CHAPTER 6

Operator product expansions

In [Wil69] Wilson suggested that a product of interacting field operators
on separated points could be expanded into a sum of local operators if the
separation goes to zero. Such an expansion is called operator product expansion
(OPE).

Zimmermann has introduced his notion of perturbative normal products in
[£Zim71], Fim73a]. In his approach (interacting) operators are always defined
via their Green’s functions, namely vacuum expectation values of time ordered
products with an arbitrary number of fields. The Green’s functions are renor-
malized by BPHZ- or in the massless case by BPHZL subtraction.

In [Zim71], Zim73H]| he gave a generalization of these local products to multi
local ones. They admit a restriction of all coordinates to one yielding the local
normal product. By relating a bilocal product to a time ordered one he derived
an OPE verifying Wilson’s hypothesis perturbatively. He found explicit formulas
for the expansion coefficients in the form of Green’s functions.

Since in the framework of Bogoliubov and Epstein-Glaser the operators are
defined directly we try to mimick Zimmermann’s procedure. We define a new
time ordered product containing a bilocal expression which allows for setting its
coordinates to the same value (in the sense of a restriction of a distribution).
We are concerned with scalar fields only and our bilocal T-product has only the
basic generators in the bilocal insertion.

The definition of a bilocal T-product gives rise to a corresponding bilocal
interacting field. Following Zimmermann’s notation we also call this object a
normal product. The transition from the T-products to the interacting fields
automatically generates an OPE for the time ordered product of two interacting
fields. The coefficients depend on the coupling only locally. In ¢*-theory two
coefficients appear. One consist of graphs that contribute to wave function
and mass renormalization only. The other collects graphs contributing only to
coupling constant renormalization.

With the normal product defined we investigate the first step towards the
definition of a state on the local algebra. We find the corresponding two point
function to be positive in an appropriate sense as a formal power series.

1. Bilocal time ordered products

The word bilocal time ordered product means a usual time ordered product
where only one entry is a bilocal expression. We derive an explicit formula that
defines these products for two scalar fields. Let us mention that our expression is
only explicit up to normalization terms which restore broken Lorentz covariance
(cf. chapter B, section [f). We state the problem first:
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72 6. OPERATOR PRODUCT EXPANSIONS

Consider the case of the interacting scalar fields ¢, . We aim at the defi-
nition of a normal product :p,:g¢ (x1,22) with the property

lim ;0. pig (v + &0 = &) = (%) ¢ (@), (6.1)

where x = WFTM denotes the central coordinate and { = #5%2 the difference co-
ordinate. Taking the definition of interacting fields into account (chapter fi), we
notice that it suffices to define the corresponding T-products. This is illustrated
in

1.1. The easiest example. We consider scalar ‘Z—T—theory. The task is
to determine T(.Z,: v, :)(y,x1,x2). We proceed in the following way: First
we define T(Z,: ¢, ¢ :)(y, x1,z2) which consists of the usual T-product with
x1, xo-contractions omitted. Then we subtract a suitable term with support on
y = x that allows for the restriction. Obviously we have

T(Z .0 ) = 2 (o) + ©2)
sinn(y— o) D o) 63
+ilAp(y — ) : (’0(51!)390@1): + (6.4)
FiAp(y — 21)iAp(y — o2) : “’(2%)2 .. (65)

The problem for the definition of the restriction of T’ emerges on the last line,
where after setting 1 = x5 (= z) we obtain a Ap(y — x)?-term that is not
well defined. Graphically this procedure produces a loop, see figure fl. But we

11

FIGURE 1. A loop is generated if £ — 0.

can find a term which subtraction allows for putting z; = z2 = «, yielding
T(Z,v?)(y,x) with its respective normalization. We claim that with

@ (g) = / Az iAT (= — €)iAT (= + €)w(2) (6.6)
the subtracted distribution

iAF (y —w1)iaF (y - “)‘R — iAF(y — 2)iAT (y — a2) — 6(z — y)e@(€)
(6.7)
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allows for the coincidence z; = x9 < £ = 0 after smearing with a test function.
We calculate

