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Abstract

We revisit the idea that the inflaton may have dissipated part of its energy into a thermal bath
during inflation, considering monomial inflationary potentials and three different forms of dissipation
rate. Using a numerical Fokker-Planck approach to describe the stochastic dynamics of inflationary
fluctuations, we confront this scenario with current bounds on the spectrum of curvature fluctuations
and primordial gravitational waves. We also obtain analytical approximations that outperform those
frequently used in previous analyses. We show that only our numerical Fokker-Planck method is
accurate, fast and precise enough to test these models against current data. We advocate its use in
future studies of warm inflation. We also apply the stochastic inflation formalism to this scenario,
finding that a commonly implemented large thermal correction to the primordial spectrum—that had
been argued to become apparent with it—is actually not required. Improved bounds on the scalar
spectral index will further constrain warm inflation in the near future.
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1 Introduction

Inflation is the leading framework to solve the flatness and horizon problems of the standard hot big
bang scenario and to account for the temperature anisotropies measured in the cosmic microwave
background (CMB). It assumes a phase of accelerated expansion during which the Universe grows
its volume by a factor of ~ €3V, where the number of e-folds of inflation, N, satisfies N > 50. The
most common way of implementing inflation makes use a single scalar field, ¢, the inflaton, with a
very flat potential V(¢). The energy density stored in the potential makes the expansion accelerate
as long as the potential is flat enough and its curvature is sufficiently small. This is the standard
slow-roll inflation scenario. In this picture, inflation ends when the energy stored in the inflaton is
released into other species (and eventually the Standard Model) while the inflaton oscillates around
the minimum of its potential. This occurs by means of a process called reheating, during which the
expansion of the Universe slows down becoming radiation-dominated.

The improvement of the CMB measurements has allowed to rule out an important subset of
single-field slow-roll inflationary models (concrete choices of V(¢)) that two decades ago were still
viable [1]. This progress has been possible thanks to significantly stronger bounds on the amount of
primordial gravitational waves generated during inflation at CMB scales. Much of the experimental
effort that will take place in the near future in this area is going to be dedicated to set even more
constraining bounds on this quantity, specifically through measurements of the CMB polarization.
This may lead to constraining even further the space of allowed single-field slow-roll models, or to a
momentous discovery.

The previously discussed standard description of inflation assumes that the Universe is populated
by the inflaton and devoid of any other species which the inflaton may produce. This is justified by
small couplings and by the accelerated expansion itself, which quickly dilutes any of the inflaton’s
offspring. In this paper we will entertain the possibility that particle production during inflation is
strong enough that it becomes necessary to consider a thermal bath during inflation. The thermal
bath is thought to originate from the inflation gradually releasing part of its energy into other
species, which then thermalize (or, more commonly in concrete implementations, lead to yet other
particles which finalize thermalize, see [2] for a review). This scenario is known as warm inflation
[3], as opposed to the standard picture of (cold) inflation. The presence of the thermal bath changes
the course of inflation as well as the spectrum of primordial fluctuations. Moreover, the reheating
of the Universe may occur when the radiation energy density surpasses that of the inflaton, as the
latter diminishes continuously.

Warm inflation has been invoked to salvage notable inflationary potentials from being excluded
from the bound on primordial gravitational waves that we mentioned above. The relevant quantity
is the tensor-to-scalar ratio, r, which compares the amplitudes of the tensor and scalar primordial
spectra at CMB scales. The current upper bound on r is r < 0.032 at £ = 0.05 Mpc~! and 95%
confidence level [4]. This bound strongly excludes in the standard slow-roll picture all monomial
potentials V' o ¢" (with n > 0). For sufficiently small n < 1 with n € Q, the exclusion comes
instead from the value of the tilt of the scalar spectrum. In this paper we explore the consistency of
the cases n = 2,4, 6 with current CMB bounds in the context of warm inflation.

In warm inflation, the transference of energy from the inflaton to the thermal bath is determined
by a function of the inflaton and the temperature of the bath: I'(¢,T'). In this paper we consider three
different choices for I'(¢, T'), which have been proposed in previous works in concrete implementations
of warm inflation. Specifically, we consider the cases I' oc T' (with I'/9¢ = 0) [5-8], T &< T? (with
Ol /0¢ = 0) [9-11] and, finally, T oc T3/¢? [12, 13]. In total, we have 3 x 3 combinations of choices



of V(¢) and I'(¢, T'), as shown in Tab. 1. In this table, the symbols ¥ and % indicate, respectively,
the consistency and inconsistency of each choice with current cosmological data. The most notable
information from this table is that the case n = 2 is incompatible with the data for all three choices
of I'. This occurs not because of the tensor-to-scalar ratio, 7, but due to the scalar spectral index, ng,
which is too large. This result can be understood analytically, which we detail in Sec.5. The cases
n = 4,6 are compatible with the data for specific choices of I'. Again, the most relevant cosmological
parameter turns out to be ng, whereas r can be smaller than current bounds (and smaller than the
precision of next-generation CMB experiments).

| #° | ¢* | 6°

T [[v][v]|x%
EEIRZE
T3/? | % | % | %

Table 1. Summary of the compatibility with CMB data of the dissipation rates (rows) and inflaton potentials
(columns) considered in this work. ¥ means compatible. ® means incompatible.

The models we study have also been considered in earlier papers [14-18]. Our work goes beyond
them in three key aspects:

1. Computation of the primordial power spectrum.

In order to obtain the spectrum of primordial scalar perturbations in warm inflation it is
necessary to solve a system of stochastic differential equations. The stochasticity of the system
arises from a statistical treatment of the many degrees of freedom contained in the thermal
bath and becomes manifest as a source of random noise. In principle, the system of equations
needs to be solved over many realizations of the noise and then an average should be taken
from the ensemble of solutions. This is numerically costly. For this reason, previous works have
used a semi-analytic fitting formula for the averaged power spectrum [19, 20]. Unfortunately,
this fitting formula can be inaccurate, is model-dependent, and has been applied quite liberally.
Instead, we apply a Fokker-Planck method which is highly accurate and valid for any model
of warm inflation. We refer to this method as the “matrix formalism”. This method was
introduced in [21] and we advocate its use in future studies of warm inflation.

2. Analytic exploration of the models.

We provide a careful analytic study of the primordial spectrum which allows to understand
its properties for any combination of V(¢) o« ¢™ and T'(¢,T) o ¢*T?. Previous analytical
estimates (see the point above) fail to give a sufficiently good approximation to the properties
of the power spectrum in the region of parameter space that is relevant for CMB data, which
requires a precision < 1%. Whereas our approximations are not as good as it would be desirable
(although still better than previous attempts) for the amplitude of the primordial spectrum,
they reach the desired precision for the scalar spectral index for most of the relevant parameter
space, see Fig. 9.

3. Stochastic inflation formalism.

Calculations of the primordial spectrum of scalar fluctuations in warm inflation have often
been done including an ad-hoc correction that has been argued [19] to arise from applying



the formalism of stochastic inflation to warm inflation and taking into account the occupation
number of thermalized inflaton fluctuations. We reconsider this argument, showing that such a
correction is not required by stochastic inflation. We show that the application of the stochastic
inflation formalism in the context of warm inflation leads to the same result for the primordial
spectrum, at lowest order in fluctuations, as the one obtained from standard perturbation
theory. This point and the previous ones imply that our results differ from earlier ones for the
same combinations of potential and dissipation rate.

In the next section we review the basics of warm inflation at background level, paying particular
attention to estimate the number of e-folds of inflation required to solve the horizon and flatness
problems, depending on the equation of state of the universe after inflation ends. In Sec. 3 we review
the dynamics of metric, inflaton and radiation perturbations in warm inflation. We present the
two methods (Langevin and Fokker-Planck) that we use to compute the primordial spectrum of
curvature fluctuations. In Sec.4 we discuss our methodology to compare our numerical predictions
with current cosmological bounds on the spectrum of primordial fluctuations and we proceed to
study the nine cases listed in Tab.3. We perform an analysis to validate the application of the
Fokker-Planck method by comparing it to the more standard Langevin one. And we compare our
results to previous works, explaining in further detail the main differences. In Sec.5 we present
our analytical estimates for the amplitude and the spectral index of the spectrum of curvature
fluctuations. We also discuss the quantization of the fluctuations of the inflaton in presence of a
classical noise source. In Sec.6, we apply the formalism of stochastic inflation, showing that the
result from standard perturbation theory is recovered at lowest order in fluctuations. We present
our conclusions in Sec. 7.

This work also contains three appendices. In App. A we present a more efficient implementation of
the Fokker-Planck formalism. It gives the same results as the one discussed in Sec.3, but saves some
computation time. In App.B we discuss the statistical limitations of the Langevin approach. This
illustrates the need of solving the system of stochastic differential equations for the fluctuations a
large number of times in this approach to obtain a sufficient precision. Finally, in App. C we perform
an analytical description of the dynamics of the Universe after warm inflation. This discussion
informs our method to relate the fiducial scale of the CMB to the number of e-folds of inflation.

Throughout the paper we set c =h = kg = 1.

2 Dissipation during inflation

We assume that the dynamics of inflation is such that the Universe can be described as a homoge-
neous expanding background in which small fluctuations live. In this paper we will not be concerned
about the initial conditions (prior to inflation) leading to this state in the context of warm inflation.
See however Sec.3.2 for a brief discussion about the consistency of the initial conditions for the
fluctuations during warm inflation.

2.1 Background equations

The background dynamics of the inflaton and the thermal bath obeys a system of ordinary differential
equations which determine the expansion rate of the Universe, H, via

SMEH? = p, +V(9) + %qé?. (2.1)



In this equation, Mp = (87G) /2 ~ 2.45x 10'8 GeV is the reduced Planck mass (and G is Newton’s
gravitational constant). The function ¢ is the (cosmic) time derivative of the background inflaton
and p, is the energy density of the radiation bath, which is also a function of time. The time
evolution of the latter is given by

pr+4Hp, =T¢7, (2.2)

where I' is a function of ¢ and the temperature of the thermal bath T', related to p, by

7T2 4

Pr = %Q*T ) (2.3)

where g, is the effective number of relativistic degrees of freedom in the bath. The inflaton dynamics
follows

¢+ BH+T)o+Vs=0, (2.4)
where Vj; denotes the derivative of the potential with respect to the inflaton field and we define

r

Q=35 (2.5)

At the level of the background, the dissipation rate, I', acts as an extra source of friction for the
inflaton, which transfers energy into the radiation bath.

2.2 The duration of inflation

The amount of expansion that the Universe undergoes is quantified by the number of e-folds

N = / H dt, (2.6)
with IV growing as time progresses, by convention. We define the slow-roll parameter:

dlog H H
N T @ @7

€ =

Inflation happens as long as € < 1. The number of e-folds between the time a scale k becomes
superhorizon during inflation and the end of the latter can be estimated as
k 1 Pend 1, pPBBN

Np = —log — — lo ——lo
S H, 3(1+w) gpBBN 108 Peq

—log(1 + z¢q) , (2.8)

where Hj is the Hubble function at the crossing time and w is the average equation of state of the
Universe from the end of inflation to the time of the big bang nucleosynthesis (BBN). The quantities
PBBN, Pend and peq represent the energy density of the Universe at BBN, the end of inflation and the
time of matter-radiation equality (corresponding to redshift zq), respectively. This approximation
assumes sudden transitions between each of these phases. Notice that (2.8) is actually an equation
for Ny since Hy, is nothing but H(Ng).

A particular case of interest consists in taking w = 1/3. This corresponds to radiation domination
from the end of inflation to BBN. The inflationary e-fold difference between this case and a Universe



expanding with equation of state w right after inflation (with all the other parameters appearing in
(2.8) being equal) is!
1—3w Pend

AN (w) = 201 + w) log . (2.9)

This is illustrated in Fig.1 (left). For p]13/§N ~ 1073 GeV and values of pir/lé like the ones we
will encounter in the models we consider in this work (e.g. 10'2 GeV - 10'* GeV), we have that
AN(0) ~ 10 (matter domination after inflation) and AN (1) + AN(0) ~ 0. Therefore, a universe
that enters into kination domination right after inflation and maintains this equation of state until
BBN, expands ~ 10 e-folds less than one that covers that period expanding as radiation. We will

use this estimates later to obtain conservative limits on the validity of specific combinations of V' (¢)

and I'(¢,T).
Let us now return to the case in which w = 1/3 after inflation. In this case, it is possible to
describe the transition towards the end of inflation from w = —1 to w = 1/3 more accurately than

assuming a sudden transition at the end of inflation, while at the same time still having an expression
for the number of e-folds that is useful for analytical estimates. This can be done by simply assuming
that the sudden transition happens at a later time, when the actual equation of state is closer to
that of radiation than to —1. Then, the equation for Ny (as defined above) is now

1 p(Nend + Ntr)

k
Ny + Nip + 1o — g PAYend TV 1061 4 20, 2.10
k tr g H(Nk) 4 g peq g( GQ) ( )

where Ny, accounts for that extra time needed to describe the transition more accurately. In practice,
we will solve numerically the equations for the background and perturbations until a N, that is
chosen ad-hoc as a proxy for the intermediate phase between w = —1 and w = 1/3. This is useful in
models of warm inflation in which the Universe is automatically reheated when the radiation bath
overcomes the energy density of the inflaton. Concretely, we will be working later with Ny = 5 in
models in which there is a gradual transition from inflation to radiation. Fig.1 (right) illustrates
that integrating the background equations numerically until Ny, = 3 or further provides a better
characterization of the system than stopping the integration at the end of inflation (which needs to
be done in the absence of a model for reheating).

Let us now recall the amount of inflation that is needed to solve the horizon and flatness problems.
In order to solve the horizon problem, inflation needs to last at least long enough for scales reentering
the horizon today to be in causal contact at the beginning of it. This is equivalent to saying that
the lapse of conformal time from the moment such scale exited the horizon during inflation must be,
at least, the same as the interval of conformal time from the end of inflation until today. Formally,

this condition reads
/ dn:/ d77+/ d77+/ dn—|—/d77, (2.11)
inf rh rad mat A

where dnp = (aH)~! dN is conformal time. The integration domains refer to inflation, reheating (with
an equation of state w), radiation domination, matter domination and a latter epoch dominated by

'Here we have assumed that Hj, is the same in both universes, which is a reasonable approximation as long as H
evolves slowly during inflation.
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Figure 1. Left: Schematic evolution of the comoving Hubble radius with the number of e-folds between
crossing and re-entry for a given scale k. This illustrates the effect of a matter domination (w =0, in blue),
radiation domination (w = 1/3, in orange) or kination (w = 1, in green) phases on the duration between
Hubble radius crossing Ny, and the end of inflation (corresponding to the minimum Hubble radius in each
case) Right: Equation-of-state evolution with the number of e-folds before and after the end of inflation
Nend'

a cosmological constant A. Expressing the duration of these phases in e-folds we have:

1 Pend 43
ONy, = lo o~ 2.12
31+ w) Lp— (14+w) (2.12)
T;
SNpaq = log —0 = log —2BN ~ 115 (2.13)
aBBN Teq
T
S Nmat = log “& = 210g =4 ~ 16 (2.14)
Geq TA
1
INp =log — =log(l+ z5) ~0.3. (2.15)
an
Since 0 Ny is much smaller than the other three, Eq. (2.11) becomes
143 1 24(1 43
§Nin = +2 SNy + 6Npad + 50Nt + log (3 - e*‘WA) ~ (1:“’) +20. (2.16)
w

We conclude that the minimum number of e-folds of inflation necessary to solve the horizon problem
is approximately 44 assuming that reheating lasts until BBN with w = 0. Similarly, 56 e-folds are
sufficient for w = 1/3 and 68 for w = 1.

