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Abstract: We derive a factorization theorem that allows for resummation of small-x loga-

rithms by exploiting Glauber operators in the soft collinear effective field theory. Our analysis

is carried out for the hadronic tensor Wµν in deep inelastic scattering, and leads to the defi-

nition of a new gauge invariant soft function Sµν that describes quark and gluon emission in

the central region. This soft function provides a new framework for extending resummed cal-

culations for coefficient functions to higher logarithmic orders. Our factorization also defines

impact factors by universal collinear functions that are process independent, for instance being

identical in small-x DIS and Drell-Yan.
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1 Introduction

The forward scattering regime of a field theory has long been an object of interest. Of chief

concern is the question of what form should a strongly-interacting bound state take, such that

when scattering at high-energies, the interactions of its constituents with the other projectile

correctly unitarizes the cross-section [1]. Typically, one tries to reduce questions about the

structure of the bound state in high energy scattering by relating it to universal correlation

functions, like the parton distribution function, through the process of collinear factorization

(or equivalently, the twist expansion). This requires a hard momentum transfer to occur in

the scattering process at a scale Q2 ≫ Λ2
QCD. Then through asymptotic freedom, one can

access the partonic constituents of the bound state. The high-energy scattering regime is

accessed when we keep the momentum transfer Q2 between the scattering states fixed, and

instead increase the center-of-mass energy s to asymptotically large scales. Historically in

quantum chromodynamics, two general approaches to the high-energy scattering regime have

evolved, both united by the critical role played within each by the so-called Balitsky-Fadin-

Kuraev-Lipatov (BFKL) equation [2–5]. One is dominated by concerns of how the bound

state manages to unitarize the scattering cross-section through the formation of a saturated

state1 of partonic constituents, created in a dynamical process described through a hierarchy of

nonlinear functional equations known as the “B-JIMWLK” equations, or its functional closure

through the large Nc limit into the BK equation [9–13]. The second approach is concerned

with how to connect the resummation carried out by the BFKL equation to the DGLAP

resummation appearing within collinear factorization with parton distribution functions, since

within collinear factorization we have the most reliable perturbative control. This approach

was initiated by Ref. [14], that first resummed the leading small-xb logarithms in the coefficient

functions and anomalous dimensions defined through the standard dimensional regularization

approach to collinear factorization, and sparked several groups to address concerns about the

stability of the perturbation series (Refs. [15–20] and [21–25] and [26]) when extending the

BFKL equation to next-to-leading order, Ref. [27]. In this paper we bring a new set of tools

to these problems using soft-collinear effective field theory (SCET) [28–32]. We will make

use of the SCET based description of the forward scattering limit with Glauber operators

from Ref. [33].

An important classic observable for studying the forward scattering regime in QCD is

Deep Inelastic Scattering (DIS), e−p → e−X. The scattering cross-section directly probes

the structure of the proton, which can be summarized by the so-called structure functions,

Fp(xb, Q
2), where Q2 is the momentum transfered into the strongly-interacting or hadronic

sector, and xb in the collinear factorization regime has the interpretation of the momentum

fraction of a parton within the proton, projected along the direction of the proton. As xb → 0,

we naturally probe the forward scattering region, as we describe in detail later on.

A goal of this work is to setup a formalism involving factorization of small-xb momentum

regions with gauge-invariant objects with manifest power-counting, to lay ground work for

resummation at higher orders and for other processes than inclusive DIS. This can be natu-

rally achieved in the effective theory framework, which we demonstrate by deriving a small-x

1A leading contender for this saturated state in nuclei is given by the color-glass-condensate [6–8].
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factorization theorem for the Wµν hadronic tensor in DIS using Glauber SCET,

Wµν(q, P ) =

∫

dd−2k⊥S
µν
(

q, k⊥,
ν

xP−
, ǫ
)

C
(

k⊥, P,
ν

P−
, ǫ
)

. (1.1)

Here Sµν is a soft function and C a collinear function and renormalization group evolution in

ν sums small-x logarithms. The soft function Sµν is analogous to the dipole function defined

in the B-JIMWLK framework. Likewise, the collinear function plays a role similar to impact

factors in the small-x literature and incorporates higher order corrections related to the initial

hadronic state. This result is valid at next-to-leading-logarithmic (NLL) order, and enables

the computation of DIS coefficient functions at this order. This also enables the universality

of functions to be made manifest with matrix elements of definite operators that appear in

multiple processes. While our formulation shares the goals of earlier small-xb resummation

approaches, it differs in some key ways. In the approach of Refs. [14–25] different off-shell

cross sections for each individual quark/gluon channel and structure functions were required.

In contrast, in eq. (1.1) a single gauge invariant soft function Sµν replaces these offshell cross

sections and captures the process dependence. In addition, our collinear function is defined by

an operator matrix element with hadron states and is universal across processes from the start,

depending only on the properties and momentum of the hadron being probed. In particular,

the factorization for Drell-Yan will involve the same collinear function with proton matrix

elements as in DIS, and have a different process-dependent soft function. The simplicity of

this universality can be contrasted with other approaches, such as Ref. [34], where maintaining

process independence while incorporating higher order corrections related to the initial state

is more challenging.

In section 2 we review the small-x DIS kinematics, structure function decomposition,

and Glauber SCET Lagrangian, and discuss the structure of small-x logarithms in DIS and

previous methods used to resum them. In section 3 we determine the soft and collinear modes,

power counting, and operators needed for our EFT description of small-x DIS. In section 4

we derive the small-x factorization theorem for Wµν in eq. (1.1). In section 5 we carry out

fixed order calculations of the soft and collinear functions. Our leading order calculations of

Sµν for the F2 and FL structure functions, directly verifies that this function provides a proper

replacement of the off-shell cross sections used in earlier approaches. Our next-to-leading order

(NLO) calculation of C enables us to directly verify that it satisfies the d-dimensional BFKL

equation. In section 6 we use our setup to reproduce the known LL resummation of the hard

coefficient functions in the twist expansion, which enables us to highlight differences in the

intermediate steps. In section 7 we conclude and briefly mention the additional ingredients

needed to extend the small-xb resummation of coefficient function and anomalous dimension

to NLL with our framework.

2 Small-x Logarithms in DIS

For simplicity, here we consider the case of DIS with unpolarized proton struck with a vir-

tual photon. In section 2.1 we review the DIS variables and kinematics, and in section 2.2

the Lorentz decomposition of the cross section in terms of structure functions. In section 2.3

we review the set of terms in the perturbative expansion of hard-collinear twist-2 coefficient

functions and anomalous dimensions that are enhanced in the small-xb region. Finally in sec-
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tion 2.4 we briefly describe the small-xb and DGLAP resummation achieved for both anomalous

dimensions and coefficient functions at LL accuracy by Catani and Hautmann in Ref. [14].

2.1 Kinematics

We define the Lorentz vector momentum variables: Pe and P ′
e as the initial and final electron

momenta, P as the initial proton momentum, PX as the total momentum of the hadronic final

state and q as the momentum of the virtual photon. Thus total momentum conservation is

Pe + P = P ′
e + PX , and the Mandelstam variables are s = (Pe + P )2 and t = q2 = (Pe − P ′

e)
2.

The standard DIS kinematic variables Q2, xb, and y are then:

Q2 = −q2 > 0 , xb =
Q2

2P · q , y =
P · q
P · Pe

=
Q2

xbs
, (2.1)

where 0 ≤ xb ≤ 1 and 0 ≤ y ≤ 1. Equivalently, we may trade y for the center of mass energy

s, if Q2 and xb are fixed. For simplicity we work with a massless electron, and drop the proton

mass m2
P ≪ Q2, which yields

Q2 = −2Pe · q . (2.2)

For our power counting and factorization analysis it is convenient to work with the center of

mass frame of the e−-proton collision. The choice of this frame makes it easier to demonstrate

how the small-xb limit is related to a forward scattering process. Here we have

Pe
µ = Pe

+ n̄µ

2
=

√
s
n̄µ

2
, Pµ = P− nµ

2
=

√
s
nµ

2
, (2.3)

where n = (1, 0, 0, 1) and n̄ = (1, 0, 0,−1) are light-like vectors along the electron and proton

beam axes, respectively, and we drop both the electron and proton masses. We define plus and

minus light-cone components for any vector pµ by

pµ = p+
n̄µ

2
+ p−

nµ

2
+ pµ⊥ , (2.4)

with p+ = n ·p and p− = n̄ ·p. Here pµ⊥ refers to the two components of pµ that are orthogonal

to both nµ and n̄µ. The momentum squared is given by

p2 = p+p− + p2⊥ = p+p− − ~p 2
⊥ , (2.5)

where the minus sign results from the metric signature for the transverse coordinates. Using

eqs. (2.1) and (2.2) and expressing the light-like vectors nµ and n̄µ in terms of the electron

and proton momentum in eq. (2.3) we have

q+ =
2P · q√

s
=

Q2

xb
√
s
, q− =

2Pe · q√
s

= −Q
2

√
s
. (2.6)

such that

qµ =
Q2

xb
√
s

n̄µ

2
− Q2

√
s

nµ

2
+ qµ⊥ = y

√
s
n̄µ

2
− xby

√
s
nµ

2
+ qµ⊥ . (2.7)

Furthermore, using Q2 = −q2, we have

~q 2⊥ = Q2(1− y) . (2.8)

The invariant mass of the hadronic final state is given by P 2
X = (q + P )2, yielding

P 2
X = Q2(1− xb)/xb. (2.9)
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2.2 DIS Structure Functions

For QCD with nf flavors of massless quarks, the DIS cross section can be written as

dσ

dxb dy
(e−p→ e−X) =

2πyα2

Q4
Lµν(Pe, q)W

µν(P, q) . (2.10)

The leptonic tensor, assuming only photon exchange for unpolarized scattering and a massless

electron, is given by

Lµν = 2
(

Pµ
e P

′ν
e + P ν

e P
′µ
e − gµνPe · P ′

e

)

, (2.11)

and the hadronic tensor has the definition

Wµν =
1

4π

∑

X

〈P |Jµ†(0)|X〉〈X|Jν(0)|P 〉(2π)4δ4(P + q − PX)

=
1

4π

∑

X

∫

d4z〈P |Jµ†(0)eiz·(P+q−PX)|X〉〈X|Jν(0)|P 〉(2π)4

=
1

4π

∑

X

∫

d4zeiz·q〈P |eiz·PJµ†(0)e−iz·P|X〉〈X|Jν(0)|P 〉

=
1

4π

∫

d4zeiz·q〈P |Jµ†(z)Jν(0)|P 〉 . (2.12)

We have eliminated the sum over the final state, using the translational invariance of the theory

to remove the momentum conserving delta function. The resulting sum over a complete set

of states is now the identity. The position space operator Jµ refers to the strongly interacting

contribution to the electromagnetic current with which we are probing the proton’s structure.

The variable X refers to the hadronic final state, where we sum inclusively over all possible

configurations. The leptonic tensor is easily computed at tree-level. For unpolarized e−p scat-

tering, the hadronic tensor Wµν can be decomposed in terms of structure functions F2(x,Q
2)

and FL(x,Q
2) via [35, 36],

Wµν =
(

− gµν +
qµqν

q2

)

F1 −
(

qµ + 2xbP
µ
)(

qν + 2xbP
ν
) F2

2xbq2
, (2.13)

where

FL(xb, Q
2) = F2(xb, Q

2)− 2xF1(xb, Q
2) . (2.14)

We can restrict to these two terms, since we are only considering vector probes of QCD, and

not axial vector, and exploit the P -C-T symmetries of QCD.

