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Detlev Buchholz and Hanns Schulz-Mirbach

II. Institut fiir Theoretische Physik
Universitit Hamburg, 2000 Hamburg 50, F.R.G.

Abstract: Haag duality is established in conformal quantum field theory for
observable fields on the compactified light ray s' and Minkowski space s'xst,
respectively. This result provides the foundation for an algebraic approach to
the classification of conformal thecories. Haag duality can fail, however, for the
restriction of conformal fields to the underlying non-compact spaces R, re-

spectively RxR, A prominent example is the stress—energy tensor with central
charge ¢ > 1.

i. Introduction

The classification of tow dimensional conformal quantum field thecries is a
subject which has received much attention in recent years. In an algebraic ap-
proach to this problem, proposed in [BMT, FRS], one starts from the known
structure of the observables in conformal theories U and constructs the fields
from endomorphisms of the observables. This method is adopted from a gene-
ral analysis of the superselection structure in quantum field theory by Dopli-
cher, Haag and Roberts {DHR]. It is based on two ingredients.

The fiest assumption concerns the nature of the charges appearing in the the-
ory: they have to be localizable in the sense that the total charge of a state
cannot be determined in proper subregions of space. Let us illustrate this
requirement by taking as observable a chiral component Ti(z} of the conformal
stress energy tensor, which lives on a compactified light ray, viz. the circle s!
= fze€: {z| = 1}. As is well known, the corresponding positive energy {lowest
weight) representations can be distinguished by two charges: the central charge
c and the ground state energy (lowest weight) h [FSTL

The central charge ¢ is not localizable. Its value can be determined in any gi-
ven region since ¢ appears in the local commutation relations of T(z}. For the
same reason there do not exist field operators which transfer central charge
and are local with respect to T(z). One therefore attributes states of different
central charge to different field theories.

In contrast, the ground state energy h has the properties of a localizable
charge: its value cannot be determined locally but requires integration of T(x)
over all of S'. According to the general theory [DHR] one therefore expects
that there exist charged fields which are local with respect to T(z) and make
transitions between states corresponding to different values of h.

For the actual construction of these fields from the observables one has to
rely on a second ingredient: Haag duality [H}. Roughly speaking this condition
says that the local algebras generated by the observables are maximal. Namely
it has to be impossible to complement them by further local operators which
are neutral, i.e. map each superselection sector into itself. If Haag duality
holds then the charged fields reveal their presence through the existence of
endomorphisms of the algebra of observables. Moreover, there is a systematic
way to reconstruct the fields from these endomorphisms [DHR]

it is the aim of the present paper to show that Haag duality bolds in confor-
mal quantum field theory. For the proper mathematical formulation of this re-
sult we have to proceed From the underlying observable fields to local von

Neumann algebras. Let us explain this step by turning again to the example of
the energy density T(z).

D This structure was brought to light by Schroer [Sch] and., independently, by
Mack and Luscher { ML]. We use here the review article by Furlan, Sotkov and
Todorov [FST) as a convenient source for results and references in conformal
quantum field theory.



-3 -

We fix the central charge ¢ and consider the smoothed-out operators Tif} in
the “vacuum representation™ corresponding to lowest weight h=0. Here T(f) de-
nates the field T(2) integrated with a testfunction fiz) on ', For each interval 2
I ¢ 8' we define an associated von Neumann algebra A(l), setting

AN = {TH, TO*: F real, supp f c I} %)

As usual, a prime / at a set of operators € denotes the commutant of €, l.e.
the set of bounded operators on the underlying Hilbert space which commute
(strongly) with all elements of §. Analogously, a double prime 7/ at € denotes
the commutant of 6/, etc. We note that according to the von Neumann density
theorem H(D) is the smallest weakly closed s-algebra which contains all boun-
ded functions of the operators Tif) with supp f ¢ L

From the fact that the commutator [Tif), Tig)] vanishes if £, g have disjoint

supports one is inclined to conclude that the algebras U(I} satisfy the locality -

condition

Wy < WU, (L2

where IS = S"\1. Yet in view of the unboundedness of the opertors T(f) some
care is needed at this point. We deal with this problem in Sect. 2 and derive
energy bounds for chiral currents and the energy density which suffice to
establish locality in the sense of relation (1.2).

Qur ultimate goal, the proof of Haag duality, will be given in Sect. 3. It says
that the inclusion in {1.2) can be replaced by an equality sign, i.e.

A = HUSY. (1.3}

It is then apparent that the local algebras ¥il) are maximal and cannot be
complemented by further operators without coming into conflict with the lo-
cality requirement (1.2).

For the sake of a better understanding of the significance of Haag duality let
us make two remarks. First we note that the maximality condition (1.3) is inti-
mately related to the transitivity of locality {Borchers property [Bol) of quan-
tum fields. To exhibit this fact we consider for each interval I ¢ S* the alge-
bra

B = {TU, TIH*: F real, supp F < 1 = FUY. (1.4}

A heuristic argument, based on Borchers’ transitivity theorem, leads to the
conclusion that the algebras B[} should also be local [Lal, i.e.

B <« BOY. {1.5)

2 An interval (segment) § of s' is a contractable subset whose complement has
an open interior.
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Combining relations {1.2), {1.4} and (1.5} we then have
U ¢ WICY = B < BUDY = WA, (1.6}

where the last equality foilows from the fact that 1% = SNI is still an inter-
val, so that definition (1.4) can be applied to BU). Now I = SIN\IC = | and
WD/ = WD since AN is a von Neumann algebra. Hence relation (1.6} shows
that the condition (1.3) of Haag duality foilows from the Borchers property
(1.5), The converse statement is obvious.

