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Abstract

Here, we present a parametrization of the metadynamics simulations for reactions

involving breaking the chemical bonds along a single collective variable coordinate.

The parameterization is based on the similarity between the bias potential in metady-

namics and the quantum potential in the de Broglie–Bohm formalism. We derive the

method and test it on two prototypical reaction types: proton transfer and breaking

of the cyclohexene cycle (reversed Diels–Alder reaction).
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1 | INTRODUCTION

Metadynamics (MTD) is a powerful molecular-dynamics-based simula-

tion technique that is known to provide the chemical reaction path-

ways without prior knowledge of the transition states the system

goes through.1-4 MTD is an example of so-called enhanced sampling

techniques,5,6 among which there are such classical schemes as local

elevation7 or conformational flooding.8 To include the quantum

nature of the nuclear motions,9 the MTD can be combined with the

path-integral molecular dynamics.10,11 In recent years, MTD was also

successfully extended to automatic conformational search.12

The idea of the MTD is the propagation of molecular dynamics

with an effective potential given as1-4

Veff ¼VþVMTD ,

where V is the potential energy surface (PES) of the nuclei, and the

VMTD is the so-called bias potential. The latter marks the previous

configurations of the system by increasing their energies, making it

less probable for the system to go back, thus forcing the molecule to

explore new regions of the PES.

The bias potential is usually formulated using collective variables

(CV). These are just functions of the internal coordinates, parametrizing

the expected reaction coordinate of the system.2-4 The classical numerical

representation of the bias potential is a sum of Gaussian functions of the

user-defined widths and heights. These basic components are added with

some periodicity during the MTD simulation, and the centers of these

Gaussians are placed at the current values of the CVs. Therefore, at the

end of the simulation, �VMTD represents a coarse and averaged snap-

shot of the sampled part of the PES.1-4 The interpretation of this bias

potential can also be made through the probability distributions.13

In this article, we propose an alternative view of the MTD bias

potential. We use its similarity to the quantum potential from the

de Broglie–Bohm formalism of quantum mechanics.14 We discuss the

application of this reformulated MTD simulation to a specific class of

reactions that involve the breaking of chemical bonds. In particular, we

demonstrate the applicability of the proposed approach using the two

prototypic reactions: proton transfer in the malonaldehyde15,16 and the

inverse Diels–Alder reaction17-19 of the cyclohexene. In the end, we

provide conclusions and perspectives on the current approach.

2 | THEORETICAL DERIVATION

2.1 | Bias potential shape

To find the building block for the bias potential, let us consider the one-

dimensional quantum potential from the De Broglie-Bohm formalism14,20:Abbreviations: MTD, metadynamics; CV, collective variable; PES, potential energy surface.
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VquantðqÞ¼� ℏ2

2μA
d2A
dq2

, ð1Þ

where q is the CV, μ is the effective mass of the molecular motion

along the CV, and A is the wavefunction's (ψ ) amplitude (A¼ jψ j). Let
us assume that at the current value of the CV, q¼Q, we have a

Gaussian wavepacket centered at the position q¼Q20:

A¼N exp �ðq�QÞ2
4σ2

 !
, ð2Þ

where σ is the standard deviation (SD) of the CV q from the mean

position Q, and N ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π

p
σ

p� ��1
is the normalization factor. Substi-

tution of the Equation (2) into the Equation (3) gives us the quantum

potential of the shape

VquantðqÞ¼ ℏ2

4μσ2
1�ðq�QÞ2

2σ2

 !
: ð3Þ

We want our bias potential for the MTD to be non-negative. There-

fore, we can take only the part of the Equation (3) corresponding to

VquantðqÞ≥0 (ðq�QÞ2 ≤2σ2), and set the rest of the potential to zero,

thus having the following building blocks for the bias potential:

VbðqjQÞ¼
Eb 1�ðq�QÞ2

2σ2

 !
, ðq�QÞ2 ≤2σ2 ,

0 ,ðq�QÞ2 > 2σ2

8>><
>>: , ð4Þ

where notation ðqjQÞ denotes that the bias component's argument is

q and this function is centered at the position q¼Q, and Eb is the bias

energy:

Eb ¼ ℏ2

4μσ2
: ð5Þ

The total bias potential at a given point of the MTD simulation will

thus be

VMTDðqÞ¼
XN
n¼1

VbðqjQnÞ , ð6Þ

where N is the total number of marked CV values Qn.

