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Abstract. Axion-like particles (ALPs) are leading candidates to explain the dark matter
in the universe. Their production via the misalignment mechanism has been extensively
studied for cosine potentials characteristic of pseudo-Nambu-Goldstone bosons. In this work
we investigate ALPs with non-periodic potentials, which allow for large misalignment of
the field from the minimum. As a result, the ALP can match the relic density of dark
matter in a large part of the parameter space. Such potentials give rise to self-interactions
which can trigger an exponential growth of fluctuations in the ALP field via parametric
resonance, leading to the fragmentation of the field. We study these effects with both Floquet
analysis and lattice simulations. Using the Press-Schechter formalism, we predict the halo
mass function and halo spectrum arising from ALP dark matter. These halos can be dense
enough to produce observable gravitational effects such as astrometric lensing, diffraction
of gravitational wave signals from black hole mergers, photometric microlensing of highly
magnified stars, perturbations of stars in the galactic disk or stellar streams. These effects
would provide a probe of dark matter even if it does not couple to the Standard Model.
They would not be observable for halos predicted for standard cold dark matter and for ALP
dark matter in the standard misalignment mechanism. We determine the relevant regions
of parameter space in the (ALP mass, decay constant)-plane and compare predictions in
different axion fragmentation models.
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1 Introduction

One prominent idea to explain dark matter is to introduce a light scalar particle called axion
[1, 2], which arises as the pseudo-Nambu-Goldstone boson [3–5] of a new spontaneously broken
global U(1)-symmetry. The latter was first introduced as extension of the Standard Model
by Peccei and Quinn [6] not to solve the puzzle of dark matter, but the strong CP-problem
in QCD. In this work, we will focus on a more general class of particles, usually referred to as
axion-like particles (ALPs), which do not generally solve the strong CP-problem, but are still
highly motivated, as they arise naturally in many Standard-Model extensions, in particular
in string theory [7–9].

While interactions between axions and other particles are assumed to be too weak for
axions to get into thermal equilibrium with the rest of the early-universe plasma, the most
promising cosmological mechanism to produce axions or ALPs is the vacuum misalignment
(or vacuum realignment) mechanism in which the axion or the ALP field, modelled as classical
scalar field due to its bosonic nature and high occupation numbers, has a non-zero initial field
value and non-zero potential energy in the early universe, leading to oscillations of the field
that let it act as (dark) matter component.

In most of the models, axions and ALPs have a periodic potential, which arises due
to non-perturbative instanton effects [10]. In this work we focus on an alternative type of
potentials, which are non-periodic and allow larger displacements of the ALP field from the
minimum. Such potentials can be generated from interactions with strongly coupled Yang-
Mills gauge fields [11–14]. Non-periodic potentials are also motivated by axion-monodromy
[15–17]. Oscillations in such potentials can lead to a strong growth of fluctuations of the field
due to parametric resonance [18, 19]. This process can lead to fragmentation of the field in
which all of the energy density is transferred to the fluctuations [20].

Recently, there has been a lot of interest in the study of parametric resonance in ALP
models. Refs. [21–23] show that parametric resonance can be effective also for a periodic
potential if the initial angle is very close to the top of the potential. Furthermore, Refs. [20, 24]
demonstrate that the parametric resonance is very efficient if the ALP field has a large initial
kinetic energy as in the Kinetic Misalignment Mechanism [25, 26]. Similar effects have also
been observed in the axiverse models where two ALP fields have similar masses [27, 28],
when the discrete symmetry of the ALPs is broken by a quadratic monomial [29–31], when
the ALP has an α-attractor-type potential [32], and also in models where the ALP potential
is temperature-dependent, such as the QCD axion [33, 34]. Very recently, Ref. [35] claims
that oscillations of the Hubble parameter induced by the ALP oscillations can also cause
fragmentation of the low-wavelength ALP modes.

The growth of fluctuations has important consequences. Once gravitational interactions
become important, the overdense regions, corresponding to the fluctuations, collapse to halos.
This process can be described by the Press-Schechter formalism [36] and its modifications.
For the amplified scales, the halos can differ significantly from the generic prediction for cold
dark matter (CDM) halos at the respective size and could lead to observable effects purely
caused by gravitational interactions, similar to what was found in ref. [22] for an ALP field
with a cosine potential, and in ref. [37] for an ALP field with initial kinetic energy.

The outline of this work is the following: The next section comprises a detailed investiga-
tion of the vacuum misalignment mechanism, where we focus on the evolution of fluctuations
of the ALP field during this process. Using the semi-analytic Floquet analysis we explain
why parametric resonance is inefficient in the case of the cosine potential, which serves as
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a motivation for our studies of non-periodic potentials. In section 3 we compute the energy
density power spectrum of the ALP field, resulting from parametric resonance and fragmen-
tation, using both linear evolution of the modes, as well as fully non-linear lattice simulations.
In section 4 we take the results of the preceding chapter and examine how the fluctuations
decouple from the Hubble flow and evolve to virialised halos after gravitational interaction
becomes important. The main result, to be discussed in section 5, is the identification of the
parts of the parameter space of ALP mass ma and symmetry breaking scale fa in which we
predict halos that have observable gravitational effects, assuming that the ALPs make up
all of dark matter. Finally, we compare this scenario with others that lead to fragmentation
of the ALP field in section 6. There, we estimate that all the scenarios we have considered
predict dense halos in a roughly similar region in the (ma, fa)-parameter space which we show
in figure 1 with a blue band labelled as "Dense Halo Region". In this plot, we also show the
experimental constraints and projections assuming that the ALP field has a KSVZ-like cou-
pling [38, 39] to the photon and the neutron. For simplicity, we consider ALPs with constant
mass. The different predictions for axion fragmentation due to a temperature-dependent ALP
mass were discussed in ref. [24].

Throughout this work, unless otherwise noted, we work in units where c = ~ = 1,
use the mostly minus convention for gµν , the reduced Planck mass Mpl =

√
1/(8πG) and

H0 = h100 km s−1 Mpc−1 with h = 0.68.

2 From misalignment mechanism to parametric resonance

In this section, we investigate the significance of parametric resonance for ALP dark matter
produced from the vacuum misalignment mechanism. Both periodic, as well as non-periodic
ALP potentials are considered.

After a brief review of the essentials of the mechanism, as well as estimations of the
relic density in section 2.1, we focus on the dynamics of ALP fluctuations in the subsequent
subsections. The corresponding equations of motion are presented in section 2.2. We then
discuss the growth of fluctuations in a periodic, “cosine” potential, and in a non-periodic,
“power-law” potential in sections 2.3 and 2.4, respectively. We demonstrate why in the first
case Hubble friction prevents the fluctuation modes from experiencing an amplification unless
the misalignment field value is very close to the top of the potential. Then, we show how this
constraint is avoided in the non-periodic case.

2.1 ALP dark matter from the misalignment mechanism

Ignoring interactions with all other particles and assuming a minimal coupling to gravity, the
action of an ALP field is given by

Sφ =

∫
d4x
√−g

[
1

2
∂µφg

µν∂νφ− V (φ)

]
, (2.1)

where g is the determinant of the FLRW metric gµν .
We assume that the ALPs were present during inflation. In this case, similar to the

conventional misalignment mechanism for the QCD axion, inflation leaves the ALP field with
an almost homogeneous value inside our Hubble patch, which is essentially frozen before
H ∼ ma. We denote this initial misalignment value by φi. Throughout this work, we assume
ma = cst and φ̇i = 0. The field obeys the classical equation of motion (EOM):

φ̈+ 3Hφ̇− 1

a2
∇2φ+ V ′(φ) = 0 , (2.2)
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Figure 1: A sketch of the region in the ALP parameter space where dense halos are expected to
form, together with all the experimental constraints and projections on ALPs assuming a coupling to
the electromagnetic field with eq. (6.8). We have obtained this region by combining the regions where
dense halos are expected from the Kinetic Misalignment Mechanism and from ALPs with non-periodic
potentials considered in this work. For caveats about this plot, see section 6. All the data for the
constraints and projections are compiled from ref. [40].

where we denoted ∂V/∂φ as V ′(φ). In the radiation-dominated era, once the Hubble friction
term becomes subdominant, the field rolls to the minimum of the potential and oscillates
around it at later times. Near the minimum of the potential, where V ≈ 1

2m
2
aφ

2, the equation
of state of such an oscillating ALP field averages to w = 0 so that it behaves as a (dark)
matter component.

Assuming that oscillation starts in the radiation era, and ma = cst, a general expression
for the relic energy density of ALPs today is given by

Ωa,0 =
1

3
(Ωr,0)3/4 gs(T0)

gs(Tosc)

(
gρ(Tosc)

gρ(T0)

)3/4( 1

Hosc

)3/2( 1

H0

)1/2( 1

Mpl

)2

V (φi)Z, (2.3)

where Hosc is the Hubble scale at the onset of oscillation, gs and gρ are the effective degrees
of freedom in entropy and energy, respectively, while Ωr,0 is today’s density parameter of
radiation. For this estimate one uses that the energy density scales approximately as ρa =
ρa, osc (aosc/a)3 for a > aosc, where ρa, osc = V (φi) is the energy density of the field before the
onset of oscillation. Z incorporates corrections to this estimate. For a harmonic potential, or
close to the minimum of a general potential, Z can be found to be

Z =
8

π
(Γ(5/4))2 ' 2.1, (2.4)
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when setting Hosc = ma. Eq. (2.3) can differ strongly from the harmonic estimate due to
anharmonic effects, as it will be discussed in the next subsections.

2.1.1 Relic density for a periodic potential

In this section we consider the usual periodic axion potential

V (φ) = m2
af

2
a [1− cos(φ/fa)] , (2.5)

where fa is the symmetry breaking scale, also referred to as the decay constant. For small
initial field values, the evolution of the field in this potential defines the well-studied ’standard
misalignment mechanism’. For small initial field values, φi/fa . 1, the potential looks almost
harmonic and the relic density can be found from eq. (2.3) and eq. (2.4). Since the axion
mass ma and the initial field value determine when the axion field begins to oscillate and
decay, in a scenario with small initial field value, the axion can only match the relic density
for large decay constants fa. To explain dark matter from the axion-like-particle in a larger
part of the parameter space, i.e. also in the region of small fa, where dark matter from an
ALP with small initial field value would be underproduced, the onset of oscillations of the
homogeneous mode (or zero mode) has to be delayed, such that more of the maximal energy
budget of m2

af
2
a can be used.

In a model with the cosine potential, the onset of oscillations is delayed if the axion field
starts close to top of the potential. This mechanism is called Large Misalignment Mechanism
or extreme axion and was described in ref. [22] and [23]. Examples on how such an initial
condition could be realised can be found in refs. [41, 42]. Defining

θ = φ/fa,

Ref. [22] found as empirical expression for the onset of oscillation for values close to the top
with |π − θi| < 10−2,

tosc =
1

ma
ln

(
1

π − |θi|
21/4π1/2

Γ(5/4)

)
, (2.6)

which we confirmed numerically for tunings up to |π − θi| = 10−12. Using Hosc = 1/(2tosc),
we can plug this into eq. (2.3) and find for the relic density:

Ωa,0 =
23/2

3
(Ωr,0)3/4 gs(T0)

gs(Tosc)

(
gρ(Tosc)

gρ(T0)

)3/4(ma

H0

)1/2( fa
Mpl

)2

×
[

ln

(
1

π − |θi|
21/4π1/2

Γ(5/4)

)]3/2

[1− cos(θi)] .

(2.7)

We show the parameter region where an axion-like particle with a cosine potential, initially
at rest, can make up all of the DM, Ωa,0h

2 = ΩDM,0h
2 = 0.12, in figure 2.

2.1.2 Relic density for a non-periodic potential

Following refs. [14, 19] we take as a generic non-periodic potential for the ALP field:

V (φ) =
m2
af

2
a

2p

[(
1 +

φ2

f2
a

)p
− 1

]
. (2.8)
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Figure 2: The required initial field value φi/fa to match the dark matter relic density at each point
in the (ma, fa)-plane for ALPs with a cosine potential. The relic density is given by eq. (2.3) with
the cosine potential and Z = 2.1 for small initial field values and eq. (2.7) for initial field values close
to the top.

As in the previous case, ma is the mass near the minimum, while the decay constant fa
is supposed to make a link to the UV completion of the ALP. The parameter p can be
adjusted to incorporate different models. For p = 1 we recover the generic quadratic potential.
The values 0 < p < 1 lead to axion-monodromy potentials [15–17], while the values p < 0
represent potentials with a plateau at large field values [32]. The latter can arise when the
axion is coupled to pure strongly coupled Yang-Mills gauge fields, which has been shown by
considering a SU(N) gauge theory in the large N limit [11–14]. For more details on possible
UV-completions see appendix A. A comparison of the potentials for different p-values is shown
in figure 3.

A good estimate for the beginning of oscillations is given by [32]

Hosc
∼=
√
V ′(φi)
φi

. (2.9)

The right hand side reduces to ma in the case of a quadratic potential, but is smaller for
p < 1, meaning that the onset of oscillations is delayed in this case.

Considering axion masses such that oscillation starts in radiation era, hence starting
from eq. (2.3) and using eq. (2.9), we find:

Ωa,0 =
1

6p
(Ωr,0)3/4 gs(T0)

gs(Tosc)

(
gρ(Tosc)

gρ(T0)

)3/4(ma

H0

)1/2( fa
Mpl

)2 (1 + θ2
i )
p − 1

(1 + θ2
i )

3(p−1)/4
Zp(θ).

(2.10)
Here Zp(θ) contains the corrections due to the anharmonicity of the potential, which leads to
a delayed relaxation of the average equation of state to w = 0. As a fit function to numerical
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is flatter for p = 1/2 (orange dashed line) and for negative values for p, such as p = −1/2 (green
dashed-dotted line), approaches a plateau for large values of φ/fa.

results we used Zp(θ) = Z1[1+βp((1+θ2)αp−1)] where we found α1/2 = 0.25, β1/2 = 1.33/Z1,
α−1/2 = 0.26, β−1/2 = 4.18/Z1, and Z1 is given by eq. (2.4). The delayed onset of oscillations
is accounted for by using eq. (2.9).

For p 6= 1 and large θi, this can significantly change the (ma, fa)-parameter space for
ALP DM with respect to the case of periodic potentials. We find the initial field values to
match the ALP relic density to the one of dark matter in the (ma, fa)-plane and plot the
result for different values of p in figure 4. In contrast to the cosine potential, large initial field
values make it possible to cover also the parameter space of smaller ma and fa.

As it will be discussed in the next sections, when the field undergoes fragmentation,
a significant fraction of its energy is transferred from the homogeneous mode into initially
relativistic fluctuations. This effects leads to an additional correction to the prefactor Z
since the equation of state parameter shifts for some time towards w = 1/3, as one would
expect for a gas of relativistic particles. As we clarify in section 5.2, in the interesting part of
the parameter region this correction is of O(1) [24, 30]. Therefore, for simplicity, we do not
include this correction in our calculations.

2.2 Fluctuations of the field

It is convenient to separate the field into its homogeneous mode and fluctuations,

φ̂(t,x) = φ(t) + δ̂φ(t,x) . (2.11)

The fluctuation field can be expressed in terms of time dependent mode functions u~k(t) for
the individual Fourier modes [20]:

δ̂φ(t, ~x) =

∫
d3k

(2π)3

[
â~ku~k(t)e

i~k·~x + â†~ku
∗
~k
(t)e−i

~k·~x
]
, (2.12)
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Figure 4: The required initial field value φi/fa to match the dark matter relic density at each point in
the (ma, fa)-plane according to eq. (2.10) for ALPs with the non-periodic potential. We set p = −1/2
and p = 1/2 in the left and the right panels, respectively. Compare with figure 2, which shows the
same parameter space for ALPs with the cosine potential.

where the creation and annihilation operators â~k and â
†
~k
obey the usual commutation relations

of scalar fields [20]. Since absolute direction of the momenta is not important when assuming
homogeneity and isotropy of the ALP field, we are only interested in absolute values of ~k and
will from now on mostly use k ≡ |~k|, especially for indices.

