
DEUTSCHES ELEKTRONEN-SYNCHROTRON 0 E SY 
DESY 90-040 

April 1990 

Haag Duality in Conformal Quantum Field Theory 

D. Buchholz, H. Schulz-Mirbach 

II. Institut fiir TbeoretisclJe Physik, Universitiit Hamburg 

ISSN 0418-9833 

NOTKESTRASSE 85 2 HAMBURG 52 



DESY behalt sich aile Rechte fur den Fall der Schutzrechtserteilung und fur die wirtschaftliche 

Verwertung der in diesem Bericht enthaltenen lnformationen vor. 

DESY reserves all rights for commercial use of information included in this report, especially in 

case of filing application for or grant of patents. 

To be sure that your preprints are promptly included in the 

HIGH ENERGY PHYSICS INDEX, 

send them to the following address ( if possible by air mail ) : 

DESY 
Bibliothek 
Notkestrasse 85 
2 Hamburg 52 
Germany 



DESY 90-040 
April 1990 

ISSN 0418-9833 

Haag duality in conformal quantum field theory 

Detlev Buchholz and Hanns Schulz-Mirbach 

II. Institut flir Theoretische Physik 

Universitiit Hamburg, 2000 Hamburg SO, F.R.G. 

Abstract: Haag duality is established in conformal quantum field theory for 

observable fields on the compactified light ray S 1 and Minkowski space S 1 xst, 

respectively. This result provides the foundation for an algebraic approach to 

the classification of conformal theories. Haag duality can fail, however, for the 

restriction of conformal fields to the underlying non-compact spaces IR, re­

spectively IRxiR. A prominent example is the stress-energy tensor with central 

charge c > 1. 
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l. Introduction 

The classification of low dimensional conformal quantum field theories is a 

subject which has received much attention in recent years. In an algebraic ap­

proach to this problem, proposed in [BMT, FRS], one starts from the known 

structure of the observables in conformal theories t) and constructs the fields 

from endomorphisms of the observables. This method is adopted from a gene­

ral analysis of the superselection structure in quantum field theory by Dopli­

cher, Haag and Roberts [DHR]. It is based on two ingredients. 

The first assumption concerns the nature of the charges appearing in the the­

ory: they have to be localizable in the sense that the total charge of a state 

cannot be determined in proper subregions of space. Let us illustrate this 

requirement by taking as observable a chiral component T(z) of the conformal 

stress energy tensor, which lives on a compactified light ray, viz. the circle S1 

::: {v:C: lzl = 1}. As is well known, the corresponding positive energy (lowest 

weight) representations can be distinguished by two charges: the central charge 

c and the ground state energy (lowest weight) h [FST]. 

The central charge c is not localizable. Its value can be determined in any gi­

ven region since c appears in the local commutation relations of T(z). For the 

same reason there do not exist field operators which transfer central charge 

and are local with respect to T(zl. One therefore attributes states of different 

central charge to different field theories. 

In contrast, the ground state energy h has the properties of a localizable 

charge: its value cannot be determined locally but requires integration of T(z) 

over ali of S1
. According to the general theory [DHR] one therefore expects 

that there exist charged fields which are local with respect to T(z) and make 

transitions between states corresponding to different values of h. 

For the actual construction of these fields from the observables one has to 

rely on a second ingredient: Haag duality [H]. Roughly speaking this condition 

says that the local algebras generated by the observables are maximal. Namely 

it has to be impossible to complement them by further local operators which 

are neutral, i.e. map each superselection sector into itself. If Haag duality 

holds then the charged fields reveal their presence through the existence of 

endomorphisms of the algebra of observables. Moreover, there is a systematic 

way to reconstruct the fields from these endomorphisms [DHR]. 

It is the aim of the present paper to show that Haag duality holds in confor­

mal quantum field theory. For the proper mathematical formulation of this re­

sult we have to proceed from the underlying observable fields to local von 

Neumann algebras. Let us explain this step by turning again to the example of 

the energy density T(z). 

t)This structure was brought to light by Schroer [Sch] and, independently, by 

Mack and LUscher [ ML]. We use here the review a1·ticle by Furlan, Sotkov and 

Todorov [FST) as a convenient source for results and references in conformal 

quantum field theory. 
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We fix the central charge c and consider the smoothed-out operators T(f) in 

the ''vacuum representation" corresponding to lowest weight h=O. Here T(O de­

notes the field T(z.) integrated with a testfunction f(z) on S1. For each interval 2) 

I c S
1 

we define an associated von Neumann algebra 'lUB. setting 

'lt(J) = {Tif), T(f)*: f real. supp f c 1}11• (1.1) 

As usual, a prime 1 at a set of operators (! denotes the commutant of (l, I.e. 

the set of bounded openton on the underlying Hilbert space which commute 

(strongly) with all elements of Cf. Analogously, a double prime 11 at fl denotes 

the commutant of (!1
, etc. We note that according to the von Neumann· density 

theorem 'lllll is the smallest weakly closed •-algebra which contains all boun­

ded functions of the operators Tlfl with supp f c: I. 

From the fact that the commutator [Tif), TCgl] vanishes if f, g have disjoint 

supports one is inclined to conclude that the algebras lliH satisfy the locality 

condition 

'!ltll c: '!l(Jc)', (1.2) 

where Ic = S1\l. Yet in view of the unboundedness of the opertors Ttf) some 

care is needed at this point. We deal with this problem in Sect. 2 and derive 

energy bounds for chiral currents and the energy density which suffice to 

establish locality In the sense of relation 11.2). 

Our ultimate goal, the proof of Haag duality, will be given in Sect. 3. It says 

that the inclusion in 0.2) can be replaced by an equality sign, i.e. 

'!(II) ::; 1f(IC)I, (1.3) 

It is then apparent that the local algebras lHD are maximal and cannot be 

complemented by further operators without coming into conflict with the lo­

cality requirement 11.2l. 

For the sake of a better understanding of the significance of Haag duality let 

us make two remarks. First we note that the maximality condition (1.3) Is Inti­

mately related to the transitivit)' of locality (Borchers property [Bo]) of quan­

tum fields. To exhibit this fdct we consider for each interval I c s1 the alge­

bra 

~(J) {Ttfl, Ttn•, f real, supp r c Ic}/ = llUc)/. (1.4) 

A heuristic argument, based on Borchers' transitivity theorem, leads to the 

conclusion that the algebras ~II) should also be local [La], i.e. 

!811) <: !8(JC)I. (1.5) 

2) An interval (segment) I of S1 is a contractable subset whose complement has 

an open interior. 
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Combining relations 0.2), 0.4) and U.S) we then have 

11m c 11Hc>' = ~m c ~tic)' = 'll.nccv'. !1.6) 

where the last equality follows from the fact that Ic = S1\1 is still an inter­

val, so that definition (1,4-) can be applied to !l\Uc). Now Icc = S1\JC = I and 

'lUU" = "Jl(l) since 'lUll is a von Neumann algebra. Hence relation U.bl shows 

that the condition (1.3) of Haag duality follows from the Borchers property 

(1.5). The converse statement is obvious. 