This equivalence depends crucially on the fact that the underiying configurati-
on space is compact. There is no analogous result in Minkowski space quan-
tum field theory. In the latter case the Borchers property was established in
the algebraic setting by Bisognano and Wichmana [B W1 but Haag duality can
fail, cf. {Lal and the subsequent remarks. As was shown by Roberts [Ro], this
happens whenever there is a spontaneously broken global symmetry in the
theory. In a scale invariant theory internal symmetries are never spontaneously
broken [Ro2]. Hence the equivalence of the Borchers property and Haag duality
in conformal theories may be attributed to their high symmetry.

Our second remark concerns the relation between Haag duality and the nature
of the charges appearing in a theory. It was shown by Doplicher, Haag and

. Roberts [DHR]} that Haag duality holds in 2 given superselection sector if and

only if the charge carried by the corresponding states arises from an abelian
symmetry group. Here we establish Haag duality only for the vacuum sector.
But for the important example of the energy density all fowest weight repre-
sentations are explicitly known. It may therefore be possible to decide, by
checking Haag duality in other sectors, which values of h and ¢ correspond to
an abelian charge, respectively to a charge arising from a non-abelian symme-
try or "quantum group”.

Let us discuss next how the information that Haag duality holds for the chiral
components of observables on S! leads to a corresponding statement for the
observables on the two-dimensional compactified Minkowski space 8! x s'. The
local algebras corresponding to “"double cones” ll x Ir c 8 x 8! are defined by

WY x Bh= WD O A, (wn

where on the right hand side appears the temsor product of the “left” and
“right” chiral von Neumann algebras associated with the intervals Y, I, ¢ st
respectively. The causal complement of I} x I (not to be confused with the
spacelike complement in some Minkowski space} is again a double cone which
is given by (} x FJ)%= 1) x LS. Now if Haag duality holds for the chiral
algebras one gets by an application of Tomita’s commutation theorem of ten-
sor products [Sal

Al x 19 = HEHD @ A UOY =
{1.8)
= WUpLEY B AULLS = Ul @ Al = WYy x 1.
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The equality of the first and last member in this relation is thus the proper
statement of Haag duality in conformal theories on the compactified Min-

kowski space s' « st

We emphasize that Haag duality can be violated for the restriction of a con-
formal theory to the underlying non-compact manifolds R, respectively R x R,
To understand the origin of this feature let us consider the one dimensional
situation and remove from the circle ' a point. The complement I’ of an
interval 1 on the punctured circie then consists of two disjoint pieces I, I,
whose union is equal to IS, apart from the point removed. Haag duality on the
punctured circle would imply that the von Neumann algebra generated by {1}
and A(1,) coincides with the commutant of WL}, In view of relation (1.3} this
is onty possible if

AL N ULy = IO, (t.9)

This strong form of "additivity” can fail, however, because of ultravielet pro-
blems. (Note that a test function with support in I can in general not be
splitted into the sum of two test functions which have support in I and I,
respectively.) We show in Sect. 4 that this problem arises already in the case

of the energy density T{z).

Following Bisognano and Wichmann [BW] one could extend the local algebras
(D on the punctured circle, setting

G = AV WL (.

This net does satisfy Haag duality. But, as is shown in Sect. 4, locai confor-
mal invariance gets lost. Only the subgroup of the conformal group which lea-
ves the distinguished point on 8! fixed remains as a symmetry of the extended
net.

These observations vindicate the view |BMT] that conformal theories should be

studied on their genuine configuration space. To restrict them to the underly-
ing Minkowski space obscures their specific features.

2. Quantum Fields and local algebras

We discuss in this section the relation between the conventional setting of
canformal quantum field theory, based on point like quantum fields. and the

algebraic setting, based an lecal von Neumann algebras.

To begin with we {ist the relevant assumptions and establish our notation. As
alreads mentioned. it suffices for our probiem to consider the chiral compo-
nents af the given observables (such as the stress energy tensor, currents. oy
other chiral fields with integer spin). The underiying compactified configuration
space is

- h -
St o=z lzl = 1L (2.1

On §' we have a natural action of the restricted conformal group SU(1,1)
whose elements vy are represented by complex two-by-two matrices of the
form

b
v= (5 g) with lal® -l = 1 2.2)

The action of v on S' is given by

az + b
YR m zeSh (2.3)
a+ bz
Of particular importance in our investigation are the one parameter subgroups
of SLEH1,1) inducing on s' "rotations”,

it/2
SRRV

plt) = o omit/2 telR, (2.4)
respectively “dilations”,

. _ychx shk,

s = (10 oo %eR. (2.5)

The vacuum representation of a hermitian conformal quantum field ¢ which
lives on S! and has integer spin (dimension} s can now be described as follows
[FST]. {For the sake of notational simplicity we restrict our attention to a
single field. The extension of our results to an arbitrary number of fields is
straightforward.)

First, there is a Hilbert space $, carrying a continuous unitary representation
W of SUti,1}, and an up to a phase factor unigque unit vector Q ¢ § which is
invariant under the action of Wiy) for any yeSU(1,0). In order to simplify no-
tation we write

Ui{t) = Wiglt)) and V(X) = WIB)). (2.0

The generator of U (the conformal Hamiltonian) is dencted by T _ and has

non-negative spectrum. The vector (1 is thus the ground state of T, in § and
we therefore refer to it as vacuum.

