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Among (semi)leptonic rare B-decays induced by the b — d flavor changing neutral current, the decay
BY — wtutu~ is the only one observed so far experimentally. Related decays involving the ete™
and Tt~ pairs are the targets for the ongoing experiments at the LHC, in particular LHCb, and Belle
II. The muonic and electronic semileptonic decays have almost identical branching fractions in the
Standard Model (SM). However, the tauonic decay BT — w+tt 1~ differs from the other two due to
the higher reaction threshold which lies slightly below the 1 (2S)-resonance. We present calculations

Keywords:

B-meson of the ditauon (tr+t~) invariant-mass distribution and the branching fraction Br(B* — 7w *tt77) in
Semileptonic decay the SM based on the Effective Electroweak Hamiltonian approach, taking into account also the so-called
7-lepton long-distance contributions. The largest theoretical uncertainty in the short-distance part of the decay

Transition form factors
Branching fraction
Lepton flavor universality

rates is due to the B — m form factors, which we quantify using three popular parametrizations. The
long-distance contribution can be minimized by a cut on the ditauon mass m;+,- > My s). Once
available, the branching fractions in the tauonic and muonic (and electronic) modes provide stringent
test of the lepton flavor universality in the b — d transitions. We illustrate this by calculating the ratio
Ry(t/m) =Br(BY — wtttt7)/Br(B* — wtut ™) in the SM for the total and binned ratios of the
branching fractions.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction ing searches for better models incorporating physics beyond the

Standard Model (BSM) [11-16].

Rare bottom-hadron decays induced by the quark-level Flavor
Changing Neutral Current (FCNC) transitions b — s and b — d are
of special interest as they allow us to test the SM precisely and
search for possible deviations from the Standard Model (SM). FCNC
processes in the SM are governed by the GIM mechanism [1],
which allows such transitions only through higher-order elec-
troweak (loop) diagrams. In particular, semileptonic rare decays
are a very useful tool for testing the Lepton Flavor Universality
(LFU), a linchpin of the electroweak sector of the SM. Semilep-
tonic decays due to the b — s currents such as B* — K™+t -,
BO — k™0~ and BY — ¢utpu~ and their electronic coun-
terparts, while suppressed by the loops, are favored by the quark
mixing Cabibbo-Kobayashi-Maskawa (CKM) matrix [2,3]. Hence,
there is plenty of data available on their branching fractions and
decay characteristics, such as the lepton-pair invariant-mass and
angular distributions [4-10]. Some of these measurements were
found to be not in accord with the SM-based predictions, trigger-
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An important issue in these decays is the interference between
the short (perturbative)- and long (non-perturbative)-distance con-
tributions. The standard experimental procedure is to exclude
the dilepton invariant-mass squared (g2) spectrum close to the
J/¥- and v (2S)-resonances, and extract the short-distance part
of the spectrum from the rest. Measurements of the phase dif-
ference between the short- and long-distance amplitudes in the
Bt — KTutu~ decay has been undertaken by the LHCb col-
laboration based on data collected in 2011 and 2012 [17]. Their
analysis shows that the phases of the J/y- and ¥ (2S)-mesons
are important near the resonance masses, due to their small decay
widths, but their influence on the dilepton invariant mass spec-
trum in other regions is small. In addition, the branching fractions
of the higher charmonium states: 1 (3770), v (4040), v/ (4160), and
¥ (4415), were measured. This analysis is potentially helpful for
studies of other semileptonic decays, BY — 7 +¢+¢~, in particular.
For the B — mweTe™ and B — wut ™, also light vector mesons,
0% w and ¢, give sizable contributions to the lepton invariant-
mass distribution around g% ~ 1 GeV2.

Dedicated searches of possible LFU-violations in rare decays due
to the b — s currents have been undertaken by the LHCb col-
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laboration [18-20] in terms of the ratios Ry (1/e) = Br(B —
K®utu=)/Br(B — K®ete™), measured in selected bins in the
dilepton invariant mass squared. This data hinted at LFU-violation,
typically reaching three standard deviation from the SM. Simi-
lar analysis by the Belle collaboration [21,22], on the other hand,
yielding Ry (1/e) = 1.031328 £ 0.01 for ¢? € (1.0, 6.0) GeV?,
while consistent with the SM is less conclusive due to larger ex-
perimental errors. However, recent measurements of the ratios
Ry (u/e) in the low- and central-q? parts of the spectrum by
the LHCb collaboration [23,24] are found in almost perfect agree-
ment with the SM predictions [25,26]. This data, based on 9 fb~!
integrated luminosity, with improved understanding of the back-
ground and tighter electron particle identification, supersedes the
earlier LHCb data.

