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Abstract

We present a new computer program, feyntrop, which uses the tropical geometric ap-

proach to evaluate Feynman integrals numerically. In order to apply this approach in the
physical regime, we introduce a new parametric representation of Feynman integrals that im-
plements the causal ic prescription concretely while retaining projective invariance. feyntrop
can efficiently evaluate dimensionally regulated, quasi-finite Feynman integrals, with not too
exceptional kinematics in the physical regime, with a relatively large number of propagators
and with arbitrarily many kinematic scales. We give a systematic classification of all relevant
kinematic regimes, review the necessary mathematical details of the tropical Monte Carlo ap-
proach, give fast algorithms to evaluate (deformed) Feynman integrands, describe the usage of
feyntrop and discuss many explicit examples of evaluated Feynman integrals.
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1 Introduction

Feynman integrals are a key tool in quantum field theory. They are necessary to produce accurate
predictions from given theoretical input such as a Lagrangian. Applications are, for instance, the
computations of virtual contributions to scattering cross-sections for particle physics phenomenology
[1], corrections to the magnetic moment of the muon or the half-life of positronium [2], critical
exponents in statistical field theory [3] and corrections to the Newton potential due to general
relativity [4]. An entirely mathematical application of Feynman integrals is the certification of
cohomology classes in moduli spaces of curves or of graphs [5].

In this paper, we introduce feyntrop', a new tool to evaluate Feynman integrals numerically.
In contrast to existing tools, feyntrop can efficiently evaluate Feynman integrals with a relatively
large number of propagators and with an arbitrary number of scales. Moreover, feyntrop can
deal with Feynman integrals in the physical Minkowski regime and automatically takes care of the
usually intricate contour deformation procedure. The spacetime dimension is completely arbitrary
and integrals that are expanded in a dimensional regulator can be evaluated. The main restriction of
feyntropis that it cannot deal with Feynman integrals having subdivergences, that means the input
Feynman integrals are required to be quasi-finite. Moreover, feyntrop is not designed to integrate
Feynman integrals at certain highly exceptional kinematic points. Outside the Euclidean regime,
the external kinematics are required to be sufficiently generic. It is worthwhile mentioning though
that such highly exceptional kinematic points seem quite rare and feyntrop performs surprisingly
well in these circumstances—in spite of the lack of mathematical guarantees for functioning. In fact,
we were not able to find a quasi-finite integral with exceptional kinematics for which the integration
with feyntrop fails. We only observed significantly decreased rates of convergence in such cases.

The mathematical theory of Feynman integrals has advanced rapidly in the last decades. Corner
stone mathematical developments for Feynman integrals were, for instance, the systematic exploita-
tion of their unitarity constraints (see, e.g., [6, 7]), the systematic solution of their integration-by-

lfeyntrop can be downloaded from https://github.com/michibo/feyntrop.


https://github.com/michibo/feyntrop

parts identities (see, e.g., [8, 9]), the application of modern algebraic geometric and number theoretic
tools for the benefit of their evaluation (see, e.g., [10, 11, 12]) and the systematic understanding of
the differential equations which they fulfill (see, e.g., [13, 14]).

Primarily, these theoretical developments were aimed at facilitating the analytic evaluation of
Feynman integrals. All known analytic evaluation methods are inherently limited to a specific class
of sufficiently simple diagrams. Especially for high-accuracy collider physics phenomenology, such
analytic methods are often not sufficient to satisfy the demand for Feynman integral computations
at higher loop order, which frequently involve complicated kinematics with many scales. Even
if an analytic expression for a given Feynman integral is available, it is usually a highly non-
trivial task to perform the necessary analytic continuation into the physical kinematic regime.
On a different tack, computations of corrections to the Newton potential in the post-Newtonian
expansion of general relativity [4] require the evaluation of large amounts of Feynman diagrams in
three dimensional Euclidean space. As analytic evaluation is often more difficult in odd-dimensional
spacetime, tropical Feynman integration is a promising candidate to fulfill the high demand for large
loop order Feynman integrals in this field.

For this reason, numerical methods for the evaluation of Feynman integrals seem unavoidable
once a certain threshold in precision has to be overcome. In this paper, we will use tropical sampling
that has been introduced in [15] to evaluate Feynman integrals numerically. This numerical integra-
tion technique is faster than traditional methods because the known (tropical) geometric structures
of Feynman integrals are employed for the benefit of their numerical evaluation. For instance, gen-
eral Euclidean Feynman integrals with up to 17 loops and 34 propagators can be evaluated using
basic hardware with the proof-of-concept implementation that was distributed by the first author
with [15]. The code of feyntrop is based on this implementation. The relevant mathematical
structure is the tropical geometry of Feynman integrals in the parametric representation [16, 15].
This tropical geometry itself is a simplification of the intricate algebraic geometry Feynman inte-
grals display (see, e.g., [17]). Tropical Feynman integration was already used, for instance, in [1§]
to estimate the ¢* theory 8 function up to loop order 11. Some ideas from [15] have already been
implemented in the FIESTA package [19]. Tropical sampling has been extended to toric varieties
with applications to Bayesian statistics [20]. Moreover, the tropical approach was recently applied
to study infrared divergences of Feynman integrals in the Minkowski regime [21].

The tropical approach to Feynman integrals falls in line with the increasing number of fruitful
applications of tools from convex geometry in the context of quantum field theory. These include, for
example, the discovery of polytopes in amplitudes (see, e.g. [22, 23]). Further, Feynman integrals
can be seen as generalized Mellin-transformations [24, 25, 26]. As such they are solutions to GKZ-
type differential equation systems [27]. Tropical and convex geometric tools are central to this
analytic approach towards Feynman integrals (see, e.g., [28, 29, 30, 31, 32]).

Tropical Feynman integration is closely related to the sector decomposition approach [33, 34, 35],
which applies to completely general algebraic integrals. State of the art implementations of sector
decompositions are, for instance, pySecDec [36] and FIESTA [19]. Other numerical methods that
are tailored specifically to Feynman integrals are, for instance, difference equations [9], unitarity
methods [37], the Mellin-Barnes representation [38] and loop-tree duality [39, 40]. With respect
to potential applications to collider phenomenology, the latter three have the advantage of being
inherently adapted to Minkowski spacetime kinematics. A newer technique is the systematic semi-
numerical evaluation of Feynman integrals using differential equations [41], which is implemented,
for instance, in AMFlow [42], DiffExp [43] and SeaSyde [44]. This technique can evaluate Feynman
integrals quickly in the physical regime with high accuracy. A caveat is that it relies on analytic



boundary values for the differential equations and on the algebraic solution of the usually intricate
integration-by-parts system associated to the respective Feynman integral. We expect feyntrop,
which does not rely on any analytic or algebraic input, to be useful for computing boundary values
as input for such methods.

feyntrop uses the parametric representation of Feynman integrals for the numerical evaluation,
which we briefly review in Section 2.1. This numerical evaluation has quite different characters in
separate kinematic regimes. We propose a new classification of such kinematic regimes in Section 2.2
which, in addition to the usual Euclidean and Minkowski regimes, includes the intermediate pseudo-
Euclidean regime. The original tropical Feynman integration implementation from [15] was limited
to the Euclidean regime. Here, we achieve the extension of this approach to non-Euclidean regimes.

In the Minkowski regime, parametric Feynman integrands can have a complicated pole struc-
ture inside the integration domain. For the numerical integration an explicit deformation of the
integration contour, which respects the desired causality properties, is needed. The use of explicit
contour deformation prescriptions for numerics has been pioneered in [37] and was later applied in
the sector decomposition framework [45]. (Recently, a momentum space based approach for the
solution of the deformation problem was put forward [46].) In Section 2.3, we propose an explicit
deformation prescription which, in its basic form, was employed in [47] in the context of cohomo-
logical properties of Feynman integrals. This deformation prescription has the inherent advantage
of retaining the projective symmetry of the parametric Feynman integrand. We provide explicit
formulas for the Jacobian and thereby propose a new deformed parametric representation of the
Feynman integral.

It is often desirable to evaluate a Feynman integral using dimensional regularization by adding
a formal expansion parameter to the spacetime dimension, e.g. D = Dy — 2¢, where Dy is a fixed
number and we wish to evaluate the Laurent or Taylor expansion of the integral in e. We will
explain how feyntrop deals with such dimensionally regularized Feynman integrals in Section 2.4.
Moreover, we will discuss one of the major limitations of feyntrop in this section: In its present
form feyntrop can only integrate Feynman integrals that are quasi-finite. That means, input Feyn-
man integrals are allowed to have an overall divergence, but no subdivergences. Further analytic
continuation prescriptions (along the lines of [24, 25, 48]) would be needed to deal with such sub-
divergences and we postpone the implementation of such prescriptions into feyntrop to a future
publication. For now, the user of the program is responsible to render all input integrals quasi-
finite; for instance by projecting them to a quasi-finite basis [48]. Note, however, that within our
approach, the base dimension Dy is completely arbitrary and can even be a non-integer value if
desired. The applicability in the case Dy = 3 makes feyntrop a promising tool for the computation
of post-Newtonian corrections to the gravitational potential [49].