Second, there is ar operator valued distribution ¢: C=(Eh + PUD) where
C*(8Y) is the space of infinitely often differentiable functions on s! and PeB
a s-algebra of {unbounded) linear operators which is defined on a dense do-

main D < $. The domain B is stable under the action of W, and 0 ¢« D, We
write formally

wif) = § zi—f:z Ma)etz).  eC™sh @7
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where the integral extends over the oriented circle 5! (Note that we use a
real measure on S') The closure of o(f), which will be denoted by .the same
symbol, and the adjoint @(F}* are always with respect to . By applying all
polynomials in the smoothed-out fields ¢ to the vacuum one obtains a domain
D, < D which is a core for each operator gtf).

The hermiticity, covariance and locality properties of g are summarized in
plz}* = plz) (2.8a)

Wiyl W)™ = Dolziy) - ply-z) (2.8b)

{where s<N is the spin of @ and Dglzy} = laz + b/™2% with y as in (2.2)), and

[plz), @(z/}] = 0 for z + 2/. (2.8c)

These somewhat formal equations can easily be converted into rigorous state-
ments about the smoothed-out field ¢ with the help of relation (2.7). We note
that the field ptz) differs from the standard z-picture fields by a factor 2571
This definition has the advantage that the hermiticity condition (2.8Ba) becomes
particularly simple.

The Fourier components of fields and of test functions are defined by

dz

F" = ¥ oxiz

z- Flz), neZ {2.9)

where F stands for ¢ or fe cesh, respectively. The hermiticity conditien
{2.8a) implies that

Py = Pop {2.10)

on D, From the transformation Jaw (2.8b) of ¢ under rotations it follows
that

Ty ®pn = Pn (Ton) vXI)
We also note that
pif) = %: fop on = ‘21: Fn- P_p (2.12}
where the sums converge absolutely on every vector in the domain @0.

The von Neumann algebras corresponding to any interval I < S' are defined in
analogy to (1.1} by N

3 There exist more refined definitions of the local algebras which require
less regularity of the underlying fields, cp. [DSW].

- g -
U = tpif), ¢lFt: F real. supp f < 17, (2.13)

There are several immediate consequences of this definition. The first one is
isotony,

W)« WY 0f 1 e 1, (2.14)

and the second one covariance,

WIPHMDMWIE™! = Ay B, yeSUls1) (2.15)

where v-1 denotes the interval obtained by the action of ¥y on the peints z ¢l
As a consequence of conformal invariance one finds that the algebras U} de-
pend continuously on the interval L. In particular

AN = W, (2.16)

where the bar denotes closure. For the proof of this equality we make use of
an argument in TLRT] and choose a sequence y,« SU{1,1) such that v, - 1<t
and v, = e (e being the unit of SU{L)). 1t follows from relations {2.15) and
(2.14) that W(Tnl'&(l)W(Tn)_’ = Ny, b c W) Taking also into account that
Wiy} converges strongly to 1 and Wl is weakly closed it is then clear that
A < A}, The opposite inclusion follows from isotony.

As already pointed out, the locality properties of the field ¢ may not necessa-
rily imply that the corresponding von Neumann algebras U{l} are local. We
therefore add this requirement as an extra assumption,

- W < AASY. {(2.17)

Relations (2.13) to (2.17) comprise the relevant structure of local conformal von

Neumann algebras which we anticipate in our discussion of Haag duality in the
subsequent section. ’

In the remainder of the present section we show that for currents J{z) and
the energy density T(z) the locality condition (2.17) follows from the respec-
tive Lie field structure. The essential step in the proof is the demonstration
that the fields satisfy so-called linear energy-bounds. We can then rely on a

result by Driessler and Fréhlich [DF] showing that the algebras (2.13) are lo-
cal.

Let us consider first the energy density T{z). By the Liischer-Mack theorem
[FSR] the Fourier components T, of this field generate the Virasoro algebra

[To Tmle o Ty, o S 03, o (2.18)
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where ¢ > 0 is the central charge. We need bounds on the norms IITn‘}’NII,
where Yy is any normalized eigenvector of T, corresponding to the eigenvalue
NelN,. (Note that all vectors ¥y are elements of the domain D)

To begin with we assume that n = |. Then T, ¥y is either O or an eigenvector
of T, corresponding to the eigenvalue N-n=0. In the latter case we obtain,
bearing in mind that ¥y is normalized (cp. the proof of Lemma 2.1 in [Bu]),

BT ¥ s (T ¥y T T," T ¥
(2.19)
= {2ntN-m + S ntn?-n) o T w17} T g,

where in the step from the first to the second line we made use of the her-
miticity condition (2,10} and the commutation relations {(2.18), After division of
refation (2.19) by IT ¥\? we see by induction in N that IT ¥k = N2 oo
E(n2-1).N.If n £ ~ 1 we can write with the help of relation (2.18} I|Tn‘~]-'NII2
= IIT‘n‘FNII2 - 20N - £ nen2-1). This leads, together with the preceding bound,
to the estimate for arbitrary ne<Z
£ 2 - £ 2

Tl s N o+ YR inl = iI(To ot IRyl (2.204
Now let ¥ «D, be any vector. Since ¥ can he represented as a rapidly conver-
ging sum ¥ = 3 ¢y Yy and since the vectors T,¥y are, for fixed n, orthogonal
for different N values of N it follows from (2.20) that HT, ¥ < T, + En? 4
In)¥ll. Making use of relation (2.42) and the fact that the Fourier companents
f,, of test functions are rapidly decreasing for large Inl, we conclude that for
each f<C®(SY) there exists some constant c¢ such that

ITFYYN < cp- T, + DY for all Yed,. (2.21)

Next, let us consider the case of currents J{z}. A variant of the Liischer-Mack
theorem ylelds [FST] that the Fourier components J, satisfy the commutation
relations

I:Jn' Jm] =

where K > 0. Hence by a similar (actually simpler) argument as before we find
that

™ =

MmO (2.22)

YW s cp- HT, +D¥H for all TeD,. (2.23)

The operator T, on the right hand side of this inequality could in fact be re-
placed by its square root.