Due to the small mass of the considered ALPs, the fluctuations are usually characterised
by large occupation numbers. As a consequence, these fluctuations can be treated as classical(-
statistical) ones. Having this in mind, in the following, we will drop the hats on δφ.

To separate equations of motions for the homogeneous mode and the small fluctuations,
φ(t)� δφ(t, ~x), we expand the potential with respect to the fluctuations and write

V (φ+ δφ) = V (φ) + V ′(φ)δφ+
1

2
V ′′(φ)δφ2 +O(δφ3) . (2.13)

Keeping only terms up to O(δφ) in the potential and using eq. (2.12), the result is an equation
that decomposes into an integral part including fluctuations and a non-integral part only
containing the homogeneous mode. This leads to the general EOMs for the homogeneous
mode as well as the mode functions,

φ̈(t) + 3Hφ̇(t) + V ′(φ) = 0 , (2.14)

ük(t) + 3Hu̇k(t) +

(
~k2

a2
+ V ′′(φ)

)
uk(t) = 0 . (2.15)

Similarly, the total energy density separates into a part depending on the homogeneous
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mode and one part that depends on the fluctuations,

〈ρ〉 =
1

2
φ̇(t)2 + V (φ) +

1

2

∫
d3k

(2π)3

[
|u̇k(t)|2 +

(
~k2

a2
+ V ′′(φ)

)
|uk(t)|2

]
, (2.16)

The evolution of the mode functions is trivial in the case of a quadratic potential, where
V ′′(φ) is simply the mass squared. On the other hand, the anharmonicities of the potential
can introduce instabilities for the fluctuations, which are discussed next.

2.3 Growth of fluctuations in a periodic potential

In this section we want to find out when the exponential growth of fluctuations is possible
for the case of the cosine potential from eq. (2.5).

To be able to work with the EOMs numerically and to make the equations independent of
the axion mass, we introduce a dimensionless time- and a dimensionless momentum-variable
(as in ref. [22, 24]):

t̃ = mat , k̃2 =
k2

2maa2H
. (2.17)

From now on, the dot above a function will denote derivation with respect to the time variable
given in the argument. During radiation era we have a ∼ t1/2 and H = 1

2t , therefore a
2H

stays constant during this epoch. From these definitions we can see that k̃ corresponds to the
ratio of the physical momentum to the axion mass at t̃ = 1, i.e. how relativistic this mode is
at this time, which is roughly when the homogeneous mode begins to oscillate.

We can reformulate the equations of motion in terms of the dimensionless quantities,
valid during radiation era:

θ̈(t̃) +
3

2t̃
θ̇(t̃) + sin

(
θ(t̃)

)
= 0 , (2.18)

ük̃(t̃) +
3

2t̃
u̇k̃(t̃) +

(
k̃2

t̃
+ cos

(
θ(t̃)

)
)
uk̃(t̃) = 0 . (2.19)

Here we have used that H = ma/(2t̃) and k2/a2 = k̃2m2
a/t̃ in radiation era.

2.3.1 Floquet analysis

Let us ignore expansion for a moment, i.e. set H = 0 and a = 1. This implies that the
momenta do not redshift and that the corresponding term in the EOM is k2 instead of k2/a2.
One then arrives at the following equations for the homogeneous mode and the fluctuations:

θ̈(t) +m2 sin(θ) = 0 , (2.20)

ük(t) +
[
k2 +m2 cos(θ)

]
uk(t) = 0 . (2.21)

Since θ is periodic, this equation is a second-order differential equation with periodic coeffi-
cients, so it has the form of the Hill’s equation [43, 44]. According to the Floquet theorem
[45], the solutions are of the form

uk(t) = u+(k; t)eµkt + u−(k; t)e−µkt, (2.22)

where u±’s are periodic functions in time, and µk’s are in general complex coefficients. A nec-
essary, but not sufficient, condition for parametric resonance is that the Floquet exponent has

– 9 –



0.00.20.40.60.81.0
Energy density ε

0.0

0.2

0.4

0.6

0.8

1.0

M
om

en
tu

m
κ

↑
stable ↑

↓
unstable ↓

0.00

0.08

0.16

0.24

0.32

0.40

0.48

0.56

0.64

<[
µ
k
]/
m

Figure 5: The contour of the real part of the Floquet exponents for the cosine potential calculated
via eq. (2.23). Larger values of R[µk]/m (warmer colours) indicate stronger parametric resonance.
The dashed line separates the stable and the unstable regions as determined by eq. (2.25).

non-zero real part Re{µk} > 0. So determining whether parametric resonance occurs amounts
to calculating the Floquet exponents. For more details on Floquet theory see appendix B.

For the cosine potential, these exponents are calculated in ref. [21]:

µk =
mI

K(
√
ε)

√
2κ2(ε− κ2)(1− ε+ κ2) (2.23)

where
κ ≡ k/m.

K is the complete elliptic integral of the first kind, and I denotes the following integral:

I =

∫ π/2

0

dϑ

1 + (1− 2ε+ 2κ2) sin2 ϑ

2 sin2 ϑ√(
1 + sin2 ϑ

)[
1 + (1− 2ε) sin2 ϑ

] . (2.24)

In these expressions ε denotes the ratio of the homogeneous mode energy density to the height
of the potential barrier 2m2

af
2
a , so it satisfies 0 < ε < 1. From the Floquet exponent eq. (2.23)

we can immediately read off the condition for Re{µk} > 0 as

0 <

(
k

m

)2

< ε. (2.25)

The modes for which the above condition is true are referred to as the modes inside the
instability band. We see that the width of the instability band depends on the energy in the
homogeneous mode. If ε is large, the homogeneous mode oscillates with a larger amplitude
which allows the ALP field to probe the non-quadratic parts of the potential. This enhances
the parametric resonance effect as we can see in figure 5, where we show a plot of the Floquet
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exponents for the periodic potential without the Hubble expansion. We see that a large ε not
only increases the width of the instability bands, but also renders the parametric resonance
more efficient.

In the case of non-zero H, the evolution of the mode functions can be approximated
by [24]

uk(t) ∼ uk(ti)Ak(t)Nk(t), (2.26)

where uk(ti) is the initial condition before parametric resonance becomes effective, Ak(t)
encompasses the decay of the mode amplitude due to the redshift which can be estimated
using the WKB approximation as

Ak(t) ∝ ω1/2
k (t)a−3/2(t) where ωk(t) =

√
k2

a2(t)
+m2

a, (2.27)

and Nk(t) is the total growth of the mode due to parametric resonance which is obtained by
integrating the Floquet exponent over time:

Nk(t) = exp

(∫ t

ti

dt′µk
(
κ(t′), ε(t′)

))
, κ(t) =

k

maa(t)
. (2.28)

In terms of dimensionless variables

κosc ≡
k

maaosc
, τ ≡ 2Hosct, ũk ≡

µk
ma

, (2.29)

eq. (2.28) reads

Nk(τ) = exp

(
ma

2Hosc

∫ τ

τi

dτ ′µ̃κ
(
κ(τ ′), ε(τ ′)

))
≡ exp

(
ma

2Hosc
Bκ(τ)

)
. (2.30)

By calculating Bκ numerically, we find that it becomes at most O(0.5). Therefore, the effi-
ciency of the fragmentation is determined primarily by the hierarchy between the ALP mass
and the Hubble scale at the onset of oscillations. This estimate shows that in the standard
misalignment mechanism with a small initial field value φi . fa, the parametric resonance
is not effective. However, in the Large Misalignment Mechanism, the tiny potential gradient
at the top of the cosine potential delays the onset of oscillations, see section 2.1.1, so that
a hierarchy between ma and Hosc renders the parametric resonance effective. Such a delay
also occurs in the Kinetic Misalignment Mechanism, where the ALP field has a large initial
kinetic energy [25, 26] which yields very efficient parametric resonance [24].

2.3.2 Tachyonic instability

Let us again briefly ignore the Hubble expansion, but also assume that the homogeneous mode
is still frozen at the initial field value θi, although this is not actually possible when H = 0.
If the initial field value would be close to −π, the second derivative of the potential, cos(θi),
gets close to −1. A negative value of the second derivative implies a tachyonic instability [46],
which leads to growth of fluctuations, i.e. particle production. This can be seen by assuming
cos(θi) = −1, with which eq. (2.19) becomes

ük(t̃) +
(
k̃2 − 1

)
uk(t̃) = 0 . (2.31)
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Figure 6: Numerical solutions to eq. (2.18) (homogeneous mode) with θi = π/2 + 0.5, for which the
second derivative of the potential is negative, and to eq. (2.19) (fluctuations) for different values of k̃.
Naively we could expect exponential growth for k̃ = 0.1 and 0.5 due to the tachyonic instability, but
this would only apply if the homogeneous mode would stay frozen. Since it starts to oscillate before
t̃ = 1, we see no growth of fluctuations. After the onset of oscillation all modes decay due to Hubble
friction.

The solution to this is
uk(t̃) = uk(t̃0)e±i

√
k̃2−1(t̃−t̃0) . (2.32)

For k̃ > 1, i.e. for relativistic modes, this results in oscillation of the fluctuation. This stays
true even if the second derivative of the potential would be closer to zero, i.e. if the initial
field value would be smaller. For k̃ < 1, the term in the root is negative, which implies that
the mode grows exponentially.

It is obvious that this analysis does not give a realistic result for the expanding universe.
To find out if this exponential growth could have cosmological implications, we have to com-
pare this (dimensionless) imaginary frequency

√
k̃2 − 1 with the dimensionless Hubble-factor

H/ma, and check if the latter is large compared to the former:
√
k̃2 − 1ma

H(t̃)
=

√
k̃2 − 1 · 2t̃ = O(1) · t̃ !

> 1 . (2.33)

This shows that the tachyonic instability can only be cosmologically relevant if t̃ > 1. We
saw that t̃ = 1 is approximately the dimensionless time at which the homogeneous mode
begins to oscillate in the standard misalignment mechanism. This means, cos(θ) does not
stay negative and exponential growth of the fluctuations will only be possible under certain
conditions, which we will investigate in the next subsection.

To summarise, when the homogeneous mode oscillates harmonically near the minimum
and is damped due to the expansion, no exponential growth of fluctuations due to the tachy-
onic instability is possible. Figure 6 shows a numerical solution of the equations of motions,
with no growth of fluctuations, since the homogeneous mode does not stay frozen long enough.
This prediction changes if the oscillations start closer to the top of the potential.
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Figure 7: Homogeneous mode and mode functions with similar normalisation to figure 6. Oscillation
of the homogeneous mode is delayed beyond mat > 1 due to the large misalignment θi = π − 0.01.
The large misalignment makes it possible for fluctuations to grow exponentially due to the tachyonic
instability already before they start to oscillate. This differs from figure 6, where no growth at early
times could happen because oscillation of the homogeneous mode started too early.

2.3.3 Growth of fluctuations in the Large Misalignment Mechanism

In the Large Misalignment Mechanism introduced in section 2.1.1, for an initial value of θi
very close to π, like θi = π − 0.01, the damping term in eq. (2.18) stays dominant for longer
and the homogeneous mode can still be frozen for t̃ > 1. Since cos(θi) ≈ −1, eq. (2.19)
approximately becomes

ük(t̃) +
3

2t̃
u̇k(t̃) +

(
k̃2

t̃
− 1

)
uk(t̃) = 0 . (2.34)

When the damping term gets unimportant, i.e. t̃ > 1, a mode begins to oscillate with frequency√
k̃2/t̃− 1 if the square root is real. If this becomes imaginary, i.e. k̃2/t̃ < 1, modes show

exponential growth. Because of the redshift of physical modes, also modes with k̃ > 1 can
grow if the oscillations are delayed long enough. We show this in figure 7.

Due to the large amplitude of the oscillation of the homogeneous mode, which makes the
higher order terms in the expansion of the cosine potential become important, at later times
also parametric resonance leads to growth of fluctuations, which was analysed in section 2.3.1.

2.4 Growth of fluctuations in a non-periodic potential

Now we consider the potential from eq. (2.8) for which, due to the non-periodicity, it is possible
to have large initial field values for the field, i.e. φi & fa. We are particularly interested in this
regime, since it can involve an efficient parametric resonance and fragmentation of the ALP
field. The motivation for large field values depends on the details of the actual UV-completion
and on pre-inflationary physics. We discuss some of them in appendix A. Generally, the ALP
field can be driven to large values as a result of a random-walk behaviour during inflation,
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originating from the quantum fluctuations of the ALP field, stretched to superhorizon scales
during inflation. These have an amplitude of the order of the inflationary Hubble scale HI

when they leave the horizon.1 Note however that such displacements during inflation can
be noticeable only in the case of a very long duration of inflation, typically more than 1020

e-folds.

2.4.1 Floquet analysis

Analogous to section 2.3.1, for the analytical analysis of parametric resonance with the given
non-periodic potential we will first ignore the expansion and set H = 0 and a = 1. The
resulting EOMs for the dimensionless homogeneous mode and the mode functions are

0 = θ̈(t̃) +
V ′(φ)

m2
afa

⇐⇒ 0 = θ̈(t̃) + θ(t̃)
[
1 + θ2(t̃)

]p−1
(2.35)

0 = ük(t̃) +

[
k2

m2
a

+
V ′′(φ)

m2
a

]
uk(t̃)

⇐⇒ 0 = ük(t̃) +

[
k2

m2
a

+ (1 + θ(t̃)2)p−2
(
1 + θ(t̃)2(2p− 1)

)]
uk(t̃) .

(2.36)

Since the homogeneous mode is oscillating periodically (with period depending on the initial
amplitude), the second derivative of the potential in eq. (2.36) is periodic in time. Therefore,
we can again investigate the evolution of the fluctuations with the help of the Floquet theorem.
(see appendix B).

We show the real part of the Floquet exponents for different initial field values and
momenta in the left panel of figure 8 for p = −1/2. The instability regions show for which
values of φi/fa and k/ma exponential growth of the modes happens.

It goes beyond the scope of this analysis to attempt a rigorous Floquet analysis forH 6= 0,
that involves a time dependent physical momentum in the equations of motion. Nevertheless,
we can use the analysis from the last subsection to analytically infer which modes will show
exponential growth. Since the field behaves as matter component after the onset of oscillation,
the homogeneous mode roughly dilutes as φ ∼ t−3/4, as soon as it begins to oscillate. To find
the beginning of oscillation, we again use eq. (2.9). For the non-periodic potential this results

in t̃osc =
(

2
√

(1 + φ2
i )
p−1
)−1

. Hence, we conclude that the amplitude of the oscillation of the

homogeneous mode behaves as φampl.(t̃) = φi
(
t̃/(At̃osc)

)−3/4 for t̃ > At̃osc, where A = O(1)
is introduced to compensate for the anharmonicity of the oscillation and fit the numerical
result for the homogeneous mode (compare to section 2.1.2). It is obvious that in radiation
era, where a ∼ t1/2, the dimensionless physical momentum κ ≡ k/(maa) of one given mode
dilutes as κ ∼ t−1/2. Together with φ ∝ a−3 this results in a curve in the (κ,φ)-plane
on which the different modes move towards smaller values of the homogeneous mode and
physical momentum during the expansion. From figure 8, we can estimate which modes
will grow and how strongly as different modes probe different parts of the instability region.
We can compare this to numerical solutions for the homogeneous mode and fluctuations

1The variance of the field is in equilibrium when the average field value is approximately H2
I /ma. This

shows that for small masses initial field values of φi � fa originating from this process should be possible
even under our assumption that HI � fa. [47]
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Figure 8: Parametric resonance in the ALP model with non-periodic potential from eq. (2.8) with
p = −1/2 and φi = 15fa. The left plot shows the real part of the Floquet exponents and how the two
modes move through the (κ,φ)-plane as they redshift and the homogeneous mode gets damped. The
right plot shows numerical results for the absolute value of the homogeneous mode as a dotted line,
and an analytical fit of the envelope in blue. We also show the absolute values of exponentially growing
modes with k̃ = 4 and 8, respectively. Details of this plot are discussed in the text of section 2.4.1.

eq. (2.14) and eq. (2.15), which is shown for p = −1/2 for two exemplary modes in figure 8.
The left plot shows the real part of the Floquet exponent in the (κ,φ)-plane and analytically
derived curves that illustrate how modes “move” through this plane, i.e. what the value of
the amplitude of the oscillation of the homogeneous mode is when a mode has reached a
certain physical momentum. These curves are outside the shown region at t̃osc (at φ/fa = 15
and κ = k̃/t̃osc) and move towards the origin. The curves end when t̃ reaches the end of
the numerical simulation. The exponential growth in the modes that is seen on the right
hand side corresponds to the respective time these modes enter the instability region that is
depicted on the left hand side.