[ dvidrly—0idety - o) f) -

= /dy iAp(y — 21)iAp(y — 22)(f(y) —w(y —2)f(z)), (6.8)
and this implies
. A F A F .2 F\2
lim (IAF (- IAT( —9)| fo) = (PAT W o). (69)
with f,(y) = f(y + x), which proves our claim. Note, that the coefficient in
front of the J term is given by

(D) = [drun (TLV 0006 -0) w(), (610)

where the () again denotes twice differentiation with respect to ¢. Now we
return to the complete T-product. Collecting everything into one expression we
find

P oo 0P o 5 @) /0y P(@)*:
T2, pi)(y,21,22) = "T(L s, 0:)(y, 21, 22) = 8y — 2)e7(§) ——5—

(611

Because of the ¢ distribution we have set the coordinate of the last Wick mono-
mial to x.

REMARK. As well as the center coordinate x we could have chosen any other
point on the straight line between x; and z9 (or also in the causally completed
region spanned by these two points) for subtraction. But our choice is inspired
by Zimmermann’s work, moreover yielding a symimetrical solution.

Now we generalize the idea of subtracting a local term that compensates
the overall divergence. Thereby we make use of the method of Epstein-Glaser
where all lower order divergencies are appropriately handled by an

1.2. Inductive causal construction. We begin with a brief overview of
the construction. Motivated by our example above we define the bilocal T-pro-
ducts in the following way: Denoting the sub manifold

. . r1+x
DlagﬁZ{(yl,...,yn,xl,m)EM"H!yl:m:yn: 12 2}, (6.12)

we require the bilocal T-product of order n (where n is the number of the
coordinates not including the two bilocal points) to be given by all bilocal T-
products of lower and all local T-products of lower and same order on M"*2\
Diag®. This provides for a °T-product which yields the local “T-product in the
limit £ — 0. Then we subtract a term with support on Diag? such that the limit
& — 0 exists and yields the corresponding T-product. Hence in every order the
difference between a local T-product (with x1,ze-contractions omitted) and a
bilocal one only consists of these local terms.
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In zero’th order we define: T'(: ¢, ¢ :)(x1,22) =: p(x1)p(x2) . Using our
shorthand notation for the arguments (/N can be any set of Wick monomials)
we require the following causal factorization properties:

T(N :¢,:)(yn, 1, 22) =

T (yr)T (N\I,:¢,¢:) (yN\[,$1,$2), if 1> N\Iz,20,1#0,
T(I,:0,9:) (yr,z1,22)T(N\ 1) (yn1) 5 if I,x1,22,2 N\I,I # N,
T(N,¢,9) (yn,71,22) +

+T(I)(yl)[T (N\I,:0,¢:) (yN\I,$1,$2) +
= _T(N\Iv(107(70)(yN\I7x17$2)]7 if],$1ZN\I,£B,£B2,I7£@,

T(N7(107(10) (yN7$17$2)+
+[T(I7:907(10:)(y17$17$2)+
_T(I7(10790)(y17$17$2)]T(N\I) (yN\I)7 if[,$1,$,ZN\I,£E2,I7éN,

the last two expressions with x; <> 3.

(6.13)

We convince ourselves that this a reasonable causal factorization. If z1,z9 are
contracted to a point, then the first two equations obviously give the right
causal decompositions. We investigate the last term on the third line, where
Ixy 2 N\ I,z,29. If £ = 0 we find

T (y)T(N\ 1, 0,90) (yng, 71, 72) =
= T(I)(y)e(x1)T(N\ 1,9) (yn 1 22)

0TI o) yr, x)T(N\ 1) (ywp,72)  (614)
= T(N7 @, ()0) (erxlva) 5

since x1 becomes earlier than all y;. This term cancels the first term of the
third line in (p.I3) leaving the first line of (f.13). A similar consideration leads
to the same conclusion also for the last line of (.13).