In Sections 3.1 and 3.2, we will review the necessary ingredients for the tropical Monte Carlo ap-
proach from [15]: The concepts of the tropical approzimation and tropical sampling. In Section 3.3,
we review the (tropical) geometry of parametric Feynman integrands and the particular shape that
the Symanzik polynomials’ Newton polytopes exhibit. We will put special focus on the general-
ized permutahedron property of the second Symanzik F polynomial. At particularly exceptional
kinematic points, this property of the F polynomial can be lost. In these cases the integration
with feyntrop might fail. We discuss this limitation in detail in Section 3.3. The overall tropical
sampling algorithm is summarized in Section 3.4.

In Section 4.2, we summarize the necessary steps for the efficient evaluation of (deformed) para-
metric Feynman integrands. The key step is to express the entire integrand in terms of explicit
matrix expressions. Our method is more efficient than the naive expansion of the Symanzik poly-



nomials, as fast linear algebra routines can be used for the evaluation of such matrix expressions.
The structure, installation and usage of the program feyntrop is described in Section 5. To
illustrate its capabilities we give multiple detailed examples of evaluated Feynman integrals in

Section 6. In Section 7, we conclude and give pointers for further developments of the general
tropical Feynman integration method and the program feyntrop.

2 Feynman integrals

2.1 Momentum and parametric representations

Let G be a one-particle irreducible Feynman graph with edge set E and vertex set V. Each edge
e € FE comes with a mass m,. and an edge weight v.. Each vertex v € V comes with an incoming
spacetime momentum p,. Vertices without incoming momentum, i.e. where p, = 0, are internal.
Let £ by the incidence matrix of G which is formed by choosing an arbitrary orientation for the
edges and setting &, . = £1 if e points to/from v and &, . = 0 if e is not incident to v. The Feynman
integral associated to G reads

qu -1 Ve b
— e . _D/25(D)
z-/ [] D2 <q£—m§+¢g> [[ ixP/% (pHZ&J,eqe), (1)
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where we integrate over all D-dimensional spacetime momenta g, and we extracted the § function
that accounts for overall momentum conservation by removing the vertex vy € V. We compute the
squared length ¢2 = (¢°)? — (¢})? — (¢%)? — . .. using the mostly-minus signature Minkowski metric.

To evaluate Z numerically, we will use the equivalent parametric representation (see, e.g., [50])

, e 1 1 w
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We integrate over the positive projective simplex P¥ = {x = [z, ... ,TE|-1] € RP*™! : 2z, > 0}
with respect to its canonical volume form

dx dzx dz i g—1
Q= _q)Elme-1 &0 Se o\ 2B 3
>yt = . )

Note that in the scope of this article we make the unusual choice to start the indexing with 0 for
the benefit of a seamless notational transition to our computer implementation. So, the edge and
vertex sets are always assumed to be given by E = {0,1,...,|E| —1} and V = {0,1,...,|V]| — 1}.
The superficial degree of divergence of the graph G is given by w = >~ _pve — DL/2, where
L =|E| —|V]+1 is the number of loops of G.
We use V(x) = F(x)/U(x) as a shorthand for the quotient of the two Symanzik polynomials
that can be defined using the reduced graph Laplacian L(x), a (|[V]| —1) x (|[V| — 1) matrix given

element-wise by L(€)u,v = Y .cp Eueuv.e/Te for all u,v € V' \ {vo}. We have the identities

U(z) = det L(x) <HI> , Fa)=u@) |- DY P LT @)uw+ Y mive |, (4)

ecE u,veV\{vo} ecE

where P“" = p, - p, with the scalar product being computed using the Minkowski metric.
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Figure 1: Partition of kinematics into different regimes.

Combinatorial Symanzik polynomials We also have the combinatorial formulas for ¢4 and F

Z/{(:c):Zer, f(:c)z—Zp(F)2er-l-Z/{(:c)Zmﬁxe, (5)
F
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where we sum over all spanning trees T' and all spanning two-forests F of G, and p(F)? is the
Minkowski squared momentum running between the two-forest components. From this formulation
it can be seen that U and F are homogeneous polynomials of degree L and L + 1 respectively.
Hence, V is a homogeneous rational function of degree 1.

We will give fast algorithms to evaluate U(xz) and F(x) in Section 4.2.

2.2 Kinematic regimes

By Poincaré invariance, the value of the Feynman integral (1) only depends on the |V| x |V| Gram
matrix P*Y = p,, - p, and not on the explicit form of the vectors p,. In fact, it is even irrelevant
in which ambient dimension the vectors p, have been defined. The following characterisation of
the different kinematic regimes that we propose will therefore only take the input of a symmetric
|V | x|V ] matrix P with vanishing row and column sums (i.e. the momentum conservation conditions
Y ovey Pu Do = D ,cy P*Y =0 for all u € V), without requiring any explicit knowledge of the p,
vectors. In fact, we will not even require that there are any vectors p, for which P“" = p,, - p,,.

Euclidean regime We say a given Feynman integral computation problem is in the Fuclidean
regime if the matrix P is negative semi-definite. In this regime, F(x) > 0 for all # € P¥. We call
this the Euclidean regime, because the integral (1) is equivalent to an analogous Feynman integral
where scalar products are computed with the Euclidean all-minus metric. To see this, note that
as —P is positive semi-definite, there is a |[V| x |[V| matrix Q such that P = —Q7Q. We can
think of the column vectors pi,...,pjy| of Q as an auxiliary set of incoming momentum vectors.
Elements of P can be interpreted as Euclidean, all-minus metric, scalar products of the p,-vectors:
PUl = —plpy = — > ey QUQ"Y. Translating this back to (1) means that we can change



the signature of the scalar products to the all-minus metric if we replace the external momenta
with the p, vectors which are defined in an auxiliary space RVl . We emphasise that this way
of relating Euclidean and Minkowski space integrals is inherently different from the typical Wick
rotation procedure and that the p,-vectors will in general be different from the original p, vectors.

Pseudo-Euclidean regime In fact, F(x) > 0 for all @ € Pf in a larger kinematic regime, where
P is not necessarily negative semi-definite. If for each subset V' C V of the vertices the inequality

(Zz%) = Z Pu " Pv = Z P <0 (6)

veV’ u, eV’ u, eV’

is respected, then we are in the pseudo-FEuclidean regime. The first two equalities in (6) are only
included as mnemonic devices; knowledge of P is sufficient to check the inequalities. Equivalently,
we can require the element sums of all principle minor matrices of the P matrix to be < 0.

By (5) and (6), the coefficients of F are non-negative in the pseudo-Euclidean regime. Our
choice of normalization factors ensures that (1) and (2) are real positive in this case.

We remark that there is a commonly used alternative definition of a kinematic regime which,
on first sight, is similar to the condition above. This alternative definition requires the inequalities
Dy - Py < 0 to be fulfilled for all u,v € V (see, e.g., [51, Sec. 2.5]). This is more restrictive than
our condition in (6). In fact, it is too restrictive for our purposes, as not even entirely Euclidean
Feynman integrals can generally be described in this regime. The reason for this is that not all
negative semi-definite matrices P fulfill this more restrictive condition.

In our case, the Euclidean regime is contained in the pseudo-Euclidean regime. To verify this,
we have to make sure that a negative semi-definite P fulfills the conditions in (6). Such a P can be
represented with an appropriate set of p, vectors as above: P“* = —pI'p,. For each V' C V we
get the principle minor element sum

Soopre=o M @T@z—(Zﬁv)T(Zﬁv) <0. (7)

u,veV’ u,veV’ veV’ veV’

Minkowski regime If we are not in the pseudo-Euclidean regime (and thereby also not in the
Euclidean regime), then we are in the Minkowski regime.

Generic and exceptional kinematics Without any resort to the explicit incoming momentum
vectors p,, we call a vertex v internal if P** = 0 for all v € V and external otherwise. Let
Vet C V be the set of external vertices. Complementary to the classification above, we say that
our kinematics are generic if for each proper subset V' C V! of the external vertices of G' and for
each non-empty subset E' C E of the edges of G we have

<va> = Z Pu - Pv = Z 'Puw# Zmi (8)

veV’ u,veV’ u,veV’ ecE’

For example, the kinematics are always generic in the pseudo-Euclidean regime if m, > 0 for all
ecEorif )], o P“" <0 forall V! C V' Note that generic kinematics also exclude on-shell

external momenta, i.e. cases where p2 = PYV = 0 for some v € V' as long as not all m, > 0.



Kinematic configurations that are not generic are called exceptional.

As above, only the statements on P“" are sufficient for the classification. The other equalities
are added to enable a seamless comparison to the literature.

The discussed kinematic regimes and their respective overlaps are illustrated in Figure 1. In
contrast to what the figure might suggest, the exceptional kinematics only cover a space that is of
lower dimension than the one of the generic regime. The Minkowski regime is not explicitly shown
as it covers the whole area that is not pseudo-Euclidean. Note that Minkowski, pseudo-Euclidean
and Euclidean kinematics can be exceptional.

feyntrop detects the relevant kinematic regime using the conditions discussed above.

2.3 Contour deformation

In the pseudo-Euclidean (and thereby also in the Euclidean) regime, F(x) stays positive and the
integral (2) cannot have any simple poles inside the integration domain.