There have also been persistent indications over almost a
decade of LFU-violation in the charged current (CC) semileptonic
transitions B — D™ ¢y, comparing the light (¢ =e, u) and -
lepton modes via the ratios Rpw = Br(B — D™ tv;)/Br(B —
D™ ¢vy) [27-30]. However, the latest analysis of Rp+ by the LHCb
collaboration [31,32], yielding Rp« = Br(B® — D*~ttv;)/Br(B°
— D*‘,u*vu) = 0.247 £ 0.015 (stat) £ 0.015 (syst) £ 0.012 (ext),
is in good agreement with the SM-based estimate Rp+ = 0.254 +
0.005 [33]. Likewise, the single best-measurement of Rp, namely
Rp = 0.307 &+ 0.037 (stat) 4+ 0.016 (syst) by the Belle collabora-
tion [34], is in good agreement with the corresponding ratio in the
SM, Rp = 0.298 &+ 0.004 [33]. Thus, the long-standing anomalies
in Rp and Rp+ in CC decays have receded, thanks to precise data.
We also mention that the 2.6 standard-deviation departure from
the LFU observed by the LEP experiments in the branching frac-
tions of the W* — ¢*v, decays, namely RI%E/IZHM) = 2Br(W* —
407) /[Br(W* — e*v,) + Br(W* — utv,,)) = 1.066 & 0.025 [35,
36], has now been brought in line with the SM expectations

Ril\/ﬂ(wu) = 0.9996 [37,38], by precise experiments in proton-
proton collisions at the LHC with REYE, & =1.002 +0.019 [39].

Measurements by the ATLAS collaboration [40], Ry = 1.003 +
0.010 and R?}b“\s =0.992 £ 0.013, are likewise in excellent agree-
ment with the LFU hypothesis. One concludes that there is no
experimental evidence of the LFU-violation in charged-current pro-
cesses.

Data on the FCNC semileptonic b — d transitions is rather
sparse. For decays induced by the b — d¢*¢~ transition, where
¢=e, u, T, the BT - wTutu~ decay is so far the only mode
observed in the B-meson sector, first reported by the LHCb col-
laboration in 2012 [41] and analyzed in detail in 2015 [42].
The measured dimuon invariant mass distribution in the B* —
atutu~ decay is in good agreement with theoretical predic-
tions in the SM [43-45] in almost all regions of the spectrum,
except the lowest g?-part. In this region, experimental data signif-
icantly exceeds theoretical predictions based on the short-distance
contribution [42]. Taking into account the sub-leading weak an-
nihilation (WA) and long-distance (LD) contributions, however,
gives better agreement between theoretical predictions and ex-
perimental data [46-48]. We also note the evidences for the
B® - wtm~utu~ decay with a significance of 4.80 [49], the
BE — K*0utu~ decay at 3.40 [50], reported by the LHCb collab-
oration, and the observation of the Ag — pr~ T~ decay in the
bottom-baryon sector by the same collaboration [51], all of them
are mediated by the b — d¢* ¢~ transition. A model-independent
analysis of the |[Ab| = |Ad| =1 processes to test the SM and probe
flavor patterns of new physics was undertaken in [52]. Constraints
on Wilson coefficients are obtained from global fits from data on
exclusive B — 7t u*tu~, Bs — K*utp~, B® - utpu~, and in-
clusive radiative B — Xy decays. Being consistent with the SM,
these fits leave a sizable room for new physics. The ratio R (1 /e),
involving the branching ratios of B* — w*¢t¢~ for £+ =e*, u*,
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has been studied theoretically at great length to search for the
LFU-violation [53] in the semileptonic b — d sector. At present,
however, there is no data available on the ratio R (u/e).

Precision tests of LFU involving the decays b — (s, d)tt7t~
remain to be undertaken. Compared to the b — (s, d)eTe™ and
b — (s, d)uTu~ modes, they have a reduced phase space, in
addition to the experimental difficulty of reconstructing the t*-
leptons. These modes will be targeted at the LHCb and Belle II
experiments. Theoretically, they have the advantage of being rel-
atively free of the LD-contributions and the form factors involved
in the SD-piece can eventually be calculated precisely on the lat-
tice. In the b — s sector, the decays B — K®1+7~ have been
studied theoretically from the BSM physics point of view [54-57].
Currently only weak experimental upper limits on these decays are
available, with Br(B* — K+t 17) < 2.25x 103 by the BaBar col-
laboration [58] and Br(B® — K*9t*tt~) < 2.0 x 1073 by Belle [59],
both obtained at 90% CL.

In the b — drtt~ sector, the main decays of interest are
Bt - mwtttt—, B > ntn—ttr~, B® > p°rtr~ and BT —
ptTrr~. In this paper, we present a theoretical analysis of the
BT — mTttt~ decay in the SM and work out the ditauon
invariant-mass distribution and decay width for three popular
parametrizations of the B — s transition form factors [60-62].
The LD-contributions are calculated using the available data on
the decay chain B — wV — m£7¢~ [36], which can, however,
be greatly reduced by imposing a cut on the dilepton invariant
mass, Mg+~ > My, (2s5). We also estimate the ratio of the tauonic-
to-muonic branching fractions, R (7/u), which holds also for the
ratio R;(t/e) in the SM. Their measurements will test the LFU-
violations involving all three charged leptons in the FCNC b — d
sector.