This shows that the bilocal T-product is completely determined by (b.13)
up to the sub manifold Diag?. In contrast to the definition of a local T-product
where one has to perform an extension of the numerical distributions involved,
the bilocal product can be defined by a suitable subtraction. This is due to the
fact that all terms are well defined distributions in n+ 2 variables. We state the
solution:

T(Nv :(10790:) (yN7$17$2) =
=T(N,¢,0)(yn,z1,22) —wo (T(p, p)(21,22)) T(N)(yn) +

(_)\u\

=) D> ) a0 ) %
ICN |v|< <wp—|y| ptr=a ’U!V!fyl (6'15>
0 [v[<Swr o Swr—|v]

x (e57(€) — af N O)T (N\ 1,89 (y1» )
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where v € NVl is a multi index and p,v € NI are multi quadri indices.
Therefore the term 0M0(I — x) = [[;c;0"6(y; — x) (and py can be pvp for
example, with u, v, p usual Lorentz indices). The number wy refers to the sin-
gular order of the numerical distribution wq (T'(1,*)(yr,z)) and is given by
wr = Y iep dim Wi+2dim ¢ —4[I|. Hence the sum over I only runs over subsets
for which the coincidence of x1, 22 produces distributions with non negative sin-
gular order. These are ordered into subgraphs by the sum over v. Only graphs
for which their corresponding order, namely w; — ||, is non negative (v is a
derivative w.r.t. ¢ and therefore the singular order decreases with increasing
|7]) are taken into account. The sum over « refers to the usual subtraction
procedure (running from 0 up to the order of singularity of the corresponding
distribution). As a matter of fact it has to be split into an action on § and on
T(...,¢7) since we changed the coordinate of ¢ (y;) into ¢ (z) according to
the § function (see also the example at the beginning).

To explain the coefficients, we have to introduce the corresponding °7-
product which is the same expression like (f.15) up to the last sum which does
not contain the term I = N. So

OT (N7 :(10790:) (yN7$17$2) =
=T(N,¢,0)(yn,z1,22) —wo (T(p, p)(21,22)) T(N)(yn) +

_Z Z Z Z (_—)Maué(l—x)x

11~/
1N 7| <y [of Swr—|n| ptv=a 17T (6.16)
120
IT#£N

x (e57(€) = afN )T (N\ 1,8"97) (yan 1. 7) -

Hence T and °T only differ by a term with support on Diag®. The coefficients

e?(ﬁ/) are given by the expression

2 (g) = / dzy 2w (T (100,:0,01) (1.6, —9) ) wyen (1), (6.17)

where again 1(7) = {‘/Vi(%),i € I} and the exponent (9) means +; fold differen-
tiation with respect to ¢ in 8. The coefficients a‘;‘(y) are chosen in such a way,
that Lorentz covariance is conserved. The function wy) is the auxiliary func-
tion used in the extension process of the distribution wg (T (I )] 902) (yr, x)) of
the [I| difference coordinates y1 —z,...,y;1| — 2 f]

We require our bilocal products to fulfil normalization condition N3 in the
corresponding form, namely

[T (N,:p,0:) (yN,w1,332)790(2)} =

= i) T (N, cp.0:) (uv,n, 22) Ay — 2) +
k=1

+ 4T (N, @) (yn, v1)A(x2 — 2) +iT (N, ) (yn, 2) A(71 — 2),

(N3’)

"Without loss of generality I = {1,...,|I|}.
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and ex = (0,...,1,...,0) € N” with the 1 in the k’th position.

1.3. Proof of the restriction property. We show that ([.15) yields the
right T-product by restricting 1 = xs. Our proof requires the validity of N3’
which is proven in the next subsection. Unfortunately our proof still lacks an
existence statement for the distributions a(£), necessary for the conservation
of Poincaré covariance. Hence we have to assume that they exist.

