CHAPTER 5

The energy momentum tensor

In classical field theory any symmetry of the Lagrangian generates a con-
served current by the Noether procedure. If the Lagrangian is not invariant but
only shifts by a divergence the same procedure still applies. The current which
is associated to a translation of the fields is the energy momentum tensor (EMT).
If we have a localized interaction translation invariance is obviously broken and
the EMT is conserved only where the localization function is constant. But this
is already enough in view of our interacting observable algebras.

The Lagrangian possesses a further symmetry, namely scale invariance, if
no dimensionful couplings are present. Callan, Coleman and Jackiw have shown
[CCJ7q] that in this situation an improved EMT can be defined by addition of
a conserved improvement tensor. This improved tensor is also traceless. Con-
traction of this tensor with x defines the conserved dilatation current reflecting
scale invariance of the Lagrangian.

We pursue another way of defining the improved tensor on the example of the
massless scalar field theory: The equations of motion do not fix the Lagrangian
unambiguously. We find the improved tensor as the EMT of an improved La-
grangian. A similar derivation was also given by Kasper [Kas81]. Since the
improvement tensor is strictly conserved, the improved EMT is only conserved
up to the breaking term of the canonical one, related to the localization of the
interaction. This term also causes a breaking of the dilatation current. We
discuss this classical situation in section [l

With the classical preliminaries we study the quantum theory. In section ]
we analyze the canonical EMT for a family of theories, where the free field
equation is at least of second order and the interaction contains no derivated
fields. We find that exactly the same conservation equation like for the classi-
cal fields can be fulfiled if we impose a further normalization condition called
Ward identity. The Ward identity requires a suitable normalization of T-pro-
ducts involving the canonical free energy momentum tensor (as a symbol € B).
We show that the Ward identity can always be satisfied in section ] by using
the inductive method of Diitsch and Fredenhagen in [DF99]. Our result coin-
cides with a similar result that was derived for the energy momentum tensor
in the framework of Zimmermann’s normal product quantization [Zim734]| by
Lowenstein [Low7]] and also by Zimmermann |fim84]. We show that the inter-
acting momentum operator (as the corresponding charge) implements the right
commutation relation with the interacting fields.

In their paper |CJ7]| Coleman and Jackiw argued that the trace of the

improved energy momentum tensor generates an anomaly in the perturbative
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46 5. THE ENERGY MOMENTUM TENSOR

interacting quantum theory. Lowenstein has verified this statement for Zimmer-
mann’s normal products in [Low71]|. Later, Zimmermann has given a derivation
of this anomaly in [fim84]. He verified a conjecture by Minkowski that
it can be normalized to be proportional to the S-function of the Callan-Symanzik
equation. This statement already contains a result of Schroer [Sch7]|| that the
anomaly vanishes if the coupling is a zero of the g-function. A more compre-
hensive result, also covering possible conformal anomalies, was given by Kraus
and Sibold [KS97, using the framework of algebraic renormalization.

In accordance to these results we show in section f] that a conserved (up to
the expected dg breaking) improved EMT inevitably leads to the trace anomaly
in p*-theory. The definition of the improvement tensor requires a new relation
between interacting fields induced by a corresponding Ward identity which is
proved in section . The simultaneous validity of both Ward identities forces
the trace anomaly to be present. The EMT and its improved counterpart both
define the same momentum operator. The breaking of dilatations given by the
trace leads to anomalous contributions to the dimension of the interacting fields
described in section []. We mention that dilatations were also quite recently
studied in local perturbation theory by Grigore [Gri0(]. But his main focus is
on the S-matrix whereas we focus on the interacting fields.

1. The energy momentum tensor in classical field theory

We discuss the EMT in a classical field theory. The Lagrangian depends on
the fields qS;?laSS, 7 =1,...,r and their first and second derivatives. We assume
that it also depends on z explicitely via a coupling term —g,i”iflltass which is
assumed to contain no derivated fields: .Zc1ass = .i”dass((ﬁflass, ¢f71355, flﬁff,x)
Then the Euler-Lagrange equations read:

a,gclass a,gclass a,gclass

0,0,——— —0 + = 0. 5.1
14 a(ﬁlc’lsls/s K a(ﬁlc}sss a(b;:lass ( )

The EMT is the current associated to a spacetime translation of the fields:
¢85 () — ¢85 (1 + a). By the Noether procedure we find the EMT to be:

o gclass o gclass
@classuu — o class ) o class +
NN T
o gclass
+ 8¢?1a55 apauqb;:lass _ nuuzclass‘ (52>
P

In this situation the “conservation” equation reads:

8M@class Y _ 81199%01655_ (53)

int

In the following we investigate two specific models:

1.1. The general first order model. In this subsection we restrict our-
selves to the case that there are no twice derivated fields present. The free

Lagrangian is quadratic in the fields qS;laSS, gbﬁﬁss, 7 =1,...,r. The interaction
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is given by the term above (containing no derivated fields).

gclass — gdzlass . ggclass (54)

int
1

1 1
5% = K 0,500, 8(° + S 0,8 G — Mg e (5.5)

with K%”, G, M;; € C. The K, G and M are supposed to possess the following

gt > Mg
symmetries: Kj“ly = Klyj“ = Kl’;y,Gy = —GZ. and Mj; = M,;;. The Euler-
Lagrange equations read
(K,uua 6 + G,ua + M. )¢Class = D. qbclass _ azgltass (5 6)
jl YrEv JUoH Pl — e - ga¢qlass ) ’
J

The EMT defined by (pb.9) is called the canonical EMT. It is given by

@class By (_)Class pro nuuggclass (57)

can Ocan int

Ocan

@CIaSS By Kllzpap(ﬁ;:lassau (bilass + %G;tkau ¢§lass (ﬁzlass +

_ %T,MV (Kl[;go ap(blclassaa ilass + Gzﬂkap(blclass(bilass o Mlk(blclass(bilass) )
(5.8)

In section B we show that the “conservation” equation (f.3) can also be fulfiled
in the interacting quantum field theory.