2. Effective Hamiltonian for the b — d¢* ¢~ decays in the SM

Our analysis is carried out in the Effective Electroweak Hamil-
tonians approach [63,64], where the SM heavy degrees of freedom
(W=, Z0,t) are absent. This effective theory also does not con-
tain photons and gluons with energies exceeding the mass of the
b-quark, my, which represents the largest energy scale of the the-
ory. Photons and gluons with lower energies are included using
the QED and QCD Lagrangians. Rare semileptonic decays of the
B-mesons involving the b — s and b — d FCNC transitions are cal-
culated in this framework, of which the b — d part has the form:

4G
b—d F
7‘{weak = /2

+ VeV [ P40 + 2 P )] (1)

{vudv::,, [P + 20 P o]

10
— VgV, ch(u>7>j(u)] +h.c.
j=3

where Gr is the Fermi constant, Vg,q, are the CKM matrix ele-
ments satisfying the unitary condition VgV, +VeaV3 +ViaVj =
0 which can be used to eliminate one of their products, and C;(jt)
are Wilson coefficients determined at the scale . For the opera-
tors P;(1), the following basis is chosen [64,65]:

PP = @y, LT*p) (py"LTb), (2)

P =y, Lp) (By"Lb), (3)

P3 = (dyulb) Y @y*a), (4)
q

Pa=(dy,LT b)Y “@y" T ), (5)

q
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Table 1

Wilson coefficients at the scale u, =mp, =4.8 GeV.

C1(mp) —0.146 C2(mp) 1.056

C3(mp) 0.011 Cq(myp) —0.033

Cs(mp) 0.010 Co(mp) —0.039

Cry (mp) —0.317 Cgg(mp) 0.149

ng(mb) 4.15 C]og(mb) —4.26
Ps = dyuyvyplb) Y @"y" v o). (6)

q
P6 = (dywypLT D) > @y y" y*Tq). (7)
q
_ de 1V
Pry = 1o [do (MR + mdL)b] Fpiv, (8)
_ 8st rpyIAY) A A
Pog = 1o [do (myR +mgl)T b] Gh,, (9)
Oem 5 =~
Pgr = dy, Lb Ly*e), 10
or =~ (@Y >X£j(y) (10)
Cem 5 ~ 5

P1oe = — (dyyLb Ly*y20), 11
100 =5 (A )szwy) (11)
where p = u, c is the quark flavor, TA (A=1, ..., 8) are the gen-

erators of the color SU(3)c-group, L, R = (1 F y5) /2 are the left-
and right-handed fermionic projectors, F,,, and Gﬂv are the elec-
tromagnetic and gluon field strength tensors, respectively, m, and
mgy are the b- and d-quark masses of which the d-quark mass
is neglected, 0,y =i (VYo — ¥v¥u) /2, and dem = €2 /(4r) is the
fine structure constant. The summation over q and ¢ denotes sums
over all quarks (except the t-quark) and charged leptons, respec-
tively. The Wilson coefficients C;(u), which depend on the renor-
malization scale u, are calculated at the matching scale uw ~ my,
where my, is the W-boson mass, as a perturbative expansion in
the strong coupling constant as(uw) [65]:

00 k
=3[0 | ¢, (12)
k=0

which are evolved to a lower scale pp ~my using the anomalous
dimensions of the above operators. They have been calculated to
the next-next-leading-log (NNLL) accuracy [65]:

as(Uw) (o) os(uw) \2 ) os(uw) )’ @)
it T\ "an O G I G

(13)

Numerical values of the Wilson coefficient, calculated to NLL ac-
curacy, are presented in Table 1, where one can see that the
Wilson coefficients of the QCD penguin operators, C;(mp) with
j=3, 4,5, 6, have much smaller values than the others.

Feynman diagrams for the Bt — 7 7¢T¢~ decay are shown in
Fig. 1, where the left one denotes the #7, contribution, and the
right one denotes the P9, and Py, contributions. The matrix ele-
ments for the B — P transition, where P is a pseudo-scalar meson,
are expressed in terms of three transition form factors [66]: vector
fi(q®), scalar fo(q?), and tensor fr(q?), where g* = (pg — k)" is
the four-momentum transferred to the lepton pair:

(P(k)|py"bIB(pB)) = f+(q*) (14)
x [p’g + kK — Lzm%’q“] + fo(g® Lzm%’q“,
q q
fr(@?

(P(k)|pat"qub|B(pp)) =i (15)

mp +mp
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d
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Fig. 1. Feynman diagrams of the B* — 7+¢+¢~ decay.

x [(pg +kH)q? —q* (mf3 —m%)],

where mp and mp are the B- and pseudo-scalar meson masses,
respectively.

Taking into account the sub-leading contributions, the differen-
tial branching fraction is as follows [47]:

dBr (B — Pe*e™)

, ZG%Olgm‘L’B
2 = 3
dq 3(4m)>my,

x FBP(g%)\/1 —4m?/q2, (16)

FBP(@®) = F§F (@® + FBF (),

2m?2
F&f (¢») = (1 + q—j)

2m, CS™(q?)
mpg+mp

4m?
Fio @*) = (1 - q—f)

6m? (m3 —m3)’

q? 2(g%)
where Sp is the isospin factor of the final meson (S;+ =1 and
S0 =1/2 for the mw-mesons, the case of our interest in this pa-
per), C;f&m are the effective Wilson coefficients including the NLO
QCD corrections [67], LEP (¢?) is the Weak-Annihilation (WA) con-
tribution, ACEP (¢?) is the Long-Distance (LD) contribution, and

Ve Vi P22 (g%)

cs'@* £ (@)

2
FEP (@) + LEP (@® + AckP @),

2
CST£27 @)

2
s P @,

2
@) = (mf; +md— q2) — amim?3, (17)

is the kinematical function encountered in three-body decays (the
triangle function). Note that the differential branching fraction for
the decay with the T+t ~-pair production differs from its counter-
parts with eTe™ and ™™ due to the important role of the scalar
form factor, fo(q%). In the electronic and muonic modes, its con-
tribution is chirally suppressed by mg and mfp respectively, while
this no longer holds for the tF7~ case.