Assume that up to order n — 1 the bilocal T'(N,: ¢, ¢ :)(yn, x1,x2) exists
and its restriction x7 = 3 is given by T(N, ¢?)(yn,z). We show that T has
the right causal factorization (f.13). We write (6.17) as

T(N7 :907(10:)(yN7$17$2) = T(N7 2 90)(ZIN,$1,$2) +
-2 >0 S B, 0,0)(yra, TN\ 1,0"0") (yar. ) -

ICN |y|<wr |pl+Iv|Swr =]
(6.18)

The E#*() are given by

)
E”V(“/)(I, ©,0)(yr,x,€) = ;!V?’Y!(‘)Mé(l — a:)(ell“ru(v) &) — all“ru(*/) (f))7

(6.19)
with E#O)(0, 0, 0)(x,€) = 843550w0 (T(p, )1, 22)) |

and supp E*0)(N, ¢, ) (yn, z,€) C Diag,, N # 0. (6.21)

If L >N\ L,z 1,22, we have from ([6.18):

T(N7 2P, (10:)(va Z1, $2) =
=T(L)(y)T(N \ L,¢,¢) (yn\1, 1, 22) +
—T(L)(yr)E(0, ¢, ) (2, )T(N \ L) (yn\) +

= 3 3 B0 OT(N N 1,0°67) (g1, 2)
TCN\LY:H:v
I#0

= T(L)(yr)T(N \ L, ¢, 0)(yn, 1, x2) + (6.22)
~TL)y) Y. Y BN, 0,0)(yr,w,6) %

TCN\L Vv
X T((N\ L)\ 1,0"¢") (yn\py1» )
= T(L)(yL)T(N \ L7 ‘P, SO) (yN\L7 xy, ‘TZ) .
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If L,x1 2 N\ L,x9,z, with 1 2 x9 we find:

T(N,:¢,0:)(yn, z1,22) =
=T(L,¢)(yr, 21)T(N \ L, ) (yn\1,22) +
—T(L)(yr)E0, 0, )(x,)T(N \ L) (ynz) +
= > B, 0,0 (yr 2, TN\ 1,0"97) (yar. ) +

ICN\L YtV
140

=T(L,@)(yr, x1)T(N \ L, @) (yn\r, 72) + (6.23)
~T(L)(yr) Y. > E"ONI,0,0)(yr,x,) x
ICN\L Vv
X T((N\L)\I1,0"¢") (yv\pyi» )
=T (L, ¢)(yL,x1)T(N \ L, ¢) (yn\r, 22) — T(L)(yr) *
X (T(N\ L, ¢, ¢) (ynp,x1,32) = T(N\ L,:0,9:) (yn\1, %1, 22)) -

A similar calculation also shows the right causality decomposition, if x is in the
later set.

Because of this causal factorization property and the inductive assumption
we immediately have

OT(N7 P, @:)(yN7$7$) = OT(Nv (102)(yN7$)7 (yN7x) € Mn+1 \Diagn—‘rl .
(6.24)

We show that the same equation also holds for the T-products. Because of
N3’ it is sufficient to consider vacuum expectation values only. Inserting the
definition (p.15) we find:

wo (TN, 20,09 (yn, 21, 22)) — wo (“T(N, 10, 92) (yn, 21, 2)) =
el
= > %8‘15(3/1\7 —2) () - a30(€). (6.25)
la|<wn

Since the vacuum expectation values are translation invariant we use the coor-

dinates z; = y; — = and z = (21,...,2,). We set
t(Z,f) iwo (T(N7:(p790:)(27€7 _5)) ) (626)
4(2,6) = wo ("T(N,: 0. 92)(2,€, =£)) - (6.27)

It follows that
e%(o)(ﬁ) = /dzN Ot(z,g)zo‘wN(o)(z) (6.28)

in this notation. Now, by smearing with f € D(M") in the z coordinates we
find:

aa(O)
1. 1) = (") W o £) + 3 D oogo) 620)
lo|<wn
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Because of the sufficient subtraction on the test function we can put £ = 0.
Then we have

t(2,0) = wo (T(N, ¢*)(2n,0)) , (6.30)
(0)

where the constants ay (0) can be chosen to produce any normalization of the
RHS.