- 10 -

The domain D, is a core for any power of the operator T, as well as for the
smoothed-out fields J(f} and T(f), respectively. Moreover, the commutator of
these fields with T, yields J(f'), respectively T{(f’}, where f'(z) = iz sz(z).
These facts and the bounds established above put us into the position to apply
Theorem 3.1 in [DF]. According to that result the operatars }(f) and TP are,
for real f, essentially selfadjoint on D, . Furthermore, if {T(f}, T(g)]f‘?{)o = 0,
then all bounded Ffunctions of T(f) and T(g) commute, and an analogous state-
ment holds for the current. Hence the algebras D) constructed from these
fields satisfy the locality condition {2.17), as claimed.

[t is apparent that this method of establishing energy-bounds and locality

works in all positive energy {lowest weight} representations of currents and
the energy density.

3. Modular operators and Haag duality

We turn now to the proof of Haag duality, ie. of relation (1.3). OQur strategy
is similar to the one developed by Bisoghano and Wichmann in [BW]. In fact
we could resort to that work by restricting the field ¢ to some Minkowski
space. But we found it worth while to give a direct argument which takes
advantage of the simplifying features of the conformal Hamiltanian T,.

We begin by neting that it is sufficient to establish the equality
W) = WY, 3.1

where I = {z¢ st + Imz > O} are opposite semicircles. Making use of continui-
ty, cp. (2.6}, we can replace 1_ in {30 by [_ = I+C, proving Haag duality for
the region [,. Given any open interval I we choose v¢SU{1,t} such that v-1, = L,
Because of covariance, cp. {2.i15), we then deduce from {3.1} that

AWM = WpATIWE™ = (WA, S ™s) = aaey, (3.2)

which proves Haag duality for arbitrary intervals.

Next we note that the vacuum {) is cyclic and separating Y for the algebras
Ully). This is a consequence {cp. Theorem 4.1 in [DF]} of the Reeh-Schlieder
theorem which holds for the underlying field ¢ since T, is non-negative, We

can thus define an antilinear operator S. familiar from the Tomita-Takesaki
theory {BR]. setting

S AQ=AY A ¢ WA (3.3

Y We recall that a vector @ is cyclic for some algebra € if the set ol vectors
{C® : Cel} is dense in the underlying Hilbert space. It is separating if C® = 0
for Cc is only possible if C = 0.
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The following general properties of S are well known [BR]: S is closable, its
closure {which we also denote by S} has the unique polar decomposition 8 = 1 -
a2 The operator § (the modular conjugation} is an antiunitary involution, and

& the modular operator) is positive and seifadjoint. Moreover. there holds the
fundamental equality ’

JHUTY = WAL (3.4

It is crucial for our argument that we can identify J and A more explicitly. In
analogy te the results in [BW] we will find that ] coincides with the rPCT
aperator 3. which is fived by its action on the underlying ficld ¢,

et = (-03¢7 Y. 3.5

and 60 = 0. (The existence of © is a byproduct of our analysis.} The modular
operator & will turn out to be equal to Viix), where V is the representation
of the dilations defined in £2.6). Thus we will have to show

Lemma: Let $ be the antilinear operator defined in (3.2). Then § has the polar
decomposition

S =6 - Vun/z2)

Before embarking on the somewhat technical prool of this lemma let us show
that equation (3.1) follows from it. Making use of the geometric action of B
on the underlving field ¢ we see on the other hand from the definition (2.13)
of the focal algebras that U} = OU{1)8™!. Knowing on the other hand that
6 is the modular conjugation we infer from (3.4) that eA_»e™t = ALY . The
combination of these facts yields equation (3.1}, as claimed. Hence. apart from
the proof of the lemma, we have established

Theorem: Let Wi}, 1 ¢ §! be a local net of von Neumann algebras which is ge-
nerated by a conformal field 9, as discussed in Sect. 2. Then there helds for
all intervals 1 the equality

AN = AV
In the remaining part of this section we give the proof of the lemma. For the

sake of clarity we number the consecutive steps.

1. To begin with we define for any k<N and complex numbers w, ..., w such

that 1 > Jw,i > .. > twil > O standard vectors
W nywoila (w g
Blw,,owg ) = 2 w, 1&2_) {—wk*) rpnl_nzrpnz_nj...fpnkf). 3.0
Ny ny N, 1 k-t

The sum is absolutely convergent because of the temperedness of the field ¢.
As a consequence each function w, ,..wp —~ ®lw,...wp} is analytic in the
specified domain.

- l'z -

The summation in (3.6) can actually be estended to By s nkcl. terms invol-
ving some negative n; vanish identically since T, < 0, cp. relation {2.11), Setting
g 1 R
w, Tz for i = ..., k where z;:3 and | uy oo oxoup # 0, it therefore

follows (rom (3. after resummation that in the sensc of distributions
s=lim $lagz ..., upzyd = giz,) ... rp(?.k)ﬂ {3.7}
if the parameters u; approach 1 in the given order.