In order to solve the flatness problem, inflation has to last long enough to dilute Qy = |K|(aH) ™2
(where K is the spatial curvature parameter of the FLRW metric) to values compatible with con-

straints from CMB and other data. Today, |Q§€O)] < 1073, This quantity is given by
129 = 109 exp [~26 Nig + (1 + 3w) Nepy + 26 Nyag + 6 Nimat — 26N4] (2.17)

where we take |Q](€7’)| to be the value of || at the time at which scales that are currently reentering

the horizon exited it during inflation. Assuming ]QS) | ~ O(1), the minimum number of e-folds of



inflation needed to solve the flatness problem is

24(1 4 3w)

O Ning == 1+w

+23. (2.18)
This amounts to 47, 59 and 71 e-folds, depending on whether the equation of state w between the
end of inflation and BBN is 0 (matter), 1/3 (radiation) or 1 (kination). Therefore, having enough
inflation to solve the flatness problem guarantees solving the horizon problem as well. In Sec.4 we
will compare these numbers with the amount of inflation happening in models of warm inflation that
are compatible with the measurements of the primordial scalar and tensor spectra.

3 Perturbations

3.1 System of equations

We work in the Newtonian gauge: ds? = —(1 + 2¢)dt? + a?(1 — 2¢)d;;dz’da?, where we have a
single metric perturbation, 1, due to the absence of anisotropic stress. The conservation of the
energy-momentum tensor of the system composed by the inflaton and the thermal bath, T(‘;l; +T (‘; l)',
is guaranteed by the pair of equations [20, 22].

VMT(’;S =-Tu'V,oV’p+ Q%gtv% = —VMT(’i) . (3.1)
The 4-velocity of the radiation component is u” and & = dW,/dt, where dW; is a Wiener increment
which satisfies (& (x)&y (2')) = 60 (z — &')5(t — t'), being (---) a stochastic average over different
realizations. For a brief practical summary of the definition of a Wiener process in stochastic differ-
ential equations see App. C of Ref. [21]. In Fourier space, and denoting with primes the derivatives
with respect to IV, and partial derivatives with subscripts (e.g. I'r = 0I'/9T), the full system of
equations for linear perturbations reads

r H k2 V, T 'T 2V, ¢/
56" + <3+ =+ H) 56 + <a2H2 + o5+ ¢H¢) 5¢+FT4‘ZM5M — ¢+ (Hf + g) Y

2I'r
=\ 7 & (3.2)

/ H¢/2T k‘2 /2 / /2 / /
2I'TH
= | =59, (3.3)

1 dq
/ T /
—— | = —¢dp | =0 3.4
w+w+2M1%<H ¢¢>> : (3.4)
where dq, = % pr0v,, and dv, is the velocity perturbation of the radiation. &g, obeys the following
differential equation

4 1
5q; + 37Hp7"'¢ + 35(]7“ + 37H5p7“ + F¢/5¢ =0. (35)



However, combining Egs. (3.2), (3.3) and (3.4), it can be written as follows

oqr = 32{ <2M2 K H2¢/2> ¥+ 3?} + H¢ 66" + f(qu +3H?¢)o¢. (3.6)

In total, there are four independent differential equations that need to be solved for the scalar
perturbations. The initial conditions are

e (- o)
opr =0, =0, 0= ———— — ik , 3.7
p Y ¢ QMPameXp ik | — (3.7)

where we are assuming that the inflaton field fluctuations are in the Bunch-Davies vacuum. In Sec. 5
we justify this choice.

3.2 Computation of the primordial spectra

In this section we present the computational methods we use for the primordial scalar and tensor
spectra.

3.2.1 Scalar modes

The primordial scalar spectrum can be computed either a) solving multiple times the system of
stochastic differential equations discussed above and averaging over realizations or b) by means of a
Fokker-Planck approach in which a system of (non-stochastic) differential equations is solved once.
The second method is faster. We explain both methods below. In Sec.4 we compare the results of
both procedures for a specific choice of V and I'. We use the first method to validate the use of the
second one. We recall that the comoving curvature fluctuation in warm inflation is

R =~ (d0, = 630) — . (38)
and we define its power spectrum as
Pr = k—gm\? : (3.9)
272 k<aH

We stress that p and p in the definition for R are the total pressure and energy density of the inflaton
and radiation.

3.2.2 The system of Langevin equations and the matrix formalism

The variables we need to solve in order to compute the spectrum of curvature fluctuations (3.8) are
0, dpr and 1. As discussed above, the variable d¢, can be obtained knowing the previous three.
This allows to recast the system of stochastic differential equations, using the number of e-folds as
time variable, in the following form:

1 )
d® + A®AN = EB (AWg +idWy) = Béy dN (3.10)

where AW, = v2Re({n)dN and AW}, = v/2Im(&y)dN denote real-valued and independent Wiener

increments and

(En(k)Ex (k) = 6(N — N)&°(k — k). (3.11)



In Eq. (3.10) we use the four-component “vector”

do¢ )T, (3.12)

P = <’(7b,6p7-, diN, 5¢

where T indicates matrix transposition. With this notation, A is a 4 x 4 matrix, B is a column
vector (both given in App. A) and (3.10) is a system of Langevin equations. In order to solve it we
use the initial conditions (3.7) evaluated at some initial time V;, which can be expressed as

vk 11 1 >T
"V2ak; a2k’ 2ka!

where k; is the scale that crosses the horizon at the time at which the initial conditions are set
k; = H(N;)a(N;). This time needs to be set sufficiently before the crossing time of the scale of
interest, k. Typically, a ratio ~ 100 between k and k; is sufficient for accurate results. The system of
Langevin equations can be solved using, e.g. a fixed time-step Runge Kutta method. Averaging over
many solutions (for different realizations of the noise) we can obtain the (averaged) power spectrum
of curvature fluctuations[21]. In App.B we discuss the statistics of the primordial fluctuations
obtained from the system of Langevin equations.

B(N;) = (0,0 (3.13)

Defining the two-point statistical moments
Q= (®d"H(N) = /Hdcbi /Hd@; P(®,®* N) ®d, (3.14)
i j

where P(®,®* N) is the probability density for the system to be in state {®, ®*} at time N, the
system of Langevin equations yields a deterministic differential equation for Q:
d
Q@ _ _4Q-QaT 1 BB (3.15)
dN
This equation allows to circumvent the problem of solving the full system of stochastic differential
equations for the perturbations multiple times, provided that we are interested solely in the stochastic
average of the power spectrum. The latter is given by
k,3
(Pr) = ;5C"(®@")C , (3.16)
2m k<aH
where the column matrix C is given in App. A. This method was first described in Ref.[21]. The
Eq. (3.15) comes from applying to (3.14) the Fokker-Planck equation that gives the time evolution
of P(®,®*, N):

0P

oP 0 0
{ Sogwr | (3.17)

— = Apy——(®P) + Apy——(®; P) + (BB
IN ~ 2 keaq)k( P) M%’Z( 1P)+( )kt
3.2.3 Tensor modes

The evolution equation for tensor modes in warm inflation is the same as in cold inflation. There is
no stochastic source. In Fourier space:

]{72

10



where hj, = 2vi/a and hy is the mode function of any of the two possible independent polarizations.
One can easily solve numerically Eq.(3.18) by assuming Bunch-Davies initial conditions and get
the value of the tensor perturbation a few e-folds after horizon crossing. The dimensionless power
spectrum for tensor modes (including the two polarizations) is then given by

k3 9
Py = 2ﬁ|hk| . (3.19)

4 Phenomenological analysis and constraints

4.1 General setup

Models considered. We focus on the following inflaton potential and dissipation rate

['(¢,T)=C Mp <¢>a (Ty B>1 and V(¢)= é1\4;%, <¢)n n>1. (4.1)
’ Mp Mp ’ - n Mp ’
Each model is defined by a set of integer exponents n, «, 8. For each model the dynamics of inflation
is uniquely determined by the dimensionless parameters A and C' as well as the effective number of
relatistic thermalized species g,. We consider three cases for the dissipation coefficient, motivated
by existing models that appear to be the most popular realizations of warm inflation. We list them
below with some concrete examples from the literature:

e I' x T': The distributed mass model [5], the warm little inflation scenario [6], a supersymmetric
version of the distributed mass model [7], Nambu-Goldstone inflaton [8].

e I' o T3: The heavy mediator mass limit in the two-stage mechanism [9], via sphaleron processes
in minimal warm inflation [10, 11].

o' x T3/¢? Small mass limit in the two-stage mechanism [12], in the context of extra-
dimensions [13].

The physics of these models is nicely summarized in a recent review of Ref. [2]. We refer the reader
to this reference or to the original works for details about the field theory implementation in each
case. In what follows we discard any potential thermal corrections to the inflaton potential as
well as thermal contributions to the inflaton-fluctuation occupation number. Such model-dependent
effects have been argued to play a role (see e.g. [2] and references therein). We do not consider
such effects in our work, other than to argue in Sec.5.6 that a commonly applied correction to
the primordial spectrum of curvature fluctuations (allegedly stemming from occupation numbers
of inflaton-fluctuation momentum modes thermalized with the radiation plasma) is actually not
required.

Computational procedure with the matrix formalism. We scan the parameter space of each
model using the matrix formalism presented in the previous section. That is, we solve Eq. (3.15)
to compute the scalar primordial spectrum in a densely populated grid in parameter space. The
tensor power spectrum is obtained for those same points in parameter space by simply solving the
ordinary differential equation (3.18) for the tensor modes. For each point, the background evolution
is obtained solving Equations (2.1)-(2.4) at least until the end of inflation Nepq, and then fed into
the computation of the fluctuations.
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We determine the time Ny, corresponding to Hubble-radius crossing for the CMB fiducial scale
ky = 0.05 Mpc~! using Eq. (2.10), choosing adequate values of Ny > Ngnq and AN, as defined in
Sec. 2.2. And we solve for both scalar and tensor modes until ~ 10 e-folds after horizon crossing for
several scales around k = k.. We determine the amplitude of the power spectrum Ag for the scale
ks« and the scalar index ng by fitting the resulting power spectrum with the usual relation

Pr(k) = A, (i)ns_l | (4.2)

The tensor-to-scalar ratio r is derived computing the ratio of Eq. (3.19) and Eq. (3.9).

Self-consistency check for the matrix formalism. We have tested the precision of our results
by developing two independent codes implementing the matrix formalism. For example, we have
tested both codes with the model described by the potential V(¢) = (\/4)¢* and T = CT/Mp
with A = 1.74 x 10715, C = 0.012, which is compatible with BICEP /Keck-Planck constraints (see
below). The relative difference between the outputs from two codes for the relevant CMB parameters
(amplitude of the scalar power spectrum, scalar spectral index, tensor-to-scalar ratio and duration
of inflation Ny, ) is found to be below 0.3%.

Effective number of relativistic species during inflation. We often consider as a reference
the value g, = 12. Typically, several fields in addition to the inflaton are required to achieve the
desired form of I' and g, = 12 is a commonly used value in the literature. Notice that this value is
smaller than the Standard Model (SM) expected value for temperatures above the electroweak scale,
9x(T > Tew) = 106.75 for Trw ~ 200 GeV. We remain agnostic about the transition between the
early thermal plasma and the SM plasma after inflation. The only effect of this transition on our
results would be to affect the determination of N , which can be encapsulated in the variable AN
defined in Section 2.2. We will discuss the effects of g, and AN further on through our analysis.

Reheating. The transition to a radiation dominated universe after the end of inflation can some-
times be achieved automatically in warm inflation without introducing any further coupling between
the inflaton and other species. Appendix C explores this possibility for a subset of the inflaton poten-
tials and dissipation rates parametrized in Eq. (4.1). Two distinct cases are discussed, corresponding
to strong or weak dissipative regimes according to the value of the dissipation rate at the end of
inflation, respectively Qeng > 1 and Qeng < 1. For each model, we use the possibility to achieve a
smooth transition into radiation domination (or lack thereof) to motivate our choices for Ny, and
AN, discussed in Sec. 2.2, for the determination of the CMB fiducial scale crossing time Ny, .

Constraints. We confront the parameter space of each model with CMB and other data. Specif-
ically, we consider the bounds on the tensor-to-scalar ratio r and scalar spectral index ng from an
analysis of BAO [23], BICEP /Keck 2018 (BK18) and Planck (PR4) data [4] (including CMB lensing
data [24]). This work found ns, = 0.9668 + 0.0037 at 68% confidence level (CL) r < 0.032 at 95%
CL. The amplitude of the scalar power spectrum is measured to be log(1019A4,) = 3.044 4+ 0.014 by
Planck (TT,TE,EE+lowE+lensing) [25]. Given the fact that the measurements of ngs and A, reach
an O(1%) precision, we must ensure our numerical predictions to be accurate to at least the same
level of precision in order to derive meaningful results.

We also compare our results to the planned sensitives of upcoming CMB-dedicated experiments
and large scale surveys. The Simons Observatory should reach r < 6 x 10~% [26], LiteBIRD should
reach r < 2 x 1073 [27] and CMB Stage-4 (CMB-S4) r < 1073 [28]. In addition, we consider a
forecast for a CMB-Euclid joined analysis [29] with an expected accuracy of o(ns) ~ 0.002. We will
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use this prediction assuming as central value for ng the current one determined by Ref. [4] and will
refer to it as (Euclid+CMB). We consider as well the possibility for the scalar index to vary with the
scale k by computing the running dns/dlog k around the pivot scale k, in the models we study. We
find values of the running that are generically much smaller than the central value allowed by Planck
constraints dns/ dlogk = 0.00114+0.0099 (TT,TE,EE+lowE+lensing+BAO) [25]. This justifies the
parametrization (4.2) and using only constraints on the scalar index assuming zero running, which
are stronger.

We start immediately below with a detailed analysis for V = (A\/4) ¢* and T' = C'T/Mp, studying
the impact of each parameter on the predictions for the various CMB observables. We use this
example to comment in Sec.4.2.2 on the accuracy of our results by comparing the matrix formalism
and the Langevin approach (see Section 3.2). The subsequent parts of this section are dedicated to
exploring additional models in a systematic way, covering all the possibilities listed in Table 1.

4.2 A detailed case: linear dissipation rate (I" x T")
4.2.1 Quartic potential

We perform a scan in the 2-dimensional parameter space [C, \] and select the parameters satisfying
constraints on the amplitude of the scalar power spectrum from [25]. We choose the parameters
Ny = 5 and AN = 0 to quantify the number of e-folds of inflation, as explained later on. We
represent on the top panel of Fig. 2 the parameter space, allowed at the 20 (or 30) level? with
gx chosen to be 4 (left), 12 (center) and 120 (right). In addition, we represent constraints from
the BICEP /Keck-Planck analysis of Ref. [4] at 20 (10) as light (dark) blue regions. Forecasts for
constraints from the Simons Observatory (SO) [26], LiteBIRD [27] and CMB Stage-4 (CMB-S4) [28§]
are represented as purple dashed lines in addition to predictions for a joined Euclid+CMB analysis [4]
in green (assuming the central value for ng to remain identical to the current one determined in
Ref.[4]). The bottom panel of Fig. 2 shows the parameter space corresponding to values of A
allowed at the 3o level in between two solid red lines.> The color of the allowed parameter space
codes values of log;, r. The blue region in the bottom panel of Fig. 2 represents the allowed parameter
space from the BICEP /Keck-Planck analysis of Ref. [4] at the 20 level. The light-orange dashed lines
represent isocountours of the duration Ny, between the time the scale k. crosses outside the horizon
during inflation and the end of inflation.