The inclusive factorization theorem for the DIS structure functions expresses them as

a convolution between partonic cross sections H
(κ)
2 and H

(κ)
L (also referred to as inclusive

coefficient functions), and parton distribution functions fκ/p for a parton κ in the proton p,

1

xb
F2(xb, Q

2) =
∑

κ

∫ 1

xb

dξ

ξ
H

(κ)
2

(xb
ξ
,Q, µ

)

fκ/p(ξ, µ) +O
(

Λ2
QCD/Q

2
)

,

1

xb
FL(xb, Q

2) =
∑

κ

∫ 1

xb

dξ

ξ
H

(κ)
L

(xb
ξ
,Q, µ

)

fκ/p(ξ, µ) +O
(

Λ2
QCD/Q

2
)

. (2.15)
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The DGLAP evolution in µ sums logarithms between the scale Q in H
(κ)
2,L and the scale ΛQCD

intrinsic to the parton distrbution functions fκ/p. In writing Eq. (2.15), we have adopted

the standard conventions of Refs. [37, 38]. Note that writing the integral for the factorization

theorem in terms of the ratios xb/ξ in H
(κ)
2,L and dξ/ξ, yields the factors of 1/xb on the left

hand side. Following standard terminology, we will often call the factorization with PDFs

as the twist expansion [39–43], most often defined by the naive scaling dimension minus spin

for operators in the OPE. One can construct projectors from the external momenta of the

problem to isolate the appropriate structure function one is interested in. These are given in

Refs. [37, 38]:

1

xb
F2(xb, Q

2) = − 2

2− 2ǫ

(

(3− 2ǫ)
q2

(q · P )2PµPν + gµν

)

Wµν ,

1

xb
FL(xb, Q

2) = − 2q2

(P · q)2PµPνW
µν . (2.16)

However, for calculations at leading power in the forward scattering limit, we will find that a

projector based on the electron’s initial momentum is more natural for F2:

1

xb
F2(xb, Q

2) = − 2(Pe · q)2

s
(

Pe · q P · q − sq2/4
)

(

PµPν −
(P · q)2
(Pe · q)2

PeµPeν

)

Wµν . (2.17)

In terms of the light-cone coordinates given in section 2.1, in the e−-proton CM frame the

projectors are given by

1

xb
F2(xb, Q

2) =
(n · q)2
2~q 2⊥

(

n̄µn̄ν − x2nµnν
)

Wµν ,
1

xb
FL(xb, Q

2) =
2Q2

(n · q)2nµnνW
µν . (2.18)

2.3 Small xb Logarithms in DIS

A primary goal of factorization in the forward scattering limit is to resum the perturbative

expansion of the structure functions. Typically, the structure functions are calculated in per-

turbation theory using dimensional regularization, since the functions themselves are infra-red

divergent. These infra-red divergences may be absorbed into the parton distribution functions

using the factorization formula of eq. (2.15). The standard definition of the Mellin moment of

the structure functions is given as:

F̄p(N,Q
2) =

∫ 1

0

dx

x
xN
(1

x
Fp(x)

)

. (2.19)

Then when calculating the structure function in perturbation theory using leading twist-

contribution, the result takes the form in Mellin space:

F̄ (κ)
p (N) =

∑

κ′

H̄(κ′)
p

(

N,
Q2

µ2
, αs(µ

2)
)

Γ̄κ′κ

(

αs(µ
2), N, ǫ

)

, (2.20)

where

Γ̄κ′κ

(

αs(µ
2), N, ǫ

)

≡ P exp

(

∫ αs(µ2)

0

dα

β(ǫ, α)
γs(α,N)

)

κ′κ

. (2.21)
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The finite remainder H̄
(κ)
P is the renormalized coefficient function of eq. (2.15) when using

the MS scheme for the PDFs. The subscript p = 2, L selects for the corresponding tensor

structure for each structure function, and the indicies κ, κ′ denote the partonic states used for

the perturbative calculation. In particular, κ labels the partonic state that we use to evaluate

the structure function of eq. (2.12). For physical applications one wants to calculate the

structure function using nucleon states, but within perturbation theory one has only access to

perturbative states of quarks and gluons. To extract the coefficient functions it suffices to use

initial quark and gluon states, since these coefficients are state independent. When using these

partonic states we label the perturbative calculation of each structure function with index κ to

indicate the initial partonic state. From hereon we will only consider the singlet contribution

of quark and anti-quark as the non-singlet channels are power suppressed for small-x. Thus

κ, κ′ = q, g for each parton flavor, where q refers to the quark/anti-quark contribution to the

singlet parton density. The beta-function in dimensional regularization is

β(ǫ, αs) ≡ µ2
d

dµ2
αs = −ǫ αs + β(αs) , (2.22)

and γs(α, n) in eq. (2.20) corresponds to the space-like DGLAP anomalous dimension matrix,

or the anomalous dimensions of twist-two local operators. These anomalous dimensions control

the logarithmic structure with respect to Q2, the invariant mass of the photon probe of the nu-

cleon’s state. In eq. (2.20) the exponentiated anomalous dimension, Γ̄κ′κ, (with path-ordering

for the matrix products) factors out all IR divergences of the perturbative calculation, corre-

sponding precisely with the partonic PDFs. This occurs because in the MS scheme the bare

partonic PDFs are scaleless, so after UV renormalization they are purely determined by a series

of infrared 1/ǫ poles, controlled by the UV anomalous dimension. After these IR divergences

are extracted from the perturbative calculation via eqs. (2.20) and (2.21), we can then identify

the remaining piece in eq. (2.15) with the IR finite coefficient functions H̄
(κ)
p in eq. (2.20). The

coefficient function and the anomalous dimensions have the perturbative expansion,

H̄(κ)
p

(

N,
Q2

µ2
, αs(µ

2)

)

=

(

1

nf

nf
∑

i=1

e2qi

)

[

2nfδp,2δκ,q +
∞
∑

ℓ=1

h̃
(κ)
p,ℓ

(Q2

µ2
, N
)

(

αs(µ
2)

π

)ℓ
]

, (2.23)

γs
(

N,αs(µ
2)
)

=
∞
∑

ℓ=1

γs(ℓ)(N)
(αs

π

)ℓ
.

The first term in the expansion of H̄
(κ)
p indicates that for p = 2 and the quark channel, we

have the leading contribution to the F̄ q
2 structure function from direct coupling of photons

to quarks. For simplicity, below we will drop the average electromagnetic charge prefactor

appearing in eq. (2.23).

Now, under this Mellin convention, the logarithms of xb appear as poles located at N = 1:

∫ 1

0

dx

x
xN
(1

x
lnℓ−1

(

x
)

)

= (−1)ℓ
Γ(ℓ)

(N − 1)ℓ
. (2.24)

In what follows, we will find it convenient to use the shifted Mellin variable:

n = N − 1 . (2.25)
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This allows use to write the leading power logarithms of xb as poles at n = 0. Subleading

power terms then correspond to poles at n = −1,−2, . . .. These logarithms of xb are generated

both in the coefficient functions H̄
(κ)
p and the anomalous dimensions γs. As remarked above in

section 3.3, direct coupling of photons to collinear partons is power suppressed in the small-xb
region. Hence, at leading non-trivial order in the xb → 0 limit2, we have the expansions for

the DIS electromagnetic structure functions:

H̄(κ)
p

(

n,
Q2

µ2
, αs(µ

2)
)

=
αs(µ

2)

π

(

∞
∑

ℓ=1

h
(κ)
p,ℓ

(Q2

µ2

)

(

αs(µ
2)

πn

)ℓ

+ . . .

)

+ . . . , (2.26)

γgg
(

αs(µ
2), n

)

=
∞
∑

ℓ=1

γgg,ℓ−1

(

αs(µ
2)

πn

)ℓ

+ . . . ,

γqg
(

αs(µ
2), n

)

=
αs(µ

2)

π

∞
∑

ℓ=0

γqg,ℓ

(

αs(µ
2)

πn

)ℓ

+ . . . ,

where γκκ′(αs, n) are elements of the anomalous dimension matrix γs(αs, n). We have neglected

terms that are either logarithmically or power-suppressed suppressed as xb → 0. As we will see

below, in Mellin space, the above expansion of H̄
(κ)
p in the small-xb limit at leading power only

begins at O(α2
s) due to the presence of an intermediate soft sector, and we find the behavior

h
(κ)
p,ℓ ∼ x−1 lnℓ−1(x), after the inverse Mellin transform is taken. Here we have indicated the

leading logarithmic (LL) series for the coefficient function and the anomalous dimensions γgg
and γqg. In all cases we have a single logarithmic series: each power of αs brings with it

at most one additional logarithm. For the coefficient function and glue-to-quark anomalous

dimensions, we have adopted the convention of Ref. [14] (where the coefficient function is

formally considered to start at next-to-leading logarithmic order, describing the same terms

with different terminology than what we use here). This is due to the fact at fixed order, the

small-xb singularity requires an emission of a gluon, but at leading order in the DIS fixed order

calculation, we can only probe quark intermediate states. As discussed below in section 6, other

terms in the anomalous dimension matrix, γκq for κ = q, g, are straightforwardly related to the

above ones at LL. As detailed in Ref. [14], these quantities are relevant for the resummation

of the DIS process at the first non-trivial order that small-xb logs appear.

2.4 Resummation by Catani and Hautmann

The resummation of the glue-to-glue anomalous dimension at LL level was worked out long ago,

Ref. [44], and the extension of the resummation of the anomalous dimensions at higher orders

in the BFKL approximation has been investigated in Ref. [27]. Further, it has been argued

such resummations of the anomalous dimensions are not perturbatively small, necessitating a

resummation of the BFKL kernel itself, see Refs. [15–19] and [21–24] and [26]. Resummation

of the coefficient function and the gluon-to-quark anomalous dimension in the MS-scheme was

worked out in Ref. [14], and further investigated in Refs. [45, 46]. In general, the resummation

follows from demanding consistency between the BFKL resummation of the DIS cross-section,

and the factorization of the DIS structure functions in terms of parton distribution functions.

2More precisely, the n → 0 limit. However, for convenience, we will call this expansion the small-xb expansion

or small-xb limit even in Mellin space.
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Here, we briefly review the BFKL and DGLAP resummation achieved by Catani and

Hautmann (CH) in Ref. [14] at LL accuracy. This allows us to review concepts and establish

notation which will be useful for later comparisons with the EFT based approach. Their

leading logarithmic factorization yields the following formula for the FL structure function for

the gluon channel:

F̄
(g)
L

(

n,
Q2

µ2

)

= hL
(

γgg(αs, n)
)

R(αs, n)
(Q2

µ2

)γgg(αs,n)
Γ̄gg

(

αs, n, ǫ
)

(2.27)

As above, the IR divergences at leading power in small-xb are absorbed in the transition

function Γ̄gg such that the remaining quantities in the formula above are IR-finite. Here, the

function hL(γ) describes the coupling of photon to the incoming proton and is defined in terms

of an O(αs) off-shell cross section σ̂L describing interaction of photons with space-like incoming

gluons, with a p = L projection:

hL(γ) = γ

∫ ∞

0

dk2
⊥

k2
⊥

(k2
⊥

Q2

)γ
σ̂gL

(

k2
⊥

Q2
, αs, ǫ = 0

)

. (2.28)

The anomalous scaling of the structure function in eq. (2.27) is governed by γgg in eq. (2.26).

