale, evolving from (fiow, flow) UP tO (fthigh, Hlow) and
then down to (fiow, tiow). We find that indeed the accuracy is even higher in that case, by
one or two orders of magnitude in some kinematic regions.

6 Interpolation of DPDs in the distance between partons

In the discussion so far, the transverse distance y between partons did not play an active
role, given that evolution and flavor matching of DPDs are performed for each discretized
value of y individually, without any cross talk between different values of y. Once a DPD
is computed for selected scales (11, p2) and flavor numbers (n1, n2), two different tasks are
concerned with the y dependence:

1. interpolation of the DPD for specific values of y, in order to study how evolution
and matching have modified the y dependence of the initial conditions. In the study
described in ref. [81], visible effects of evolution on the large-y dependence of DPDs
were reported, and in ref. [24] it was found that evolution can substantially flatten the
y~2 behavior generated by the perturbative splitting mechanism at small distances.
Numerically reliable interpolation of DPDs over a wide range of y is hence important
for understanding the dynamics of evolution.

2. integration over y from a minimum value yyi, up to infinity. First and foremost, this is
needed for computing the double parton luminosities (2.6) that enter in cross sections
of double parton scattering processes. It is also needed for evaluating sum rules (see
section 7), which DPDs must satisfy and which provide valuable constraints for their
modeling. Note that one integrates the product of two DPDs when computing double
parton luminosities and single DPDs when evaluating the sum rules.

Both tasks can be carried out using Chebyshev grids, as described in subsection 3.1. To
this end, one first needs to find variable transformations that map the characteristic y
dependence of DPDs to a dependence in the variable u that is well suited for interpolation
by high-order polynomials. In the next two subsections, we show how this can be achieved.
After that, we will demonstrate the resulting accuracy of interpolation and integration.

6.1 Characteristic y dependence and associated variable transformations

It is natural to distinguish the region of small y, where perturbative mechanisms are at
work from the domain of large y.

As mentioned earlier and discussed at length in ref. [24], DPDs at small y can be
represented as the superposition of a part due to perturbative splitting, with a power

2 and an “intrinsic” part that behaves like 40 and is related to twist-four

behavior like y~
distributions. Both power laws are modified by logarithms from loop corrections. The
relative weight of the two parts strongly depends on the parton combination and on the

momentum fractions z; and x» in the DPD. As already mentioned, the y~2 behavior can be
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substantially flattened by evolution to high scales. In the small-y region, the transformation
u(y) should therefore be suited to handle the interpolation of a power behavior y~7 with
0<g<2

A complication arises from the fact that for certain parton combinations, such as uu
or ud, the leading-order splitting contribution (2.7) is zero. Quark-gluon mixing results in
nonzero values for these combinations when evolving from the scale p,, ~ 1/y at which the
splitting formula is evaluated to the final scale . Hence, the splitting part of the DPD at
scale p has a zero around y ~ 1/u. The position of this zero is shifted when the intrinsic
part is added.

At large distances, one expects a gradual decrease of DPDs governed by some character-
istic nonperturbative mass scale. This is often modeled by a Gaussian, F' ~ exp(—M2y?),
but one may also argue in favor of a Yukawa-like decrease, F' ~ exp(—My). The charac-
teristic mass scale M may depend on the parton combination and on x; and zo [41, 81],
and it can slowly change under evolution.

We now discuss variable transformations that we found to work well for the types of
y dependence just discussed. An overview of the transformations and their properties is
given in tables 1 and 2. By convention, all transformations are such that u(y) has a positive
derivative in the domain where it is used.

The last three transformations in the table are designed for functions with a decrease
like exp(—M?2y?) or exp(—My) at large y, possibly modified by a power law in y. They
map the physical interval y € [0, 00] onto u € [—1,0] and depend on a mass parameter m,
which is normalized such that dy/du = 4/m at y = 0. The integral

[e'¢) 0 dy
[ s = [ 4 ) (61)
Ymin Umin u

is computed with the Clenshaw-Curtis quadrature rule, which includes the interval bound-
ary u = 0 where the Jacobian dy/du is infinite. The upper limit on m specified in the last
column of table 2 ensures that the product dy/du f(y(u)) is zero at the point v = 0, so
that this point does not contribute to the Clenshaw-Curtis rule. We note that the value
of the mass scale M in the integrand depends on whether one integrates a product of two
DPDs or a single DPD.