Parameter space. The allowed parameter space for g, = 12 is projected in Fig. 3 (left panel) in a
plane where the spectral index is represented on the y-axis and the dissipation coefficient Q@ = I'/(3H)
evaluated at Hubble-radius crossing of the comoving scale k, on the x-axis. In this plane, going from
large values of @) to smaller values decreases the scalar index ng until reaching a local minimum
ns ~ 0.97 for Q. ~ 0.5. For lower values of ()., ns increases to reach a local maximum ng ~ 0.977
for Q. =~ 0.04 before decreasing and reaching an asymptotic value ng ~ 0.9485 at small @), in the
limit where inflation is essentially cold. Such local ns maximum and minimum features appear in
the plane [r, ny], in the top panels of Fig. 2, in the form of turning shapes for the allowed parameter
space. Such a shape appears to be a rather universal feature in the various models we consider in
this work. From Fig. 2, the parameter space for g, = 12 compatible with constraints on Ay, ns and

2Here and in the rest of this work, in order to obtain 2¢ intervals from CMB bounds at 68% C.L. we simply
assume Gaussianity for the posterior distribution functions whenever necessary. This approximation is sufficient for
our purposes.

3We chose 30 (bottom panel), different from 20 (top pannel), for readibility as the two red lines are very close and
would become almost undistinguishable if 20 were chosen.
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Figure 2. Parameter space for V.= (A4)¢*, T' = CT, described in Section 4.2.1, compatible with
constraints on the amplitude of the scalar power spectrum Ag from [25]. Top: The parameter space, allowed
at the 20 level, is represented in the plane [r,ns] in red. g, is chosen to be 4 (left), 12 (center) and 120 (right).
Constraints from the BICEP/Keck-Planck analysis of Ref. [4] at 20 (10) are represented as light (dark) blue
regions. Forecasts for constraints from the Simons Observatory (SO) [26], LiteBIRD [27] and CMB Stage-
4 (CMB-54) [28] are represented as purple dashed lines. The sensitivity estimate for a joint Fuclid+CMB
analysis [4] is represented in green, assuming the central value for ng to remain identical to the current one
determined in [/]. Bottom: The parameter space, allowed at 3o, is represented in the plane [C,\] between
the 2 solid curves in red. The colored region represented in each panel in between these two lines shows the
value of log,qr. The light-orange dashed lines represent isocontours of the duration Ny, between the time the
CMB fiducial scale k, = 0.05 Mpc™! crosses outside the horizon during inflation and the end of it. Dashed,
dot-dashed and solid black lines represent isocontours of the scalar index ns. The region in blue represents
the allowed values of ns from Ref. [}] at 20. Further details can be found in Sec. f. We stress that the values

of the spectral parameters As,ns and r are always relative to the scale ks, in this figure and through all this
work.

r points towards a dimensionless coupling C' ~ 7 x 1073 and A ~ 2 x 10~'. The allowed window for

the duration of inflation between the crossing of k., and the end of inflation is also relatively narrow
Ni, € [58.40, 58.55].

One can also observe in Fig. 2 that varying the parameter g, results in an approximate vertical
shift of the allowed parameter space in the plane [r,ng]. Therefore, the value of g, does not affect
the value of ng at the local minimum but increasing the value of g, by a factor of O(10) tends to
increase the predicted tensor-to-scalar ratio by a factor of O(1). As shown in Section 5.5, the power
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spectrum for values of 0.2 < @, < 1 (which are those relevant to fit the CMB data) scales as

C5/3)\1/3
9%
This expression agrees qualitatively with the results that can be observed comparing the bottom
panels of Fig. 2: the allowed parameter space requires larger values of the dimensionless parameters
C and ) as g, increases, in order to maintain an amplitude of the spectrum at the same level.

Reheating. In the strong dissipation regime, in which the value of ) at the end of inflation is
Qend > 1, as detailed in Appendix C and summarized in Tab. 3 and Tab. 5, radiation domination is
achieved a few e-folds after the end of inflation. This is also illustrated in the right panel of Fig. 1.
The choice Nt = 5 ensures that the transition from inflation to radiation domination is properly
accounted for.

An inflaton field oscillating about a quartic potential, in the weak dissipative regime (Qepng < 1)
redshifts as radiation (see Tab. 3 and Tab. 5 on the left panel). However, in the weak dissipative
regime after inflation, I" increases (and so does Q) until reaching the strong dissipative regime where
the ratio of the inflaton energy density over radiation decays exponentially fast and the transition to
radiation is eventually achieved. The effect of choosing different values of the equation of state after
inflation is illustrated in Fig. 3 on the right panel. We consider two extreme cases where the universe
instantanesouly transitions after inflation to the longest possible phase of matter domination (w = 0)
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Figure 4. Histograms and probabilty distribution functions for 2400 solutions of the Langevin equations
in the case V. = (A\/4)¢* and T = CT. Left: Generated data for the real and imaginary parts of the
curvature perturbation R for the CMB fiducial scale ki are shown respectively in dark-grey and light-grey.
The red-dashed and blue-dashed lines represent, respectively, the best (normalized) Gaussian fits of the real
and imaginary parts. Right: The same data is used to generate a (normalized) histogram in grey for the
variable defined in Eq. (4.4) for the CMB fiducial scale k.. The solid grey line represents a skew-normal
distribution (Eq. (4.6)) fit. The black solid line corresponds to the function defined in Eq. (4.7). The vertical
blue-dashed line represents the difference between evaluting the variable log,o(Pr) using the matriz approach
and from averaging over stochastic realizations.

or kination (w = 1), which correspond to Ny = 0, AN =10 (w = 0) or AN = —10 (w = 1). The
effect of these parameters on the determination of the CMB fiducial scale crossing is illustrated in
Fig. 1. While a phase of matter domination tends to decrease the value of ns and ease the agreement
with the central value of the BK-PR4 preferred region, a phase of kination would imply the opposite
and is excluded by those results.

An interesting aspect about this model is that there is a lower bound on the tensor-to-scalar ratio
(r 2 7 x 107°) that is achievable in the region allowed by constraints on n,. In addition, unless
a phase of matter domination is achieved directly after inflation, the future Euclid+CMB might
be able to rule out this scenario. Our results appear to be qualitatively consistent with Ref. [6],
which considered a wide range of duration of inflation Ny, ~ 50 — 60. Ref. [6] considered also the
effect of a thermal distribution for the occupation number of inflaton fluctuations, which we argue
in Section 5.6 is not justified.

4.2.2 A second approach: solving the Langevin equations.

As discussed in Sec. 3.2, in order to determine the power spectrum of curvature pertubations, one
can alternatively solve the Langevin equations (3.10). We have used the Langevin approach to cross-
check the accuracy and consistency of the results derived from the matrix approach. Setting g, = 12,
we have solved the system (3.10) for 2400 stochastic realizations. We have extracted the probability
distribution functions for the real and imaginary parts of the curvature perturbation R as well as
for its power spectrum. Values for the real and imaginary part of R generated from those stochastic
realizations are represented respectively in dark-grey and light-grey in the histogram of Fig. 4.
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Both distribution functions can be well fitted by independent Gaussian distributions whose relative
difference in average and standard deviation are found to be at most 0.8%. The best (Gaussian)
fits are represented for the real and imaginary parts in dashed-red and dashed-blue, respectively, in
Fig. 4.

Statistics for the curvature perturbation and power spectrum. As discussed in Ap-
pendix B.2, since both the real and imaginary parts of the curvature perturbation R are Gaussian
distributed, if one assumes them to be uncorrelated it is possible to show that there is a universal,
i.e. k-independent, probability distribution function for the variable

Alogyy Pr =logig Pr — log1o(Pr) , (4.4)

where (- - ) represents an average over stochastic realizations (see also Equation (3.16)). In Ref. [21],
it was found that the distribution F(Alog;y Pr), defined via

/ Flx)de =1, (4.5)
could be well fitted by a skew-normal distribution:

1 _@w? alr —
Paowaomae |10:0) = e 5 ete [ 208

where erfc is the complementary error function. In Appendix B.2, we show that such (normalized)
distribution is indeed universal (scale-independent) and follows

(4.6)

F(xz) = log(10) 10 exp(—10%) . (4.7

Remarkably, this distribution is independent of any model parameter. The agreement between this
distribution and results from the 2400 independent stochastic realizations is illustrated on the right
panel of Fig. 4. The figures shows, in addition, a fit to the corresponding data with the skew-normal
distribution of Eq. (4.6). Both the function of Eq. (4.7) and the skew-normal fit can describe the
distribution of the data given the size of our statistical sample.

Accuracy of the stochastic code. Fig. 4 shows (in dashed-blue) the difference between the quan-
tity log,q(Pr) computed with the matrix approach and from averaging over stochastic realizations.
The agreement between both methods is found to be ~ 0.03% which is consistent (and in fact even
better) with an order of magnitude estimate of the precision that one would expect with O(10%)
realizations (see the discussion in Appendix B.1).

4.2.3 Parameter space for quadratic and sextic potentials

We remind the reader that we are considering I o< T'.

Reheating. Similarly to the V o ¢? case, both for V o ¢? and V o ¢5, in the large dissipation
regime (Qenq > 1), radiation is dominant and decays less rapidly than the inflaton (see Table 4
and Table 6). If inflation ends in the weak dissipative regime (Qeng < 1), radiation is subdominant
at the end of inflation. In this regime, after the end of inflation the inflaton dominates the energy
budget for a while but the dissipation rate increases and eventually reaches the strong dissipative
regime (@ > 1) where the ratio of the inflaton to radiation energy density becomes exponentially
or superexponentially suppressed for V oc ¢ or V oc ¢? respectively. A smooth transition into
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radiation domination can therefore always be achieved in these cases without invoking extra fields
or couplings.

Parameter space. The parameter space satisfying constraints on the amplitude of the power
spectrum is represented in Figure 5 on the left and center panels for V o ¢? and V o< ¢° for different
values of N, and AN. In both cases, the characteristic S-like shape for the allowed parameter space
can be seen. From the left panel of that figure, one can directly conclude that the quadratic potential
is excluded for this model of dissipation (I' o« T") from constraints on ns. Considering a maximal
(i.e. until BBN) phase of matter domination after inflation (AN = 10) would ease the tension but
cannot make to agree the model with the constraints on the scalar index.

The sextic potential accommodates a wider range of values for ng, from 0.92 up to 0.98. Two
distinct region of parameter space are compatible with constraints on ng, as illustrated in the right
panel of Fig. 5. A first region predicts values of ng of the order of the central value, ng ~ 0.965. This
corresponds to 7 ~ 1072 -3 x 1072 for AN =0 and Ny =5 and 7 ~ 6 x 1073 —3 x 1072 assuming a
maximal (until BBN) phase of kination (AN = —10). This region of parameter space will be in the
reach of SO, LiteBIRD and CMB-S4. An extended phase of matter domination (AN = 10) with such
large values of r is not compatible with constraints on ng and is therefore excluded. A second region
of parameter space predicts 7 ~ 1072, beyond the reach of future planed experiments, but could
accommodate any value of ny irrespectively of the value of AN = +10. In this case, the allowed
range of N, is much larger than in the quartic case, with values Ny, € [61,64] for AN = 0 and
Nir = 5. The allowed dimensionless couplings are C' € [1073,4x1073] and A € [4x 10717, 1.5x 10716
and a narrow region for C ~ 1.5 x 1072 and A ~ 8 x 10~ 1%,

4.3 T xT?

Reheating. The fate of the post-inflationary universe is summarized in the right panels of Table 4,
Table 5 and Table 6 for I' o« T3. For a quadratic potential in the weak dissipative regime at the
end of inflation, Q¢ng < 1, radiation redshifts faster than the inflaton component which behaves as
non-relativisitic matter oscillating around its minimum. The dissipation rate decays exponentially
and therefore the weak dissipative regime would essentially persist and a smooth transition into
radiation domination cannot be obtained in this case unless extra physics is invoked. In the strong
dissipative regime, Qcnq > 1, the inflaton density becomes superexponentially suppressed after
the end of inflation but the dissipation rate still decays exponentially with time. Therefore a weak
dissipation regime follows the strong dissipation phase and, again, there is no transition into radiation
domination (and some reheating mechanism is required).

For a quartic potential in the weak dissipative regime Qenq << 1, the inflaton density redshifts as
radiation. The ratio of radiation to inflaton energy-density is therefore frozen to a (small) value and
the dissipation rate decays exponentially, which perpetuates the weak dissipative regime. Reheating
cannot be achieved in this case (unless, again, extra couplings are included). However in the strong
dissipative regime, Qcng > 1, the inflaton density redshifts faster than radiation and the radiation
dominates the energy budget. The dissipation rate still exponentially drops to reach the weak
dissipation regime where the ratio of radiation to inflaton energy-density becomes frozen but to
much larger values than unity. A transition into radiation domination after inflation is therefore
achieved in this case.

For a sextic potential, V ~ ¢°, the inflaton energy density redshifts faster than radiation for
both weak and strong dissipation regimes. The dissipation rate exponentially decays ensuring that

18



107! 10!
\ V =m?¢*/2
I'=cCcr
9 =12 -2
. 10 S
1072 m | o1 Pt AR
\ / I I LiteBIRD 10-31B:S )
]
3 \ [ | ] cuBss , ; =z
- 10 = V =\ /6M} {f_
—4LT'=CT =
S S P E
4 (_f_ o Ne=0,AN=10 -
10 :5 ® N, =0,AN =10 1()—5 . \: - , A“\‘ =0 \
E ¢ Nu=5AN=0 o Ny=0,AN=-10 \ = A¢
[ PRAHBKIS (20) I PRA4+BKIS (20) =CT
. BN PR4+BKIS (10) [ M PR4+BKIS (10) g =12 Ny =5 [0 PR4+BKIS (20)
107° s 1076 , 104 T
095 096 097 098 0.99 1.00 0.92 0.93 0.94 0.95 0.96 0.97 0.98 107 1070
Mg N )\

Figure 5. Parameter space for the models described in Sec. 4.2.3 compatible with constraints on the amplitude
of the scalar power spectrum As from [25]. Constraints from PR4+BK18 are represented in blue. The expected
sensitivity reaches on r from SO, LiteBIRD and CMB-Sj are represented in dashed-purple lines. The green
region represents the expected sensitivity of a joint Euclid+CMB analysis. Left: The allowed parameter space
for a quadratic potential projected onto the plane [r,ng] is represented in red (assuming Ny =5 and AN =0)
and in green (assuming Ny = 0 and AN = 10). See Sec. 2.2 for the meaning of these parameters and the
discussion in Sec. 4.2. Center: The allowed parameter space for V oc ¢° is projected in the plane [r,ns] as
green, red and purple dots (from left to right) for different choices of the parameters Ny, and AN as indicated
in the plot legend. Right: The allowed parameter space for V oc ¢8 projected onto the plane [C, \] for Ny =5
and AN = 0 (corresponding to the red dots in the center panel) between two solid red lines corresponding to
constraints on As. The color of the allowed region codes the value of logyyr. The light-orange dashed lines
represent isocontours of the duration Ny, between the CMB fiducial-scale k, = 0.05 Mpc™! crosses outside the
horizon during inflation and the end of it. Dashed, dot-dashed and solid black lines represent isocontours of
the scalar spectral index ng. For comparison and further details, see the caption of Fig. 2 and the discussion

in Sec. 4.

the weak dissipation regime would always be achieved. As the ratio of radiation to inflaton energy-
density increases with time, the transition to radiation domination is always achieved.

Parameter space. The parameter space compatible with the bounds on the amplitude of the scalar
power spectrum is shown in Figure 6 for a quartic potential. Given that whether a transition into
radiation domination in this case depends on the value of Q¢nq at end of inflation, we represent the
allowed parameter spaces corresponding to several choices of Ny, and AN. The left panel of the
figure shows that current CMB data constrain the available parameter space to values of r < 1073,
smaller than the sensitivity expected from CMB-S4. A maximal phase of kination (Ny, = 0 and
AN = —10) is on the edge of being excluded by current data. For smaller post-inflationary equation
of states and for » < 1073, the predicted values of n, are compatible with the current preferred range.
However, values of the tensor-to-scalar ratio could possibly reach extremely small values beyond any
foreseeable near-future detection reach. The right panel of Fig. 6 shows the large parameter space
available in this case, where values of C' and A respectively span three and four orders of magnitude.
The typical duration of inflation after the CMB fiducial scale crossing Nj, can cover values from
53.5 up to 57, a range much larger than the one we find in the I' o« T" case.