2. Next let 1 be any open interval and let A’<H{D'. We want to relate the
functions

Hytw,, owyd = (A7'00 Bwy o wy))

) (3.8}
Hotw,. ... wid = {@6w " w7 AD)
which are defined and are analytic on the demains t > lw | > - > lwpl > O, re-
spectively Iwp b > - = twl > 1 Proceeding as in step 1 we obtain for 1 > u, >
< > Oand 2. zk(S’ in the sense of distributions
lim Hywz,, . wz) = (A0, etz - plz) M1)
3.9

Bm H_tu 7z, w7 = {@d2) o ez, AD).

These two distributions coincide on the region '1k= (z,, o Tt ZyE 1. 2 ¥ % for
i 3+ j) since g is a local hermitian field and A’« {eth*, @tf): f real, suppf
¢1¥. Hence H; are, by the Edge-of-the-Wedge theorem, determinations of a
single function H which is analytic on some extended domain including an
open neighbourhood of ikcek. This neighbourhood does not depend on
AlHOY, !

3. We proceed with four elementary remarks pertaining to the dilations 30}
defined in (2.5). First, the function Dg, which appears in the transformation law
(2.8b) of the field ¢. can be brought into the form

s 55 bep? -5
Dglz: 3A) = 25 {2ch2n + 5 sha) ™. (3.10)
Hence it can be continued in z and X to an analytic function with poles at
z = - thx and z = - cthXx. A similar statement helds for
S(a)-z = M {3.11)
chd + z.shx

Second we note that for any pair of complex numbers w,, w, for which iw ! >
w,l and Rew, > Rew, > O one has (80w i > 80wyl > O iF X = 0. Third, if
0 < g < n/4 and if w,. w, are such that iw} > lw,t and O > Imw, > Imw, there
holds  tElighw ! > 3ind-w,b Finally, if z. zsz' and 0 > Im 2z, > Im 2z, one
finds that 1 > 18pr-z)l > 1Blipkz,l > O for 0 <y < /2.



_‘3_

4. After these preparations we can determine the action of the dilation opera-
tors V(X)) on the standard vectors. To this end we pick any operator A’ <¥({I_)’
and consider for fixed X <R the distribution

(Voo LA, plz) - plz)0). (3.42)

Now V(1) = (), and since $(0)1_ = I_ we also have VA7 TA’V(A) « A(I_Y. Hence
we can apply the result of step 2, saying that the distribution (3.12) can be
represented at non-ceinciding points z,,.., zj ¢l_ by some analytic function
Hy(z,.... z)). On the other hand we can rewrite the distribution (342} in the
form

k
T Dytzys 5001 - (A0, @athrzy) — 96)2,00) (3.43)

because of the transformation properties (2.8b) of the field ¢. Appealing once
more to step 2 we can represent the matrix element in (3.13) at nom-coinciding
points z,,.., z) ¢l by the analytic function HO(S(R)-ZI.....SIM~zk!. Hence we
have on that region the equality

k
Hy iz 2)) = i[_11 Dg(zj 500 ) H(5002,..., 800z ). (3.44)

Because of the analyticity properties of the functiom Hy and the first and se-

cond remark in the preceding step we see that equality (3.14) extends, for X = 0,

to the domain 1 > fw| > - > lwyl > 0, Rew > Rew, > - » Rew| > 0. Thus
we have on that domain. cp. {3.8),

k
{(VOOTLAD, dlw .y wy)) = T Dy BOM{AD, BB w,.n 50w ) 315
Since the set of vectors A‘(Q, A’ <UU_) > MU(l,) is dense in § we conclude that
k
VO @w .., wi) = TT Dl wiss00 p (500w, 300w ). (3.10)
i=1

The expression on the right hand side of this equality is, for fixed w ... w,
analytic in & in a neighbourhood of X = 0, Hence ®{w .., w)) is an analytic
vector for the group V. If we further restrict w,,..., w by demanding that al-
so 0 > Imwy>-->Imw) it follows from the analyticity properties of the stan-
dard vectors and from the third remark in the preceding step that equation
(3.16) holds if X is extended to the positive imaginary axis up to im/4.

5 Let A«H(I_) and let h be an entire analytic function such that _l.d)\!hl)d
iphi< o for p<«R. We consider the regularized operator

Ap = [drnOavEIAVO)T (3.17)
which 1s an element of {I) since VOIUUIDIVEO™ ¢ WA and A is weakly

closed. Due to the regularization it is possible to continue the function » -
VIMALQ to the complex plane.
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Next, let 0 < ¢ < /4 and let z ..., zch1 be such that Rez; > - > Rez > O

and 0 > Imz, > - > Imz,. Because of the result in step 4 and the fact that

Vi) Is positive and selfadjoint (by Stone’s theorem) we obtain in the sense of
distributions

(ViwARQ, etz ~ plzn) =

= lim (VWAL Ouz .. upzy))

U

(3.18)

= im (A, ViR®luz,,... wez))

et

Dy(zp st} (A0 OBl 2, ... Sl zy)),
]

provided the parameters u ... w, approach 1 in the proper order 1 > u > - > u.
Making use of the analyticity properties of the standard vectors and the last
remark in step 3 the equality of the first and last member in (3.18) can in fact

be extended to 0 < g < n/2

We want to proceed to the boundary p = n/2. This is possible since
Slin/2)-z=2"% and since, due to the restrictions on z,,...2, the points
z,7L ..z 7t I, belong to the region of analyticity of the distribution (Ahﬂ.
iz’ ) cp(z’km). (Since Ay ¢ W) < ALY we can apply once again the result
of step 2.} Hence, taking into account that Ds(z; 8(i1t/2)) = (-1)%, we derive

from relation (3.18) the equality of distributions
{(VUr/2 A0, elz) o plzd0) = 0K (Ay0 gz ™) iz, D0} (3.19)

at the points 7y specified above.