Inverse power law: Transformation no. 1 in the table is u(y) = —y~ . We will show
that with o ~ 0.2 this is well suited for the range of power laws y—? expected for

«

DPDs at small distances. The more general form u(y) = —(y + a)~® can be used

down to y = 0 if @ > 0, but we will not need this here.

Gaussian: Transformation no. 2 in the table has a Gaussian falloff at large y and is de-
signed for functions with a Gaussian behavior, f(y) ~ exp(—M?y?). The transformed
function f(y(u)) approximately behaves like a power of |u| for u — 0, and we find
that good interpolation and integration accuracy is obtained for m ~ M.

Exponential: Transformation no. 3 in the table is an exponential in y. It is suitable for
both f(y) ~ exp(—My) and f(y) ~ exp(—M?y?). In the first case, the transformed
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no. —u(y) y(u) y(=1) dy/du
1 yo ful =1/ ! a lul 7O/
2 | exp[-(m?y? +my)| o (VIBL@ F1-1) 0 Alul"t (161w +1)7
3 exp{—%my} 4, (u) 0 Ay
4 exp[l I+ my/Q} 2 (12(u) + 2L(u)) 0 Ayt (L(u) + 1)

Table 1. Variable transformations suitable for interpolation in y. The parameters p and m must be
positive. All transformation satisfy u < 0, y(0) = oo, and dy/du > 0 for u € [—1,0]. We abbreviate
L(u) = In(1/|ul]).

no. f(y) f(y(w)) J°°dy f(y) requires
1 y B |u| /P a<fB-1
2 exp(—MQyQ) [u (2M/m)? exp [MWQy(u)} m < 2M
3 | exp(—M?y?) \U\L(") (40 /m)? no condition
3 | exp(—My) [u| 4M/m m < 4M
4 exp(—My) || L) 2M/me g | 4M [ no condition

Table 2. Behavior of the variable transformations in table 1 for selected functions f(y). In
the third column we used exp[—cL(u)] = |u[®. The condition in the last column ensures that
dy/du f(y(u)) — 0 for u — 0.

function f(y(u)) behaves like a power of |u| for u — 0, whereas in the second case
it falls off faster than any power of |u|. In both cases, values m ~ M yield good

interpolation and integration accuracy.

Exponential with square root: Transformation no. 4 in the table is designed for func-
tions f(y) ~ exp(—My) with a Yukawa-type decrease. The transformed function
I (y(u)) decreases faster than any power of |u| for u — 0, and good accuracy is
obtained with m ~ M.

When handling DPDs with different flavor combinations and in different kinematic
regions, the mass scale M of f(y) in the preceding discussion does not have a unique value.
M should instead be understood as an average, or in the case of the bounds in the last
column of table 2 as the lower limit of the relevant values.

6.2 Composite grids

Given the different behavior of DPDs at small and large y, it is natural to use interpolation
grids with different transformations u(y). At small y, there is an additional physics reason
for using several subgrids. Not only the scale p,, ~ 1/y but also the number n of active
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flavors for which the splitting DPD is naturally initialized depends on y. Since the value
of a DPD in general changes with n, one should use a unique value of n in a subgrid, so
as to avoid interpolating discontinuous functions. As discussed at length in ref. [82], it is
appropriate to evaluate the perturbative splitting formula (2.7) with n active flavors for
YMy < py < YMyy1 with v ~ 1. We therefore place subgrid boundaries in y at values
around the inverse heavy quark masses.

In the following studies, we will assume a y dependence

F(y7 ’k';) = y72’i eXp(_M2y2) ) (62)

for a single DPD, with x = 0 for the intrinsic and x = 1 for the splitting part. We
take M = 0.21 GeV, which roughly corresponds to the Gaussian parameter in quark-gluon
DPDs of the model used in refs. [24, 30].

