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Scalar-fermion models, such as the Gross—Neveu—Yukawa model, admit natural 1d defects
given by the exponential of a scalar field integrated along a straight line. In 4—¢ dimensions
the defect coupling is weakly relevant and the setup defines a non-trivial interacting defect
CFT. In this work we study correlation functions on these defect CFTs to order e. We
focus on 1d correlators constrained to the line, which include canonical operators like the
displacement and the one-dimensional analog of the spin field. These results give access
to perturbative CFT data that can be used as input in the numerical bootstrap. We also
consider local operators outside the line, in particular two-point functions of scalars whose
dynamics are non-trivial due to the presence of the defect.
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1 Introduction

Extended objects or defects are important observables that probe new dynamics inaccessi-
ble to local operators. In the context of conformal field theories (CFTs), they have gotten
significant attention in recent years as part of the defect conformal bootstrap program [1-5].
There have been many recent developments which include studies of conformal boundaries
[6-23], monodromy defects [24-31], and line and surface defects [15, 32-39]. In this work
we consider line defects in fermionic models. The general setup is a scalar-fermion theory
in 4 — € dimensions with Yukawa interactions and a quartic potential for the scalars. Al-
though some parts of our analysis are quite general, we will mostly focus on three interesting
models, characterized by the number of scalar fields in the 4 — ¢ description.

The Gross—-Neveu-Yukawa (GNY) model contains a single real scalar and Ny Dirac
fermions. It has a perturbative fixed point in 4 — ¢ and is expected to flow to the same
three-dimensional universality class as the classic Gross—Neveu (GN) model. The GN model
is a fermionic CFT with a four-fermion interaction originally formulated in d dimensions
displaying asymptotic freedom in the large-Ny limit [40], and is believed to have a non-
trivial interacting fixed point in 2 4+ ¢ dimensions. In d > 2 dimensions, the GN model
is renormalizable in the large-Ny limit [41], but not for finite Ny. The GNY model can
therfore be considered a UV-completion of the GN model [42, 43].1

If we consider a complex scalar and Ny Dirac fermions we obtain the Nambu—Jona-
Lasinio—Yukawa (NJLY) model. Similarly to the GNY model, the NJLY model can be
thought of as a UV completion of the Nambu-Jona-Lasinio (NJL) model [46], a purely
fermionic model which exhibits asymptotic freedom in the large- Ny limit and has the same
symmetries as QCD. Similarly to the discussion above, in d = 3 both the NJL and NJLY
models are expected to describe the same universality class.?

With three real scalars we have the chiral Heisenberg (cH) model, which has an O(3)
symmetry in addition to the U(Ny) symmetry of the fermions. This model has been
studied less than the GNY and NJLY models in the literature, it is however expected to
describe the antiferromagnetic critical point on graphene [48]. The cH model also has a
d = 2 + ¢ description known as the SU(2)-Gross-Neveu model, where the fermion bilinear
is contracted with a Pauli matrix (see for example [49)]).

It was recently pointed out that all these models admit line defects that can be studied
perturbatively [50, 51]. In the 4 — ¢ description, the defect is given by an exponential of
a scalar field integrated along a line. In d = 4 a free scalar has dimension Ay = 1, which
makes the defect coupling marginal, and is therefore a good candidate for describing a
non-trivial defect CFT in d = 4 — & dimensions. In [50] (see also [51]) it was shown that
this is indeed the case.

It was also pointed out in [50], that the GN model in 2+ ¢ dimensions admits a natural
line defect defined as the exponential of a fermion bilinear. In d = 2 a free fermion has

'For a specific number of fermions, N; = 1/4, the interacting fixed point in d = 3 exhibits emergent
supersymmetry (SUSY) [44, 45]

2This model shows emergent SUSY as well, now for N; = 1/2, leading to a single Majorana fermion in
d = 3 [47]



dimension Ay = % and the defect coupling is again marginal. In 2 + ¢ dimensions one can

find a non-trival defect CF'T which is expected to be in the same universality class as the
defect CFT in 4 — ¢ dimensions described above. Most likely, this d = 2 + ¢ picture of
the defect can also be generalized to the NJL and the cH models discussed above. For the
chiral Heisenberg model, the defect will be given by the exponential of a fermion bilinear,
similar to the GN model description. In the NJL model one can construct two fermion
bilinears: ~ ¥}, ¥y51, and the defect will be given by an exponential of both these terms,
neatly matching the 4 — e analysis of [51]. In this work however, we will focus exclusively
on the 4 — ¢ expansion.

The line defect considered here is closely related to the localized magnetic field or
pinning line defect for the O(NN) models studied in [38, 52-55]. Such a defect models
impurities localized in space, which can be implemented in lattice formulations by turning
on a background field. These types of magnetic defects are therefore very natural from an
experimental point of view, and indeed are expected to be observable in nature (see [55]
and references therein).

We focus on what can be considered the two canonical configurations in defect CFT:
four-point functions on the defect, and two-point functions of bulk operators outside the
defect. Both these configurations have gotten significant attention in recent years [8, 13, 15,
56, 57], as they are natural correlators to be studied using modern bootstrap techniques,
both numerical [34, 38, 58-61] and analytical [9, 29, 62-68]. For the magnetic line defect
in the O(N)-model, perturbative correlators were calculated in [38, 69-71]. The results of
this paper generalize the analysis of O(N) models to include fermions.

Notice that in our setup the defect remains one-dimensional, while the bulk is allowed
to change dimension. It is also possible to keep the codimension fixed and to allow the defect
to change dimension, as is the case for monodromy defects [24, 25]. We will not consider
monodromy defects here, for interesting recent progress see for example [30]. Interpolating
between different dimensions and/or codimensions poses several challenges, as it is not
clear how to represent correlators across dimensions. This problem was recently tackled in
the context of BCFT [72] (see also [73, 74]). However, for higher codimension defects the
analysis is more involved. We will not study fermions across dimensions in this work, but
we discuss possible future directions in the conclusions.

The outline of the paper is as follows. In section 2 we discuss the fixed point of the line
defect in generalized Yukawa CFTs, and compute the two-loop S-function of the defect
scalar. In section 3 we focus on operators on the defect and compute two-, three-, and
four-point correlators of scalars and fermions. We check that our results are consistent
with an expansion of the four-point function in conformal blocks. In section 4, we move to
bulk operators in the presence of the defect, and study one- and two-point functions for the
scalars. In this section we also sketch the diagrams that contribute to two-point functions
of fermions in the presence of the line. We conclude in section 5 and give an outlook on
further research.



2 Yukawa CFTs with a line defect

We are studying a general class of Yukawa models with Ny fermions and O(N) flavor
symmetry. These theories are described by the following action in d-dimensional Euclidean
space, with 2 < d < 4:

1 a a K 7 7N 4@, A a
s= [t (oura.0r +iou +gue L (@R ) L @D
with = 0,...,d — 1 with 20 = 7 the Euclidean time direction, i = 1,... , Ny the flavor
index of the (Dirac) spinors, a = 1,..., N the index of the O(N) symmetry, § = y*O"

and 1) = 4. There are d -matrices, which obey the (Euclidean) Clifford algebra
{v*,7"} = 26" in d dimensions, for which our conventions are gathered in appendix A.

The matrix %% is a 4 X 4-matrix that defines how the field ¢® interacts with fermions.
A choice of 3¢ for a given N corresponds of a choice of model, and in this work we focus on
the ones listed in appendix B for V = 1, 2, 3. The fermions here are defined as 4-component
spinors, and we will use A, B =1,... ,4 as the matrix indices of % and «*. There is some
ambiguity on how to take > and v across dimensions. Here we will do so by assuming that
the following identities hold:

tr ROEEbAY = 45951 (2.2)
IV FENP = N(GF AP 4 §¥PH — GHPAY + 4 eTHVP~T~2) . (2.3)

In all of the models mentioned above, we choose the matrix X! to be
»h=1. (2.4)

On the other hand, we keep the matrices 34=2+™ arbitrary, i.e. the fields ¢* can behave
as scalars or pseudoscalars:

Syl = 4AHRE if ¢ s a scalar,

Vi = M58 if 6% is a pseudoscalar.

It is clear that ¢! behaves as a scalar since (2.4) trivially commutes with all y-matrices.
For the NJLY model (N = 2), ¢? is a pseudoscalar, while for the chiral Heisenberg model
(N = 3) all the fields ¢* are scalars.

The S—functions of the couplings in eq. (2.1) are known to several loop orders for each
model [75]. For general Yukawa and scalar couplings, they can be found up to two loops
in (the appendix of) [47]. We will use their conventions in the rest of this paper. For the
purpose of writing our results for the three Yukawa models presented in appendix B in a
compact way, we will write the S—functions in terms of the number of scalars N = 1,2, 3.
In this parametrization, setting Ny — 0 will give results that can be compared with the
O(N) model. However, the exact J—function depends on the chosen Yukawa couplings that
appear in the Lagrangian in eq. (2.1), and the parametrization of N should be considered
with care and not be extended to N > 3. Below, we only list the expressions up to O(g).



The f—functions are given by [76-78]

N +38
Pr=—eA+ (an)? (892/\Nf — 48¢* Ny + 3)\2> + 0N, 6% Mg Ag?) (2.7)
3
g Kig
Bg = —55 + (471')2 + 0(95) ) (28)

where 1 < N < 3. The Wilson-Fisher-Yukawa (WFY) fixed point can be reached for the
following values of the couplings at one loop in € :=4 — d:

A 3KoE
(4m)2  2k1(N +8)

2
L O, (49;)2 - 2% O(e?), (2.9)

where we see that g ~ O(y/¢), while A ~ O(g). Furthermore, we have defined
k1:=2Ny—N +4, (2.10)
Ko :=2(4— N) — k1 + V12 (N2 4+ 16) + k1 (k1 + 12(N + 4)). (2.11)

Note that all the dependency on Ny is contained in k7.