This equivalence depends crucially on the fact that the underlying configurati­

on space is compact. There is no analogous result in Minkowski space quan­

tum field theory. In the latter case the Borchers property was established in 

the algebraic setting by Bisognano and Wichmann [B W 1: but Haag duality can 

fail, cf. [La] and the .subsequent remarks. As was shown by Roberts [Ro], this 

happens whenever there is a spontaneously broken global symmetry In the 

theory. In a scale invariant theory internal symmetries are never spontaneously 

broken [Ro2]. Hence the equivalence of the Borchers property and Haag duality 

In conformal theories may be attributed to their high symmetry. 

Our second remark concerns the relation between Haag duality and the nature 

of the charges appearing in a theory. It was shown by Doplicher, Haag and 

Roberts [DHR] that Haag duality holds in a given superselectlon sector if and 

only if the charge carried by the corresponding states arises from an abelian 

symmetry group. Here we establish Haag duality only for the vacuum sector. 

But for the important example of the energy density all lowest weight repre­

sentations are explicitly known. It may therefore be possible to decide, by 

checking Haag duality in other sectors, which values of h and c correspond to 

an abelian charge, respectively to a charge arising from a non-abelian symme­

try or ~quantum group". 

Let us discuss next how the information that Haag duality holds for the chiral 

components of observables on S1 leads to a corresponding statement for the 

observables on the two-dimensional compactified Minkowski space S1 
X S1

• The 

local algebras corresponding to "double cones" 11 x lr c S 1 x S1 are defined by 

'!((II x lr)= lfl(fl) ~ 1l,.H,.), (1. 7) 

where on the right hand side appears the tensor product of the .. left" and 

"right" chiral von Neumann algebras associated with the intervals 11, 1,. c S1
• 

respectively. The causal complement of 11 x 1,. (not to be confused with the 

spacelike complement in some Minkowski space) is again a double cone which 

is given by u1 x lr)c,= I{ x I,.C. Now if Haag duality holds for the chiral 

algebras one gets by an application of Tomita's commutation theorem of ten­

sor products [Sa] 

1w1 x J,.lc>' = t1l1n{> 9 'll,.urcn' = 
(1.8) 

'llJtl{l' 119 '!lrfl/l/::; 'llJ(JJ) ~ '!lr(lr)::; 'llHJ X 1,.). 
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The equality of the first and last member in this relation is thus the p1·oper 

statement of Haag duality in conformal theories on the compactified Min­

kowski space S 1 
X $ 1

• 

We emphasize that Haag duality can be violated for the restriction of a con­

formal theory to the underlying non-compact manifolds IR, respective!) IR x iR. 

To understand the o1·igin of this feature let us consider the one dimensional 

situation and remove from the circle S 1 a point. The complement !1 of an 

interval I on the punctured circle then consists of two disjoint pieces 1<, I> 

whose union is equal to lc, apa1·t from the point removed. Haag duality on the 

punctured circle would imply that the von Neumann algebra generated b) 'UO) 

and 'J((I>l coincides with the commutant of '.l((l). In view of relation (1.3) this 

is only possible if 

'U(I<) V 'li<IJ = 'U(Ic). !I.Yl 

This strong form of '"additivit) ·· can fail, however. because of ultraviolet pro­

blems. !Note that a test function with support in Ic can in general not be 

splitted into the sum of two test functions which have support in I< and I_,, 

respectively.) We show in Sect. 4 that this problem arises already in the case 

of the energy density T(z). 

Following Bisognano and Wichmann (BW] one could extend the local algf'bras 

'll(l) on the punctured circle, setting 

<i<Il = run<> V '.!lll>W. {[.[()) 

This net does satisfy Haag duality. But. as is shown in Sect. 4-, local confor­

mal invariance gets lost. Only the subgroup of the conformal group which lea­

ves the distinguished point on S1 fixed remains as a symrnet•·y of the extended 

net. 

These observations vindicate th(' view [ BMT] that conformal the01·i('s should bt> 

studied on their genuine configuration space. To rf'strict them to th<' umkl"l.)­

ing Minkowski space obscures their specific f<·atun•s. 

2. Quantum fields and local algebras 

We discuss in this section the rf'lation bet\\l'('Jl the conventional s(>tting of 

confo1mal quantum fiPld tlwor). bas<'d on point lik<' quantum fi1..·lds. and tlw 

algebraic setting. based on local von Neumann algebras. 

To begin with ~\e list tlH' rf'l~·vant assumptions and establish our notation. As 

alread.1 mt..•ntioned. it suffices for our problem to consider the chiral compo­

nents of t]lf' givPn ohsPrvablPs (such as tlw strPss PnPrgy tensor, CLIITf'nts. o1· 

ot!wr chirill fields with integer spin). The underlying compactified configuration 

space is 

- h -

s' {z.:C lzl = ll. 12.1) 

On S1 we have a natural action of the restricted conformal group SU(t,t) 

whose 

fm·m 

elements -y are represented by complex two-by-two matrices of the 

"= e a 
~) with lal 2 

- lbl 2 

b 

The action of "( on S 1 is given b) 

y 
az + b 1 

z =----, Z<S. 
a + bz 

I. (2.2) 

12.3) 

Of particular importance in our investigation are the one parameter subgroups 

of SU(t,tl inducing on S1 "rotations", 

respectively ""dilations··, 

p(t) 
eit/2 0 ) 

( -it/Z ' 0 e 

Oil-)= (chA 
'h" 

sh A 
ch!-)' 

to: IR, 12.4) 

),ciR. (2.5) 

The vacuum representation of a hermitian conformal quantum field cp which 

lives on S1 and has integer spin (dimension) s can now be described as follows 

[FST]. (Fm· the sake of notational sirnplicit) we restrict our attention to a 

single field. The extension of our results to an arbitrar_) number of fields is 

straightforward.) 

First, there is a Hilbert space ~. carr.)ing a continuous unitar.) representation 

W of SU\i,t). and an up to a phase factor unique unit vector 0 , 8) which is 

invariant under the action of W(y) for an) "Y' SU(!,Jl. In orde1· to simplify no­

tation WE' write 

U<tl = WtrAtll and V ().) = W(S(AJJ. (2.bl 

The generator of U (t\1£' conformal Hamiltonian) is denoted b)' T
0 

and has 

non-negative spectrum. The vectm· 0 is thus the g1·ound state of T
0 

in 8) and 

we therefore refer to it as \-"acuum. 