The smallest value of y needed in a given physics setting corresponds to the in-
verse of the largest hard scale that will be considered. In the following, we will take
Ymin = 1/(7TeV), which covers the production of very heavy states at the LHC. For the
interpolation of eq. (6.2) and for the computation of the associated double parton lumi-
nosities, we use the following combination of grids and transformations:

[1/(7TeV),1/my,1/m, |
[1/me, 00]

plp,  IDVErse power law transformation with o = 0.2, (6.3)

- Gaussian transformation with m = 2M, (6.4)

where the “inverse power law” and the “Gaussian” transformation are respectively given
in entries no. 1 and 2 of table 1. We find that taking m = 2M results in a somewhat better
overall accuracy than the rule-of-thumb value m ~ M given in the previous subsection.
We will consider three different settings for the number of points in each subgrid:

(12,6,12)  (coarse y grid)
(p1,p2,p3) =< (16,8,16)  (medium y grid) (6.5)
(24,12,24) (fine y grid)

Notice the relatively small number of points in the central grid, which covers the narrow y
region in which one would initialize the splitting part of the DPD with 4 active flavors. For
the quark masses, we use the values specified at the beginning of section 5, which results
in subgrid boundaries at 1/my ~ 0.22 GeV~! and 1/m, ~ 0.71 GeV L,

6.3 Accuracy of interpolation in y

In the top panels of figure 12, we show the interpolation accuracy for the form (6.2) with
k =0 and x = 1. In the first and second subgrid, a very accurate interpolation is obtained
even with the coarse grid setting. In the third subgrid, the accuracy degrades rather
quickly for large distances, but for the medium grid it remains below 1% for y up to about
4GeV~! ~ 0.8fm. The fine grid yields an acceptable accuracy at even larger distances.
Before discussing this issue in more detail, we consider the interpolation of a DPD
with a zero crossing in y, which arises for certain parton combinations as explained above.
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Figure 12. Relative interpolation accuracy (4.4) on the grids specified in eq. (6.5). The interpolated
functions are F'(y, ) in the upper panels and F(y,yo) in the lower ones, see egs. (6.2) and (6.6).
A dashed black line indicates that the interpolated function is negative. Here and in all following
plots, the mass parameter in the functions is M = 0.21 GeV.

As an example for this case, we take the simple form

F(y,y0) = (y — yo) exp(—M?y?), (6.6)

with different values of yy and the same mass parameter M = 0.21 GeV as before. The
resulting accuracy is shown in the bottom panels of figure 12. We find that the coarse
grid performs poorly, whereas with the medium grid the relative accuracy stays below 1%
except in the immediate vicinity of the zero crossing. Very high accuracy is obtained with
the fine grid.

We note that for the intermediate y grid from 1/my to 1/m., the setting with po = 8
grid points is sufficient to obtain a relative interpolation accuracy of 107¢ or better in all
cases considered here. In each of the grids for smaller and at larger y, one may take either
16 or 24 points, depending on how stringent the accuracy requirements are. This gives 40,

~31 -



7‘ T T ] T T T T
1 F(y,K) exp(—]\—J—'z.f)‘ | ) y~? exp(—sz_z_)“__
5 107 S 107
Q
o 10 o 108V
2 2 I ‘
= . ) -
] . I} .
=~ 1 -9 -~ fine grid — —_— -9 ---- fine grid
8 0 —— finer grid = 8 10 —_ ﬁn::rggrid
—— finest grid B t —— finest grid B
10712 \ \ l 10720 \ \ \ ]
1 2 5 10! 1 2 5 10!
y[Gev] y[Gev ]
(a) exp(—M?y?) (b) y~ % exp(—M?y?)

Figure 13. Relative interpolation accuracy at large y for the grid in eq. (6.4) with p3 = 24 points
(fine grid) and for the composite grids specified by egs. (6.7) and (6.8) (finer and finest grid). The
interpolated functions are the same as in figures 12(a) and 12(b), respectively.