2.1 Feynman rules

We collect in this section the Feynman rules associated to the action (2.1). The free
propagators in d dimensions are given by

= {a(21)dp(22)) gm0 = Oup L12, (2.12)
—— = 0g 1112, (2.13)

where we have defined the scalar propagator function in d = 4 — ¢ dimensions:

T(1-¢/2)

Lij = Ar2—e/252(1—¢/2) ’ (2.14)
i
with z;; := x; — x;. For d = 4 we have
iy = —o (2.15)
2 422, ’
The scalar propagator satisfies the Green’s equation
021;; = 0D (zy5), (2.16)
where §(9) () refers to the d-dimensional Dirac delta function.
The interaction terms yield the following vertices:
W= ) / s 15 Ios I35 a5 , (2.17)
o= —go/ddm D1 1145P4I34124 . (2.18)

Note that one has to add a factor 1/n! when n vertices of the same kind are being inserted,
and that symmetry factors have to be taken into account.



2.2 Bulk renormalization

The couplings, as well as the (bulk) scalars ¢® and fermions 1%, 4" get renormalized. We
can define the bare couplings and fields as

Xo=pENZy, go=p29Zy, o=nZsb, o= Zyp, (2.19)

where we have introduced rescaled couplings g — u% g, A — pu° A to ensure that the couplings
in the renormalized Lagrangian are dimensionless. The expressions for the renormalization
factors Z; up to O(g?) can be found in appendix B.

The renormalization factors allow us to obtain the anomalous dimensions vy, for
the scalar and fermionic fields, which are given here to first order in the couplings:

dlog Zy QgQNf
"= dlog p - (47)?
dlog Zy g*N
= dlogp 2(4m)?

+0(N, g% A7), (2.20)

+0(\, g% A% . (2.21)

This leads to the following values for the conformal dimensions evaluated at the WFY fixed
point defined in eq. (B.10):

€ 4 — N
Ay=1-= =1- 2 2.22
é 2+7¢ 82/<51 +O0(e), ( )
3 € 3 € N
Ay =—=—— =———(2—-— 2y, 2.2
v=5 5T W=3 4< H1>+O(€) (2.23)

Furthermore, we will need the normalization of the two-point function, which is given by

SN2
a b _
(¢“(z1)¢"(22)) = AR (2.24)
with
r(3) (k1 + N —4)(1+¥)
_ _ O(e? 2.25
Ny 2(d — 2)7d/2 c 87 K1 +0(=), (2:25)
where we have defined the following combination:
N:=1+logm+ g, (2.26)

with vyg = 0.57722. .. the Kuler-Mascheroni constant.

2.3 Defect fixed point

One can define a defect CF'T by adding a scalar line to the action (2.1), in the same way
as in the O(N) model [52]. This was shown in [50] for the GNY model, and generalized to
the NJLY and chiral Heisenberg models in [51]. More precisely,

Sdefect := So + ho / dr ¢1 (T) . (227)

—00



Here hg is the bare coupling of the defect, which extends in the Euclidean time direction 7,
and Sy is the bulk action in terms of the bare couplings Ag and gg. The defect introduces
a new vertex

[e.9]

_i_ = —hyg /_OO dry I1g, (2.28)
with 75 the point on the line, and where one should note that only ¢! and not ¢% a =
2,---, N nor the fermions 1°, 17 couple to the defect. As for the bulk Feynman rules, one
should add a factor 1/n! when n vertices are inserted, and symmetry factors have to be
accounted for.

We can renormalize the defect coupling in a similar way to the bulk couplings. We
define the bare coupling hg in terms of the renormalized coupling h as

ho = pu2 hZy, (2.29)

where Zj, is given in appendix B, and can be computed by extracting the divergences from
the one-point function of the renormalized scalar ¢® and requiring that it is finite:

{(¢%(x))) = finite . (2.30)

Note that the one-point function of a single fermion 1)° is zero. The Feynman diagrams
that contribute to the one-point function of ¢* up to O(e?) are given in Fig. 1. It is
important to keep in mind that we are working perturbatively in the two bulk couplings A
and g, since they are O(e) and O(+/¢) respectively at the WFY fixed point, but we need to
keep diagrams up to all orders in the defect coupling h since it is of order O(1). There are
however only a finite number of possible diagrams per order in A and g. The diagrams in
Fig. 1 involving only scalar four-point couplings A (black dots) and defect couplings h (blue
dots) are the same as for the line defect in the O(N) model and were already computed in
[52]. The diagrams in Fig. 1 that include the Yukawa coupling g (red dots) were recently
computed in [51]. Here we will give the corresponding S—function for h up to O(e?), which
match the ones in [51].

Some of the diagrams in Fig. 1 are completely cancelled by the wavefunction renor-
malizations of ¢® and v, while others do contribute to the defect counterterms.

We can compute the S—function [5;, from the divergent part of the diagrams and we

obtain:
eh IOV 1 (2+N) h*N+8) »n
I R Ay P - — — ) = Ag?m®N
Pr==g F (47r)2< 6 >+ (47r)4{ ( 36 35 12) gy
N +4)N 2
+g*h <—(+2)f + h24Ny <1 — 7;)) } + ON3, g% N2g% \gh) . (2.31)

Using the values for A and g at the WFY fixed point in eq. (B.10), we find the corresponding

defect fixed point
2(N —4)(N +8
h? = — ( H)( +8 +0O(e), (2.32)
2
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Figure 1: Diagrams contributing to the one-point function ((¢®)) up to O(e?). The defect
is denoted by a solid line, scalars by a dotted line, and fermions by solid arrowed lines.
Bulk scalar couplings \g are represented by a black dot, bulk Yukawa couplings gg by a
red dot and defect couplings hg by a blue dot.

where the O(e) term is given in appendix B for N = 1,2, 3. If we include the finite part of
the one-point function, we can extract the one-point function coefficient a4 :

(N —-4)(N +38)
2&2

(o)) = ‘xf‘tiﬁ% , ay=-— +0(e). (2.33)

The O(e) term is lengthy and given in the attached Mathematica notebook.

3 Correlators of defect operators

The bulk operators give rise to a plethora of defect operators. In this section we will consider
correlation functions between the lowest-lying defect operators. The lowest-lying scalars
are the first scalars appearing in the bulk-to-defect expansion of ¢%, and are labelled in the
following as él and t%, with @ = 2,..., N. These correspond to the two scalar operators
of length 1 that arise due to the breaking of O(N) symmetry in the bulk to O(N — 1)
symmetry on the defect, namely ¢! couples to the defect while ¢¢ does not. The conformal
dimension of ¢! was computed in [50] for the GNY model up to O(e). It can be extracted
from the S—function of the defect coupling at the fixed point:

9B

4— N
qu:l‘f'i‘h:h*:l"i‘g

o PR 0(e?), (3.1)

which agrees with [50] for the case N = 1 corresponding to the pure GNY model. In this
section, we will extend their results to general N, as well as compute additional defect
correlators. The operator t% (the tilt operator) has protected conformal dimension

Ar=1. (3.2)

Note that for the GNY model, there will be no tilt operator, but only ¢31 = d; on the defect.



Besides the tilt there is another scalar defect operator with protected conformal di-
mension, namely the displacement operator D. It is related to the bulk stress-energy tensor
through the Ward identity

0T =6 YD, i=1,...,d-1, (3.3)

)

and has transverse spin s = 1 and conformal dimension
Ap=2. (3.4)

The expansion of the bulk fermion on the defect gives us the defect Dirac fermions
1,1 with conformal dimension
3—¢
The anomalous dimension -y ;) can be extracted from the two-point function.
Below we will compute correlation functions between these operators and extract the

corresponding defect CFT data.

3.1 Two-point functions

We will start by computing the two-point functions between the defect operators to obtain
their anomalous dimensions and normalization constants.

3.1.1 Two-point functions of scalars

We consider first the two-point functions ( ¢! ()¢ () ) and <tf‘(7'1)ti’ (12) ). The two-point
function of arbitrary (defect) scalars #* takes the general form

(6 (11)d"(72)) =N§ =5 (3.6)
with 72 := 71 — 72, and where Nj and A 3 correspond respectively to the normalization

constant and to the scaling dimensions given in (3.1) and (3.2).
In terms of Feynman diagrams, this two-point function can be expressed as

B de) =+ A+ N 10, 6D

a \
L 1 L & P

In the first diagram, the two external operators are connected through a single tree-level
propagator. The second diagram corresponds to the bulk self-energy and consists of an
internal fermion loop and two bulk Yukawa vertices (represented by red dots), while the
third one is special to the defect theory and involves two integrals along the line (represented
by blue dots) as well as a bulk four-scalar vertex (the black dot).

The fermion loop diagram is easy to compute and reads

,’O\\ = gng tr EaZbBlg
SN 1
— B, (L nsroerh +0E) 53)



where we have made use of the rules given in (2.3). The integral Bjs is defined in (C.23)
and solved in (C.24), while the function I corresponds to the scalar propagator and is
defined in (2.14). Finally, the constant X arising from dimensional regularization is defined
in (2.26). The expressions for the two other diagrams can be found in [38].

Requiring that the sum of the diagrams is finite allows us to compute the renormal-
ization factors for él and t%:

(0"(n)¢"(r2) ) = %(@8(71)%(72)) = finite, (3.9)
¢
and leads to
oo NN (1 010
thl—iW—l—O(;) . (3.11)

As a sanity check, we can read the scaling dimensions from the renormalization factors:

Olog Zj 4—-N 9

=y tem = 0, (3.12)
log Z,

A =2 gi Lo 1402, (3.13)

which agree with the results given in (3.1) and (3.2).
The normalization constants can now be extracted from the finite two-point functions,
and we find for the two scalars

2 = ! {1—;<2+(N_4)(1_2N)>+0(52)}, (3.14)

472 K1
1 N —14
NP = yoe {1 - g <2+ - > + (9(52)} : (3.15)
1

where £1 depends on Ny and N and is defined in (2.10).