1.2. The massless (¢°*%)*-theory. If no dimensionful couplings are pre-
sent, it is always possible to construct a conserved and traceless EMT. This
tensor is called the improved EMT and was first introduced by Callan, et. al. in
[CCI70]. We derive this tensor in (¢°1%%%)%-theory as the EMT of an improved
Lagrangian making use of the ambiguity in the definition of the Lagrangian. A
derivation of this kind was already performed by Kasper [Kas81].

The equations of motion read:

gclass
0L (5.9)

D¢Class =9 a¢class

Since a total derivative in the Lagrangian does not change the equations of
motion they originate from both following expressions:

can int

1
gclass — §8p¢classap¢class o gD%ClaSS, (510)

imp int

1 1
gclass — 68p(ﬁclassap(ﬁclauss . §¢ClassD¢class . ggclass. (511)
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The corresponding EMT’s are called the canonical and the improved one, respec-
tively. The first one already follows from the last subsection:

(_)Class wo__ au(ﬁclassau(bclass o lnuua ¢Classap¢01ass + gnuugcltass (5 12)
can - 2 1% in ) .
@icrlr?ls)s o §8u¢classau¢class _ %Qsclassauauqbclass + (513>
_ lnuuapqsclassapqsclass + i,’,},uyqsclass‘:‘qbclass (514>
6 12
— @g;agss,uy _ élclass ,uu’ (515>

where we have introduced the conserved improvement tensor

Iclass 7 auqbclass 6V¢class + ¢classauau¢class +
_ npuap¢classap¢class _ nyu¢classm¢class (516)

= 5 (@0 — D) (6P (5.17)

class uv
imp

Contracting the indices, we find 7,,©
rise to the dilatation current:

= 0. The improved tensor gives

DS = g, T (5.18)
Its conservation equation reads:
Ou DN = O + 2, DO = P Oug L (5.19)

The dilatation current is the Noether current corresponding to the scaling
¢91255(z) — ed¢clas(e2x) with d = 1 of the improved Lagrangian (F.11). On
the other hand we can derive the dilatations from the canonical Lagrangian

(b10). In this case we find:
Eclassu — xy@class me qbclassa,uqsclass’ (520>

can

with the same conservation equation. The zero component of the difference is a
divergence w.r.t. the space coordinates and therefore does not contribute to the
charge:

~ 1 ;
DclassO o DclassO — gaj(x[jaO])((ﬁclass)? (521)

In section [] the corresponding QFT is considered.

2. The canonical quantum energy momentum tensor

We now discuss the perturbative quantum fields which are associated to the
canonical EMT. While for the free theory all equations from classical field theory
can be carried over due to the Wick ordering procedure, the interacting quantum
fields require a special normalization which is implied by a Ward identity. This
identity enables to conserve the classical structure also in the quantum theory.
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2.1. Free quantum theory. The classical fields from the last section may
now serve as the symbols from our auxiliary variable algebra 8. For our cor-
responding quantum fields ¢; we assume the same equations of motion to be
satisfied

Dle(tpl) =0. (5.22)

By investigation of the K, G and M we find that this covers a lot of equations
like Klein-Gordon and Dirac equation. The commutator

[T () (), T(er) ()] = B (2 — y), (5.23)
may therefore be an anticommutator in the case of Fermi fields. Now we regard
Oh . €% from (£.§) as a symbol (¢85 — ©):

@Ocan - Klk 8p(,018'/(,0k + 3 G 8 ek +

1

-3 (K17 0,0105 01 + G000k — Mipror) - (5.24)

Then T(0)%,,) =: Oh..,, : defines the free canonical quantum EMT. Since the
equations of motion hold inside the Wick ordering we maintain the conservation

8, O =0 (5.25)

2.2. Interacting quantum theory. Applying the framework of pertur-
bative interacting fields introduced in the last chapter we investigate the con-
sequences of switching on an interaction. We assume that the interaction £
contains no derivated fields. Corresponding to the free canonical EMT we con-
struct the interacting counterpart. According to ([l.1() we have:

@Ocang,iﬂ n' /dyl Ay R(9Z, ..., 9%; ®Ocan)(y1y e Yni T).

(5.26)

But this is only the part corresponding to the free fields. The total tensor
el 4. receives another contribution from the interaction (cp. E):

®Cang,5f = ®gcang$ + 77 gfgf (527>

Since g is of compact support global translation invariance is broken. Hence
we expect the conservation equation to be satisfied that takes account of the
non-invariance of the coupling function (cp. (p-3)):

0 @cangg 0"9 Ly (5.28)
If this equation is true, we have local conservation on Of]
oL  ,(0.f) =0, Vf with supp f C O. (5.29)

Equation (p.2§) is the main statement. We now give a formulation in terms
of the perturbative contributions. It comes out that the conservation can be
completely discussed on the level of T-products. The corresponding equation is
a Ward identity involving the free canonical EMT.

can g.%

'We have assumed g [o= const = 9.9 [o= 0.



50 5. THE ENERGY MOMENTUM TENSOR

Inserting the definition of ©f . from (p.27) we see that (b.2§) is equivalent

to

8M@gzang$ =—90"%. (5.30)
We expand this into the formal power series in the coupling. The RHS becomes
- gal’jgg (‘/E) =

= —g(x)zm/dyl...dyn(‘);R(f,...,f;f) Wiy s ynsx) g(y1) - - g(yn)
n=0 "

= "1
= ol /dyl---dyn+1g(y1)---g(yn+1)><
n=0 :
X D OR(L e b L L) (Y1 g )0 (g — )
k=1

= 1"
:zza/dyl...dyng(yl)...g(yn)><
n=1

><Z@ZR(.,?,...,/ﬁ,...,f;f)(yl,...,]f,...,ymﬂ:)&(yk—x).
k=1
(5.31)

The expansion of ©y", sz Was already given at the beginning. Then (B.30) is
fulfiled if

FeR(Z, ., L300 an) W1y s Yns @) =

0 can

=iy OR(L,.... k. . L5 L) (1 Ky )0y — ) (5.32)
k=1

is satisfied to all orders. The R-products are completely determined in terms of
the T-products ({.1J). We show that it is sufficient to prove the following Ward
identity:f]

OffT (W, ..., Wh, @gl(j:an) (Y1, -3 Yn, ) =

=iy Sk — 2)KT (Wi, ..., W) (Y1, ym), (WI1)
k=1

for all W; € 9B which are (not necessarily proper) sub monomials of the coupling
Z. We therefore prove the statement for all W; € 9 that contain no derivated
fields and have dim < 4.