48, or 56 for the total number of points.*

With the grids considered so far, the interpolation accuracy at very large y becomes
poor mainly because there are too few grid points in that region. For many purposes, the
behavior of the distributions in the extreme tail region is not of particular interest, and
it contributes only little to integrals over y. Nevertheless, we wish to show that with an
appropriate choice of subgrids and grid transformations, one can also accurately describe
this region. To this end, we replace the large-y grid in eq. (6.4) with

[1/mc, 3GeV~1 10 GeV_I]p ) Gaussian transformation with m = v2M,

a,

10 GeV~1, oo]p Gaussian transformation with m = 2M, (6.7)

C

where we consider two settings for the number of points:

(12,12,8) (finer y grid)

(6.8)
(16,16,8) (finest y grid)

(Pas Pbs Pe) = {
In figure 13, the resulting interpolation accuracy is compared with the previous setting of
eq. (6.4) with ps = 24 points. We see that both the finer and the finest grid extend the
domain of very accurate interpolation up to y ~ 10 GeV~! ~ 2fm, with only a moderate
increase in the number of grid points.

In analogy to subsection 4.3, we can estimate the interpolation accuracy in y by com-
paring the results of interpolation with and without subinterval end points. We find that
this method works very well, as shown by the examples in figure 14. The biggest discrepan-
cies between true and estimated errors appear near subgrid boundaries, and in the central
grid, where the omission of the end points decreases the polynomial order of interpolation
from 11 to 9.

“Here we count the common end points of neighboring subgrids twice, since different subgrids may
contain DPDs with different flavor numbers.
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Figure 14. True and estimated relative interpolation accuracy in y, as defined in egs. (4.4) and
(4.6), respectively. The curves are for the fine grid setting in eq. (6.5).

6.4 Accuracy of integration over y

Integration over y from a lower cutoff ymi, to infinity is needed to evaluate the double
parton luminosities (2.6) and DPD sum rules. If yn,iy coincides with the end point of a
subinterval of the interpolation grid, one can directly use Clenshaw-Curtis quadrature to
compute the integral. Otherwise, we perform a number of intermediate steps:

1. identify the subinterval [y,, yp] that contains ymin,

2. define a reduced subgrid on the interval [ymin,ys] With the same number of points
and the same variable transformation as the original subgrid,

3. compute the required DPDs on the reduced subgrid by interpolation on [yq, ys)].

The integral is then computed using Clenshaw-Curtis quadrature on the reduced subgrid
and on the subgrids for y > ;.
Let us investigate the accuracy of this procedure for the double parton luminosities

o0 [e.o]

d
L(Ymin, kK1 + K2) = 27 / dy y F(y, k1) F(y, ko) = 27 / % exp(—2M2y2) (6.9)

Ymin Ymin

that correspond to the simplified shapes of DPDs in eq. (6.2). We consider the cases
K1+ ke = 0, 1,2, which respectively correspond to taking the intrinsic parts of both DPDs,
the intrinsic part of one and the splitting part of the other DPD, or the splitting parts
of both DPDs. Although only the sum of intrinsic and splitting parts enters in physical
cross sections, it is useful to investigate these different combinations separately, as was for
instance done in the studies in refs. [24, 82].

The integration accuracy can be computed using the exact expression of (6.9) in terms
of an incomplete gamma function. The result is shown in the left panels of figure 15 for
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Figure 15. Left: Relative accuracy of computing the integrals (6.9) with the interpolation grids
specified by equations (6.3), (6.4), and (6.5). Right: True and estimated integration accuracy for
the fine grid setting of eq. (6.5). The functions in the legends are the product F(y, 1) F(y, k2) of

DPDs in the luminosity integral.
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the interpolation grids introduced in subsection 6.2. We see that for ymin below 1 GeV_l,
good accuracy is achieved even with the coarse grid. For cutoff values above 1GeV ™!,
the accuracy quickly becomes unsatisfactory unless the fine grid is used. This reflects the
degrading interpolation accuracy in that region, which was shown in the upper panels of
figure 12. In physics applications, ymin is of the order of an inverse hard scale, so that
large values of the cutoff will only be needed in special circumstances, for instance if one
is interested in the partial contribution of large y to an integral. We see that the fine grid
setting is useful in such a case.

In the right panels of figure 15, we compare the true integration accuracy with its
estimate obtained from comparing the values obtained with Clenshaw-Curtis quadrature
and with Fejér’s second rule (see subsection 3.1). We see that for ymin below 1 GeV_l,
one obtains an overestimate of the true error by one or two orders of magnitude. This is
qualitatively similar to what we found for integrals of PDF's over z in section 3.4 of ref. [55].