3.1.2 Two-point function of the displacement

We continue with the two-point function of the displacement. The displacement has trans-
verse spin s = 1 and can be constructed by taking a transverse derivative of the field
ot

D = 8¢, (3.16)

while there exist additional operators 824-75& that correspond to taking the transverse deriva-
tive of the tilt. The latter will not be considered here for brevity, but its correlators can
be computed in a similar way as the displacement correlators.

Because we can write the displacement as in eq. (3.16), the diagrams that contribute to
the two-point function are the same as for gZ;a and are given in eq. (3.7). For the evaluation

10



of the diagrams, we need to first take the derivatives with respect to xf, ry and then send
x1, x5 — 0. This leads to the following expressions for the diagrams:

,’O\\ = gng tr EaEbBlz
N 1
— _%1125“” (5 + N +log 75 + (9(52)> . (3.17)

The other diagrams were computed in [38].
We can compute the renormalization factor for the displacement in the usual way, by
requiring that the two-point function is finite. This results in

1 Ah? 5 1

As a check, we compute the anomalous dimension of D and find
Ap = p—=2"= =24+ 0(?), (3.19)

where the O(e) contributions cancel as expected. We can extract the proper normalization
from the finite parts of the diagrams and obtain

N§:1{1—5<1—N6_4>+O(52)}. (3.20)

272 K1

3.1.3 Two-point functions of fermions

Let us now turn our attention to the fermions. In 1d, the two-point function of Dirac

fermions takes the form o
o 51752

(D) () = N oY (3.21)

where we have use the polarization spinors 5‘14, SQB as defined in (A.8) in order to avoid

cluttering.
The diagrams involved are

~ .

(V) () =
S

As noted in [50], the second diagram is zero at order O(e). This can be easily checked

+ o+

ST FOEY). (3.22)

in the following way:

=0 = goho 51/d73/dd964@4f14 D YV EVRD
= 772(517082)90h0112/d73 T13723 113123

= 0+0 (s%> , (3.23)

11



where in the second line we have used the 4d fermionic star-triangle relationship given in
(C.17), to which the corrections towards d = 4 — ¢ are of order O(g) while g ~ O(/e).
The third diagram can be computed as follows:

_@_ = 9(2)5ij51/dd$3/ddl’4 11135 P3l30 X" Dyloa T34 8o
= 298N6Y5,PyBraso

27N 5.~0
_ ggN s1vs2 i [ 1 2
= WTi&&U {5 +N— 1+10g7—12+0(5)} . (324)
Here we have again made use of the rules given in (2.3) in order to be able to rewrite the
integral as a derivative of Bis.

The fourth diagram is more involved and reads

_@_Zg%h%&ij 81/dT3/d7’4/dd965/dd$6 P1 115 B P5156 5" Deloslss146 52,
(3.25)

with 3! = 1. The easiest way to compute it is to apply another slashed derivative on the
integral and compare the result to an ansatz. We define

Jig = /dTg/dT4/ddx5/ddx6 O1 1155 I56P6 126135 Las (3.26)

and assume that
~0
Ji2 =5

A
{+B+Clog7-122} . (3.27)
2 e

We then compute

d1J12 = —/d7'3/d74f13 D192Y104, (3.28)

where we have used @@, = 107 and 02115 = —6@(z15). After applying the identity (?),
we find

3
#@1J12 = ——1 + (quadratic divergences), 3.29
1676
s
from which we can read 1

We see that this diagram is finite (after dropping the quadratic divergences) and so it
contributes only to the normalization constant.

In the same way as for the scalars, we define a renormalization factor Z; such that

(' () () = %<¢é<71>¢6<fz>> = finite, (3:31)
for which we find 2 1
Z¢_1—:3£;7T2€+0<82) , (3.32)

which agrees with the renormalization factor for the bulk given in eq. (B.4).

12



The scaling dimension gives

N
- Z (2 - ) +0(), (3.33)
while the normalization constant reads

N3 = ! {1 c (2m1—N(1—N>+4(N_4)(N+8)>+O(52)}. (3.34)

272 2K1 2K1 2 K1K2

Note that the renormalization factor as well the scaling dimension agree with the bulk

computation, as the diagrams contributing to these results are the same>.

3.2 Three-point functions

We will now compute three-point functions between the lowest-lying operators. This gives
us various defect OPE coefficients, which can be compared with the OPE coefficients coming
from the conformal block expansion of the four-point function.

3.2.1 Three-point functions of scalars

The three-point function between three defect scalars @“’b’c, where an = {(Z)l, t%}, is given
by a single Feynman diagram up to O(g):

(9°(m) () 6°(m3)) = /v + O

: o )\éa Pbe
- N(Z)“'Nqﬁb./\/gb‘/ 2Aabc 2Abca 2Acab ’ (335)
T2 T3 713

where we have defined Agp. == 3(Age + Ags — Age).
This diagram was already evaluated in [38], and results in the following OPE coeffi-

clents:
3me (4k1 — Ny)y/2(4 — N)(N + 8)r2 )
AjLotgr = — O 3.36
$lgtet = —2 2N+ ) +0(e), (3.36)
A/\ ~ ~
gt = 7¢1§1¢1 +0(?) . (3.37)

Since the OPE coefficients start at O(e), they will only appear at order O(g?) in the
four-point function of scalars.

3.2.2 Three-point functions involving q32

The first scalar operators that appear in the OPE qg‘l X qga, qg“ = {¢31, t&}, after (Z)l itself,
are the degenerate operators s+. These operators have dimension close to 2, and can be
constructed from (¢')? and (¢*)2. In order to find the correct anomalous dimensions we

3This agreement is expected to be lifted at higher orders of .
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need to require that the three-point functions involving qg and s4 are finite. The diagrams
that contribute up to O(e) are

($9(r1) (ra) §°6°(m) ) = <72 4+ oo 4 TTRn 4 AN 1O

L L 1 L > L L > -y
)\ Aa, A(l
= N2\, i . 3.38
¢a 5 7_122Aabc2 7_223Abc2a7_123Aac2b ( )

The first three diagrams have been computed in [38], while the last one is the wavefunction
renormalization. Requiring that this three-point function is finite in € gives a renormal-
ization matrix Z5 that has a lengthy expression and is given in a Mathematica notebook.
The anomalous dimension can be computed by diagonalizing this matrix and taking the

derivative:

o SAELEC I DRI o), )
where we have defined

= /RN 4 8ra(N — 4)(N — 2)(N +8) + 16(N — )2(N +8)2. (3.40)

We obtain the conformal dimension as Ay, =2 — ¢+ 7,,.
To complete the computation of the OPE coefficients, we also need the normalization
of the two-point functions (s (71)s+(72)). From the two-point function, we get
N —1) (ko(N —2) +4(N — 4)(N + 8) £ k3)
167 4 K3

(

NZ =+ +O(e) . (3.41)

We have only displayed the O(1) term here, while the O(e) term is once again long and

given in the Mathematica notebook. We checked that the operators are now properly
normalized, such that (s (71)s_(m2)) = 0.

Putting everything together, we can now extract the OPE coefficients, for which we

find:
o _ 2,‘{2 N -1
)\¢1¢18i \/,43 /{2 N 2) n 4(N 4) (N n 8))/{,3 0(8) s (342)
Mg, = VK3 £ ko (N —2) +4(N — 4)(N +8) Lo, (3.43)
= VEsVN —1

The O(e) terms can be found in the attached Mathematica notebook.

3.2.3 Three-point functions of two fermions and one scalar

An example of a mixed correlator is the three-point function <@;i(7'1)@@j (12)¢*(13) ), which
is given at leading order by

(PP () (m3)) = <0 +0(e

(517°%%s2) Az 5

A2 A/ Ppe®

—Nw/\/:ﬁ“ OB e Py By (3.44)
T2 To3 T13
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with A;j;;, following the same convention as given below (3.35).

At order O(y/e) we have a single diagram contributing. It is easy to evaluate this
diagram using the usual commutation rules for 3¢ as well as the fermionic star-triangle
identity given in (C.17). The results differ depending on the nature of the field ¢%:

1

. 3.45
647‘(‘47'1227'237'31 ( )

i\\ = iNjNéago (512‘17032)
where the sign is — for ¢® scalar and + for ¢® pseudoscalar. After inserting the normal-
ization constants derived in section 3.1 we find that the OPE coefficient is

L
iw‘;’a - 4\/2/4,1

A +O(e). (3.46)

3.3 Four-point functions

Let us now turn our attention to the four-point functions, which are the first correlators
in our list to have non-trivial kinematics. These correlators can be expanded in 1d confor-
mal blocks to obtain defect CFT data, which we can compare with the OPE coeflicients
computed in the previous section. We start by considering correlators of purely scalar oper-
ators, before moving on to fermions and concluding with an example of a mixed correlator
including both scalars and fermions.

3.3.1 Four-point functions of scalars

We start this section by the four-point functions of scalars. Such correlators depend kine-

matically on a single cross-ratio y, which we define as*
T127T:
Y= 28t (3.47)
T13724

Four-point functions of scalars take the following form:

(6%(11) 8"(72) ¢°(73) 9 (1) ) = Ngo N NgeNge K () . (3.48)
with the conformal prefactor
Ky 1 To4 Aga—Rgb T14 Aga—Bgp (3 49)
T TlA2¢3“+Ad3b 7'3A4<$C+Ad3d T14 T13 . '

In terms of Feynman diagrams, the four-point function of arbitrary scalars is given up to
O(e) by

. . - ~ A
(¢%(11) ' (12) ¢°(3) ¢ (1)) =+
LI S < G N CE U

where the first diagrams are products of two-point functions, and the last one was computed
in [38].