The parameter space for V o ¢? and V o ¢% potentials is represented in Fig. 7, respectively on
the left and right panels. An interesting feature specific to the sextic potential, is that the value of
Q@ is actually constant up to slow-roll corrections during inflation. This is discussed in Section 5.
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Figure 6. Parameter space for the model described in Sec. 4.3 (cubic dissipation rate and V ~ ¢*) compatible
with the constraints on the amplitude of the scalar power spectrum Ag from [25]. Constraints from PR/+BK18
are represented in blue. The expected sensitivities on r from SO, LiteBIRD and CMB-S/ are represented in
dashed-purple lines. The green region represents the expected sensitivity for a joint Euclid+CMB analysis.
Left: The allowed parameter space is projected onto the plane [r,ns| as green, red and purples dots (from
left to right) for different choices of the parameters Ny. and AN as indicated in the legend. Right: The
allowed parameter space is projected onto the plane [C, A] for Ny =5 and AN =0 (corresponding to the red
dots in the center panel) between two solid red lines corresponding to 20 constraints on As. The color of the
allowed region codes the value of logy,r. The light-orange dashed lines represent isocontours of the duration
Ny, between the time the CMB fiducial-scale k. crosses outside the horizon and the end of inflation. Dashed,
dot-dashed and solid black lines represent isocontours of the scalar index ng. For more details and for the
purpose of comparison, see the caption of Fig. 2 and the discussion in Sec. 4.

However, the quadratic and sextic potentials are obviously excluded from the results of Figure 7.

4.4 T o< T3/¢?

Reheating. This is case is more problematic as once the inflaton field reaches the minimum of his
potential, the dissipation rate diverges, which implies this simple form of I' stops being valid. For
this reason we solve the various equations up to the end of inflation (corresponding to Ny = 0) and
do not extraplote past this time. Going beyond this point would require extra assumptions on the
model.

Parameter space. The regions of parameter space compatible with constraints on the amplitude
of the scalar power spectrum for quadratic, quartic and sextic potential are respectively represented
in the left, center and right panels of Fig. 8. The predicted values for ng in the three cases are
significantly larger than the constraints on ng from BICEP/Keck-Planck. As a result, the I' ~
T3/$? is ruled out for these potentials. This conclusion remains even if we add kination or matter
domination phases immediately after inflation.
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Figure 7. The parameter space for the model described in Sec. .83, compatible with the constraints on the
amplitude of the scalar power spectrum As from [25], is represented in red assuming Ny = 5 and AN = 0.
Constraints from PR/+BK18 are represented in blue. The expected sensitivities on r from SO, LiteBIRD and
CMB-S/ are represented in dashed-purple lines. The green region represents a sensitivity forecast for a joint
Euclid+CMB analysis. Left: The allowed parameter space for a quadratic potential V ~ ¢?. Right: The
allowed parameter space for sextic potential. For more details, see the caption of Fig. 2 and the discussion in

Sec. 4.
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Figure 8. The parameter space for the model described in Sec. 4.4, compatible with the CMB limits on the
amplitude of the scalar power spectrum As from [25], is represented in red assuming Ny = 0 and AN = 0.
Constraints from PR4+BK18 are represented in blue. FExpected sensitivities on v from SO, LiteBIRD and
CMB-S/ are represented in dashed-purple lines. The green region represents a sensitivity forecast for a joint
FEuclid+CMB analysis. Left: Parameter space for a quadratic potential. Center: Parameter space for a
quartic potential. Right: Parameter space for sextic potential. For more details, see the caption of Fig. 2
and the discussion in Sec. 4 and and Sect. 4 .

4.5 Comparison to earlier works

Some of the combinations of I'(¢, T') and V(¢) that we have considered have also been studied in
previous works. In this section we discuss how our procedure and results compare to those works,
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highlighting the most important differences.

Reference [14] considered the four possible combinations of V' x ¢™, n = 4,6 and I" proportional
to T or T3/¢%. The quartic potential was considered with I' oc 7" in [15] and with T" oc T3/¢? in
[16]. The latter work was complemented in [17] with the possibilities previously studied in [14] that
we have just mentioned. These four papers [14-17] used Planck 2015 data [30] to do Monte Carlo
samplings of (some) of the parameters of each model. The case V oc ¢*, T' < T had been considered
earlier in [6], where predictions for the plane r-ns; where obtained and compared to Planck 2015
bounds. A subsequent analysis taking into account theoretical constraints in a specific field theory
implementation was done in [18]. The amplitude of the primordial scalar spectrum was obtained in
these papers using ad hoc fitting formulas that originate from [19, 20]. This type of fitting formula
has been widely used in the context of warm inflation since its inception. In the case of V o< ¢* and
I' < T it reads as follows (see e.g. [15]):

. (Z)Z(;IT)Q (Z%JAJFQ@E) G(Q), (4.8)

with G(Q) = 1+ 0.0185 Q%31% 4 0.335 Q1364 [6]. The quantities H, @Q, é and T are evaluated at
horizon-crossing. In this expression, ngg = (exp(H/T) — 1)~! is a correction that has been argued
to come from occupation numbers of inflaton-fluctuation momentum modes thermalized with the
radiation plasma [19]. Whereas in [14, 16, 17] this correction was included, the results of [6, 15]
were obtained with and without it. In Sec.5.6 we argue that the use of this correction is actually
not warranted. The function G(Q) is the truly ad-hoc part of the fitting function,* being the rest
of it (excluding npg) an approximate analytic expression. In limit of @) going to zero, the standard
slow-roll expression is recovered. In Sec.5 we discuss in detail an analytic approximation for the
power spectrum that performs significantly better than (4.8), see the green curve in Figure 9 (left).

The left panel of Figure 9 compares the power spectrum as a function of (), computed using the
approximation (4.8) to our corresponding numerical result. The blue and purple curves from (4.8) are
obtained (with and without ngg) by applying this expression to a set of multiple choices for the pair
{\, C} (g = 12 for all pairs) that give a spectrum (computed with our numerical matrix formalism,
orange horizontal band) falling within 20 of current observational bounds log(10'Y Ay) = 3.04440.014
by Planck (TT,TE,EE+lowE+lensing) [25]. In order to make the most meaningful comparison to
previous literature we have taken Ny, = 0 in our numerical approach to produce our prediction for
this figure (see Sec. 2.2 for our discussion of the determination of the number of e-folds). Clearly, the
inclusion of npg leads to a very large discrepancy from the correct numerical result for any Q. < 1.
The approximation (4.8) without ngg works well only for sufficiently small Q., as expected. For the
larger values of Q). necessary to fit ns (see right panel on the same figure), the approximation (4.8)
understimates the power spectrum by a factor of ~ 1/2, which amounts to a discrepancy from the
correct result as large as ~ 50. This is clearly insufficient to use (4.8) for precision cosmology. We
advocate instead the use of our numerical matrix formalism, which is not only accurate and precise
but also fast.

In Figure 9 (right) we also compare the spectral index ns as a function of C' (from I' = C'T)
that we obtain numerically (orange dashed line) to the corresponding result from [15] and the
analytic fitting formula of Appendix B (equation B.1) of [17]. For a given C between 1075 and
1073 the error committed by these approximations is O(1%), which is significantly larger than the

“Other combinations of V and T are fitted in the literature with other G(Q) with a similar structure but different
numerical coefficients.
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Figure 9. Comparison between our numerical and analytical results with earlier works. Left: Amplitude

of the scalar power spectrum, As, for k = k. as a function of Q.. The orange dots are the result of a scan in
parameter space gwing rise to Ag in agreement with the bounds from Ref. [25], within 20 (represented in red
dashed lines). We have also used the background quantitites corresponding to the same data set to compute Ag
with our analytical approach (green dots) and, also, with Eq. (4.8) with (blue) and without (purple) the npgg
term appearing in the commonly used approzimation (4.8). Right: Scalar spectral index as a function of the
dimensionless parameter C (of T' = C'T). The orange dashed line and green dotted line correspond respectively
to our numerical and analytical results. The purple solid line labeled “arXiv:1710.10008” corresponds to the
results of Ref. [15] and the blue dotted-dashed line to Eq. (B.1) of [17]. The blue region corresponds to the
allowed parameter space by Planck constraints on ns at 95% confidence level. For details, see the discussion
i Sec. 4.5.

precision with which the marginalized value of ng is determined with current CMB (and other) data:
ns = 0.9668+0.0037 at 68% c.l. for Planck (TT,TE,EE4lowE+lensing+BK15+BAO), assuming non-
vanishing 7. In Sec. 9 we discuss an analytical approximation for n, that works well for C' < 5x1073.
We reiterate though the convenience and necessity of using the numerical matrix formalism to achieve
accurate and precise predictions in warm inflation.

5 Analytic estimates

In this section, we consider a simplified version of the equations for the background (Sec.2.1) and
the perturbations (Sec.3) which can be treated analytically. We solve them to obtain an analytical
estimate of Ag and ng which can be used to understand the main features of the numerical results
shown in Sec. 4.

5.1 Background in slow-roll

We define the usual (potential) slow-roll parameters for convenience:

M2 (V2 V.
WM (Y woante o
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In the slow-roll approximation, the background equations of motion (2.1) and (2.4) are

V2ey _ Qey
_1—|—QMP’ Pr—mv- (5.2)

As in the previous section, we consider a model of warm inflation described by the dissipation rate

¢ =

and potential

a B n
(¢, T)=C Mp (;jp) (i) , 3>1 and V(¢) = %M}% (;jp) ,m>1. (5.3)

Using the slow-roll attractor (5.2), we obtain the following two identities:
o\ 2r2g. [ 3X \YP (1+Q)? 2 o
2 = 22 ¥ Ghere d=n(1-2)—2(1-22 4
(Mp 15n A \nC? Qs e " g B’ (54

4-B+(E+HQAQ
2Q dN

If ¥ = 0, then @ is a constant. If instead ¥ # 0, we can combine (5.4) and (5.5) to get a differential
equation for Q:

and

= 9y — 2\/726\/04]\/;13 By — ). (5.5)

1Q  (1uxr(nc2\?”? @ 7 upeq £ 6
N 27r29*<3>\@2> (1+Q)? B-4-(4+p)Q" (56)

In the following, we estimate the average over realizations of the thermal noise (stochastic average)
of the power spectrum (Pgr) by solving the system of Egs. (3.2)-(3.4) with these slow-roll approxima-
tions. To do so, we will first estimate dp, ;. Then, we will estimate ¢y, which is partially sourced
by épyk, and compute (Ps4). Finally, we will relate d¢g, and R to compute (Pr).

5.2 An approximation for §p,
Neglecting in (3.3) the slow-roll suppressed terms (i.e. terms suppressed by € or €'/2) and taking the

super-horizon limit (k/(aH) — 0) we get®

2I'T'H
a3

6)07",143/ + (4 - /8)6107",]6 = - (b/gk : (57)

5.2.1 The linear dissipation case

In the linear dissipation case (3 = 1), the solution of (5.7) is

N N7 ~ ~
5pri(N) ~ cre 3N — a3 3NOT T H ¢ / SN2 6 (N) AN, (5.8)
—00
where ¢; is an integration constant. To get this solution we have approximated a(N) = age¥

(constant H) and used that v/2I'T H¢' is approximately constant during slow-roll (evaluating it at
horizon crossing). The equal-time correlator is then

2
(0pr 1 (N)Opy e (N)) = <c%e—3N + 30T H ¢’2a53> e NSk + K, (5.9)

5Notice that we introduce subscripts to indicate the comoving momentum dependence of perturbation variables.
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where we have used (£x(N)&w (N)) = (N — N)o(k + k') and (£4(N)) = 0 with (...) representing
the average over stochastic realizations of the noise. The homogeneous solution is exponentially
suppressed with respect to the inhomogeneous one and we neglect it, so that:

Sprk(N) = —a VoI T H¢' / ! a2 (N) & (N) dN (5.10)
(5pn (NS prpr (N)) = gp,« Ta 3(N) 5k + k). (5.11)

5.2.2 The cubic dissipation case

The analytical description of the cubic dissipation case (8 = 3) is slightly more complicated. The
solution of (5.7) is

5pr(N) ~ cra (N) + ag /2 NV T H¢/ / e N2 ¢ (N) dN . (5.12)
N
The equal-time correlator reads
(0prk(N)3pr g/ (N)) = [cla™2(N) + 2T T H ¢*a 3(N)] (k + k). (5.13)

Unlike in the linear case, the inhomogeneous solution is suppressed for large a. Hence, asymptotically
(6prk(N)prk(N)) ~ a"2(N). In order to approximate the full solution by the homogeneous term,
we need to determine c¢;. However, our simplified description tells us nothing about the boundary
conditions of §p, (N). From numerical calculations, we notice that the inhomogeneous contribution
to the solution appears to be a reasonable approximation for the solution up to Nyt = Nhorizon —
ANgyt, for some (model-dependent) ANgy > 0. Matching the homogeneous and inhomogeneous
terms at Ncut, we have

H
A ~'TH qﬁ’QEeANC““ : (5.14)

where we have again used that background quantities are approximately constant during slow-roll.
We therefore write dp, g for N > Ny as

2T H2¢'? _ 8H p, T _
6prk(IN) = \/Td)eANC“”ma L(N) = \/T&Ncut/% LNy, (5.15)

and the equal-time correlator as

8H p, T _
(30 (NS (N)) = =2 AN (N ks + ) (5.16)

5.3 An approximation for P,
Neglecting slow-roll suppressed terms, Eq. (3.2) reads

r k2 ¢'T 2r'r
7 N A L _ a4
oo + <3+ H> oo’ + ( H)25¢k —|—FT4H T(Spnk = 3H3£k. (5.17)

A similar observation and reasoning was made in [21], where the T dependence of I was also cubic.
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The fourth term in the left-hand side can be rewritten by evaluating the prefactor in the slow-roll
attractor and substituting dp, g by (5.10), (5.15). We then have

_JAT 5 32N
4H 775 @ / N)&R(N) AN (linear dissipation), (5.18)

o7 T ANof2
6 r, Cut/
4H p, Pk = aH ko

I'r (cubic dissipation), (5.19)

Substituting in (5.17) and defining a new time variable z = k/(aH) we have’

d#o dé >
2T )0 gy, AT (P [Ta2ae) (e, 620

d26 ¢y, déoy /2FT .
2 _ 2 — A]cht/2
L2 +2(1—2v) e + 2% ¢y, ( &k — z> (cubic) , (5.21)
where
3
V= 5(1+Q) (5.22)

The solutions to these equations can be written as d¢p = 5¢>§ch) + 5@5;:), where 5¢§ch) is the general

solution of the reduced (homogeneous) equation, and 5(;525) is a particular solution to the full (inho-
mogeneous) equation constructed with the retarded Green’s function. As we shall proof in Sec. 5.6,
the time-dependent power spectrum (averaged over stochastic realizations) of inflaton perturbations

is given by the sum (Psy(2)) = ng)( )+ <P(Z)( )), where

3 .
PO (,2) = 2 lsoVE and S+ K)PLE D) = Ay (60O . (5.23)

The power spectrum at the end of inflation is obtained by taking the z — 0 limit in (5.23).