(. We note in passing that the PCT-theorem is a simple consequence of relati-
on (3.19): putting A = | and making use of the fact that ¢ is local we infer
from (3.1 that

{0, wlz) - elz)) = -DKS(Q, plzyg iz, 7H0) (3.20}

on certain open sets of points z,,.z)« $'. The distribution on the left hand
side of this equation can analytically be continued in z,...z; to the domain
lwl > - > lwpl > 0, cp. step. 1. Similarly, the distributien on the right hand
side can be continued to the domain ika1 3o lei-l > 0, Since the two
domains coincide equality (3.20) implies by the Edge-of-the-Wedge theorem
that the two analytic functions are equal. Thus in particular their boundary
values coincide. proving that equation {3.20) holds for arbitrary zl,...,zkes‘. it
then follows by direct computation that the operator © defined in (3.5) is
antiunitary.
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7. Since ¢ is hermitian and local and since Ap«U(1,) we can rewrite equation
{3.19) in the form

(Vlin/21ApQ. glz)—plz)0) = (C0FSteiz T -0tz 00, AL'D)  B3.21)

for the restricted set of points 2...z, specified in step 5. Employing on the
right hand side of {3.21) the definition of the PCT-operator & and making use
of the fact that 8 is antiunitary and 82 = 1 we can proceed further Lo

(Vin/21A,0. olz) etz )0) = (BAL'0, #lz) ~alzyi). (3.22)

This equality extends, by the Edge-of-the-Wedge theorem, to all points
zl.....zsz‘. Thus, bearing in mind that the field ¢ generates from the vacuum a
dense set of vectors, we find that

VinR/2IAR0 = 6-AL'0 3.23

We plug now into the definition (3.17} of Ay a sequence af admissible luncti-
ons h, which approximate the s-function, e.g. h ta) = n-h{nik) for suitable h,.
Because of the continuity properties of the dilations V we then have in the
sense of strong convergence Ap Y — AQ} and Al A'Q). Replacing in rela-
tion (3.23) the function h by the sequence h, and taking into account that the
operator Viins2) is closed. @ is bounded, and 6% = { we obtain in the limit

e Virn/21A0 = A0 for A <UD (3.24)

As aiready mentioned. the set H(I_)X) is, for real A. stable under the action of
V(). Hence it is a core for Wlin/2). Moreover, V{in/2) is positive and selfad-
joint and © is antiunitary. By comparing relation (3.24) with the definition
(3.3} of the operator § we conclude that S has the polar decomposition
§=0-Vi{in/z). This completes the proof of the lemma.

4. Haag duality and the point at infinity

it is an interesting fact that Haag duality can fail for the vestriction of a
conformal field to the punctured circle ilight ray). The simplest example of
this kind. discussed in this section, is the energy density with central charge
¢ > 1. We are indebted to Martin Liischer for pointing out to us the relevant
features of this field {L]

We will exploit the fact that the restriction of the energy density to the
punctured circle can be expressed in terms of a Ul)-current ] by an appropri-
ate modification of the Sugawara formula [FST]. We recal! that the current }
is fixed by the general conditicns In Sect. 2 and the commutation relations

Tiz), Iz ] = i 87t {30

|
Here we made use of the convenient notation
Floe=iz 9 ko 4.2
dz
Note that Fiz) is real il F{z} is real. The Dirac i-function on the circle is
given by

b}

Bz, = % (=" (4.3

[X)

in accord with our choice of a measure on S'. It is apparent {rom the «-nurn-
ber commutation relations of the current that we are dealing with the Fock-
space representation of a free field.

Let D ¢ § be the dense set of vectors which are in the domain of all posi-
tive powers of the conformal Hamiltonian T,. As is well known. one can re-
present on D the conformal energy density T assoctated with the current | by
the Sugawara formula [FST], which formally reads

Tz} = ,% 2 )7 ta). (4.4

Here the dots denote Wick ordering with respect to the underlying Fock-
vacuum.

We remove now from S! the "point at infinity” z = -1 and define on the punc-
tured circle R = Sf\{-1} the field 5)

, z-]
Plz) = Jiz) «i ;:I"J(zl. (4.5}

This field is manifestly hermitian and local. It requires some elementary calcu-
Jations to see that it transforms like a spin 2 field under conformal transfor-
mations Wiy) induced by the elements v« SUl11) which leave the point -1 fixed.
With the help of Piz} one can define perturbed energy densities 5

T, fz} = Tlz) + x - Plz), x« K. (4.6}

Making use of the c-number commutation relations (4.1 and the Sugawara
formula (4.4) one finds by a straight-forward computation that

[Ttz Tylzp] = i Ty tg 0Ty )8 2 il o o2 )3 pos 2 ). (4.7

Apart from the restriction z,, z,+«R. these are the commutation relations of
the energy density for central charge ¢ = b12x? {FST]

The field T, transforms covariantly under Wiy) for v in the little group of -1
and the Fock-vacuum €} is invariant under Wiyt It therefore follows from the

Liischer-Mack thearem for by eaplicit computations} that the Wightman func-
tions