4In higher d, four-point functions depend on two cross-ratios x and ¥. In 1d the second cross-ratio is
not independent of x and becomes Yy =1 — x.
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Adding all diagrams in eq. (3.50), we obtain the following unit-normalized results:

() =1 4 XzAél n <1XX>2A$1 . m (Xlog(l 0+ 1X2X 1ogx> + 0O(e?),

(3.51)

fldlB(X) —gabyDgrtae | 55&?7% (X log(1 — x) + 1>i2 log X) +0(%), (3.52)
faBécZ(X) _gabged 4 sac 5BCZX2 | gad gbe (1i<2><)2

+ 5(5&5(5&(2 + gaegbd 5‘”(556)% <X log(1 — x) + 1 —2X log X> +0(e%),

(3.53)

where #; and kg are defined in (2.10) and (2.11). Other orderings of ¢! and % are not
given here but can be computed in the same way straightforwardly from (3.50). The last
correlator f‘ii’é‘z(x) can be decomposed into a scalar (), an antisymmetric (A4), and a
traceless symmetric (7') contribution:
. 2
00 = T e+ X = 2)
- K9 (N + 1) X
Ki(N—=1)(N+8)1—x

abed .\ _ X _
7 (x) e 2+x(x—2)
13

(xlogx + (1 —x)log(1 — x)) + O(e?),  (3.54)

2kKo X
K1 (N + 8) 1-— X
M +0(e?). (3.56)

We can expand these four-point functions in the 1d conformal blocks

(xlogx + (1 — x)log(1 — x)) + O(e?), (3.55)

() =

gﬁij’Akl (X) = XA 2F1 (A — Aij, A + Akl; QA; X) y gn = g&o s (357)
where A;; = A; — Aj are the conformal dimensions of the external operators.

The first operators in the (]31 X ggl OPE are the degenerate operators s1. They can be
unmixed, which we have done in section 3.2.2 in order to obtain the anomalous dimensions
vs, and the OPE coefficients )‘éﬁa({sasi'
only see the average of the conformal data for this operator, and we find

However, in the conformal block expansion we will

3KocE 3ka +4(N +8)(4 — N)
1y - q <2_2> < 2 o
7o) =1+ Y Gy 92(x) +¢ (N1 8) Ag2(X) + -,
(3.58)
3Ky +4(N +8)(4 — N)
Ag, —2)X\%, . Ay —2DN2 . = 2 .
( S+ ))\¢1¢15+ + ( S— )A¢1¢15_ € /il(N + 8) + O(&‘ ) ’ (3 59)
2 2 _ 3/{/28 2
)\&dglﬂ + )\élqgls_ =2- k1(N +8) +0(e7). (3.60)
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This is also the case for the correlators fgéé‘z(x) and f 11&8()(), which contain in addition
information on the OPE coefficients A5, . The OPE coefficients given in eq. (3.43) neatly
obey these relations.

From the other correlators we can obtain the OPE coefficients and anomalous dimen-
sions of V4 appearing in qgl x t% and T% and A%, which are respectively a traceless
symmetric and antisymmetric operator appearing in t% x t°.

2(r2 + (4 = N)(N +8)) 2 42 K2 2
A":2 A:1— < .1
v +e N+ 8 +0(e7), Aot 6/11(]\7—1—8)—’—0(8)’ (3.61)
k2 2 2 2K2 2
A =2 _ N o =2—e——— .62
7 +€/<;1(8+N)+O(E)’ s Enl(N+8)+O(€)’ (3.62)
A =3+0(?), Ai=140(@E?). (3.63)

Setting Ny — 0, we obtain the results for the O(/N) model found in [38, 55] which provides
a final check for our results.

3.3.2 Four-point functions of the displacement

We consider now the four-point function of the displacement. Similarly to the two-point
function, the diagrams contributing to this four-point function are the same as for the four-
point function of scalars, and are shown in eq. (3.50). Again, we will take the derivative with
respect to the transverse coordinates 8},]’ =1,---,4, and then set azjl —0,5=1,---,4.
The diagrams not involving fermions were already computed for the O(N) model in [3§],
while the fermionic diagram is the renormalization of the wavefunction. Adding all the
diagrams and using the proper renormalization, we find the correlators up to O(e):

X
(1=x)*
+ 5(5il(5jk + 5ik(5jl + 5ij5kl)

(D (71)D; (72) Dy (73) Dy (14)) = 6550kt + GirSjix* + 8
K9 X
101 (N +8) (1 — x)3
x (2x(1 =) (x(1 = x) = 1) + x*(x(5 — 2x) — 5) log x
— (1= x)%2x* + x +2)log(1 — X))
+0(e%). (3.64)

3.3.3 Four-point functions of fermions

We now turn our attention to correlators involving four elementary fermions, identical up
to their flavor index. This correlator is given by

(P P E) () = o o+ et e g
AN T OED
N 3 3
s (F00 - Ttk -0) . 6o

where the second term follows by crossing symmetry, and where the flavor structure is

encoded in ff%f?i;- The subscripts indicate the dependency on the polarization spinors
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51, 82, 53, 54. We have omitted the product of two-point functions that gives zero at this
order (see section 3.1.3). The disconnected part of the correlator is easy to compute and
give

A

‘(r )@Z}j(f)mz;(@,)qp( 4))
<1/7( D! (1) M (3)4 (2))
0

P
= { 517%52)(537%54) 57 5
712 ””34

Sp

(G (109 (r2) 8" (73)0 (74) Detise. =

+

_Ufix)g({b?)] X} e {s4,0,1 —x})} . (3.66)

The connected part consists of two diagrams:

<QZZ‘(7—1)172)]‘ (7_2)1Zk(7—3)7[]l(7_4) >conn. = / T \ + _@_ . (367)

These diagrams belong to a new class that we have not encountered yet and that we name
H-diagrams. They can be expressed as

iI - ’Iz = 926 6M (5,20, Po52) (535 PsPss4) Hiz 34 (3.68)

where we used the rules defined in (2.4) and (2.6) in order to move the Y-matrices in front,
and where the integral His 34 is defined in (C.3) and has not been solved analytically yet.
It is however possible to solve the integral thanks to the derivatives in front, as shown
n (C.19)-(C.21). The second diagram can be calculated analogously, and we obtain the
following unit-normalized correlator:

00 = 098M (517°s2) (537"s4)
+ £ (5ij5kl (51 EG’YOSQ) (§3Za’7084)

64:%1
g ﬁ (1 =202 = x) +x*(2 = x) log x + x(1 — x)*log(1 — x))
L o). (3.69)

We can extract new defect CFT data from this correlator by expanding it in the 1d blocks
of eq. (3.57). Since we have Ny fermions, there is a U(/Ny) flavor symmetry and we need
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to decompose the fermions in the singlet (S) and adjoint (Adj) representations:

kl
FiR () = 5z‘j5klfgjk:l(x) n (51'[5]% ) > fﬂil( ), (3.70)
IR () = 4+(/<61JrN)(X-1)3—2><((><—6)><+6)jL k1+ N
(x —1)3(k1 + N —4) (k1 + N —4)
XE

2 —4+ N)—x(14 N
+64/€1(X—1)2(/i1+N—4){(H1 +N) = x(14+ 31 + 3N)

+x2(/<91 +N —-2)— XQ(X(m + N —2)—2(k1 + N —3))logx

+ (x = 1)*(x(k1 + N = 2) +2) log(1 — X)} , (3.71)
3
00 = 5 + 1y {x(l ) + (14 )(1 = )2 log(1 - X)

+ (1= 0x? 10gx}- (3.72)

Let us decompose the singlet sector in the conformal blocks. For the first few operators,
we find

ijkl € (1 e(17-2N —2r)
700 = 3000+ gm0~ (7~ e Y )
(83— N — K1)
- a0 + - (373)

The absence of a conformal block ga—2(x) indicates that

Niga, = 0E). (3.74)

such that the squared OPE coefficients only contribute at O(?). We can read off A% . ¢1
the coefficient in front of the block ga—1(x), which matches the expression in eq. (3 46)
3.3.4 Four-point functions of fermions and scalars

In this section we will compute the mixed correlator with two Dirac fermions ¢, ¢/ and
two elementary scalars ¢%, ¢°. The correlator takes the following form:

A A . N ~ 2 2 ..
() ()8 (1) (1)) = —i o4 (x) (3.75)

with the kinematical cross-ratio x defined in (3.47), and where the O(N) tensor structure
is encoded in f%. As before, the disconnected part of the correlator is easy to obtain and
consists of only one non-zero term:

(G ()0 (72) 8% (73) 8" (74) datise. = (0" (T1)0 (72) Y( () $P(74) )

(517 $2) <ij cab
= 75”6" . 3.76

19



The connected part consists of two fermion-scalar H-diagrams:

(' ()9 (72)0%(7)6"(70) Jeomn. = 17, e (3.77)

After using the rules defined in (2.4) and (2.6) in order to commute the ¥-matrices, we
find that the first diagram gives

i ‘ E = Fg50” (51 25 Fiz 04 52) (3.78)

with + if ¢® is a scalar and — if it is a pseudoscalar®, and where the integral Fi304 is
defined in (C.15) and solved in (C.18). Putting everything together, the unit-normalized
correlator reads

F(x) = 0% (51 - 52)
205ls)—— X (P log x — (1 — x)%(2 + x) log(1 —
£ (128 s2) g (e (x’log x — (1 = x)*(2 + x) log(1 — x))
+ 0. (3.79)
We expand this correlator in the 1d blocks of eq. (3.57) for the case of equal external
scalars, such that

yr=xbt wexb=o1. (3.80)
We find:
F900 = 9o0) + ~— 9200 + X ga() — <= Daga(x) + (3.81)
X) = go\X 4%192 X 240k, ga(X 8 AGa\X , .

where we emphasize that no sum is implied by the repetition of indices on the left-hand
side. Since the correlator and the block expansion have the same expression for ¢! and t%,
we find the same relations for the OPE coefficients A 31410 and Ay, which we will denote

as \; for brevity.

