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ϕgL

:ϕ,ϕ :gL (x1, x2)

lim
ξ→0

:ϕ,ϕ :gL (x+ ξ, x− ξ) =
(
ϕ2
)
gL

(x),

x = x1+x2
2 ξ = x1−x2

2

T

ϕ4

4!
T (L , : ϕ,ϕ :)(y, x1, x2)

0T (L , : ϕ,ϕ :)(y, x1, x2) T
x1, x2
y = x

0T (L , :ϕ,ϕ :)(y, x1 , x2) =:
ϕ(y)4

4!
ϕ(x1)ϕ(x2) : +

+ i∆F (y − x1) :
ϕ(y)3

3!
ϕ(x2) :

+ i∆F (y − x2) :
ϕ(y)3

3!
ϕ(x1) : +

+ i∆F (y − x1)i∆F (y − x2) :
ϕ(y)2

2!
: .

0T
x1 = x2 (= x) ∆F (y − x)2

ξ→0−→

ξ → 0

x1 = x2 = x
T (L ,ϕ2)(y, x)

e(2)(ξ)
.
=

∫
dz i∆F (z − ξ)i∆F (z + ξ)w(z)

i∆F (y − x1)i∆
F (y − x2)

∣∣∣
R
= i∆F (y − x1)i∆

F (y − x2)− δ(x − y)e(2)(ξ)



x1 = x2 ⇔ ξ = 0

∫
dy i∆F (y − x1)i∆F (y − x2)

∣∣∣
R
f(y) =

=

∫
dy i∆F (y − x1)i∆F (y − x2)(f(y)− w(y − x)f(x)),

lim
ξ→0

〈
i∆F (·+ ξ)i∆F (·− ξ)

∣∣∣
R
, fx
〉
=
〈
i2(∆F )2,W(0;w)fx

〉
,

fx(y) = f(y + x)
δ

e(2)(ξ) =

∫
dz ω0

(
0T (L (2), :ϕ,ϕ :)(z; ξ,−ξ)

)
w(z),

(2) ϕ
T

T (L , :ϕ,ϕ :)(y, x1 , x2) =
0T (L , :ϕ,ϕ :)(y, x1, x2)− δ(y − x)e(2)(ξ)

:ϕ(x)2 :

2
.

δ
x

x
x1 x2

T

Diagxn
.
=

{
(y1, . . . , yn, x1, x2) ∈ Mn+2|y1 = · · · = yn =

x1 + x2
2

}
,

T n n
T

T Mn+2 \
Diagxn

0T 0T
ξ → 0 Diagxn

ξ → 0 T
T x1, x2



T (: ϕ,ϕ :)(x1, x2)
.
=: ϕ(x1)ϕ(x2) :

N

T (N :ϕ,ϕ :)(yN , x1, x2) =

=






T (I)(yI)T (N \ I, :ϕ,ϕ :)
(
yN\I , x1, x2

)
, I ! N \ I, x1, x2, I %= ∅,

T (I, :ϕ,ϕ :) (yI , x1, x2)T (N \ I)
(
yN\I

)
, I, x1, x2,! N \ I, I %= N,

T (N,ϕ,ϕ) (yN , x1, x2)+

+T (I)(yI)
[
T (N \ I, :ϕ,ϕ :)

(
yN\I , x1, x2

)
+

−T (N \ I,ϕ,ϕ)
(
yN\I , x1, x2

)]
, I, x1 ! N \ I, x, x2, I %= ∅,

T (N,ϕ,ϕ) (yN , x1, x2)+

+
[
T (I, :ϕ,ϕ :)(yI , x1, x2)+

−T (I,ϕ,ϕ)(yI , x1, x2)
]
T (N \ I)

(
yN\I

)
, I, x1, x,! N \ I, x2, I %= N,

x1 ↔ x2

x1, x2

I, x1 ! N \ I, x, x2 ξ → 0

T (I)(yI)T (N \ I,ϕ,ϕ)
(
yN\I , x1, x2

)
=

= T (I)(yI)ϕ(x1)T (N \ I,ϕ)
(
yN\I , x2

)

ξ→0
= T (I,ϕ)(yI , x1)T (N \ I,ϕ)

(
yN\I , x2

)