CH achieved the resummation of (αs/n)
ℓ terms through a separate calculation involving an

IR-divergent gluon Green’s function F (0)
g (n, k⊥, αs, µ, ǫ), which at the lowest order equals

δ(2−2ǫ)(k⊥) and satisfies the BFKL equation in d − 2 = 2 − 2ǫ dimensions. The g subscript

on F (0)
g indicates that this is the gluon channel relevant for F

(g)
L structure function. The re-

summation of F
(q)
L structure function for quark channel is achieved via the quark channel of

gluon Green’s function F (0)
q which is straightforwardly related to F (0)

g (n, k⊥, αs, µ, ǫ) in terms

of ratio of Casimirs CF /CA. Here ǫ regulates IR divergences, and we will discuss this in more

detail later on. Accordingly, all the higher order terms in F (0)
g are generated by the d − 2

dimensional BFKL equation. Furthermore, the resulting series in αs/n is IR divergent and CH

showed that these IR divergences in F (0)
g can also be factored completely into Γ̄gg:

F (0)
g

(

n,k⊥, αs, µ, ǫ
)

=
γgg(n, αs)

πk2
⊥

R̃
(

n,k⊥, µF , αs;µ, ǫ
)

Γ̄gg

(

αs, n, ǫ,
)

. (2.29)

Note that factorization of 1/ǫ poles in the structure function F̄
(g)
L in Γ̄gg is a consequence

of twist factorization. On the other hand, the fact that Γ̄gg captures all the 1/ǫ IR poles

in the gluon Green’s function F (0)
g , and that the offshell cross section hL(γ) in eq. (2.28) is

collinear finite for ǫ→ 0 (for γ 6= 0), are special properties of the leading small-xb logarithms.

In eq. (2.29) µF is the factorization scale for IR singularities. The term R̃ is IR-finite and

describes the scheme dependence of IR factorization, and its ǫ → 0 limit gives R(αs, n) in

eq. (2.27) multiplied with the scaling factor
(k2

⊥

µ2

)γgg(αs,n). The prefactor γgg in eq. (2.29) is

required to reproduce the classical 1/n scaling of the Green’s function, the structure function,

and the coefficient function as shown in eq. (2.26). Further imposing consistency with DGLAP

and BFKL resummation of F (0)
g enabled CH to obtain a closed form for γgg via the implicit

equation,

1 =
αsCA

πn
χ
(

γgg(n, αs)
)

, χ(γ) = 2ψ(1)− ψ(γ)− ψ(1− γ) , (2.30)

and simultaneously solve for R(αs, n) in eq. (2.27).
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For the case of the F2 structure function, CH showed that in the limit n→ 0, the coefficient

function satisfies the following relation at LL accuracy:

γgg(N,αs)H̄
(g)
2

(

n,Q2/µ2 = 1, αs

)

+ 2nfγqg
(

αs, n
)

= h2(γ)R
(

n, αs

)

, (2.31)

where h2(γ) is defined analogously to eq. (2.28) as

h2(γ) = γ

∫ ∞

0

dk2
⊥

k2
⊥

(k2
⊥

Q2

)γ ∂

∂ lnQ2
σ̂g2

(

k2
⊥

Q2
, αs, ǫ = 0

)

. (2.32)

The key difference for the p = 2 case in the approach of CH is that here, unlike the p = L

projection in eq. (2.28), the O(αs) offshell kernel σ̂
g
2 contains a 1/ǫ IR pole that is unrelated to

the IR divergences associated with BFKL evolution seen in eq. (2.29). This pole is related to

the γqg anomalous dimension and consequently the derivative with respect to lnQ2 renders it

IR finite. However, this implies that unlike the γgg, the resummation of small-xb logarithms in

the coefficient function H̄
(g)
2 and γqg cannot be achieved via the gluon Green’s function alone

in eq. (2.29). To this end, CH defined a quark Green’s function,

G(0)
qg

(

n, αs, ǫ
)

=

∫

dd−2k⊥ K̂qg

(

k2
⊥

Q2
, αs, µ, ǫ

)

F (0)
g

(

n,k⊥, αs, µ, ǫ
)

, (2.33)

where the off-shell kernel K̂qg captures the 1/ǫ pole in σ̂g2 . As a result, similar to eq. (2.29),

this formulation allowed CH to absorb the IR singularities in the quark Green’s function G
(0)
qg

into Γ̄gg and Γ̄qg transition functions. Consistency with DGLAP resummation then enables

determination of γqg anomalous dimension, although not in a closed form as in eq. (2.30).

3 EFT Modes and power counting

We briefly review the setup of SCET with Glauber operators in section 3.1. In section 3.2 we

describe the necessary and sufficient conditions for constraining the DIS process to be in the

forward scattering regime and argue the necessity for an intermediate soft sector at leading

power in this regime. The key differences in the twist and small-xb expansions are discussed

in section 3.3.

3.1 Review of SCET and Glauber Operators

To perform resummation of small-xb logarithms we will exploit the tools of soft collinear

effective theory (SCET) with Glauber operators. SCET is a low energy effective theory with

energetic quarks and gluons that encodes the appropriate soft and collinear degrees of freedom

to adequately describe QCD in the infrared. The “infrared” region is defined by the appropriate

separation of scales for a given problem. In SCET the soft and collinear degrees of freedom are

distinguished by their momentum scaling chosen in appropriate light-cone coordinates. After

appropriate factorization steps, at leading power in SCET the soft and collinear fields only

have self-interactions, except for soft-collinear interactions mediated by Wilson lines in hard

scattering operators or interactions mediated by Glauber operators. Following the coordinate

decomposition in eq. (2.4), we define the soft and collinear fields to obey the scalings given by

soft: kµs ∼
√
s(λ, λ, λ) , n-collinear: pµn ∼

√
s(λ2, 1, λ) , n̄-collinear: pµn ∼

√
s(1, λ2, λ) .

(3.1)
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Here λ is a small power counting parameter that we will identify below as a combination of

kinematic variables of DIS, and s is the center-of-mass energy of the scattering process.3 These

scalings imply that the “virtuality” or the off-shellness of the soft and collinear particles is

constrained to k2s ∼ p2n,n̄ ∼ sλ2. From the top-down perspective of matching QCD onto SCET,

any degrees of freedom with p2 ≫ sλ2 are integrated out. As can be seen by simply adding

the momentum components, direct interactions between soft and collinear fields (that is, at a

single local vertex in a feynman diagram) render some propagators off-shell at leading power.

For example, summing kµs +p
µ
n ∼ √

s(λ, 1, λ2), we have the off-shellness (ks+pn)
2 ∼ sλ≫ sλ2.

As we discuss shortly, the small-xb regime corresponds to near forward scattering of the

electron and proton in the center-of-mass frame with an intermediate soft sector. Here the

hierarchy of scales results from wide separation in the rapidities (or light-cone momentum

along the n and n̄ directions) of the three sectors involved, instead of large momentum transfer

as in a hard scattering. The Glauber Lagrangian of Ref. [33] provides the necessary formalism

for describing this regime. The interactions between soft and collinear modes are described by

non-local operators given by

LII(0)
G = e−ix·P

∑

ij

∑

ninj

Oij
nisnj

(x) + e−ix·P
∑

ij

∑

ni

Oij
nis(x) (3.2)

where the sum extends over the collinear and soft sectors widely separated in rapidity in

directions ni and nj for partons i, j = q, g. The label momentum operator Pµ appears as a

result of having performed multipole expansion, and picks out large O(1) and O(λ) momentum

components. We briefly review these operators in appendix A.

3.2 Power Counting for xb → 0

For our EFT analysis we will always assume that
√
s is the largest momentum scale, and

ΛQCD is the smallest. The intrinsic bound quarks and gluons in the proton have transverse

momentum ∼ ΛQCD, so in the adopted e−-proton center of mass frame the proton constituents

have momenta with a collinear scaling

pµc ∼
√
s
(Λ2

QCD

s
, 1,

ΛQCD√
s

)

. (3.3)

Here p2c ∼ Λ2
QCD ≪ s. DIS is often analyzed using the twist expansion, where all operators

with the lowest twist contribute equally to the OPE. The twist expansion is an expansion in

the power counting parameter

λ′ ∼ ΛQCD

Q
. (3.4)

For the usual λ′ expansion, no scaling is assigned to s with respect to Q2 or to xb. The result at

leading twist is then neatly packaged into parton distribution functions yielding the formulas

given in eq. (2.15). For the derivation of these factorization formula from SCET, see [32]. To

start we will not enforce an expansion in λ′ ≪ 1, but will make use of eq. (3.4) in our discussion

below.
3Traditionally in the SCET literature, the symbol Q is understood as the large momentum of the problem.

We forgo this, as in the small-xb regime the Q in DIS will set the small momentum scale relative to
√
s. The

large momentum scale of the collinear sectors is then
√
s.
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To setup expansions for the small-x region we will need to determine the scaling for xb
and Q2/s. Defining λ≪ 1 as a small expansion parameter we let

xb ∼ λ . (3.5)

To determine the physical implications of possible choices for the scaling of Q2/s, it is best to

start from an assigned power counting for P 2
X/s. The two scalings we consider are

i) Forward scattering:

P 2
X

s
=

(q + P )2

s
=
Q2

s

(1− xb)

xb
∼ λ =⇒ xb y =

Q2

s
∼ λ2 , y ∼ λ . (3.6)

ii) Hard P 2
X :

P 2
X

s
=

(q + P )2

s
=
Q2

s

(1− xb)

xb
∼ λ0 =⇒ xb y =

Q2

s
∼ λ , y ∼ λ0 . (3.7)

It is tempting to say that both scalings lead to forward scattering, since Q2 is analogous to the

standard Mandelstam variable −t, and in both cases Q2 ≪ s. This would suffice for elastic

forward scattering, where specifying that the exchanged particle carries small invariant mass

is sufficient to specify the forward scattering regime. However, in DIS the process is inelastic,

and small Q2 is a necessary but not sufficient condition. Since P 2
X ∼ s in the power counting

ii), the final state invariant mass is in the hard momentum region, and there is necessarily

always a hard scattering interaction at leading power. In contrast, with the power counting

in i) we have P 2
X ≪ s and there will be no hard scatting interaction at leading power. This

makes option i) the true scaling for the forward scattering limit.