R
From the block expansion we see that for s, which has dimension Ay, ~ 2, we obtain

g
)\1;1/:54-/\&)“&)“8-% + )\Jzﬁs_ AJ)“J)“S_ = 47}{1 ) (3.82)

(As+ — 2))\121[33+)\<13“¢3“8+ + (AS_ — 2))\121[,5_)\43“43%, =0. (3.83)

Using the expressions for Ag, and )‘951 Attso in egs. (3.39) and (3.43), we can extract

lesi )
the OPE coefficients involving the fermions:

N (Nkg — 4(N — 4)(N + 8) £ r3)\/K3 £ 4(N — 4)(N +8) £ (N — 2)r2
bhss — € 16519+ /FaV/N — 1
+0(?) . (3.84)

As expected from the conformal block expansion in eq. (3.73), the OPE coefficients start
at O(e).

®In this formulation, the index b can be kept arbitrary since we have to commute X° with y-matrices
twice.
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4 Correlators of bulk operators with a defect

The three- and four-point functions of scalars and fermions on the defect provided us with
important defect data. In addition, we can also study bulk operators in the presence of the
line defect, and obtain new data such as bulk-to-defect OPE coefficients. In this section
we study two-point functions of bulk and defect operators, as well as two-point functions
of bulk scalars. At the end of the section we give a short outlook on how to generalize our
analysis to the case of fermionic operators.

4.1 One-point functions

Squared scalar. We computed the one-point function of ¢® in section 2 to extract the -
function of the defect coupling. The coefficient of this one-point function, ag, will appear in
the bulk channel expansion of the two-point function of ¢® in the presence of the line defect.
One-point function coefficients of other operators will appear as well, the first one being the
one-point function of ¢? and the traceless symmetric tensor T = ¢®¢® — %((l)‘:)?ﬁ These
observables were computed for the O(N) model in [55]. At O(e) there are four diagrams

that contribute:

1 1
\

{(Gatp(x)))= /% + & o+ x4+ O +0(?). (4.1)

/ \ VAR / \
I

\ /

——— — -

The diagrams not including any fermionic contributions were computed in [55, 69, 70],
while the diagram with the fermionic loop cancels the wavefunction renormalization of ¢®.
In order to compute the one-point function coefficient, we need the renormalization factor,
anomalous dimension, and normalization factor of ¢ and T®. The anomalous dimensions
for the GNY and NJLY models can be found in [47], while the others can be obtained
from computing the corrections to the propagator (¢p®¢’(z1)¢¢p?(x2)). Generalized for
N =1,2,3, we find for ¢? up to O(e) [47, 75]
Zgp=1- 5(41%)2 (A(N; 2) + 492Nf) +0 (;) : (4.2)
AN +2)  4¢°Ny
7 = 3z T 4
T (4) \/W{l _6<2(N +1)(N+8)(rk1 + N —4) + @N(N+2)> +0(52)} |

+O0(N, g" Ag?) (4.3)

Ny =

272 (d — 2) k1 (N +8)
(4.4)

5Note that T does not appear for the GNY model, where N = 1.
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For T, we obtain the following results:

1 /22, 1
_2) 4g2Nf 9 4+ 9

. T(9) (R+1)(N + 8)(k1 + N — 4) + roR
N¢2\/§W§(Z—Z){1_E< 2y (N £ 8) >+(’)(52)}, (4.7)

from which we can extract the one-point function coefficients ay2 and arp:

e = =N +8) | ooy oo =N +8)

2k9V2N 2Kk9V/2

The O(g)-terms are lengthy and can be found in the attached Mathematica notebook.

+0O(e) . (4.8)

Fermion bilinear. Another interesting one-point function is ((%)(z) ), which appears
in the two-point function (!(x1)y’(x2))). In this case, )%}’ is not a conformal primary,
but rather a conformal descendant of ¢. This can be seen from its conformal dimension
being Ay + 2 + O(e?) [47]. The one-point function can be computed through Feynman
diagrams, and receives a contribution at O(,/e):

(' () = @ +0(e). (4.9)

This egg-shaped diagram is new and has the following expression:

O s 9ohoNy 1
[ G

Hence, the one-point function coefficient can be written as

a;z - w?
(o)) = L e = Va f%v ) Ty 0 (.11

4.2 Bulk-to-defect two-point functions

The correlators of a bulk and a defect operator give us the OPE coefficients of the bulk-to-
defect OPE. The fundamental bulk scalar ¢® can be decomposed into qBI and t% and the
two-point function between these operators is given by the following diagrams:

(" @)d@) = o+ 4+ O 0. ()
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The first diagram does not involve any integration, while the second is a self-energy
correction. The third diagram is less trivial, and was computed in [69]. Adding all dia-
grams and the proper renormalization terms, we obtain the following bulk-to-defect OPE

coefficients:
) SUNGN 31 b 51 A 3(4— N)(log2 — 1)
a 1 _ ) g 2
(0% (z1)d (72) ) = R byjr = 1+¢ oo +0(e%) ,
12
(4.13)
; 5 NG N;b . (4 — N)(log2 — 1)
a b _ ¢ ViVt _ 2
(@ (z1)t’ (1) ) = (@%)At\xﬂ%ﬁﬁt ; bpt =1+¢ 2 + O(e7)
12
(4.14)

4.3 Two-point functions of bulk scalars

In the presence of a defect, the two-point function of bulk operators is no longer fixed by
kinematics. Instead, it depends on two defect cross-ratios determined by the distance to
the defect and the distance between the bulk operators. The scalar two-point function then

takes the form
Ng]—“ab (r,w)

a b —
where F%(r, w) is a function of the cross-ratios
r |21 |25 | w |ac1 HxQ |

It is sometimes convenient to switch to different cross-ratios z, Z, which are related to r, w
as
o
z=rw, Z=—. (4.17)
w
The diagrams contributing to this two-point function, up to O(e), are shown in Fig. 2
They consist of diagrams we already encountered when computing the one-point function
of ¢%, of diagrams coming from the wavefunction renormalization in the bulk, and one
non-trivial one.
The non-trivial diagram is the X-shaped diagram, which was computed for a line defect

in the O(N) model in [69, 70]. Evaluating it in d = 4 gives:

A T 3272d(d — 2)4 i3 o d2 i3 i

2 (235) 2 (af5) 2 (a35) 2

Y Aoh2T (4)* / drsdrydizs
($§5)

_ 3XohiH (r,w)

_ 4.18
76874 a1 ||xg | (4.18)

where H(r,w) contains one unevaluated integral over a Schwinger parameter « [69]:

I N 2z ! (a+2)(a+2)
H(r,w) = /0 d \/(04+1)(04—!—22)(04—1-z)(oz—i—z)t b \/(a—i—l)(a—i—zz)' (4.19)
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Figure 2: Contributions to the two-point function {{ ¢%(z1)¢®(x2) ) up to O(e). The defect
is denoted by a solid line, scalars by a dotted line, and fermions by solid arrowed lines.
Bulk scalar couplings \g are represented by a black dot, bulk Yukawa couplings gg by a
red dot and defect couplings hg by a blue dot.

Even though the integral is unevaluated, the series expansions in the bulk and defect
channels are known.
Adding all diagrams in Fig. 2 and properly renormalizing them, we obtain

3(4— N

Fb(r,w) = 60X~ 4 616" ag + (5 4 26°16") JH(rw) +OE) . (4.20)

4/%1

Here, a4 is the one-point function coefficient given in eq. (2.33). We see that the general
form is the same as in [69, 70], except for additional fermionic contributions to the coefficient
in front of H(r,w). We can expand this expression in bulk and defect conformal blocks to
extract CF'T data, and check with the explicit calculations in the previous sections.

4.3.1 Defect channel

In the defect channel, the correlator F°(r, w) contains two types of operators: O(N)—singlets
@f ,, and O(N)—vectors (’j;/n Their conformal dimensions are given by

A@EX = A¢+s—|—n+’y@i¥ . (4.21)

These operators are in general degenerate, except for n = 0, where they can be expressed
as derivatives of ¢! and t:

Ofo~ 05+ 001, Ofg~ Oy o+ Oicta, (4.22)

where i,,n = 1,--- ,d — 1 are the directions transverse to the defect. For higher n, one
needs to solve a mixing problem. This has been done in [38, 55] for the O(/N) model and
repeated in section 3.2 for the case n = 1,s = 0 to obtain the anomalous dimension 7, .
For general n > 0, s we will give the averaged CFT data.
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The correlator F%(r, w) can be decomposed in the two symmetry channels S (singlet)
and V' (vector):

F(r,w) = 6*6" Fs(r,w) + (6 — 6*16°%) Fy (r,w) , (4.23)
A 1 34-N) A 1 (4-N)
2
‘FS(T‘,’LU) :a¢+§A¢ +e Arey H(T?w)a FV(va) = €A¢ +e 45y H(’I’,U}). (424)

Each of the channels can be composed in defect conformal blocks, which are known in
closed form [2]:

22 b fAszz) (4.25)

2o s A (Z)3 P AL A 2. q q .z

oo = 8 () om (B AA e Diaz) oy (<8 12 8 )

fa,s(2:2) (ZZ)2<Z> 2 £ Tlogizz) a8y 2 U3
(4.26)

where p = 1 is the dimension of the defect, ¢ = d — 1 the codimension, s is the transverse
spin and we have switched variables from r, w to z, Z using the definition in eq. (4.17). The
factor of 27° ensures that the blocks have a convenient normalization.