= T (N,ϕ,ϕ) (yN , x1, x2) ,

x1 yI

T
Diagxn T

n+2

T (N, :ϕ,ϕ :) (yN , x1, x2) =

= T (N,ϕ,ϕ)(yN , x1, x2)− ω0 (T (ϕ,ϕ)(x1, x2))T (N)(yN ) +

−
∑

I⊂N
I $=∅

∑

|γ|≤ωI

∑

|α|≤ωI−|γ|

∑

µ+ν=α

(−)|µ|

µ!ν!γ!
∂µδ(I − x)×

×
(
eα(γ)I (ξ)− aα(γ)I (ξ)

)
T (N \ I, ∂νϕγ)

(
yN\I , x

)
,



γ ∈ N|I| µ, ν ∈ N4|I|

∂µδ(I − x) =
∏

i∈I ∂
µiδ(yi − x) µ1 µνρ

µ, ν, ρ ωI

ω0
(
T (I,ϕ2)(yI , x)

)

ωI =
∑

i∈I dimWi+2dimϕ−4|I| I
x1, x2

γ
ωI − |γ| γ

ϕ
|γ| α

δ
T (. . . ,ϕγ) ϕγi(yi) ϕγi(x)

δ
0T

I = N

0T (N, :ϕ,ϕ :) (yN , x1, x2) =

= T (N,ϕ,ϕ)(yN , x1, x2)− ω0 (T (ϕ,ϕ)(x1, x2))T (N)(yN ) +

−
∑

I⊂N
I $=∅
I $=N

∑

|γ|≤ωI

∑

|α|≤ωI−|γ|

∑

µ+ν=α

(−)|µ|

µ!ν!γ!
∂µδ(I − x)×

×
(
eα(γ)I (ξ)− aα(γ)I (ξ)

)
T (N \ I, ∂νϕγ)

(
yN\I , x

)
.

T 0T Diagxn
eα(γ)I

eα(γ)I (ξ) =

∫
dzI z

αω0

(
0T
(
I(γ), :ϕ,ϕ :

)
(yI , ξ,−ξ)

)
wI(γ)(zI),

I(γ) = {W (γi)
i , i ∈ I} (γi) γi
ϕ B aα(γ)I

wI(γ)

ω0
(
T
(
I(γ),ϕ2

)
(yI , x)

)

|I| y1 − x, . . . , y|I| − x 1

[
T (N, :ϕ,ϕ :) (yN , x1, x2),ϕ(z)

]
=

= i
n∑

k=1

T
(
N (ek), :ϕ,ϕ :

)
(yN , x1, x2)∆(yk − z) +

+ iT (N,ϕ) (yN , x1)∆(x2 − z) + iT (N,ϕ) (yN , x2)∆(x1 − z),

1 I = {1, . . . , |I |}



ek = (0, . . . , 1, . . . , 0) ∈ Nn 1 k

T x1 = x2

aI(ξ)

n − 1 T (N, : ϕ,ϕ :)(yN , x1, x2)
x1 = x2 T (N,ϕ2)(yN , x) T

T (N, :ϕ,ϕ :)(yN , x1, x2) = T (N,ϕ,ϕ)(yN , x1, x2) +

−
∑

I⊂N

∑

|γ|≤ωI

∑

|µ|+|ν|≤ωI−|γ|

Eµν(γ)(I,ϕ,ϕ)(yI , x, ξ)T (N \ I, ∂νϕγ)
(
yN\I , x

)
.

Eµν(γ)

Eµν(γ)(I,ϕ,ϕ)(yI , x, ξ) =
(−)µ

µ!ν!γ!
∂µδ(I − x)

(
eµ+ν(γ)
I (ξ)− aµ+ν(γ)

I (ξ)
)
,

Eµν(γ)(∅,ϕ,ϕ)(x, ξ) = δµ0 δ
ν
0δ

γ
0ω0 (T (ϕ,ϕ)(x1, x2))

∣∣
x1−x2=2ξ

suppEµν(γ)(N,ϕ,ϕ)(yN , x, ξ) ⊂ Diagxn, N %= ∅.