Second, there is an operator valued distribution 'f'' C 00 lS 1l 

C 0 )(S 1
) is the space of infinite!) often difff'rentiable functions 

a *-algebra of (unbounded) linear operators which is defined 

·+ '}..\(.'.0) where 

on S1 and '"P(;i)J 
on a dense do-

main ,".0 c. :i,1. The domain :.0 is stable un<il'l" tlw action of W, and 0 .: .:.0. We 

write formally 

<p(fl 
f dz r ,,----: f(z.l <t>lt.l. 
· _lllZ 

r, c·Y·ls1l 12.7) 
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where the integral extends over the oriented circle S 1
• (Note that we use a 

real measure on S1.) The closure of <p(O, which will be denoted by .the same 

symbol, and the adjoint tp{fl' are always with respect to ;l). By applying all 

polynomials In the smoothed-out fields 'P to the vacuum one obtains a domain 

:00 c ;;o which is a core for each operator tpiO. 

The hermiticity, covariance and locality properties of 'P are summarized in 

<p(z)* = 'PIZ) 12.8al 

Wly)tp(z)Wirl-1 = D
8

1z;yl rply · zl 12.8bl 

(where s1 f\1 is the spin of 'P and 0
8
(z;y) = laz • b[-2s with y as in (2.2)), and 

[<p(z), <p(z1)] = 0 for z. * zl. (2.8d 

These somewhat formal equations can easily be converted into rigorous state­

ments about the smoothed-out field 'P with the help of relation 12.7). We note 

that the field <p(z) differs from the standard z-picture fields by a factor zs-t. 

This definition has the advantage that the hermiticity condition (2.8al becomes 

particularly simple. 

The Fourier components of fields and of test functions are defined by 

F
0 

= I. 2d~ z"· Flzl, ntZ 
J' XIZ 

12.9) 

where F stands for 

(2.8a) implies that . 

rp or f ( C00IS1
), respectively. The hermiticity condition 

• 'Pn = 'P-n (2.10) 

on ::0
0

• From the transformation law 12.8b) of tp under rotations it follows 

that 

To 'Pn = tpn ITo-nJ. (2.11) 

We also note that 

rp(f) = L f_n · 'Pn = L fn· 'P-n 
n n 

{2.12) 

where the sums converge absolutely on every vector in the domain :i)
0

. 

The von Neumann algebras corresponding to any interval I c S1 are defined in 

analogy to (1,1) by 3) 

3) There exist more refined definitions of the local algebras which require 

less regularity of the underlying fields, cp. [DSW]. 

" 
'lHO = twin. 'I'm•: f real. supp f c lln. 12.13) 

There are several immediate consequences of this deFinition. The first one is 

isotony, 

'lUI1l c 'lUJ2 ) if 11 c 1
2

, 12.141 

and the second one covariance, 

W(y)1.({J)Wirl- 1 = 'lf(y ·I), yESUh,tl 12.151 

where y ·I denotes the interval obtained by the action of y on the points z (I. 

As a consequence of conformal invariance one finds that the algebras ll(J) de­

pend con tinuousl)' on the interval I. In particular 

'Hlll :; 'lliil. {2.11)) 

where the bar denotes closure. Foo the proof of this equality we make use of 

an argument in [LRT] and choose a sequence y
0

t SUh,t) such that y 0 • f c I 

and y 
0 

_.,. e le bein_g the unit of SUh..:.tH. It follows from relations (2.15) and 

12.14) that Wlyn}lfll)Wiy
0
l- 1 = 'lHy0 · !I c: 'll(l). Taking also into account that 

Wly
0

) converges stoongly to I and 'ltm is weakly closed it is then cleao that 

21111 c: llCIJ. The opposite inclusion follows from isotony. 

As already pointed out, the locality properties of the field cp may not necessa­

rily imply that the corresponding von Neumann algebras 'lUll are local. We 

therefore add this requirement as an extra assumption, 

'l((IJ C 2UJC)I. (2.171 

Relations 12.14) to 12.17) comprise the relevant structure of local conformal von 

Neumann algebras which we anticipate in our discussion of Haag duality in the 

subsequent section. 

In the remainder of the present section we show that for currents j(z) and 

the energy density Tlzl the locality condition (2.17) follows from the re$pec­

tive Lie field structure. The essential step in the proof is the demonstration 

that the fields satisfy so-called linear energy-bounds. We can then rely on a 

result by Driessler and FrOhlich [OF] showing that the algebras (2.13) are lo­

cal. 

Let us consider first the energy density T(z). By the LUscher-Mack theorem 

[FSR] the Fourier components T 
0 

of this field generate the Virasoro algebra 

[ T n• T mJ = {n-m) T n+m • fz n(n2-l)~n .. m, 0 (2.181 
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where c > 0 is the central charge. We need bounds on the norms liT n '¥Nil, 
where 't'N is any normalized eigenvector of T

0 cm·responding to the eigenvalue 
N E IN

0
• (Note that all vectors 'f'N are elements of the domain .:b

0
.) 

To begin with we assume that n"' !. Then Tn'f'N is either 0 or an eigenvector 
of T

0 
corresponding to the eigenvalue N-n.,O. In the latter case we obtain, 

bearing in mind that "'f'N is normalized <cp. the proof of Lemma 2.1 in [Bu]l, 

11Tn'¥NII 4
,;: <Tn'f'N, TnT/ Tn'fN) 

(2.19) 

{2n(N-n) + 1~ ntn 2-ll + 11Tn't'N-nll2} 11Tn'f'NII2 , 

where in the step from the first to the second line we made use of the hel·­
miticity condition (2.10) and the commutation relations {2.18). After division of 
relation (2.19) by IITn'fNII 2 we see by induction in N that 11Tn'¥NII2 

!> N2 + 
S. (n2-1) · N. If n ,;: - 1 we can write with the help of relation (2.\8} liT 't'N11 2 
12 c n = liT -n 'fNII2 - 2nN - i2 ntn2-0. This leads, together with the preceding bound, 
to the estimate for arbitrary n ( l. 

liT n '¥Nil ,;: N + f4 n
2 + In I = II(T 0 + i

4 
n2 + lnll'¥NII. (2.20) 

Now let 'f E .1)
0 

be any vector. Since 'Y can be represented as a rapidly conver­
ging sum '¥ = ~ eN 'fN and since the vecto1·s T n 'YN are, for fixed n, orthogonal 
for different N values of Nit follows from i2.20l that IIT

11
'¥11 !> li(T

0
+ £n2 + 

lnl)'¥11. Making use of relation (2.12) and the fact that the Fourier compo
2
Jents 

fn of test functions are rapidly decreasing for large lnl, we conclude that for 
each f ~ C00(S 1) there exists some constant Cf such that 

IIT(f)'¥11,;: cf·lliT
0 

+ IJI:I'II for all '¥~;.t)0 . (2.21) 

Next, let us consider the case of currents j(z). A variant of the Li.ischer-Mack 
theorem yields [FST] that the Fourier components Jn satisf)· the commutation 
relations 

[ln. 1m] = ~. n sn+m 0 (2.22) - ' 

where K > 0. Hence by a similar (actually simpler) argument as before we find 
that 

llj{f)'¥11 :> Cf · 11(1"0 +0'¥11 for all '!' c .~0 . (2.23) 

The operator T
0 

on the right hand side of this inequality could in fact be re­
placed by its square root. 
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The domain .:b
0 

is a core for an) power of the operator T 
0 

as well as for the 
smoothed-out fields j(f) and T(fl, respectively. Moreover, the commutator of 
these fields with iT0 yields JWl, respectively T(f1

), where f'(z) = iz! f(z). 