2.4.2 Tachyonic instabilities

Tachyonic instabilities lead to growth of fluctuations when the homogeneous mode is still
frozen and sits at a point in the potential at which the second derivative is negative. In the
Large Misalignment Mechanism this was an important effect, since the top of the potential,
where the field is fine-tuned to, has the largest negative value of the second derivative of the
cosine potential. In the non-periodic potential, depending on the value of p, there may be
no region of tachyonic instabilities, for example for p = 0.5, while for p = −0.5 the second
derivative is negative for most field values, but asymptotes to zero from below for larger ones,
rendering the tachyonic instability increasingly unimportant for large initial field values.

2.5 Regions of linear and non-linear growth

Eq. (2.15) is based on linearization of the equations of motion, assuming small fluctuations.
This neglects the interaction between different modes and the backreaction of the modes
onto the homogeneous mode. Ignoring these effects is justified only as long as the fluctua-
tions remain small relative to the homogeneous mode, which is the case for sufficiently small
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initial field values φi/fa. In contrast, for larger values of φi/fa, non-linear effects and the
backreaction onto the homogeneous mode eventually become significant. This usually causes
the rapid, non-perturbative process of fragmentation [20], during which the energy from the
homogeneous mode is completely transferred into fluctuations. For the cosine potential, nu-
merical simulations show that this only happens for initial field values tuned close to the top
or if the field initially carries enough kinetic energy to cross several maxima of the potential
[22, 24].

To determine the transition between the two regimes, we track the components of the
scalar field energy density in the homogeneous mode and in fluctuations.2

ρ0 =
1

2
φ̇(t)2 + V (φ) , (2.37)

〈ρfluc〉 =
1

2

∫
d3k

(2π)3

[
|u̇k(t)|2 +

(
~k2

a2
+ V ′′(φ)

)
|uk(t)|2

]
. (2.38)

Note that the mode functions grow in the unstable phase, whereas at sufficiently late times,
after leaving the instability regions and becoming non-relativistic, they behave as matter and
decay in the same way as the homogeneous mode. As initial conditions for the mode functions
at the onset of oscillation we take

uk(t̃osc) =

√
2π2 2.1 · 10−9

k3/2
φi , (2.39)

which we will justify in section 3.1. As low momentum cutoff, we take the mode that enters
the horizon at the end of the simulation and the large momentum cutoff at k/aosc = 5ma,
since larger momenta will not be affected by parametric resonance. We stop the simulation
when ρfluc/ρ0 grows to unity since we can be sure that the linear description fails in that
case. This is labelled as non-linear regime. If ρfluc/ρ0 < 1 at sufficiently late times of the
simulation, we are in the linear regime. The initial field value that separates the linear regime
from the non-linear one is referred to as the critical field value, θcrit = φcrit/fa.

If we numerically evaluate θcrit for several p, we find that it decreases for flatter potentials,
i.e. as p gets more negative, while it diverges if p gets close to unity, which corresponds to a
quadratic potential where no parametric resonance is possible. The result is shown in figure 9.

When we repeat this analysis for the Large Misalignment Mechanism and investigate for
which parts of the parameter space in the (ma, fa)-plane fragmentation is expected, we find
that we need a fine-tuning stronger than |π − θi| ≈ 10−9.

Our goal is to investigate the amplification of ALP fluctuations and determine whether
this can lead to observable effects. The crucial quantity that we will focus on is the energy
density power spectrum, which we will discuss in the next section. It will quantify the
inhomogeneities of the field and feed into the formalism that captures gravitational collapse
of the overdense regions, which we discuss in section 4.

3 The power spectrum

We start this section by specifying the initial conditions for the fluctuations of the field.
In order to properly describe the horizon entry of the curvature perturbations, we include

2Since the ratio of these two quantities, ρfluc/ρ0, is independent of ma and fa, we only have to evaluate
them for different initial values θi = φi/fa of the homogeneous mode.
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the initial conditions given in section 2.5, for different p values in the non-periodic potential. The
error-bars reflect the resolution of the numerical simulation. As indicated by the arrow, the rightmost
point only gives a lower bound on the actual critical value.

the corresponding source terms in the linearized evolution equations. This is explained in
section 3.1, where both adiabatic and isocurvature fluctuations are discussed. In section 3.2
we follow the subsequent evolution of ALP fluctuations and compute the resulting energy
density power spectra. In the cases of efficient parametric resonance, the linear approximation
eventually breaks down and we “glue” the linear evolution to a non-linear lattice simulation
of the field dynamics, as it was done in [30, 31]. We close with section 3.3, where the role of
oscillons that are formed in the non-linear regime is explained.

3.1 Initial conditions for the fluctuations

The ALP field can have fluctuations of both adiabatic and isocurvature type, which are
discussed in this subsection.

Adiabatic fluctuations of ALPs are sourced by curvature perturbations. This process
can be described by including scalar metric perturbations in the field evolution equations. In
the Newtonian gauge, the perturbed metric has the form

ds2 = [1 + 2Φ(t, ~x)]dt2 − a2(t)[1− 2Φ(t, ~x)]d~x2, (3.1)

where Φ(t, ~x) denotes the scalar metric perturbation field. In the radiation-dominated era,
the Fourier modes Φ~k of the scalar perturbations are related, in the super-horizon limit, to
those of curvature perturbations R~k via Φ~k = −(2/3)R~k. Inflation predicts a power-law form
for the power spectrum of the curvature perturbations [22, 48],

〈R~kR
?
~k′
〉 = (2π)3δ(3)(~k − ~k′)

2π2

k3
∆2
R(k), ∆2

R(k) = As

( k
k?

)ns−1
. (3.2)
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The amplitude As = 2.1 · 10−9 at k? = 0.05/Mpc and the spectral tilt ns = 0.965 are inferred
from the PLANCK CMB-measurements [49]. For simplicity, the slight spectral tilt can be
ignored in our calculations. The solution for the dynamics of curvature perturbations in the
radiation era, derived in the linear theory, has the form3

Φ~k(tk) = 3Φ~k,i

(
−cos(tk)

t2k
+

sin(tk)

t3k

)
, (3.3)

where Φ~k,i denotes the super-horizon value of the mode function and tk is a momentum
dependent, dimensionless time variable defined as tk ≡ k/(

√
3aH) [50]. As can be seen, the

modes Φ~k decrease as a−2 once they are deep inside the horizon, tk � 1.
Returning to the ALP field, due to the smallness of the fluctuations Φ and δϕ, at least

at early times, we keep only terms that are of zeroth or of linear order in any of these
perturbations in the field evolution equations. In this way one arrives at [22, 23]

ük(t) + 3Hu̇k(t) +

(
k2

a2
+ V ′′(φ)

)
uk(t) = 4φ̇(t)Φ̇k(t)− 2V ′(φ)Φk(t). (3.4)

The left hand side of the above equation is the same as the one in non-perturbed spacetime in
eq. (2.15), while the right hand side introduces source terms from the curvature perturbations.
These terms can lead to fluctuations in the ALP field, even if the latter are initially zero. The
sourcing mostly occurs close to the time at which the corresponding curvature mode enters
the horizon, i.e. when H ∼ k/a. The simulation should therefore be started earlier than t̃osc,
such that all modes of interest are superhorizon.

Given that the ALP field was present during inflation, it unavoidably carries isocurvature
fluctuations of the size of the inflationary Hubble scale HI (see ref. [51]). More specifically, the
scale-invariant power spectrum of the fluctuations can be determined from the Bunch-Davies
mode functions and is given by

∆2
δφ(k) =

(
HI

2π

)2

, (3.5)

in the superhorizon limit.
In the following it will be assumed that the isocurvature fluctuations are smaller com-

pared to the adiabatic ones and, thus, they will be neglected. In this case one can work with
mode functions uk that are initially zero. It was also verified that similar results are obtained
if the source terms in eq. (3.4) are set to zero and, instead, reasonable initial values for the
ALP mode functions are chosen, as it was done in section 2.4.

3.2 Growth of fluctuations and the density power spectrum

In this section we examine the amplification of ALP fluctuations. The discussion is split into
two parts. In section 3.2.1, we consider the case of θ < θcrit, where a linear analysis of the
dynamics is performed. The non-linear regime for θ > θcrit is investigated in section 3.2.2.

To link the evolution of the fluctuations to observable quantities it is convenient to
compute the energy density (contrast) power spectrum. The density contrast is defined as

δ(~x) ≡ ρ(~x)− ρ
ρ

, (3.6)

3Note that the backreaction of the ALP field onto the curvature perturbations is negligible.
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where all quantities are time-dependent. ρ is the averaged energy density and in the quantum
picture we identify this as 〈ρ〉. The Fourier transform of δ(~x) is δ~k = ρ~k/ρ, where ρ~k =∫
d3x ρ(x)ei~x·~k is the Fourier transform of ρ(~x) and we demand k 6= 0. Again we will assume

isotropy in momentum space, i.e. care only for the magnitude of ~k. The dimensionful density
contrast power spectrum is defined as [52]

Pδ(k) ≡
〈
δ2
k

〉

V =

〈
|ρk|2

〉

V 〈ρ〉2
, (3.7)

where V is a large volume over which we integrate to keep the quantities finite. We will see
that it drops out in the end. We also introduce the dimensionless density contrast power
spectrum which is defined as

∆δ(k) =
k3

2π2
Pδ(k) . (3.8)

3.2.1 Linear regime

Numerically calculating eq. (3.4) for a range of momenta allows one to track the density
power spectrum ∆δ(k). Note that the term Φ̇ in eq. (3.4) can be re-expressed as ma

tk
t̃

dΦ~k
dtk

,
where the derivative with respect to tk can be found from eq. (3.3). This makes it possible
to express eq. (3.4) fully in terms of dimensionless quantities and arrive at an EOM that is
independent of ma and fa.4 The enhancement of the fluctuations thus depends only on the
values of p and θi.

In the linear regime the density contrast perturbation can be computed using the fol-
lowing expression [22],

δ~k,lin., pert.
=
φ̇u̇~k + V ′(φ(t))u~k − φ̇2Φ~k

1
2 φ̇

2 + V (φ(t))
. (3.9)

In figure 10 we illustrate the dimensionless power spectrum, computed using the expression
above, at several scale factors for θi = 3 and p = −1/2. The spectra are shown with solid lines.
On the horizontal axis is the comoving momentum, in units of the ALP mass multiplied by the
scale factor at Hosc. As expected, the spectrum is peaked around the momenta corresponding
to the most unstable modes.

It is instructive to compare the evolution of the density power spectrum to the one
of standard (pressureless) CDM. The latter has the following analytical form during the
radiation-dominated era [53]

δk,CDM = C2 + 9Φk,i ln[tk], (3.10)

where C2 = 3Φk,i/2 for adiabatic fluctuations. As can be seen, the density contrast grows
logarithmically with the scale factor.

The solution (eq. (3.10)) is shown in figure 10 with dashed lines at the same scale factors
as the solid lines of the corresponding colour. One can distinguish three momentum ranges.
At low momenta the ALP power spectrum converges to the one for CDM. At intermediate
momenta k ∼ maaosc, the ALP power spectrum is enhanced due to parametric resonance.
Finally, at high momenta one observes a strong suppression of the ALP power spectrum.
More details about the evolution of density perturbations for wave dark matter can be found
in ref. [53].

4Note that fa is again a common factor in all terms of eq. (3.4).
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Figure 10: Dimensionless density contrast power spectra ∆δ(t, k) for ALP dark matter with φi = 3fa
and p = −1/2 (solid lines) and for standard CDM (dashed lines), shown at different values of a,
considering radiation dominated era, a ∼ t(1/2), and adiabatic initial conditions. The horizontal axis
shows the comoving momentum k/(maaosc). The curves converge at low momenta, while at high
momenta the ALP spectrum is suppressed.

3.2.2 Nonlinear regime

If θi > θcrit, the linear approximation is expected to be valid only at early times. Once the
fluctuations become large, their backreaction onto the homogeneous mode becomes important,
which slows down their growth and, in most cases, leads to the fragmentation of the field.

In order to extend the discussion to this non-linear regime, we “glue” the linearized
evolution to the lattice simulation that solves the full EOM eq. (2.2). More specifically, the
linear simulation is stopped when the fluctuations are still small, 〈δθ2〉 = 10−4. The values of
the field and its derivative, as well as the power spectra computed using the mode functions,
are then extracted and used to initialise a Gaussian random field on the lattice. More details
about the lattice setup can be found in appendix C as well as in ref. [30]. The field is evolved
on a spatial lattice with 5123 grid points, periodic boundary conditions and a fixed comoving
volume, using a standard leap-frog algorithm. In principle, it is possible to incorporate metric
perturbations into the lattice simulation, in the form of an additional scalar field. However
this would require the Fourier transformation of the field after each time step, to evolve the
mode functions in momentum space according to eq. (3.3). On the other hand, in the regime
when fragmentation takes place, the metric perturbations become unimportant as the field
is no longer correlated with the metric perturbations. To this end we switch off the metric
perturbations once the simulation starts.

The ALP dynamics after fragmentation usually involves the formation of long-lived
compact objects, called oscillons [54, 55]. These are coherent and localised configurations of
the scalar field, held together by the attractive self-interactions. They can be very long-lived,
even though there is no conserved charge that would ensure their stability and prevent them
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from decaying (see also ref. [56] for the approximate conservation of the adiabatic invariant of
oscillons). As a consequence, some fraction of the total energy, denoted by FOSC, is contained
at late times in oscillons, while the rest is in the form of unbound fluctuations.5 The value of
FOSC depends on p, as well as on the initial field value θi, and in some cases can reach around
70% [57].

The separation into the contributions mentioned above can be observed in the field
power spectrum. At sufficiently late times, the spectrum splits into two parts: one at high
momenta, due to oscillons, and one at lower momenta due to fluctuations. The oscillon peak
"blue-shifts" with time to higher momenta, as the oscillons maintain fixed physical size. In
contrast, the low-momentum contribution from the fluctuations eventually becomes time-
independent, maintaining constant comoving momenta. Such behaviour is expected due to
the Hubble expansion since the self-interactions become weaker as the ALP field is driven to
the vicinity of the quadratic minimum of the potential. The time for this “freeze-out” depends
on the initial field value, i.e. it is larger for larger values of θi.

As a result of this behaviour, the oscillon peak gets well separated from the low-
momentum fluctuations at late times. This is illustrated in figure 11, where several snapshots
of the dimensionless field power spectrum ∆θ(k) are shown. The multiplication by the scale
factor a3 is done for convenience, to scale out the overall dilution due to the Hubble expan-
sion. The curves are shown at scale factors in the range from 19aosc to 32aosc. θi = 4 and
p = −1/2 were used for this plot, although the pattern is rather generic. The height of the
oscillon peak shows some oscillatory behaviour but on average does not change much within
the simulation time. The relative strength of the two contributions depends on FOSC.

As in the linear regime, we are interested in the energy density power spectrum. Here
it can be extracted from the lattice simulation by explicitly computing the energy density of
the scalar field and evaluating its correlation functions. It is observed that the density power
spectrum is dominated by the contribution from oscillons, in the form of a strong peak in
momentum space. This is illustrated in figure 12, where the solid lines show the dimensionless
density contrast power spectrum at scale factors from 14aosc to a = 28aosc for θi = 5 and
p = −1/2. A semi-analytical expression for this peak was found in ref. [57], where it was
parametrised in terms of an extended Poisson distribution,

Pδ(k; a) =
F 2
OSC
nOSC

〈M2
OSC exp{−r2

OSCk
2/(2a2)}〉

〈MOSC〉2
K(k/kc) (3.11)

with K(x) = 1−(2/x)2 sin2(x/2). Here nOSC, rOSC andMOSC are the average number density
(per comoving volume), the (physical) radius and the mass of the oscillons. kc is a cut-off
scale for the oscillon power spectrum, which is determined by fitting the numerical data. It
is related to the horizon scale at the oscillon formation.