In the Minkowski regime however, simple propagator poles of the integrand (1) and simple poles
associated to zeros of F in (2) are avoided using the causal ie prescription (see, e.g., [52]). This
prescription tells us to which side of the pole the integration contour needs to be deformed. When
evaluating integrals such as (1) numerically, we have to find an ezplicit choice for such an inte-
gration contour. Finding such an explicit contour deformation, which also has decent numerical
stability properties, is a surprisingly complicated task. Explicit contour deformations for numerical
evaluation were pioneered by Soper [37] and later refined [45, 53]. This original type of contour
deformation has the caveat that the projective symmetry of the integral (2) is lost as these de-
formations are inherently non-projective and usually formulated in affine charts, i.e. ‘gauge fixed’
formulations of (2). Experience, e.g. from [15], shows that the projective symmetry of (2) is a
treasured good that should not be given up lightly.

To retain projective symmetry we will hence use a different deformation than established nu-
merical integration tools. We will use the embedding ¢y : Pf s CPIPI-? (recall that Pf is a subset

of RPIP |71) of the projective simplex into |E| — 1 complex dimensional projective space given by

tr : To > To €XD (—MSV (:@) . )

Le

This deformation prescription was proposed in [47, eq. (43)] in the context of the cohomological
viewpoint on Feynman integrals (see also [54, Sec. 4.3]). As U and F are homogeneous polynomials
of degree L and L + 1 respectively and V(x) = F(x)/U(x), the partial derivative g—;e is a rational
function in x of homogeneous degree 0, so ¢y indeed respects projective equivalence.

We want to deform the integration contour P¥ of (2) into v\ (P¥) C CP'I=!, The deformation
tx does not change the boundary of ]P’f as each boundary face of IP’E is characterized by at least
one vanishing homogeneous coordinate x. = 0. So, ¢y (BIP’E) = BPE . By Cauchy’s theorem, we can
deform the contour as long as we do not hit any poles of the integrand ¢. Supposing that A is small

enough such that no poles of ¢ are hit by the deformation, we have

T=T(w) / =T / 5% (10)

where (3¢ denotes the pullback of the differential form ¢. A computation on forms reveals that



i 2 = det(Jx(x)) 2, where the Jacobian Jx(x) is the |E| x |E| matrix given element-wise by

0%y
0x.0xp,

Ia(®)eh = 6,5 —idz, (x) for alle,h € E. (11)

Thus, we arrive at the desired deformed parametric Feynman integral by making (10) explicit,

Tl b = Tlw XZe det Jx(x)
T=T¢ )/P 1o =T( >/P£ <€€EF(%)> U(X)D/Q'V(X)MQ, (12)

where X = 1 (), that means X = (Xo,..., X 1) and X, = zcexp (— i)\g—;)e(w)) for all e € E.
Although the prescription (9) has been proposed before in a more formal context, the deformed
formulation of the parametric Feynman integral (12) with the explicit Jacobian factor given by (11)
appears not to have been considered previously in the literature.
In Section 4.2, we provide fast algorithms and formulas to evaluate %(m) and X..

E
+

Landau singularities In the formulation (12), the ic prescription is taken care of by the defor-
mation of the rational function V. To see this, consider the Taylor expansion of V(X)) in A,
av
X) = — A e | =—
V(X)=V(x)—1i Z:v (8x (

eck ¢

w)) +O0(N\?). (13)

The ie prescription in (2) is ensured if the imaginary part of V(X)) is strictly negative for sufficiently
small X. This is the case for all € Pf as long as there are no solutions of the Landau equations

0= xeg%(w) for each e€ E, forany = eP¥?. (14)
e
We will assume that no such solutions exist for our Feynman integral problems. That means that
our Feynman integral is free of Landau singularities.
Even though we require that X is small enough, we can give it, in contrast to the € in (2), an
explicit finite value. Hence, eq. (12) is finally an explicit form of the original Feynman integral (1)
that is going to serve as input for the tropical numerical integration algorithm.

2.4 Dimensional regularization and ¢ expansions

So far, we did not make any restrictions on the finiteness properties of the integrals (1), (2) and
(12). We say a Feynman integral is quasi-finite if the integral in the parametric representation (2)
(or equivalently (12)) is finite. Only the integral needs to be finite. The I' function prefactor is
allowed to give divergent contributions. Note that this is more permissive than requiring that (1)
is finite, which is already divergent, e.g., for the 1-loop bubble in D = 4 with unit edge weights.

In this paper, we will restrict our attention to such quasi-finite Feynman integrals. If an integral
is not quasi-finite, it can be expanded as a linear combination of quasi-finite integrals [24, 25, 48].

Quasi-finiteness allows overall divergences due to the I'(w) factor that becomes singular if w is
an integer < 0. Such divergences are easily taken care of by using dimensional regularization. As
usual we will perturb the dimension by € in the sense that

D =Dy — 2, (15)



where Dy is a fixed number and € is an expansion parameter’. Analogously, we define wy =
> ecr Ve—DoL/2. Using this notation, we may make the ¢ dependence in (12) explicit and expand,

7 . €k XVe det Iy (x) UX)
T = D(wo HL);@Z_OE/PE <161E r(ue)> A log" <V(X)L> Q. (16)

If the £ = 0 integral is finite, all higher orders in € are also finite as the loglC factors cannot spoil
the integrability. The I' factor can be expanded in € using I'(z + 1) = 2I'(z) and the expansion

logT'(1 —¢) :7E€+Z @6”, (17)
n=2

with Euler’s vg and Riemann’s ¢ function.

Together, egs. (16) and (17) give us an explicit formulation of the e expansion of the Feynman
integral (1) in the quasi-finite case. In the remainder of this article we will explain how to evaluate
the expansion coefficients in (16) using the tropical sampling approach.

3 Tropical geometry

3.1 Tropical approximation

We will use the tropical sampling approach which was put forward in [15] to evaluate the deformed
parametric Feynman integrals in (12) and (16). Here we briefly review the basic concepts.

For any homogeneous polynomial in |E| variables p(x) = Y kesupp(p) U Hlﬂ& ! xke | the support
supp(p) is the set of multi-indices for which p has a non-zero coefficient aj. For any such polynomial

p, we define the tropical approzimation p'* as

|E]-1
p"(z) = max H xke (18)

kesupp(p) -
If, for example, p(x) = 23z — 2xoz122 + 5ix3, then p'(x) = max{zdz1, roz122,235}. Note that
the tropical approximation forgets about the explicit value of the coeflicients; it only depends on
the fact that a specific coefficient is zero or non-zero. This way, the tropical approximation only
depends on the set supp(p) C ZLEO‘. In fact, it only depends on the shape of the conver hull of

supp(p), which is the Newton poly?tope of p. For this reason, p* is nothing but a function avatar of
this polytope. Indeed, we can write p*(x) as follows,

p(x) = exp ( max VTy> ) (19)
vEN](p]
where y = (yo,...,¥g|-1) With y. = logz., viy = > eci Vele and we maximize over the Newton

polytope NJp] of p. The exponent above is the tropicalization Trop[p] of p over C with trivial
valuation. It plays a central role in tropical geometry (see, e.g., [55]). For us, the key property of
the tropical approximation is that it may be used to put upper and lower bounds on a polynomial:

2Note that the causal i and the regularization/expansion parameter € are (unfortunately) usually referred to
with the same Greek letter. We will follow this tradition, but use different versions of the letter for the respective
meanings consistently.
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Theorem 3.1 ([15, Theorem 8]). For a homogeneous p € Clxo,...,xg|—1] that is completely
non-vanishing on ]P’f there exists constants C,Cy > 0 such that

<Cy forall =xePf. (20)

A polynomial p is completely non-vanishing on ]P’f if it does not vanish in the interior of ]P’f and
if another technical condition is fulfilled (see [24, Definition 1] for a precise definition).

The U polynomial is always completely non-vanishing on ]P)f and in the pseudo-Euclidean regime
also F is completely non-vanishing on ]P)f . We define the associated tropical approximations U",
Fand V& = FT Y.

Our key assumption for the integration of Feynman integrals in the Minkowski regime is that
the approximation property can also be applied to the deformed Symanzik polynomials.

Assumption 3.2. There are A dependent constants Cy(\), C2(A) > 0 such that for small A > 0,
tr D0/2 tr wo
UX) V(X)

where we recall that X = (X1,...,X|p|) and X, = zcexp (— iAg—gZ(w)).

In the pseudo-Euclidean regime the assumption is fulfilled, as we are allowed to set A = 0
and use the established approximation property from [15] on & and F. In the Minkowski regime,
Assumption 3.2 can only be fulfilled if there are no Landau singularities, i.e. solutions to (14).
If there are no such singularities, Assumption 3.2 seems to be mostly fulfilled. It would be very
interesting to give a concise set of conditions for the validity of Assumption 3.2. We leave this to a
future research project.

Another highly promising research question is to find a value for A such that the constants C; ()
and C2()) tighten the bounds as much as possible. Finding such an optimal value for A would result
in the first entirely canonical deformation prescription which does not depend on free parameters.

< Cr(\) forall =zeP¥, (21)

3.2 Tropical sampling

Intuitively, Assumption 3.2 tells us that the integrands in (12) and (16) are, except for phase factors,
reasonably approximated by the tropical approximation of the undeformed integrand. To evaluate
the integrals (16) with tropical sampling, as in [15, Sec. 7.2, we define the probability distribution

1 ve
tr _ _— HeEE Te Q, (22)
Jtr ytr (w>D0/2 Vtr(m)wo

where I™ is a normalization factor, which is chosen such that [, ™ = 1. As of Assumption 3.2
+

and the requirement that the integrals in (16) shall be finite, the factor I*" must also be finite.
If wy = 0, this normalization factor is equal to the associated Hepp bound of the graph G [16].
Because p'* > 0 for all x € ]P’f, u't gives rise to a proper probability distribution on this domain.
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Using the definition of u* to rewrite (16) results in

o0

[(wo +€l)
I= g —Tk, with
HeGE’ k

_ gtr (HEEE(X /{Ee )d ) o k U(X) tr
S /nw (X) /U () (v (X >/wr< )~ o8 <V<X>L)“ '

We will evaluate the integrals above by sampling from the probability distribution p**.