3} One may regard this field as section in a field bundle over Sl
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(0, T iz o Tiz0) (4.8)

can be extended in the variables z,,..,z, to the entire circle §'.  Moreover,
these extensions are invariant under the action of the full conformal group
SU{1,1) [FST]. By the reconstruction theorem we thus arrive at the vacuum re-
presentation of the conformal energy density for central charge c = 1+12:%?,
We denote the corresponding Hilbert space by §, and the field by -T-x(z), ze S
In fact, $, can be identified with a subspace of the original Fock-space &,
and Tx(l)‘ ze¢R then coincides with the restriction of T, (z) to that sub-
space. This identification is possible since the polynomials in Fflelds, smoo-
thed-out with testfunctions from a fixed region, generate a core from the va-
cuum for all field operators [BZ]. Thus if D, is the subspace of $ obtained
by applying all polynomials in the field operators T,{g}, suppg ¢ R to the
Fock vacuum {2, we can identify $, with the closure of D, , and we then have

fx(f) = (Tx(f) !'2))()” if suppfcR. (4.9)

Relation {4.9) Is the precise statement of the assertion that T, is the restric-
tion of the conformal energy density T, to the punctured circle.

In analogy to the discussion in Sect. 2 we proceed now to bounded functions
of the field operators T,{f), suppf c R on §. This step causes no problems
since each T,(f) is a sum of the smoothed-out fields T and ]. For the latter
fields there hold energy bounds, ¢.p. relations {2.21) and {2.23}, which therefore
also apply to T, {F)

For each interval I ¢ R we define with the help of the field T, a von Neumann
algebra U, (D as in relation (2.13). Since the field operators T (f) are selfadjoint
for real f it amounts to the same if we set

T, (F)
A = o

: f real, suppf c I}”. (4.10)
The system of algebras so defined is a local and covariant net on R. By local
we mean here that operators assigned to disjoint intervals in R commute.

We also have to consider the algebras associated with the complement of in-
tervals. If I ¢ R is any interval then its complement I’ = R\l consists in gene-
ral of two disjoint pieces I, I, Hence if f is any test function with support
in I we can decompose the corresponding field operator T, (f} into a sum
T,If) + T, ), where f ., f, are test functions with support in I, I, respec-
tively. The operators T {f.) and T, (f.} commute. Thus we conclude that the
algebra 'llxﬂ’). which is generated by the field T, according to relation (4.10),
coincides with the von Neumann algebra gencrated by U, (L), %, {1.). In for-
mulae

U () = ULV UL 41
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We proceed now to the vacuum representation of this net by restricting the re-
spective algebras to $x. In accord with our notation for the conformal field we

denote the reduced algebras Ux(l} | §x by HAxiD). It follows from relation (4.9
that these reduced algebras are generated by T,.

Let us pick now any closed interval I ¢ R, Because of locality we have the in-
clusion

AAD € ALY, {4.12)

where the commutant refers to §,. It will turn out that this inclusion is pro-
per if » + 0, L.e. Haag duality fails. In the proof it will pay that we have em-
bedded the field T, into the current algebra.

Let E, be the orthogonal projection onto the subspace $, c §. Since §, re-
duces the von Neumann algebras U, (), I < R it follows that E, commutes
with the corresponding operators. Hence, making use of locality, we get

g, eV E, U0 if suppf < L (4.13)

We will show that the operators E, emf)Ex are in general not contained in
‘ilx(IJ. For that purpose we need two simple relations between exponentials of
the current and the energy density: let I, ¢ R be any closed interval containing
the given interval 1 in its interior, and let h be a real test function with sup-
port in R which is equal to | on I. Furthermore, let f be any real testfunction
with support in I and let t¢R be sufficiently small such that the support of
filz)k= fle7*2) is contained in ;. We then have the equality

eith(h) eiTx(f) e"“T*(h) = ol Talfe) (4.14)

Even though this relation seems plausible, let us indicate its proof. We first
note that is suffices to establish relation (4.14) on §, since (2<§, is separa-
ting for the local algebras. On 'SJZC. we can replace T, by the conformal field
T, and write T (h} = T ley) + T, (h-e,}, where e, is the constant function
ey(z) = 1, z¢S. The operator T, ley) is the conformal Hamiltonian, generating
rotations of S, and the operator T,th-e,) commutes with all operators in
il—x(ll) since h-e, has support in S’\Il. Motreover, all cperators involved are
essentially self-adjoint on a common dense domain in $,. Relation (4.14) thus
follows from the Trotter product formula [RS].

Let us determine next the action of the conformal transformations on the ex-

ponential function of the current J. There we obtain (with the same notation
as before}

StTolh) IO it Tyth) e (4.15a}

where 7 is a phase factor given by

dz 1 1

n = exp(2x J’Z?izm v l [z} {1.15b)
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The proot of this statement is accomplished in oo similar Tashion as that of
refation 1.0 making use of relation (R0} one splits now the operator T, (b
into three picees.

T, = Taeg) o whitd o Tieel) 4.1

The First term i this sum is the conformal NHamiltonian associated with the
curremt J. The second term is fincar in j and honoe induces the automaorphism
Mgy - ligr |x| Piht. Juvl] 1 of the current algebra. The third term, {inally,
commutes with ail operators ) suppe - §, since h-e,, has support in S™\I

Hence. appiving the Trotter product Tormula twice, one arrives at reiatuun
(4.15) in a straight-Torward manner.