The WA contribution is calculated in the so-called Large En-
ergy Effective Theory (LEET) [68] and has a significant effect for
g*> <1 GeV? only, so its inclusion makes sense for the B* —
w*ete™ and B* — w*ut ™ decays, but it is irrelevant for the
B* — ¥t 1~ case having the g?-threshold above 12 GeV?2.

Two-particle decays, B — Vi, where V is a neutral vector
meson, followed by the leptonic decay V — ¢7¢~ determine the
LD-contributions. They can be represented as follows [46]:

VipVagHY +V Vi H©
VeV ea

ACE™ = 1672 , (18)
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(4 —qg) kv fv ARy~
m?, — q3)(m?, — q? — imy I'9Y)

HP (@) =)

1%

(19)

where my, fy and Fﬁ}’t are the mass, decay constant and total de-
cay width of the vector meson, respectively, ky is a valence quark
content factor, A’;Vn (p =u, c) are the transition amplitudes, and
the free parameter q% = —1.0 GeV? is chosen to achieve a better
convergence in the denominator of (19). The differential branching
fraction (16) involves three B — P form factors. They are scalar
functions of q2, discussed for the B — 7 case in the next section.

3. Form factor parametrizations

Among the available parametrizations of the B — s transition
form factors (FF) known in the literature, we chose those which
are based on analyticity, crossing symmetry and the QCD disper-
sion relations. They are represented as a series in powers of the
function z(qz,qé) projecting g into the unit ellipse in the com-
plex plane.!

The first one is the Boyd-Grinstein-Lebed (BGL) parametriza-
tion [60] (i=+, 0, T):

N

2 1 M k2 2
(o Pp———— PO ) 20
=y @ &% 70 =

ymd —¢2 = Jm? — g3
=g Jmi a3

where Pi—i 1(q?) = z(q?,m2.) and Po(q®) =1 are the Blaschke
factors, mp+ = (5324.71 & 0.21) MeV is the vector B*-meson
mass [36], ¢1(q2,q(2)) is an outer function [60], depending on
three free parameters Kj, «j, and Bi, my = mp + my, and q(z) =

0.65 (mp — my)2. Expansion coefficients a,((l) are non-perturbative
parameters, which are determined either phenomenologically or
by non-perturbative methods.

The second one is the Bourrely-Caprini-Lellouch (BCL) para-

metrization [61] (i=+, T):

(21)

2(q*. q5) =

figh=———
1—q?/m3.
N—-1 ) K
X Z bl({l) |:Zk(q27 q%) _ (_1)’(—[\]N ZN(q27 q%)} , (22)
k=0
N—-1
fo@ =Y b7 af). (23)
k=0
g5 =m4 (Vmg — /mz)?. (24)

Here, z(q?, q(z)) is the same as in Eq. (21) and the form factors are
calculated by truncating the series at N = 4.

The third type is the modified Bourrely-Caprini-Lellouch (mBCL)
parametrization [62] (i=+, T):

2 fil@®>=0)

i) ="—5—— 2
fil@) = ml, (25)
N-1 ) K

x [1 + k;‘ b’ (2(¢%. a) — (1" 2w (g, q%))},

1 Parameter q(ZJ used here differs from the one in Eq. (19).
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Table 2

Theoretical predictions for the Bt — 7*7t7t~ total
branching fraction, obtained for the three indicated FF
parametrizations.

BGL BCL mBCL
Br, x 100 7.567974  6.00708)  6.28707¢
N
f+(@*=0) 0)5
fo@) =5 | 1+ 3 b0 %@ 6)) |. (26)
-4 /mBo k=1

where z(q%, q3) = Z*(q%, q3) — Z(0, g3). The function z(¢?, q3) is
defined in Eq. (21) and q% takes the optimal value (24). Here, un-
like other types of the fo(q?) parametrizations, this form factor has
a pole but at higher g2 — at the scalar Byp-meson mass squared,
méo. This state is not yet observed experimentally and its mass is
taken from theory. We set mp, = 5.54 GeV, as was used in the

determination of the expansion coefficients b,io) [62].

Note that the Dispersion Matrix (DM) method was suggested
in [69] to describe the FFs by using also analyticity, crossing sym-
metry and the QCD dispersion relations. This method is based on
the non-perturbative determination of the dispersive bounds and
describes in a model-independent way the FFs in the full kinemat-
ical range, starting from existing Lattice QCD data at large momen-
tum transfer, without a series expansion in powers of z(qz,q%). It
was already applied to the semileptonic B — m¢v decays [70] and
can be also used for the analysis of semileptonic FCNC B-meson
decays.