These facts and the bounds established above put us into the position to apply 
Theorem 3.1 in [DF]. According to that result the operators j(f) and Ttf) are, 
for real f. essentially selfadjoint on ."!)

0
. Furthermore, if [T(f), T(gl]~.:b0 = 0, 

then all bounded functions of T(f) and Ttgl commute, and an analogous state­
ment holds for the current. Hence the algebras 'U:(I) constructed from these 
fields satisfy the locality condition {2.17), as claimed. 

It is apparent that this method of establishing energy-bounds and locality 
works in all positive energy (lowest weight) representations of currents and 
the energy density. 

3. Modular operators and Haag duality 

We turn now to the proof of Haag dualit)', i.e. of relation (1.3). Our strategy 
is similar to the one developed by Bisognano and Wichmann in [BW]. In fact 
we could resort to that work by restl'icting the field <p to some Minkowski 
space. But we found it worth while to give a direct argument which takes 
advantage of the simplifying features of the conformal Hamiltonian T 

0
. 

We begin by noting that it is sufficient to establish the equality 

'l!(I+J = 'Uil_l', (3.1l 

where I± ""' iz' S 1
:.!. lmz ., 0} are opposite semicircles. Making use of continui­

ty, cp. (2.16), we can replace l_ in (3.1) by I_ = l+c• proving Haag duality for 
the 1·egion I+. Given an) open intenal I we choose y r SU<t,t) such that y ·I+ = l. 
Because of covariance, cp. (2.15 ), we then deduce from (3.tl that 

~till = WirJ~W)Wiyl- 1 = (W<rnw+cl"V/tyl-1)' = ~wcv. (3.21 

which proves Haag duality for at·bitrary intervals. 

Next we note that the vacuum 0 is cyclic and separating 4) for the algebras 
~HI±). This is a consequence (cp. Theorem 4.1 in [DF]) of the Reeh-Schlieder 
theorem which holds for the underlying field <p since T

0 
is non-negative. We 

can thus define an antilineat· operator S. familiar from the Tomita-Takesaki 
theory [BR]. setting 

S A 0 "'=A*D. A r ~HI_). (3.3} 

4l We recall that a vector <I> is cyclic for some algebra (!" if the set of vectors 
{C<I> C E (i.} is dense in the underlying Hilbert space. It is separating if C<I> = 0 
fo1· C < ff is only possible if C = 0. 
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Tlw folltl\\ing g<'•wral jWOp<>rti<>s of S arE' well known [BR]: S i:,; dosabl£>, its 

closur<' I which Wt' also denote b) S) has the unique j>olar dPComposition S = J 
D 1/ 2. Tlw OJlC'l·ator J {the modular c-onjugation) is an antiunitar) involution, and 

ll tthP mudula1· opC'ratod is positive and sPILuljoint. Mort'o\·(·r. the1·t' holds the 

fundanwntol <'qualit) 

J'lltl_,r• = ·twY. 13.41 

It is crut·ial for our argument that we can id<>ntif-'- J and 6. more t':\.plidtl_\. In 

analog) to the results in [ BW] \\-e will find that J coincides with the PCT 

operator 0. which is fh;('d h) its action on the underl)ing field 'f', 

B<p-l7J0- 1 = {-lls,f;l7.- 1) 1. t3.SJ 

and SO = 0. !The <':>dst<'ncc of 9 is a b)product of our analysis.) The modular 

operator ,':,. will turn out to be <>qual to Vlin:). whE'rE' V is the reprt>sentation 

of the dilations defined in !2.bl. Thus wE' will have to show 

LE'mma: Let S be the antilinear operator defined in 13.2). Then S has the polar 

decomposition 

S = 0 Vfin:/2). 

Before emba•·king on the somewhat technical proof of this lemma let us show 

that equation 13.11 follows from it. Making use of the geometric action of 9 

on the underl)·ing field 'P we see on the other hand from the definition t2.13l 

of the local algebt·as that 'lltl+l = 91((1_19-1. Knowing on the other hand that 

9 is the modular conjugation we infer from (3.4-1 that 9~1tl_l8- 1 = 1111_)'. The 

combination of theSe facts yields equation 13.1l, as claimed. Hence. apart from 

the proof of the lemma, we have established 

Theorem: Let 'lltl), I c S1 be a local net of von Neumann algebras which is ge­

nerated by a conformal field q>, as discussed in Sect. 2. Then there holds for 

all intervals I the equalit~ 

'lHU ~(IC)I. 

In the remaining part of this section we give the proof of the lemma. For the 

sake of clarity we numhE'r the consecutive steps. 

1. To begin \\-ith we define for any k • N and complex numbers w1 .... , wk such 

that I > !w 11 > > lwkl > 0 standard vectors 

!lliw1, .... wkl 
/Wo\0 /Wk)0 k 0 2.: wtnt~ 2 .. ~ 'Pn.-n2'f'n2-n3"·'f'nk . 

N wl wk-1 nt .... nk{ o 

(3.b) 

The sum is absolute!)· comergent because of the temperedness of the field q;>. 

As a consequence each function w 1 , .... wk ... tlllw 1 , .. ,wkl is analytic in the 

specified domain. 

p 

Thl' summation in U.f1l can iH-lU<~I!) ht· t•,lt•mh·d to n1 ,. nk • Z, terms invol­

ving some negatl\( n 1 \amsh identltall) since T
0

" 0. rp. relation 12.11). Setting 

wi = ui z1 for 1 "' 1 ... , k whNE' z1 • S
1 

ami I '-' u1 - uk '-' 0, it therefore 

follows from 13.1.1 after resummation that in thC' Sf"O!'W of distributions 

s-lim <11lu 1z. 1, ... , ukz.k) optz-.J q.(7.k){l (3.7) 

if thC' paramelC"rs ui approach 1 in tht• given order. 