2The index on the derivative on the RHS refers to the respective y-coordinate.
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The Ward identity WI 1 can be integrated to the functional equation:

o 0 - _
i (44 ‘@OC“*ZWJNH }

j=1

:_<g( +Z wah )>S<g$+ihjwj>. (5.33)

j=1

Multiplying with S(g.#)~! from the left and expanding in powers of the coupling
yields (b.33). Using

1)
—S(gf + f @Ocan)

= = 5(92)" £250L + T Ovean)

57 S(gL)™!

£=0

'f:O
(5.34)

we find that (£.33) also holds for the inverse functional. This implies the cor-
responding Ward identity for the T-products to have a minus sign. A simple
calculation also shows that (f.33) implies

L 5 —
aumsgf-i—f'@man(hw)‘ o

v 0 T VL .
- ( ()2 55 + )axiéh(x)>sgf(hvv). (5.35)

Expanding this equation in n’th order g and first order h results in the following
identity for the R-products:

aﬁlR( @Ocarﬂ )(yNaxl;‘T2) 2125(%—331)315]%(]\77 w) (yN;‘TQ)—i_
keEN
+i0(xg — 21)0,, R(N; W) (yn;x2) . (5.36)

The next section gives a proof of WI 1.

3. Proof of the Ward identity

Diitsch and Fredenhagen have presented a very general framework for prov-
ing a Ward identity of this kind in [DF99]. It was generalized by Boas
in the presence of derivated fields. This is our situation here and we apply their
methods. The strategy is as follows: A possible violation of the Ward identity is
called an anomaly. Since all T-products are supposed to fulfil the normalization
conditions NO — N4 we perform a double induction, one over n and one over
the degree (number of generators) of the Wick monomials. We assume that the
anomaly in both lower orders is zero.

e Step 1. The commutator of the anomaly with the free fields vanishes.
Therefore it can appear only in the vacuum sector.

e Step 2. If one W; is a generator (which is the lowest degree sub monomial),
the anomaly vanishes due to N4.

e Step 3. Because of N1 and the induction on n, the anomaly is a Poincaré
covariant C-number distribution with support on the total diagonal. We
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show that it vanishes by an appropriate normalization, i.e. adding a J-
polynomial with the right symmetry properties (NO) i

To save some space we use the short hand notations from above. We define
the anomaly a by:

a" (,yn) = T (Of ey N) (x,yn) =i Y Sy — 1)K T(N) (yn) - (5.37)
k=1

Step 1. We commute the anomaly with the free fields.[] We use a double
induction, one on n and the other on the degree of the Wick sub monomials.
Using (N3) we need the sub monomials of Of7,

00L"
800” =— G 10" o1 + 17“ Gh0p1 + 0" My (5.38)
¥j
004"
T = Kt K O+ VG, (5.30)

We explicitely distinguished between the basic generators and the first order
ones. Here and in the following the sums only run over the basic genera-
tors therefore. Equations (5.3§),(5.39) are linear in the fields. We demand
T-products containing once derivated basic generators to fulfil the following
normalization:[]

8ﬁT(gpj,N)(a;,yN) =T (Oupj, N) (z,yn)- (5.40)

This translates into

au‘ﬁjgfi(fﬂ) = (au@j)gg (5.41)

3If the current itself is a sub monomial of the coupling, this may lead to non trivial

conditions like in ]

“We use the symbols ¢, and 9,¢; synonymously.

®Because of () this means wo(T'(¢j,u, 0x) (@, y)) = Opwo (T (¢j, vr)(x,y)). If the fields
©j, ¢k are bosonic with mass dimension 1 this is automatically fulfiled because of the negative

singular order. In the case of two Fermi fields with mass dimension % and non vanishing

anticommutator, e.g. ¥, 1 we have: wo(T (Y., ¥)(x,y)) = 10,57 (x — y) + ¢v.0(x — y). The
normalization () requires ¢ = 0.
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for the interacting fields. We calculate the following relevant term:

T 8(_)0 can e a@0 can A _
8M{T ( 20, N> (z,yn) Aji(z—2)+T < T N> (,yN) 0pAji(x z)} =
= 8ﬁ{A],(az — Z) |:—§G§Lla’/ nqui@j’ + n“”Mjl:| +

+ 0pAji(z — 2) [Kj“[’a; + 0P K507 — " Kj 07 +

1 v, 1 v
+ 5 G = 5 Gﬁl} }T(soz,N) (,yN)
5.42
= <_8ﬂAji($ — Z)G5l8; + Mleji(l‘ — z)&’; + ( )

+ 0u0pAji(z — z)Kj“fa; + 0"Aji(x — 2)Mj; +
+ 0" Njil — 2)GHIE + 8" Aji(x — z)Kj”anﬁﬁg)T(cpl, N) (2, yn)

= (DyAji(x — 2)0 + 0" Nji(x — 2) D)) T(21, N) (@, yn)
= 8VAN($ - Z)DJIJT((‘D[, N) (‘Ta yN) )

since A is a solution of the free field equation. Now we commute the anomaly
with the free basic fields and use N3:

[a” (z,yN) , pi(2)] =
=0T (@Ocan, N) (z,yn), 0i(2)] +

—izé yr — )0 [T(N) (yn) » ¢i(2)]
:Zax{ <668Zan N> x yN) Aji(x—z)+

+T< Ocan N> T aA'iZE—Z}—F
a%p SYN) p ]( )