4. Numerical analysis of the Bt — x+t 7~ decay
4.1. Perturbative contribution

The distribution in the tau-pair invariant mass calculated in
perturbation theory for three types of form factor parametriza-
tions is presented in Fig. 2. The spread shown in these distribu-
tions reflect the convoluted uncertainties in the scale parameter wu,
entering via the Wilson coefficients by varying it in the range
mp/2 < u < 2my, and the input value of the CKM matrix element
Via = (8.54 + 0.30) x 10~3 [36]. Numerical results for the total
branching fraction for the three FF parametrizations used in this
work are consistent with each other within uncertainties as shown
in Table 2. In working out the numerical values, the expansion co-
efficients of the BGL parametrization are taken from [43], where
the data on the CC-process B — m{¢v; decay are fitted, and the
relations between the B — K and B — m form factors are used.
The values of the BCL parametrization coefficients were obtained
within the framework of Lattice QCD (LQCD) [71,72]. The values
of the mBCL parametrization coefficients are obtained by the com-
bined use of the Light-Cone Sum Rules (LCSR) and LQCD [62]. All
the expansion coefficients are collected in Appendix A. The en-
tries in Table 2 are also consistent with the existing theoretical
predictions in the literature, for example, Brfe (B* — 7 t77) =
(7.0 £0.7) x 107° [44] and BriYX(B* — n+1t17) = (6.0759) x
1079 [73].

It is customary to compare data and theoretical distributions in
bins of g%:

i
dBr(BT —» wtrt17)
(ABDZ (¢, ) = / dg? - . (27)
ai
To that end, we plot the theoretical results for the partial branch-
ing ratio (ABr)%(q?,¢3) in bins of the ditauon invariant-mass
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1.0 T T T T T T T

dBridg?x10%, Gev2

dBridg?x10%, Gev2

dBridg?#10%, Gev2

0.0 1 1 1 1 1 1 1
12 14 16 18 20 22 24 26

q2 ,Gev2

Fig. 2. The dilepton invariant-mass distribution for B¥ — 7w *t+t~ decay for the
BGL (top), BCL (center) and mBCL (bottom) parametrizations of the form factors.
The green areas indicate the uncertainty due to the factorization scale, FF expansion
coefficients and CKM matrix element V4.

squared using the three FF parametrization in Fig. 3, and collect
the corresponding values of the partial branching fractions, in-
tegrated over the indicated ranges, in Table 3. For comparison,
the Lattice results [72] are also shown in the last column. The
errors shown are from the CKM matrix element, form factors,
variation of the high and low matching scales, and the quadra-
ture sum of all other contributions, respectively. We note that the
BGL parametrization predictions are in good agreement with the
Lattice-based estimates, both of which are, however, systematically
higher than the predictions based on the BCL and mBCL ones in
each bin. The same also holds for the total branching fraction (see
Table 2).

Physics Letters B 842 (2023) 137961

0.8 E

0.6

04t 1

(OBHL+10°, Gev2

0.2F E

12 14 16 18 20 22 24 26
172,Gev2

1.0 i

06 | b

B — ]

0.2F b

(BT +10%, Gev2

0.0F b

1.0 b

(ABHT+10%, Gev2

12 14 16 18 20 22 24 26
q2,C5ev2

Fig. 3. Partial branching fraction of the B* — 7Tt 7~ decay, (ABr)f,(qfnin,qux),
in bins of ditauon invariant mass squared for the BGL (top), BCL (center) and mBCL
(bottom) form factor parametrizations.

Table 3

Partial branching ratios for the B¥ — w*t+7~ decay, (ABNZ (g2, 4%ax). Ob-
tained using the BGL, BCL and mBCL FF parametrizations in comparison with
the Lattice QCD predictions [72]. Invariant mass squared, g2, is given in units
of GeVZ. Errors in the last column obtained by the Lattice QCD calculations
are explained in the text.

10° x (ABn)%
BGL BCL

[qfnin* qgnax]

mBCL Lattice-QCD [72]

[13.0,150] 091700 067752 o071t5al -

[150,170] 1277518 0957328 1.0010%  1.11(7,8,2,4)
[170,190] 137734 1.067015 1107045 1.25(8.8,2,3)
[190,220]  2.00%31) 1621024 1.677030  1.93(12,10,4,5)
[220,250] 158730 134735 1427053 1.59(10,7,4,4)
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4.2. Long-distance contributions

Since the g2-threshold in the BY — w¥t¥1~ decay is 4m? =
12.6 GeV?Z, the tauonic invariant-mass distribution would include
the v (2S)-meson and higher charmonia decaying into the T+t -
pair, estimated below.