3.3 The role of oscillon decay

The lifecycle of an oscillon can be separated into a long phase of slow “evaporation”, via the
emission of scalar radiation, and a very rapid “decay” in the end, when the oscillon energy is
converted into a burst of scalar waves [58]. Power-law potentials with p < 1, considered in
this work, are known to support very long-lived oscillons. In refs. [19, 59], the lifetime was
estimated to be τOSC ∼ 1010m−1

a for p = −1/2, τOSC ∼ 108m−1
a for p = 1/2, and even longer

5The subscript OSC will refer to oscillons, and should not be confused with the subscript osc, referring to
the onset of oscillations.
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Figure 11: Snapshots of the dimensionless field power spectrum ∆θ(t, k) for θi = 4 and p = −1/2,
demonstrating the oscillon peak at high momenta and the fluctuation peak at small momenta. The
colours from light to dark blue correspond to scale factors a/aosc ranging from 19 to 32. The inset
compares the linear (dashed lines) and the lattice (solid lines) evolution at scale factors a/aosc between
4 and 24, illustrating how non-linear effects slow down and spread out the growth of low-momentum
fluctuations.

for p→ 1. In contrast, in the case of the QCD axion the corresponding objects, often referred
to as axitons, can survive only at most for ∼ 103m−1

a [60]. The very long lifetimes of oscillons
make it impossible to extend the lattice simulations to their decay stage. Nevertheless, they
do eventually decay and, in a large region of the parameter space given by

ma > 10−19 eV

(
τ̃OSC
108

)
, (3.12)

with τ̃OSC = mτOSC, this happens before the epoch of matter and radiation equality. It is
thus important to understand how the decay is expected to impact the power spectra. This is
discussed below, with a more detailed analysis of the decay process to be included in a future
publication.

For simplicity we ignore the slow evaporation of oscillons, assuming that their energy is
radiated away in the very end. In this last stage the oscillon peak in the field power spectrum
will already be separated by several orders of magnitude from the low-momentum fluctuation
modes. The decay of oscillons usually produces ALPs with wavelengths (k/a) & 0.1ma, which
simply free-stream away [58]. It is thus expected that this process does not affect the field
power spectrum at much smaller momenta.

We want to estimate the energy density power spectrum at late times, after the decay. At
this stage the self-interactions are unimportant and, assuming that the field power spectrum
is nearly Gaussian, it can be expressed as [60]

Pδ(q) = 2

∫
d3k

(2π)3nkn|k+q|
(∫

d3k
(2π)3nk

)2 , (3.13)
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Figure 12: Snapshots of the energy density contrast power spectrum ∆δ(t, k) for θi = 5 and p = −1/2
at the scale factors when oscillons have already formed, ranging from a = 14aosc to a = 28aosc. The
solid lines show the full (non-linear) power spectrum, dominated by oscilllon contribution. The dashed
lines correspond to the Gaussian approximation for the power spectrum, according to eq. (3.13) which,
at small momenta, is dominated by the contribution from fluctuations.

in the deep non-relativistic limit. Here

nk +
1

2
=
|u̇k|2 + ω2

k|uk|2
2ωk

(3.14)

denotes the occupation numbers. We discuss this in more detail in appendix D, where we
demonstrate that the numerically extracted power spectrum after the decay of oscillons is
indeed well approximated by (3.13).

In figure 12 we show several power spectra, computed using the above Gaussian expres-
sion, in dashed lines. The solid lines in that figure correspond to the full non-linear power
spectra from the same simulation. As can be observed, Pδ(q) at small momenta becomes
constant after some time. From the form of eq. (3.13) we can conclude that, by these times,
it is dominated by the contribution from fluctuations at small k’s, rather than by the time-
dependent oscillon contribution. This is expected to hold also after the decay of oscillons and,
therefore, Pδ(q) should not change much any further. This observation allows us to estimate
the power spectrum at small momenta and late times by its time-independent value from the
simulation.

To summarise, even though our simulations do not resolve the dynamics of the oscillons
until their late decay, we can make predictions for the low momentum part of the energy
power spectrum after their decay.
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4 ALP halos

Having computed the density power spectra for ALPs in a non-periodic potential, in this
section we study how the overdense regions, corresponding to the amplified fluctuations of
the ALP field, decouple from the Hubble flow and form bound objects. We have already briefly
mentioned the formation of long-lived oscillons, which are sustained by the self-interactions.
Our focus of this section is on the more important gravitational interaction, and the formation
of objects such as halos and solitons.

Most of the structure formation takes place in the matter-dominated era, when the
backreaction of the ALPs on the metric perturbations can no longer be neglected. Our analysis
is based on the Press-Schechter (PS) formalism [36]. We start by reviewing the spherical
collapse model from ref. [61] and the Meszaros equation [62] in section 4.1. Modifications
to the formalism, relevant at the length scales associated to fragmentation, are discussed as
well. In section 4.2 we apply the formalism to our model and, using the power spectra of the
density field from the previous section, compute the halo mass functions. Virialization of the
halos is summarised in section 4.3, where we also find the halo spectrum.

4.1 Spherical collapse

We follow ref. [61] and consider a spherical overdense region of matter in the homogeneous
background of radiation. The equation of motion for the shell of radius r is given by

r̈ = −8πG

3
ρRr −

GM

r2
, (4.1)

where ρR refers to the energy density of the radiation component and M is the conserved
mass of the matter inside the shell.

As it was done in ref. [61], this equation is investigated by switching to conformal time
dη = dt/a and introducing the following parameterisation of r:

r ≡ a(η)ξ(η)R , (4.2)

where R is the comoving size of the spherical region and ξ(η) is the deceleration parameter.
The latter is set to ξ = 1 initially and describes how an overdense region decouples from the
Hubble flow. One also expresses the mass in terms of the average matter density ρ and the
initial over-density parameter δin,

M =
4π

3
ρEQa

3
EQ(1 + δin)R3 , (4.3)

Note that the term (ρa3) remains constant as soon as the ALPs become non-relativistic and, in
the above expression, it is evaluated at the time of matter-radiation equality, as denoted by the
index EQ. For simplicity the universe is taken to be flat, consisting only of the matter and ra-
diation components. The scale factor can then be written as a(η) = aEQ

[
2(η/η∗) + (η/η∗)2

]
,

where η−2
∗ = 2πGρEQa

2
EQ/3 [61]. Inserting everything into eq. (4.1) and switching from the

time variable to the scale factor x = a/aEQ, one arrives at a dimensionless equation for the
deceleration parameter [61]:

x(1 + x)
d2ξ

dx2
+

(
1 +

3

2
x

)
dξ

dx
+

1

2

(
1 + δin

ξ2
− ξ
)

= 0 . (4.4)
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Solving this equation numerically, with ξ = 1 and dξ/dx = 0 as initial conditions, one
can find the scale factors at the turnaround xta, after which the shell starts to shrink, and the
collapse scale factor xcoll. The condition for the turnaround is given by ṙ = 0 which, using
the definition (4.2), can be expressed as ξ̇ = −ξH. In terms of the dimensionless variable x
this reads as

dξ

dx

∣∣∣∣
xta

+
ξ

x

∣∣∣∣
xta

= 0 . (4.5)

We find numerically that this is fulfilled at

δin · xturn ≈ 0.71 ≡ Cx , (4.6)

where we will use the last definition later. We also evaluated the product of δin with the
numerically extracted collapse scale factor xcoll, defined by r(xcoll)→ 0 or ξ(xcoll)→ 0. This
gives

δin · xcoll ≈ 1.13 . (4.7)

Linear growth: The actual over-density parameter of the spherical region δ will grow
during the collapse. It is important to investigate how this parameter evolves in time, under
the assumption of it being small, δ � 1. Since the mass inside the collapsing shell remains
constant at value given by eq. (4.3), one has

(1 + δin) = ξ3(x)(1 + δ(x)) . (4.8)

If we now assume δin � 1, the left-hand side in the above equation can be set to unity.
Solving this for ξ gives ξ = (1/(1 + δ))1/3, which can be expanded to ξ = 1 − δ/3 + O(δ2).
Inserting ξ = 1− δ/3 into eq. (4.4) we arrive at the Meszaros equation [62] for δ:

x(1 + x)
d2δ

dx2
+

(
1 +

3

2
x

)
dδ

dx
− 3

2
δ = 0 . (4.9)

For a given positive initial over-density δin and initial condition δ̇i ≈ 0, the analytical
solution of the Meszaros equation is

δ(x) = δin

(
1 +

3

.
2x

)
(4.10)

Plugging eq. (4.7) into this result, and assuming that δin is small, such that 1.1/xcoll � 1,
gives the well-known value for the over-density in the linearized theory at which the collapse
happens:

δc ≡ δ(xcoll) =
1.1

xcoll

(
1 +

3

2
xcoll

)
≈ 1.69. (4.11)

Jeans length and scale-dependent growth: The linear growth of density perturba-
tions in eq. (4.9) is scale independent, which is true for CDM perturbations. However, in the
case of ALP DM, the growth is modified at high momenta, above a certain Jeans length. To
account for these effects due to the gradient pressure, the Meszaros equations can be modified
to [37]

x(1 + x)
d2δk
dx2

+

(
1 +

3

2
x

)
dδk
dx
−
[3

2
− k̃4

x

]
δk = 0. (4.12)

where k̃ is defined in eq. (2.17). Modes with k̃ � 1 behave as in the case of CDM, while
modes with k̃ � 1 start growing only after x ∼ k̃4, resulting in a suppression of the power
spectrum at high momenta.
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4.2 The Press-Schechter formalism and halo mass function

The standard Press-Schechter formalism has been introduced in ref. [36] and was modified
since then (see ref. [63], ref. [64] and references therein). The original Press-Schechter for-
malism was developed for dark matter that has been pressureless for the whole history of the
universe, with scale independent power spectrum that has been imprinted by inflation.

In the PS formalism one introduces the smoothed over-density field δR(~x),

δR(~x) =

∫
d3x′WR(~x− ~x′)δ(~x′) , (4.13)

where WR(~x) ≡ W (~x,R) is a window function that goes to zero very fast if |~x| > R. An
intuitive choice would be the so-called spherical top-hat, Wsph.TH(~x,R) = 3/(4πR3)Θ(R−~x),
where Θ(x) is the Heaviside step function. R is called the smoothing scale.

One can evaluate the variance of the smoothed density contrast, σ2
R. A quick calculation

gives

σ2
R ≡

1

V

∫
d3x

〈
δR(~x)2

〉
=

1

2π2

∫
dk k2

∣∣∣W̃R(~k)
∣∣∣
2
P (k) , (4.14)

where we used V−1P (k) ≡
〈
δ(k)2

〉
and introduced the Fourier transform of the window

function W̃R(~k) ≡ W̃ (~k,R) =
∫
d3xW (~x,R)e−i~k·~x.

Under the assumption of initially small over-densities, one can relate the smoothing
scale R directly to a halo mass M by setting M = ρVRR

3, where VR is a volume factor that
depends on the window function, where for the spherical top-hat it is given by 4π/3. This
implies that σR = σ(R) basically becomes a function of M , hence we can write σ(M).

Assuming that δR follows a Gaussian distribution (for any value of R) and identifying
σR as its variance, the probability to find a fluctuation in the range [δR, δR + dδR] is [36]

Fsm(δR;R) =
1√

2πσ2
R

exp

(
− δ2

R

2σ2
R

)
. (4.15)

The fraction of collapsed objects with mass > M is then given by

F (> M) =
1√
2π

∫ ∞

δc/σR

e−t
2/2dt ≡ erfc[δc/σR] , (4.16)

where erfc denotes the error function and δc ≈ 1.69 is the critical density at which collapse
happens. Due to the one-to-one correspondence between R and M , σR can be understood as
a function of M . Thus one can calculate:

dF

dM
= − 1√

2π

δc
σ2
R

dσR
dM

exp

(−δ2
c

2σ2
R

)
. (4.17)

This is the fraction of collapsed objects in the range [M,M + dM ]. The fractional energy
density in these objects is then ρ0 · dFdM , while finally the number density of objects inside the
given mass range is ρ0 · dFdM /M . We arrive at [36]

dn

dM
= − ρ0

M

√
2

π

δc
σ2
R

dσR
dM

exp

(−δ2
c

2σ2
R

)
. (4.18)

In this result, a seemingly ad hoc factor of 2 is introduced. This is done because the Gaussian
distribution of δR also includes negative over-densities. This region is not accounted for when
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Figure 13: Matter power spectrum today for CDM (black line) vs ALP DM of mass ma = 10−18eV
with p = −1/2 (left) and p = 1/2 (right). Different colours correspond to different values of the initial
misalignment angle θi = φi/fa. The power spectra agree with CDM on large scales, are enhanced on
scales at which fluctuations were amplified, and are suppressed on small scales due to wave effects.

evaluating eq. (4.16), but nevertheless these under-densities will be included in collapsed halos
since over-dense regions will be surrounded by under-dense regions which are dragged into
the halo by the higher gravitational potential in the collapsing regions. The factor of 2 can
be rigorously derived in the excursion set formalism [64].

To compute the halo mass function, we start with the density contrast power spectra
that were discussed in section 3. These serve as initial conditions for the Meszaros equation
including the Jeans length eq. (4.12) and are evolved until today. For the non-linear regime
we use the density power spectrum without the oscillon contribution, as it was described in
the previous section, together with dδk/dx = 0 for the initial conditions. The resulting power
spectra are shown in figure 13 for ma = 10−18eV, both p = −1/2 and p = 1/2, and several
values of the misalignment angle. The black line corresponds to the CDM power spectrum
linearly evolved until today [65],

PCDM(k) = 2πδ2
H

kns

Hns+3
0

T 2(k) . (4.19)

Here δH is a normalising constant we set to 1.9× 10−5, ns is the spectral index of primordial
perturbations, which we set to 1 and T (k) is the BBKS transfer function, given by [66]

T (k) =
ln(1 + 0.171κ)

0.171κ

(
1 + 0.284κ+ (1.18κ)2 + (0.399κ)3 + (0.490κ)4

)−1/4
, (4.20)

where κ = k/kEQ and kEQ = 0.073Ωm,0h
2 Mpc−1.

We then compute the variance of the filtered field σR(a), where in this work we always use
the spherical top-hat window function. The halo mass function today is then calculated using
eq. (4.18). It is shown in figure 14, where we plot the function XM ≡ (M/ρDM)dn/d lnM =
dF/d lnM for ma = 10−18eV, both p = −1/2 and p = 1/2, and the same values of the
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Figure 14: The halo mass function XM = (M/ρDM)dn/d lnM for ALP DM with several values of
the misalignment angle θi = φi/fa. We set ma = 10−18eV using both p = −1/2 (left) and p = 1/2
(right). The mass function is enhanced on intermediate masses compared to the CDM mass function,
shown as the black line, due to the enhancement of fluctuations. At small masses the halo mass
function is correspondingly suppressed compared to CDM.

misalignment angle as in figure 13. The black line again corresponds to the CDM halo mass
function today.

4.3 Halo spectrum

While ξ = 0 is a useful condition to identify the collapse time from eq. (4.4), the condition
itself is not physical. Instead of collapsing into a singularity, the overdensity is expected to
virialize into a halo, in which the potential and the kinetic energies are settled to a stable
equilibrium [36, 61, 64, 67]. In this section we discuss the properties of such halos.