5.3.1 The homogeneous solution

The reduced equation of both (5.20) and (5.21) reads

d25¢(h) d(S(Z)(h)

2 k k 25.(h) _

VA sz +Z(1—2V)?+Z 5¢k‘ —O (524)
Notice that the homogeneous solution only depends on k = |k|. Introducing a more convenient

variable yi(z) = d¢r(z)/z" we can rewrite (5.24) as canonical Bessel equation. Any solution to this
equation can be expressed as

yk(z) = AkJV(Z) + BkYV(Z)7 and 5¢](gh)(z) =2 [AkJV(Z) + BkYV(Z)] ) (525)

where J,, Y, are the Bessel functions of the first and second kind, respectively. The constants Ay
and By ought to be determined from the boundary conditions, which we discuss next. From (5.23),
we have that the homogeneous contribution to the inflaton power spectrum at the end of inflation is

3 2v 2
Wi Ky K p 227 TE(W)
P — fim — |5 2= — —_— 5.26
0 250 27r2| % (2l 271'2’ | 2 ’ (5:26)
where I'g is the Euler gamma function.
"Recall that, by virtue of Ito’s rule, changes of variables act on the noise as E(N) = +/dz/dNE&(2), see
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Boundary conditions for the homogeneous solution. Deep inside the horizon (i.e. in the
z — oo limit), the two independent solutions to (5(]5,(?) behave as [31]

y L, |2 vmwm » s 2 . vmm
ZJV(Z)NZUECOSG - Z>’ 2"Y,(z) z“wzsm<z 5 4). (5.27)

Specific boundary conditions are implemented by the choice of the constants Ay and By in (5.25).

For instance, in the cold limit (v = 3 / 2, see the definition (5.22)), the usual Bunch-Davies boundary
conditions are given by Ap = 4k3 , By = iA,. Let us consider a generic warm case with v =

3/2(1+ Q), @ > 0. In the asymptotic past (z — 00), the solution behaves as

while in the asymptotic future (z — 0), one has [31]
56\ (2) ~ 2V (2) ~ 2T (V). (5.29)
We observe that:

1. The early-time limit is incompatible with Bunch-Davies boundary conditions. Indeed, Eq. (5.28)
is a factor 239/2 £ 1 away from it.

2. The late-time perturbations (and therefore, the power spectrum imprinted on observable per-
turbations) grow super-exponentially with v as per (5.29), compromising the perturbative
character of the perturbations.

Both puzzles are solved if we assume that inflation was cold in the asymptotic past, and interactions
with the thermal bath appeared at some time scale zg. This solves, by construction, point 1 (since
Eq. (5.28) for § = 0 corresponds to Bunch-Davies boundary conditions). Regarding point 2, let
us assume the coefﬁcients of the solution were those imposed by Bunch-Davies in cold inflation,

A = kg , B, = 4k3 For z < zp, continuity of d¢y and d¢) imposes that the coefficients of
5gz§§ch) (z) are

H27T2 1—
Af = "0 207V liz0Yy (20) + (i + 20)Yi—1(20)] , (5.30)
B,j = 8I<:3 e’zozéﬂ’[ izoJy(z0) + (i + z0)Ju—1(20)] - (5.31)

In the asymptotic future (z — 0), this matching has the following effects:
e For strong dissipation (v > 3/2),

3 2v 2 3 2v
)y K 227 TE(V)S K L 027 2m v\ 2v
PR = 55 IBL P57 = I8P (7) ’“7 o) 0 532

where we have used the Stirling approximation for I'p and the asymptotic expansion of Bessel
functions for small z and large zg. We see that the homogeneous solution is now exponentially
suppressed as long as zg > 2—6” (which is a reasonable condition, since zg is a time in the far
past, i.e. zg > 1). Not only does this remove the the super-exponential divergence in v, but
it also suppresses the homogeneous solution with respect to the inhomogeneous one, ensuring
that perturbations are brought to a thermal attractor (this was already noticed in [32] and
discussed in [21]).
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e For weak dissipation (v > 3/2), 3Q/2 = v — 3/2 < 1. As seen in (5.32), B; is the only
coeflicient contributing to the power spectrum. Expanding B,j in powers of §, we obtain:

Bl =B, (1-0(log20)Q + 0(Q?)). (5.33)

Therefore, the power spectrum for small @ is perturbatively close to that in cold inflation (as
expected), and the dependence on the transition scale zy is suppressed by both @ and the
presence of the logarithm.

In practice, following (5.33) we can pick By =i when v 2 3/2, making

4k3
k3 H?m2*Tg(v)>  H*Tp(v)?2%

0y _ K _
Ps UC) C2m2 43 2 873 ’

(5.34)

and set P(gg)(k‘) = 0 by fiat when v > 3/2. This ensures that we neglect the homogeneous solution
in the limit in which it is exponentially suppressed, and that we naturally recover the cold inflation
result in the v — 3/2 limit.

5.3.2 The inhomogeneous solution

Linear dissipation. The retarded Green’s function associated to (5.20) is
Gz, w) = gG(z, w), G(z,w) = 2w T[], (2)Y, (w) — J,(w)Y,(2)] O(z — w). (5.35)

A particular solution to (5.20) is therefore

\/2;57/ dw G(z,w [ “Er(w) + /w dz 21_2€k(21):| : (5.36)

Notice that (5<ka (z) depends of k through the noise; the Green’s function only depends on k (through

the time variable z). We now use Eq. (5.23) to compute 735(2(14:, z). Notice that the dependence on
k of the equal-time correlator only appears in §(k + k’); the dimensionless power spectrum only
depends on its modulus k. Indeed,

(i) w2 oT'T

<P5;(k,z)> 27r T s / dwl/ dweG(z, w1)G (2, ws)

1 o 1
X [w1w25(w1 wa) + w%wg’/ dz ?5(101 —21) + w%w?/ d222—25(w2 — 22)
w2 1 w1 2

+wlwd OOd ood iié -
1W2 21 22—5—50(21 — 22)| , (5.37)
w1 w2 21 Z2

where the Dirac deltas in time variables arise from the correlators of the noise. The second term in
brackets can be rewritten as

1 1
w%w%/ dz1—0(21 —wy) = wiws x E@(wl — wy) = w3O(wy — wo), (5.38)
w2 1 1

and analogously for the third term, where © is the Heaviside step function. If we now define
0 oo o
Fi(2) E/ dwl/ dwy G(z,w1)G (2, wo)wiw3d(wy — ws) :/ dw, G(z,w;)*w?; (5.39)
z z z

Fy(2) = /00 dwy G(z,ws)w3 /OO dwiG(z,wy), (5.40)

w2
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Eq. (5.37) can be written as

(PY) (k. 2)) = % <F1(z) + §F2(z)> = (P (k) = % [FI(O) + 25(0)] _ (5.41)

Cubic dissipation. Since the difference between the linear and cubic dissipation cases lies only
in the source term for d¢g, the Green’s function is the same in both cases. Using again (5.23),

. 8 x2orT | [ > :
(i) W m / dw G(z,w)*w* 4 9eANewe ( / dw G(z,w)w> ] - (542

<P5 (k,z)) = 2 4 k3

Defining ,
By(2) = ( / " dw G(z,w)w> , (5.43)

we can write

IT

= [F1(0) + 92N F5(0)] (5.44)

(PLH) = i T [ + 00 By o)

5.4 Scalar power spectrum and spectral index

So far, we have computed the power spectrum for the inflaton perturbation. To obtain the curvature
power spectrum, we start from the definition of R,

H
R=——(6q, — H¥S0) — . 4
(00— He'00) — o (5.45)

Writing d¢, in terms of the other variables using (3.6) and keeping only terms proportional to ¢
(which are found numerically to be dominant), we have dg, ~ (V,,/(3H) + H¢') §¢. Substituting in
(5.45) and neglecting the metric perturbation (which is subdominant)

o 1140
 Mp ey

00, (5.46)

and therefore ( Q)2
_ 1 A+Q)7 rpm  pli)
where

E 22VFE(V)2
(h) _ { 7 2 ) Q* < QO) (548)

)
o9 Oa Q* > Q07

and <P§2) is given in (5.41) (linear dissipation) and (5.44) (cubic dissipation). In (5.48), Qo is the
cutoff we impose on the homogeneous contribution as discussed at the end of Sec.5.3.1. We find
Qo ~ 0.2 is a good choice. Notice how, in the cold limit ¢ — 0, the inhomogeneous contribution to
the spectrum vanishes and the homogeneous one reduces to the standard cold inflation result. Let
us introduce the compact notation

(Pr) = (G+WF)Y, (5.49)
where
2v—3 E(V)2 H2
T (1+ Q) WL Q< Qo
W = Coy=uTx g 2 . 5.50
A A ) Q> Qo o2

29



and

_ {F1 (0) + 2F5(0) (linear dissipation) (5.51)

F1(0) 4 9eANeut F3(0)  (cubic dissipation)
As it is usually done when computing spectra in slow-roll, all background quantities (i.e. the ones in
(5.50)) are considered constant during the calculation, with their value fixed at horizon crossing for

each mode. This implicitly fixes the scale dependence of the power spectrum and allows to derive
the spectral index from the evolution of the background.

Spectral index when ¢ # 0. Since ¢ can be written as a function of @ using (5.6), every
background quantity from (5.50) can be expressed as a function of @) using the attractor equations:

1% 14+ Q)2 V3V Q2 30p,\
H2 — - y:ﬂ’ inQ’ T — p : przﬁv. (5.52)
3M2 2ey Mp 2 g 2(1+Q)?
We compute the spectral index using
dl dl d dN
ng—1= 7Og<PR> = 70g<7772> 49 . (5.53)
dlogk |,_p. d@ 0=0. AN |g_q, dlogk |,

The last factor is dN/dlogk = 1/(1 — €) ~ 1. The second factor is given by (5.6). The first factor
can be computed from (5.49), and (5.50). We have

oglPe) gy | 1 (45 AV, 08y 50
The term dF/dQ is computed numerically. Every other term follows from (5.52):
T 4= 5+ 1+ HQZQV(Q) (5.55)
dlggy — 24— B+ (4l +a)+ B(n—1) —20)Q] Z(Q). (5.56)
‘312’ =2a(5+3Q) + (1 +/3)(n+3nQ—4(1+Q))VV;Q)Z(Q)7 (5.57)
:g = QQV]\Z%V)Q [;dzg@ + <10g2 4 dloglp(v) logdryE(”)> V(Q)] , (5.58)

where dlogT'g(v)/ dv is the polygamma function and [Z(Q)] ' = 89 Q(1 + Q).

Spectral index when ¥ = 0. The formulae for background quantities in (5.52) still hold; however,
the background value of ¢ is now an independent variable, and @ is a constant given by solving (5.4).
We compute the spectral index using

h 1= dlog(Pr) _ dlog(Pgr) do dN (5.59)
° ~ dlogk . dg  |soy, AN |4y, dloghk|,_, '
The derivative d¢/dN is given by (5.2). The first factor in (5.59) is
dlog(Pr) dlogy 1 dg dw
= — + —F). 5.60
dg do ' GrWF\dp ' do 550

Notice that () is a constant in this case, and therefore there is no derivative of F' in the last expression.
The terms in (5.60) are
dlogy_ 2 dGg n dW_Bn—2

6 "6 a6 67 a6~ 4o

W. (5.61)
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Figure 10. {Relative difference between analytical and numerical evaluations of the scalar spectral index
ns (top panel) and amplitude of scalar power spectrum As (bottom panel), as a function of the dissipation
coefficient Q = T'/(3H), evaluated at the time the CMB fiducial scale k, = 0.05 Mpc~! crosses outside the
horizon during inflation. The quantities on the vertical azxis are defined in Eq. (5.62). The red dashed lines
represent relative uncertainties on ng and A, respectively at 95% C.L. by Planck.

5.5 Comparison with numerical solutions

Precision of the analytical approach. In order to quantify the precision of our analytical
approach, we compute the relative difference between our analytical approximations for ng and Ag
and the matrix formalism:

AO _ @num _ (Hana
@) - (Dana ’

for O = {ns, As}. (5.62)

In this expression, O**? is evaluted using our analytical approach, i.e. using Eq. (5.49) for Ag and
Eq. (5.53) (¥ # 0) or Eq.(5.59) (¢ = 0) for ns. O™™ is obtained numerically using the matrix
formalism, which is exact, solving Eq. (3.15).

In Fig. 10 and Fig. 11, we represent the quantities defined in Eq. (5.62) as a function of Q., for
two examples with ¥ # 0 and ¥ = 0. Our analytical approximations work reasonably well up
to Qs ~ O (10_1). The error incurred in the calculation of ng is smaller than the observational
uncertainty at 95% confidence level, although the approximation does not work so well for As up to
such values of Q.. For Q. = O (10_1), the couplings between different perturbations become too

~

strong for the simplifications in the equations of dp, j and d¢y that we have used to hold.

Parameter dependence for V = \¢*/4 & T' = CT. In Sec.4.2 we explore the parameter
dependence of this model numerically. For comparison we use our analytical approximations to
obtain a qualitative estimate for (Pr) in terms of C, X and g, in the region allowed by cosmological
data, i.e. for Q. ~ O (10_1). For these values of Q. the quantity F' in (5.51) is roughly constant and
the homogeneous contribution to the spectrum is already subdominant. Therefore, using (5.49), we
can approximate the spectrum as

LT CX\/2 < é

3 3
12 C° 1
— — 1 " * _——, .
(Pr) o<y4M]2) x gi/2 Mp> (14 Q) x . 0. (5.63)
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where we have used Egs. (5.2) and (5.4) . Notice that Q, itself depends on A\, C' and g,. The explicit
dependence can be obtained by integrating (5.6), which, for Q, ~ O(10~!) gives approximately

! >1/ S
N, —, 5.64
L= () o (5.6)
which, taking into account that Ny, is only mildly dependent on the specific combination of C', A
and g, (see Sec.2.2), yields

C5/3)\1/3

2/3
9*/

(Pr) (5.65)

5.6 Quantization of j¢

In this section, we discuss how to quantize a scalar field sourced by white noise in de Sitter spacetime,
as it is the case of d¢ in warm inflation. As a conclusion of our discussion, we will argue that the
stochastic average of the power spectrum of the field is the sum of the power spectrum associated
to the homogeneous solution and the stochastic average of the one associated to the inhomogeneous
solution, with no mixing term among them, as stated in (5.23). We start by rewriting the equation
of motion for §¢g in conformal time 7

2 A2y,
dn?

(1= 2) G P30 = ()6 (5.66)

where () is a function of 7 whose explicit form is irrelevant for the argument (for instance, in (5.17)
it would be o(n) = \/2I'T/(a H)3), and & is a white noise, i.e. ((n) &k (n'))xd(n —n')d(k + k).
Rescaling the field as
Sk = xwn” "2, (5.67)
we obtain 2
Xk
A + wi(m)xk = Sk(n) (5.68)

where
1— 412

4n?

Sk(n) =n~ V3P o(n)ge and  wi(n) = k> + (5.69)
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In the cold limit, i.e. Sg(n) — 0 and v — 3/2 (up to slow-roll corrections), we recover the usual
Mukhanov-Sasaki equation.

Let us denote by vy a complexified solution of the homogeneous equation.® Together with its
complex conjugate vy, they form a basis of all the solutions to the homogeneous equation. As it
corresponds to a harmonic oscillator (even if the frequency is time dependent), the Wronskian of
the homogeneous equation Wvg,vj] is a constant? (whose exact value depends, of course, on the
specific normalization of the solution). Let us illustrate this with a well-known example. If v is
constant, two linearly (real) independent solutions can be expressed in terms of Bessel functions of
the first and second kind,

Xiea =120y k), xiz ="V, (kn) (5.70)
and the complexified solution and its complex conjugate are
ve =0 PHD (kn), op =n'2HP (kn) (5.71)

whose Wronskian W vy, v;] = —4i/7 is indeed constant (here, Hl(,l), H{? are the Hankel functions
of the first and second kind, respectively).