For the BT — m+t*t~ decay, contribution from the v (25)-
meson, the total branching fractions for the Bt — 7+ (2S) and
¥(2S) — Tt~ decays are as follows [36]:

Br(BT — mty(25)) = (2.44 £0.30) x 107>, (28)
Br(v(2S) —> 7)) =(3.1+£0.4) x 1073, (29)

which yield the following product branching ratio:

Br(BY > mty(2S) > nttTt7)=(7.6+1.3)x 1078, (30)

Being of order 10~7, the v (2S)-contribution strongly modifies the
SD-based ditauon-mass spectrum but, as ¥ (2S)-meson is a nar-
row resonance with Mﬁ/ @s) = 13.6 GeV? and has the decay width
Ty s) = (294 £ 8) keV [36], it affects only the q?-region in the
vicinity of the BT — w1+t~ threshold. Experimentally, this con-
tribution can be largely reduced by putting kinematical cuts, say,
g% > 15 GeV2.

The next vector cc resonance is the v (3S)-meson, also known
as Y (3770). The total branching fractions of the BT — 7 (35)
and ¥ (3S) — vt~ decays are not yet known experimentally. We
can estimate the pionic B-meson decay ratio by using the kaonic
B-meson decay modes, Bt — KTy (2S) and BT — KTy (3S),
which have been measured: Br(BT — K+ (25)) = (6.24 £ 0.20) x
10~% and Br(BT™ — Kty (3S)) = (4.3+1.1) x 107* [36]. The
branching fraction for the decay BT — m+y(35S) can be found
with the help of the (approximate) SU(3)f relation:

Br(B* — wty(35)) _ Br(B* — wty(25))
Br(B* — KT¢/(3S)) _ Br(B* — K+¢(25))’

where Br(BT — mwT(25)) is presented in (28). Taking (31) as a
good approximation, we get:

(31)

Br(B* - n ¢ (35)) = (1.7+0.5) x 107>. (32)

However, in contrast to the narrow v (2S)-meson, ¥ (3770) is a
broad resonance which decays mainly to DtD~ and D°D°, so
its purely leptonic decay modes are strongly suppressed. To see
this suppression numerically for ¥ (3S) — T+t ~, we use the lep-
ton flavor universality, obeyed by QED and QCD, and the ex-
perimentally measured branching fraction Br(y(3S) — ete™) =
(9.6+0.7) x 1076 [36]. The branching ratios Br(y(3S) — ete™)
and Br(y(3S) — t+t ™) differ from each other only by the phase
space factor and hence their relative rates follow the kinematic re-
lation:

Br(y(3S) » t717)  A(Mys), Mg, me)
Br(y(3S) > ete™)  A(My3s). Me,Me)

(33)

where A(M,m,m) = Mv/M? —4m?2 [74]. Taking the masses into
account: My @3s) = (3773.7£0.4) MeV, m, = 0.511 MeV, and
m; = (1776.86 £ 0.12) MeV [36], we obtain:

Br(y(3S) —» tt17)=(3.240.2) x 1076, (34)

which in turn yields the LD branching fraction Br(B* — 7w tz+7 ™)
from the v (3S) resonance:

Br(Bt > nty3S) >ttt ) =(.4+£19) x 10711, (35)
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This value is three orders of magnitude smaller than the similar
decay rate of the ¥ (2S)-meson (30). Comparing with the SD (per-
turbative) contribution (see Table 3), which is of order of 10~2, the
¥(3770) contribution, Br(B* — 7ty (3S) — ntttt7), is sub-
dominant, comparable to the current perturbative errors.

There are yet more vector charmonium resonances with masses
above the (3S)-meson mass, v (4040), v (4160), (4230),
¥(4360), and v (4415), which also have purely leptonic decay
modes. However, as they decay strongly into the D D-pair etc., their
electronic or muonic decay rates are also of order of 10~ [36],
similar to the case of the i (3S)-meson, as shown in Table 4. It
follows that their contributions to the BT — 7Tt 7~ branching
fraction are of the same order of magnitude as from the ¥ (35)-
meson. Consequently, we drop the contribution from all the
strongly decaying charmonium resonances (v (3S) and higher), and
consider the LD-contribution from the narrow v (2S)-meson only.

Since the LD contributions (19) depend on the choice of the
amplitude phases 8$225) and 51(;225), we present the total branch-
ing fraction of the BT — wTt+t~ decay, including the ¥ (25)
LD-contribution, and its dependence on the assumed values of the
strong phases in Tables 5, 6 and 7 for the BGL, BCL and mBCL
parametrizations of the form factors, respectively. As can be seen,
the variation of the branching fraction on the strong phases is not
very marked, and is similar to the errors shown from the SD con-
tribution. The central value including the LD contribution is given
for 6$225) =0 and 81(;()25) =37 /4. The ditauon invariant mass dis-
tribution including the LD contribution from the 1 (2S)-meson is
presented in Fig. 4 for the BGL, BCL and mBCL form factors. The
vertical solid line at g2 = 15 GeV? in the plots indicates the kine-
matical cut to exclude the dominant (2S) contribution.