The radius of the virialized halo is half of the turnaround radius, rvir = rta/2, which
follows directly from the virial theorem and energy conservation. Hence the final virial density
ρvir is eight times the density at turnaround [68]. ρvir can also be expressed in terms of the
background energy density of ALPs. Remembering that the total mass in the halo stays
constant,

M =
4π

3
ρEQa

3
EQ(1 + δin)R3 =

4π

3
ρtar

3
ta =

4π

3
ρtaa

3
taξ

3
taR

3, (4.21)

the virial density can be expressed as

ρvir = 8ρta = 8CρρEQ(1 + δin)δ3
in, (4.22)

where we defined Cρ = 1/(ξ3
taC

3
x) and used Cx ≡ xtaδin from above. Numerically we find that

Cρ ≈ 17. Inserting this into the above equation we arrive at [61, 67]

ρvir ≈ 136ρEQ(1 + δin)δ3
in . (4.23)

Using δin ≈ 1.1/xcoll we can estimate the virial density of the halo right after collapse as

ρvir(xcoll) ≈ 136ρm,EQ

(
1 +

1.1

xcoll

)
1.13

x3
coll

= 136ρcoll1.1
3

(
1 +

1.1

xcoll

)
. (4.24)
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For small fluctuations collapse happens during matter domination, so the x−1
coll term can be

neglected. Then
ρvir(xcoll) ≈ 136ρcoll1.1

3 ≈ 181ρcoll, δin � 1, (4.25)

For collapse during radiation domination we obtain

ρvir(xcoll) ≈ 136ρm,EQ

1.14

x4
coll

≈ 200ρR,EQ

a4
EQ

a4
coll

≈ 200ρcoll, δin � 1. (4.26)

The conclusion is that the virialized density of the halo right after collapse is approximately
200 times the mean density of the universe at collapse, regardless of the cosmological era in
which the collapse happens.

It has been confirmed, by means of N -body simulations, that CDM forms halos with a
characteristic, red-shift dependent profile, dubbed Navarro-Frenk-White-(NFW)-profile. It is
given by [69]

ρ(r, z) =
4ρs

(r/rs)(1 + r/rs)2
, (4.27)

where ρs ≡ ρ(rs) is the scale density, and rs is the scale radius defined by d ln ρ(r)/d ln r|rs =
−2 that determines how strongly the density is concentrated within the halo. The numerical
simulations show that ρs depends on the red-shift at which the halos forms, but it stays
constant after the halo is formed. For the remainder of the section we review an approach to
find ρs for a given collapsing region.

An equivalent definition of the NFW-profile is

ρ(r, z) =
δcharρc(z)

(r/rs)(1 + r/rs)2
, (4.28)

where ρc is the critical density of the universe and δchar is the characteristic density.
The mass inside a certain radius r can be found by integrating eq. (4.27) up to r, which

gives [53]

M(r) = 4π

∫ r

0
dr′ r′2ρ(r′) = 16πρsr

3
s f̃(r/rs) , (4.29)

with
f̃(x) = ln(1 + x)− x

x+ 1
. (4.30)

The mass integrated up to rs is called the scale mass Ms. We discussed that the density of a
virialized halo is roughly 200 times the mean density of the universe at the time of formation.
This motivates the definition of r200, which is the radius at which the average density of the
enclosed halo is 200 times the critical density:

200ρc =

(
4π

3
r3

200

)−1

4π

∫ r200

0
dr r2ρ(r), (4.31)

such that at the time of formation, this corresponds roughly to the virial density. The mass
inside this region is defined to be

M200 =
4π

3
(200ρcrit)r

3
200. (4.32)

Since we assume that the mass of the halo is conserved during the collapse, the spherical mass
M from eq. (4.3) can be identified with M200, which is constant by definition.
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One now defines the concentration parameter c200 by

c200 ≡
r200

rs
. (4.33)

We can use eq. (4.31) to find the characteristic density as a function of the concentration
parameter:

δchar =
200

3

c3
200

ln(1 + c200)− c200/(1 + c200)
. (4.34)

From the definitions, this equation of δchar leads to a time independent ρs. We now use the
formalism from refs. [67, 70] and use these definitions to relate the quantities of the collapsing
ALP regions to the empirical results of the scale density of halos formed at different redshifts.

Let us assume we identify a halo at redshift zid, which most of the time will be today,
zid = 0. We now assign the formation redshift zform(M200, f) which is defined as the redshift
at which half the mass of the halo was first contained in progenitors more massive than some
fraction f < 1 of the mass M200.6 We can find this with the Press-Schechter formalism by

erfc [X(zform)−X(zid)] =
1

2
, (4.35)

with
X(z) =

δc(z)√
2 [σ2(fM200, z)− σ2(M200, z)]

, (4.36)

where δc(z) is the red-shift dependent critical density for collapse, and σ2(M200, z) is the
variance at redshift z evaluated with a spherical tophat as window function for the smoothing
scale

R =

(
3M200

4πρm,0

)1/3

, (4.37)

assuming here that the ALPs make up all of dark matter and ignoring the baryonic contri-
bution to ρm.

The connection to the numerical simulations is now made by a redshift dependent pro-
portionality factor C which relates the critical density of the universe at formation to the scale
density:

ρs = C(zform)ρc(zform). (4.38)

To summarise this section: We use the variances found in section 3 and plug them into
eq. (4.35), choose f = 10−2, to find zform for given smoothing scale, which sets the halo
mass. We use the fit function from the appendix C of ref. [37] to find C for given zform. The
relation ρs = δchar(z)ρc(z) immediately gives the characteristic density today, leading to the
concentration parameter c200. Since we know r200 from the identification of M200 with the
mass of the halo, we find rs and Ms from c200. Scale mass Ms and ρs are the two parameters
we are looking for in the halo spectrum and which we are going to use to find observational
prospects in the next chapter.

Solitons: The NFW profile fails to describe the halos formed by ALP dark matter at
small scales due to the wavelike nature of the ALP. It has been shown numerically that the
central profiles of ALP halos do not obey a “cuspy” r−1 profile [71], but form a (pseudo-)

6We note that zform is distinct from zcoll discussed in the spherical collapse model.
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Figure 15: Halo spectra, showing the scale density ρs as function of the scale massMs, for axion-like
particles with mass ma = 10−18 eV and potential eq. (2.8) with p = 1/2 (left) and p = −1/2 (right).
We compare different initial field values θi. The variance σR has been calculated with the spherical
window function. The soliton line from eq. (4.41) for this mass is shown as straight grey line. This line
acts as an upper bound for the scale density rendering densities above the soliton line as unphysical.
This means the actual halo spectrum will follow the line that corresponds to the minimum of soliton
bound and the calculated scale densities. We show the parts of the calculation of the scale density
that exceed the soliton line as transparent. The stars indicate where the halo mass function, shown
in figure 14, peaks. Also shown is the CDM-line in black.

soliton, being the eigenstate of the time-independent Schrödinger-Poisson equation. A fit for
the soliton profile is given by [72]:

ρsol(r) = ρsol,0

[
1 + (21/8 − 1)

(
r

r1/2

)2
]−8

, (4.39)

where

ρsol,0 ≈ 1.9×
(

10−17 eV

ma

)2(
pc

r1/2

)4

M�pc−3 (4.40)

is the core density and r1/2 is the radius at which the density is half of the core density. From
this form of the profile, one can calculate, how the scale mass and scale density of the solitons
are related:

ρsol
s ≈ 1.2× 10−4

( ma

10−17 eV

)6
(
M sol
s

M�

)4

M�pc−3. (4.41)

Far away from the center of the halo, the profile is expected to still follow the NFW-profile.
We will neglect a possible interpolation between the soliton core at small scales and the NFW-
profile further out. Therefore, we are going to make the assumption that for a given scale
massMs the scale density of solitons ρsol(ma,Ms) is an upper bound on the scale density and
that denser halos cannot form for that mass. Halo spectra for p = 1/2 and p = −1/2 at a
benchmark ALP mass and for different initial field values can be seen in figure 15.
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5 Observational prospects from gravitational interactions

Now that we have described the ALP halo spectra for a certain mass and given initial con-
ditions, we want to proceed by investigating in which part of the parameter space in the
(ma, fa)-plane gravitational interactions could actually lead to observational signatures of
the ALP halos.

When the halos form, they are much denser than their surrounding. This remains
true when they become part of larger dark matter halos. However, if, at later times, they
enter galaxies, much denser objects like stars will cause tidal forces on the halos which could
potentially disrupt them. Since part of the observational signatures rely on the fact that the
halos are inside of the Milky Way or other galaxies, we need to make sure that they actually
survive until today. For halos smaller than the typical star separation, rs < 1 pc, passing a
star could actually disrupt the halo completely, depending on its density. For larger halos,
interaction with single stars cannot disrupt the halo completely, but here one has to take into
account the tidal forces induced by the gravitational potential of the Galaxy. To understand
all of the halo population, in a full analysis one would need to find the sub-halo mass function
within the Galaxy, as has been done e.g. in refs. [73, 74]. However, we are only interested if
the densest halos survive. Hence, without going into details we take the estimate from ref. [22]
that a halo smaller than 1 pc must have ρs > 103ρ�, with ρ� ≡ 1.1× 10−2M�pc−3 being the
local dark matter density. Halos much larger than 1 pc only need to be slightly denser than
the local average, so we take ρs > 11ρ�. Both of these estimates are rather conservative.
For rs ≈ 1 pc, we would actually need to interpolate between the two regimes, but this goes
beyond the scope of our work. We show the parameter space in which halos inside the Galaxy
likely did not survive until today as light grey area in figure 16.

5.1 Signatures of ALP minihalos

There are several halo phenomena that could lead to observable effects. Halos could act as
gravitational lenses or they could affect the motion of stars when they pass them on their
movement through the Galactic halo. In the following we discuss the different effects these
gravitational interactions could cause.

Local Gravitational Perturbations: One distinguishes three different cases of a
similar phenomenon: When dark matter subhalos traverse the Galaxy, they can change the
6D phase space distribution of stars in the Milky Way disk [75] or of stars in the stellar halo
[76]. The third effect that is heavily investigated is the disruption of stellar streams by dark
matter subhalos [77–79]. These streams are the result of tidal disruption of globular clusters
(spherical collections of stars) in the Milky Way halo, resulting in narrow leading and trailing
arms of stars, since the mass loss in the clusters is deposited into orbits with slightly higher
and lower orbital energies [80, 81]. These stellar streams have been experimentally confirmed
for example in refs. [82, 83].

Ref. [75] gives as an approximate formula for the velocity kick a star gets from the
passing of the halo:

∆~v ≈ −b̂ 0.5 km s−1

(
M(b)

107M�

)(
166 km s−1

V

)(
kpc

b

)
, (5.1)

where V is the relative velocity between the subhalo and the star we will assume to be
166 km s−1, b is the impact distance, and M(b) is the mass of the subhalo that is enclosed
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within that impact distance. Such a velocity kick could be observed by the space telescope
GAIA, whose on-going mission is set to make the most detailed and largest map of stars in
the Milky Way to date [84]. We follow ref. [22] and calculate the parameter region in the
(Ms, ρs)-plane where the halo can give stars in the Galactic disk velocity kicks that are larger
than 2 km s−1, which we present as dotted light green line in figure 16, while the region where
the stars could be ejected from the disk, or even the Galaxy, i.e. ∆v & 100 km s−1, is shown as
grey area in the upper right corner. To find these lines, we take the minimum velocity kick ∆~v
we want to achieve, insert the given mass of the halo into eq. (5.1) as M(b) and then find the
corresponding b that still allows for the velocity kick we want to achieve. This velocity kick
will only be possible if all the mass of the halo actually is contained inside the impact distance
b, so we impose that the scale radius must fulfil rs < b/3 which for given mass automatically
determines the minimum density ρs such that all of the halo lies withing the impact distance.
We also present the parameter space for which the halos could generate velocity kicks large
enough to disrupt a very cold stream, resulting in change in speed of stars in the stream of
∆v & 0.5 km s−1 for impact distances and scale radii with max{b, rs} & 10 pc. This area is
shown as dashed dark-green line in figure 16.

One promising stellar stream, which shows characteristic features (including a gap and
an off-stream spur of stars) that could be explained by an encounter with a dense dark matter
subhalo is the stream GD-1. Ref. [85] claims that such an encounter is the best explanation,
since encounters with known globular clusters, dwarf galaxies or molecular clouds in the Milky
Way disk are unlikely to explain the observations. The densities of the dark matter halos
needed to explain the features are in a mass range of about 106M� to 108M� and would
need to be more dense than the CDM halo spectrum predicts. However, the halos predicted
by ALPs with non-period potential could fall into the region that could explain the features
in the GD-1 stream. We copied this region from ref. [85] and show it as cyan area in figure 16.

We note that these observational prospects do not assume any halo mass function or
value of energy density in halos of certain mass. For these observations, encounters with one
halo would suffice, while of course a small number density would diminish the possibility to
actually observe these velocity kicks or make the encounter of a halo with the GD-1 stream
less likely. The results from the halo mass function (see section 4.2) imply that the number
density of dense halos is large enough to make the possibility of these encounters significant.

Astrometric Weak Gravitational Lensing: If the compact halos cross the line-of-
sight between Earth and stars or other luminous objects, they can induce apparent motion of
the latter through gravitational lensing, without the need for multiple images or magnification
[22]. This effect, called astrometric weak lensing, was first considered in ref. [86–89] for point-
like objects and cuspy minihalos. We use the results of ref. [90] who proposed a program
of searches for compact subhalos using the astrometric possibilities of the space telescope
GAIA [84], working since 2013, of the Square Kilometer Array (SKA) [91], a radio interfer-
ometer whose construction has started in 2022, and the proposed space telescope Telescope
for Habitable Exoplanets and Interstellar/Intergalactic Astronomy (THEIA) [92, 93].

We have to distinguish two categories of astrometric lensing signatures: If the minimum
impact parameter between the lensed object and the line-of-sight towards the lens is smaller
than the change in impact parameter within a typical multi-year astrometric survey, we expect
transient effects, while enduring effects correspond to the case where the change of the impact
parameter is small during the observation time. This means in the transient regime we would
expect to actually see a change in a gravitational lensing event, while in the enduring regime,
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Figure 16: The thick lines show three of the halo spectra with the densest characteristic halos,
for p = −1/2, θi = 4 and a mass of ma = 10−18 eV in red, and for a mass of ma = 10−10 eV
in green, and for p = 1/2, for a mass of ma = 10−14 eV and θi = 10 in blue. The CDM line is
given in black. The light grey area depicts the region in which halos in the Galaxy likely have been
tidally disrupted until today. We also show the following parameter regions in which halos could be
observable by their gravitational interactions: Local Gravitational Perturbations: The dashed
green (dotted lime-green) line depicts the parameter space above which halos could significantly change
the velocity of stars in stellar streams (the Galaxy’s disk), while the grey area shows where dark matter
halos could lead to ejection of stars from the disk or even the Galactic halo. The cyan area shows
the best-fit parameter space that could explain features in the GD-1 stream. Astrometric Weak
Gravitational Lensing: The dotted purple line shows the boundary between transient effects (to
the left) and enduring effects (to the right), where the following phenomena can only test the enduring
regime. Above the dotted (dashed) blue line the test statistic Tµ predicts that local effects in the
angular velocity µ of stars due to lensing effects are observable by GAIA (SKA), while above the dotted
(dashed) red lines, corresponding to the global test statistic Cα, correlations of the angular acceleration
α due to enduring gravitational lensing should be observable by GAIA (THEIA). Photometric
Lensing: The orange region shows where photometric microlensing, leading to irregularities in the
light curve of highly magnified stars that transit a caustic curve, may be observable. Diffraction of
Gravitational Waves: The region in which we expect distortions in the gravitational wave signals
from BH-BH mergers caused by dark matter halos that could be observable by aLIGO (LISA) [ET]
is shown by the dark-orange line (black line) [purple region with dashed-dotted boundary]. On the
top we show the corresponding ALP mass ma that produces a halo spectrum peaking at given Ms,
see eq. (5.16).

the change of the lensing happens so slow that the instantaneous angular deflection is in
practice unobservable since the survey does not record the true position of the sources. In
ref. [90], the local velocity dispersion of dark matter v = 166 km s−1 is picked as a typical rate
of change in the impact parameter. Together with an observation time τ of roughly 5 years,
this results in vτ ∼ O(103pc) as the size of the impact parameter that marks the boundary
between the transient and enduring regime. Since usually the deflection angle is maximised
for impact parameters near the scale radius, i.e. b ∼ rs, a subhalo can produce a gravitational
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lensing transient only if [22]

ρs ≈ 2× 1010ρ�DM

(
Ms

M�

)(
10−3 pc

vτ

)3

, (5.2)

where again ρ�DM ≈ 1.1 · 10−2M�/pc3 is the assumed local dark matter density in the Solar
System. The line that marks the boundary between these two regions, with transient (endur-
ing) effects possible for smaller (larger) masses at fixed density is shown in purple in figure 16,
where we took vτ = 2× 10−3.