To expand the correlator in terms of these blocks, we need to know how to decompose
the function H(r,w). It turns out there is an elegant expression found in [69, 70]:

H(r,w) = i e~ HS_% R + L fort.s(rw). (4.27)
’ ~ s+ 3 (s+ 1) s—i—%

The derivative of the block gives us the anomalous dimension of the corresponding operator,
and hence eq. (4.27) provides a straightforward way to extract defect CFT data.
The constant terms in eq. (4.24) correspond to the defect identity given by foo(r,w).
This leaves us with the factors € ~2¢, whose expansion in defect blocks is well known [4].
Combining all the pieces together we are ready to extract the CFT data. Let us start
with the singlet channel. Expanding in conformal blocks gives us

Folrow) = foolrew) + 32" o, fo | w0, (@29)
5=0 * s,0

where up to O(g) only operators with n = 0 appear. Combining eq. (4.28) and eq. (4.24),
and using the expression in eq. (4.27), we obtain the following OPE coefficients:

5 o8 e (6(N—-4) (ki(2s+1)+3(N —14))
P002, =7 {1 %((2s+1)2_ 1 (25 +1) s

+3(N — 4)HS_$> + 0(52)} . (4.29)

For s = 0, we see that this matches exactly the bulk-to-defect OPE coefficient b 54, Siven
in eq. (4.14). As stated above, to extract the anomalous dimension we only have to look
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at the derivative term in eq. (4.27). This results in
3(4—N)e
4K (s + %)
(N—=4)(s—1)e
k1(2s+ 1)
For s = 0, this matches with A; given in eq. (3.1), while for s =1 this should give us the

A@§0=A¢+s—|—n+ + O(e?)

=1+s+ +0(e%) . (4.30)

dimension of the displacement Ap = 2. Indeed, we see that for s = 1, the O(g) correction
is zero and the dimension is protected and equal to 2.

We are ready to move on to the vector channel. The expansion in conformal blocks
results in

Fr(rw) =) 27° Biéyo f%vds(r, w) + O(e?) (4.31)
s=0 ’ s

where we see that also here up to O(e), only the n = 0 family of operators appears. The
defect identity is not present in this case. We will follow the same procedure as for the
singlet channel, and extract the bulk-to-defect OPE coeflicients

> s e(N—4)( 2543 2sHs + H, 1 )
sy =2241 2 . 4.32
bsoy, =27 { L ((2s+ et ey ) TOE) (4:32)

We can now compare this for s = 0 with B¢t in eq. (4.14) and find a perfect match. The

anomalous dimensions are once again read off from the derivative term in the expansion of
H(r,w), and result in the following conformal dimensions:

A e(4—N)

e(N —4)s
Asv =Ap+s+n+ +0EH=1+s+ ( )
s,0

4k (s + 3) k1(2s+ 1)

As a check, we see that for s = 0 the O(e) term disappears and we find the protected
dimension of the tilt A; = 1.

+0O(£Y). (4.33)

4.3.2 Bulk channel
In the bulk channel, the operators that appear in the ¢* x ¢* OPE are O(N) singlets O3

4

where the first one is ¢?, and traceless symmetric representations Ome’ the first one of

which is 7%. The operators in the lowest twist family after ¢? and T% can be written as

a Qa 6‘1[7 C
0?,0 ~ By Oy (092 OZO ~ Oy - Oy <¢ #° — W(qs )2> , (4.34)

where £ > 2. In the free theory, they are the higher-spin currents and hence their conformal
dimension and OPE coefficients are protected up to O(e) and given by the conformal
dimension of ¢ and their spin. The CFT data is given by

Apsr =20 + L+ O(c%), (4.35)
2,0
2€+1(A )2
A2 — 24 O(e2 4.36
96070 — NU(2A4+ £ — 1), +0(), (4.36)
2 2 2
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Operators with n > 0 are not protected up to this order, and are also degenerate. The
correlator can be decomposed in the two symmetry channels as:

ab
F0rvw) =0 Flraw) + (5419 = 57 ) Frlr) (439
2

1@ c4-N)(N-2)

Fs(r,w) = 79 + N + Nk H(r,w), (4.39)
2, €(4—N)

= ——H . 4.4

Frlr,w) =+ E g, (1.40)

The decomposition in bulk channel blocks is more difficult, since they are not known in
closed form. One should also keep in mind that the correlator gets multiplied by a factor
of £2¢ coming from the prefactor. However, as pointed out, eq. (4.20) has a similar form to
the correlator ((¢?¢)) computed for the O(N) model in [69, 70], and we can reuse known
results. In particular, they found an expression for H(r,w) in terms of bulk blocks as well:

EH(r,w) = (0a — 1 —log 2)fg,0(r,w) + O(e), (4.41)

where fﬁlf (r,w) are the bulk channel conformal blocks, which are known as a double sum

2, 79].

From eq. (4.41) we see that H(r,w) only corrects ¢?, hence, for the CFT data of the
other operators we can directly use the results from [69, 70]. The other terms in eq. (4.40),
after multiplication with £2¢, are a constant term that corresponds to the bulk identity
f&o(r,w), and a term proportional to &3¢, whose expansion in bulk blocks is given in
equation (167) of [69]. Putting eveything together, the expansion of Fgr in blocks can be
written as follows:

oo
A ¢ 0
E3Fs(r,w) =1+ Agpg agefaot+ ) 2 Ap603 005 fan 4+e0
(=24,

o0
+ Y 2 /\¢¢oglaoglf§A¢+e+2,z +0(), (4.42)
(=02,

[e.9]
A — 0
E8Fr(r,w) = Aggrarfago+ ) 2 AspoT, 0T J2n 4400
(=24,

o0
-4~
+ ) 2 A¢¢ozlaozlf§A¢+e+2,e+O(€2)7 (4.43)
(20,2,

where the bar indicates an average over CFT data since mixing needs to be solved before
one is able to extract the individual OPE and one-point coefficients. We can now extract
the CFT data of all operators except ¢ and T. For the O(N) singlets, using eq. (4.37),
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we extract the following one-point functions of twist-two operators:

2 1—1
(4= NN +8)T (51" iy 20
ans = _
o W%ng 12T (%)2 { ( (N —4)(N +8)
N—4
4! ) <2H,;1 + Hy — 2H, — H,_1 +2log 2) ) + 0(52)} , (4.44)
2K 2 p)

where a((;) is the O(e) correction to ag, which can be found in the attached Mathematica
notebook. The averaged CFT data for the higher-twist n = 1 operators is given by
(D= NN 9T (45’
)\¢¢OS aos =& 1 3
e T 64mroNT (£ +2)T (I + 3)

+0(e%). (4.45)

For the traceless symmetric operators, we find the following conformal dimensions and
OPE coefficients:

14112 [21-ir(+1)
(4= N)(N+8)l ( 2 ) \/ T(+3) 2&2@2})
apr = 1+ — (

mirg 2T (L) N —4)(N +8)

(N — 4) (2Hl;1 — 2H, + Hy — H,_1 + 10g(4)) >

2

_l’_

2/431

+ 0(52)} (4.46)

(I+ 12N +8)T (1)

“ 1982 (L+2)T(1+3) 0. (4.47)

ApgOT, G0T, =

To compare the expansion in eq. (4.43) with the one-point functions of ¢ and T,; computed
in section 4.1, we need to know the bulk OPE coefficients Ay442 and Aggr. These can be
easily calculated and are given by

b 2 er(N+2) 9
—Jo_ __ ke
ApsT = V2 e (N +89) + 0(52) . (4.49)

With these OPE coefficients and the one-point functions in eq. (4.8), we can check the
block expansion in eq. (4.43) and see that it indeed reproduces the desired conformal data
of ¢? and T9.

4.4 Towards two-point functions of bulk fermions

We conclude this section by commenting on how to generalize the two-point function anal-
ysis when the external operators are fermions. This is an interesting problem as the e-
expansion was originally designed to capture physics in three dimensions, however four-
dimensional fermions are very different objects compared to three-dimensional fermions.
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Figure 3: Contributions to the two-point function {{ 1¢(z1)¥ (z2) )) up to O(e). The defect
is denoted by a solid line, scalars by a dotted line, and fermions by solid arrowed lines.
Bulk Yukawa couplings gg are represented by a red dot and defect couplings hg by a blue
dot. The first and third diagrams correspond to the disconnected part of the correlator,
while the second and fourth are connected and are the diagrams which make the correlator
different to a defectless two-point function.

In order to understand how fermionic correlators in d = 3 are encoded in the e-expansion,
we can start by calculating them in perturbation theory. We will not bring this calculation
to completion in this section, as the diagrams involved are a lot more challenging than
the ones we have studied so far. Nevertheless we sketch out the computation, and in the
conclusion we discuss in more detail possible future directions.

The disconnected part of the correlator corresponds to the wavefunction renormaliza-
tion of the bulk fermion, and the diagrams are the first and third ones shown in 3. The
Feynman diagrams contributing to the connected part of the fermionic two-point function
(W (x1)¥? (z2) ) up to O(e) are given in figure 3 (second and fourth diagrams).

The Y-diagram in figure 3 is the first connected diagram at O(g) ~ O(y/€). It is given
by

\/ =§f8§/\/1/%90h05ij/d73/d4334 P1114 S Dolosls,

ij
= ’/Tgoho(s S1 ( ¢1¢2 ]1> S92, (4.50)

- +
8(|z1 | + |22 ) illzz|

where we have used the fermionic star-triangle identity given in (C.17). The remaining
one-dimensional integral is trivial to compute.