T y oW,
+1 8u <@gcan,W1...,ﬁ,...,Wn> (x,yn) Aji(yr — 2) +
=1 J

+ (5 k—a: {ZT<W1,...,82/,...,WH>(yN)Aji(yl—Z)}.

k=1

3

If the derivative on the last line acts on 7' it cancels the third line by the
induction hypothesis. Only the term with [ = k and the derivative on A remains.
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The § function allows to put y; = x and by inserting (5.43) we end up with

— 0" Njiz — 2) [z'D;?lT(gpl, N) (z,yn) + (5.44)
ST oW,

+;5(yk )T <W1,..., 5o, Wnﬂ (5.45)

=0, (5.46)

because of (N4). Since the Ward identity commutes with all free fields the
anomaly is a C-number. Because of the causal Wick expansion (B.53) it can
only appear in the vacuum sector:

a’(z,yn) = (Q,a"(x,yn)2) . (5.47)

Step 2. We prove that the Ward identity is compatible with the normal-
ization condition (N4). Using the equivalent formulation (B.60)

(Q,T(N,¢i) (yn,2) ) =

& ow,
:ZZAfj(z—yk) <Q,T <W1,...,Wj,...,Wn> (yN)Q> +
(5.48)

—ZZfM <Q T(Wl,...,ipﬂ?,...,wn>(yN)Q>.
2P

vxﬁth AL (y—=) = (2, 0i(y)@;(x)). Then a calculation along the lines of (5.42)
shows

ag{Af;(z — ) <Q,T (8(306% N> (z,yn) Q> +

¥j
— 0,Af(z — 2) <Q,T (8906“ N> (z,yn) Q>} =
¢j,p
= (DjAfj(z — 2)0) — 0" Afj(z — 2) D) (Q, T, N) (z,yn) Q) (5.49)
= (61:6(z — )0} — 8"A5(z — ) ;”l) (Q,T(o1,N) (z,yn) Q) , .
since Af" is a Green’s function of the equation of motion: Dle DIJAF

01;0. We set a” (z,yn, z) like before with W,,11 = ¢; and compute its vacuum
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expectation value. We obtain

al/ (‘TayNuz) =
0eh”
RPav F can
= z@H{Aij(z — ) <Q,T < 850] N> (z,yn) Q> +

Hv
— 0,Af (2 — ) <Q T <6®00an N> (z,yn) Q>} +
6% p

oW,

L) ) ) +

+ZZAZ] (z =)0 <Q T<@Ocan,W1,..., 5o
J

+§n:5(yk—:n)8}; i:AE-(Z—yl) O, T | Wh,... % Wio) (yn) ) ¢ .
1 ) ) ) 6(,0), )
k=0 =1
Again, if in the last line the derivative acts on the T-products these terms cancel

the third line by the induction hypothesis. The term | = k with the derivative
on AF remains. Inserting (5-49) gives:

= —i0"Afj(z — 2) DI (L, T (g1, N) (,yn) Q) + (5.51)
- oW,
- Z S(yr — )0 AL (2 — yr) <Q,T <W1, e Wj’ e ,Wn> (yn) Q>
=0, (5.52)

because of (N4).

Step 3. We show how the anomaly can be removed by an appropriate
normalization. The above steps have shown that it has the following form:

a” (z,yn) = 05 (T (Of s N) (w,yn) ) — i Y 8(y — ) (A, T(N) (yn) )

k=1
(5.53)
= M"(0)0(y1 —x)...0(yn — ). (5.54)
Here, 0 = (04,...,0,) and M" is a Lorentz vector valued polynomial of degree

< 5, since singord (Q,T(OF. ., N),Q) = dimOf.  + > dimW; —4n < 4
accordlng to (B.61). If M¥(9) has the form

= zn: o, M{" (), (5.55)

with M7 again a polynomial, the normalization T'(©}"

Ocan’ ) - T(@gzanv ) +
M/ (9)é removes the anomaly.
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We show that this is the case. We introduce the free momentum operator:]

Pui/d?’X@Ocan( ) (556>

It is a hermitian operator that annihilates the vacuum.

For every (y1,...,yn) we take a double cone O with y; € O for all i =
1,...,n. Choosing a g, with gl = 1 we decompose 9,9 = a, — by, such that
suppay, N (V- + 0) = suppb, N (V4 + 0) = (). We smear out the first term on
the r.h.s of (5.37) with this g and use the causal factorization of the T-products:

[ 0T (O V) () 9(0) = (5.57)
= @Ocan( )T(N) (yN) + T(N) (yN) @Ocan(b ) (558>
= [@Ocan( )7 T(N) (yN)] - T(N) (yN) @Ocan(aﬂg)‘

The second term vanishes because ©f%, is a conserved current. Then, in the
commutator ©f%, (a,) can be replaced by —P”, since T'(N) is localized in O:

= [P",T(N) (yn)]. (5.59)

Therefore the vacuum expectation value of (p.59) vanishes. Smearing the second
term of (B.37) with g and taking the vacuum expectation value we find:

i/dxz5(yj — )0 (Q,T(N) (yn) Q) gla) =i Y (QT(N) (yn) Q) =0,
=1 =1
(5.60)

because of translation invariance. Hence we getf]

/dx a’(z,yn) = 0. (5.61)

To prove (b.59) we work in Fourier space:

?(:E,pl, ceesDn) = /dy1 coodyp a”(x, Yy, . ,yn)ei(p1y1+"'+p”y”) (5.62)

= MY (~ipy, ..., —ipy)e TP, (5.63)
If we integrate over x and use (p.6])) we find:
/d‘%@(m,pl, e 7pn) = (27T)4MV(_ip17 sy _an)é(pl + - +pn) = 07
(5.64)
— MY(—ip1, ..., —ipn —0. 5.65
( ke P ) pit+-+pn=0 ( )

5One has to g ive some meaning to the formal integral in () We refer to the method
of Requardt [Req76]. This shows that a charge like P* can be defined for massive theories
in general and for certain massless theories, if the infrared behaviour is not “too bad”. We
explicitly show the existence in section E for the massless ¢*-model. But the same conclusion
also holds if the mass dimension of ©fY, is not less than four. This is the case here, if the
fields in (p.24) contracted with K are bosonic and the ones contracted with G are fermionic,
as usual.