L ! N \ L, x, x1, x2

T (N, :ϕ,ϕ :)(yN , x1, x2) =

= T (L)(yL)T (N \ L,ϕ,ϕ)
(
yN\L, x1, x2

)
+

− T (L)(yL)E(∅,ϕ,ϕ)(x, ξ)T (N \ L)
(
yN\L

)
+

−
∑

I⊂N\L
I $=∅

∑

γ,µ,ν

Eµν(γ)(I,ϕ,ϕ)(yI , x, ξ)T (N \ I, ∂νϕγ)
(
yN\I , x

)

= T (L)(yL)T (N \ L,ϕ,ϕ)(yN , x1, x2) +

− T (L)(yL)
∑

I⊂N\L

∑

γ,µ,ν

Eµν(γ)(I,ϕ,ϕ)(yI , x, ξ)×

× T ((N \ L) \ I, ∂νϕγ)
(
y(N\L)\I , x

)

= T (L)(yL)T (N \ L, :ϕ,ϕ :)
(
yN\L, x1, x2

)
.



L, x1 ! N \ L, x2, x x1 ! x2

T (N, :ϕ,ϕ :)(yN , x1, x2) =

= T (L,ϕ)(yL, x1)T (N \ L,ϕ)
(
yN\L, x2

)
+

− T (L)(yL)E(∅,ϕ,ϕ)(x, ξ)T (N \ L)
(
yN\L

)
+

−
∑

I⊂N\L
I $=∅

∑

γ,µ,ν

Eµν(γ)(I,ϕ,ϕ)(yI , x, ξ)T (N \ I, ∂νϕγ)
(
yN\I , x

)
+

= T (L,ϕ)(yL, x1)T (N \ L,ϕ)
(
yN\L, x2

)
+

− T (L)(yL)
∑

I⊂N\L

∑

γ,µ,ν

Eµν(γ)(I,ϕ,ϕ)(yI , x, ξ)×

× T ((N \ L) \ I, ∂νϕγ)
(
y(N\L)\I , x

)

= T (L,ϕ)(yL, x1)T (N \ L,ϕ)
(
yN\L, x2

)
− T (L)(yL)×

×
(
T (N \ L,ϕ,ϕ)

(
yN\L, x1, x2

)
− T (N \ L, :ϕ,ϕ :)

(
yN\L, x1, x2

))
.

x

0T (N, :ϕ,ϕ :)(yN , x, x) = 0T (N,ϕ2)(yN , x), (yN , x) ∈ Mn+1 \Diagn+1 .

T

ω0 (T (N, :ϕ,ϕ :)(yN , x1, x2))− ω0
(
0T (N, :ϕ,ϕ :)(yN , x1, x2)

)
=

= −
∑

|α|≤ωN

(−)|α|

α!
∂αδ(yN − x)

(
eα(0)N (ξ)− aα(0)N (ξ)

)
.

zi = yi − x z = (z1, . . . , zn)

t(z, ξ)
.
= ω0 (T (N, :ϕ,ϕ :)(z, ξ,−ξ)) ,

0t(z, ξ)
.
= ω0

(
0T (N, :ϕ,ϕ :)(z, ξ,−ξ)

)
.

eα(0)N (ξ) =

∫
dzN

0t(z, ξ)zαwN(0)(z)

f ∈ D(Mn) z

〈t(·, ξ), f〉 =
〈
0t(·, ξ),W(ωN ;w

N(0) )f
〉
+

∑

|α|≤ωN

aα(0)N (ξ)

α!
∂αf(0).



ξ = 0

t(z, 0) = ω0
(
T (N,ϕ2)(zN , 0)

)
,

aα(0)N (0)

T

0t

Λ0t(z, ξ) = D(Λ−1)0t(z, ξ),

t 2

(
Λα

βD(Λ)Λ− δαβ
)
eβ(ξ) =

(
Λα

βD(Λ)Λ− δαβ
)
aβ(ξ)

ξ eβ

∫
dz 0t(z, ξ)zα(Λw − w)(z) =

(
Λα

βD(Λ)Λ− δαβ
)
aβ(ξ).

aβ

D′(M) , aβ %= eβ a(0)
T

aβ(ξ) hβ(ξ)
Λα

βD(Λ)Λhβ(ξ) = hα(ξ)
w = 1 a

aα(ξ) =

∫
dz 0t(z, ξ)zα(w − 1)(z),

w

1

α!

∂(∂αV )

∂ϕr
=

∑

µ+ν=α

1

µ!ν!
∂µ

(
∂V

∂ϕ

)
δνr ,

V ∈ B

2 I γ



1

ν1! . . . ν|I|!γ1! . . . γ|I|!
[T (N \ I, ∂ν1ϕγ1 · · · ∂ν|I|ϕγ|I|) (yN , x),ϕ(z)] =

=
∑

k∈N\I

1

ν!γ!
T
(
(N \ I)(ek), ∂νϕγ

) (
yN\I , x

)
i∆(yk − x) +

+
∑

k∈I

∑

σk+ρk=νk

1

ν1!γ1! · · · % k . . . ν|I|!γ|I|!
1

σk!ρk!(γk − 1)!
×

× T
(
N \ I, ∂ν1ϕγ1 · · · ∂σkϕγk−1 · · · ∂ν|I|ϕγ|I|

)
(yN , x)i∂ρk∆(x− z).