At O(e) we have one H-diagram that connects scalars insertions on the line to the
external fermions through two Yukawa vertices. This diagram contains a challenging ten-
dimensional (finite) integral that we will only solve partially for now. We will however
provide a solution for the 4d bulk integral, i.e. before performing the 73,74 integrals. After
Wick contractions the diagram gives

u = —ggh{ 81/d7'3/d7'4/d4565/d4336 @1 155 P I56 5 P T 135146 52 -

(4.51)
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We set X! = 1 as in (2.4), and one four-dimensional integral can be lifted by using the
fermionic star-triangle identity given in (C.17). We then have

u = 7r2 92h2 51 al /d’Tg/d’7'4 _[24 (/ d4£C5 ¢54 115125.[35145> ¢24 592. (452)

—_——

The tensor integral between the brackets can be solved by applying tensor decomposition.
There exists many automated tools to perform this step, and here we use the package X
[80]. We find

2
Jioza = [ d*xs T4 D15125135145 = —j123.4, (4.53)
bK

with ¢ the Kibble function defined as

¢ = Pi234 + P1324 + Prao3z + Vio3 + Wiog + Wiz + Yoy, (4.54)
1 1 1 1 1 1 1
il Rl b b vt =t v) R
Uiy = M, (4.56)
and with
J123;4 := f1934 X1234 + g123;4Y123 + g124;3Y124 + g134;2Y134 + g234;1Y234 : (4.57)

The X- and Y-integrals are defined in (C.3) and solved in (C.4) and (C.8). The prefactor
function f;534 can be expressed in terms of propagators and read

J1234 = a1234 # + a23a1 £ + azar2 F4 + (aa123 — 1)#,, (4.58)
with
1 Iogl I3l I3l
1o = <2 2alsa  Toslss | Ioslo
Io3124134 Iylos  I3loy  I12034

1 1 1 1 1 1
Iy (— 4 — ) Iy (—+—) I (—+—)). (459
o (113 Il4> # <112 I14> % (112 I13>> (4.59)

The function can also be expressed in an elegant way as
123:4 p y

F1934 = bi23,af| + baz1.afy + b312,4% 5 + c1237, (4.60)
with

1 1 1 1 1 1 2 1 1 1 1
biogi i= — +—++—>—<—><—>, 4.61
254 g <112 Iiz Iz Iy I3q  Tig Iis I3 Ioy  Io3 (461)

1 1 1 1 1 1

c193: = 5 +— + —= — 2 + + . 4.62
1 I, I} I3 <I12113 Ii2193 113]23> (4.62)
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This is as far as we can go for now and we are left with a difficult two-dimensional integral
as well as a slashed derivative with respect to x1. We note however that this integral can
efficiently be computed numerically.

There is another path that one can take in order to try and solve this integral. Instead
of computing the bulk integrals, one could start with the defect integral over 73,74 and use
e.g. Schwinger parametrization for computing the remaining eight-dimensional integral.
This approach was indeed useful for the computation of the X-diagram in the scalar two-
point case, however here it is not clear at present how these 8 integrals could be solved
efficiently.

5 Conclusion

In this work we studied defect correlators for line defects in fermionic models using the
e-expansion. Our setup is a natural generalization of line defects previously studied in
O(N) models. Indeed, the definition of the defect as the integral of a scalar along a line is
identical to the magnetic line defect studied in [38, 55]. The main difference is the presence
of fermions in the bulk, which induce new fermionic excitations on the 1d defect.

We calculated a host of 1d correlators, putting special emphasis on the new fermionic
excitations. Closed-form expressions for four-point functions on the line were obtained in
terms of the unique 1d cross-ratio. These correlators can be used to easily extract CFT data
by means of a conformal block expansion, and can also be used as input in the numerical
bootstrap. The numerical bootstrap for magnetic line defects was initiated in [38]. The
numerical bootstrap plots should accommodate the models studied in this paper, where
the numbers of fermions Ny is a free parameter. One can also use the data calculated here
to steer the numerics, and hopefully solve particular models of interest.

In addition to correlators constrained to the line, we also studied how excitations in the
bulk are modified by the presence of the defect. We focused on two-point functions, which
have non-trivial kinematics and depend on two conformal invariants. For O(NN) models this
analysis had been done recently in [69, 70]. Due to the similarity of the Feynman diagram
calculation, we could recycle several of their results, in particular the non-trivial integral
presented in (4.19).

Having understood two-point functions of scalars, the next step is to study two-point
functions of fermions. This analysis comes with several conceptual and technical challenges.
The question of how to analytically continue fermions across dimensions has not been stud-
ied systematically, and a naive counting of tensor structures already shows disagreement
between three and four dimensions. This problem opens several avenues for future research.
On the one hand there is the explicit perturbative calculation, which we sketched at the
end of section 4. Regardless if one knows how to interpolate fermions across dimensions,
the Yukawa models studied here are well-defined pertubartive CFTs, and correlators in-
volving fermions exist and can be calculated. On the other hand, one can also study the
kinematics of fermion correlators at a more fundamental level, understanding for example
the structure of conformal blocks and how they depend on the spacetime dimension d. We
should point out that, even though in this paper we focused on a line defect, the questions
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raised above are relevant for standard CFTs without defects. For example, the following
bulk four-point function (1p¢¢) already exhibits interesting non-trivial behavior across
dimensions [81]. To our knowledge this type of correlator has never been studied using the

e-expansion.
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A Spinor conventions

In this appendix we describe our conventions for the spinor fields. In the action given in
(2.1), the fermions are presented as Dirac fields, which can be decomposed into two basic
Weyl spinors as follows:
A _ [ X TA _ T
w - (gTO‘> ) ¢ - (504 Xa) (Al)

with a, & = 1,2. The Weyl spinors are two-component vectors defined as

x= <§) L =@ 6). (A.2)

Spinors with an undotted index « transform as left-handed spinors (1,0), while right-
handed spinors (0, 1) are complex conjugates of the (1,0) representation and carry a dotted
index &. The dot is here to indicate the transformation property, i.e.

Xk = (xa)' (A.3)

Indices can be raised and lowered in the following way:

X* = ePxg = —"xz, (A.4)
which implies
Xafoz = _onfa- (A'5)
Here the tensor €7 is defined as
e? =~ =€y = —e19 = +1, (A.6)

and a similar definition can be formulated for dotted indices:

€48 = €aB B = o (A.7)
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For external operators it is convenient to use polarization spinors sA, 54 in order to

avoid cluttering of the indices. We define
Yi(s,7) o= sMPA(r), (s, 7) = 5M0(r), (A.8)

and a similar definition holds for the Weyl fermions as well.
The four-dimensional (Euclidean) y-matrices are defined in the chiral representation

(,yu>AB — ( 0 (O"“)aﬁ'f> 7 (A,Q)

as
(@)% 0
where we have introduced
(Uu)aﬁ — (ao,z’oi) ’ (5u)d5 — (00’_wz‘) ‘ (A.10)

0

The Pauli matrices 0¥, ¢’ are defined as

0 _ 1 (01 9 (0 —1 3 (10
o° =1s, a—<10>, 0_<i 0>, a—<0_1>. (A.11)

The y-matrices satisfy the Euclidean Clifford algebra
{7y = 200148 (A12)

and we can define an additional y-matrix as

(9)AB — (18‘3 _fd/;) , (A.13)

This definition ensures that v° satisfies the following properties:
(" =.0 M=+, (°)=1. (A.14)

B More details on the 3—functions

The general S—function for the bulk coupling constants \;;x;, I';, as well as the anomalous
dimensions, was given in the appendix of [47] up to O(g?). The renormalization constants
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4(N 4+ 8)Nsg?X  12N4g* N 12N g8
6(4m)? A T2\

+ 8Nf92 —

1 ((N+8)A
3

4(12 —=5N)Ngg* (14 +3N)\2
2(47)2 © 6(47)2

1 96 2
| —96N; (4 +4N; — N) L 4 4(N + 8)Nyg?A
+ (477)452< 96Ny (4+4Ny — N) -+ 4(N +8)Nyg
N 2
+12N) (AN; — 2(N +4)) g + (QS)A> L OO, ¢, X207 Mg (B.1)
1 N +2 IN2Z — 40N — 32 + 24k, N +2
Zy=14+ — 2 SN 4 2
9 =1 Ume <“19 3(@m)z? 3(4m)? 9 F e
1 (N +2)(5k1 —32) 5.5  3K% 4
(47)ie2 < T LA
+ 0N, g% X2g% Ag"), (B.2)
1 4N+4)Nf , N+2 1 (N —4)? — k2
Zy=14+— | —2N;g? — 1 4
° =Y e < 19T " Ranz Y T n@En)? (47)ie2 2 g
+ 0N, g% X2g% Ag"), (B.3)
1 N , NN +6(k —4) , 1 (NN —4r) 4
Zy=14— [~ g? -
v =t Gmee ( 29 16(47)? (@n)ie? g Y
+ O\, 6% Ng% AgY) . (B.4)

The B—function for the defect coupling was computed up to O(¢?) in [51]. The corre-
sponding renormalization factor is given by

1 [Ar? ¢?AR2N; (7% —6) g*h?2N;
Zp=14——5< " — -
(4m)2e | 12 3(4m)? 9(4m)?
4 2 4
g*(N+4)Ny 5 h*(N +8) h N+2
I T L 2N N - -
ddmz et 108(4m)2  48(4m)? | 72(am)?

+ 108 96

(B.5)

1 2\h2N Ah2AN h?(N +8) h*
(477)452{9 . f_4 - f+g4(6Nf+82NN)+)\2<()+ ) .

Let us look at each model individually.

Gross—Neveu—Yukawa model (N = 1) We will start with considering the GNY
model, which contains a single scalar field ¢ and Ny fermions. Hence, the matrix ¥ = !
in eq. (2.1), which corresponds to I'; in [47], is given by the identity matrix:

2=1, T1=glynxn, ®1. (B.6)
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The B—functions up to O(¢?) were computed in [76] and we adopted the same convention

as [47]:

Y = —ex+ (i) (8¢°AN; — 48¢* Ny + 3)%)
17A3
- ()i <—12g2>\2Nf + 2894)\Nf + 384g6Nf — 3> + O3, g% N2, M),
T
(B.7)
3 2
GNY _ € 1 (g°(4Ns +6) L 3, 35 gA” 6
By = 92+(4W)2< 5 +(47r)4 29°A 19 (16Nf +3) + 15 +0(g°) .