In principle small-x resummation could be explored by adopting either scaling i) or ii), we

wish to exploit knowledge of the EFT description of forward scattering described in section 3.1,

and hence will adopt the scaling i) in eq. (3.6) for our analysis. With the choice of i) we can

rewrite the scaling for the proton constituents in eq. (3.3) as

pc =
(

p+c , p
−
c , pc⊥

)

∼
√
s
(

(λλ′)2, 1, λλ′
)

. (3.8)

Consistency requires y ∼ λ for this case, but the DIS structure functions F2,L(x,Q
2) are

independent of y, and the full dependence on this variable can be entirely captured in the cross

section prefactors. Using eqs. (2.7) and (2.8) we can then determine that

q =
(

q+, q−, q⊥
)

∼
√
s
(

λ, λ2, λ
)

. (3.9)

This has the scaling of an n̄-s Glauber mode in the language of Ref. [33].4 Although we do

not expand the leptonic tensor when deriving the factorization result, it is important to know

the scaling of q as it feeds momentum into Wµν and hence effects the description of the modes

used in its factorization.

4In contrast with the choice ii) we would have had q ∼
√
s(1, λ,

√
λ) for the virtual photon. Essentially,

the photon now has small invariant mass since it is collinear to the electron, not due to being in the forward

scattering region. Here pc ∼
√
s(λλ′ 2, 1,

√
λλ′) and P 2

X ∼ (pc + q)2 ∼ s is in the hard region.
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Crucially, taking λ ≪ 1 this forces the leading contributions in the small-x limit to have

a soft-intermediate sector, as the Glauber photon cannot interact directly with the collinear

sector of the proton without throwing it off-shell. This is true irrespective of whether or not

take λ′ ∼ 1 or λ′ ≪ 1 in eq. (3.8). We thus require modes that can simultaneously couple to

the q in eq. (3.9) which has q+ ∼ q⊥ ∼ √
sλ, and be on-shell so that they can cross a final

state cut. This requires that we introduce soft modes with momentum scaling

ps =
(

p+s , p
−
s , ps⊥

)

∼
√
s
(

λ, λ, λ
)

. (3.10)

Note that this is also consistent with eq. (3.6) since any radiation in X is now either soft or

collinear and

P 2
X ∼ (pc + ps)

2 ∼ p−c p
+
s ∼ sλ . (3.11)

Since the determination of the relevant modes for the λ expansion does not depend on the λ′

expansion, our strategy will be to first consider the small-x forward scattering expansion with

λ ≪ 1, treating λ′ ∼ 1. For this first stage, instead of the scaling in eq. (3.8), we therefore

have collinear modes with the scaling

pn =
(

p+n , p
−
n , pn⊥

)

∼
√
s
(

λ2, 1, λ
)

. (3.12)

These collinear modes with pn⊥ ∼ √
sλ ∼ Q are needed for the small-x resummation. Only

later will we then consider the twist expansion with λ′ ≪ 1. For this second λ′ expansion

we could in principle include additional EFT modes with invariant masses p2 ∼ Λ2
QCD. This

would not only include the proton constituent modes with momenta pc in eq. (3.3), but also

additional modes, since as we will see later on, the soft modes in eq. (3.10) also contribute

to the IR divergences present in the PDFs. This is due to the fact that regardless of how

we power count λ′, integration over the intermediate Glauber exchanges between the soft and

collinear sectors range over all scales below Q2, simultaneously forcing the soft and collinear

sectors to probe the infra-red. Rather than introducing these p2 ∼ Λ2
QCD modes explicitly,

we will instead simply match the results from our first EFT onto the standard leading twist

factorization formulae in eq. (2.15).

Finally, with the scaling in eq. (3.6) both projections in eq. (2.18) for FL(xb, Q
2) and

F2(xb, Q
2) give leading power contributions, in particular (n · q)2/~q 2⊥ = Q2/(sx2b(1− y)) ∼ λ0

and Q2/(n · q)2 = x2bs/Q
2 ∼ λ0. Therefore the x2nµnν term can be dropped relative to n̄µn̄ν

for F2, and we can define the leading power projectors:

Pµν
p =







(n·q)2

2~q 2
⊥

n̄µn̄ν , p = 2

2Q2

(n·q)2
nµnν , p = L

. (3.13)

3.3 The Twist expansion and Power Suppressed Contributions as xb → 0

As emphasized, for the small-xb forward scattering limit, we are free to make no assumption

about the relative scaling of Λ2
QCD over Q2 (the expansion in λ′). One might be tempted to

therefore conclude that the effective theory we construct from the λ expansion with eq. (3.6) is

valid eoipso at all twists. However, the true situation is more intricate: many of the diagrams

in the full theory that contribute at leading twist are power-suppressed in the small-xb effective
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n

n̄

n

n̄

Pe

Pµ

qµ qµ

Pe

Pµ

Pe

PXn

hard-collinear

Figure 1. A direct interaction that does not involve a soft function at scale q⊥ ∼ Q and contributes

only to F2 and not to FL. The intermediate collinear line will be off-shell (hard-collinear).

theory, and thus dropped in our leading power analysis of the small-xb limit.5 This will play a

role in our analysis of the leading logarithmic resummation of the space-like DGLAP anomalous

dimension γs in section 6. We will see that in order to fully reconstruct the leading twist

anomalous dimensions, we must match our small-xb power expansion to the twist expansion,

thereby including terms that are necessary for the renormalization of the operators in the twist

expansion, but are themselves power-suppressed at small-xb.

In figure 1 we show an example of a tree-level diagram that contributes at leading twist

and also at leading order in αs for the coefficient function H
(κ)
2 in eq. (2.15). However, it does

not appear in the same manner as the leading power terms in our small-xb forward scattering

expansion shown in eq. (2.26) with the scaling defined by eq. (3.6). This is because when a

Glauber photon, with scaling as in eq. (3.9), couples directly to the collinear sector, we end

up with off-shell hard-collinear propagator with p2hc ∼ sλ. This off-shell line is integrated out

into a matching coefficient proportional to H(z) ∝ δ(1 − z), and hence yields a result that

does not have a simple power counting in a strict z ∼ x expansion. This can also be seen

in moment space where
∫

dz znδ(1− z) = 1 different from eq. (2.24), where terms suppressed

by ∼ λk relative to leading power appear as poles at n = k in the Mellin space. This can

be contrasted with the soft-sector mediated interactions, which perturbatively generate terms

with the scaling ∼ (lnx)k/x.

4 Factorization

The factorization is derived in two steps. First we must formally match the full QCD electro-

magnetic current Jµ(x) onto the current operator composed from soft fields. This is trivial to

do, since the soft current operator in SCET has the exact same form as for full QCD, and the

multipole expansion can be simply implemented by dropping the n̄ · q ∼ λ2 photon momentum

component, which is subleading, cf. eq. (3.9).

Next we must expand to the first non-trivial order in the Glauber lagrangian which medi-

ates interactions between the soft and the proton-collinear sector. As discussed in appendix A,

5We also expect the converse to be true: the effective theory for small-xb factorization will generate diagrams

that are suppressed in the leading twist limit but are leading power at small-xb. As we will see below, whether

or not these contributions are seen in a calculation depends on the regularization procedure for IR divergences,

as well as the boundary conditions for BFKL evolution.
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the Glauber soft-collinear action can be written in the form:

Sns
G = 8παs

∑

i,j,A

∫

ddy

∫

ddx

∫

ddq′

(2π)d
ei(x−y)·q′

~q ′2⊥
OiA

n (x)OjnA
s (y) . (4.1)

At this point we have already introduced dimensional regularization. This is necessary since

even at tree level where the soft and collinear functions are both IR finite, the convolution

in the factorization formula in eq. (1.1) generates logarithmic IR divergences (we elaborate

further on this below). As will be seen from explicit calculation in section 5.2, the collinear

function is infrared-divergent beyond tree level, with a subset of the infrared divergences tied to

the rapidity logarithms generated by the BFKL equation, a fact noted in Ref. [14]. Additional

IR divergences are generated when integrating over the momentum of the Glauber gluons in

the convolution between soft and collinear sectors. Conversely, from rapidity renormalization

group consistency, this implies that the soft sector will also contain IR divergences at higher

orders. Thus we are forced to introduce an IR regulator throughout the factorization. Since

dimensional regularization affords the most convenient scheme for handling IR divergences, we

will work throughout in d = 4−2ǫ dimensions. Additionally, by choosing to work in dimensional

regularization we necessarily set all the power divergences, and hence contributions from higher

twist operators to zero.

In eq. (4.1), we have written the operators completely in position space, and have combined

all label sums with residual integrals, so labels are “continuous.” This enables us to simplify the

derivation of the collinear function. Note that by momentum conservation and the requirement

to respect the soft and collinear sector’s power counting, both n̄ ·q′ and q′⊥ are to be interpreted

as O(
√
sλ) quantities in the power counting, while n · q′ is O(

√
sλ2). Then the matrix element

in eq. (2.12) to the lowest non-trivial order in the Glauber action for unpolarized target, as

pictured in figure 2, is given by

Wµν =
1

4π

∑

iL,jL,AL

∫

ddyL

∫

ddxL

∫

d4qL
(2π)d

ei(xL·qL−yL·qL)

~q 2L⊥
(4.2)

×
∑

iR,jR,AR

∫

ddyR

∫

ddxR

∫

ddqR
(2π)d

e−i(xR·qR−yR·qR)

~q 2R⊥

× (8παs)
2

∫

ddz eiz·q〈P |T̄{Jµ(z)OiL
nA(xL)O

jLn

sA (yL)}T{Jν(0)OiR
nB(xR)O

jRn

sB (yR)}|P 〉

+ . . . .

We have neglected both power corrections in xb and also higher order insertions of the Glauber

action, which suffices for the NLL analysis that we perform here. We now begin our initial

factorization by rewriting eq. (4.2) as

Wµν=
1

4π

∫

ddqL
(2π)d

1

~q 2L⊥

∫

ddqR
(2π)d

1

~q 2R⊥

Sµν
AB(q, qL, qR) CAB(P, qL, qR) + . . . , (4.3)

where we have defined

Sµν
AB(q, qL, qR) ≡ (8παs)

2
∑

i,j

∫

ddz eiq·z
∫

ddyLd
dyR e

i(−qL·yL+qR·yR) (4.4)
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× 〈0|T̄{Jµ(z)Oin
sA(yL)}T{Jν(0)Ojn

sB(yR)}|0〉 ,

CAB(P, qL, qR) ≡
∑

i,j

∫

ddxL

∫

ddxR e
ixL·qL−ixR·qR〈P |Oi

nA(xL)Oj
nB(xR)|P 〉 .

Note that we wrote a generic injection of all the components of qL and qR into the collinear

function to make notation compact, and kept track of the color index associated to each Glauber

operator with the momentum injected. Now we can use translation invariance to eliminate the

qR dependence in the collinear function. We write Oj A
n (xR) = eiP·xROj A

n (0)e−iP·xR , then we

shift xL → x+ xR to get

CAB(P, qL, qR) = (2π)d~q 2L⊥δ
(d)
(

qL − qR

) δAB

N2
c − 1

C(P, qL) , (4.5)

C(P, q′) ≡ 1

~q ′2⊥

∑

i,j,A

∫

ddx eix·q
′〈P |Oi A

n (x)Oj A
n (0)|P 〉 . (4.6)

Note that even though there appears to be a power suppressed contribution of Glauber gluon

momentum to the large component of collinear momentum P , we could not expand the function

CAB(P, qL, qR) in qL and qR in eq. (4.4), because as seen in eq. (4.5) the qL,R dependence

appears as an overall delta function δ(d)(qL − qR) which is in fact homogeneous in the power-

counting. This reflects the fact that the Glauber Langrangian of Ref. [33] cannot be expanded

further in the multipole expansion. Expanding too soon in intermediate steps would lead to

an uncontrolled volume factor δd(0). Plugging in eq. (4.5) into eq. (4.3), we have

Wµν =
1

4π

∫

ddq′

(2π)d
Sµν(q, q′) C(P, q′) + . . . , (4.7)

Sµν(q, q′) =
(8παs)

2

(N2
c − 1)

∑

i,j,A

∫

ddzddyLd
dyR

eiz·q−iq′·(yL−yR)

~q ′2⊥

× 〈0|T̄{Jµ(z)Oin A
s (yL)}T{Jν(0)Ojn A

s (yR)}|0〉 .