I = {1, . . . , |I|} T
T σk |γ| > 0

(−)|β|

β!
∂βδ(y − x)f(y) =

∑

ρ+σ=β

(−)|ρ|

ρ!σ!
∂ρδ(y − x)∂σf(x),

k ∈ I I N

∑

µk+νk=αk

(−)|µk|

µk!
∂µkδ(yk − x)

∑

σk+ρk=νk

1

σk!ρk!
T σk∂ρk∆(x− z) =

∑

µk+νk=αk

(−)|µk|

µk!νk!
∂µkδ(yk − x)T νk∆(yk − z).

ϕ(z)

[ ,ϕ(z)] =

=
∑

I⊂N
I $=∅

∑

|γ|≤ωI

∑

|α|≤ωI−|γ|

∑

µ+ν=α

(−)|µ|

µ!ν!γ!
∂µδ(I − x)×

×
(
eα(γ)I (ξ)− aα(γ)I (ξ)

) ∑

k∈N\I

T
(
N (ek) \ I, ∂νϕγ

) (
yN\I , x

)
i∆(yk − x) +

+
∑

I⊂N
I $=∅

∑

1≤|γ|≤ωI

∑

k∈I

∑

|α|≤ωI−|γ|

∑

µ+ν=α

(−)|µ|

µ!ν!(γ − ek)!
∂µδ(I − x)×

×
(
eα(γ)I (ξ)− aα(γ)I (ξ)

)
T
(
N \ I, ∂νϕγ−ek

) (
yN\I , x

)
i∆(yk − x).



γ → γ+ek eα(γ+ek)
I =

eα(γ)
I(ek) aα(γ)I

=

=
∑

I⊂N
I $=∅

∑

0≤|γ|≤ωI−1

∑

k∈I

∑

|α|≤ωI−|γ|−1

∑

µ+ν=α

(−)|µ|

µ!ν!γ!
∂µδ(I − x)×

×
(
eα(γ)
I(ek)(ξ)− aα(γ)

I(ek)(ξ)
)
T (N \ I, ∂νϕγ)

(
yN\I , x

)
i∆(yk − x).

[ ,ϕ(z)] =

=
n∑

k=1

∑

I⊂N(ek)

I $=∅

∑

|γ|≤ωI

∑

|α|≤ωI−|γ|

∑

µ+ν=α

(−)|µ|

µ!ν!γ!
∂µδ(I − x)×

×
(
eα(γ)I (ξ)− aα(γ)I (ξ)

)
T
(
N (ek) \ I, ∂νϕγ

) (
yN\I , x

)
i∆(yk − x).

k ∈ I ωI

k ∈ N (ek)

I ⊂ N k

ϕ

[T (N,ϕ,ϕ)(yN , x1, x2)− ω0 (T (ϕ,ϕ)(x1, x2))T (N)(yN ),ϕ(z)] =

=
n∑

k=1

[
T
(
N (ek),ϕ,ϕ

)
(yN , x1, x2) +

− ω0 (T (ϕ,ϕ)(x1, x2))T
(
N (ek)

)
(yN )

]
i∆(yk − z) +

+ T (N,ϕ)(yN , x1)i∆(x2 − z) + T (N,ϕ)(yN , x2)i∆(x1 − z),

(:ϕ,ϕ :)gL

R T



R(N ;ϕ,ϕ)(yN , x1, x2)−R (N ; :ϕ,ϕ :) (yN , x1, x2) =

=
∑

I⊂N

(−)|I|T (I)(yI)
[
T (N \ I,ϕ,ϕ)

(
yN\I , x1, x2

)
+

− T (N \ I, :ϕ,ϕ :)
(
yN\I , x1, x2

)]

=
∑

I)J)K=N

∑

µ,ν,γ

Eµν(γ)(I,ϕ,ϕ)(yI , x, ξ)(−)|J |T (J)(yJ )T (K, ∂νϕγ)(yK , x)

=
∑

I⊂N

∑

µ,ν,γ

Eµν(γ)(I,ϕ,ϕ)(yI , x, ξ)R (N \ I, ∂νϕγ)
(
yN\I , x

)
.