2. Ne:-.t let I bt• any open interval and let A'•"liiU'. We want to relate the 

func-tions 

H+lw 1, .... wkl = (A''n. <lllw 1. w.kl) 

- { - -1 - -1 I ) H_lw1, .... wkl - 1 IJJfw1 ..... wk I, A 0 

which are defined and are anai)·tic on the domains 1 > !w 11 .- ... > lwkl 

spectivPiy lwkl > > !w
1
1 > I. Proceeding as in step I we obtain for 

UJ.;_ > 0 and z1 .... , zk ( S 1 in the sense of distributions 

lim H+lu1z 1, ukzk) = (A'•o. op(z1l q>lzk>o) 

lim H_lu1-
1z1, uk-'zkl = (cplz

1
l ... lf'lzkH1, A'o). 

(3.81 

0, re-

> u, > 

(3.9) 

These two distributions coincide on the region '1k= fz 1, ... , zk: zi E I, zi * zj for 

i 1: p since op is a local hermitian field and A' • {opt f)', cp(f): f real, suppf 

c IV. Hence H:t. are, by the Edge-of-the-Wedge theorem, determinations of a 

single function H which is analytic on some extended domain including an 

open neighbourhood of '1k cCk. This neighbourhood does not depend on 

A 1
' ~(111 1 • 

3. We proceed with four elementary remarks pertaining to the dilations liO.J 

defined in t2.Sl. First, the function Ds, which appears in the transformation Jaw 

(2.Hbl of the field cp. can be brought into the form 

( 
(>z2 )-s 

Ds(z; ~0.)) = zs z ch 2). + 2 sh2A . (3.10) 

Hence it can be continued in z and A to an analytic function with poles at 

z = - thA and z =- cthA. A similar statement holds for 

;-;().) ·z = z-chA + sh). 
ch)_ + z. shA 

13.11) 

Second we note that for any pair of complex numbers w 1, w
2 

for which lw
1
! > 

lw 21 and Rew 1 ,. ReY. 2 > 0 one has IMA)·w11 "' iliiAl·w 21 > 0 if ). ~ 0. Third, if 

0 "' i' "' n:/4 and if w 1. w2 are such that lw 11 > lw21 and 0,. lmw1 > lmwz there 

holds 1Mi!J)·w
1
! > 18!i!-l)·w

2
1. Finally, if z

1
• z

2
£S1 and 0,. lm z

1 
> lm z

2 
one 

finds that t > IEH!J)·z1
1 > lbti!-ll·z2

1 > 0 for 0 < 1-l < n:/2. 
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4. After these preparations we can determine the action of the dilation opera­

tors VO..l on the standard vectors. To this end we pick any operator A1 ., 'l[(l_) 1 

and consider for fixed A • IR the distribution 

(vo.r1·A'O. cplz 1J •''k!O ). (3.12) 

Now VO.)O = 0, and since SO.H_ "' l_ we also have VCA.l- 1A1 V0..), '21(1_) 1 • Hence 

we can apply the result of step 2, saying that the distribution t3.\2) can be 

represented at non-coinciding points z 1, ... , zk • I_ by some analytic function 
HA (z 1, •. , zk). On the other hand we can rewrite the distribution (3.12) in the 

form 

k 
IT 0 5 (zi; S{A)) ( A'O, cp(il(AJ.z 1l 

j:::j 
•JOOd·zk!O) (3.13) 

because of the transformation properties (2.8b) of the field <p. Appealing once 

more to step 2 we can represent the matrix element in (3.\3) at non-coinciding 

points z
1
,. zkol_ by the analytic function H

0
(SCU·z

1 
•••• ,SlAJ·zkl. Hence we 

have on that region the equality 

k 
~IT D5 (z;; S!A!)·H0 (S!Al·z, ... 

i=l 
HA (zt····· zk) S!Ahk)· (3.14-l 

Because of the analyticity properties of the functio~ HA and the first and se­

cond remark in the preceding step we see that equalit) (3.\4) extends, for A ;;, 0. 

to the domain I > lw
1
1 > > lwkl > 0, Rew

1 
-' Rew 2 > .>" Rewk > 0. Thus 

we have on that domain. cp. (3.8), 

k 
(vO..T1A10, <l>(w 1, ... , wkl) =IT Dslwi; iHAll(A'O. tJJ(i\(Al·w 1 ... i\(A)·wkl). 

i;;] 
(3.15) 

Since the set of vectors A'O, A1 '~{(1_) 1 
::> 'U(!+) is dense in S) we conclude that 

k 
~ IT os( W;;Silcl )·<~( OIAI·w ,, .. , OJA)·wd. 

i.::l 
VtAl·cl>lw 1, ... , wkl (3.16) 

The expression on the right hand side of this equality is, for fixed w
1

, .. wk. 

analytic in A in a neighbourhood of A = 0. Hence 1!>(w 1, ... , wk) is an analytic 

vector for the group V. If we further restrict w 1, ... , wk by demanding that al­

so 0 > Imw 1 > · • >_Jmwk it follows from the analyticity properties of the stan­

dard vectors and ft·om the third remark in the preceding step that equation 

(3.16) holds if A is extended to the positive imaginary axis up to irr/4. 

S. Let A' 'lHI_l and let h be an entire analytic function such that JdAihlA+ 

i1~li < (t:J for 11 dR. We consider the regularized operator 

Ah = JdAhllJV(AlAV0 .. )- 1 (3.17) 

which is an element of ~((I l since VtAnW lVlAl- 1 'ltll_l and 'l((I_) is weakly 

closed. Due to the regularization it is possible to continue the function A """" 

V(A)AhO to the complex plane 
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Next, Jet 0 < 11 < n/4 and let z1 •... , zk • S1 be such that Rez1 > > Rezk > 0 

and 0 > lmz 1 > > lmzk. Because of the result in step 4 and the fact that 

VUtll is positive and selfadjoint lby Stone's theorem) we obtain in the sense of 

distributions 

( VU11JAhO, cp(z 1) •lziJO) ~ 

lim (vo11JAnO, clltu 1z 1, ... , ukzkl) 

lim ( AhO, Vti[ll<l>(u 1z1 , ... , ukzk)) "' 

k 
IT os(z,-; Sti11l)·(Ah0, <I>lstil1l·zl' ... , S(il1)·zkl), 

r=l 

(3.18) 

provided the parameters u 1,. .. , uk approach 1 in the proper order I > u
1 

> ... > "k· 
Making use of the analyticity properties of the standard vectors and the last 

remark in step 3 the equality of the first and last member in (3.18) can in fact 

be extended to 0 < 11 < rc/2. 