Contrary to what one would maybe expect at first sight, it seems more promising to
observe enduring effect than transient effects [22]. Since the density of a halo, for given mass,
has to be very large to produce a transient event, while we do not expect extraordinarily
large densities for smaller halos, the expected angular deflection would be too small to be
detectable for current astrometric observatories. As already mentioned, in the enduring regime
the angular deflection is in principle unobservable. Nevertheless, ref. [90] studied, how the
apparent angular velocity µ and angular acceleration α could hint to dark matter halos. We
present two of their core results regarding dark matter halos: Stellar location and velocity
data can be tested for consistence with the existence of a lens. This is done by assuming
the velocity of a star in the absence of a lens ~̇θ is a Gaussian variable with known variance,
while the local, multi-source test statistic Tµ, which takes stellar position and velocity data

as input, is taken to be the sum over all stars in the dataset of the scalar product of ~̇θ with
~µ, where ~µ is a template for the predicted angular velocity in presence of a dark matter halo
acting as lens. The predicted sensibility, i.e. the maximal signal to noise ratio, in ref. [90] is

〈
max SNRTµ

〉
≈ 0.4 f1/3

[
Ms

107M�

]2/3 [10 pc

rs

] [
N0

107

]1/2 [0.01

∆Ω

]1/6 [200µas y−1

σµ,eff

]
, (5.3)

where, here as well as for the following observational prospects, it is assumed that the halo
mass function is a delta peak around Ms. This means we can write

XM (M) = fMδ(M −Ms), (5.4)

where f is the fraction of all dark matter that is assumed to be in these halos. This is called
the monochromatic approximation.

∆Ω is the solid angle covered by the survey, N0 is the product of the angular num-
ber density of stars and ∆Ω, and σµ,eff is the average angular velocity noise, i.e. the effective
standard error for the velocities [90]. For the GAIA observations of the Large and Small Mag-
ellanic Clouds we followed ref. [90] and took N0 = 107, ∆Ω = 0.01 and σµ,eff = 200µas y−1,
for quasar observations with the SKA we took N0 = 108, ∆Ω = 4π and σµ,eff = 1µas y−1.
The projected curves for halo parameters where the resulting signal-to-noise ratio is larger
than unity, i.e. 〈max SNRτµ〉 > 1, for all densities above the curve, where we took f = 0.3,
are shown in figure 16 in blue, where the dotted line shows the result for the GAIA obser-
vations while the dashed line shows the projected region for the SKA (or comparable radio
observatories). Eq. (5.3) tells us that the smallest observable density scales as ρs ∝ f−1.

The global, multi-sourced test statistic Cα measures small-angle correlations in angular
accelerations that gravitational lensing induces on a field of stellar motions [90]. The results for
this are shown in figure 16 in red, where the dotted line is a projection for GAIA observations
of stars in the Galaxy, while the dashed line is a projection for THEIA observations of stars.
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Since the calculation of the curves is rather involved, we graphically copied the results given
in ref. [90] and note that also here the result scales with ρs ∝ f−1 [22, 90].

Diffraction of Gravitational Waves: If the gravitational wave signal of a merger
of two black holes [94] passes through or near a dark matter halo on its way to Earth, the
signature of the lensing may allow for another probe of the halo mass distribution. This
would be possible even if the lens is not strong enough to produce multiple images of the
same merger, which would then be detected as temporally distinct events. Instead, the lens
would imprint characteristic distortions in the waveform as well as in the amplitude of the
gravitational wave signal [95].

The dimensionless parameter ω characterises the strength of the distortions, and it is
given as a function of frequency and mass enclosed in the lens by [22]

ω ∼= 1.3(1 + zL)

(
fGW

102 Hz

)(
Menc

100M�

)
, (5.5)

where zL is the redshift of the lens, fGW is the frequency of the gravitational wave, and Menc

is the enclosed mass within the impact parameter of the lens. The equation is valid if the
effective lens distance is of O(Gpc) and if the effective velocity dispersion is of O(km s−1).
Ref. [95] explains how advanced LIGO (aLIGO) [96] will be able to probe black hole mergers
with ω ∼ O(1) out to distances of a Gigaparsec. Since aLIGO operates in frequencies of
(10 − 103) Hz, this makes it possible to detect halos of masses ∼ O(10 − 103)M�. The
probability that a BH-BH merger is passing behind a halo with impact parameter b is roughly
given as [22, 95]:

P (b) ∼ 0.045f

[
1 + zL

2

]3 [ DBH

5 Gpc

] [
105M�
Ms

] [
b

1 pc

]2

, (5.6)

where DBH is the distance to the merger. To find observable regions, we followed ref. [22]
and set DBH = 5 Gpc and took the redshift to the lens to be zL = 0.3. We then found for
every scale mass the corresponding bmin at which P (b) is 1%. If the resulting bmin was smaller
as the so-called NFW smoothing scale 2π/(2mavs) with vs =

√
16π ln(2)Gρsr2

s , then this
smoothing scale was taken as bmin instead. It was then checked if there is a b > bmin such
that the mass enclosed in a cylinder within the impact parameter b leads to a distortion in
the range 0.5 < ω < 5 for some frequency in the range of aLIGO, (10− 103)Hz, the planned
space interferometer LISA [97], (10−4 − 10−1)Hz or the proposed Einstein Telescope (ET)
[98], (1 − 104)Hz. The last condition was that the b we found was not larger as ten times
the so-called Einstein radius of the lens, which was taken to be rE = 0.1 pc [Menc/(100M�)]
[95]. We show the regions where this calculation predicts observable effects for aLIGO, LISA
and ET in figure 16 as dark-orange, black and purple dashed-dotted line, respectively. We
note that while this prediction depends on f , again using the monochromatic approximation
eq. (5.4), a decrease in f makes denser halos unobservable first, because while they induce
strong lensing, the probability that they cross our line of sight to a binary gets smaller, i.e.
the smaller f in eq. (5.6) can be compensated by a larger b. The low density cutoff for the
observable region is instead given by the fact that for halos with small density, b will be larger
than the Einstein radius.

Photometric Microlensing: Photometric lensing, gravitational lensing events that
change the apparent brightness of a celestial object, has been proposed in ref. [99]. How such
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a phenomenon could be observable with the help of stars in the Milky Way, the Magellanic
Clouds or Andromeda in the case where the lensing objects are MACHO’s, e.g. planetary
size objects or primordial black holes, has been investigated in refs. [100–104]. At small sizes
the halos we discuss here are not dense enough to have the same effects as the dense objects
discussed in the references above. Ref. [105] discusses, how such halos could nevertheless
be observed via photometric microlensing. The general idea is the following: At specific
distances behind a gravitational lens there are locations of highest possible magnification.
The connection of all these locations is called caustic curve, while the projection of such a
caustic to the sky is called the critical curve. Recently, observations of stars highly magnified
to around a factor of O(103) by this mechanism found near a caustic curve have been reported,
e.g. in ref. [106]. In these cases the lenses are clusters of galaxies and the highly magnified
star is expected to be close to the critical curve of the lensing cluster. Ref. [105] proposes
to look for small variations to the magnifying event to find the footprint of dark matter
minihalos within the lensing cluster. Single stars inside the cluster lens can disrupt the
cluster’s critical curve into a network of micro-critical curves (projections of micro-caustics)
on angular scales of ∼ 10µas, while dark matter minihalos with their sub-planetary masses
and solar system sizes are expected to produce even finer magnification variations scales of
∼ 102 − 103 nas [105]. In such a microlensing event, when a highly magnified star crosses a
micro-caustic, the observed light curve would be altered by surface density fluctuations caused
by dark matter minihalos inside the cluster. Ref. [105] predicts that such an event could be
monitored through observations with the most powerful optical and infrared telescopes based
in space or on Earth.

We follow ref. [105] and ref. [53] to find the parameters of halos that could be observable
by this effect. The density power spectrum of halos on non-linear scales can be found from

Pρ = ρ

∫
dM

M2

dF

d lnM

∣∣∣ρ̃h(q;M)
∣∣∣
2
, (5.7)

where ρ is the averaged density in some region of the cluster and ρ̃h(q;M) is the Fourier
transform of the halo profile. One now assumes that slices of the lensing cluster all have the
same fractional mass distribution and only vary by their averaged density, with which the
power spectrum of the surface density becomes an integral along the line of sight:

PΣ(q⊥) = Σ

∫
dM

M2

dF

d lnM

∣∣∣ρ̃h(q⊥;M)
∣∣∣
2
, (5.8)

where q⊥ is the surface Fourier mode and Σ =
∫
dLρ(L) is the mean surface density. It is

assumed that inside the cluster it is dominated by the cluster’s surface density, i.e. Σ = Σcl.
It is convenient to define the lensing convergence

κ =
Σ

Σcrit
, (5.9)

with Σcrit = c2/(4πGDeff) being the critical surface density for an isolated lens, at which it
produces multiple images, where we find Deff = DLDLS/DS with DL, DLS and DS , which
are the distances to the lens, to the source and from source to lens, respectively.

The dimensionless convergence power spectrum is now given by

∆2
κ =

q2PΣ

2πΣ2
crit

. (5.10)
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In the monochromatic assumption eq. (5.4), and using a NFW profile, ref. [53] gives an
analytic solution for eq. (5.10):

∆κ =
1

ln 2/
√
e

√
ΣclfMsqrsg(qrs)

Σcritrs
, (5.11)

where g(qrs) is a function appearing in the Fourier transform of the NFW profile. qrsg(qrs)
reaches a maximum of 0.35 at qrs = 0.77 [53], so we will assume that for all rs this maximum
can be reached at a particular qmax by scanning through all q. We will now assume that
Deff = 1 Gpc, set Σcl = 0.8Σcrit and introduce the distance the star seems to traverse during
the microlensing event d, which is given by the product of relative velocity between cluster
and star, the event duration and the magnification. As a benchmark value, d is set to 10 AU.
One assumes that the following four conditions must be fulfilled for possible observations of
the halos [53]: Firstly, the maximum value of the convergence power spectrum must fulfil
max∆κ(q) > 10−3, so we could observe a brightness fluctuation of O(1), if the star of interest
is magnified by a factor of 103. Secondly, to ensure statistical treatment, the distance the
star seems to traverse should sweep over many halos, i.e. fπd2Σcl/Ms > 10, which leads to a
sharp cutoff at a certain mass scale. The third criterion is to assume that the clumps should
be smaller than d, so the density fluctuations induced during the lensing event are actually
significant, i.e. rs < d, and as fourth criterion we use that rs > 10 AU, so that the halos are
not so small such that fluctuations in the light curve they induce are washed out by the finite
size of the lensed star.
We show the region at which this leads to detectable effects of such photometric lensing events
for f = 0.3 in figure 16 as orange area.

Observing ALP halos with Pulsar Timing Arrays: Pulsar Timing Arrays (PTAs),
like NANOGrav [107], PPTA [108] or EPTA [109] recently became an exciting possibility to
test gravitational physics. One observes a set of pulsars, which generally have an extremely
stable rotation, making them very accurate astrophysical clocks. Correlation between time
residuals, the difference between expected and measured arrival time of the signal, can be
analysed to find hints of astrophysical or cosmological gravitational waves, with the possibility
that a stochastic GW background has already been observed [110].

The passing of dark matter halos could be inferred from analysing the pulsar timing
data, with a halo/halos passing through the line of sight causing a Shapiro delay, or halos
accelerating Earth or the pulsar directly, causing a Doppler effect. The analysis of PTA data
for hints of DM halos relies on searching for the expected signal with a filter, where the latter
is only easily found for events involving a single halo and a single pulsar (called deterministic),
while the stochastic analysis involving the whole halo population and a large number of pulsars
is less well understood. This leads to the fact that studies like refs. [73, 111–113] give different
results regarding which halo populations could be observable. The observational prospects
depend e.g. on the number of observed pulsars, the absolute observation time, how often
every single pulsar is observed, the halo mass function of the halos as well their concentration
parameters, while the predicted observable regions disagree additionally due to different filters
and statistical methods. A simplified analysis with a monochromatic approach for the halo
mass function does not suffice for the stochastic scenario, while observation with current and
near-future PTAs of single halos is unrealistic for the model we investigate. Therefore we
do not show any observational prospects for PTAs and postpone a dedicated analysis of the
observational prospects for ALP halos to future work.
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Figure 17: The peak values of the scale mass as a function of the initial angle θi for ma = 10−18 eV
obtained by calculating the halo spectrum as described in section 4.3.

5.2 Parameter regions of observable gravitational effects

Our aim is to show in which region of the (ma, fa)-parameter space the corresponding halos
can cause observable effects.. Ideally, this requires calculating the halo spectrum for each
point in the (ma, fa)-parameter space, which is not numerically feasible, especially since we
need to run lattice simulations for a sizeable region. Instead, we decided to extrapolate our
results for ma = 10−18 eV using a technique which we will now explain.

We need a simple way to obtain (Mpeak
s , ρpeak

s ) as a function of model parameters
(ma, fa, p). In figure 17 we show the values of the scale mass at which the halo spectrum gets
peaked. We only show the benchmarks at which ρpeak

s > 10−1M�pc−3 since they are relevant
for observations. We see that the halo spectra for both p = 1/2 and p = −1/2 are peaked at
the scale mass Ms ∼ 2 × 103M�. To find the scaling of the scale mass with respect to the
ALP mass ma we can use the following relation for Ms

Ms =
f(1)

f(c200)

4π

3
ρm,0a

3
0R

3, (5.12)

which can be obtained by combining eq. (4.29) and eq. (4.32). The dark matter density today
ρm,0a

3
0 is the same for all benchmark points. We can also assume that f(c200) at the peak of

the halo spectrum is not sensitive to the model parameters. Then we can write

Mpeak
s ∝ R3

peak ∝ k−3
peak, (5.13)

where kpeak is the comoving momentum around which structure is enhanced. We expect that
the enhancement occurs around the same dimensionless momenta

k̃peak =
kpeak/a√

2maH
(5.14)
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Figure 18: Comparison of the fit function for the peak scale density eq. (5.17) (solid lines) with
the values obtained by the full numerical calculation (circles). The parameters of the fit function are
tabulated in Table 1.

in all of the parameter space. Since k̃ is conserved during radiation era, we have k̃peak ∝
kpeak/

√
ma which results in

Mpeak
s ∝ k−3

peak ∝ m−3/2
a . (5.15)

So we can write the following relation for the scale mass:

Mpeak
s ≈ 2× 103M�

( ma

10−18 eV

)−3/2
. (5.16)

A similar relation has also been found in ref. [22].

p = 1/2 p = −1/2

α< −6.22 −7.18

α> 34.6 10.2

β< 12.7 15.6

β> −26.8 −9.20

γ 8.02 4.67

Table 1: Best fit parameters of the fit function eq. (5.17) for the peak scale density. We fixed the
ALP mass to be ma = 10−18 eV.
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For the peak scale density, we found that the following fit function provides a reasonable
approximation:

ln ρpeak
s (θi) =

(
α< + β< θ̃

2
i

)
h
(
γ(1− θ̃i)

)
+

(
α> + β>

√
θ̃i

)
h
(
γ(θ̃i − 1)

)
, (5.17)

where
h(x) =

1

2
+

1

2
tanhx and θ̃i ≡

θi

θpeak
i

. (5.18)

Here θpeak
i is the value of the initial angle for which the halo spectrum has the strongest

peak. We found θpeak
i ≈ 10 and θpeak

i ≈ 4 for p = 1/2 and p = −1/2, respectively. The
best-fit values for the remaining parameters are given in table 1. A comparison between the
numerically obtained peak values and this fit function is given in figure 18.