4.3. The ratios Ry (t/¢) (L =e, 1)

Since in the SM R, (t/u) = R;(t/e) holds to a very high ac-
curacy, we show numerical results only for R, (t/u), the ratio of
the partially-integrated tauonic branching fraction (ABr)%(q%,q%)
to the muonic one (ABr)% (g2, ¢3). The partial ratio is defined as
follows:

(ABDZ (g7, 43)
(ABD7 (a3, 43)

To study the dependence of theoretical results on the choice of
the FF parametrization, we plot the partial ratio RY/ “)(qfnin, QPra)
in bins of the dilepton invariant mass squared, shown in Fig. 5.
Numerical values of this ratio are shown in Table 8, obtained by in-
tegrating the partial branching ratio over the indicated g?-ranges.
The errors shown take into account the uncertainties due to the
factorization-scale, the CKM matrix element V4, and the form fac-
tor errors. Theoretical predictions for the total ratio for the BGL,
BCL and mBCL parametrizations are as follows:

RY™ (@3, q43) = (36)

RECL(r /) =0.4440.16, (37)
RE (7 /) =0.31+0.12, (38)
RMBCL (7 /1) = 0.37 £ 0.15. (39)

They agree with each other within the indicated uncertainties.
The central values for R;(t/u) lie in the range 0.30 — 0.45. The
main uncertainty on R, (t/u), as opposed to the very precise ratio
Rgw (u/e), is due to the form factors. These results are potentially
useful in testing the lepton flavor universality in the b — d¢te~
sector.
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Table 5

The total branching fraction for the B* — wtz+7~
decay in the BGL parametrization including the LD
contribution from the v (2S)-meson for the various
assumed values of the amplitude phases. SDC means

Table 4
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Experimental data [36] on vector charmonia with masses above the open charm threshold. The branching fraction of the
¥ (4360) — eTe~ decay follows from the electronic decay width Tee = (1].63:2 + 1.9) eV in which the errors are added
in quadrature. In getting the V — 71~ branching fractions, Eq. (33) is used.

1% My [MeV] Iy [MeV]  10° xBr(B* — VK*)  10% xBr(V —ete™)  10% xBr(V — t+17)
¥(4040)  4039+1 80+10 1.1+05 10.7+1.6 5.1+0.8
V¥ (4160) 419145 70+ 10 51427 6.9+3.3 3.74+1.7
¥(4230)  4222.7+26  49+8 31+28 17415
V¥ (4360) 437249 115413 0.10£0.05 0.06 £ 0.03
V(4415)  4421+4 62 +20 20+0.8 9.4+32 56+1.9
Table 8

the short-distance (perturbative) contribution.

85, ‘ 85tas) ‘ Br(Bt — wtrteT) x 1079
BGL
SDC 7.56+074
0 0 7.6070 74
0 big 7.924072
0 3n/4 | 777750
/2 b4 7.93+050
37/2 | 0 7.601072
Table 6

The total branching fraction for the BY — 7ttt ¢~
decay in the BCL parametrization including the LD
contribution from the ¥ (2S)-meson for the various
assumed values of the amplitude phases. SDC means

the short-distance (perturbative) contribution.

85ns) ‘ 85hs) ‘ Br(B* — mwFttr) x 1079
BCL
sDC 6.007058%
0 0 5.791978
0 b4 6.2375%
0 37/4 | 6.0570%0
/2 big 6.2410%
3m/2 | 0 5.787978
Table 7

The total branching fraction for the B* — w+z+7~
decay in the mBCL parametrization including the LD
contribution from the ¥ (2S)-meson for the various
assumed values of the amplitude phases. SDC means

the short-distance (perturbative) contribution.

mBCL
sDC 6.281078
0 0 6.08"57¢
0 b4 6.507050
0 3m/4 | 6337078
/2 b4 6.517589
3m/2 | 0 6.081074

Theoretical predictions for the partial ratios R;f/“)(qrznin,qzmax).
The boundaries of the g2-intervals are in units of GeV2.

Rg'ft/m(qﬁﬂn’ q?nax)

BGL BCL mBCL
[15.0,17.0] 0.84+0.13 0.55+0.10 0.64+0.12
[17.0,19.0] 1.11£0.16 0.76 £0.13 0.86+0.15
[19.0,22.0] 1.43£0.19 1.06 £0.17 1.17+0.18

[22.0,25.0] 2.08 £0.27 1.79+0.25 1.86+0.26

[qlznin7 qlgnax]

5. Summary and outlook

We have presented theoretical predictions for the branching
ratio Br(Bt — w1 7) and the ditauon invariant-mass distribu-
tion at NLO accuracy in the SM, using three popular parametriza-
tions of the B — s form factors, known in the literature as the
BGL [60], BCL [61], and mBCL [62]. In the SM, LFU holds, which
relates the decay BT — w ¥t~ to the observed decay B* —
atutu~. In extensions of the SM, the LFU hypothesis can be
easily violated, of which the leptoquark models are the primary
candidates [75,76]. In view of this, we have worked out the ratio
of the branching ratios Ry (7/u). Together with the correspond-
ing ratios Ry (u/e) and Ry (t/e), their measurement will provide
a precision test of the lepton flavor universality in the FCNC b — d
transitions. Suffice to say that none of these ratios have been sub-
jected to experimental scrutiny so far. Of these, the ratio R (u/e)
has been theoretically investigated in [53]. We have concentrated
here on the ratios R;(t/u) and R (t/e).