We want to proceed to the boundary 11 = rr/2. This is possible since 

?iCirr/2)-z;:;z-1 and since, due to the restrictions on z1' ... ,zk, the points 

z 1- 1 ...•• zk-t' I+ belong to the region of analyticity of the distribution (AhO, 

<p(z1
1l ... <p(Z

1 kln). (Since Ah ''l((!_ l c 'l((1) 1 we can apply once again the result 

of step 2.) Hence, taking into account that Ds(z; Slirr/2)) .:: (-l)s, we derive 

from relation (3.18) the equality of distributions 

( Vlirr/2lAnO· <plz 1l rp(zklO).:: (-ok· s (Ah0,<p(z
1

- 1l ···<p(zk-1l0) (3.!9) 

at the points z 1 ••. ,zk specified above. 

h. We note in passing that the PCT -theorem is a simple consequence of relati­

on (3.191: putting A .:: I and making use of the fact that <p is local we infer 

from (3.19) that 

( 0, ,p(z
1
l ... (plzklO) = l-ok·s.( 0, <p(zk - 1) ··· cp(z

1
- 1JO) {3.20) 

on certain open sets of points z1 •.. ,zk ~ S1
• The distl'ibution on the left hand 

side of this equation can anal)tically be continued in z1' .... zk to the domain 

lw 11 > > lwkl > 0. cp. step. 1. Similarly, the distribution on the right hand 

side can be continued to the domain lwki- 1 > > lw
1
1-1 > 0. Since the two 

domains coincide equalit,\ (3.20l implies b) the Edge-of-the-Wedge theorem 

that the two analytic functions are equal. Thus in particular their boundary 

values coincide. proving that equation l3.20l holds for arbitrary z
1

, ... ,zk<S1. It 

then follows b) direct computation that the operator 8 defined in (3.5) is 

antiunitar). 
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7. Since tp is hermitian and local and since Ah•1lll.l' WP can rewrite equation 

(3.19) in the form 

( Vlirc/21Aho. tplz 1l ··· <p(zk>o) = ( 1-uks.l'l'h:k - 1) ·:· cpb.1- 1)) 'o. Ah *o) (3.21 > 

for the restricted set of points z1' .... zk specified in step S. Employing on the 

right hand side of (3.211 the definition of the PCT -operator A and n1-1king ust• 

of the fact that 8 is antiunitary and 9 2 = t we can proceed furthe-r to 

(VIin/21Ah0. lf'h~ 1 l···oplzkl0) = (eAh'o. <p(z 1
l···cplz.kiu). {3.221 

This equalit) extends, by the Edge-of-the-Wedge theorPm, to all points 

z1, ... ,zk ~ S 1. Thus, bearing in mind that the f!eld <p generates from the vacuum a 

dense set of vectors. we find that 

Vlin/2)Ah0 e-A 1,to. (3.231 

We plug now into the definition (3.171 of Ah a sequence af admissible functi­

ons hn which approximate the ~-function. e.g. hn().) = n·h
1
(n).) for suitable h

1
. 

Because of the continuity properties of the dilations V we then have in the 

sense of strong convergence Ah
11
0""' AO and A•hno- A'O. Replacing in ,-ela­

tion 13.231 the function h by the sequence h
11 

and taking into account that the 

operator Vtil't/2) is closed. 8 is bounded, and 6 2 ,;_ 1 we obtain in the limit 

8·VIirr/2:lAO = A'O for A ~11t1 I (3.2-1.1 

As already mentioned, the set 'liU_lO is, for real A. stable under the action of 

V(),). Hence it is a core for Vtirc/2). Moreover. Vlin/2) is positive and selfad­

joint and 8 is antiunitary. By comparing relation t3.24l with the definition 

(3.3) of the operator S we conclude that S has the polar decomposition 

S=S·V!irc/21. This completes the proof of the lemma. 

4. Haag duality and the point at infinity 

it is an interesting fact that Haag dualit) can fail for the restriction of a 

conformal field to the punctured circle Uight ray). The simplest example of 

this kind. discussed in this section, is the energy density with central charge 

c > 1. We are indebted to Martin LUscher for pointing out to us the relevant 

features of this field [l]. 

We will f>"J>loit the fan that the restriction of the enf"J'gy density to the 

punctured circle can be expressed in terms of a U{t)-current J by an appropri­

ate modification of the Sugawara formula [FST]. We recall that the current J 

is fixed b) the general c-onditions in Sect. 2 and the commutation relations 

[Jtz1J, jlz2l] = i i\1(z 12 l. (ol.tl 

1h 

lien_• Wt' madt' ust• of the convenient notation 

F'lzl·= i z ~I Hzl 1-1 2! 
· dz · · · 

Note that F'(z) is real if f(z} is real. Thl• Dirac ii-function on tlw circl!• is 

given by 

Mz121 = L (~) 11 . 
n z_., 

I -LJI 

in accord with our choice of a measure on S 1• It is appan•nt I rom tlw ( -nu!fl­

ber commutation r('lations of the currl'nt that we a1·e dt•aling with the (·oc k­

space represf'ntation of a fret field. 

let .'l) c S) be the dense set of vectors which are in the domain ol all po'>i­

tive powers of the conformal Hamiltonian T
0

• As is W(•]l k1Hn\ n. oJw can r('­

present on 1) thf> conformal energy densit) T associated with thf> current J b} 

the Sugawara formula [FST). which formal!~ reads 

. 1 ' ft2l = 2: J· tzL t4.tl 

Here the dots denote Wick ordering \\ith respect to the underlying Fock­

vacuum. 

We 1·emove now from 5 1 the "point at infinity~ z 

tured circle R = S 1\t-11 the field 5l 

-1 <tJH.l define on the punc-

z-1 
Plzl = j'(z) + i ;:;:1 j(zl. (4.51 

This field is manifestly hermitian and local. It requires some elementary calcu­

lations to see that it transfm·ms like a SJlin 2 field under conformal transfor­

mations Wty) induced by the elements "'f • SUh,tl which lea\'e the point -I fixed. 

With the help of P(zl one can define perturbed energy densities 5) 

Txlzl = Tlzl + x Plzl, x ( IR. {4.bl 

Making use of the c-number commutation relations 14.1l and the Sugawara 

fot·mula (4.4) one finds by a straight-forward computation that 

[ Txlz11. Txtz2>] = i(Tx<z1 )+Txlz2l)i\'(z 12l-i( 1~+x 2 )(:~'"tz 12l+S1 lz 12l). t4.7J 

Apart from the restriction zt' z2 • R. these are the commutation relations of 

the energ) density for central charge c -= \·d2x 2 [FST]. 

The field T x transforms covariant!) unde1· Wlyl for y in the little group of -1 

and the Fock-vacuum (} is invariant undeJ· WI·(). It therefore follows from th(' 

Liischer-Mack theorem tor by explicit computations) that the Wightman func­

tions 

51 One ma)' regard this field as section i11 a field bundle over 5 1. 
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Tx(znlo) (4.8) 

can be extended in the variables zt, ... , Zn to the entire circle st. Moreover, 
these extensions are invariant under the action of the full conformal group 

SU(t,ll [FST]. By the reconstruction theorem we thus arrive at the vacuum re­
presentation of the conformal energy density for central charge c = 1+12·x 2 . 