Having extracted the momentum conservation δ function from the collinear sector which was

homogeneous in the power counting, we now can expand the momentum convolution between

the soft and the collinear sectors. The momentum q′ has the Glauber gluon scaling:

q′ =
(

q′+, q′−, q′⊥
)

∼
√
s
(

λ2, λ, λ
)

. (4.8)

In contrast with eq. (3.9), the momentum p has the scaling of n-s Glauber exchange. Since

in the soft function the q′+ component is subleading, and within the collinear function the

q′− component is subleading, we may set these to zero in these functions. Then applying the

projectors from eq. (3.13), we achieve the following factorization for the structure functions:

1

xb
Fp(xb, Q

2) =

∫

dd−2q′⊥ Sp

(νn · q
~q 2⊥

, q⊥, q
′
⊥, ǫ
)

C
( ν

n̄ · P , q
′
⊥, ǫ
)

+ . . . , (4.9)

where

C
( ν

n̄ · P , q
′
⊥, ǫ
)

≡ 1

πν

∑

i,j,A

∫

dn · q′
2π

∫

ddx
ei

n̄·x
2

n·q′+ix⊥·q′
⊥

~q ′2⊥
〈P |Oi A

n (x)Oj A
n (0)|P 〉ν ,

(4.10)
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Finally, we note that the collinear function defined in eq. (4.10) is process independent and

universal. Thus, the same function also appears in other forward scattering processes. The

process dependence is described through the soft function. As an illustration, we consider the

Drell-Yan process. For the hadrons to undergo forward scattering the produced photon must

be soft. A leading order diagram is shown in figure 3. The intermediate soft sector is coupled

to the collinear sectors via Glauber exchanges. The n and n̄-collinear sectors involve precisely

the same collinear function we defined above.

5 Fixed Order Calculations

Having derived the factorization formula in eq. (4.9) and the operator definitions of the soft

and collinear functions in eqs. (4.10) and (4.11) we turn to their fixed order computations.

In section 5.1 we compute the DIS soft function Sµν at tree level in momentum and Mellin

space, and in section 5.2 we compute the collinear function to next-to-leading order (NLO).

These calculations will provide the basic ingredients we require for performing LL small-xb
resummation of the coefficient function and the anomalous dimensions in section 6. While

the LO result of the collinear function already suffices for LL small-xb resummation, our NLO

computation will provide us with a cross check of the form of the BFKL equation governing

the rapidity logarithms. We will make use of the rapidity regulator of Refs. [48, 49].

5.1 Soft Function at LO

We now illustrate the structure of the momentum flow within the soft function by calculating

its lowest order contribution. We first rewrite the expression in eq. (4.11) by inserting complete

sets of soft states, shifting the argument of Jµ(z) and performing the z integral:

Sp

(νn · q
~q 2⊥

, q⊥, q
′
⊥, ǫ
)

= ν
α2
s(2πιµ

2)2ǫ

(N2
c − 1)~q ′2⊥

∑

i,j,A

∑

Xs

∫

dn̄ · q′
π

∫

ddyLd
dyR δ

(d)
(

Pµ
Xs

− qµ + q′µ
)

Pp ρσ

× e−i n̄·q′

2
n·(yL−yR)−iq′

⊥
·(yL−yR)⊥〈0|T

{

Jα(0)Oin A
s (yL)

}

|Xs〉〈Xs|T
{

Jβ(0)Ojn A
s (yR)

}

|0〉 . (5.1)

Here q′µ is the momentum transferred to the n-collinear sector and qµ, the incoming photon

momentum, and we recall the projector Pp ρσ to the correct structure function (p = 2, L) in

eq. (3.13). Setting the subleading components of the incoming photon and Glauber momenta

to zero, we have

q′µ =
n̄ · q′
2

nµ + q′µ⊥ , qµ =
n · q
2
n̄µ + qµ⊥ . (5.2)

Thus, the final state soft particles carry the remaining momentum Pµ
Xs

= qµ − q′µ.

At the lowest order, the final state is Xs = qq̄. The two LO diagrams are shown in figure 4.

We let kf and kf̄ be the momenta of the quark and anti-quark crossing the cut, and kL and

kR be the virtual momenta of the quark propagator on either side. Then we have,

Sp(n · q, q⊥, q′⊥, ǫ) =
α2
sP

−(2πιµ2)2ǫ

~q ′2⊥
Ppαβ

∫

dn̄ · q′
π

∫

[ddkf ]+

∫

[ddkf̄ ]+

∫

ddkL
(2π)d

∫

ddkR
(2π)d

(5.3)

×
(

(2π)3dδ(d)(q − kf + kL)δ
(d)(−q′ − kf̄ − kL)δ

(d)(q′ + kf̄ − kR)box
αβ(kf , kf̄ , kL, kR)
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×
(

2− 10ǫ+ 4ǫ2 + 8ǫ3 + γ(3 + 5ǫ− 12ǫ2) + γ2(−3 + 4ǫ)
)

,

S̃L

(νn · q
~q 2⊥

, γ, αs(µ
2), ǫ

)

= −(2πι)2ǫ

41−2ǫ
α2
snfTF

(νn · q
~q 2⊥

)

× π2(γ − 2ǫ)(γ − 2ǫ− 1) csc
(

π(γ − 2ǫ)
)

csc
(

π(γ − ǫ)
)

Γ(1− ǫ)Γ(52 − γ + ǫ)Γ(32 + γ − 2ǫ)
. (5.9)

Once we have calculated the resummed collinear function, we will plug these expressions into

eq. (4.15) in section 6.1 to find the LL small-xb resummed structure functions.

We pause to note that at finite photon and Glauber momenta, and likewise for finite γ,

the above tree-level results are IR finite. However, the integration over transverse momentum

of the exchanged Glauber ranges down to zero in the convolution with the collinear function

in eq. (4.15), generating an IR divergence. In the γ-transformed soft finction, we can see the

IR divergence explicitly by expanding at γ = −ℓǫ→ 0 following eq. (4.15), such that:

lim
ǫ→0

S̃2

(νn · q
~q 2⊥

,−ℓǫ, αs(µ
2), ǫ

)

=
2α2

snfTF
3π

1

(ℓ+ 1)(ℓ+ 2)

(

1

ǫ2
+

2

ǫ
+O(ǫ0)

)

, (5.10)

lim
ǫ→0

S̃L

(νn · q
~q 2⊥

,−ℓǫ, αs(µ
2), ǫ

)

=
2α2

snfTF
3π

1

(ℓ+ 1)

(

− 1

ǫ
+O(ǫ0)

)

.

This property of the soft function implies that not only it captures the process dependence, it

also contributes to the PDF despite being a vacuum matrix element.

These results can be compared with the IR finite offshell cross sections h2,L(γ) of Ref. [14]

introduced above in eqs. (2.28) and (2.32). To obtain analogous terms from our setup we keep

γ finite and set ǫ = 0, finding

S̃2

(νn · q
~q 2⊥

, γ, αs, ǫ = 0
)

=
(νn · q

~q 2⊥

)

αs
h2(γ)

γ2
, (5.11)

S̃L

(νn · q
~q 2⊥

, γ, αs, ǫ = 0
)

=
(νn · q

~q 2⊥

)

αs
hL(γ)

γ
.

As discussed in section 2.4, the offshell cross sections σ̂gL and σ̂g2 that define hL,2(γ) in eqs. (2.28)

and (2.32) exhibit different IR divergences. Since in the approach of Ref. [14], the IR diver-

gences are captured separately by the auxiliary quark and gluon Green’s functions given in

eqs. (2.29) and (2.33), the additional factors of γ in the denominator in eq. (5.11) render the

h2,L(γ) functions in the numerators IR finite. This difference in the relative powers of γ for

p = 2 and L can also be directly compared to the difference in the ǫ → 0 behavior of these

two functions in eq. (5.10). In contrast to Ref. [14], the full ǫ dependence of S̃2 and S̃L is

important for us to perform small-xb resummation of anomalous dimensions and coefficient

functions, and it reduces the number of independent ingredients that must be calculated to

obtain final results.

Finally, we noted above that the offshell cross sections σ̂gL and σ̂g2 are O(αs). Since the

leading power behavior in small-xb limit is seen only starting from O(α2
s), we will see below that

h2,L(γ) are in fact related to power suppressed contributions to the corresponding coefficient

functions that are required for consistency of the small-xb resummed structure function with

twist factorization. We continue the discussion of this in section 6 where we carry out the twist

expansion.
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5.2 Collinear Function at NLO

We now discuss the computation of the collinear function at one-loop accuracy defined in

eq. (4.10). In perturbation theory we replace the incoming proton states by partonic states

κ(p) carrying momentum p where κ = q, g. For simplicity, in this section we replace the

incoming Glauber momentum q′µ → qµ below and continue to work in d = 4− 2ǫ dimensions.

Performing the xµ integration and inserting complete sets of collinear states yields

Cκ

( ν

n̄ · P , ~q
2
⊥, ǫ
)

≡ 1

πν

1

2Nκ

1

~q 2⊥

∑

i,j=q,g

∫

dn · q
2π

(5.12)

×
∑

X

(2π)dδ(P− − n̄ · pX)δ(n · q − n · pX)δ(d−2)(q⊥ − pX⊥)

× 〈κ(p)|OAj
n (0)|X〉〈X|OAi

n (0)|κ(p)〉 .

Written this way, we see that the incoming collinear quark or gluon with momentum pµ =

P−nµ/2 = (0, P−, 0⊥) is struck by an off-shell gluon with momentum qµ = (n · q, 0, q⊥). The

normalization 2Nκ implies average over spins and colors of the initial partonic state with

Nq = Nc = CA , Ng = N2
c − 1 = 2CACF . (5.13)

Also note that the n · q momentum of the Glauber gluon is not resolved and integrated over.