Let us now consider a particular solution of the inhomogeneous equation, which we denote sg.
As we have seen, such a solution can be typically written using the retarded Green’s function of the
equation, which will be constructed with the homogeneous solution. Formally,

su(n) = [/ GO . k) St (5.72)
We propose the following quantization for the Fourier modes of the field y:

Xk = Uk 4k, +vf af, + si 1, (5.73)
T

where I is the identity operator. a,; and ag are the creation and annihilation operators, respectively,

acting on the vacuum state ag|0) = 0. They obey the standard commutation relations [a, d;rg,} =

d(k + k') and [ag, ag/] = [d;c, dL,] = 0. Imposing the commutation relation
N d)z ’ - ’ . . . ~ df(k’ _ /
X(nu CU), din(n’ 1y ) - 5(:1: - )7 which 1mphes Xk(n)v Tn(n) - 5(k +k ) ’ (574)

and substituting (5.73) in (5.74), we get 6(k + k') = W v, v}] [ak,a};,]. Considering that W vy, vj]
is a constant —which we can set to 1 by appropriately normalizing the initial conditions for the
homogeneous solution— we see that (5.73) is consistent with the usual commutation relation of the
creation and annihilation operators. Notice that this is only the case because the inhomogeneous
solution appears multiplying the identity operator in (5.73), which commutes with every other
operator. Expanding the field in Fourier modes according to (5.73), we have

A

. A3k L
X(wan):/w[vkak+vka};+8kﬂ etk (5.75)

8Given two real independent solutions of the homogeneous equation Xx,1, Xk,2, the complexified solution is defined
as vg = Xk,1 t iXk,2-

9Indeed, given =" — az’ — bz = 0 and W the Wronskian of two independent solutions, one has W’ = aW. Hence, if
the equation is harmonic-oscillator-like, W’ = 0.
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Recall that s is a stochastic function, while vy is a deterministic one. The variance of x is

A . 43k a3k’ e e S kR @
O (an) ¥ ml0) = [ S5 (v Ol a10) + se s (010)) 1)

d3k A3k A3k - n.
= / W ”Uk’Q + / WS]C Sklel(k+k ) :B.

There are no cross-terms involving the homogeneous and inhomogeneous solutions. This is because

(5.76)

those terms involve only one creation or annihilation operator, whose vacuum expectation value
vanishes. Taking the stochastic average of the above, we get

. . d3k 9 d3k A3k (k-
(Ol i@n)l0) = [ Gglol + [ SE S et e, (577
We emphasize that the notation ({0 - - - |0)) implies evaluating the relevant quantity in the (quantum)

vacuum state and averaging over thermal noise realizations and that these two operations commute.
In particular, notice that the stochastic average does not affect the first addend in the right-hand
side, since it is a deterministic quantity. Analogously to (5.23), we define

K3 ; K3
P (k) = 5o and ok + k) (PO (k) = S5 (sw(m sw(m),  (5.78)
with which Eq. (5.77) becomes
{(Ox (@, 1) X (. 1)|0)) = / d(ogk) (PY)(k,m) + (PO (k,m) ) - (5.79)
If we now define the dimensionless thermally averaged power spectrum as the quantity (P, (k,n))
satisfying
(@) il )I0)) = [ dlogh) (P (). (5.50)
comparison between (5.79) and (5.80) yields
(Py(k,m)) = P (k) + (PP (k) (5.81)

with P)((h) (k,n) and <73>(<i) (k,n)) defined in (5.78). This explicitly proves the absence of mixing between
homogeneous and inhomogeneous solutions in the power spectrum. Since x and §¢ are the same
field up to a rescaling by background variables, the analogous result to (5.81) holds for Ps4(k,n),
which is precisely what we used in Sec. 5.3.

6 Stochastic inflation formalism

So far, we have computed the power spectrum using the Langevin equations for the linear pertur-
bations of the inflaton, metric and radiation energy density sourced by the thermal noise £. In this
section, instead, we adapt the stochastic formalism of cold inflation [33] to warm inflation. In cold
inflation, the power spectrum obtained in the stochastic approach is, to first order, the same as the
one obtained in linear perturbation theory, both for slow roll [34] and ultra-slow roll [35] inflation.
As we will argue, this is also the case in warm inflation.

In order to obtain analytical results, we work in a simplified limit of the equations of motion in
which the inflaton field with its thermal (stochastic) source is the only degree of freedom. We will
therefore set p, to its background attractor and neglect both metric and radiation perturbations.
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6.1 Effective description of the large wavelength modes

We start by writting the equation of motion for the full (i.e. space-time dependent) inflaton field
¢(z, N)

V2 Vo [ 2T

¢"(x,N)+ (3+3Q —€)¢'(x,N) — W¢($7N) + 02 Wf(wa

N). (6.1)

Following e.g. [35], Eq. (6.1) can be split into two first order coupled differential equations by intro-
ducing a new variable 7(x,t)
¢ (x,N) =m(x,N), (6.2)
V2 Vs or'T
_v N) 4+ -2
(@ N+ HQ] (aH)3

In the stochastic inflation formalism, we express the fields ¢(x,t) and 7(x,t) as the sum of two
components

(@, N) =~ |(343Q — e)m(zx, N) -

&z, N).  (6.3)

¢(x,N) = ¢(x,N) + ¢pg(z, N), w(x, N) =7(x,N) + my(x,N), (6.4)

where ¢, 7 and ¢q, Tq respectively correspond to contributions from large and small wavelengths.
Following the procedure presented in Sec. 5.6, we quantize the inflaton field ¢(x, N) by expanding
each component in terms of Fourier modes and creation/annihilation operators as

- 3k
@ N) = [ Gy Wik = ) (o4 o al 4 ofT) =
d3k " (6.5)
¢q(m7N):/(2ﬂ_)3/2W(k—kg) <¢k +¢ )* AT_|_¢k ) ik

We have introduced a window function W selecting modes with wavenumber smaller than a comoving
scale k;(N) = oca(N)H(N), where o is a constant. The window function is taken to be a Heaviside
function W (k, — k) = ©(k, — k) for simplicity. In practice we consider the limit o — 0, in which
the large wavelength contribution can reasonably be considered to be homogenous ¢(x,t) ~ ¢(t).
The mode functions qS,(Ch) and gf)g) respectively satisfy the following homogeneous and inhomogenous

equations
¢](€h)’ = (6.6)
i =~ |3 +3Q-an + <a2k ot V§J¢> ¢>§f)] 7 (6.7)

and
O _ ), (6.8)
7r,(f), — _|3+30- 6)W](:) n <a2k;2 V¢¢|¢>> ¢k ] (ZI;IT)ggk(N). (6.9)

The term Vy,4 comes from expanding the derivative of the potential V4 around the large wavelength
contribution

Vo(9) = Vol + Vol (6@, N) = B(N)) = Vgl + Vol al, V), (6.10)
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with V| 3 having negligible Fourier transform for large k£ (due to homogeneity). By using the
decomposition of Eq. (6.4) in the system of Eq. (6.2) and Eq. (6.3), a large set of terms vanishes by
virtue of Eqgs. (6.6), (6.7), (6.8) and (6.9). All terms whose integrand is proportional to W (k, — k)
can be absorbed into ¢, @ except one:

dgk ik-x
This term corresponds to the effect of the noise on large wavelengths and can be neglected by
considering the noise to be perturbatively small, i.e. only significantly affecting small wavelengths.
We obtain a system of equations for the large wavelength contributions

¢ =7+, (6.12)
_ V¢>’¢
—(3+3Q—6)W—W+£ﬂ, (6.13)
where we define
- B3k )
f¢——/WW’( ko) (0 an + 6", + 1) e (6.14)
. d3k Na\
br = — / am Wk ko) (nian +m"al + 7 00) e (6.15)

In these expressions W’ is the derivative of the window function with respect to N. At this stage,
the set of Egs.(6.12) and (6.13) is formally identical to those in cold inflation, with the natural
addition of the dimensionless dissipative term () and the extra inhomogeneous (stochastic) term in
Egs. (6.14) and (6.15). In cold inflation Egs. (6.12) and (6.13) are treated as a system of Langevin
equations where 7, ¢ and the noise 54) §7r are stochastic variables. To prove that this is also the case
in warm inflation, we must show that the equal-time commutator of £¢ and &, vanishes, i.e. that
they behave as classical variables. Since the identity operator commutes with every other operator,
this commutator reduces to

d3k d3k:’
o, M) € // (= ko)W (K ko) [0 an + 0" al, mfl) g + 70" a,
(6.16)
From here, the calculation is identical to the one performed in cold inflation (see e.g. [35]), which
gives [&z)(x, N), (2, N)] — 0 in the limit ¢ — 0. This allows to treat Egs. (6.12) and (6.13) as a

system of Langevin equations for the stochastic variables ¢, 7, where the noises §~¢, éﬁ should not

be confused with the thermal noise & (whose influence resides in the qﬁg) and w,(j) in (6.14), (6.15)).

The Fokker-Planck equation. By treating Eqgs. (6.12) and (6.13) as a system of Langevin equa-
tions, the power spectrum of large wavelength perturbations can be related to statistical moments of
¢ and 7. In order to write down the Fokker-Planck equation for the probability distribution function
P(¢,7,N) (which will be introduced in (6.25)) and compute such moments, we need the average
over realizations of the thermal noise of the two-point correlator of & ¢ and ég with the pair {f, g}
picking values in the set {¢, 7}:

¢ o(x ¢ (x', N = M "k — "K' — V))eilk-ztk' ")
(015 (@, N)Ey ', N)[0)) = // ny Vb= R (M)WK = ko(N)) (6.17)

(O] (£ an + 7" al + 10T) (o) ans + 9" a, + g2 1) 10))
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By using commutation relations for the creation and annihilation operators, the second line in the
previous equations can be written as

(01 (1P + 1"l + 107) (o ans + 90"l + g0T) 100 = 5k + K £ gl + (10 0.

(6.18)
We recall that ((0]...]0)) means that the operator inside is evaluated on the vacuum state and
averaged over thermal noise realizations. See the comment below Eq. (5.77). Defining'?
(P (k,N)) = 5 f gl e+ k) (PkN) ) = 3 < F0gy (6.19)
fg \'™ ) fg \vs L/ .
we can express the power spectrum as a sum of two contributions
(Pyglh, N)) = (P, N)) + (P, N) ) (6.20)
This allows to express Eq. (6.17) as
= ~ ~ - dk d3k 272 /
N)éy(x',N)|0)) = 6(N — N)——= S(k — ko (N ke, N))e™(@==) - (6.21
(01 ar, )&y, W)10)) = 5N = W) T [ 555005 = o (N)) o (P, V) (6:21)

where the integration over d®k’ has been performed using the following relation

Wk — ko (N)W/' (K — ks (N)) = §(k — ko(N))S(N — 1\7)% : (6.22)

The integration over d3k in Eq. (6.21) can be performed straightforwardly, giving
dlogk

(0185 (, N)Eg(', N)|0)) = =Py ki, N)) sine(kiola — 2/)3(N = N), (6.23)
which in the limit ¢ — 0 yields
(0 ¢(, N)Eg(a', N)[0)) = (1 = €)(Pyg(ker, N))S(N = N) = Dygd(N — N), (6.24)

where we used dlogk,/dN =1 —e€. The Dy, are the entries of the diffusion matriz of the system
of Langevin equations. They appear in the Fokker-Planck equation for the probability distribution
P (gzg, T, N ) as

oP (gz@, T, N) 0 0 1 0’P 0’P 0’P
_— = D, P D, P D 2D Dpr—1|, (625
oN  ~ |ag (Do Pt o )} 2{ wag T 2P om0 T Prgmz | (629)
where Dy and D; are the components of the drift vector following
_ V¢’¢
Dy =T, Dr=—-B+3Q—¢)T+ —-. (6.26)

H2

Notice that, since Egs. (6.6), (6.7), (6.8), (6.9) are formally the same equations that d¢, d¢’ satisfy in
linear perturbation theory (once metric and radiation perturbations and slow-roll suppressed terms
are neglected), (Pgse) (as defined above) coincides with the average over realizations of the thermal
noise of the power spectrum of inflaton perturbations as computed using standard cosmological
(linear) perturbation theory.

!"Notice that this definition is consistent with the one in (5.78).
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The power spectrum. Let us define the quantities

¢cl = E(QE), Tl = E('ﬁ)v 5¢St = QE - ¢C17 57Tst =T — Tel, (627)

where d¢g, 07 are stochastic variables and E (-) denotes the expectation value with respect to the
probability density P. ¢, 7 are deterministic quantities satisfying

d¢cl

= b (6.28)
dm, Vls
7 = ~(343Q - 9ma — =75 (6.29)

Fluctuations around ¢, 7 can be expressed in terms of the variance of d¢g;. This variance can be
related to the power spectrum for the large wavelength perturbations A(Qs ¢>5t(k) via

ko (IN)
BERIN) = [ Ak, 0. (6.30)

0

which implies
1 dE(3¢%)
= st2 31
1—€¢ dN (6.31)

Neglecting both metric and radiation perturbations, the quantity A?wst(k) can be directly related

2
A5, (k)
to the power spectrum of curvature perturbations. In order to do this we have to compute the time
derivative of the moment in the right-hand side of Eq. (6.31), which we proceed to do next.

6.2 Differential equations for the statistical moments

As seen in (6.31), in order to compute the power spectrum in the context of the stochastic formalism,
we must compute time derivatives of moments of the kind

B (setons) = [[ aa (- 6a)’ (7 — ma)” PG7. ). (6.32)
where b, ¢ are generic integers. This can be straightforwardly expressed as a sum of three terms
d - _
B (90hons) = [[ adar (o [ - 0a(V))") 17 = ma(N))* P37, )
+ [[ 4607 6= 0] O 7 - (W) PG N) (63
+ [[ 4647 5= 0a)]' (7 = ma(N)) (O P37, V)

The first two terms can be computed using the chain rule, while the third can be expressed in terms
of partial derivatives of P with respect to ¢, @ using the Fokker-Planck Eq. (6.25). Analogously to
Eq. (6.27), one can define components of the drift vector evaluated on the trajectories

DY = B(Dy) = ¢y, DI = B(Dy) = 7, (6.34)

™

which correspond to right-hand sides of Egs. (6.28) and (6.29). Substituting these quantitites in the
first two lines of (6.33) and integrating by parts the third line (and making use of the Fokker-Planck
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equation) yields

b(b— 1)
2

diNE (d0toms,) = bE (dol ome DY) + o (dokoms ' DEY ) + Dy B (S0t 20ms,)

—1
Lde=bp g (5¢>§t57r§;2) +beDyr E (5¢§;15w§;1) . (6.35)
2
where we introduced
DSV =D, - DSV, DEY =D, - DI (6.36)
For b = 2 and ¢ = 0, we obtain the following complete system of first order differential equations
d s
B = 2B (05 DSY) + Dys, (6.37)
d S S
—E(06udme) = E(67DS") + E(0¢5DEY) + Dy, (6.38)
d
ﬁE((swgt) = 2E(6m DY) + Dir, (6.39)

whose solution provides the desired quantity appearing in the right-hand side of Eq. (6.31). In order
to be solved, the system of Egs. (6.37), (6.38) and (6.39) requires further simplifications.