In [15], two different methods to generate samples from u'* were introduced. The first method
[15, Sec. 5], which does not take the explicit structure of U and F into account, requires the
computation of a triangulation of the refined normal fans of the Newton polytopes of i and F. Once
such a triangulation is computed, arbitrarily many samples from p'* can be generated with little
computational effort. Unfortunately, obtaining such a triangulation is a highly computationally
demanding process.

The second method [15, Sec. 6] to generate samples from the probability distribution u'* makes
use of a particular property of the Newton polytopes of &/ and F which allows to bypass the costly
triangulation step. This second method additionally has the advantage that it is relatively straight
forward to implement. This faster method of sampling from u'* relies on the Newton polytopes of
U and F being generalized permutahedra.

For the program feyntrop we will make use of this second method. Our tropical sampling
algorithm to produce samples from u'* is essentially equivalent to the one published with [15].

(23)

3.3 Base polytopes and generalized permutahedra

A fantastic property of generalized permutahedra is that they come with a canonical normal fan
which greatly facilitates the sampling of u, see [15, Theorem 27 and Algorithm 4|. Here, we
briefly explain the necessary notions. As a start, we define a more general class of polytopes first
and discuss restrictions later.

Base polytopes Consider a function z : 2% — R that assigns a number to each subset of E, the
edge set of our Feynman graph G. In the following we often identify a subset of E with a subgraph
of G and use the respective terms interchangeably. So, z assigns a number to each subgraph of G.
We define P[2] to be the subset of R'Zl that consists of all points (ao,...,ap-1) € Rl which
fulfill 3", ae = 2(E) and the 2/P — 1 inequalities

Z ae > z(y) forall ~yCE. (24)
ecy

Clearly, these inequalities describe a convex bounded domain, i.e. a polytope. This polytope P|[z]
associated to an arbitrary function z : 2F — R is called the base polytope.

Generalized permutahedra The following is a special case of a theorem by Aguiar and Ardila
who realized that numerous seemingly different structures from combinatorics can be understood
using the same object: the generalized permutahedron which was initially defined by Postnikov [56].
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Theorem 3.3 (|57, Theorem 12.3] and the references therein). The polytope P[z] is a generalized
permutahedron if and only if the function z is supermodular. That means, z fulfills the inequalities

2(y) 4+ 2(8) < z(yU b)) 4+ 2(yN &) for all pairs of subgraphs v,0 C E. (25)

Because other properties of generalized permutahedra are not of central interest in this paper,
we will take Theorem 3.3 as our definition of these special polytopes. Important for us is that
for many kinematic situations the Newton polytopes of the Symanzik polynomials fall into this
category. The following theorem is due to Schultka [26]:

Theorem 3.4. The Newton polytope N[U]| of U is equal to the base polytope P|zy] with zy being
the function zy(y) = L., which maps each subgraph « to its loop number L. Moreover, zy is
supermodular. Hence, by Theorem 3.3, N[U] is a generalized permutahedron.

Proof. See [26, Sec. 4] and the references therein. In [16], it was observed that N[U] is a matroid
polytope, which by [57, Sec. 14] also proves the statement. O

Because N[U] is a generalized permutahedron, we also say that U has the generalized permuta-
hedron property.

Generalized permutahedron property of the F polynomial For the second Symanzik F
polynomial the situation is more tricky. We need the notion of mass-momentum spanning subgraphs
which has been defined by Brown [17] (see also [26, Sec. 4] for an interesting relationship to the
concept of s-irreducibility [58] or [59] were related results have been obtained). We use the following
slightly generalized version of Brown’s definition (see also [15, Sec. 7.2]): We call a subgraph v C E
mass-momentum spanning if the the second Symanzik polynomial of the cograph G/v vanishes
identically Fg/y = 0.

Theorem 3.5. In the Euclidean regime with generic kinematics, the Newton polytope N[F] is a
generalized permutahedron. It is equal to the base polytope Plzx| with the function zx defined for
all subgraphs v by zr(vy) = Ly + 1 if v is mass-momentum spanning and zr(y) = L. otherwise.
Consequently, this function zr : 2 — R is supermodular, i.e. it fulfills (25).

Proof. This has also been proven in [26, Sec. 4]. The proof relies on a special infrared factorization
property of F that has been discovered by Brown [17, Theorem 2.7]. O

We explicitly state the following generalization of Theorem 3.5:
Theorem 3.6. Theorem 3.5 holds in all regimes if the kinematics are generic.

Proof. The F polynomial has the same monomials (with different coefficients) as in the Euclidean
regime with generic kinematics. To verify this, note that the conditions for generic kinematics
prevent cancellations between the mass and momentum part of the F polynomial as given in
eq. (5). So, the respective Newton polytopes coincide. O

There is also the following further generalization of Theorem 3.5 to Euclidean but exceptional
kinematics. This generalization is very plausible (see [17, Example 2.5]), but it is a technical
challenge to prove it. We will not attempt to include a proof here for the sake of brevity. So, we
state this generalization as a conjecture:
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(a) On-shell box (b) One off-shell leg (c¢) Two off-shell legs (d) Two off-shell legs
(adjacent) (crossed)

Figure 2: Massless box with different external legs on- or off-shell. On-shell (p? = 0) legs are drawn
as dashed lines and off-shell (p? # 0) legs with solid lines. Internal propagators are massless.

Conjecture 3.7. Theorem 3.5 holds in the Euclidean regime for all (also exceptional) kinematics.

We emphasize that N|[F] is generally not a generalized permutahedron outside of the Euclidean
regime. This has been observed in [26, Remark 4.16] (see also [60, Sec. 4.2], [61, Sec. 2.2.3] or
[15, Remark 35]). Explicit counter examples are encountered while computing the massless on-
shell boxes depicted in Figure 2. The F polynomials of the completely massless box with only
on-shell external momenta, the massless box with one off-shell momentum and the massless box
with two adjacent off-shell momenta (depicted in Figures 2a, 2b and 2¢) do not fulfill the gener-
alized permutahedron property. On the other hand, the F polynomial does fulfill the generalized
permutahedron property for the massless box with two or more off-shell legs such that two off-shell
legs are on opposite sides (as depicted in Figure 2d).

Therefore, we have to make concessions in the Minkowski regime with exceptional kinematics.

An observation of Arkani-Hamed, Hillman, Mizera is helpful (see [21, eq. (8)] and the discussion
around it): the facet presentation of N[F] given in Theorem 3.5 turns out to hold in a quite broad
range of kinematic regimes, even if N[F] is not a generalized permutahedron.

Observation 3.8. The Newton polytope of F is often equal to the base polytope P[zz] with the
function zx defined as in Theorem 3.5.

For instance, all massless boxes depicted in Figure 2 have the property that the Newton polytopes
of their F polynomial are base polytopes described by the respective zx functions, i.e. N[F] = P[z£].
In the first three cases (Figures 2a, 2b, 2¢) the zx function does not fulfill the inequalities (25).
For the graph in Figure 2d these inequalities are fulfilled and the associated Newton polytope
N[F] = P[z#] is a generalized permutahedron.

Internally, feyntrop uses the polytope P[zx] as a substitute for N[F] as the former is easier to
handle and faster to compute than the latter.

It would be very beneficial to have precise conditions for when P[zx] indeed is equal to N[F].
Empirically, we have observed that it is valid for quite a wide range of exceptional kinematics.
We know, however, that this condition is not fulfilled for arbitrary exceptional kinematics [62].
An explicit counter example® is depicted in Figure 3. For this triangle graph with the indicated
exceptional kinematic configuration, the polytope N[F] is different from P[zz]. We find that
F(z) = m?(2? +23) + (2m? — Q?)x1 22 which implies that N[F] is a one-dimensional polytope. On
the other hand, P[z#] can be shown to be a two-dimensional polytope. In D = 4, the Feynman
integral associated to Figure 3 is infrared divergent and therefore not quasi-finite. In D = 6,

3We thank Erik Pangzer for sharing this (counter) example with us.
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Figure 3: Triangle Feynman graph relevant in QED. The two solid propagators have mass m and
the solid legs have incoming squared momentum m?. The dashed propagator is massless and the
doubled leg has incoming squared momentum Q2.

feyntrop can evaluate the integral without problems. Nonetheless, we expect there to be more
complicated Feynman graphs with similarly exceptional external kinematics, that are quasi-finite,
but which cannot be evaluated using feyntrop. We did not, however, manage to find such a graph.

Even if N[F] # P[zz], the Newton polytope N[F] is bounded by the base polytope P[zx]. The
reason for this is that F can only lose monomials if we make the kinematics less generic.

Theorem 3.9. We have N[F] C Plzx].