We denote the corresponding Hilbert space by S)x and the field by 1\<zl, zest. 
In fact, ~x can be identified with a subspace of the original Fock-space S), 

and Tx(z), z e R then coincides with the restriction of Tx (z) to that sub­
space. This identification is possible since the polynomials in fields, smoo­

thed-out with testfunctions from a fixed region, generate a core from the va­
cuum for all field operators (BZ]. Thus if ;:.nx is the subspace of ~ obtained 
by applying all polynomials in the field operators T x (g), supp g c R to the 

Fock vacuum 0, we can identif.y S>x with the closure of ;nx, and we then have 

Tx(f) = (Tx(f) t::nxJ*' if suppfcR. (4.9) 

Relation (4.9) is the precise statement of the assertion that Tx is the restric­
tion of the conformal energy density Tx to the punctured circle. 

In analogy to the discussion in Sect. 2 we proceed now to bounded functions 
of the field operators Tx(f), suppf c Ron ~· This step causes no problems 

since each Tx(f) is a sum of the smoothed-out fields T and J. For the latter 
fields there hold energy bounds, c.p. relations (2.2\l and {2.23), which therefore 

also apply to Tx{f)· 

For each interval I c R we define with the help of the field Tx a von Neumann 
algebra 'llx(l) as in relation (2.13). Since the field operators Tx{f) are selfadjoint 

for real f it amounts to the same if we set 

{ 
iT,(f) }" 'llx(f) = e : f real, suppf c I . (4.10) 

The system of algebras so defined is a local and covariant net on R. By local 
we mean here that operators assigned to disjoint intervals in R commute. 

We also have to .consider the algebras associated with the complement of in­
tervals. If I c R is any interval then its complement I' = R\1 consists in gene­

ral of two disjoint pieces 1<, 1>. l·lence if f is any test function with support 
in 11 we can decompose the corresponding field operator Tx(f) into a sum 

Tx(fJ + Tx(f>l, where f<, f> are test functions with support in 1<, 1>, respec­
tively. The operators Tx(f<J and Tx(f>) commute. Thus we conclude that the 

algebra 'llx(I'J, which is generated by the field Tx according to relation (4-.10), 

coincides with the von Neumann algebra generated b) '.UxO.-l, 'Ux(!>J. In for­

mulae 

'JL)I 1l 'l{x(l_) \j 'Ux(l>). ( -1- .11) 
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We proceed now to the vacuum representation of this net by restricting the re­
spective algebras to S)x. In accord with our notation for the conformal field we 

denote the reduced algebras 'llxW t S)x by il:xOL It follows from relation (4.9) 
that these reduced algebras are generated by Tx. 

Let us pick now any closed interval I c R. Because of locality we have the in­
clusion 

lixm c ilxU')', (4.12) 

where the commutant refers to .Vx· It will turn out that this inclusion is pro­

per if x * 0, I.e. Haag duality fails. In the proof it will pay that we have em­
bedded the field T x into the current algebra. 

Let Ex be the orthogonal projection onto the subspace ~x c 4). Since 41x re­

duces the von Neumann algebras llxW, I c R it follows that Ex commutes 
with the corresponding operators. Hence, making use of locality, we get 

Ex eij(f) Ex e 1Jx((')' if supp f c I. (4.13) 

We will show that the operators Ex eU(flEx are in general not contained in 
'U:x(l). For that purpose we need two simple relations between exponentials of 
the current and the energy density: let 11 c R be any closed interval containing 
the given interval I in its interior, and let h be a real test function with sup­

port in R which is equal to I on 11. Furthermore, let f be any real testfunction 

with support in I and Jet t '1R be sufficiently small such that the support of 
f t(zl:= f(e-it.zl is contained in 1

1
. We then have the equality 

eitT x<hl eiT x(f) e -itT x<hl eiTx<ftl. (4.14) 

Even though this relation seems plausible, let us indicate its proof. We first 

note that is suffices to establish relation (4.14) on ~x since 0{4Jx is separa­
ting for the local algebras. On S>x we can replace Tx by the conformal field 
Tx and write Tx<hl = Tx<e

0
)_ + fx<h-e

0
), where e

0 
is the constant function 

e
0

(z) = t. ZES1. The operator Tx(e
0

) is the conformal Hamiltonian, generating 

rotations of S 1
, and the operator Tx<h-e

0
l commutes with all operators in 

ii'x0
1

) since h-e
0 

has support in S 1\I
1

. Moreover, all operators involved are 

essentially self-adjoint on a common dense domain in S>x· Relation (4.14) thus 
follows from the Trotter product formula [RS]. 

Let us determine next the action of the conformal t1·ansfonnations on the ex­
ponential function of the current j. There we obtain (with the same notation 
as before) 

eitTx<hl eij(f) e -itTx<hl l'l'eij(ftl. (4.\Sal 

where 11 is a phase factor given by 

( rd'E) t·l. 11 = exp 2x .'t' 2n:iz 1+ellz -1+z f(z) :. (·l.1Sbl 
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Tlw pn;ol of thi~ ~lilll·nwnt i~ an·ompli"'lwd ''' .t ~imil.1r fashion "'"' that ol 

relation l·l 1-11: •n.lking us1• of n·J,llion II.M unt· ~pl1t:-. now tllf· np<•rator T)t"lhl 

into thn•e piP•"t'». 

Tjflhl ""' Ttt•
0

l • x.l'lhl • Tth-,\·)l. I.J.It.l 

Tlu· n.·st l<'l'lll in this Mllll b liH' ICJIIform<ll lla•uiltonian a::>scuiat(',J \\ith tlu· 

rut-rent j. ThC' N<•t·nml IPl"lll i:.; liiU·.•r in J .1111! lwll< ,. imlun•s till' automorphbm 

J!gl- J!gl • ixrJ>thl. Jti~~-J-t ul tlw ~·urrPnt alr,t·hr;t. Tlw third t<·rm, final!~. 

commutes with all uppa·aturs <.Utr.l. :>IlPPI: '· 1
1 

sinn• h-c
0 

ha:,; support in S 1\l
1

. 

lienee. appl,\ in~ t ht• Trut l<·t· pnJtltu-t l"unuu Ia t \\ in•. one arrives at n·lation 

(4.15) in a stl·aight-for\\anl mamwr. 