6.3 Expansion of the drift vector

Up to now, the only property of d¢gt, dmst that we have used is that these variables have zero mean.
However in practice they are small deviations with respect to the expected values ¢, 7¢, i.e. their
standard deviations should be much smaller than ¢, 7. By expanding the drift vector around ¢,
7o to first order in dggt, dmgt, a straightforward computation of Dq(;t) at first order gives

DY = oy, (6.40)
Expanding D,(ft) is more involved, since
_ VW
Dﬂz—(3+3Q—e)|q;ﬁ7r+H—‘§ ) (6.41)
¢77?
Therefore we have to expand € and Q in ¢ and dmg.'' The first Friedmann equation allows to
rewrite
_ 2 1 o 3Q
d)?ﬁ
Thus we have to expand every quantity in (6.42) to first order in d¢gy, 07 First, we have
(log V)g|5 >~ (log V)gly  + (logV)eels  0dst - (6.43)

To expand @ = I'/(3H), we remind the reader that we are assuming a constant I', therefore the
only dependence on background quantities of @) is through H. We can express H as a function of
¢, 7 by using the first Friedmann equation and leaving the constant I' explicit

7T+ [192MBV — 3252V + mir2

H =
4(6M3 — m2)

(6.44)

1YWe recall that we are assuming p, that lies on the background attractor.
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This allows to expand @) around ¢}, 7. as

r 2m3 2 — 327 V|
Q| =Qg+ —— 51 V| —2mql + - cl 2 ¢ jd 0Tt
bl \/WC1F2 - 32(7Tcl - 6MP) V|¢’cl
1 [T Vely, — 9BMET Vg, Vol + 67T Vi, Vly, 78I Vil 56w, (6.45)
4 2 st » .
3 8 VI3, /742 = 32(r3 — 6012 V1, Vo

where the subscript “cl” for each quantity indicates that it is evaluated on ¢, m¢. This provides
the last term in Eq. (6.42). In order to simplify the expression of D, in Eq. (6.42), we identify the
dominant terms in both strong (@ > 1) and weak (Q < 1) dissipative regimes. We will use the
expression of € in terms of Q:

H' 1 [12 2pT} 1 7
€= — ™ - =

— | ==—=(1 . 6.46
H M2 52| ~2ag 19 (6.46)
Strong dissipative regime Q > 1

In this regime € ~ (7/Mp)2Q and ey ~ Q. Therefore, Eq. (6.45) becomes

o Qo T Ot €V|¢c1 12 0t
Qls = Qa [1 MM, < 5 > My (6.47)
~ Qu 140 ((eau)?) 7 + 0 (@) 7] (6.48)

Every other term is of lower order in (Q; > 1 or higher in €, < 1, i.e. more suppressed. Expanding
€ in d¢gy and I and substituting Eq. (6.47) in Eq. (6.46) yields

1 [ ma 2 6¢5t 7['3 Q?; Tel Ot
elg =¢ea—y <Mp> (2 Ev!¢d) Qa5+ (1+Qa— 8}\41231 My My (6.49)

Using Eqgs. (6.43), (6.47) and (6.49), we can expand (6.42) to first order in 7, d¢sy and compute
Dgft). The highest power of (Q¢; > 1 in the terms appearing in the expansion is 1. Keeping only
terms of order zero in € < 1 gives

DB = —3(1 + Qu)dmg; - (6.50)

™

This expression, in the limit Q. — 0, yields the usual cold inflation result [35].

Weak dissipative limit Q) < 1
For Q < 1, e ~ ey ~ (7/Mp)? and Eq. (6.45) reduces to

1/2
o T OTst . 6V’¢c1 Ot 1/2 OTst 1/2 dst
Q|¢_Qd[1 6Mp Mp < 2 My |~ @ HO( )MP+O(6C1)MP ‘
(6.51)

Every other contribution is of higher order in ¢ <« 1 or Qg < 1, and is therefore neglected.
Substituting the expanded @ in (6.46) gives

1/ 7 2 1/2 (5¢St 7r21 Qo \ T 0Tst
- = —_ = _— 2 ) 1 — = . : 2
€lg = ca 4 <Mp> ( vlsa Qe +Qa 12M2 ) Mp Mp (6.52)
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Keeping terms of order at most one in ()] < 1 and of order zero in € in D&St), we obtain the same

result as in the strong dissipative limit,

DB = —3(1 4 Qo) dmss. (6.53)
In other words, this expression for D,(TSt) is valid both in the weak and strong dissipative regimes to
lowest order in slow-roll parameters.

6.4 The power spectrum

Substituting D((;t) and DY in (6.37)-(6.39), we obtain the following system of differential equations
for the moments

d

1 NE((qugt) = 2E(0¢st67st) + Dy, (6.54)
%E<5¢5t57rst> = E(57T52t) - 3(1 + QC])E(6¢St57TSt) + Dd)m (6'55)
d‘]lVE(éwgt) = —6(1+ Qu)E(672%) 4+ Dyy. (6.56)

This system can be solved analytically to obtain E(6¢Z%). Taking the large N limit of E(6¢2) and
substituting its derivative in (6.31) yields'?

1 d 6(1 + Q1) Drg + Drr
ddst 1— €l dN ( qbst) 1— €l ( o 9(1 + QC1)2

In slow-roll inflation, when taking the ¢ — 0 limit, the only non-vanishing diffusion coefficient is

(6.57)

Dy, while Dyr, Dz — 0. In the case of warm inflation, we see that the latter are further suppressed
by the dissipative coefficient (). We thus conclude that, in the o — 0 limit,

1
Do =12 o Doo = (Poo)- (6.58)

This expression implies that the stochastic inflation formalism result coincides with standard per-
turbation theory at linear order in small fluctuations.

Comparison with existing results. To the best of our knowledge, the stochastic-inflation for-
malism has been employed once in the context of warm inflation, in Ref. [19]. Our analysis yields
different results from Ref. [19]. First, we do not consider a Bose-Einstein distribution for the inflaton
fluctuation occupation number, which according to Ref. [19] presumably stems from a population
thermalized with the radiation plasma. This difference is of great practical importance, as illustrated
in Fig. 9. Our treatment also differs from Ref. [19] in other respects. In Ref. [19], quantum diffusion
is described to be a second source of (effectively classical) noise, independent of the thermal noise.
This is a consequence of assuming that the thermal noise does not appear in the classical equation
of motion for the Fourier modes of d¢. In our work, we show that starting from a consistent quanti-
zation procedure for the inflaton implies that quantum effects and the classical thermal noise jointly
contribute to the dynamics of large scales. In particular, we show that the thermal noise is implicit
in the quantum noise through the short-wavelength Fourier modes of the inhomogeneous solution of
the inflaton perturbations. Moreover, our work shows the agreement between the stochastic inflation
approach and linear perturbation theory when the quantization scheme we introduced is consistently
applied. As a final consistency check, we find that linear perturbation theory itself naturally recovers
the cold-inflation limit if the homogeneous contribution to the power spectrum is not discarded.

12This limit of dE(6¢2 )/ dN can also be obtained by neglecting the derivative in the left-hand sides of (6.55), (6.56)
and substituting the corresponding algebraic equations into the right-hand side of (6.54).
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7 Summary and conclusions

We have explored the possibility for the inflaton to release a fraction of its energy into a thermal ra-
diation bath during inflation, a scenario known as warm inflation. Such a dissipative effect manifests
as an additional friction term in the background equation for the inflaton field and as a stochastic
source for its perturbations. We have considered several monomial inflaton potentials and power-law
dissipation coefficients, which are summarized in Tab. 2.

| ¢° ] ¢* | ¢2

T v iv | x
3 X | v | %
T3/¢% || % | % | %

Table 2. Summary of the compatibility with CMB data of the dissipation rates and inflaton potentials con-
sidered in this work. ¥ means compatible. 8 means incompatible.

Our main results and methods are the following;:

Analytical estimates. We have described a new analytical approximation that solves the sys-
tem of stochastic differential equations for the perturbations in the slow-roll attractor. It accounts
for the backreaction of radiation fluctuations that acts as a source in the equation for inflaton fluctu-
ations, which was not included in previous analyses. We have derived expressions for the curvature
power spectrum and scalar spectral index, ng, that require only a numerical evaluation of back-
ground quantities. We detail various approximations and simplifications which allow to achieve a
good accuracy for dissipative coefficients Q. < O(1071), relevant for current CMB limits. We have
also described a quantization scheme for the perturbations sourced by the classical noise giving rise
to the usual classical equations for the mode functions encountered in warm inflation. We find (ana-
lytically) that the Gaussian nature of the noise implies a universal (scale-independent) distribution
for the power spectrum that was noted in [21].

Numerical results and comparison with CMB limits. We have employed a method introduced
in Ref.[21] in order to solve the system of stochastic differential equations for the perturbations
numerically. It consists of a Fokker-Planck approach to obtain a system of deterministic linear
differential equations for the two-point correlation function of the perturbations. This approach,
to which we refer in the text as the matriz formalism, allows to compute the power spectrum of
scalar perturbations. Armed with this efficient tool, we have confronted the nine models we have
considered with current constraints on the amplitude and spectral index of curvature fluctuations,
A, and ng, and the tensor-to-scalar ratio, r. Our results are summarized in Tab.2. The models
that are excluded by the data are so, not because they feature a too large tensor-to-scalar ratio, but
because their scalar spectral index is too large. Models such as A\¢? with a dissipation coefficient
proportional to the temperature are close to being excluded for this reason, making conservative
assumptions about reheating (see below). Although we have not checked it in detail, we conjecture
that monomial potentials with even n > 6 are ruled out for the dissipation coefficients considered in
this work.

Reheating. For each case, we have studied the post-inflationary evolution of the background
inflaton and radiation energy densities depending on the value of the dissipative coefficient at the
end of inflation. We have deduced the conditions required for a transition to a radiation dominated

42



universe and used these conditions to account for the uncertainties in the post-inflationary cosmology
when constraining r and ns. Some models allow a smooth transition into radiation domination after
inflation, whereas in some cases extra species are definitely required for successful reheating. For
the sake of generality, we consider the possibility that the Universe is either matter or kination
dominated after inflation when we compare specific models with CMB data.

Stochastic inflation formalism. We have applied the stochastic inflation formalism to warm
inflation, in order to quantify the effects of small wavelength perturbations on large scales. We
show that starting with a consistent quantization procedure for the inflaton implies that quantum
effects and the classical thermal noise jointly contribute to affect large scales. With this approach,
in the slow-roll limit, we recover the power spectrum of curvature fluctuations on large scales from
linear perturbation theory. Consistently, we recover the cold-inflation result in the limit where the
dissipation coefficient is negligible. We show that a (Bose-Einstein) correction for the primordial
spectrum that has been frequently used in the context of warm inflation does not follow directly
from the stochastic inflation formalism.

Accuracy of our results. We have solved the Langevin equations that describe the system of
metric-inflation-radiation fluctuations for multiple realizations of the stochastic source term and
averaged over the resulting spectra. Our results with this technique are found to agree at the
percent level with results from the matrix formalism. Limited by finite sampling effects, solving for
n realizations of the Langevin equations can only allow to achieve accurate results at large n. We
argue that percent level accuracy can only be achieved for n ~ O(10%) realizations. We compare our
results with semi-analytical expressions for the amplitude of the power spectrum and scalar spectral
index commonly encountered in the literature. We find that such expressions fail to capture the
properties of the power spectrum with the 2 O(1%) accuracy required to confront model of inflation
with CMB data. We conclude that only the matrix formalism approach (introduced in [21]) allows
for a fast and reliable determination of the scalar power spectrum and we advocate its use in future
studies of warm inflation.

We expect that this work contributes to set warm inflation on firmer ground at a phenomenological
level and help to compare this scenario of inflation with CMB bounds.
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A Matrices of the matrix formalism

In this appendix we provide the matrices needed to compute the primordial spectrum of curvature
fluctuations following the method discussed in Sec.3.2. These expressions were first presented in
Ref. [21], where this matrix method was introduced. The 4 x 4 matrix A is given by

fo fo fag fo
A 9y +4prfy 9p +4prfp 9ag +4prfag 9o +4prfo (A1)
hy +4(dg/dN) fy by +4(dg/dAN)f, hap + 4(dg/dN)fap hg +4(de/dN)fy |’
0 0 -1 0
where
k2 1 [(do\? do \?* k2 k2 de \ 2
=14 — — =TH(— | — —|2M? — =
Jo=1% 300 ~ 6ar <dN> W (dN) 3a2{ P2 (dN) ]
1 HT [ d¢ \* k2
S - —4-T — —
o= sazE? I T4p, <dN) 302H?2’
1 do k2 do
_ g9 =— (= +2rH ) —=
Vy k2 5 do do \?
=2 = (3H>——+V, | —HI, | —
fo= 3z 96 = 322 ( av e *\an )
V, T d¢ TTr dé
= 27 —_—— == ——
=2 T g an P~ 4Hp, dN’
r 1dH k2 Ve Ty do
=34+ =+ —— = AN A2
has =3+ T+ Fan ho= e T2 T Han (A2)
The column vectors B and C' are
2
0 2MER2/a? — 4H? (§%) - 4p,
B | ~VZTH/a (dg/dN) c- 1 1
- 3 ’ - 2 d
2I'T/(aH) 312 (%> +4p, 242
0 v,
¢
(A.3)
The initial conditions are given by
00 0 0
1 00 0 0
P . — ) , A4
Q 2ka?(Nmi) |00 1+ (k/k;))? —1—i(k/k;) (A4)
00 —1+4i(k/ki) 1

where, as discussed in Sec. 3.2.2, k; is the scale that crosses the horizon at the time at which the initial
conditions are set. In practice, we can start integrating at some time Njy; such that k/k; ~ 100.
As discussed in Ref. [21], the choice of initial conditions does not affect strongly the result provided
that they are set early enough.
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A more efficient implementation of the matrix formalism The numerical integration of
(3.15) for the A matrix in (A.1) with the initial conditions in (A.4) can be quite expensive from the
point of view of computation time. The reason behind this is that, due to the Bunch-Davies initial
conditions for ¢y, d¢r’, the system oscillates towards the thermal attractor (if dissipation is strong
enough) or towards standard cold-inflation freeze-out (if dissipation is weak). Since all perturbations
are coupled, not only inflaton perturbations oscillate, but also dp, . These oscillations of dp, , are,
however, futile and computationaly costly. Since {|6p, k|?) is ultimately driven to a thermal attractor
by the noise, its evolution deep inside the horizon does not affect its final value. Nevertheless,
numerically evolving oscillating systems is very time consuming, hence the slowness of the code.

The following trick allows to circumvent this issue and integrate numerically (3.15) faster. If
we restore the dependence on dg, in (3.2)-(3.4) through (3.6), we get a system of five stochastic
differential equations for the variables dp; k, g, g, Yk, ¢k, ¢’ whose A matrix reads

Gp+dpefy,  —HE*/(a®H?) Gy +4dp.fy Go + 4pr fo Gag + 4prfag
1/(3H) 3 4p,(3H) I(d/dN) 0
A= fo 0 fy fo fag
0 0 0 0 -1
hy, +4(d¢/dN) f, 0 hy +4(d¢/dN) fy hy +4(d¢/dN) fy hap + 4(do/dN) fag
(A.5)
where
k‘2
Gp = gp + m, (A6)
2 , k2 do \ 2
Gy = gy + 352 [2Mpa2H2 — <(UV> } ) (A7)
B a0 49
k% do
_ MY A.
Gao =94 + 33 (4.9)
and the functions f, g and h are the same as above. After some algebra, the new B and C vectors
are
—(d¢/dN)+\/2T'TH/a? 0
0 1 3H
B = 0 C = —3H?(d¢/dN)% —4p,. | . (A.10)
) 2 2
0 3H?(d¢/dN)? + 4p, _3H(dg/dN)
2I'T/(aH)3 0
Appropriately setting the initial conditions is what actually makes this approach significantly faster.
Choosing
000 0 0
1 000 0 0
Qi=55~-(000 0 0 , (A.11)
2ka*(Nini) | ¢ 1 —1+i(k/k;)

000 —1—i(k/k) 1+ (k/ki)?

imposes 0g, ), = 0 initially. The superhorizon backreaction of the (naturally oscillating) d¢g, d¢x’
into 0py g is removed. Therefore, dp, i, reaches its thermal attractor (the same one as in the 4 x 4
system), but it does so without oscillating, which saves significant computation time.
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B Statistics and the determination of the power spectrum

In this appendix, we briefly review some elements about statistics of stochastic variables in order
to ease the connection between the Langevin approach employed to compute the power spectrum
and the matrix formalism. We start by general considerations about the precision of the Langevin
approach. In a second part, we discuss the connection between the curvature perturbation and the
power spectrum.

B.1 Intrinsic limitation of the Langevin approach

Let us consider n copies of a stochastic variable X and label them X;, with i = 1,...,n. If 4 and o
are the average and variance of X, then the average and variance of S = 3" | X; are S =npu and
a?s = no?, respectively. If we were to determine p by drawing a value from each stochastic variable

X, and averaging over, the expected error would be given by the ratio

\/% S (B.1)

ST
This shows that the determination of y is intrinsically limited by the variance o2, but the precision
on its evaluation increases with n.