1.4. Lorentz covariance. Due to the definition the bilocal T-products are
translation covariant. Namely, they are products of translation invariant numer-
ical distributions and operator valued Wick products because of N3’. Therefore
we have to consider Lorentz covariance for the the numerical distributions only.

If % transforms covariantly under the Lorentz group

A% (z,€) = D(A™1)%(z,¢), (6.31)
w.r.t. both variables we find that ¢ transforms the same way, iff]
(A“sD(A)A = 65) e”(€) = (A*sD(A)A — 65) a” () (6.32)
w.r.t. & With e from (B.I7) this leads to
/ dz%(z,€)2"(Aw — w)(z) = (A3D(A)A — 62) a(€).  (6.33)

The RHS is a one coboundary, which we have to solve for a®. We assume
that there are solutions D'(M) > a® # e with the property that a(0) exists.
Unlike in the case of usual T-products (cf. chapter [, section [|) we have no
existence proof, so we have to impose it as an assumption. Moreover we see
that a®(¢) is determined by the RHS of (§.33) only up to terms h®(¢), with
A3 D(AVARB(E) = h (&),

If the central solution (w = 1) exists a can be chosen as

a®(§) = /dz (2, €)2%(w — 1)(2), (6.34)

which fulfils all properties. It simply replaces the subtraction with auxiliary
function w by the central subtraction.

1.5. Proof of N3’. We show that N3’ holds by evaluating both sides
independently. In the calculation we use the following formula, taken from

[DE0OH):
1 9(0°V) 1 (VY
ol dop Z ,u!u!au<&p>5r’ (6:35)

ptr=ua

where V' € 95 is supposed to contain no derivated fields. We first investigate
the contribution to the commutator of the RHS of N3’ arising from the sum in

2We suppress the indices T and v which are fixed in this problem.
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(p-13). The following term appears:

1
T N I? 8'/1 L 8”‘1‘ ’Y‘I‘ ,IE 9 z —
V1!...V‘I‘!’yl!...’y|1|! ( \ ¢ Y )(ZJN ) 90( )]
_1 er) ¥ .

- Z I/!’y!T ((N\ )( ) 907) (yN\I,x) iA(yp —x) +

kEN\I
! 1 (6.36)
+ X
Z Z vily!e - /kl/|[|"}"["0'k'pk'(’yk—1)|

kel ox+pr=ri
x T (N\I,0"" - LTI ) (yn, )10 Az — 2).

Without loss of generality we have put I = {1,...,|I|}. Denote the T-product
on the last line symbolically by 77%. Note that it only appears, if |y| > 0. With
the equality

18] el
E-osw-aiw - Y Clrosy-aorsw. 6
ptro=ph

we have for every k € I (now I can be any subset of N) the following contribu-
tion:

TR A(x — 2) =

el
S O sy )

1
: Of: .
e A oklpk!

)|k
2 ()7“'5“’65(% — )T Ays — 2). (6.38)

Now we insert this result into the last term of (§.15), commuted with o(2):

[last term of (6.19), p(2)] =

3D D S Sl SR TERR
ICN |y|< < + St
[N ISer ol Ser— v =c

% (77 —af©) 3 T(N@k \ 10" )(yN\I,a:) iA(y — ) +
keN\I

55D S0 DD DD ST

ICN 1<|y|<wy k€l |a|<wi—|y| pt+v= Oé
I#£0

x (e5(€) = af(E)T (N\ 1,807~ (yn1,7) iA (g, — ).
(6.39)
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If we shift the multi index v — y+e¢, in the second term and note that ea('ﬁe’“) =

o) by definition of aI( ), (-17), we have:

](ek)
last term of (p.39) =
DD WD WD W - <L EEE
'y'fy'
ﬁzgoqw@, L kel |a|<wp—|y|-1 ptr=a (6.40)

x (20 (€) = a% ()T (N \1,0"97) (yw\1 %) il (. — )

Then we can sum up both terms and obtain:

last term of (p.15), p(2)] =

Y Y vy s

k=1 1cN(ew) |y|<wr |a|<wr—|y| ptr=a
140 (6.41)

% (e77(©) = af O T (NN 1,0°67) (yn1s ) id (e — ).