"Note that the RHS of () is of compact support in the difference variables y; — x.
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We set ¢ = Y 1" | pi, and write W(q,pl, ooy Pn—1) = MY(—=ip1,...,—ip,). Per-
forming a Taylor expansion at the origin we get:

degree MV

_ apd
MY (g,prseespn-) = Y ilg, QL5 MY(0,...,0),  (5.66)
=1 Jal+al=k

p = (p1,...,Pn—1). Because of (p.67) there are only terms with |a| > 1 in the
second sum. If we Fourier transform back into coordinate space this implies

(B:59).
The normalization term M}" cannot be added to the first two terms of
T(047 ) only. The next two terms (conf. (5.24)) are multiples of the traces of

0 can
the first ones. This symmetry has to be preserved since we demand linearity of

the T-products:
N T(0";0" 01, N) = T(9";0u1,N) (5.67)
= N (000" ¢1) gz = (0" 0;0up1)g.2- (5.68)

Therefore we add the normalization terms according to

v 1o
KI'PT(0,010" 0k, N) = KIPT(8,010" o1, N) + <M{‘ — s pr) (9)6,
(5.69)

1
= Kﬁng(ﬁpgpl@ugok, N) — KipT(ﬁpwlﬁuwk, N)+ ngp(ﬁ)é. (5.70)
If the normalization has to be performed on the other terms we put:

14 1 v
G T (0" 1o, N) — G T (0" prpx, N) + 2 <Mf — g pr> (9)3,
(5.71)
2

= G.T(Oupron, N) = G T(Oupror, N) — 3

M{ (9)8. (5.72)

These normalizations remove the anomaly.

4. The interacting momentum operator

Now we investigate the interacting charge generated by the conserved en-
ergy momentum tensor. It defines the interacting momentum operator since its
commutator implements the infinitesimal action on 2, (0) according to:

(Ot g2 () Woz ()] = i Wz () (5.73)

for all W € B containing no derivated fields. The test function f € D(M) is
supposed to be f(y) = h(y°) for all y = (y°,y) € M in a neighbourhood of
z+ (ViUuV_)and [dy’h(y®) =1.
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4.1. Proof of (§.73). We follow the idea of [DF99]. We use the abbrevia-
tion dyn g(y~n) = [Lien duig(yi). With the definition of the commutator ([.20)
the support properties of the R-products and the choice of f from above we
have:

[®8litangff(f)v ngf($)] = /dy h(yO) [@8léan gff(y)v ng(l‘)] =

= —Zg/dywdyg(yzv) X
n=0
% |(h(s°) = h(y” = @) + h(y* — )R (N 0§03 W) (y, yi) +

— (A(y") = hly" = b) + h(y® = )R (N, W3 08%,) (yxs2:1)|.

where W; = %,i=1,...,n. Since h has compact support we can choose a > 0
and b < 0 big enough that the contributions of h(y° — a) and h(y° — b) vanish
due to the support properties of the R-products, see figure . If we define the

(5.74)

FIGURE 1. Supports of f,h, g,0g and R-products.

following two functions
y
b = k0°) = [ dz(hl) = bz~ a)), (5.75)

Ho) =50 = [ " dz (h(z) - h(z — b)), (5.76)
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the commutator becomes

[®8litangff(f)7 ng($)] =

= —,/dywdyg(yzv) x
=0 n.
X [)OLR (N, 6423 W) (yn, ys @) + F()OUR (N, W5 042,.) (y, w:9) |
= i(k(z) 4 k(x))0" W,z (x) +
i
+z§_:lm/dy1vg(yzv) x

x 3 [k R (N W) (yvi ) + Rly) 0 RN \ G, W35) (ywjs 23 ;)|
j=1

= Z&V;Vgag(x) —+
_ z'7701/ Z ,Zn_n' /dyN g(yN) X
n=1"
> [(h(y?) — h(y] —a))R(N; W) (yn;z) +
j=1

— (h(yf) = h() = IR (N \G,W33) (ynisig) | +

—iy ;, /dywzg(m)---8”9(yj)---g(yn) X
n=1 7j=1

< [ B (VW) (i) + R () ROV G W3 9) (e 55) |
(5.77)

where we have inserted the Ward identities (5.39), (p.36) and used the fact that

k(z) + h(z) = /dzh(z) —/_Oo dzh(z — a) — /OO deh(z—b) =1. (5.78)

The support of f in the time direction and therefore of h can be made sufficiently
small, see figure . Then the term 8”g(y;)k(y;)R(N;W)(yn;z) vanishes due
to the support of properties. The same is true for the second term in the last
integrand of (p.71). In the first integrand the h(y? —a) and h(y? —b) can be
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omitted, again. We obtain

[60 cang,s,ﬂ(f), Wg$($)] =
=10"Wyo(z) +

0 - "
n=1

xS AW [R VW) (vie) = RIVAG W) (ywys:95)]

— i W,y (x ) (5.79)
+n°”z = /dywzg 1)+ gy)h(F) - glyn) x
n=1

x %[R (NN 4,5 W) (ynj»yi32) — R(N\ j, W5 4) (yN\j7x;yj)]
= z@”ng(x) - 7]0V [gg.i”(gf)v Wg.i”(x)] )

since all terms in the sum of the last integrand are equal because of the sym-
metry. Hence we find:

[®Cang$(f)’ ng(l‘)] [@0 Cangﬁ(f)) ng/(x)] + 770V [ggff(gf)y Wgc.(l ($)]
— i W,yp(2). (5.80)

We show that one can define a momentum operator according to

J /d3 Gcangf ) (581)