The
∑

X denotes the phase space integral over the on-shell final-state particles in the state X

and is given by

∑

X

=

∞
∑

n=1

∫

dPSn ≡
∞
∑

n=1

∫

[

n
∏

i=1

ddℓi
(2π)d

(2π)Θ(n̄ · ℓi)δ(ℓ2i )
]

. (5.14)

At tree-level we only have a single collinear parton in the final state, and the phase space

integral simplifies as
∫

dn · q
2π

dPS1 (2π)
dδ(d)

(

q + P − pX
)

=
1

n̄ · P , n · q = ~q 2⊥
n̄ · P . (5.15)

The tree level matrix element simply yields CFCA2(n̄ · P )2 such that

C(0)
q

( ν

n̄ · P , ~q
2
⊥

)

=
n̄ · P
ν

CF

π~q 2⊥
, C(0)

g

( ν

n̄ · P , ~q
2
⊥

)

=
n̄ · P
ν

CA

π~q 2⊥
. (5.16)

For the two particle phase space at O(αs), for the quark initial state we choose kµ as the

quark momentum and ℓµ as the gluon momentum. For the gluon initial state, these momenta

refer to the two outgoing gluons or two outgoing quarks. We define the momentum fraction

z ≡ ℓ−/P−. Momentum conservation constrains kµ as follows

n · k = n · q − n · ℓ , n̄ · k = (1− z)P− , k⊥ = q⊥ − ℓ⊥ .

The phase space integral for two outgoing partons simplifies as
∫

dn · q
2π

dPS2 (2π)
dδd
(

qµ + Pµ − pµX
)

=
1

4πn̄ · P

∫ 1

0

dz

z(1− z)

∫

d2−2ǫℓ⊥
(2π)2−2ǫ

, (5.17)

where the n · q momentum is constrained as

n · q = (~q⊥ − ~ℓ⊥)
2

(1− z)n̄ · P +
~ℓ2⊥

zn̄ · P . (5.18)
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The denominators are given by

ℓ2 + i0 = zP−
[

n · ℓ−
~ℓ 2⊥
zP−

+
i0

z

]

, (5.29)

(p− ℓ)2 + i0 = (−1)(1− z)P−
[

n · ℓ+
~ℓ 2⊥

P−(1− z)
− i0

1− z

]

,

(p− ℓ+ q)2 + i0 = (−1)(1− z)P−
[

n · ℓ− n · q + (~q⊥ − ~ℓ⊥)
2

P−(1− z)
− i0

1− z

]

.

Hence, we have non-zero contribution for 0 < z < 1. Closing the contour below we get

Av = αs

(

C2
F − CFCA

2

)

2
(µ2ι)ǫ

π~q 2⊥

n̄ · P
ν

∫ 1

0
dz

∫

dd−2ℓ⊥
(2π)d−2

z
[

~ℓ⊥ · (~ℓ⊥ − z~q⊥)− (1− z)~q 2⊥
]

~ℓ 2⊥(
~ℓ⊥ − z~q⊥)2

= −αs

(

C2
F − CFCA

2

) 1

π~q 2⊥
Iǫ
[

~q 2⊥
]

∫ 1

0
dz

[

1 + (1− z)2
]

z1+2ǫ
. (5.30)

The graphs in figure 6 involving Wilson line emission give scaleless contributions. The last
graph involving mixing with the OAg

n operator gives

Dv =
(µ2ι)ǫ

2π~q 2

⊥

n̄ · P
ν

∫

ddℓ

(2π)d

∑

s

usn(p)
( n̄/

2
TA
)

(p/+ q/)
(

igγνT
C
)

(−i

ℓ2

)( i(p/− ℓ/+ q/)

(p− ℓ+ q)2

) −i

(ℓ− q)2
(igγµT

E)usn(p)

× (µ2ǫιǫ|n̄ · ℓ|−ηνη)ifEAC
[

n̄ · ℓ gµν
⊥

− n̄µ(ℓ⊥ − q⊥)
ν − n̄νℓµ

⊥
+

(ℓ⊥ − q⊥) · ℓ⊥ n̄ν n̄µ

n̄ · ℓ
]

. (5.31)

This time we close the contour above and find

Dv = 2αs

(CFCA

2

)(µ2ι)ǫ

π~q 2⊥

n̄ · P
ν

∫ 1

0
dz

[

1 + (1− z)2
]

z1+η

( ν

P−

)η
∫

dd−2ℓ⊥
(2π)d−2

(~ℓ⊥ − ~q⊥) · (~ℓ⊥ − z~q⊥)

(~ℓ⊥ − ~q⊥)2(~ℓ⊥ − z~q⊥)2

= −αs

(CFCA

2

) 1

π~q 2⊥
Iǫ
[

~q 2⊥
]

( ν

n̄ · P
)−1+η

∫ 1

0
dz

[

1 + (1− z)2
]

z1+η(1− z)2ǫ
(5.32)

The final result for the virtual contributions to the collinear function is twice the sum of Av

and Dv. Thus, for an inclusive measurement we see that the C2
F pieces cancel completely.

Combining with the result for real radiation graphs in eq. (5.27) we have

C(1)
q

( ν

n̄ · P , ~q
2
⊥, ǫ
)

= αsCFCA
1

π~q 2⊥

n̄ · P
ν

Iǫ
[

~q 2⊥
]

∫ 1

0
dz P η

gq(z)

=
αsCA

π
C(0)
q

( ν

n̄ · P , ~q
2
⊥

)

(−2π)Iǫ
[

~q 2⊥
]

(

1

η
+ log

( ν

P−

)

+
3

4

)

. (5.33)

5.2.2 Initial gluon

The real-emission graphs for an incoming gluon are shown in figure 7. Squaring the amplitude

and summing over outgoing helicities and colors we find

C(1),real
g

( ν

n̄ · P , ~q
2
⊥

)

=
1

2πν

∫

dn · q
2π

dPS2 (2π)
dδd
(

qµ + Pµ − pµX
)

µ2ǫC(1),real
g (p, q, ℓ, k) .

(5.34)
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6 BFKL and DGLAP Resummation

Our strategy is to first perform small-xb resummation of the structure function and then

identify the resummed coefficient function and anomalous dimensions by performing the twist

expansion. We first start from eq. (4.9) setting ν = νS =
~q 2
⊥

n·q = xbP
−, which trivializes all

rapidity logs in the soft function, such that

1

xb
F κ
p (xb, Q

2) =

∫

dd−2q′⊥Sp
(

1, q⊥, q
′
⊥, ǫ
)

Cκ

(

xb, q
′
⊥, ǫ
)

. (6.1)

Naively we might imagine that the PDF, being a collinear object at a smaller invariant mass,

would be entirely contained in the Cκ function which involves the proton matrix element,

whereas the vacuum matrix element Sp would only account for finite process dependent pieces.

However, as we saw above, the convolution between the soft and collinear functions generates

IR divergences, and both have IR divergences at higher orders in loop-expansion, with some

of them tied to BFKL evolution in 2 − 2ǫ transverse dimensions. (We have seen explicit

additional IR divergence in the collinear function through our NLO calculation, though for the

soft function, it may be the case that all IR divergences are tied to the convolution/BFKL

logarithms.) Thus only after combining the two are we allowed to perform the twist expansion

and identify the 1/ǫ poles that are captured by the PDF. This is because the collinear and

soft functions are at the same virtuality ∼ Q2, and while at finite q′⊥ the tree level soft and

collinear functions are IR finite, as q′⊥ → 0 the integral in eq. (6.1) enters the nonperturbative

region q′⊥ ∼ ΛQCD, inducing IR divergences, as seen from eq. (5.10).

6.1 Small-x resummation in the EFT

We now discuss the resummation of the collinear function at leading logarithmic accuracy

using the BFKL equation stated above. The resummation is best performed in Mellin space,

where we Mellin-transform with respect to xb. Taking the Mellin moment of eq. (6.1),

F̄ κ
p

(

N,Q2
)

=

∫

dd−2q′⊥Sp
(

1, q⊥, q
′
⊥, ǫ
)

C̄κ

(

N, q′⊥, ǫ
)

. (6.2)

Likewise, having set ν = xP− the Mellin transform of the BFKL equation in eq. (5.41) gives

∫ 1

0
dx xN−1

(

x
d

dx
Cκ(x, q

′
⊥, ǫ)

)

= −C̄(N, q′⊥, ǫ)− ᾱsι
ǫK ⊗⊥ C̄κ

(

N, q′⊥, ǫ
)

, (6.3)

where we have defined the BFKL kernel acting on a function f(q⊥) as

[

K ⊗⊥ f
]

(q⊥) ≡ µ2ǫ
∫

d2−2ǫ~k⊥
(2π)1−2ǫ

{

2f(k⊥)

(~q⊥ − ~k⊥)2
− ~q 2⊥
~k 2
⊥(~q⊥ − ~k⊥) 2

f(q⊥)

}

, (6.4)

and

ᾱs ≡
αsCA

π
. (6.5)

Next, using integration by parts the left hand side of eq. (6.3) becomes

∫ 1

0
dx xN−1

(

x
d

dx
Cκ

(

x, q′⊥, ǫ
)

)

= −NC̄κ(N, q
′
⊥) +

[

xNCκ

(

x, q′⊥
)

]1

0
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= −NC̄κ(N, q
′
⊥, ǫ) + C(0)

κ (1, q′⊥) . (6.6)

Since Cκ(x, q
′
⊥) ∼ 1

xα
ℓ
s ln

(ℓ−1) x, the boundary condition at x = 0 vanishes for N → 1+ due to

the prefactor xN → 0. For x = 1 all the logarithmic terms vanish and at leading log accuracy

we are left with the tree-level result stated above in eq. (5.16):

C(0)
κ (x = 1, q′⊥) =

cκ
π~q ′2⊥

, (6.7)

where cκ = CF , CA. Hence, combining eqs. (6.3) and (6.6) we have

C̄κ

(

N, q′⊥, ǫ
)

=
cκ

(N − 1)π~q ′2⊥
+

ᾱsι
ǫ

(N − 1)
K ⊗⊥ C̄κ

(

N, q′⊥, ǫ
)

, (6.8)

For a more compact presentation, below we will shift our Mellin moment variable to n = N−1,

as in section 2.3, writing C̄κ

(

N, q′⊥
)

= C̄κ

(

n, q′⊥
)

. As noted in Ref. [14], the BFKL kernel K

is no longer scale invariant in d = 4 − 2ǫ dimensions, and hence it is not straightforward to

solve for C̄κ(n, q
′
⊥) by looking for eigen-functions of K. As mentioned above in section 2.4,

in Ref. [14] a similar equation was setup for their gluon Green’s function F (0)
g (with different

boundary conditions) and solved by setting up equations that iteratively relate results at each

order in αs. Following the same approach, we now derive the LL solution of our collinear

function. We first note that the BFKL kernel acts on power law test functions as

ιǫK ⊗⊥

1

k2⊥

(

k 2
⊥

µ2

)γ

=
eǫγE

Γ(1− ǫ)

1

k2⊥

(

k2⊥
µ2

)γ−ǫ

I(γ;−ǫ) (6.9)

with

I(γ; ǫ) ≡ Γ(ǫ)Γ(1 + ǫ)

[

Γ(γ)Γ(1− γ)

Γ(ǫ+ γ)Γ(1 + ǫ− γ)
− Γ(1 + ǫ)Γ(1− ǫ)

Γ(1 + 2ǫ)

]

. (6.10)

Hence, iteratively solving eq. (6.8) starting from the tree level result with γ = 0, we find

C̄κ,LL(n, q
′
⊥, ǫ) =

1

n

cκ
π~q ′2⊥

∞
∑

ℓ=0

cℓ+1(ǫ)

(

ᾱs

n

eǫγE

Γ(1− ǫ)

(~q ′2⊥
µ2

)−ǫ
)ℓ

, (6.11)

where the coefficients ck(ǫ) are given by

c1(ǫ) = 1 , cℓ+1(ǫ) = cℓ(ǫ)I(−ℓǫ;−ǫ) , ℓ ≥ 1 . (6.12)

From the above LL result for the collinear function we can derive the small-xb resummed

strucutre function using eq. (4.15) for finite ǫ, such that

F̄ κ
p,LL(n,Q

2) =
cκ
nπ

(~q 2⊥
µ2

)−2ǫ
∞
∑

ℓ=0

dp,ℓ+1(ǫ)

(

ᾱs

n

eǫγE

Γ(1− ǫ)

(~q 2⊥
µ2

)−ǫ
)ℓ

, (6.13)

where the coefficients are given by

dp,ℓ+1(ǫ) ≡ cℓ+1(ǫ)S̃p(1,−ℓǫ, αs, ǫ) . (6.14)

Having obtained the LL-resummed solution of the structure function, our next task is to

isolate the IR-divergent terms and obtain results for the LL-resummed results for the coefficient
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function and anomalous dimensions. Before we perform this calculation in detail, we first

illustrate how the leading poles of the form
(

αs/ǫ
)ℓ

exponentiate in practice. For simplicity,

let us set µ2 = ~q 2⊥ in eq. (6.13) and consider the F g
L structure function. The coefficients cℓ in

eq. (6.12) for ǫ→ 0 behave as:

cℓ(ǫ) =
1

ℓ!