7 Cross check: comparison with DOVE

As a cross check for our implementation of DPD evolution in CHILIPDF, we performed
a comparison with DOVE, a code that was introduced in ref. [28] and further developed or
adapted in subsequent work in refs. [24, 30, 44, 45, 81].5 The comparison is done with the
version that was used in ref. [30] to compute the Gaunt-Stirling sum rules for DPDs. In
the following, we show the momentum sum rule for a v quark and the number sum rule
for the parton combination gd,, which read

1—x1
S [ oy B (o) = (- 1) fulonin) (71)
az
1—x1
/d$2F3[dSv($1,1?2;#):fg($1;M)» (7.2)
0

where F; = F,; — F,5. The expressions for general parton combinations are given in
equations (3.1) and (3.2) of ref. [28]. As shown in ref. [83], the sum rules hold for the
distributions

oo
B (z1,20i 1) = 27r/ Ay Y Fuyas (01, 22,93y 1) + Fgnot® (2, w030, 1) (7.3)
bo/v
which are integrated over 3 with an MS renormalization prescription for the y~2 singularity

due to perturbative splitting. The matching term Fé‘fggCh(xl, x9; v, 1u) relates this prescrip-
tion with the cutoff in y used on the r.h.s. of eq. (7.3). It can be computed in terms of a
PDF and a matching kernel in a similar fashion as the splitting part in eq. (2.7), and its

LO expression is given in equation (18) of ref. [30]. The dependence on the matching scale

®Results obtained with an early version of DOVE are given on the website https://gsdpdf . hepforge.org.
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Figure 16. Relative differences between the left-hand sides of the DPD sum rules (7.1) and (7.2),
evaluated using DOVE and CHILIPDF. Details are given in the text.

v cancels between the two terms in (7.3) up to power corrections in 1/v2. We recall that
bp = 2e77E x~ 1.12.

The different roles played by 1 and x2 in the sum rules (7.1) and (7.2) motivate us to
take different grids for the two momentum fractions,

I [5x107°,5 x 1073,0.5,0.9, 1.0]
zo:  [5x107°,5x107%,0.5,1.0]

(12,12,16,8) °*

(12,16,16) (7.4)

The first grid has an additional small subgrid that leads to a better interpolation accuracy
at large x1, which is not needed for integration over xo. The sum rule integrals over xo are
computed using Clenshaw-Curtis quadrature over the full x5 grid. This implies that the
integrals are computed with a lower cutoff z;, = 5 X 1075, The same cutoff is used in the
computation with DOVE.

We find that the integration over y in the sum rules can be computed with the rather
small grids

[bo/ (170 GeV), by/(1 GeV)]
[bo/(1GeV), 0]

(12) inverse power law transformation with o = 0.2,

®) Gaussian transformation with m = M , (7.5)

where M =1 / \/Zng ~ 0.23 GeV is the Gaussian mass parameter for gluons in the initial
conditions of the model (see eq. (2.8)).

We take the DPD model specified in section 3 of ref. [30] and evolve to uy = pa =
144.6 GeV with n = 3 active flavors for each parton. At that scale, the momentum and
number sum rules are evaluated with v = 144.6 GeV. These u and v values correspond to
grid points in our setup of DOVE and thus avoid additional interpolation. The detailed grid
settings and integration procedure in DOVE are as specified in section 4 of ref. [30].

In figure 16, we show the relative deviation between the left-hand sides of the sum rules
(7.1) and (7.2) evaluated in CHILIPDF and in DOVE. The numerical differences increase with
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x1 and reach several percent at 1 = 0.9. For sum rules with other parton combinations,
we find similar or smaller discrepancies. We also compared the sum rules evaluated at
smaller values of p; = po and v and found somewhat smaller discrepancies than at high
scales.

An error estimate for the accuracy of evolution with DOVE in its original version is given
in figure 9 of [28]. Given that this estimate was carried out with finer grids than the ones
used here, and given that relatively simple integration rules are used in the evaluation of
the sum rules with DOVE, we find the level of agreement between the two codes satisfactory
for the purpose of cross-validation.