Note, that if k& € I the singular order w; in (6.41]) is automatically lowered
by one compared to ([.40) since now k € N(). In (f.40) the singular order
is measured with respect to the set I C N without differentiation of the k’th
symbol.

This shows the equality of the last term, if we insert (p.15) into N3’. The
remaining two terms of (f.17) on the LHS of N3’ commute with ¢ according to

[T(N, ¢, ) (yn, 1, 22) — wo (T(p, ) (21, 22)) T(N)(yn), p(2)] =
_Z[ < ekﬂpv )(yN,$1,l‘2)+

—w (T, @)(an,22)) T (V) (yx) [ i = 2) +
+T(N, ) (yn,21)iA(22 — z) + T(N, ) (yn, x2)iA(z1 — 2),

(6.42)

such that they match the missing terms in the RHS of N3’. This finishes the
proof.

2. The operator product expansion

In order to derive the interacting normal product (:¢p,p:) gz We only have
to evaluate the R products which are given in terms of T-products according to
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(E12).

R(N; o, )(yN,wl,xz)—R(N;:so,cp:) (yn, T1,22) =
=S (T ) [T(N\ 1, 0,0) (yng. 71, 72) +
ICN
—T(N\I,:p,0 )(l/N\I,xl,@)]
= Y Y EOLL g, o) yr @ &)(—) T (y) T(K, 8 ")y @)

TUJUK=N p,v,y

=33 B0, 0)(yr. 2, R (NN L0707 (g 2)

ICN pvyy ( )
6.43

If we now insert into the power series for the interacting fields (f.11) only the
u = 0 coefficients contribute, since g [9= const. We omit this index on the
Em)_terms. The rRuS of (6.43) is just the n’th order contribution of the
product of two power series. So we find the expansion:

T(‘/)’(p)gf ($17$2) ( ¥, P )gf $17$2 Z Z E )gff (iL‘)

<2 a<2—]]
(6.44)

This is the operator product ezpansion. We used the fact, that the maximal
singular order wq (T(N, 4,02)) is two in a renormalizable field theory. If the
interaction is a sum of Wick monomials ¢ - .Z = Y 7_, ¢,.%, the expansion
coefficients read:

Zn, Z 91 (@) - gr, (T) X

71, Tn =1

+ [ doy s (OT (Z00, 207 50, 05) (o0, -0)) w7 <zN>]
(6.45)

As was expected from the general theorem of the unitary equivalence of the
local algebras [BF96], the expansion coefficients depend only locally on g.
The operator product expansion (p.44) has the general form:

T (9 @)y (1,22) = (:0,07) g (21,22) + B)G (Olyr + By (€)oo (w) +
+ B4 (€)0upg (@) + ngé) (©) (%) ¢ (@). (6.46)

0(1)

If we consider a pure ¢*-coupling we have E 0 = E* .,(é) = 0, since the vacuum
expectation value of an odd number of fields is zero. In that case the coefficients
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read

BRI = iAr(26) + 3 ol |-l 0 +
n=2
+ /dzNwo T (Z,.... 2, 0,02 (25, & =) wywo (zN)] (6.47)

ng;) ©=> %g(x)" > I [_a?\[('v) (&) +

y|=2 Y1:---Vn

n=1
+ /dzNwo (OT <$(“’1),...,$(%),:¢,¢:) (zn, &, —5)) W () (zN)].