(−1

ǫ

)ℓ(

1 +O(ǫ2)
)

. (6.15)

Combining the leading behavior of S̃L from eq. (5.10), we have:

1

n

( ᾱs

n

)ℓ
dℓ+1(ǫ) =

2αsnfTF
3π

[

1

(ℓ+ 1)!

(−1

ǫ

ᾱs

n

)ℓ+1
+O(ǫ−ℓ)

]

. (6.16)

Hence, we find from eq. (6.13) (recalling the definition of ᾱs in eq. (6.5)):

F̄ g
L,LL(n) +

2αsnfTF
3π

=
2αsnfTF

3π

[

∞
∑

ℓ=0

1

ℓ!

(−1

ǫ

ᾱs

n

)ℓ
(

1 +O(ǫ)
)

]

=
2αsnfTF

3π
exp

(

− 1

ǫ

ᾱs

n

)(

1 +O
( ᾱs

n

)

)

+O
(

1

ǫ

( ᾱs

n

)2
)

. (6.17)

We see that in order to exponentiate the leading poles we necessarily needed to add
2αsnfTF

3π ,

which is in fact a power suppressed contribution to the leading power F̄ g
L,LL result. This

points to a key subtlety when matching to twist expansion: we must take into account some

of the power suppressed terms (in xb) when connecting the small-xb resummed result with

the Λ2
QCD ≪ Q2 factorization. Because of this we will have to be careful when separating IR

divergences from the LL small-xb resummed structure functions in eq. (6.13).

We pause to make some further remarks concerning power suppressed pieces in Mellin-

space. We have seen that in the xb-space, the EFT captures all the terms in the perturbative

expansion of the cross section that scale as 1/x lnk(x). In the Mellin-space, we have effectively

performed a Laurent expansion about n = 0 and all the polynomial pieces in n are localized

at δ(1− x) in the x-space and expanded away. This is reflected in our result in eq. (6.13) that

manifestly scales as 1/n. In eq. (6.17), the additional O(αs) piece we added is given by Mellin

transform of the O(αs) coefficient function h̃
(g)
L,1(1, N) = h̃

(g)
L,1(1, n) defined through eq. (2.23):

h̃
(g)
L,1(x) = 4nfTFx(1− x) , h̃

(g)
L,1(n) =

2nfTF
3

6

6 + 5n+ n2
, (6.18)

and taking n→ 0. However, we also notice that in the twist-expansion, the coefficient function

also contains δ(1 − x) terms, for example h̃
(0)
2,q(x) = 2nfδ(1 − x) which corresponds to the

tree-level diagram of the “direct piece” shown in figure 1, and contributes to the δp,2δκ,2 term

in eq. (2.23). While such terms contribute to O(n0) pieces in Mellin space, they have no

well-defined expansion about x = 0. In other words, δ(1 − x) pieces cannot be captured in

the small-xb EFT at any finite order in the power expansion. We denote such pieces as being

irregular in the small-xb power counting. Nevertheless, as seen above for the F
(g)
L case, they will

be relevant for the DGLAP resummation analysis discussed in the next section. For simplicity,

we will continue to refer to these terms as power suppressed or higher power pieces.

We note that despite common features between our results and the approach of Ref. [14],

such as the use of the BFKL equation in d-dimensions, there are also some significant differ-

ences. Firstly, the result in eq. (6.13) is strictly leading power, and accordingly starts at O(α2
s),
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which is made manifest by the soft functions S̃p which start at this order. When we carry out

the twist expansion, the exponentiation of infrared divergences will necessitate the addition of

formally power suppressed terms, and this power counting is not manifest in the derivation

of Ref. [14] discussed in section 2.4. Secondly, although the LL collinear functions C̄g,LL and

C̄q,LL in eq. (6.11) have a similar expansion to that of quark and gluon channels of the gluon

Green’s functions F (0)
q,g in eq. (2.29), we have not needed to define an object analogous to their

quark Green’s function in eq. (2.33) in our EFT, which they used for resummation of the γqg
anomalous dimension. As we will see in more detail below, in our approach the combination

of our soft and collinear functions is sufficient to achieve resummation for all the components

of the DGLAP anomalous dimension matrix. These same soft and collinear functions also au-

tomatically incorporate scheme dependence, such as the constants present in the MS scheme,

again without the need for additional computations such as for the R function in eq. (2.27).

6.2 DGLAP resummation

We are now in the position to obtain leading logarithmic results for the coefficient functions

and the PDF anomalous dimensions. In the twist expansion, using perturbation theory with

dimensional regularization, the bare structure function factorizes as

F̄ κ
p (n,Q

2) =
∑

κ′

H̄(κ′)
p

(

n,
Q2

µ2
, αs(µ

2)
)

Γ̄κ′κ

(

αs(µ
2), n

)

+O
(

Λ2
QCD

Q2

)

, (6.19)

where the n-space transition function for parton κ → κ′ defined in eq. (2.21) captures the

infra-red divergences of the perturbative calculation. In the fixed coupling approximation we

have

Γ̄κ′κ

(

αs(µ
2), n

)

= Pexp

(

− 1

ǫ

∫ αs(µ2)

0

dα

α
γs(α, n)

)

κ′κ

, (6.20)

and Γ̄κ′κ satisfies

µ2
d

dµ2
Γ̄κ′κ

(

αs(µ
2), n

)

=
∑

i

γκ′i

(

αs(µ
2), n

)

Γ̄iκ

(

αs(µ
2), n

)

. (6.21)

In writing eq. (6.19) we have not performed an expansion in the small-xb limit, and the

coefficient function H̄
(κ)
p as well as the transition functions contain power suppressed terms

which appear as poles at n = −1,−2, . . . in the Mellin space, which become polynomial upon

Laurent expansion about n = 0. While we do not resum towers of these power suppressed

terms, their product with leading power terms in Mellin space remains leading power.8 Hence,

we must continue to include all the power suppressed terms truncating to a fixed-order in

the αs expansion that is necessary for a given logarithmic accuracy, when we wish to resum

logarithms of Q2 over Λ2
QCD.

To obtain leading power results in the small-xb limit we necessarily require intermediate

off-shell Glauber gluons between the incoming parton and the quark struck by the photon.

Thus we anticipate γgg ∼ γgq ∼ O
(

(

αs

n

)ℓ
)

for ℓ ≥ 1. This argument also implies that γqg ∼

8This can be easily seen by writing such product terms with partial fractions. For example 1
n(n+1)

= 1
n
− 1

n+1
,

which upon inverse Mellin transform remains leading power.
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γqq ∼ O
(

αs

(

αs

n

)ℓ−1
)

for ℓ ≥ 1. Then if we take the Γ̄κκ′ to have the same log counting as the

corresponding anomalous dimensions, we have

Γ̄gg = 1 +O
(

(αs

n

)ℓ
)

, Γ̄gq = O
(

(αs

n

)ℓ
)

, (6.22)

Γ̄qg = O
(

αs

(αs

n

)ℓ−1
)

, Γ̄qq = 1 +O
(

αs

(αs

n

)ℓ−1
)

,

where ℓ ≥ 1. We have explicitly indicated the logarithmic counting of the transition functions

and we will self-consistently confirm this behavior in the small-xb expansion below. We do

so by demanding consistency between the twist factorization of infra-red divergences and the

small-xb resummation. For Γ̄κ′κ with κ 6= κ′ we have made use of the fact that mixing makes

them start at O(αs). The renormalization group equations are then given by

µ2
d

dµ2
Γ̄gg = γggΓ̄gg +O

(

αs

(αs

n

)ℓ
)

, (6.23)

µ2
d

dµ2
Γ̄gq = γggΓ̄gq +O

(

αs

(αs

n

)ℓ
)

,

µ2
d

dµ2
Γ̄qg = γqgΓ̄gg +O

(

α2
s

(αs

n

)ℓ−1
)

,

µ2
d

dµ2
Γ̄qq = γqq + γqgΓ̄gq +O

(

α2
s

(αs

n

)ℓ−1
)

.

Recalling that µ2 d
dµ2αs = −ǫαs, these equations have solutions:

Γ̄gg

(

n, αs(µ
2)
)

= exp
(

− 1

ǫ

∫ αs(µ2)

0

dα

α
γgg(n, α)

)

+O
(

αs

(αs

n

)ℓ
)

, (6.24)

Γ̄gq

(

n, αs(µ
2)
)

= cΓ̄gg

(

n, αs(µ
2)
)

+ const +O
(

αs

(αs

n

)ℓ
)

, (6.25)

Γ̄qg

(

n, αs(µ
2)
)

= −1

ǫ

∫ αs(µ2)

0

dα

α
γqg(n, α)Γ̄gg

(

n, α
)

+O
(

α2
s

(αs

n

)ℓ−1
)

, (6.26)

Γ̄qq

(

n, αs(µ
2)
)

= 1− 1

ǫ

∫ αs(µ2)

0

dα

α

[

γqg(α)Γ̄gq(n, α) + γqq(α)
]

+O
(

α2
s

(αs

n

)ℓ−1
)

. (6.27)

These results have two undetermined constants, c and “const”. In the solution of Γ̄gq the

“const” term is independent of αs. Since from eq. (6.22) Γ̄gq starts at O(αs) due to mixing,

“const” must be set to −c to cancel the O(1) piece in cΓ̄gg, such that

Γ̄gq

(

n, αs(µ
2)
)

= c
(

Γ̄gg

(

n, αs(µ
2)
)

− 1
)

, γgq = cγgg . (6.28)

Furthermore, in terms of Γ̄gg, the solution of Γ̄qq is then given by

Γ̄qq

(

n, αs(µ
2)
)

= 1 +
1

ǫ

∫ αs

0

dα

α

(

cγqg(α)− γqq(α)
)

− c

ǫ

∫ αs

0

dα

α
γqg(α)Γ̄gg(n, α) . (6.29)

We will make use of these relations below in deriving the resummed results for the coefficient

functions, and will at the same time determine c.
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6.2.1 DGLAP resummation of FL

We first consider the case of p = L and κ = g. As discussed near eq. (2.23), both H̄
(q)
L and H̄

(g)
L

start at O(αs), though this is a power suppressed contribution. Using the results of eq. (6.24)

and eq. (6.22), we find:

F̄ g
L

(

n
)

≡ F̄ g
L

(

n,Q2 = µ2
)

= H̄
(g)
L

(

n,
Q2

µ2
= 1, αs

)

Γ̄gg

(

αs, n
)

. (6.30)

To proceed further, we express the anomalous dimension γgg and the coefficient function as a

power series in αs and ǫ:

H̄
(g)
L

(

n,
Q2

µ2
= 1, αs

)

=
αs

π

∞
∑

k=0

ǫkh
(0,k)
L,g +

αs

π

∞
∑

ℓ=1

(αs

πn

)ℓ
∞
∑

k=0

ǫkh
(ℓ,k)
L,g , (6.31)

γgg =

∞
∑

ℓ=1

γgg,ℓ−1

(αsCA

πn

)ℓ
. (6.32)

Finally, in the small-xb power counting, we can write the structure function as:

F̄ g
L

(

n
)

= F̄ g
L,HP + F̄ g

L,LL(n) , (6.33)

F̄ g
L,HP =

αs

π

∞
∑

k=−1

ǫkf
(k)
L,g .