We can now combine the last two subsections by starting with a given tuple of ma

and fa. When we assume that Ωa,0 = ΩDM,0, the initial tuple (ma, fa) fixes the initial
misalignment θi = φi/fa to achieve the correct relic abundance by eq. (2.10) and with this pair
of ma and θi, we can find the approximate peak mass and peak density of the characteristic
halo via eq. (5.16) and eq. (5.17). The parameter space in which we expect observable
gravitational effects, as they have been discussed in the previous subsections and presented
in figure 16, from these halos can be seen in figure 19 for XM = 0.3Mδ(M −Ms) and in
figure 20 for XM = 0.01Mδ(M − Ms). Since the axion-like-particle we investigate could
be only gravitationally coupled to the SM, we consider the few constrains that depend only
on their self-interactions and coupling to gravity. We added a line to show the currently
strongest constraint from the Lyman-α forest at 2× 10−20 eV [114]7, for which we point out
that it has been derived for ALPs with harmonic potential and could be modified for other
potentials [119], but still prospects for smaller masses should be taken with a grain of salt.
We also show the constraints from superradiance around astrophysical black holes. In this
process, dense clouds of fundamental scalars accumulate around black holes, extracting the
latter’s rotational energies. For this process to be efficient and the clouds to be long-lived, the
scalar’s Compton wavelength has to be roughly the size of the black hole horizon. Therefore,
observing fast spinning black holes at certain masses excludes the corresponding mass range
of the axion-like-particle. Because strong self-interaction quench the cloud, superradiance can
only constrain large fa. We show the excluded region found in ref. [120]. We also show the
mass at which oscillons decay before matter-radiation equality, eq. (3.12), meaning that for
lower axion masses the presence of oscillons could influence the evolution of the halos, which
we did not include in our analysis. In a recent work, ref. [121] claims that a fuzzy dark matter
mass smaller than 3 × 10−19 eV is in conflict with the observed stellar velocity dispersion
inside the ultra-faint dwarf galaxies Segue 1 and Segue 2. The main idea is that the wave
interference effects produce large fluctuations in the local density and gravitational potential
inside the fuzzy dark matter halos. These fluctuations cause gravitational heating of stellar
systems [122] and increase the velocity dispersion of the stars. We indicate this bound in our
plots with a green band with the label "stellar heating".

As can be seen, the ALP halos typically lead to observable effects in a region of the
parameter space where θi is in the range 1-100. For these values of the field, also the change
in the equation of state due to the transfer of energy into fluctuations is of O(1), as it was
studied in ref. [30] for a similar potential. This justifies neglecting this O(1)-correction in this
work.

7See refs. [115–118] for earlier works on constraining the fuzzy dark matter mass via Lyman-α observations.
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Figure 19: Regions in the (ma, fa)-plane in which the ALP dark matter can lead to observable
gravitational effects. The corresponding initial field values θi are shown by the grey contour lines.
These projections assume that 30% of all of dark matter is inside of characteristic halos with masses
within one decade around Ms. The upper plot shows p = −1/2, while the lower plot shows p = 1/2.
The labelled regions show the constraint on the minimum mass from the Lyman-α forest (for p = 1),
the minimum mass at which oscillons decay before matter-radiation equality, the constraint from
heating of stellar orbits and the constraint from (astrophysical) black hole superradiance.
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Figure 20: Same as figure 19, but using that 1% of all dark matter is inside characteristic halos with
masses within one decade around Ms.
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6 Comparison between axion fragmentation models

In this section, we compare our results with the halo predictions from the Large Misalignment
Mechanism (LMM) [22] and the Kinetic Misalignment Mechanism (KMM) [25, 26] analyzed
in refs. [24, 37].

We already discussed the LMM in section 2.1.1. Now we shall give a brief review of ALP
dark matter in KMM. See ref. [24] for more details. In KMM, the ALP field is assumed to
have an initial kinetic energy parameterised by the "yield" parameter defined by

Y =
faφ̇(T )

s(T )
, (6.1)

where φ̇(T ) and s(T ) are the ALP velocity and the entropy of the universe at temperature
T , respectively. At early times, the ALP field is dominated by its kinetic energy so its energy
density scales as ρφ ∝ a−6. This implies that φ̇ ∝ a−3, so the yield parameter is constant
if the entropy is conserved. The large initial kinetic energy delays the onset of oscillations
from its conventional value ma ∼ Hosc. Instead, the oscillations start when the kinetic energy
drops below the potential energy, i.e.

1

2
φ̇2(T∗) = 2f2

am
2
a, (6.2)

where T∗ is defined by this equation and is called the trapping temperature. For a given ma

and fa, the parameters Y and T∗ can be fixed such that the ALP field gives the desired
amount of dark matter. In particular, the yield is fixed by

h2Ωφ,0 ≈ h2ΩDM,0

(
ma

5× 10−3 eV

)(
Y

40

)
, (6.3)

where the trapping temperature is given by the relation

T∗
Λb

= (2× 108)1/3

(
gs(T∗)

72

)−1/3( Λb
GeV

)1/3( h2Ωφ,0

h2ΩDM

)−1/3

, (6.4)

where Λb =
√
mafa. The delay of the onset of oscillations is quantified by m/H∗ where

H∗ = H(T∗). The Kinetic Misalignment only occurs when this quantity is larger than the
conventional value, i.e. when m/H∗ & 3. The field is completely fragmented if m∗/H∗ & 40.

The a−6 scaling of the ALP energy density in Kinetic Misalignment can be problematic if
the trapping happens very late. In this case, the ALP field will have too much energy during
Big Bang Nucleosynthesis (BBN) so that the constraints from observations of primordial
helium-4 and deuterium abundances are violated. This constraint is given by

T∗ & 20 keV or Λb & 9× 10−7 ×
(
h2Ωφ,0

h2ΩDM

)1/2

. (6.5)

Thus, in contrast to an ALP with non-periodic potential or the Large Misalignment Mech-
anism, the Kinetic Misalignment is incompatible with small ALP masses such as ma .
10−16 eV.

For the comparison, shown in figure 21, we fix the ALP mass to ma = 10−14 eV and
choose several different values for the decay constant fa. Assuming that the ALP makes up
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Model Line style fa [GeV] Model specific

Non-periodic Potential
p = +1/2 (blue)

solid 9× 1013 θi = 10

dashed 1× 1014 θi = 8

dotted 7× 1013 θi = 12

Non-Periodic Potential
p = −1/2 (purple)

solid 9× 1013 θi = 5

dashed 1× 1014 θi = 4

dotted 7× 1013 θi = 6

Kinetic Misalignment
(red)

solid 9× 1013 m/H∗ ≈ 20

dashed 1× 1014 m/H∗ ≈ 12

dotted 7× 1013 m/H∗ ≈ 27

Large Misalignment
(green)

solid 9× 1013 |π − θi| ≈ 1× 10−4

dashed 1× 1014 |π − θi| ≈ 6× 10−3

dotted 7× 1013 |π − θi| ≈ 2× 10−6

Post-inflationary
(yellow)

solid 2× 1014

Table 2: The tabulated list of parameters for the benchmark models in figure 21. Here θi = φi/fa
denotes the initial value of the ALP field, and H∗ is the Hubble at the time when the ALP field gets
trapped in the Kinetic Misalignment Mechanism.

all of dark matter, this fixes the initial field value φi in the misalignment model with the non-
periodic potential and the LMM, and the yield and the trapping temperature in the KMM.
All the model parameters are also tabulated in table 2.

In the post-inflationary scenario, the initial angle θi is not a free parameter anymore.
Therefore, for a given ALP mass ma, there is single value for the ALP decay constant fa
such that ALPs make all of dark matter. The relic abundance for this case has recently been
calculated in ref. [123] as8

h2Ωa ' 0.019

(
gρ(T1)

70

)3/4(gs(T1)

70

)−1( ma

µeV

)1/2( fa
1012 GeV

)2

, (6.6)

where T1 is the temperature such that ma = (8/5)H(T1). From this expression one finds that
for ma = 10−14 eV, fa ≈ 2 × 1014 GeV gives the correct dark matter density. The spectrum
and the halo mass function for this scenario as shown in figure 21 are calculated according to
the semi-analytical method of ref. [52] which is explained in detail in ref. [37].

The comparison shows that it depends on the point in the parameter space which model
produces the most peaked halo spectrum. This would mean if we observe effects from dark
matter halos in the future, and would also find a way to independently determine fa and the
ALP mass, the combination of these observations could make it possible to determine which
of the studied mechanisms and models has been realised in nature.

8This result includes contribution from the decay of topological defects such as strings and domain walls.
However, due to the computational limitations they were able to simulate up to κ ≈ 8 where κ ≡ ln(ms/H)
is the string tension, and ms is the mass of the radial mode. In realistic scenarios, kappa is much larger, for
example κ ∼ 70 for the QCD axion. How the extrapolation should be done is still an open problem. See
refs. [124–126] for more details.
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Figure 21: In this figure we compare the halo spectra (left) and the dimensionless halo mass function
(right) for different production mechanisms. For all lines the ALP mass is set to ma = 10−14 eV.
Different colours denote different production mechanisms labelled by the legend on the left plot.
Different line styles denote different values of fa that are labelled by the legend on the right plot. In
all the benchmarks, the ALP makes up all of dark matter. We see that the mechanism that predicts
denser halos depends on the model parameters, in particular on the value of the ALP decay constant.

An independent determination of the decay constant might not be possible if the ALP
has only gravitational interactions. However, even in this case, observation of dense halos with
scale densities ρs & 10M� pc−3 can significantly constrain the ALP dark matter parameter
space. The reason is that parametric resonance results in dense halos in a small region of the
parameter space, and this region does not depend on the production mechanism in a drastic
way. We demonstrate this in figure 22. In this plot, the coloured bands show the regions where
parametric resonance results in halos whose scale densities are larger than ρs & 10M� pc−3.
The reason behind our choice for this critical value is that these halos likely survive tidal
stripping as we have discussed in section 5. Therefore, it is possible that these halos will be
observed in the future. We stress that these regions are different from the ones that we show
in figures 16, 19 and 20. Here, we just show the regions where dense halos are predicted, but
we remain agnostic about the detection method.

Let us say an experiment has detected dense halos with masses around Ms ∼M�. Such
an observation would not alone reveal the production mechanism, but estimates the ALP
mass and the decay constant to be ma ∼ 10−16 eV and fa ∼ 1014 – 1015 GeV, respectively.
Then, more observations and detailed simulations might allow us to discover the production
mechanism.

When determining the bands in figure 22 we use eq. (5.17) for the non-periodic potentials
and we have found that dense halos are predicted when 8 . θi . 14 for p = +1/2 and
3 . θi . 5 for p = −1/2. For the Kinetic Misalignment we use the methods of ref. [37] and
determined the dense halo region as 30 . ma/H∗ . 170. We should note that the method
of ref. [37] does not include a lattice simulation in the non-linear regime, so it is less reliable
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Figure 22: Regions in the ALP parameter space where the parametric resonance might create halos
whose scale densities are larger than ρs & 10M� pc−3. Such halos likely survive the tidal stripping,
see Section 5, so they can be observable. Different colours show different production mechanisms,
and we assumed that ALPs make all of dark matter. The dashed lines indicate how the regions will
expand if we impose a smaller bound ρs & M� pc−3. Above the gray line, the Kinetic Misalignment
Mechanism is excluded by BBN due to the bound in eq. (6.5). The brown lines show the contours
of the initial angle in the standard misalignment mechanism. For these values the initial angle is
independent of the shape of the potential as long as it is quadratic around the minimum. Finally,
we show the prediction for the case when the ALPs are generated after the inflation via the label
"post-inflationary scenario".

compared to the analysis we performed for the non-periodic potential. In particular, non-
linear effects that can be captured only via a lattice simulation broaden the power spectrum
which decreases the peak scale density. Therefore, we expect that a precise analysis of the
Kinetic Misalignment will shrink the corresponding band. We also note that a sizable region
of the low-mass parameter space in Kinetic Misalignment is excluded due to the BBN bound
of eq. (6.5). Finally, for Large Misalignment, we have found that dense halos are predicted
only in the case of significant tunings |π − θi| . 10−11 which is consistent with the findings
of ref. [22]. For these values, the non-linear effects are expected to be important, but we
did not take these into account. Nevertheless, we define the Large Misalignment band as
10−15 . |π − θi| . 10−11, and show it on the figure 22 for completeness.

In figure 22, we also show via the dashed lines how the bands can be expanded if we had
taken the weaker bound ρs &M� pc−3. The brown lines are the contours of the initial angle
in the standard misalignment mechanism, where the ALP potential can be approximated by
a quadratic one. Finally, via the yellow line we show the prediction in the case where the
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ALPs are generated after inflation, the so-called post-inflationary scenario9.
So far, we have not assumed any coupling of the ALP to the Standard Model besides

gravity. If we assume that the ALP also couples to the electromagnetic field or the neutron,
like it is the case in many ALP models, via terms like

Laγγ = gaγγφFµνF̃
µν , Lan = can

∂µφ

2fa
n̄γµγ5n, (6.7)

where Fµν is the electromagnetic field strength tensor, F̃µν is its dual, and n is the neutron,
there is an abundance of experiments that could detect these particles. We will now assume
that the ALP has KSVZ-model-like couplings, i.e. [128]

|gaγγ,KSVZ| =
αEM

2π

1.92

fa
≈ 2.23× 10−3

fa
, can ≈ −0.02. (6.8)

Combining all the regions where dense halos are predicted from the different models, and
embedding them in the (ma, fa)-parameter region with all the excluded regions and exper-
imental prospects from past or ongoing experiments probing the electromagnetic couplings
above, which have been listed in the appendix D of ref. [24] and have been collected from
ref. [40], we arrive at figure 1, which was shown in section 1. For this rough sketch, we have
ignored the BBN bound on the Kinetic Misalignment Mechanism.

7 Conclusions

Amplification of the perturbations of an axion-like field by parametric resonance results in
the formation of denser DM halos compared to CDM. In this work we have computed the
spectrum of these halos and predicted their observable effects.

We focused on ALPs with non-periodic potentials. These can be characterised by the
mass ma, the decay constant fa and the parameter p. We restricted ourselves to the case
when fa � HI such that inflation leaves the ALPs with a homogeneous field value φi. Since
ma and fa of the ALP are independent and φi is not bounded from above, a large part of the
parameter space in the (ma, fa)-plane is allowed. We investigated the parametric resonance
semi-analytically using Floquet analysis and numerically using lattice calculation. For large
initial field values, φi & fa, parametric resonance leads to the fragmentation of the initially
homogeneous field, in which all of the energy density is transferred to high momentum modes.
This is in contrast to ALPs with a cosine potential where fragmentation requires the tuning
of the initial field value to the maximal value φi = πfa.

We then used the Press-Schechter formalism, together with empirical relations obtained
from N -body simulations, to investigate how the fluctuations, amplified due to resonance
effects, decouple from the Hubble flow and collapse into halos. We use density power spectra
obtained by linearly evolving the mode functions of the scalar field, as well as, when necessary,
by simulating the full non-linear dynamics of the field on a lattice. To our knowledge this is
the first work which takes into account such non-linear effects for the computation of the halo
mass function following fragmentation. In particular, oscillons are produced in the course
of fragmentation and can be very long-lived in certain cases. We used a special procedure
to separate the oscillon contribution to the power spectrum and access the late-time power
spectrum after the decay of oscillons.