Efficient check of the generalized permutahedron property of a base polytope Naively,
it is quite hard to check if the base polytope P[z] associated to a given function z : 28 — R is a
generalized permutahedron. There are of the order 22/l many inequalities to be checked for (25).
A more efficient way is to only check the following inequalities

z(yud{ed) +2(yU{h}) <z(7) +2(yU{e, h}) (26)

for all subgraphs v C FE and edges e, h € E \ . The inequalities (26) imply the ones in (25). For
(26) less than |E|?2IF! inequalities need to be checked. So, (26) is a more efficient version of (25).

3.4 Generalized permutahedral tropical sampling

feyntrop uses a slightly adapted version of the generalized permutahedron tropical sampling algo-
rithm from [15, Sec. 6.1 and Sec. 7.2] to sample from the distribution given by u'* in eq. (22).
The algorithm involves a preprocessing and a sampling step.

Preprocessing The first algorithmic task to prepare for the sampling from u'* is to check in
which regime the kinematic data are located. The kinematic data are provided via the matrix P
as it was defined in Section 2.1 and via a list of masses m. for each edge e € E. If the symmetric
|V| x|V ] matrix P"™" is negative semi-definite (which is easy to check using matrix diagonalization),
then we are in the Euclidean regime. Similarly we check if the defining (in)equalities for the other
kinematic regimes given in Section 2.2 are fulfilled or not. Depending on the kinematic regime,
we need to use a contour deformation for the integration or not. Further, if the kinematics are
Euclidean or generic, we know that the generalized permutahedron property of F is fulfilled (also
thanks to the unproven Conjecture 3.7). Table 1 summarizes this dependence of the algorithm on
the kinematic regime.
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Euclidean Pseudo-Euclidean Minkowski

Generic no def. / always GP | no def. / always GP def. / always GP
Exceptional | no def. / always GP | no def. / not always GP | def. / not always GP

Table 1: Table of the necessity of a deformation (def.) and the fulfillment of the generalized
permutahedron property of 7 (GP) in each kinematic regime.

If we find that we are at an exceptional and non-Euclidean kinematic point, N[F] might not be
a generalized permutahedron and it might not even be equal to P[zx]. In this case, the program
prints a message warning the user that the integration might not work. The program then continues
under the assumption that N[F] = P[zx]. In any other case, N[F] is a generalized permutahedron
and equal to P[zz]. Hence, the tropical sampling algorithm is guaranteed to give a convergent
Monte Carlo integration method by [15, Sec. 6.1].

The next task is to compute the loop number L, and check if v is mass-momentum spanning
(by asking if F/, = 0) for each subgraph v C E. Using these data, we can compute the values of
zu(y) and zz(y) for all subgraphs v C E using the respective formulas from Theorems 3.4 and 3.5.

If we are at an exceptional and non-Euclidean kinematic point, we check the inequalities (26)
for the zx function. If they are all fulfilled, then P[zx] is a generalized permutahedron and we
get further indication that the tropical integration step will be successful. The program prints a
corresponding message in this case. Also assuming that Assumption 3.2 is fulfilled, we can compute
all integrals in (23) efficiently.

Note that even in the pseudo-Euclidean and the Minkowski regimes with exceptional kinematics,
the integration is often successful. For instance, we can integrate all Feynman graphs depicted in
Figure 2 regardless of the fulfillment of the generalized permutahedron property. In fact, we did
not find a quasi-finite example where the algorithm fails (even though the convergence rate is quite
bad for examples in highly exceptional kinematic regimes). We emphasise, however, that the user
should check the convergence of the result separately when integrating at a manifestly exceptional
and non-Euclidean kinematic point. For instance, by running the program repeatedly with different
numbers of sample points or by slightly perturbing the kinematic point. Recall that for generic
kinematics N[F] is always a generalized permutahedron by Theorem 3.6 and the integration is
guaranteed to work if the finiteness assumptions are fulfilled.

The next computational step is to compute the generalized degree of divergence (see [15, Sec. 7.2])
for each subgraph v C E. It is defined by

w(y) = Z Ve — DL, /2 — wé5™, (27)

ecy

where L. is the loop number of the subgraph v and 07" = 1 if v is mass-momentum spanning
and 0 otherwise.

If w(y) < 0 for any proper subgraph -, then we discovered a subdivergence. This means that all
integrals (16) are divergent. Tropical sampling is not possible in this case and the program prints
an error message and terminates. An additional analytic continuation step from (16) to a set of
finite integrals would solve this issue. We will leave this to a future research project.

If we have w(vy) > 0 for all v C E, we can proceed to the key preparatory step for generalized
permutahedral tropical sampling: We use w(y) to compute the following auxiliary subgraph function
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J(7), which is recursively defined by J() = 1 and

Jv\

w

M

for all vy C E, (28)

ecy

where ~\ e is the subgraph v with the edge e removed. The terminal element of this recursion is the
subgraph that contains all edges E of G. We find that J(E) = I'*, where I'" is the normalization
factor in (22) and (23) (see [15, Proposition 29] for a proof and details).

In the end of the preprocessing step we compile a table with the information L., 67"™, w(7y) and
J(7) for each subgraph v C E and store it in the memory of the computer.

Sampling step The sampling step of the algorithm repeats the following simple algorithm to
generate samples x € Pf that are distributed according to the probability density (22). It is
completely described in Algorithm 1. The runtime of our implementation of the algorithm grows
roughly quadratically with |E|, but a linear runtime is achievable. The validity of the algorithm
has been proven in a more general setup in [15, Proposition 31|. The additional computation of
the values of U (x) and V' (x) is an application of an optimization algorithm by Fujishige and
Tomizawa [63] (see also [15, Lemma 26]).

The key step of the sampling algorithm is to interpret the recursion (28) as a probability distribu-

tion for a given subgraph over its edges. That means, for a given v C E we define p) = ﬁ igszg

Obviously, p? > 0 and by (28) we have Zeew p2 = 1. So, for each v C E, p) gives a proper
probability distribution on the edges of the subgraph .

Algorithm 1 Generating a sample distributed as p** from (22)

Initialize the variables vy = FE and x,U = 1.
while v # () do
Pick a random edge e € v with probability p? =
Set z. = k.
If  is mass-momentum spanning but v \ e is not, set V = z..
If L\ < L., multiply U with x. and store the result in U, i.e. set U < x. - U.
Remove the edge e from 7, i.e. set v < v\ e.
Pick a uniformly distributed random number £ € [0, 1].
Multiply & with £1/¢() and store the result in &, i.e. set x < k&/<()
end while
Return = [z, ..., 25 —1] € P, U (x) = U and V¥ (z) = V.

1 J(\e)
T w(\e)

The algorithm can also be interpreted as iteratively cutting edges of the graph GG: We start with
v = E and pick a random edge with probability pY. This edge is cut and removed from v. We
continue with the newly obtained graph and repeat this cutting process until all edges are removed.
In the course of this, Algorithm 1 computes appropriate random values for the coordinates x € ]P’f.

17



4 Numerical integration

4.1 Monte Carlo integration

We now have all the necessary tools at hand to evaluate the integrals in (23) using Monte Carlo
integration. In this section, we briefly review this procedure. The integrals in (23) are of the form

fl)u™, (29)
PE

where, thanks to the tropical approximation property, f(«) is a function that is at most log-singular
inside, or on the boundary of, ]P’f. To evaluate such an integral, we first use the tropical sampling
Algorithm 1 to randomly sample N points (), ... x(N) IP’E that are distributed according to
the tropical probability measure u'*. By the central limit theorem and as f(x) is square-integrable,

e TN) (N) z)
Ip~1; where I} = = Z flx (30)
For sufficiently large N, the expected error of this approximation of the integral I; is

[Tp2 — 12
of = % where If2 = f( )2 tr (31)

which itself can be estimated (as long as f(x)? is square-integrable) by

op A U;.N) where 0 \/N—l I(N (I;.N))Q) and I Zf )2, (32)

N) (V)

To evaluate the estimator I](c and the expected error o it is necessary to evaluate f(x) for

N different values of &. As the random points (), ... x(N) e ]P’f can be obtained quite quickly
using Algorithm 1, this evaluation becomes a bottleneck. In the next section, we describe a fast
method to perform this evaluation, which is implemented in feyntrop to efficiently obtain Monte
Carlo estimates and error terms for the integrals in (23).

4.2 Fast evaluation of (deformed) Feynman integrands

To evaluate the integrals in (23) using a Monte Carlo approach we do not only have to be able to
sample from the distribution p'*, but we also need to evaluate the remaining integrand (denoted
as f(x) in the last section) rapidly. Explicitly for the numerical evaluation of (23), we have to be
able to compute X, = z.exp ( — i)\g—;e(:c)) as well as U(X),V(X) and det Jy(x) for any = € P¥.

Evaluation of the i/ and F polynomials Surprisingly, the explicit polynomial expression for
U and F from eq. (5) are harder to evaluate than the matrix and determinant expression (4) if the
underlying graph exceeds a certain complexity. The reason for this is that the number of monomials
in (5) increases exponentially with the loop number (see, e.g., [64] for the asymptotic growth rate of
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the number of spanning tress in a regular graph), while the size of the matrices in (4) only increases
linearly. Standard linear algebra algorithms as the Cholesky or LU decompositions [65] provide
polynomial time algorithms to compute the inverse and determinant of £(x) and therefore values
of U(x) and F(x) (see, e.g., [15, Sec. 7.1]). In fact, the linear algebra problems on graph Laplacian
matrices that need to be solved to compute U(x) and F(x) fall into a class of problems for which
nearly linear runtime algorithms are available [66].