µ = 0 g "O= const

Eµν(γ) n

T (ϕ,ϕ)gL
(x1, x2) = (:ϕ,ϕ :)gL

(x1, x2) +
∑

|γ|≤2

∑

α≤2−|γ|

Eα(γ)
gL

(ξ) (∂αϕγ)gL
(x).

ω0
(
T (N,ϕ2)

)

g · L =
∑s

r=1 grLr

Eα(γ)
gL

(ξ) =
∞∑

n=0

in

n!

s∑

r1,...,rn=1

gr1(x) . . . grn(x)×

×
∑

|γ|≤ωr1,...,rn

∑

|α|≤ωr1,...,rn−|γ|

[
−aα(γ)r1,...,rn(ξ) +

+

∫
dzN zαω0

(
0T
(
L

(γ1)
r1 , . . . ,L (γn)

rn , :ϕ,ϕ :
)
(zN , ξ,−ξ)

)
wγ1...γn
r1...rn (zN )

]
.

g

T (ϕ,ϕ)gL
(x1, x2) = (:ϕ,ϕ :)gL

(x1, x2) + E0(0)
gL

(ξ)IgL + E0(1)
gL

(ξ)ϕgL (x) +

+ Eµ(1)
gL

(ξ)∂µϕgL (x) + E0(2)
gL

(ξ)
(
ϕ2
)
gL

(x).

ϕ4 E0(1)
gL

= Eµ(1)
gL

= 0



E0(0)
gL

(ξ) = i∆F (2ξ) +
∞∑

n=2

in

n!
g(x)n

[
−a0(0)

N(0)(ξ) +

+

∫
dzN ω0

(
0T (L , . . . ,L , :ϕ,ϕ :) (zN , ξ,−ξ)

)
wN(0)(zN )

]

E0(2)
gL

(ξ) =
∞∑

n=1

in

n!
g(x)n

∑

|γ|=2

1

γ1! . . . γn!

[
−a0N(γ)(ξ) +

+

∫
dzN ω0

(
0T
(
L

(γ1), . . . ,L (γn), :ϕ,ϕ :
)
(zN , ξ,−ξ)

)
wN(γ)(zN )

]
.

E0(0)
gL

w = 1
m > 0

E0(2)
gL

ω

ω0

ω0(:A :) = 0
ω0(I) = 1

g Cg g
ωgL AgL (O)

ωgL : AgL (O) -→ Cg,

ωgL

(
agAgL +BgL

)
= agωgL (AgL ) + ωgL (BgL ), ag ∈ Cg

ωgL

(
A∗

gL

)
= ωgL

(
AgL

)

ωgL (IgL ) = 1,

ωgL

(
A∗

gL AgL

)
≥ 0,

AgL , BgL ∈ AgL (O)

ωgL ((:A :)gL
) = 0,

ωgL (IgL ) = 1.



ϕ4 (:ϕ,ϕ :)∗gL = (:ϕ,ϕ :)gL D

T (ϕ,ϕ)gL
(x1, x2) = (:ϕ,ϕ :)gL

(x1, x2) + E0(0)
gL

(ξ)IgL + E0(2)
gL

(ξ)
(
ϕ2
)
gL

(x).

E0(0) E0(2)

ϕgL (x1)ϕgL (x2) =

= θ(x01 − x02)T (ϕ,ϕ)gL
(x1, x2) + θ(x02 − x01)T (ϕ,ϕ)gL

(x2, x1).

ω2gL (x1, x2)
.
= ωgL (ϕgL (x1)ϕgL (x2)) = θ(ξ0)E0(0)

gL
(ξ) + θ(−ξ0)E0(0)

gL
(ξ).

Cg , bg =
∑

n bng
n

bg = cgcg bn ∈
R,∀n ∈ N0 bl bl > 0 l

f ∈ D(M)

ω2,gL (f , f) =

=

∫
dxdy

(
θ(x0 − y0)E0(0)

gL
(x− y) + θ(y0 − x0)E0(0)

gL
(x− y)

)
f(x)f(y)

= 2

∫
dxdy θ(x0 − y0)E0(0)

gL
(x− y)f(x)f(y),

x ↔ y E0(0)
gL

x1, x2
>