Due to the definition of interacting fields ([L11]) we start investigating the free
contribution. Following the method of Requardt [Req76| we consider the local-
ized momentum operator:

NZE / a2 k()7 (%) O (2, ), (5.82)

with test functions h € D(R3), h(0) = 1 and k € D(R) with [dak(z?) = 1.
We set hy(x) = h(Mx) and ky(2°) = Ak(Az?). Calculation of the correlation
function of two EMTs results in:

<Q ®8léan( )®Ocan( )Q> =
=9°9°D(x — y)0"d" Dy(z — y) + 0°0* Dy (x — y)0°0" Dy (z — y) +
— 2P’ D, (x — )9, Dy (x — y) +

1 5.83
F 8,0, D (& — ) Dz ) (582)

= )‘8 <Q ®8léan()‘x)@0 Can()‘y)Q> )
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since the massless two-point function D, is homogenous of degree —2. We have

QP P0) = [ dledly kR hGoA() (2 6 ()08 2.
(5.84)

and this implies limy_,o |[xP$2|| = 0. For an arbitrary Wick polynomial W we
additionally have

lim [\P*, W (2)] = 0" W (2). (5.85)

The domain D is the linear hull of all ® = Wi(fy)... W, (f)Q2, with W; Wick
monomials and f; test functions. With the derivation property of the commu-
tator, this defines the momentum PY = limy_,oAP"” in a strong limit on D:
POQ = [P, D|Q.

In the interacting contribution of (f.81]) the space integral is restricted to the
hypersurface of constant x° intersecting V| (supp g) and hence compact because
of the support properties of the R-products. The interacting canonical tensor
further contains the interaction term (cf. (p.27)) which is localized. Hence the

integral in (p.81)) exists.

5. The interacting improved tensor in massless ¢*-theory

This section treats the possibilities for defining an improved EMT. It results
in the unavoidable appearance of the well known trace anomaly. The definition
of a suitable improvement tensor requires the validity of a further differential
equation involving interacting fields. This equation is proved by a corresponding
Ward identity in the next section.

We consider the free massless scalar field . It satisfies the wave equation
and the commutation relation:

He =0, [p(2), o(y)] = iD(x —y), (5.86)

for p(x) = T(¢)(z). D is the Pauli-Jordan distribution. The corresponding
Feynman propagator is denoted by D¥. The free field allows to define a con-
served and traceless improved EMT by the expression from classical field theory
in form of Wick products:

@e‘?mp- O g I (5.87)
=:0"pd" p: + 10" - Y 10,00 p: (5.88)
= 0" :p0"p: —""'0, :908’) (5.89)
= %(aﬂay —n*0) :p? (5.90)

It is well known that the dilatations can be implemented as a unitary sym-
metry on the invariant domain D of Fock space U : D + D,Uyp(z)U; " =
Ap(Az). The infinitesimal transformation is given by the commutator of the
dilatation charge QF = [ da® a(2) fr(x)D°(z) for sufficiently large R, where
[da%(2°) =1 and fg is a smooth version of the characteristic function of the
ball of radius R. For large R the commutator becomes independent of o and
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fr IMRT]]|. The dilatation current is Df(z) = z, : O},

Oimp(l’) ;. Since the sym-

metry is conserved we have lim g0 wo([QF, W]) = 0, for any observable W =

[dzy...dz, Wi(z1): ... :Wy(m,):f(x1)... f(2,) with W; € B, f; € D(M)J
Switching on the interaction, the field equation becomes
0L
Uege = —g (—) : (5.91)
g 8(,0 0

Since the model is just a special case of the general situation discussed in the
last sections this leads to a locally conserved canonical EMT (f.24),(5-27),(5-29):

74 14 1 v v
Otangz = (000" 0) g — 50" (0pp0°0) p + 91" Ly (5.92)

In order to define an interacting improvement tensor based on (p.89) we
require the following identity for some c € R, ¢ # i:

" (90" 9) p =
— (O w v 07 pv 0z
= (0"90"¢) o + (900 0) g o — e () g — g | o 90 - (5.93)
9L

The equation is obviously symmetric in u, v. We show this identity to be satisfied
by a corresponding Ward identity in the next section. The exclusion of the case
¢ = 1 is due to the fact that (£.93) has to be satisfied with W1 1 simultaneously.
Since the latter one fixes the normalization of (0F¢0"¢p), ¢ the new interacting
field (00" p) g Must not appear in a traceless combination.

Now the improvement tensor is defined by

1V, = 0" (90" 9) g p = 11" 0p (90°0) 4 - (5.94)
It is conserved due to the u, v-symmetry of (p.93).
Oulyy = 0. (5.95)

To discuss the consequences of the improvement we introduce the dimension
operator d on monomials W € ‘B according to:

. ow
dW = Z(T + 1)()0#/41---/1/1"7’ (5.96)
r 8g07ﬂ1---lh"

The 1 in parenthesis refers to the dimension of the scalar field ¢. Obviously, d
has integer eigenvalues. In case of a pure £ o p*-interaction we have:

0L
dY = p—=42. 5.97
e (5.97)
Now we define the interacting improved EMT according to (b.13) by:
v . v 1 v
Ompos = Otangz — gfﬁz- (5.98)

SInstead of writing lim g0 [@F, W] or using the better convergent definition by Requardt
] we use the expression [D°(f), W] with a suitable test function f.
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But the trace of that tensor is not zero. We find:

U#V@iﬂljpg,@ == (8p<,08pg0)gf + 4g$gff + a,0 (Qpap@)gg (599)

=(1—4c) | (¢D¢),o + 9 (@%) L) (5.100)

This is the well known trace anomaly of the EMT. We see that it is undetermined
up to a multiplicative real parameter. The anomaly is zero in case that one of
the factors vanishes. But this contradicts the non existence of a scale invariant
renormalization ]

The improved EMT defines the same momentum operator:

0 0
[@inlflpgf(f% ng(x)} = [@an gfi(f)? Wg«iﬂ(‘r)] = angvf(m% (5111)
9To show the contradiction we have to treat the two cases
@) c= i and (5.101)
. 0
(i) (D) =9 (v52) . (5.102)
P/ ge
Assume (¢) is true. With
1
5" = 0"0" ¢ + 90" 0" o = 1" 0pp0"p — 711" D, (5.103)
v v 3 v
lyo = 1550 + 71" 9(d2) o (5.104)
we could define the locally conserved dilatation current by
. v 174 1 v
Dl =200 o =Ty (@é‘angg - 5153) (5.105)
=0 (Ofangse — 35 (5.106)
- (:c (eggan - 11{;“)) . (5.107)
3 02
The conservation is equivalent to the Ward identity
OpT(D", N)(w,yn) =iy 6(z — ye)(di +yi - O)T(N) (yn), (5.108)
k=0

where dj denotes the k’th dimension (see next footnote). Passing to the integrated Ward
identity by integration with a function g chosen like in step 3 of section E this leads to
k
(D), T(N) ()} = D (dr + yi - )T (N) (yw), (5.109)
k=1

where f is a test function like in section E Since the dilatations are the infinitesimal symmetry
transformations of the unitarily implementable scale transformations on the free field algebra,
the RHS vanishes in the vacuum state wo. But this implies a scale invariant renormalization
of wo(T(N)) which is not possible. Therefore ¢ # *.

If we assume (i¢) to be true, the last two terms of () vanish leading to the conserved
improvement tensor I, 5; with

I = 0" pd” p + pd" 3" o — " 8,00 v — ™" Y. (5.110)
The dilatations according to (5.105) are conserved and both Ward identities ),()

hold with D* replaced by Df = z.,(04%,, — s1"”). Because of the same argument this is a

contradiction.
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because the Igg—componen‘c is either a derivative (or divergence) w.r.t. to the
space components and 9; f(y) =0,y € V(x) UV _(2):

Ly = 0; (908j90)g$’
Ly = (¢9°9) - (5.113)

The trace of the improved EMT expresses the breaking of scale invariance.
If the dilatations are defined by (cp. (b.1§))

(5.112)

Dyy =200y g (5.114)
we obtain
9Dl = Oimpgz", +1'0,9.%y 2. (5.115)
If we define the dilatations alternatively by (cp. (5.20))
Dty =x,00 o+ (00"0), 4, (5.116)

we find the same breaking (5.115). The (not time independent) charge remains
unchanged due to:

- 2 .
0 0 _25. 0
Dyy — Dy = 50, (:17[9 ((p@ 1¢)gg). (5.117)
The next section gives a proof of (§.93).

6. Proof of the Ward identity

We prove equation (f.93) in analogy to the conservation of the canonical
EMT by the validity of the following Ward identity:ﬂ

LT (00", N)(z,yn) = T(0"pd"¢,N)(z,yn) + T(¢d"0"¢,N)(x,yn) +

n
— e T(¢0p, N) (2, yn) +ien™ > 6(yx — 2)di T(N)(yn).  (WI 2)
k=1
The proof follows the procedure in section . For N = ) WI 2 is obviously
fulfiled. Then we make a double induction over n = |N| and the degree of the
Wick monomials. Under the assumption that WI 2 is fulfiled in lower orders
we denote the possible anomaly by

a'(N)(z,yn) = 0T (90", N)(x,yn) — T (000" ¢, N)(z,yn) +
—T(p0"0" ¢, N)(,yn) + T (e0Op, N)(z,yn) +
n (5.118)
— ey d(yr — 2)dpT(N)(yn).
k=1
We show that a normalization of the T'(pd*9", N) exists such that the anom-

aly vanishes if we require the following normalization condition for the twice
derivated basic field:

04, is the dimension of the Ak’th monomial in the 7T-product: dyT(N) =
T(Wi,...,dWh,...,W,) and d given by (p.96).
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By comparison to (B.60), the integrated form of N4, this is achieved by fixing
the two point function: wo(T(0"0" @, )(x,y)) = i0*0"DF (x — ). For the
corresponding interacting fields we have (019"¢), , = 010" p,¢. In order to
condense the notation we introduce the following abbreviation:

Nlew) = {Wl,,,.,aa—VZ“,...,Wn}. (5.120)

Step 1. We commute the anomaly with the free field ¢(z):

[a" (N )( yn), p(2)] =
[T((paycp, )(‘Tv yN)7 (:0(2)] - [T(au(pau(pv N) (.’1’, yN) (Z)] +
— [T(0"0"p, N)(z,yn), p(2)] + en™” [T (0, N) (2, yn), ¢(2)] +

—ient” Z S(yr — x)di[T(N)(yn), ()]

=1
= 070, T(p,N)(z,yn)iD(x — z) + ;T (o, N)(z,yn)0"D(x — z) +
+ 0T (o, N)(xz,yn)i0" D(x — z) + T(¢, N)(x,yn)i0" 0" D(x — z) +
— T (p,N)(z,yn)i0"D(x — z) — T (o, N)(x,yn)i0" D(x — z) +
—T ("0, N)(x,yn)iD(x — z) — T(p, N)(x,yn)i0* 0" D(x — z) +
+ e T(Dp, N)(z,yn)iD(x — z) +

—ien™ " d(yk — 2)T(N) (yn)iD(yx — 2) +

+ > a(N) (@, yn)iD(yy, — 2)
k=1
=0,
(5.121)

if we apply the induction assumption (a**(N(°*)) = 0) to the last line and and
the normalization (p.119) and normalization condition N4 to the previous lines.
Therefore, the anomaly has to be a vacuum expectation value:

a (N)(z,yn) = wo (¢ (N)(z,yn)) - (5.122)

Step 2. We show that the anomaly vanishes if one Wick monomial is a basic
generator . Because of Step 1 we only consider vacuum expectation values and
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use (B.60):

wo (a"(N, @) (z,yn, 2)) =
= Ohwo (T(p0" ¢, N, ) (2,yn, 2)) +

—wo (T(*pd” ¢, N, o) (x,yNn, 2)
— wo (T ("0 @, N, ) (x,yNn, 2)