8 Conclusions

We have shown that discretization on Chebyshev grids allows for a precise and economical
representation of DPDs as functions of the momentum fractions x1, x2 and the distance y
between the partons. This generalizes the methods we developed for PDFs in ref. [55]. We
use grids for x; that are independent of z2 and vice versa. This gives the highest degree of
simplicity and decoupling between operations that involve only one momentum fraction,
which is the case for the Mellin convolutions that appear in DGLAP evolution and in
flavor matching. This method incurs interpolation errors close to the kinematic boundary
21 + x2 = 1 of the DPDs, which we find manageable. We investigated the interpolation
accuracy for typical shapes of DPDs, both for the input distributions and after evolution.
We find that grids with p, = 54 points for > 107> yield a very accurate representation
of DPDs, with relative errors that are much smaller than 1072 in large parts of the phase
space and remain below 1% for 1 + z2 < 0.8 (see figures 9 and 10).

For the dependence on y, Chebyshev interpolation is used after variable transforma-
tions that are adapted to the functional form and the typical mass scale for the decrease
of the DPDs at large distance. We find that with p, ~ 48 grid points, very good accuracy
can be achieved for interpolation and integration.

To solve the DGLAP equations for DPDs, we use a high-order Runge-Kutta algorithm
for computing the evolution matrices in egs. (3.24) and (3.25), which are the discretized
version of the Green functions for the evolution equations. This provides very high numer-
ical accuracy for both forward and backward evolution, with errors well below the ones due
to discretization in z; and zo. With our algorithm, it is natural to evolve DPDs separately
in the scales p; and pg associated with the two partons. We note that the computational
effort scales linearly with p, but with the third power of p,.

With our present implementation of the above methods in CHILIPDF, the evolution
of a DPD with n = 5 active flavors (and thus 121 parton flavor combinations) from p; =
pe = 15GeV to 150 GeV takes 1 to 2 seconds® for p, = 54 grid points in z; and x5 and
py = 48 grid points in y. With grids of this size, the largest part of computing time is
spent on multiplying the evolution matrices with the initial conditions, so that there is
only a weak dependence of the timing on the perturbative order of evolution and on the

STimings were obtained on different computers with Intel®) Core™ i5, Intel®) Core™ i7, or AMD EPYC™
7513 32-Core processors.
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initial and final scales. Since the current code is based on a simple implementation of linear
algebra and matrix multiplication, we expect that significant gains can still be made with
a dedicated performance tuning.

We used our code to investigate the impact of higher orders in the DGLAP kernels on
the evolution of DPDs. For some parton combinations, the change from LO to NLO evo-
lution produces O(1) effects at small momentum fractions, whereas we find only moderate
differences when changing from NLO to NNLO kernels.

The numerical delivery of realistic DPDs has been a bottleneck in practice so far. The
presented methods and their implementation provide a practical tool for computing evolved
DPDs from user-given starting conditions, on a par with what has long been a standard
for PDFs. This increases our ability to use the predictive power of perturbation theory
and thus presents an important ingredient to making theory predictions for double parton
scattering more realistic.

The evolution equations considered in this work apply to DPDs that are summed
separately over the color of each parton. DPDs with color correlations between the two
partons follow a different evolution pattern, with kernels that have recently been computed
at NLO [84]. The methods described in the present paper can be adapted to this case, as
will be reported in a future publication.
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A Path independence of evolution and flavor matching

In this appendix we show that the set (2.1) of DGLAP equations has a unique solution
for a given initial condition at a point in the (u1, p2) plane. In other words, the solution
is independent of the path in the (w1, p2) plane that is taken to evolve from the initial
condition to the final scales. To establish this, it is enough to show that the second
derivatives in the renormalisation scales commute, i.e. that

o 0
oL L P (Lo L) = 57~ <Z Py, (L2) @ F5 (L, LQ))

=> P ( P"1 (L) ® Fy(Ly, Lo) (A.1)

G,sz ail bl
b2,b1
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is equal to

o 0 )
L, oL, Tma (v L) =5 (Z P, (L) @ Fpi®(Ly, L2>>
1
Z B, (1) ® sty (L2) ® Fyt? (L, L) - (A.2)
b1,b2

Here and in the following, we change evolution variables from pu; to
Li =2In j2% (AS)

and drop the arguments z1,z2, and y of the DPDs for brevity. For evolution at fixed
(n1,ne), i.e. without flavor matching, the desired equality follows from the fact that the
convolution integrals w.r.t. the first and second momentum fraction of the DPD commute
with each other. This can readily be shown from their definition (2.2). Note that it is
essential for the argument that the evolution kernel for one parton does not depend on the
scale of the other parton.