We can apply this consideration to the determination of the power spectrum of curvature fluc-
tuations from the Langevin approach, considering that each time we solve the system of stochastic
differential equations to compute Pr we are drawing values for the real and imaginary parts of R
from a stochastic variable. Since the distributions of the real and imaginary parts of R are Gaussians
centered around zero, the standard deviation and average for the stochastic variable Pr o< |R|? are
of the same order, i.e. op, ~ pp,. The relative error on the expected value of Pr achieved by
averaging over n realizations can be estimated by setting o ~ p in Eq. (B.1) as

;ﬁ ~ 3% (1”03)1/2 ~ 1% (1784)1/2 ~ 0.3% (1"05)1/2 . (B.2)

Therefore, to achieve an O(1%) or better precision on the determination of (Pr), one would need
at least O(10%) stochastic realizations.

B.2 Statistics for the curvature perturbation and power spectrum

In the following we consider a fixed value of k in Fourier space. The real (z = Re(Ry)) and imaginary
(y = Im(Ry)) parts of the stochastic variable R = Ry, are themselves stochastic variables. Their
joint probability distribution function f;,(x,y) satisfies the normalization condition

/_OO fay(z,y)dedy = 1. (B.3)

Assuming that both variables,  and y, are independent Gaussians with zero average (u = 0) and
standard deviation o, the probability distribution function f;,(x,y) can be expressed as a product
of Gaussian distributions satisfying

/ L a2/ g, / L —v2eeh g, — 1 (B.4)

oo OV 2T 0o OV 2T
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We can define the new variable

— . I Ko oo
The brackets (...) denote the ensemble average, i.e. the average over stochastic realizations. Eq. (B.4)
can be expressed in terms of A as

oo oo
/ log(10) 102 exp(—102) dA = / F(A)dA = 1, (B.6)
—0o0 —0o0

where F(A) is the probability distribution function for the stochastic variable A. The probability
distribution for A does not depend on the variance o2 of the distribution for the real and imaginary
parts of R and it does not depend on the scale k. Indeed, F does not depend on any free param-
eter. Therefore we expect this distribution to be universal (i.e. k-independent) provided that R is
Gaussian distributed for all £ and that both real and imaginary parts are independent variables.

Following the same assumptions, the variance of the stochastic variable R = Ry is given by

1 1
<|R|2> — <x2+y2> — /Um e—$2/(2a2) dw/o_zﬂ_e_yQ/(QUQ) dy <x2—|—y2) _ 20_2_ (B?)

From the definition of the power spectrum Pr = k3/(272)|R|? it follows that

272
20% = (IR|*) = -5 (PR, (B.8)
which implies
2
o

This quantity can be estimated by averaging over several stochastic realizations, which is the same
quantity that is determined with the matrix formalism.

C Reheating

In this section, we study the asymptotic post-inflationary behaviour of the radiation and inflaton
energy densities for a generic power law I'(T') and potential V' (¢),

V(g) = A (ﬁp)nMj%, I(T)=C (AZPYMP. (C.1)

n

Our goal is to determine whether a radiation dominated universe can be achieved after inflation
without requiring extra couplings or fields. We seek to find asymptotic solutions to the continuity
equations

ply=—=3(1+Q) H*¢", (C.2)
pr = —4pr +3Q H* ¢* | (C.3)

outside of the inflationary attractor. We approach the problem in the weak (@ < 1) and strong
(Q > 1) dissipation regimes. To lighten the notation, we set N = 0 to be the end of inflation
(defined by the condition € = 1).
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C.1 Weak dissipation limit (Q < 1)

If @ < 1 at the end of inflation, p,(0) < py(0). In this limit, we can neglect the @ term in (C.2).
We then have
ply = —3H? ¢ (C.4)

We assume inflation ends close to a minimum of the potential, around which the inflaton oscillates.!?
In this scenario, Eq. (C.4) can be solved (see e.g. [36] for a detailed calculation). For a potential as

in (C.1), one has
2n

n+ 2

where (-) represents the average over oscillations of the inflation around the minimum of its poten-

6n

po(IN) = py(0) e nrzlV and H2(<;5'2> =

Pg s (C.5)

tial.'* The dissipation rate can be expressed as

39— L _V3C (o N (e \ T (C.6)
H ™ i \ M} M3 ’ ‘

with & = g,72/30. Substituting (C.5) and (C.6) into (C.3) yields

p /8/4 3n
p;ﬂ = —dpr + Ay <T> e_mNM?J? (07)

where A; is a constant, see Eq. (C.10). Eq. (C.7) can be solved analytically.
For g = 4. In this case the radiation energy density can be expressed as

(2 + n)A1 6_%]\/

pr(N) = crexp <—4N -3,

)Mj‘_f, ~ cre N M}, (C.8)

where c; is a dimensionless integration constant.

For 8 # 4. The solution to (C.7) is given by

Ay exp (—(127”)]\0 Mp o s <,

pr(IN) = Az fﬁ%]\[Mé +coe WML ~ AN AR ) =g
coe” M}; if (475)2% >4,
(C.9)
where co is a dimensionless integration constant and
4 3@ MIC g o[ A=p A 17 010
VST it = i ars) (C.10)

In order to complete this analysis, we need to determine the time evolution of Q). We do so by
substituting (C.5) and (C.9) into (C.6). If @ decreases with N, the weak dissipation regime persists
and the analysis above holds indefinitely. However, if Q) increases with N, at some point @ is no
longer small and we enter the strong dissipative regime (which we study next).

13Tn cold inflation, the inflaton is subject to Hubble friction. When it reaches the minimum of its potential, it
oscillates with a decreasing amplitude. This means that the damping due to Hubble friction is undercritical. If @ < 1,
the damping 3H (1 + @) is still undercritical, hence there are also oscillations of the inflaton around its minimum.

Not to be confused with an average over realizations of the thermal noise. In this appendix, there is no thermal
noise since we work only at background level.
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C.2 Strong dissipative regime (Q > 1)

If @ > 1 at the end of inflation, p,(0) ~ py(0). After the end of inflation, large values of @ favour
an efficient energy transfer from pg to p,. Hence, we can make the rough approximation that the
total energy is rapidly dominated by radiation. As in the previous subsection, we need to decouple
one of the continuity equations. Unlike in the () < 1 case, it is impossible to do so neglecting () in
(C.2). Under the reasonable assumption that p, redshifts away after the end of inflation (p] < 0),
from (C.3) we conclude that such condition can be achieved only if p, > QH?¢? shortly after the
end of inflation.'® Hence, we assume that the @ term in (C.3) can be neglected. The equation for p;
then yields pl. = —4p,. This implies p, = p,(0)e™*V
The equation for py reads

, which expresses the usual redshift of radiation.

Py = —3H*(1+ Q)¢ ~ —3H2Q¢”. (C.11)
Assuming p, > pg, as mentioned above, the Hubble rate can be expressed only in terms of p,
Pr pr(0)e”*N
3H? ~ = (C.12)
Mjp Mjp
The dissipation rate () can therefore be expressed as
r . B/4—1/2 : B/4—1/2
o= L _ ¢ (»r __¢_(r0O BN (C13)
3H  /3xB/A \ Mp V3kB/A\ Mp

Due to the strong dissipation, the inflaton does not oscillate around its minimum but instead asymp-
totically relaxes towards it.'® Hence, the dominant contribution to the inflaton energy density is the
potential, which allows to write

n—1 /
¢) ¢ Mp. (C.14)

I r_ @
Po=Vo® )\<MP Mp

Substituting (C.12), (C.13) and (C.14) into (C.11), provides a differential equation satisfied by ¢

¢ \" _ g oo (& . _ O (el
(MP> = —Ase M) with Az = NIV >0. (C.15)
The solution for n # 2 is
1
1 n—2\ 2 _ps+2
o= (4 57s) T (10

where we have neglected an irrelevant integration constant. Hence, we can express the inflaton
energy density as

ps(N) = % (;\_Lg g;;)“e—WNM}). (C.17)
For the n = 2 case, we have
e(B+2)N
¢(N) = c3 exp <_(5+2)A3> Mp, (C.18)

15 Another way of understanding this is: since the inflaton component is subdominant at this stage, it cannot
efficiently source p, via @ in (C.3) whose right-hand side is dominated by the redshift term.

16In the weak dissipative regime, the damping due to Hubble friction is undercritical. However, in the strong
dissipative regime, @ becomes large enough for the damping due to dissipative friction to be (over)critical.
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which implies

2 (B+2) As

where c3 is a dimensionless integration constant. This completes our analysis of the strong dissipation

A2 2¢(B+2)N
po(N) = 25 exp (—6 M}, (C.19)

regime.

Transition between regimes

Notice that the dominant species after the end of inflation is not fully determined by the value of
Qend- If Qena < 1, then py(0) > p,(0). On the contrary, if Qena > 1, pp(0) =~ p,(0) (this can be
seen from the slow-roll attractor equations). However, as already advanced, the later tendency of
ps and p, might imply a change of the dominant species.

The dissipative regime that holds at the end of inflation (weak or strong) does not necessarily last
indefinitely. If dissipation is weak at the end of inflation but @ grows in time, the strong dissipative
regime is eventually reached, and the behaviour of py, p, changes from the one described in Sec. C.1
to the one described in C.2. Reciprocally, starting in strong dissipation and having a decreasing )
eventually leads to the weak dissipation regime.

An important remark is that a change in the dissipative regime might be accompanied by a
change in the dominant species, but it does not necessarily have to. This is particularly relevant for
the following reason. The behaviour of py and p, is determined by the regime (Q > 1 or @ < 1).
However, the behaviour of @) depends also on the dominant species (which determines the main
contribution to H). We will summarize the possible scenarios and provide detailed examples in the
next couple of sections.

C.3 Summary and cases of interest

Tab. 3 summarizes the asymptotic time dependence of py, p, and Q in the strong dissipation (SD)
and weak dissipation (WD) regimes. The Tabs. 4, 5 and 6 show the same quantities for quadratic,
quartic and sextic potential respectively, for linear and cubic dissipation rates. These tables indicate
the dominant species in the energy budget of the universe: inflaton domination (ID) or radiation
domination (RD). In addition, transitions to a different regime or dominant species are indicated
with an arrow.

“ QK1 Q>1
 5(B+2)N
_6n p ~e B+)43  if n =2
Pé ~e _ (B+2)m _
~e n-2 otherwise
N ~ e @B Y i T <dand B#£4 N
~ e N otherwise
e LA 12n
0 ~e " if W<4andﬁ7ﬁ4 2B

3n
_B8\N .
~ e( ntz P ) otherwise

Table 3. Asymptotic behaviour of pg, pr and @ after the end of inflation for generic exponents n and 3
defined in Eq. (C.1).
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ToxT || Qena <1 | Qena>1 FoxT? || Qua <1 | Qena>1

2¢3N 25NV
P e 3N e 343 P ~ e 3N e 543
o e—2N o—4N o ~ AN ~ AN
0 N N 0 ~ e—3N/2 ~ =N
Regime | WD — SD SD Regime WD SD — WD
Dom. sp. || ID =+ RD RD Dom. sp. ID RD — ID (late)

Table 4. Results for V(¢) o< ¢? with I" oc 7' (left) and I' oc T2 (right) : asymptotic behaviour of py, p, and Q
after the end of inflation, dominant species for strong and weak dissipation regimes. See Sec. C.3 for details.

FoecT H Qend <1 ‘ Qend >1 I' T3 H Qend <1 ‘ Qend >1
Ps o—AN o—6N Po ~ AN o—10N
pr o—8N/3 o—4N pr ~ o—4N ~ o—4N
Q cAN/3 eN Q ~e N ~ e N

Regime || WD — SD SD Regime WD SD — WD
Dom. sp. || ID — RD RD Dom. sp. ID RD

Table 5. Results for V(¢) o< ¢? with T’ oc T' (left) and I o< T (right): asymptotic behaviour of pg, p, and Q
after the end of inflation, dominant species for strong and weak dissipation regimes. See Sec. C.3 for details.

T T || Qena <1 | Qena>1 T || Qena €1 | Qena>1
P e—9IN/2 e—9N/2 P ~ = 9IN/2 o—15N/2
or 3N AN or ~ e—4N ~ 4N
Q 3N/2 eN Q ~ o—3N/4 ~ N

Regime || WD — SD SD Regime WD SD — WD
Dom. sp. || ID — RD RD Dom. sp. || ID — RD RD

Table 6. Results for V(¢) o< ¢% with I' oc T' (left) and I o< 7 (right): asymptotic behaviour of pg, p, and Q
after the end of inflation in addition to dominant species for strong and weak dissipation regimes. See Sec. C.3
for details.

C.4 Two detailed examples

In this section, we discuss in detail the post-inflationary dynamics of two models: For V o ¢9,
I' < T3 and Qeng > 1 and for V o< ¢*, T’ o< T and Qenqg < 1. The results, illustrated in Fig. 12, are
discussed in the following.

Vo< ¢% T o< T3 and Qena > 1. In this case we have p,(0) =~ p,(0) at the end of inflation. To
illustrate the behavior of the various quantitites, we focus on the right panel of Tab.6. Initially,
pry Py and @ evolve as shown in the right column: p, ~ e 4N Po ~ e 15N/2 and Q ~ e V. The
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universe is dominated by radiation and the dissipation rate is large. Due to the latter, the inflaton
is overdamped and does not reach the minimum of its potential, hence there are no oscillations in
ps- At N ~ 7, QQ becomes smaller than one, hence we enter weak dissipation. As a consequence,

—9IN/2 and, still, p, ~ e *N.

ps and p,. are now described by the left column of Tab.6: py ~ e
Also, wiggles appear in pg, indicating newly-appeared underdamped oscillations of the inflaton.
Regarding @), recall that its evolution depends on the dominant species. Since the dominant species
is still radiation, and the evolution of radiation has not changed in the transition, still Q ~ e~ (in
other words, since this is a radiation domination phase, a change in the behaviour of ps does not
affect Q). From this point onwards, weak dissipation and radiation domination will continue as long

as (C.2) and (C.3) hold (indeed, both @ and pgs/p, keep decreasing).

Vox ¢ty T T and Qena < 1. In this case we have ps(0) > p,(0). To illustrate the behavior of
the various quantitites, we focus on the left panel of Tab.5. Initially, p,, ps and @ evolve as shown
in the left column: pg ~ e N p. ~ e 8N/3 and Q ~ e*V/3. Since dissipation is weak, the inflaton
undergoes underdamped oscillations, which manifest as wiggles in pg. At N ~ 5.5, ) becomes larger
than one and py ~ pr. The transition to strong dissipation (which ends at N ~ 8) implies that p,
and pg are now described by the right column (p, ~ e 4, Py ~ e~%) and wiggles in pg no longer
appear (the inflaton is overdamped). The change in the dominant species means that @ is now also
described by the right column, @ ~ eV (unlike in the previous case in which the behaviour of @ did
not change despite the change of regime). From this point onwards, strong dissipation and radiation
domination will persist as long as (C.2) and (C.3) hold (indeed, both @ and p,/ps keep increasing).
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Figure 12. Evolution of p,, p, normalized by the total energy at the end of inflation p(0) (top panels)
and @ (bottom panels) for two different models (left and right). Solid lines are numerical solutions of the
background equations. Dashed lines represent different asymptotic exponential behaviours (indicated by the
labels inside the plot). Recall that inflation ends at N = 0. Black vertical lines separate different phases,
labeled in the upper part and indicating the dominating species (“Inf” for quasi-de Sitter inflation, “RD” for
radiation domination, “ID” for inflaton domination) and the post-inflationary dissipative regime (“SD” for
strong dissipation, “WD” for weak dissipation).
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