9Recently, it has been claimed in ref. [127] that there exists a lower bound on the ALP mass ma & 10−18 eV
if it has been produced after inflation.
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These halos can have observable effects on stars and other astrophysical objects, in-
cluding actual gravitational perturbations, astrometric and photometric lensing effects and
diffraction of gravitational waves. All of these observable effects rely on gravitational interac-
tions, which would be the only possibility to probe an ALP that is completely secluded from
the SM. We presented these observational prospects in section 5.1. Assuming that the ALP
makes up all of dark matter, i.e. Ωa,0h

2 = ΩDM,0h
2, given values of ma and fa fix the initial

field value φi and, therefore, the characteristic halo mass and density. Our main results are
summarised in figures 19 and 20 where we show the parameter region of ALP DM in the
(ma, fa)-plane in which gravitational effects of the halos may be observable. The results show
that ALPs with very small masses of around ma ∼ (10−21 − 10−19) eV would form halos of
masses (106 − 108)M� which could explain the observed features in the GD-1 stellar stream.
ALPs with masses smaller than ∼ 3 × 10−20 eV would form halos that are heavy enough to
lead to gravitational perturbations in other stellar streams or the Galactic disk. However,
we note that there arise stronger and stronger bounds on ultralight ALPs, which would leave
just a small, but finite, parameter space to explain e.g. the GD-1 features. Halos from ALPs
with masses up to ma ∼ 10−16 eV could lead to astrometric weak gravitational lensing that
could be found in SKA and THEIA data. Halos from ALPs with masses up to roughly a few
10−16 eV would lead to halos that could cause observable diffraction in the gravitational wave
signals of aLIGO and ET, while halos from ALP masses smaller than ∼ 10−19 eV would leave
similar effects in LISA data. Finally, larger ALP masses between 10−13 eV < ma < 10−10 eV,
a range that could be partially excluded by black hole superradiance, would lead to halos that
could cause observable photometric microlensing effects of stars that are highly magnified by
a galaxy cluster as lens. All of these signatures are observable when the initial field value is of
the same order as the critical field value. For this to be the case for smaller masses, fa would
need to be of order 1015 GeV, while for the larger masses observable by photometric lensing,
fa would be of order 1013 GeV. For the observational prospects the halo mass function was
always assumed to be peaked around the characteristic halo mass, and while this is a good
assumption for estimates of the observational prospects [90], investigating these predictions
for a more realistic halo mass function could be strengthening the arguments to search for
these halos.

An important role is played by non-linear effects. These transfer energy towards higher
momentum modes and lead to the formation of oscillons which eventually decay. The corre-
sponding length scales are too small and experience a large gradient pressure which prevents
them from collapsing gravitationally. We observe that halo formation is most efficient when
the field value is comparable to the critical field value determining the transition to the
fragmentation regime. For higher field values fluctuations are distributed among higher mo-
mentum modes. These modes collapse later due to the Jeans length and form less dense halos.
Hence, the interesting parameter space of the initial field values is concentrated around φcrit.
This is also the reason why we observe qualitatively the same behaviour for the different
values of p we investigated, because the critical field value is of the order of fa for those
values.

In this work we focused on the case when oscillons decay before the onset of structure
formation in the matter dominated era. The interesting scenario in which the oscillons decay
later or even survive until today, which is possible for smaller ALP masses, is left for future
work.
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A UV-completions for ALPs with non-periodic effective potential

Axion Monodromy in String Theory: A strong motivation for the existence of axions
and ALPs in general, comes from string theory. Axion-like particles arise in the 4D low-energy
effective field theory after compactification of the extra-dimensions, see e.g. ref. [132]. The
number of axions is related to the topology of the compact dimensions, while it is not unusual
to expect numerous axion-like particles [51], possibly including the QCD-axion [7, 133, 134].
The term string-axiverse [8, 135] refers to the prediction of many ALPs with masses evenly
distributed in logarithmic scale.

ALPs from string theory also respect a shift symmetry, since they arise when a p-form
gauge potential is integrated over a non-trivial p-cycle in the compact manifold. For example
[16], in type IIB string theory, axions arise as bI =

∫
Σ

(2)
I

B, which is the integral of the Neveu-

Schwarz (NS) two-form potential BMN over two-cycles Σ
(2)
I . Similarly, by integrating the

Ramond-Ramond (RR) two-form CMN one finds cI =
∫

Σ
(2)
I

C.
In this context, axions are initially massless, and, as usual, a periodic potential for these

axions arises from instanton effects. However, if there is a Dp-brane wrapping the cycles,
it carries a potential energy that increases without bound when the axion value increases.
In presence of additional field strengths, i.e. fluxes, the axion can couple non-trivially to
them which leads to a non-periodic potential. The ALP experiences monodromy, meaning
that the potential energy depends on how many times it has circled the compact dimension
[15–17, 136]. For instance, a D5-brane wrapped on a two-cycle Σ(2) with size l

√
α′ yields a

potential for b of the form

V (b) ∼ 1

gs(2π)5α′2
√
l2 + b2. (A.1)

For large values of the axion b, this potential becomes linear, which motivates the choice of
p = 0.5 for the effective potential in our analysis.

Pure Gauge-Fields in the Large N limit: The ALPs could be coupled to pure
Yang-Mills fields of a SU(N) gauge theory described by a Lagrangian like [13]

L = N

(
− 1

4λ
GµνG

µν +
1

32π2

φ

Nfa
GµνG̃

µν

)
. (A.2)

As shown by ’t Hooft [137] and Witten [11, 12], in the limit of large N , while keeping λ = g2N
fixed, the vacuum energy E is a smooth function of φ/N , while it also respects the shift
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Figure 23: Three branches of the multi-branched potential described in appendix A.

symmetry of φ, i.e. E(θ) = E(θ + 2πn). If E is not constant, this can only be realised if the
potential for φ is multi-branched, i.e. a multi-valued functional of the field value with a tower
of meta-stable states above the vacuum state [138], where the single branches are non-periodic.
Such potential can be seen in figure 23 for V (φ) = −m2

af
2
a

[(
1 + (φ/fa + 2πn)2

)−(1/2) − 1
]

with n ∈ N. The system is still invariant under the shift symmetry φ → φ + 2πfa, while
under adiabatic change the field stays within one non-periodic branch [14, 138]. This result
can be confirmed from calculations in simplified models in lattice field theory, from realisations
of four dimensional gauge-theory in M-theory [139], or from the AdS/CFT correspondence
[12]. The approximate form of the potential can be found from the assumption that we have
invariance under CP transformation φ → −φ, which implies that V (φ) is a function of φ2.
Secondly, when φ increases, the dynamics that generate the potential will become weaker and
hence the potential is expected to flatten. Assuming that it is given by a simple power law,
which would mean it looks like ∼ 1/(φ2)p, but then regulating it such that it is not singular
for φ→ 0, and setting the minimum to 0, we find eq. (2.8) with negative p [12, 14, 138]. It is
model dependent under which conditions the field tunnels from branch to branch, but such
a transition is usually suppressed if the field does not travel too far from the local minimum
[138].

To understand the phenomenological consequences of such ALPs, in this work we assume
that these two mechanisms that break the shift symmetry in the low energy limit effectively
lead to the potential eq. (2.8) with a specific p which we treat as free parameter. We consider
general axion-like particles with no fixed relation between symmetry breaking scale fa and
mass ma, such that both can be treated as independent parameters. ma, fa and p are the
parameters that will be determined by the specific UV-completion, as hinted above for p. In
general the symmetry breaking scale fa of ALPs in string theory is non-trivially related to
the geometry of the compact manifold [136] and the theories predict a wide range of possible
values. It is typically assumed to be near the GUT scale at fa ∼ 1016 GeV [7], while lower
values of fa ∼ 1010 GeV−1012 GeV are possible [135]. An upper bound is given by the Planck
scale, i.e. fa < Mpl [51, 140].

B Floquet theorem

The Floquet theorem can be found explained in more detail and applied to inflationary
cosmology in section 3 of ref. [18], which we follow throughout this appendix.

In order to apply the Floquet theorem we define fk(t̃) ≡ k2

m2
a

+ V ′′(φ)
m2
a

, which is a periodic
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function of t̃. With that eq. (2.36) becomes

ük(t̃) + fk(t̃) · uk(t̃) = 0 (B.1)

which is the so-called Hills-equation [44].

One can write eq. (B.1) in matrix form by introducing xk(t̃) =
(
uk(t̃) u̇k(t̃)

)T
, which

brings the EOM to the form
ẋk(t̃) = Uk(t̃)xk(t̃) (B.2)

with

Uk(t̃) =

(
0 1

−fk(t̃) 0

)
, (B.3)

where Uk(t̃) is periodic, i.e. Uk(t̃) = Uk(t̃ + T̃ ) and T̃ is the (dimensionless) period of the
homogeneous mode. This period can be found by using energy conservation of a periodic
oscillation, θ̇(t̃)2 + V (φ(t̃))/m2

a = V (φmax)/m2
a, where φmax is the field value corresponding

to the maximum of the potential. By separation of variables this can be solved for the period.
To do this, one integrates from minimum to maximum of the potential and arrives at

T̃ = 2

∫ θmax

θmin

dθ√
2(V (φmax)/m2

a − V (φ)/m2
a)
, (B.4)

which can be evaluated numerically.
We pick t̃0 to be the time of the onset of oscillation, at which the homogeneous mode

has the maximal amplitude, and introduce the so-called fundamental matrix O(t̃) which is
defined to be the solution to

Ȯ(t̃, t̃0) = Uk(t̃)O(t̃, t̃0) (B.5)

with initial condition

O(t̃0, t̃0) =

(
1 0

0 1

)
. (B.6)

To avoid clutter we suppress the k-dependence of the fundamental matrix, as well as of U(t̃)
and x(t̃) from here on.

This matrix can be understood as consisting of (dimensionless) linearly independent

solutions for the fluctuations

(
x(1)(t̃0)

ẋ(1)(t̃0)

)
=

(
1

0

)
and

(
x(2)(t̃0)

ẋ(2)(t̃0)

)
=

(
0

1

)
in its two columns.

It follows that the fundamental matrix evolves a general initial state x(t̃0) in time:

x(t̃) = O(t̃, t̃0)x(t̃0) , (B.7)

The Floquet theorem states that the fundamental matrix can be written as

O(t̃, t̃0) = P (t̃, t̃0) exp
(

(t̃− t̃0)Λ̃/ma

)
, (B.8)

where P (t̃, t̃0) is a periodic function with period T̃ , and Λ̃ is a time-independent matrix. The
eigenvalues µ±k of Λ̃ are called Floquet exponents and indicate if a solution grows exponentially,
which it does if the Floquet exponents have non-zero real part, or oscillates, which happens
when the Floquet exponents are purely imaginary. Note that ma appears in the equation
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since we are working in dimensionless time t̃. One can find these eigenvalues by noting that
the initial conditions of O(t̃, t̃0) imply P (t̃0, t̃0) = 1 and one has P (t̃0+T̃ , t̃0) = 1 since P (t̃, t̃0)
is T̃ -periodic. With that one finds

O(t̃0 + T̃ , t̃0) = exp
(
T̃ /maΛ̃

)
. (B.9)

The so-called Floquet multipliers π±k are now defined as the eigenvalues of O(t̃, t̃0) at t̃0 + T̃ .
Since det(O) is always unity, these can be calculated via

π±k =
Tr
(
O(t̃0 + T̃ )

)

2
±

√√√√Tr
(
O(t̃0 + T̃ )

)2

4
− 1 . (B.10)

Eq. (B.8) implies that the Floquet exponents are given by

µ±k =
ma

T̃
ln
(
π±k
)
. (B.11)

To investigate if there will be exponential growth of fluctuations for given k/ma and
initial value of the homogeneous mode φi in eq. (2.36), one has to calculate the period T̃ with
eq. (B.4) for given φi, then numerically evolve eq. (B.5) from t̃0 to t̃0 + T̃ and then compute
Floquet multipliers and Floquet exponents as discussed.

The key improvement when using the Floquet theorem is that by calculating the Flo-
quet exponents, the regions of parametric resonance can be found after simulating only one
oscillation period, eliminating the the need for a full numerical solution over many periods.

C Lattice simulation

In this appendix we discuss the numerical set-up for the lattice simulations, which were used
to study the dynamics of the ALP field in the non-linear regime.

In such a lattice simulation the classical field equations of motion eq. (2.2) are solved on
a discretized spatial grid. We use rescaled conformal variables, dη = dtma/a and φc = aφ/fa,
as well as rescaled spatial coordinates xma. In terms of these variables the Hubble expansion
manifests itself only via the time-dependence of the potential, and the dependence of the
equations of motion on ma and fa drops out. For the case of the non-periodic potential the
corresponding equations of motion are

(∂2
η −∆)ϕc + a2ϕc[1 + (ϕc/a)2]p−1 = 0. (C.1)

The equations of motion are solved using a C++ program, similar to LATTICEEASY [141],
which was also used in refs. [30, 31]. We have used cubic lattices with up to 5123 points, with
periodic boundary conditions and a fixed comoving volume. A standard leap-frog algorithm
was used. We have checked that the results are insensitive to the lattice spacing as well as to
the volume.

In classical-statistical simulations a Gaussian initial state can be sampled according to

φ(x) = φ0+

∫
d3k

(2π)3

√
nk,0 + 1/2

ωk
cke

ikx, π(x) = π0+

∫
d3k

(2π)3

√
(nk,0 + 1/2)ωk c̃ke

ikx, (C.2)

– 53 –



where nk,0 is the initial occupation number, ω2
k = M2 + k2,while ck and c̃k are Gaussian

random numbers multiplied by a random complex phase, uncorrelated between each other
and satisfying

〈ck〉 = 〈c̃k〉 = 0, 〈ckc?k′〉 = 〈c̃k c̃?k′〉 = (2π)3δ(k − k′).
Such a statistical ensemble generates the following Gaussian initial state

〈π̂(k)π̂?(k′)〉c = (nk,0 + 1/2)ωk(2π)3δ(k − k′), 〈φ̂(k)φ̂?(k′)〉c =
nk,0 + 1/2

ωk
(2π)3δ(k − k′),

〈φ̂〉 = φ0, 〈π̂〉 = π0, 〈φ̂(k)π̂(k′)〉c = 0.

Here the subscript c denotes the connected part of the two-point function. The occupation
number at any time t can be related to the two-point field correlation functions via

nk(t) +
1

2
=

1

V

〈|π(t, k)|2〉+ ω2
k〈|φ(t, k)|2〉

2ωk
. (C.3)

We first solve the linearized equations of motion, eq. (2.14) and eq. (3.4), without taking
into account the back-reaction of the fluctuations on the background field. The linear simula-
tion is stopped while the total variance of the fluctuations is still small, 〈δθ2〉 = 10−4, so that
the linear approximation is still valid. After that, the values of the field and its derivative, as
well as the occupation number, computed using the mode functions from eq. (3.14), are then
used to initialize the Gaussian random field on the lattice.

D Oscillon decay

This appendix is devoted to the decay of oscillons and we demonstrate why it is justified to
use eq. (3.13) as an approximation to the power spectrum after the decay.

The decay of oscillons can also be modelled as the self-interactions being switched off at
t ≈ τOSC. In the absence of the binding force, the ALPs, forming the oscillons, simply free
stream away, very much in analogy to what would happen after the actual decay (see [58] for
more details). To force the decay on the lattice, we follow the approach from ref. [60] and
simply switch off the non-linearities of the ALP potential at some time.

Switching off the interactions does not affect the occupation numbers much. However,
the energy density power spectrum changes significantly, as observed in the numerical simula-
tions. This is shown in figure 24, which contains snapshots of the power spectrum at different
scale factors, ranging from the moment when the interactions are switched off, a = 20aosc, to
a = 28aosc, from when the spectrum becomes approximately constant. As can be seen, the
free streaming of ALPs “washes out” the energy density spectrum, from small to large length
scales. The spectrum at small momenta decreases by a factor of around 10. Which scales of
the spectrum are “washed out” depends on the free streaming length of the ALPs from this
decay.

The dotted green curve in the figure was obtained according to eq. (3.13) using the
occupation numbers evaluated at the same time as the latest power spectrum from that figure
in dark green. As can be seen, the two match quite well. The final power spectrum, obtained
from the procedure described above, depends on the time when the oscillons are forced to
decay. However, if this decay happens sufficiently late, a time-independent contribution is
observed at small momenta of the final power spectrum, coming from the fluctuation (and
not the oscillon-related) part of the field power spectrum. Given that the actual lifetimes
of the oscillons are very long, this time-independent contribution is expected to describe the
final power spectrum more accurately.
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Figure 24: Snapshots of the energy density contrast power spectrum for θi = 6 and p = −1/2 for
the scale factors ranging from a = 20aosc (light green), when the interactions are instantly switched
off, to a = 28aosc (dark green). The dashed green line corresponds to the Gaussian approximation for
the power spectrum according to eq. (3.13).
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