The decay B* — m*tTt~ involves all three form factors,
(@), fo(@®), and fr(g?). The uncertainties in Br(B*—ntzt17)
arise from the FF parametrizations, scale-dependence of the Wilson
coefficients, and the CKM matrix element. Numerical values of the
SD (perturbative) contribution to Br(B* — w Tt 77 7) are listed in
Table 2. Partial branching fractions of the BT — w177~ decay,
(ABDZ (G2, G4ax). in bins of ditauon invariant mass squared, are
shown in Fig. 3 and displayed in Table 3.

In addition, the LD-contribution from the process B - nV —
et~ is calculated. Experimental data on the masses, partial
and total decay widths of the charmonium states are given in
Table 4. Due to the small decay width of the 1/(2S)-meson, its LD-
contribution is concentrated close to the Bt — w17t~ reaction
threshold and can be largely eliminated by a cut on the ditauon
invariant mass squared (g2 > 15 GeV?) (see Fig. 4). We have given
arguments why the contribution from the higher charmonium res-
onances are numerically small, and hence they do not change the
SD-contribution in this region perceptibly. Taking into account the
LD contribution from the ¥ (2S)-resonance, numerical results for
the branching ratio Br(B* — w*777~) are given in Table 5 for
the BGL form factors. Various entries in this table correspond to
using the indicated strong phases. The corresponding results for
the BCL form factors are given in Table 6 and for the mBCL form
factors in Table 7. Since the BGL parametrization and the Lattice-
QCD based estimates are rather close to each other, our estimate of
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Fig. 4. The ditauon invariant mass distribution with the long-distance contribution
from the v/(2S)-meson for the BGL (upper plot), BCL (central plot) and mBCL (lower
plot) parametrizations. The green areas indicate the uncertainty due to the fac-
torization scale, FF expansion coefficients and the CKM matrix element V4. The
vertical solid line at g2 = 15 GeV? indicates the kinematical cut to exclude the
¥ (2S) contribution.

the total branching fraction is Bry,(Bt — wftt17)=7.5 x 1072,
with an uncertainty of about 10%.

Numerical values for the ratio R;(r/ui) are given in Egs.
(37)-(39) for three parametrizations chosen. The central values lie
in the range 0.30 — 0.45. The main uncertainty on R (t/u), as
opposed to the very precise ratio Ry (e/u), is due to the form
factors. Partial ratios Ry/* (42, Q%ax) in bins of ditauon invari-
ant mass squared are shown in Fig. 5. These ratios can be more
precisely calculated in the future by progress in Lattice QCD.
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Fig. 5. Partial ratios Rgf/ w (qﬁqm, q?nax) in bins of the ditauon invariant mass squared
for the BGL (top), BCL (center) and mBCL (bottom) form factor parametrizations.

The branching ratio for B¥ — 7+t 1™, integrated over the
region g% > 15 GeV?, has a factor of about 3 suppression com-
pared with the BY — T u*u~ total branching fraction, which
has already been measured. Of course, one has to factor in the
experimental efficiency of reconstructing the 7~ pair, but a pre-
cise measurement is still feasible for the anticipated integrated
luminosities at Belle II and LHCb experiments. Once sufficient data
is collected, also the measurements of the various asymmetries,
such as the isospin-asymmetry involving B® — 7%*¢~ and B* —
a*tt7r~, and CP-violating asymmetries involving BT — w+ttt—
and B~ — w~t 't~ become interesting, which should be looked
at theoretically.
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Table A.9
Values of the expansion coefficients in the BGL B — m form factor
parametrization.
fr(@®) fo@ fr@
ao 0.0209 + 0.0004 0.0201 £ 0.0007 0.0458 4 0.0027
ai —0.0306 £+ 0.0031 —0.0394 £ 0.0096 —0.0234+0.0124
a —0.0473 £0.0189 —0.0355 +0.0556 —0.2103 +0.1052
Table A.10
Expansion coefficients in the BCL FF parametrization.
f+(@ fo@) fr@
bo 0.407 £0.015 0.507 £0.022 0.393£0.017
by —0.65+0.16 —1.77+0.18 —0.65+0.23
by —0.46 +0.88 1.27+£0.81 —0.60 +1.50
b3 04+13 42+1.4 0.1+238
Table A.11
Expansion coefficients in the mBCL FF parametrization.
f+@ fo@® fr(@
fi(0) 0.235+0.019 0.235+0.019 0.235+0.017
by —245%0% 0.40%53 -245%55
+1.1 +1.1 +0.68
by 0.2t 0.1+ ~1.087558
42 2.1
bs —0.975¢2 3.7+16 2.67%,
by 13
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Appendix A. Expansion coefficients of the FF parametrization

Values of the expansion coefficients in the BGL FF parametriza-
tion are borrowed from [43]. They are obtained as truncated series
up to kmax =2 and presented in Table A.9.

Values of the expansion coefficients in the BCL parametrization
are calculated from the Lattice-QCD analysis presented in [71,72].
They are obtained as truncated series up to kmax = 3 and collected
in Table A.10.

Values of the expansion coefficients in the mBCL parametriza-
tion are obtained from the joint Light-Cone Sum Rules and Lattice
QCD data [62]. They are presented in Table A.11.
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