+ entwo (T (eUe, N, o) (2, yn, 2

n

— ient” Z Sy — 2)wo(di T (N, ¢)(yn,2)) +
=1

—ien0(z — 2)wo(T (N, ¢)(yn, 2))

)+
)+
z)) +

= —i0" D" (2 — x)wo (T(@”g@, N)(z,yn)) +
+iD" (2 — 2)0wo (T(9" 0, N)(w,yn)) +
+ 30" DY (2 — x)wy (T( N)(z,yn)) +
— 10" D" (2 — x)dhwo (T(p, N)(z, yn)) +
+i0" D" (2 — x)wo (T( o, N)(w,yn)) +
+ 10" DY (2 — 2)wo (T(0"p, N)(z,yn)) + (5.123)
—iD"(z — z)wo (T(8"0” o, N)(, yn)) +
—i0"9" D" (z — x)wo (T (e, N)(2,yn)) +

—l—z’cn“”DF(z—x)wo( (0w, N)(z,yn
S N)(

) +
+ie” 0D (2 — z)wo (T(y ) +

T, YN

— ient” Z 8(x — yp)wo (TN (yn))iDF (z — yi) +
k=1

—iento(z ZZD (2 — yr)wo(T(N)) (yn)) +

+ 3w (@ (V) (@, yn) ) iD" (2 — )
k=1
=0.

We have used ODF = §, the normalization (5.119), N4 and the induction
assumption.

Step 3. Because of the induction assumption the anomaly is a local term:

wo (@ (N)(z,y)) = M™(0)é(x,yn), (5.124)
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where 0(z,yn) = 0(z — y1)...0(x — y,) and M* is a polynomial in 9 =
(01,...,0,) of degree < 4. Therefore we can absorb the anomaly by the follow-
ing normalization:

wo (T(pd"0" @, N)(z,yn)) — wo (T(9d"0" 0, N)(z,yn)) + M"(0)é(z,yn) +

e 1n””Mpp(8)6(a;,yN), (5.125)

= o (T (0, N)(,4w)) = w0 (T(@0, N)(,4w)) — -1 MPH(0)3(z,y),
(5.126)

= wp(a™(N)(x,yn)) — 0. (5.127)

As long as the trace of the anomaly M?, is non vanishing the normalization can
only be done for ¢ # %.

7. The anomalous dimension

Although the dilatation current is not conserved in the interacting theory we
calculate the commutator of the corresponding charge in order to obtain a term
that measures the anomalous dimension. From WI 2 we derive the following
Ward identities for the R-products:

I R(N, ! o; W) (yn,y; ) =
= R(N,0,00"0;W)(yn,y;x) + (1 — 4c) R(N, O W) (yn, y; ) +
+4ic Y 0(y; — y)d; RN W) (yns ) + dicd(z — y) R(N; dW) (yw; o).
JEN
(5.128)

If we set M ={Vq,...,Vp,},V; € B we find:

I R(N; 0", M)(yn;z,201) =
= R(N, 00" 0, M)(yn;x,xnr) + (1 — 4c) R(N; O, M) (yn; @, x0r) +
+ 4ic Z 6(y; — x)d; R(N \ j; j, M) (yN\j; yj,l’M) +
JEN
+dic Y 6(x; — 2)d;R(N; M)(yn; @)
JjeEM
(5.129)
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A calculation similar to the one given in section f| shows that the following
commutation relation holds:

[Dogr(f)s Woz(2)] =
i(dW), o () + izt 0, Wyg(z) +

#1021 [amduotom)
< | (RO, gd.2; W) (g, y: @) + RN, ¢ W)y 52) ) k(y) + (5.130)
+ <R(N7 W;9dZ)(yn, z;y) + R(N,W; QDDQD)(?JN,ZEHJ))E(ZJ)} +

—i(dW),y (gp)}.

The terms in braces are the anomalous contributions. They are necessarily
non vanishing (because of the normalization that excludes case (ii) in (5.102)).
Moreover they are operator valued. We compute them for the case W = ¢,
where the normalization of the R-products is known due to N4 [DF99].

(DY (f), pgz(x)] =
=ipge () + izt Oupg e (x) +

+i(l - 4@{% :I—H, /dyzvdyg(yzv) x
n=0
X {; |:Dret(x — Y1) <g(y)R <N \1,dZ; %) (v wsm) +
+R <N \ [, o0 %) (ynis s yz)>k(y) +
+ Dt =) (s0) R (V02 (i) +
+R (N(el); soDso) (yn; y)>75(y)} +
+ (Dret(z — 9)k(y) + Dav (2 — y)k(y)) R (N; w?—jj) (yn; y)k‘(y)}

(5.131)

On the other hand we can study the interacting Ward identities of the dilata-
tions. Since time ordered products of interacting fields are already determined
by time ordered products of free fields with an arbitrary number of interactions
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according to ([E21)), we find with (5.12§), (5.129):
a,T <D5$,<p, . ,cp)gz (T, 21, T) =

=T <91mp“#,<ﬂ7--- ’(p)g,s,ﬂ (21, ..., Tm) +
DG @)T (Lo 1)y (21, o) +

m
—l—z’Z&(ml — z)(4e + 2 0T (¢, ... 1) gz (T15- - Tm).

=1
The anomalous terms defined above are no anomalous dimensions in the form of
a formal (local) power series in the coupling that multiply the interacting fields.
This is no surprise since already for the free massive field the dilatations are no
symmetry and the above method of commuting with the (non time invariant)
dilatation charge does not produce a number in that case. Nevertheless also the
massive scalar field is given the canonical dimension one. In [[CJ71] the authors
suggest to define the dimension by equal time commutators. For the free field
this method is well defined and produces the right result. But it is not clear that
this carries over to the interacting fields since they may become more singular
objects in the time coordinate as their free counterparts.
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