Relations (-LI·U and 1-1.\1)) tell us tll<lt tlw up<•a·aturs <' itTxlhl indun•. fm· su!Ti­

cicntl) small t. spC'dal t·m,fonll<ll tr;tnsl"urmalitJns uf the algeba·a fl:xtll. lienee 

in VieW of the iiHariai\Cl' of tJW Hl('lltllll stall• Ulld<•r tiii'SI' transformatiUilS th~ 

the Liischcr-Mack tlwun·m) v.c l~l'l 

(n. citTxthlAe-itl.xthlo) tn. ADJ il A. ftxcu. (..J.I7) 

On the other hand we obtain with the lu•lp of l'f'lation t..J..15a) tht• equalit) 

( 0 itTxlhl,: ucn 1: -itTxiM0 ·) =. ·(<) 1: iJ<flE o) 
• e ~x f' ·xe II • -xe ·x · 14.1Hl 

Moreove.-. from (.J.ISbl v.e Sl'C that fol' X ~ 0, r ~ 0, and almost all l tlwn~ 

holds J} ot t. B) compa1·ing relations I..J.t7l and t-1.18) w~ conclud~ that 

ExeiJ(f)Ex is not an element of the algt•bra 'llxlll. HencE> the inclusion 14.121 is 

proper. and Haag dualit~ fails. 

As already pointd out, one can t.•nfo•·ce Haag dualit~ von R h~ C'-lC'tuling the 

local algebras: the net 

lfx(J) iixO'l 1
• I• R I ..J .t •n 

satisfies dualit~ if one defines the algdlras assoriatC'd with 11 in analog) to 

14.11) by 

ffxll'"l &xi!. 1 v &xcl,.l itxll'l. 1-1.201 

The second equality follows from the fact that tlw original lconformall 1wt 

satisfies dualit) on S 1• The extended net transforms covariant!) unde-r th<> 

conformal o·ansfonnations \\'xl"f} on .\)x if '( • SUit, I) is element of the little 

group of -t. But it does nut transform properly under Ismail} rotations Uxlt) 

To sec this. let 1
0 

c. R be any closed semi-circle. As we have shown. the alge­

bra if ti l is a proper e~tension or 1ixll0
l. In partkula•· it contains some ope-

x 0 - -

ratm· which does not commute with all operators in "11 x{l0 )
1 = 'llx(Jo c). B~ a 

rotation about 

tlwn fo!IO\\S 

an angle t
0 

we can turn 1
0 

from CO\ariance uf the 

onto tlw upper semkirdl• !+. It 

original n('l that tlw algebra 
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U It >ff {f )U_ (t
0

)- 1 contains :'>onw upt."ratur whkh dOt.•s nut commute with 
_x o x u =.x _ _ 
'21x(l_). But 'Hlt-.(1_1 = (lx(l_), h£>nc:t• the algt.•bra Ux(t

0
J(S:x(I0

)Uxh 0 )-l does not 

coincidt• with li)l+l. as it would be requin•d h) covariance. 

It should be noticed that Haag duality llla) hold for the restriction of some 

conformal fields to R. The simplest example of this kind is the current J, as 

can be deduced fi'Om the discussion of fret' fi<'lds in [Ill.]. It is instructive to 

st>e eX!llicitl)' how the equalit) of the algebras '11())' = 1lllc) and 'lffl') comes 

about in this case: let f be an) real tt>st functiun with support in lc. We de­

compose f into the sum of three testfunctions f ... f,. and fh, which have sup­

po•·t in 1~. 1,... and a small intt"rval 1:; of lt.·ngth :; ~ 0 about th(' point z = -1, 

respertivC'i). Making use of the c-number commutation relations of J we ob­

tain 

eijtf< + f,.l e-ij{f) = t;·e-ij{f~). (4.21) 

where t; is a phase factor. The unitary operator on the right hand side is loca­

lizC'd in 1:;. lienee, as :-; approaches 0, all weak limit points of this operator are 

multipll's of the idcntily since there do not exist non-trhial bounded opera­

tors which are localized at a point lRo2J. It is crucial now that. because of 

the tame ultraviolet behaviour of J, these multiples are different from 0 if f~ 

is prop1•rl~ chosen. !This can bt> verified by calculating the vacuum expectation 

value of e-Ulfl)l.) Thus the operators eU<f< + f>) ('2101) have the operatOr c ·eij(f) 

for some c -1: 0 as a weak limit point. This shows that 'UII'l = 1Hlcl. In view 

of this example one may interpret the lack of duality in the case of the ener­

gy densit)· as an ultraviolet problem. 

We conclude this paper with the remark that the explicit representation (4.(1) 

of the fields Tx can also be used to construct representations of the energy 

density for lowest weight h ;.. 0. These representations are induced by auto­

morphisms jlzl ..,.. j(z.) + p(z) ·I of the current algebra on R, where p is a real 

function on R. Applying these automorphisms to Tx we obtain fields 

(
1 2 z-1 ) 

Txlzl + p(z) ·Jizl + 2c~ (z) + x(/(z) -+ ix '-"Cz.Fz::-
1 

(4.22) 

which also satisf) the commutation relations 14.7). As in the case of Tx we 

consider the subrepresentation of these fields which is induced by the Fock­

vacuum 0. If 0 is to represent a state of lowest weight, then p must be cho­

sen in such a wa) that the c-number term in l.f.22) is constant. The ensuing 

differential equation for (' is of Riccatti type and can be solved explicitly. Its 

meromorphic solutions are of the form 

,_, 
p{z.J = - ix z+l • JJ, (4.23) 

where fl is an arbitrar) •·eal constant. Inserting these solutions into t-1.22) and 

rec-alling the definition of Tx we arrive at the fields 

Tx,
11

tz.l = Tlz.) + xj/l1.l + ·rtJtzJ + 
x2+·fl2 

2 
14.24) 
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It is readily checked that these fields can be extended to conformal fields on 

S1 in the representation induced by 0, and 0 then represents a state of lowest 

weight h = (x2+n2l/2. Hence we obtain this way all representations of central 

charge c <: I and lowest weight h ~ (c-1)/24. These representations were also 

found by Carey and Ruijsenaars within a field-theoretic setting [R] 6) 

Since the above automorphisms of the current algebra on R are locally unitari­

ly implementable, one can show that the representations of the energy density 

for fixed c ~ 1 and the given range of h are locally normal with respect to 

each other. This result is the mathematical expression of the fact, mentioned 

in the Introduction, that h is a localizable charge. Making use of Haag duality 

it then follows by a standard argument [DHR] that all these representations 

arise from endomorphisms of the net defined in (4.10). 

This argument merely establishes the existence of such endomorphisms. In 

view of the concrete and simple form (4.24) of the underlying representations 

one may, however, hope to construct them also explicitly. Such a result would 

be a vital step [BMT] towards the classification of conformal fields associated 

with an energy density with central charge c > t. 

6) We note that one may proceed further and consider the fields (Tx(z) e I 

+ I ® To (z)) which carry central charge c = 2+12x2. The vector 0 l9 n then 
.n z 

represents a state of lowest weight h = n /2. 
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