2.2 | Collective variable definition

To model the bond breaking in the molecules, the most native coordi-

nate is the distance between the atoms: Rij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðri� rjÞ2

q
, where i and j

are the atomic indexes, and ri , rj denote atomic position vectors. How-

ever, since there might be cases when more than two bonds are bro-

ken during a reaction, such as the double proton transfer or the

breaking of the cycles, we might need more than one distance in the

CV definition. Therefore, we will take the following definition of

the CV:

q¼
X
k

ckRk , ð7Þ

where index k enumerates the distances in the definition of CV,

jckj>0 are the arbitrary coefficients, and Rk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrak � rbk Þ2

q
is the dis-

tance between atoms number ak and bk .

To define the bias energy (Equation 5), we require a reduced mass

of the motion. In the case of the q¼Rij, it is defined simply as the

reduced mass of the two atoms forming the bond, that is, as

μij ¼ mimj

miþmj
, where mi and mj are the masses of the atoms number i and

j, respectively.21 We will consider a simplified approach based on the

classical equipartition theorem22,23 to define the reduced mass μq for

the CV coordinate given by Equation (7).

Let us assume that the following equalities hold: μqh _q2i¼ kBT and

μkh _R
2
k i¼ kBT, where kB is the Boltzmann's constant, T is the absolute

temperature, and _x¼ dx=dt is the velocity of the value x. With the def-

inition of the CV (Equation 7), we can also write:

μqh _q2i¼ μq
X
k

X
l

ckclh _Rk
_Rli¼ kBT :

Assuming that the motions along different bonds are uncorrelated

(i.e., h _Rk
_Rki¼0 for k≠ l), and noting that h _R2

k i¼ kBT=μk , we will get

μq
X
k

X
l

ckclh _Rk
_Rli≈ μq

X
k

c2k h _R2
k i

zffl}|ffl{kBT=μk

¼ kBT ,

which gives the expression for the μq:

μq ¼
X
k

c2k
μk

 !�1

: ð8Þ

This expression provides a unique reduced mass value for any

CV of the type given in Equation (7). In the standard MTD simula-

tion, the user defines the CV, the width of the Gaussian bias

potential, and the height of this potential. However, in this formu-

lation, based on the quantum potential, the user needs to provide

a definition of the CV and the width of the bias potential σ to

define the MTD simulation because the reduced mass μq and the bias

energy are computed automatically with Equations (8) and (5),

respectively.

2.3 | Bias force

The last issue to the MTD simulations with the bias potential given in

Equation (6) is the evaluation of the forces. The bias force acting on

the atom i with coordinate ri is given with the equation24
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Fi ¼� ∂VMTDðqÞ
∂ri

¼�
XN
n¼1

∂VbðqjQnÞ
∂ri

: ð9Þ

However, some terms of this sum can be zero because points Qn

can be out of the action range from the current value q (those that ful-

fill the inequality ðq�QnÞ2 > 2σ2, see Equation 4). Thus, we can order

the Qn by their proximity to q, that is, in the increasing order of

jq�Qnj, and take only those ~N≤N values that correspond to nonzero

contributions to the potential (i.e., ðq�QnÞ2 ≤2σ2 for 1≤ n≤ ~N, and

ðq�QnÞ2 > 2σ2 for n> ~N). The derivatives of the components for

1≤ n≤ ~N are easy to compute:

∂VbðqjQnÞ
∂ri

¼�Eb
σ2

ðq�QnÞ � ∂q
∂ri

,

which upon substitution to Equation (9) will give

Fi ¼�
X~N
n¼1

∂VbðqjQnÞ
∂ri

¼ Eb
σ2

~Nq�
X~N
n¼1

Qn

" # !zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{F

� ∂q
∂ri

¼ F � ∂q
∂ri

,

where F is the force magnitude and ∂q
∂ri

is the direction vector of the

force for atom number i. The latter can be computed in a straightfor-

ward fashion using Equation (7) as

∂q
∂ri

¼
X
k

ck
∂Rk

∂ri
:

The vector ∂Rk
∂ri

¼0 if atom i is not a part of the distance Rk

between atoms ak and bk (i.e., i≠ ak and i≠ bk). In the other case,

when, say, i¼ ak and j¼ bk , and thus Rk ¼Rij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðri� rjÞ2

q
, then

∂Rk

∂ri
¼ðri� rjÞ

Rk
,

∂Rk

∂rj
¼ðrj� riÞ

Rk
:

8>><
>>:

3 | NUMERICAL DEMONSTRATION

We implemented the proposed MTD routine into the BBBMTD script

of the PyRAMD software.25,26 To demonstrate the algorithm's perfor-

mance, we chose two prototypical reactions: proton transfer between

two oxygens in the enol form of the malonaldehyde and decomposi-

tion of the cyclohexene into the 1,3-butadiene and ethylene, which is

the inverse of the Diels–Alder reaction. The schematics of these reac-

tions are given in the insets (A) of Figures 1 and 2, respectively.

To perform quantum-chemical calculations, including the compu-

tation of the gradients of the PES in the MTD, we used the ORCA 5

software.27 The level of theory in all the calculations was

BLYP-D3BJ/6-31G.28-31 First, we optimized the molecular geometries

of the malonaldehyde and cyclohexane with subsequent calculations

of the harmonic frequencies at the chosen level of theory. From these

equilibrium geometries, we started the MTD simulations, generating

initial velocities of the atoms from Maxwell–Boltzmann distribution at

the temperature of 300 K,22 and then this temperature was kept by a

Berendsen thermostat32 with a relaxation time of 100 fs. The time

step in every MTD simulation was 1 fs.

The MTD simulations for malonaldehyde had the following set-

tings. The CV was

q¼ rðO�HÞ� rðO� � �HÞð Þ
2

, ð10Þ

where rðO�HÞ and rðO� � �HÞ denote the distances between oxygens

and hydrogen, corresponding to the O�H covalent and O� � �H hydro-

gen bonds in the equilibrium geometry, respectively (see Figure 1).

The reduced mass of this CV was thus μq ¼1:9 a.m.u. The width of

the bias potential σ was 0.2 Å, which subsequently gave the bias

energy Eb (Equation 5) of 111 cm�1. The bias potential was updated

with the current value of CV every 30 fs. We accumulated 16 MTD

trajectories in total, each 2 ps in duration.

In the case of cyclohexene, the CV was

q¼ r1ðC�CÞþ r2ðC�CÞ , ð11Þ

where r1ðC�CÞ and r2ðC�CÞ the distances corresponding to the two

C�C bonds broken in the reaction (see the inset (A) of Figure 2). This

definition gave the μq of 3.0 a.m.u. Nine MTD trajectories with the

bias potential update time of 10 fs and width σ¼0:1 Å, resulting in

bias energies Eb ¼281 cm�1, with total simulation duration of 5 ps. To

prevent the dissociation of the ethylene and 1,3-butadiene, an artifi-

cial constraining potential was applied. It was defined as

Vc ¼
X
i

kBTfðriÞ ,

where kB is the Boltzmann's constant, T¼300 K is the temperature of

the MTD simulation, ri is the distance of the ith atom to the center of

mass of the system, and fðrÞ is defined as

fðrÞ¼
0, r < rsph

r� rsph
L

� �2
, r ≥ rsph

8<
: ,

with parameters rsph ¼4 Å and L¼0:05 Å, that regulate the radius

and softness of the constraining spherical harmonic potential for the

atoms. Within the sphere of radius rsph from the center of mass of the

system, atoms do not feel any constraints, but outside this sphere,

they are being pushed back toward the center of mass by a harmonic

potential of Vc.