Explicit formulas for the V derivatives We need explicit formulas for the derivatives of V.
These formulas provide fast evaluation methods for X and the Jacobian Jy(x).

Consider the (|V|—1) x (|V]| —1) matrix M(x) = L7 (z) P L7 (x) with L(x) and P as defined
in Section 2.1. For edges e and h that connect the vertices u., ve and up, vy, respectively, we define

1
A(@)e,n = (M(®)uy iy, + M(®) 0, 0, — M(T)ug 0y, — M(T) 0, )
Telp (33)
1 _ _ _ _
B@)en = - (£ @hucss + L7 @ocn = £ @)cn = L7 @)

where we agree that £L71(x)y,, = M(2)y,» = 0 if any of u or v is equal to vy, the arbitrary vertex

that has been removed in the initial expression of the Feynman integral (1). It follows from (4) and
the matrix differentiation rule %E‘l(w)u)v = (—E‘l(m) oL (:B)E_l(w)) that

0T
)

aV
0%,

where we use the Hadamard or element-wise matriz product, (A(x) o B(x))e., = A(®)e,n - B(T)e -

R A(T)e.e
0x.0xp, (@) = 20c, Te

() = —A(@)c,e + mg ) = 2(A(z) o B(Z))e,n » (34)

Computation of the relevant factors in the integrands of (23) We summarize the neces-
sary steps to compute all the factors in the deformed and e-expanded tropical Feynman integral
representation (23).

1. Compute the graph Laplacian £(x) as defined in Section 2.1.
. Compute the inverse L~1(x) (e.g. by Cholesky decomposing L£(x)).
. Use this to evaluate the derivatives of V(x) via the formulas in (33) and (34).

. Compute the values of the deformed X parameters: X, = x. exp ( — i)\g—i(w)).

. Evaluate det J)(x) (e.g. by using a LU decomposition of J(x)).

2
3
4
5. Compute the Jacobian Jy(z) using the formula in (11).
6
7. Compute the deformed graph Laplacian £(X).

8

. Compute £71(X) and det £(X) (e.g. by using a LU decomposition of £(X) as a Cholesky
decomposition is not possible, because £(X) is not a hermitian matrix in contrast to £(x)).

9. Use the formulas (4) to obtain values for U(X), F(X) and V(X) = F(X)/U(X).

The computation obviously simplifies if we set A = 0, in which case we have X = x. We are
allowed to set A = 0 if we do not need the contour deformation. This is the case, for instance, in
the Euclidean or the pseudo-Euclidean regimes. In our implementation we check if we are in these
regimes and adjust the evaluation of the integrand accordingly.
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5 The program feyntrop

We have implemented the contour-deformed tropical integration algorithm, which we discussed in
the previous sections, in a C++ module named feyntrop. This module is an upgrade to previous
code developed by the first author in [15].

feyntrop has been checked against AMFlow [42] and pySecDec [36] for roughly 15 different
diagrams with 1-3 loops and 2-5 legs at varying kinematics points, in both the Euclidean and
Minkowski regimes, finding agreement in all cases within the given uncertainty bounds. In the
Euclidean regime, the original algorithm has been checked against numerous analytic computations
that have been obtained at higher loop order using conformal four-point integral and graphical
function techniques [67].

Note that our prefactor convention, which we fixed in eqs. (1) and (2), differs from the one in
AMFlow and pySecDec by a factor of (—1)I"I, where |v| = E':i'(;l Ve. In comparison to FIESTA [19],
our convention differs by a factor of (—1)/"l exp (—Lyge).

5.1 Installation

The source code of feyntrop is available in the repository https://github.com /michibo/feyntrop
on github. It can be downloaded and built by running the following sequence of commands

git clone --recursive git@github.com:michibo/feyntrop.git
cd feyntrop
make

in a Linux environment. feyntrop is interfaced with python [68] via the library pybind11 [69].
Additionally, it uses the optimized linear algebra routines from the Eigen3 package [70] and the
OpenMP C++ module [71] for the parallelization of the Monte Carlo sampling step.

feyntrop can be loaded in a python environment by importing the file py_feyntrop.py, located
in the top directory of the package. To ensure that feyntrop has been built correctly, one may
execute the python file /tests/test_suite.py. This script compares the output of feyntrop
against pre-computed values. To do so, it will locally compute six examples with 1-2 loops and 2-4
legs, some in the Euclidean and others in the Minkowski regime.

The file py_feyntrop.py includes additional functionality for the python interface serving three
purposes. Firstly, it simplifies the specification of vertices and edges of a Feynman diagram in
comparison to the C++ interface of feyntrop. Secondly, it allows for self-chosen momentum variables
given by a set of replacement rules, instead of having to manually specify the full scalar product
matrix P*? from (4). Lastly, the output of the ¢ expansion can be printed in a readable format.

As already indicated in Section 2.1, we employ zero-indexing throughout. This means that
edges and vertices are labelled as {0,1,...}. This facilitates seamless interoperability with the
programming language features of python.

5.2 Basic usage of feyntrop

In this section, we will illustrate the basic workflow of feyntrop with an example. The code for
this example can be executed and inspected with jupyter [72] by calling

jupyter notebook tutorial_2L_3pt.ipynb
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within the top directory of the feyntrop package.
We will integrate the following 2-loop 3-point graph in D = 2 — 2e¢ dimensional spacetime:

The dashed lines denote on-shell, massless particles with momenta po and p; such that p2 = p? = 0.
The solid, internal lines each have mass m. The double line is associated to some off-shell momentum
p3 # 0. For the covenience of the reader, both vertices and edges are labeled explicitly in this
example. feyntrop requires us to label the external vertices (as defined in Section 2.2) before the
internal vertices. In the current example, the vertices are V = Vet Vit = {0, 1,2} 1 {3}.

The momentum space Feynman integral representation (1) with unit edge weights reads

I 7T_2+26 / d2—2ek0 d2—2ekl
B (g2 — m? +ie) (qf — m? + i) (¢3 — m? +ie) (¢3 — m? +ie) (¢ — m? + ic)

. (35)
where we integrated out the § functions in eq. (1) by requiring that qo = ko, g1 = ko + p1,
q2 = ko + k1 + p1, g3 = po — ko — k1 and g4 = k1. We choose the phase space point

m?*=02, po=pi=0, p3=1, (36)

which is in the Minkowski regime because p3 > 0 - see Section 2.2. To begin this calculation, first
open a python script or a jupyter notebook and import py_feyntrop:

from py_feyntrop import *

Here we are assuming that feyntrop.so and py_feyntrop.py are both in the working directory.
To define the graph, we provide a list of edges with edge weights v, and squared masses m?2:

((UO;UO) y Yo, mg) y ot ((u|E|—15v\E\—l) y VIE|—-1 m|2E|—1) . (37)
The notation (u,ve) denotes an edge e incident to the vertices u. and v.. We therefore write

edges = [((0,1), 1, ’mm’), ((1,3), 1, ’mm’), ((2,3), 1, ’mm’),
((2,0), 1, ’mm’), (€0,3), 1, ’mm’)]
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in the code to input the graph which is depicted above. The ordering of vertices (ue,ve) in an
edge is insignificant. Here we set v, = 1 for all e. The chosen symbol for m? is mm, which will be
replaced by its value 0.2 later on. It is also allowed to input numerical values for masses already in
the edges list, for instance by replacing the first element of the list by ((0,1), 1, 20.27).

Next we fix the momentum variables. Recall that the external vertices are required to be labeled
{0,1,..., |V — 1}, so the external momenta are po, ..., pjvest|—1. Moreover, the last momentum
is inferred automatically by feyntrop using momentum conservation, leaving po, . . ., pjyext|—2 to be
fixed by the user. A momentum configuration is then specified by the collection of scalar products,

Pu Dy forall0 <u <o < |V -2, (38)

In the code, we must provide replacement rules for these scalar products in terms of some variables
of choice. For the example at hand, |V°**| = 3, so we must provide replacement rules for p3, p? and
po - p1- In the syntax of feyntrop we thus write

replacement_rules = [(sp[0,0], °0°), (spl[1,1], °0°), (splO,1], ’pp2/2?)]

where sp[u,v] stands for p, - p,, the scalar product of p, and p,. We have immediately set
p3 = p? = 0 and also defined a variable pp2 which stands for p3, as, by momentum conservation,

P3 = 2po-p1- (39)
Eventually, we fix numerical values for the two auxiliary variables pp2 and mm. This is done via
phase_space_point = [(mm’, 0.2), (’pp2’, 1)]

which fixes m? = 0.2 and p3 = 1. It is possible to obtain the P*" matrix (as defined in Section 2.1)
and a list of all the propagator masses, which are computed from the previously provided data, by

P_uv_matrix, m_sqr_list = prepare_kinematic_data(edges, replacement_rules,
phase_space_point)

The final pieces of data that need to be provided are

DO = 2
eps_order = 5
Lambda = 7.6
N = int(1le7)

DO is the integer part of the spacetime dimension D = Dy —2e. We expand up to, but not including,
eps_order. Lambda denotes the deformation tuning parameter from (9). N is the number of Monte
Carlo sampling points.