(B.8)

The Wilson-Fisher-Yukawa (WFY) fixed point can be reached for the following values of
the couplings at one loop in ¢ := 4 — d:

2
GNY\2 2 £ g (2:‘@1 (HQ + 288) + 15(452 — 99)) 3
= (4 — O B.9
e A +o(E) | (B.9)
2
AGNY _ (42 12 c — 1263 (ks — 36
* (4m) 6r1 + 216r3 (K1 + K2 — 6) kiR )

+ 262(97k9 + T2) + 15k (ATky — 1188) — 2925k, + 40500) + 0(53)} . (B.10)

The S—function for h = h; is given by

h 1 AR3
BENY = - 4 <292th + )

2 (4m)? 6
1 2 5 NS ON2R3 A%h
46°R3N; — *AR3N; — Zn?g* 3Ny — Zg*h Ny — - —
T @) ( gLy ST g g TR T VST
+ 0N, g% Ng%, Ag") (B.11)

leading to the following fixed point at O(e):

54
(heNY)2 _ 24 < {(m(mgm — 816) + 1125)k3

ke 2k2K3(4k1 (K — 54) + (ko — 24) K2 + 648)
+ 3 (k1 (—2167%(k1 — 3) + K1 (1051 — 302) + 1545) — 4500) K3
— 216 (k1 (37(k1 — 6)(k1 — 3) + K1(69K1 — 112) 4+ 171) — 1125) Ky

+ 69984(k1 — 6) (k1 — 3)%1} + O(£%). (B.12)

Nambu—Jona-Lasinio—Yukawa model (N = 2) When we extend the number of
scalars to a real scalar and a real pseudoscalar, or one complex scalar, and keep the number
of fermions arbitrary at Ny, we obtain the NJLY model. The matrix £ = £!, £? is now
given by 3! = 1, %2 = 5. The S-functions for X\ and g are given up to two loop orders by
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[47]:

BVILY = e 4

10
<3>\2 +8NsAg? — 48Nfg4>

(4m)?
1 (2 4
T (;V — 384N;g® — 8NyAg* + 30Nfg2>\2>
s
+ 0N, 6% Ng%, Ag"), (B.13)

NJLY € 1 1 8 3 L 2 5 7
=g+ ——(N;+2)+ —— = - — 12N .

BV = S+ oy (N7 42+ i (<50 + a4 (7 - 1280)6° ) + O(g")
(B.14)

The zeros of these f—functions give us the fixed points Ay, g, of the NJLY model:

AVIEY. Brge 92 (3w (w2 — 40) + K7 (160 — T5ka) + #1(5000 — 219k2) + 6742 — 9680)

(47)2 20k, 500K3 (K1 + ko — 4)
+0(?), (B.15)
NJLY 2 2
+ 260) + 36k2 — 870
9. ) 2) _ =l ) o ) +0(e%). (B.16)
(4m) 2k1 200k3

The defect S-function is given by

h 1 A\h3
BEJLY = - % + —= (292th + 6)

(4m)?
+ ( 471)4 <4g4h3Nf — 3¢*hN; — > RPNy — §7T294h3Nf - )\i;f’ - 5A12Sh3 + Azh>
+ 0N, 95 X2g% Mg, (B.17)
which has a fixed point for g,, A\, and
(RNILY)2 — 40 + = c {6(/@1(187/11 —1096) + 1452)x3
ko 156K%K5(4R1 (K2 — 60) + (K2 — 16)k2 + 480)

+2 (k1 (20007 (k1 — 2) + 3k1(353kK1 + 1620) + 3708) — 34848) r3
— 160 (k1 (257 (k1 — 4) (k1 — 2) + 3K1 (1791 — 72) + 2820) — 8712) k2

+ 288000(r1 — 4) (k1 — 2)51} +0(?) . (B.18)

Chiral Heisenberg model (N = 3) The last model we will consider is the chiral
Heisenberg model. It contains three real scalars and the model is invariant under SO(3)
rotations. The matrix ¢ = X1, %2 %3 is given by the Pauli matrices o;:

Y =0, ® 1. (B.19)
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The B—functions for A\ and g up to O(e?) were calculated in [77], together with various
critical exponents. They are given by

H 11X2
B35 :—5)\+( 2 89>\Nf—489Nf+T

4T
44 2323
< G* NNy — 12g* ANy + 384¢° Ny — 3> + 0\, g5 Ng% Agh),
(B.20)
3 2
H_ € 1 93N 3 1 _109)\_12 5 47¢°  Bg\ Ol
& 2g+(4w)2(g f+g)+(47r)4 3 GNr+ =55 ) O
(B.21)
The corresponding WFY fixed points are
A 3Koe g2 3
= — 564 —44
@m)? ~ 22m; 1064853 (1 + 2 — 2) Filrz — 44)

+ 6K2(2951 k9 — 9064) + 5751 (1027k9 — 16412) — 74853k + 965052) + O,

(B.22)

(@2 & £2(2k1(Bka + 1232) + 420k5 — 8151) 5

The S—function of h is given by

i _ _ch 1 202hLN th
h 2+(47r)2<ghf+6
2 7 AZRS 1123 5A%h
2 3 2 433 473 4
~ PARRN; — Sr2g AN 4 4g 3Ny — LgtaNy - A0
+(47r)4< e A e s T T
+ 0N, g% X2g% Ag"), (B.24)

with the corresponding fixed point

99 .
) = — ( (7947 2 1 98706
(h3) Ko + 662k3(4k1 (kg — 66) + (ko — 8) kg + 264) { K1 K1+ K1

1064872 (k1 — 1) — 18717) - 87732) K2+ 3(r1 (1627H1 — 8928) + 73113
— 88 (k1 (1217 (k1 — 2)(k1 — 1) + 3k1(813k1 + 280) + 18753) — 21933) k2

+ 383328(%1 — 2)(/’?1 — 1)/%1} + 0(62) . (B.25)
C Integrals

We gather in this appendix the integrals useful for the computations performed in this
work. Integrals are computed using dimensional regularization with d = 4 — . In our
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perturbative computations, we encounter the following integrals:

Yia3 2=/dd$4 VEVOLYVEYSS (C.1)
X1234 !Z/ddfﬁs I5125135145 , (C.2)
Hi 34 2:/dd£€5/dd$6 I5155136 146156 = /dd$5 Ii5125Y345 , (C.3)

where I;; corresponds to the scalar propagator in d dimensions (see (2.14)). The three- and
four-point massless integrals X and Y are finite in d = 4 and have been solved analytically
[82, 83]. The X-integral is given by

X134 = 111271;4 xX D(x, X) , (C.4)
with the Bloch-Wigner function
D(.X) = —— <2Liz(x) — 2Li(¥) + log ¥ log - X) , (C.5)
X — X 1—x
and where the variables y, ¥ are defined via
W= - = (C6)

In the case where all the external points are aligned (here in the 7-direction), the
X-integral can be expressed as a special limit of the result above:

Liolzy o
X = D
1234 1672 (X x)
Liolss X
= — —— (x1 1—x)log(l — . C7
%gl_XQﬂ%x+( x)log(1 = x)) (C.7)

Note that in 1d, X234 is one degree of transcendentality lower than in higher d, and that
although the prefactor in (C.5) implies a divergence in the limit y — ¥, it turns out to be
compensated by the numerator.
The Y-integral can easily be obtained starting with Xj234 and sending one of the
external points to oco:
Y123 = m 47T2$?1 X1234 . (08)

li
T4—>0O0

For the 1d limit mentioned above, this gives

I
Yigs = — 12 <Tl2 log 712 4 T 1og723) , (C.9)
8w \ 713 ~T13 T13  TI3

with 7;; := 7 — 7;. It is also useful to consider derivatives of the Y-integral, e.g.
Y13 = —I12113, (C.10)

1
(01-02)Y123 = B (Iholiz + Th2loz — I13123) . (C.11)
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To the best of our knowledge there exists no analytical solution for the H-integral.
However several identities relate derivatives of the H-integral to its X and Y siblings
[84, 85]:

OfHiz,30 = —T12Y134, (C.12)
(01-02)Hi234 = % [I12(Y134 + Y234) — X1234] - (C.13)

Other combinations can be obtained by using
Hi234 = Ho1 34 = Hi243 = H3412. (C.14)

In our calculations we only encounter the H-integral in the following special ”spinor”

combinations:

(Fiz24)*8 == (§1(d) + @3)P2) P Hiz04 , (C.15)
(G12,34) PP .= (#,39) "B (#534) P Hi234 (C.16)

where we have written the matrix indices explicitly to avoid confusion.
The F-integral is finite and can be solved by using integration by parts, the fermionic
star-triangle relation

/dd964 PsT1alos@yIss = —mf |gdosT12]13103 (C.17)

and going to a conformal frame. For the case where all the external points are aligned, this

gives

T4—> 00

40
Fiz04 "~ ZI343T1 Y03

0
gl L X (2
= 1 1+ x)(1 — x) log(1 — 1
Tf,27545127r61_x(x og X + (1+x)(1 = x)log(1 — X)) , (C.18)

where we have suppressed the indices for compactness.
The G-integral is also finite and can be solved by observing that the correlator given in
(3.68) for the case N = 1 needs to have the following structure in terms of spinor matrices:

ABCD ]]_AB]ICD
Gizsi = —5 5 91234(X) - (C.19)
T12734
This implies
1
912,34(X) = 171327??4(51 - 02)(03 - Oa)Hi2,34, (C.20)

which, after using the identities given in (C.11) and (C.13), turns into

- 204187r6 (1 _XX)Q (1=x)(2—x) +x*(2 = x)log x + x(1 — x)*log(1 — X)) -

(C.21)

912,34(X)
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The integrals described above are log-divergent in the limit where two external points
coincide. In particular, we encounter repeatedly the integral Y719 in self-energy diagrams,

which reads: .

Yiio= -5
4.2
327y

1
(5 + R4 log 75 + (’)(5)) . (C.22)

Another divergent integral that appears in two-point fermion loops is the following:

Blg = /ddngddx4 113]24$3[3463[34. (C23)

This integral is easy to relate to Y712 by using v-matrix identities and integration by parts:

1
By = Q/ddazg/ddm Li31240513,

1
= §Y112 s (C.24)

where in the final result there is a 4 x 4 identity matrix implied. Note that in the last
line we have made use of Green’s equation (2.16). In the course of the computation, a
quadratic divergence dropped out as dimensional regularization is insensitive to it.
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