Relations (1.14} and (4.1 tell us that the operators <-|n"“]) induce, for suffi-
ciently smalt t. special conformal transformations of the algebra 'I[xtl). Hence
in view of the invariance of the vacuum state under these transformations (hy
the Liischer-Mack theorem) we get

(0. TR WGy = 0 Aoy i A, . 37
On the other hand we obtain with the help of relation (4.15a) the equality
(0' e|t"i,,cth)ExPi_l(ﬂ[_:xe— uTx(h)n') = a-{0. IiermExn). (4.18)

Moreover. from (1.15b} we see that for x 1 0, [ 1 0, and almost all t there
holds n * 1. By comparing relfations (417} and (.18} we conclude that
Exeu(nﬁx is not an element of the algebra ?—[1(1]. Hence the inclusion (4.12) is
proper, and Haag duality fails.

As already pointd out, one can enforce laag duality von R by extending the
local algebras: the net

G = W Y. 1R (4.9

satisfies duality if one defines the algebras associated with 17 in analogy to
(4.11) by

E U0 = G v E L) = A 0 (4,200

The second equality {oliows {rom the fact that the original (conflermal}l not
satisfies duality on S' The extended net transforms covariantly under the
conformal transformations W, iy} on 0, il ¢veSUtL1) is element of the little
group of -1. But it does not transform properly under (smail} rotations U, (t)

To sec this, let I, ¢ R be any closed semi-circle. As we have shown. the alge-
bra (s 1) is a proper extension of 1 x{lp)- In particular it contains some ope-

rator whmh does not commute with aII operators in A A1) = ﬁxtloc). By a

rotation about an angle t, we can turn l, omto the upper semicirche 1,0 It

then follows from covariance of the woriginal net  that  the algebra

- -

8] “o)(-‘x“u]lic‘t 177 contains some operator which does not commute with
WM. But WA = G AE) hence the algebra U, it JE, I ML {1 )" does not
comadc with b LI oas it would be required by covariance.

It should be noticed that Haag duality may hold for the restriction of some
conformat fields to R. The simplest example of this kind is the current j, as
can be deduced Trom the discussion of free fields in [HL]. It is instructive to
see explicitly how the cquality of the algebras UMY = AUS) and UH) comes
about in this case: let T be amy real test function with support in 1°. We de-
compose [ into the sum of three testfunctions f,. f,. and [, which have sup-
port in I.. 1,, and a small interval 15 of length & - 0 about the peoint z = -1,
respectively. Making use of the c-number commutation relations of J we ob-
tain ’

I (PR P U (-e'ij‘rﬁ’, (4.25)
where T is a phase factor. The unitary operator on the right hand side is loca-
lized in I5. Hence, as § approaches O, all weak limit points of this operator are
multipies of the identity since there do not exist non-trivial bounded opera-
tors which are localized at a point [Ro2l. It is crucial now that, because of
the tame ultraviolet behaviour of J, these multiples are different from O if £
is properly chesen. (This can be verified by calculating the vacuum expectation
value of e 115} ) Thus the operators < * f>) A"} have the operator - - elJtD
for some ¢ % O as a weak limit point. This shows that i1’} = WIC). In view
of this example cne may interpret the lack of duality in the case of the ener—
gy density as an ultraviolet problem.

We conclude this paper with the remark that the explicit representation (4.6}
of the fields T, can also be used to construct representations of the energy
density for lowest weight h > 0. These representations are induced by auto-
morphisms JHzt — J{z) + plz) -1 of the current algebra on R, where ¢ is a real
function on R. Applying these automorphisms to T, we obtain fields

Toz) + ol2) - Jizb + (3622) + xe/t2) + i pi2f)) 422
which also satisfy the commuiation relations (4.7). As in the case of T, we
consider the subrepresentation of these [lields which is induced by the Fock-
vacuum 0. If (1 is to represent a state of lowest weight, then ¢ must be cho-
sen in such a way that the c-number term in ($.22) is constant. The ensuing
differential equation for ¢ is of Riccatti type and can be solved explicitly. lIts
meromorphic sojutions are of the form

olzd = - ix i—{ + (4.23)

where q is an arbitrary real constant. Inserting these solutions into {1.22} and
recalling the delinition of T, we arrive at the fields

) . ; wZaqt
'Ix"qu" = Tlz) » =}’ () + allz) + . (4.24)
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it is readily checked that these fields can be extended to conformal fields on
S! in the representation induced by ), and Q then represents a state of lowest
weight h = (x2+n?1/2. Hence we obtain this way all representations of central
charge ¢ ¥ | and lowest weight h 2 {c-1)/24. These representations were also
found by Carey and Ruijsenaars within a field-theoretic setting [R] 6),

Since the above automorphisms of the current algebra on R are locally unitari-
Iy implementable, one can show that the representations of the energy density
for fixed ¢ = 1 and the given range of h are locally normal with respect to
each other. This result is the mathematical expression of the fact, mentioned
in the Introduction, that h is a localizable charge. Making use of Haag duality
it then follows by a standard argument [DHR] that all these representations
arise from endomorphisms of the net defined in (4.10}.

This argument merely establishes the existence of such endomorphisms. In
view of the concrete and simple form (4.24) of the underlying representations
one may, however, hope to construct them also explicitly. Such a result would
be a vital step [BMT] towards the classification of conformal fields associated
with an energy density with central charge ¢ > 1L

6} We note that one may proceed Further and consider the fields ('I'x(z) [
+ 1 ® TO n(z)) which carry central charge ¢ = 2+12x2. The vector {} ® (1 then
represents a state of lowest weight h = n2/2.
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