The results for MTD simulations of the proton transfer in malo-

naldehyde and cycle breaking in cyclohexene are given in the insets

(B), (C), and (D) of Figures 1 and 2, respectively. In insets (B), we can

see the representations of the MTD trajectories as the atomic density

distributions computed with the CubeTheMD script33,34 using an

TIKHONOV 1773
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algorithm similar to that used in the Trajectory Analyzer and Visualizer

(TRAVIS) software.23 From there, we can see that during the MTD

simulation, the only major change in the malonaldehyde was the pro-

ton transfer, whether, in the case of cyclohexene, it was the dissocia-

tion of the C2H4 to form a complex. The same can be inferred from

the trajectories of the CVs, mapping out the bias potential, which is

given in the insets (C) of Figures 1 and 2.

The resulting bias potentials of the individual simulations are

given in insets (D) of Figures 1and 2. The individual bias potentials

from different simulations were averaged to produce a single curve

with the standard errors (SE), showing the agreement between differ-

ent individual results. The bias potential for the malonaldehyde

(Figure 1) resembles the expected double-well potential of the sym-

metric proton transfer.15,16 The estimated barrier height was found to

be 590�60 cm�1. We also computed the electronic activation energy

(ΔE≠ ) at the chosen level of theory for the same reaction as a refer-

ence value for comparison. We used a nudged elastic band with the

transition state optimization afterward (NEB-TS) to find the transition

state molecular geometry.35 The resulting value of ΔE≠ ¼623 cm�1

is within the uncertainty of the estimated value from the MTD

simulations.

In the case of cyclohexene, the estimated activation energy from

the fine MTD simulations was 19,300�500 cm�1. For comparison,

the ΔE≠ of the inverse Diels–Alder reaction was also computed. The

(A) (B)

(C) (D)

F IGURE 1 Results of the
metadynamics (MTD) simulations
of the proton transfer in
malonaldehyde. (A) The formal
reaction and the components of
the collective variable (CV).
(B) The averaged nuclear
probability distribution from all
MTD trajectories, where red

atoms denote hydrogens,
yellow—oxygens, and blue—
carbons. (C) The positions of the
saved CV values along the MTD
trajectories. (D) The resulting
mean bias potential from the
MTD simulations. The semi-
transparent area around the curve
in (D) indicates the � SE range.

(A) (B)

(C) (D)

F IGURE 2 Results of the
metadynamics (MTD) simulations
of the decomposition of the
cyclohexene. (A) The formal
reaction and the components of

the collective variable (CV).
(B) The averaged nuclear
probability distribution from all
MTD trajectories, where red
atoms denote hydrogens and
yellow—carbons. (C) The positions
of the saved CV values along the
MTD trajectories. (D) The
resulting mean bias potential from
the MTD simulations. The semi-
transparent area around the curve
in (D) indicates the � SE range.
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initial guess for the transition state of the Diels-Alder reaction was

taken from Reference 19. Then, this structure was readjusted at the

BLYP-D3BJ/6-31G level of theory. A difference from the electronic

energy of the cyclohexene at the same level of theory was taken as

ΔE≠ . The resulting value was 17,932 cm�1, similar to that obtained

from the MTD simulations.

4 | CONCLUSIONS

Here, we presented an alternative approach to constructing the meta-

dynamics algorithms based on the formal similarity of the bias poten-

tial with the quantum potential in the de Broglie–Bohm formalism of

quantum mechanics. This parametrization requires fewer parameters

than the standard metadynamics approach with the Gaussian-shaped

bias potential components. We derived and implemented the pro-

posed approach in the case of a single collective variable in the form

of a linear combination of the chosen interatomic distances. The

numerical tests of two prototypical chemical reactions (proton trans-

fer and the inverse Diels–Alder reaction) show that the proposed

approach works. Although our derivations were done in the case of a

single collective variable, the same principle can be expanded into a

multidimensional case.
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