Tropical Monte Carlo integration of the Feynman integral, with the kinematic configuration
chosen above, is now performed by running the command

trop_res, Itr = tropical_integration(
N,
DO,
Lambda,
eps_order,
edges,
replacement_rules,
phase_space_point)
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If the program runs correctly (i.e. no error is printed), trop_res will contain the e-expansion (16)
without the prefactor I'(w)/(I'(v1) ---T'(v|g))) = I'(2e + 3). Itr is the value of the normalization
factor in (22). Running this code on a laptop, we get, after a couple of seconds, the output

Prefactor: gamma(2*eps + 3).

(Effective) kinematic regime: Minkowski (generic).
Generalized permutahedron property: fulfilled.

Analytic continuation: activated. Lambda = 7.6

Started integrating using 8 threads and N = 1e+07 points.
Finished in 6.00369 seconds = 0.00166769 hours.

-- eps~0: [-46.59 +/- 0.13]
-- eps~1: [-274.46 +/- 0.55]
-- eps~2: [-435.06 +/- 1.30]
-- eps~3: [-191.72 +/- 2.15]
-- eps~4: [219.15 +/- 2.68]

[ 87.19 +/- 0.12]
[111.26 +/- 0.55]
[-174.47 +/- 1.33]
[-494.69 +/- 2.14]
[-431.96 +/- 2.67]

+ + + + +
He e He e
* ¥ X X ¥

These printed values for the € expansion are contained in the list trop_res in the following format:

[((reo, 08°), (img,ap™)), ..., ((res, 05%) , (img, o3™))]

where reg £ o is the real part of the Oth order term, and so forth.
The e-expansion, with prefactor included, can finally be output via

eps_expansion(trop_res, edges, DO)
giving

174.3842115%1 - 93.17486662 + eps*(-720.8731714 + 544.3677186%1i) +
eps**2%(-21165.45025 + 496.490128%1) + eps**3%(-3571.990969 - 677.5254794%i) +
eps**4* (-3872.475723 - 2726.965026%i) + 0(eps**5)

If the tropical_integration command fails, for instance because a subdivergence of the input
graph is detected, it prints an error message. The command also prints a warning if the kinematic
point is too exceptional and convergence cannot be guaranteed due to the F polynomial lacking
the generalized permutahedron property (see Section 3.3).

5.3 Deformation tuning parameter

The uncertainties on the integrated result may greatly vary with the value of the deformation
parameter A\ from (9) (what was called Lambda above). Moreover, the optimal value of A might
change depending on the phase space point. It is up to the user to pick a suitable value by trial
and error, for instance by integrating several times with a low number of sampling points N. It
would be beneficial to automate this procedure, possibly by minimizing the sampling variance with
respect to A, for instance by solving dxoy = 0 with oy defined in (31), or by tightening the bounds
in Assumption 3.2, as discussed in subsequent paragraph there.

Note that A has mass dimension 1/mass?. Heuristically, this implies that the value of A should
be of order O(1/A?), where A is the maximum physical scale in the given computation.
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6 Examples of Feynman integral evaluations

In this section, we use feyntrop to numerically evaluate certain Feynman integrals of interest. The
first two examples, 6.1 and 6.2, show that feyntrop is capable of computing Feynman integrals at
high loop-orders involving many physical scales. The three examples that follow, 6.4, 6.3 and 6.5,
show the potential for computing phenomenologically relevant diagrams. The final example, 6.6,
is an invitation to study conformal integrals with our code, as they are important for, e.g., N' =4
SYM and the cosmological bootstrap.

We have chosen phase space points which are not close to thresholds to insure good numerical
convergence, and expand up to and including €2 in all but up the last example.

Every example was computed on a single AMD EPYC 7H12 64-core processor using all cores.

The code for each example can be found on the github repository in the folder examples.

6.1 A 5-loop 2-point zigzag diagram

We evaluate the following 5-loop 2-point function with all masses different in D = 3 — 2e dimensions

corresponding to the edge set

edges = [((0,6), 1, *1°) , ((0,5), 1, °2°), ((5,6), 1, ’3?),
(6,4), 1, °4°) , ((5,3), 1, °5°), ((5,4), 1, ’6’),
(4,3, 1, 7)) , (4,2, 1, ’8”), ((3,2), 1, 9,
((3,1), 1, ’10?), ((2,1), 1, 2117)]

Here we already input the chosen values for masses, namely m2 = e+ 1 for e = 0, ..., 10.
There is only a single independent external momentum pg, whose square we set equal to 100 via

replacement_rules = [(sp[0,0], ’pp0°)]
phase_space_point = [(’pp0’, 100)]

The value A = 0.02 turns out to give small errors, which is of order O(1/p3) in accordance with
the comment at the end of the previous section. Using N = 10'? Monte Carlo sampling points,
feyntrop’s tropical_integration command gives

Prefactor: gamma(5*eps + 7/2).
(Effective) kinematic regime: Minkowski (generic).
Finished in 20 hours.

-- eps~0: [0.000196885 +/- 0.000000032]
-- eps~1: [-0.00493791 +/- 0.00000040 1]

+ [0.000140824 +/- 0.000000034]
+
-- eps~2: [ 0.0491933 +/- 0.0000025 ] +
+
+

[-0.00079691 +/- 0.00000038 1]
[-0.0154647 +/- 0.0000025 ]
[ 0.246827 +/- 0.000012 ]
[ -1.720213 +/- 0.000046 ]

-- eps~3: [ -0.253458 +/- 0.000012 ]
-~ eps~4: [ 0.587258 +/- 0.000046 ]

He e R e
* ¥ * % %
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-- eps”5: [ 1.05452 +/- 0.00015 ] + i * [ 7.38726 +/- 0.00015 ]
-- eps~6: [ -14.66144 +/- 0.00047 1 + i = [ -20.86779 +/- 0.00046 ]
-- eps~7: [ 65.8924 +/- 0.0013 1 + ix [ 35.0793 +/- 0.0013 ]
-- eps”8: [ -190.9702 +/- 0.0036 1 + i * [ -4.4620 +/- 0.0034 ]
-- eps”9: [ 393.2522 +/- 0.0092 1 + i = [ -183.7431 +/- 0.0087 ]
-- eps~10:[ -558.202  +/- 0.023 1 + i* [ 688.556 +/- 0.021 ]

6.2 A 3-loop 4-point envelope diagram

Here, we evaluate a D = 4 — 2¢ dimensional, non-planar, 3-loop 4-point, envelope diagram:

0 3

The dots on the crossed lines represent squared propagators, i.e. edge weights equal to 2, rather
than vertices. The weighted edge set with corresponding mass variables is thus

edges = [((0,1), 1, ’mm0’), ((1,2), 1, ’mm1’), ((2,3), 1, ’mm2’),
((3,0), 1, ’mm3’), ((0,2), 2, ’mm4’), ((1,3), 2, ’mm5’)]

Let us define the two-index Mandelstam variables s;; = (p; + p;)?, which are put into feyntrop’s
replacement rules in the form (spli,jl, ’(sij - ppi - ppj)/2)°) for 0 < i < 57 < 2. The
chosen phase space point is
pa=11, pi=12, pi=13, s01=21, s02=22, s12=23, (40)
mi =0.05, m?=0.06, m3=0.07, m3=0.08, m?=009, mi=0.1.

With additional settings A = 1.24 and N = 10'2 | we find

Prefactor: gamma(3*eps + 2).
(Effective) kinematic regime: Minkowski (generic).
Finished in 10 hours.

-- eps~0: [-10.828047 +/- 0.000086] + i * [-12.723347 +/- 0.000083]
-- eps”1: [ 48.03624 +/- 0.00059 ] + i * [-105.05842 +/- 0.00060 ]
-- eps~2: [ 413.2390 +/- 0.0023 1 + i * [ 7.4881 +/- 0.0024 ]
-- eps~3: [ 372.1192 +/- 0.0066 ] + i * [ 948.6804 +/- 0.0065 ]
-- eps™4: [-1413.553 +/- 0.016 ] + i * [ 1327.629 +/- 0.015 ]
-- eps~b: [-2730.317 +/- 0.027 1 + i * [-1293.376 +/- 0.027 ]
-- eps”6: [ 279.016 +/- 0.043 ] + i * [-3983.291 +/- 0.043 ]

6.3 A 2-loop 4-point pe-scattering diagram

We evaluate a non-planar, 2-loop 4-point diagram appearing in muon-electron scattering [73], which
is finite in D = 6 — 2¢ dimensions. It was previously evaluated for vanishing electron mass in [74].
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The dashed lines represent photons, the solid lines are electrons with mass m, and the double

lines are muons with mass M (which is approximately 200 times larger than m). The edge set is

edges = [((0,1), 1, ’0’), ((0,4), 1, *MM’), ((1,5), 1, ’mm’), ((5,2), 1, ’mm’),
((6,3), 1, ’07), ((4,3), 1, "MM*), ((4,2), 1, ’0°)]

where MM and mm stand for M? and m? respectively. With a phase space point similar to that of
[74, Sec. 4.1.2]

pog=M>=1, pi=p3=m>=1/200, sq =-1/7, (41)
512:—1/3, 502:2M2—2m2—501—512:2.49

and settings A = 1.29, N = 10!, the result becomes

Prefactor: gamma(2*eps + 1).

(Effective) kinematic regime: Minkowski (exceptional).
Finished in 1.4 hours.