We now extend this argument, showing that one obtains the same result when flavor
matching along different paths in the (n1,n2) plane. Let us see how equations (A.1) and
(A.2) have to be modified to include the effects from flavor matching. We first consider
the case of PDFs, where the notation is less involved. For a set of given matching scales
fin, for the transition from n — 1 to n active flavors, we define the “canonical” number of
flavors at given L = 21n u as

forL<z4
for Ly < L < Ls
forz5<L<Z6
forL>EG

S Ot s W

where En = 2In ji,,. We further define PDFs

fo(L) = [ (L), (A.5)

with the canonical number of flavors at a given renormalisation scale. From these distri-
butions, one can obtain f;'(L) for flavor numbers different from the canonical values by
evolution.”

At the matching scales, the distributions in eq. (A.5) can have discontinuities, which
complicates their description via differential equations. We therefore introduce a smoothen-
ed version of f,(L). Taking a single matching step from n — 1 to n flavors at L= 2Inp
for simplicity, one can define a smooth approximation (L) of the step function that takes

the values

0 fort<-—
0.(t) = o ‘ (A.6)
1 fort>e

"This implies that our argument is not tied to the use of a specific “variable flavor number scheme”.
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and is continuous and monotonic in the intermediate region —e < t < e. Its derivative
0c(t) = dO(t)/dt is then a smooth approximation of the Dirac distribution. Define now a
PDF f¢(L) that evolves according to

dfa ZPne(L ®f€( )

LaL-D| Y A D e fE-0-fE-a], @
b

with
ne(L)=n—1+0,(L—L) (A.8)

interpolating smoothly between n — 1 and n. The DGLAP kernels for the evolution of
FE(L) are thus evaluated with flavor number n — 1 for L < L — ¢, with flavor number
nfor L > L+ ¢, and with fractional flavor number in the intermediate L region.® One
furthermore has
L+e€ €
T+ =fiE-o+ [ add
Tee dL

L+e

— (-6 +0) + /z dL 5.(L — I)

—€

[ZA (D)@ fi(L—e) - f(L - o)

=Y An(m;L) @ f{(L—e) + O(e), (A.9)

b

where the O(¢) contribution comes from the integral over the term with P<(X) in eq. (A.7).
In the limit € — 0, this tends to the flavor matching prescription given in eq. (2.5).

It is straightforward to extend this construction from one to several matching steps
and from PDFs to DPDs. In analogy to eq. (A.5), DPDs with canonical flavor numbers
are defined as

Fa1a2 (Lla L2) = Fczll(aLzl)’n(LQ)(Lla L2) 5 (A]‘O)
and their smoothened version Fy , (L1, L2) evolves according to
0 (L)
8L alaQ Ll’ L2 Z Pglbl v Ll ® Fb1a2 (L17 LQ)

+ Z 0Ly — Ln) Y AA7, ® Ff 0y (Ln — €, La)
n b1

0 o(L2)
o Finan (L1 L2) = prébf (L2) @ Fyp, (L1, La)

+ Z 0e(Ly —Ln) > AN, @ Fiyp, (L, L,—¢), (A.11)

8zero, so that the range of flavor sums does not explicitly depend on n.
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where we abbreviated

AAZb(Z) = Agb(za Mn; Ln) — Oab 5(1 - Z) . (A.l?)

As at the beginning of this section, one can then show that

o 0 . o 0 .
87111 87[/2 Fa1a2(LlaL2) — 87[42 87[11 FalaQ(LlaL2)7 (Alg)

so that with an initial condition given in the (L1, L2) plane, eq. (A.11) has a unique solution
independent of the evolution path. Taking the limit € — 0, the desired result is obtained.
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