(6.48)

A closer inspection of the two terms reveals that Egg;) contains the terms which

appear in the mass and wave function renormalization. If we put w = 1 (which

is allowed if m > 0) and do a resummation over one particle irreducible graphs,

we would end up with the usual geometric series found in the literature for

the interacting propagator (cf. [[Z83]). In that case all disconnected graphs

disappear(. : But this is only due to that special choice of normalization. The
2

series Egg contain the contributions to the renormalization of the coupling
constant.

3. Towards the definition of a state

In this section we introduce the idea to define a state on the algebra of local
observables with the help of the OPE. We remind the definition of a state w as
a linear normed positive functional in the free field theory. In that case there is
also an OPE, namely Wick’s theorem (cf. (B.19) — (B.21])). The vacuum state wq
on the algebra of observables (of the free field) was defined by wp(: A:) = 0 and
wo(I) = 1. Since Wick’s theorem allows to expand any observable into a series
of Wick polynormials the state is uniquely defined.

In the interacting field theory the fields are (operator valued distributional)
formal power series in g. Denote by C, the formal power series in g with complex
coefficients. Following [DF99] a state wy¢ on A, (0) is a mapping:

wey : Agz(0) = Cy, (6.49)

wog (agldgy + Byy) = agwye(Agy) + wee(Byg), ag € Cy (6.50)
wez (Ay) = wez (Agz) (6.51)
wyz(lgz) =1, (6.52)

wygg (AfgAgy) >0, (6.53)

Agz,Bgy € A,4(0). Inspired by the definition of the vacuum state for the free
field algebra we set

wez((:4:),4) =0, (6.54)
wgr(lge) =1. (6.55)
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Unfortunately we do not have an OPE for the general product of interacting
fields and time ordered products of them. But we can already check, if the
above criteria hold in our case.

We consider pure ¢*-interaction. Since (:gp,cp:);g = (1¢, 1), on D the
adjoint of (p.46) is:

T (0, 0)gy (11,22) = (:0,07) g (21, 72) + Epg) )y + By (€) (#2) 5 ().
(6.56)

The singular order of % is 2 and of E%®?) is 0. Therefore we can form

(ng(xl)@gf(332) =
= 0(2) — 29T (9, 0) . (x1,22) + 0(3 — 2)T (,) . (w2, 21). (6.57)

Then the interacting two point function is given by

wagz (21, 32) = Wy (Pgz (1) gz (22)) = HE)VEDD (€) + 0(—E) EYD (¢).
(6.58)

For the notion of positivity we refer to the work [DF99|. A formal power series
Cy 3 by =, bug" is defined to be positive if it can be written as the square
of another power series b, = ¢4cy. This is equivalent to the conditions: b, €
R,Vn € Ny and for the first non vanishing b; it is required that b; > 0 and [ is
even. So for f € D(M) we have:

w2,gff(77 f) =

= /dx dy (0(3;0 — yO)Egg) (x —y)+ 0(y0 - HJO)ESEQ) (z — y)) mf(y)

—2 [ drdy Re 0" ~ 1) B 0 — )T )

(6.59)
where we exchanged = < y in the second integral and used the fact that Esg)
is even. The first non vanishing contribution comes from the free two point
function which is positive, cf. (2.2%). Under the above criterion our two point
function is positive.

4. Remarks

Our OPE is a consequence of the definition of our normal product of two
fields. The definition for other but scalar fields can be derived straight forward
by the applied methods. A generalization to composed fields requires a modi-
fication of the terms arising by x1, xo-contractions. Unfortunately, we have not
succeeded in finding a definition for higher order (> bi) normal products.

On the other hand the bi-OPE already contains all contributions which are
necessary for the definition of a mass-, wavefunction- and coupling normaliza-

tion, which up to now always requires the adiabatic limit [Sch93|, [EG7]|. For
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the first two of them this should be possible by a suitable condition on the mea-
sure that one can derive from the Jost-Lehmann-Dyson representation of our
(time ordered) two point function.