-- eps~0: [1.164498 +/- 0.000025] + i * [0.241199 +/- 0.000020]
-- eps~1: [5.52941 +/- 0.00024 ] + i * [2.27705 +/- 0.00021 ]
-- eps”2: [15.1155 +/- 0.0015 ] + i * [10.0344 +/- 0.0014 ]
-- eps~3: [27.8505 +/- 0.0071 1 + i * [27.9538 +/- 0.0068 ]
-- eps”4: [ 37.970 +/- 0.029 ] + i * [56.310 +/- 0.028 ]

Note that the momentum configuration is exceptional, so we cannot be sure that the generalized
permutahederon property holds - see section 3.3. Nevertheless, we are able to confirm this result
by comparing with AMFlow.

The leading order term differs from [74, eq. (4.20)] by roughly 10% due to our inclusion of the
electron mass. We do, however, reproduce the result of the former citation when setting m = 0 in
feyntrop.
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6.4 A QCD-like, 2-loop 5-point diagram
This example is a QCD-like, D = 6 — 2¢ dimensional, 2-loop 5-point diagram:

The dashed lines represent gluons, the solid lines are quarks each with mass m, and the double line
is some off-shell momentum p3 # 0 fixed by conservation. The edge data are

edges = [((0,1), 1, ’0%), ((1,2), 1, ’mm’), ((2,6), 1, ’0’), ((6,3), 1, ’mm’),
((3,4), 1, °0°), ((4,5), 1, 'mm’), ((5,0), 1, ’0?), ((5,6), 1, *mm’)]

where mm stands for m?. Let us choose the phase space point
Po=0, pi=pi=ps=m’=1/2, su =22, sp=23, (42)
S03 = 2.4, S12 = 2.5, S13 = 2.6, S93 = 2.7,

where again s;; = (p; + pj)?. Finally, setting A = 0.28, N = 10'°, we obtain

Prefactor: gamma(2*eps + 2).

(Effective) kinematic regime: Minkowski (exceptional).
Finished in 0.18 hours.

-- eps~0: [0.064389 +/- 0.000051] + i * [-0.082620 +/- 0.000063]
-- eps”1: [0.40382 +/- 0.00038 ] + i * [ 0.31900 +/- 0.00045 ]
-- eps~2: [-0.7790 +/- 0.0017 ] + i * [ 0.9359 +/- 0.0016 ]
-- eps~3: [-1.3263 +/- 0.0053 ] + i * [ -1.2198 +/- 0.0035 ]
-- eps”4: [ 1.378 +/- 0.012 ] + i * [ -1.2276 +/- 0.0071 ]

Observe that the kinematic configuration is once again exceptional. We have not been able to
compute this example using existing numerical codes for the sake of verification. Nevertheless, we
have credence in the result above, given that every other exceptional example, that we have been
able to check, has turned out correct.

6.5 A QED-like, 4-loop vacuum diagram

Next we evaluate a QED-like, 4-loop vacuum diagram in D = 4 — 2¢ dimensions:
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The dashed lines represent photons, and the solid lines are electrons of mass m. No analytic
continuation is required in this case since there are no external momenta - the final result should
hence be purely real. We specify

replacement_rules = []

in the code to indicate that all scalar products are zero.
The collection of edges is

edges = [((0,1), 1, ’mm’), ((1,2), 1, ’mm’), ((2,0), 1, ’mm’),
(0,5, 1, ’0° ), (1,4, 1, 20> ), ((2,3), 1, 0’ ),
(3,4, 1, ’mm’), ((4,5), 1, ’mm’), ((5,3), 1, ’mm’)]

where mm stands for m?. Choosing
phase_space_point = [(Pmm’, 1)]

and setting A =0, N = 10", we then find
Prefactor: gamma(4*eps + 1).

(Effective) kinematic regime: Euclidean (generic).
Finished in 0.70 hours.

-- eps~0: [3.019421 +/- 0.000015] + i * [0.0 +/- 0.0]
-- eps~1: [-7.063568 +/- 0.000067] + i * [0.0 +/- 0.0]
-- eps~2: [20.53898 +/- 0.00023 ] + i * [0.0 +/- 0.0]
-- eps~3: [-27.85523 +/- 0.00075 1 + i * [0.0 +/- 0.0]
-- eps~4: [ 62.0516 +/- 0.0023 1 + i * [0.0 +/- 0.0]
-- eps~5: [-59.2937 +/- 0.0075 1 + i * [0.0 +/- 0.0]
-- eps”6: [ 155.268 +/- 0.025 1 + i * [0.0 +/- 0.0]
-- eps~7: [ -90.452 +/- 0.083 1 + i * [0.0 +/- 0.0]
-- eps~8: [ 404.61 +/- 0.28 1 + i * [0.0 +/- 0.0]
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6.6 An elliptic, conformal, 4-point integral

The final example is a 1-loop 4-point conformal integral with edge weights v1 4 =1/21in D = 2
dimensions, the result of which was computed in terms of elliptic K functions in [75, Sec. 7.2]:

To

’ L KK -5+ K(B)K( - 2)] (43)

€2

The denominator above differs from [75, eq. (7.6)] because we have used conformal symmetry to
send x3 — 0o, thereby reducing the kinematic space to that of a 3-point integral. After identifying
dual momentum variables z; in terms of ordinary momenta as p; = x; — z;41, the conformal cross
ratios, with the usual single-valued complex parameterization in terms of z and z, read

2
1-2)1-2 =15, (44)

2Z = —
b3 3

In feyntrop we specify the associated 1-loop 3-point momentum space integral as
edges = [((0,1), 1/2, °0?), ((1,2), 1/2, ’0°), ((2,0), 1/2, ’0’)]

where all internal masses are zero and edge weights are set to 1/2.
We choose a momentum configuration in the Euclidean regime:

po=-2, pi=-3, ps=-5. (45)

Although feyntrop can compute integrals with rational edge weights in the Minkowski regime, it

is is most natural to study conformal integrals in the Euclidean regime.
With A =0 and N = 10°, we then obtain

(Effective) kinematic regime: Euclidean (generic).
Finished in 11.6 seconds.
-- eps~0: [9.971685 +/- 0.000084] + i * [0.0 +/- 0.0]

The result agrees with the analytic expression (43). This example also illustrates the high
efficiency of feyntrop in the Eulidean regime where very high accuracies can be obtained quickly.

7 Conclusions and outlook
With this article we introduced feyntrop, a general tool to numerically evaluate quasi-finite Feyn-

man integrals in the physical regime with sufficiently general kinematics. To do so, we gave a detailed
classification of different kinematic regimes that are relevant for numerical integration. Moreover,
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we presented a completely projective integral expression for concretely ie-deformed Feynman inte-
grals and their dimensionally regularized expansions. We used tropical sampling for the numerical
integration, which we briefly reviewed, and we discussed the relevant issues on facet presentations
of the Newton polytopes of Symanzik polynomials in detail. To be able to perform the numerical
integration efficiently, we gave formulas and algorithms for the fast evaluation of Feynman integrals.
To give a concise usage manual for feyntrop and to illustrate its capabilities, we gave numerous,
detailed examples of evaluated Feynman integrals.

The most important restrictions of feyntrop are 1) it is not capable of dealing with Feynman
integrals that have subdivergences (i.e. non-quasi-finite integrals) and 2) it is not capable of dealing
with certain highly exceptional kinematic configurations.

The first restriction can be lifted by implementing an analytic continuation of the integrand in
the spirit of [24, 25, 48] into feyntrop. Naively, preprocessing input integrals with such a procedure
increases the number of Feynman integrals and thereby also the necessary computer time immensely.
However, this proliferation of terms comes from the expansion of the derivatives of the & and F
polynomials as numerators. This expansion can be avoided, because also the derivatives of ¢ and
F (mostly) have the generalized permutahedron property, and because we have fast algorithms to
evaluate such derivatives. For instance, we derived a fast algorithm to evaluate the first and second
derivatives of F in Section 4.2. We postpone the elaboration and implementation of this approach
to future work.

A promising approach to lift the second restriction is to try to understand the general shape of
the F polynomial’s Newton polytope. Outside of the Euclidean and generic kinematic regimes, this
polytope is not always a generalized permutahedron. In these exceptional kinematic situations, it
can have new facets that cannot be explained by known facet presentations. It might be possible to
explain these new facets with the help of the Coleman—Norton picture of infrared divergences [76]
(see, e.g., [77] where explicit per-diagram factorization of Feynman integrals was observed in a
position space based framework). An alternative approach to fix the issue is to implement the
tropical sampling approach that requires a full triangulation of the respective Newton polytopes
(see [15, Sec. 5]).

Besides this there are numerous, desirable, gradual improvements of feyntrop that we also
postpone to future works. The most important such improvement would be to use the algorithm
in conjunction with a quasi-Monte Carlo approach. The runtime to obtain the value of an integral
up to accuracy ¢ currently scales as 62, as is standard for a Monte Carlo method. Changing to a
quasi-Monte Carlo based procedure would improve this scaling to 6 ~'.

Another improvement would be to find an entirely canonical deformation prescription. Cur-
rently, our deformation still relies on an external parameter that has to be fine-tuned to the re-
spective integral. A canonical deformation prescription that does not depend on a free parameter
would lift the burden of this fine-tuning from the user and would likely also produce better rates
of convergence.

A more technical update of feyntrop would involve an implementation of the tropical sampling
algorithm on GPUs or on distributed cluster systems. The current implementation of feyntrop
is parallelized and can make use of all cores of a single computer. Running feyntrop on multiple
computers in parallel is not implemented, but there are no technical obstacles to write such an
implementation, which we postpone to a future research project.
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