Here the subscript ‘HP’ denotes higher power terms in the small-xb power expansion that

are required for consistency with the twist expansion. As mentioned above, these terms also

include irregular δ(1−x) pieces. In the power suppressed part of the F̄ g
L structure function, we

only need to retain the O(αs) term for leading logarithmic resummation, and we can take the

limit n→ 0 as all poles in n have been removed. We have allowed for the possibility that this

term can be IR divergent. By sequentially comparing the coefficients of (αs/ǫ)
ℓ, αs(αs/ǫ)

ℓ, . . .

terms using eqs. (6.13), (6.24), and (6.30), we can straightforwardly solve for the unknown

h
(ℓ,k)
L,g , f

(k)
L,g and γgg,ℓ−1 terms, such that

γgg =
ᾱs

n
+ 2ζ3

( ᾱs

n

)4
+ . . . (6.34)

H̄
(g)
L =

2αsnfTF
3π

(

1− 1

3

ᾱs

n
+
(34

9
− ζ2

)( ᾱs

n

)2
+
(

− 40

27
+
π2

18
+

8

3
ζ3

)( ᾱs

n

)3
+ . . .

)

,

F̄ g
L,HP =

2αsnfTF
3π

(

1 + 3ǫ+
(

6− 1

2
ζ2

)

ǫ2 +
(

12− π2

4
− 7

3
ζ3

)

ǫ3 + . . .

)

.

For simplicity we have only shown the first few terms in the infinite series. In the second series

we have set ǫ = 0 for simplicity, and the O(αs) term of H̄
(g)
L is found to be the same as F

(g)
L,HP.

Our results for the resummation in both γgg and H̄
(g)
L agree with those of Ref. [14], including

higher order terms that are not shown. Interestingly, we see that consistency with the twist

expansion automatically constrains the power suppressed non-singular pieces in the structure

function and the coefficient function, although they are not determined “mechanically” within

the calculation of the Feynman diagrams and rapidity resummation of the EFT for small-xb.
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Furthermore, it is important to retain the higher order terms in ǫ in F̄
(g)
L,HP in eq. (6.34) as they

determine the higher order terms in αs/n in the coefficient function H̄
(g)
L .

We next consider the quark channel for F̄ q
L(n,Q

2 = µ2) structure function. As in eq. (6.30),

we can write:

F̄ q
L = F̄ q

L,HP + F̄ q
L,LL . (6.35)

It is clear from the calculation of the collinear function at leading logarithmic accuracy, we

must have the relation:

F̄ q
L,LL =

CF

CA
F̄ g
L,LL . (6.36)

To proceed further, we simply need the factorization structure for F̄ q
L:

F̄ q
L = H̄

(q)
L Γ̄qq + H̄

(g)
L Γ̄gq . (6.37)

A simple one loop calculation (e.g., Ref. [37]) shows H̄
(q)
L ∼ O

(

αsn
0
)

, such that using eq. (6.22)

we can set Γ̄qq = 1 at LL accuracy. Setting F̄ g
L = H̄

(g)
L Γ̄gg, we find the relation

1

H̄
(g)
L

[

(

H̄
(q)
L − CF

CA
H̄

(g)
L

)

−
(

F̄ q
L,HP − CF

CA
F g
L,HP

)

]

=
CF

CA

(

Γ̄gg − 1
)

− Γ̄gq (6.38)

=
(CF

CA
− c
)

(

Γ̄gg − 1
)

.

In the second line we plugged in our ansatz in eq. (6.28). The result for (Γ̄gg − 1) on the right

hand side is a series of 1/ǫ poles and manifestly leading power, whereas the left hand side can

at most have next-to-leading power IR divergences. Hence, up to power corrections, the right

hand side must vanish. Thus,

c =
CF

CA
, Γ̄gq =

CF

CA

(

Γ̄gg − 1
)

. (6.39)

Then from the left hand side of eq. (6.38) we find

H̄
(pure-singlet)
L ≡ H̄

(q)
L − F̄ q

L,HP =
CF

CA

(

H̄
(g)
L − 2αsnfTF

3π

)

. (6.40)

This combination is the pure-singlet contribution to the coefficient function H̄
(q)
L . The result

in eq. (6.40) scales as O
(

αs(
αs

n )k
)

. Since F̄ q
L,HP has no leading small-xb pieces, it must be

equal to the O(αs) power suppressed part of the H̄
(q)
L coefficient function, and hence must be

finite, which is in line with our earlier assumption. Once again, our result for the resummed

coefficient H̄
(pure-singlet)
L agrees with Ref. [14].

6.2.2 DGLAP resummation of F2

We now turn to the case of p = 2 and κ = g. Here, unlike for p = L, first term in the αs

expansion gives H̄
(q)
2 = 2nf such that the Γ̄qg term can no longer be ignored relative to the

Γ̄gg term in eq. (6.19). On the other hand, we can ignore the higher order corrections to H̄
(q)
2

for LL resummation as they would result in terms O
(

α2
s(

αs

n )k
)

. Therefore we can write

F̄ g
2 = 2nf Γ̄qg + H̄

(g)
2 Γ̄gg . (6.41)
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We make use of eq. (6.26), and as before we must include O(αs) power suppressed terms in

the F̄ g
2 structure function that are not directly predicted by the small-xb effective theory. We

can do this by introducing a series of unknown coefficients through an ǫ expansion,

F̄ g
2 = F̄ g

2,HP + F̄ g
2,LL , F̄ g

2,HP =
αs

π

∞
∑

k=−1

ǫkf
(k)
2,g . (6.42)

where the term F̄ g
2,LL is the LL result in eq. (6.13) for p = 2. Hence, we have the following

unknown series:

H̄g
2

(

n,
Q2

µ2
= 1, αs

)

=
αs

π

∞
∑

k=0

ǫkh
(0,k)
2,g +

αs

π

∞
∑

ℓ=1

(αs

πn

)ℓ
∞
∑

k=0

ǫkh
(ℓ,k)
2,g , (6.43)

γqg =
∞
∑

ℓ=1

γqg,ℓ−1

(αs

π

)ℓ
,

F̄ g
2,HP =

αs

π

∞
∑

k=−1

ǫkf
(k)
2,g .

As before, comparing the leading, next-to-leading and so on poles on both sides of eqs. (6.41)

and (6.42) we find

γqg =
αsTF
3π

(

1 +
5

3

ᾱs

n
+

14

9

( ᾱs

n

)2
+
(82

81
+ 2ζ3

)( ᾱs

n

)3
+ . . .

)

, (6.44)

H̄
(g)
2 =

αsnfTF
3π

(

1 +
(43

9
− 2ζ2

) ᾱs

n
+
(1234

81
− 13

3
ζ2 +

4

3
ζ3

)( ᾱs

n

)3
+ . . .

)

,

F̄ g
2,HP =

αsnfTF
3π

(

− 2

ǫ
+ 1 + (1 + ζ2)ǫ+

(

1− 1

2
ζ2 +

14

3
ζ3

)

ǫ2 + . . .

)

.

Again we show only the first few terms in the series for simplicity. We find that the O(αs)

piece of H̄
(g)
2 is the finite part of F̄ g

2,HP. Again, while consistency of the factorization of IR

divergences in the twist expansion allows us to calculate these O(αs) terms from the small-xb
resummation, they are not directly calculated from the small-xb EFT. Only the terms involving

explicit (1/n)k factors are predicted by the EFT. Here we determined the resummed γqg and

H̄
(g)
2 in the same manner used for γgg and H

(g)
L , and they again agree with Ref. [14].

We now turn to the computation of the F̄ q
2 (n,Q

2 = µ2) structure function whose twist

expansion reads

F̄ q
2 = H̄

(q)
2 Γ̄qq + H̄

(g)
2 Γ̄gq

= H̄
(q)
2 + 2nf

(

Γ̄qq − 1
)

+
CF

CA
H̄

(g)
2

(

Γ̄gg − 1
)

+O
(

α2
s

(αs

n

)ℓ−1
)

, (6.45)

where ℓ ≥ 1. Here we have made use of the lowest order term H̄
(q)
2 = 2nf + . . .. Next, we note

that the leading small-xb terms obey Casimir scaling from eq. (6.13), such that

F̄ q
2 = F̄ q

2,HP +
CF

CA

(

F̄ g
2 − F̄ g

2,HP

)

(6.46)
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= F̄ q
2,HP +

CF

CA

(

− 2nf
ǫ

∫ αs

0

dα

α
γqg(α)Γ̄gg + H̄

(g)
2 Γ̄gg − F̄ g

2,HP

)

,

where in the last line we used eqs. (6.41) and (6.26). Thus, comparing eqs. (6.45) and (6.46)

and using the result for Γ̄qq in terms of Γ̄gg in eq. (6.29) (with c = CF

CA
) we find

H̄
(q)
2 =

[

F̄ q
2,HP +

2nf
ǫ

∫ αs

0

dα

α
γqq(α)

]

+
CF

CA

[

H̄
(g)
2 − F̄ g

2,HP − 2nf
ǫ

∫

dα

α
γqg(α)

]

. (6.47)

From eq. (6.44) we find that 1/ǫ pole cancels between the last two terms in the second square

bracket. Since H̄
(q)
2 on the left hand side is IR finite we conclude that the combination in

the first term must also be finite. This term in the first square brackets is power suppressed

in small-xb power counting. Thus, we see that the pure-singlet part of the H̄
(q)
2 coefficient

function scaling as O
(

αs(
αs

n )ℓ
)

is given by

H̄
(pure-singlet)
2 ≡ H̄

(q)
2 −

[

F̄ q
2,HP +

2nf
ǫ

∫ αs

0

dα

α
γqq(α)

]

=
CF

CA

[

H̄
(g)
2 − F̄ g

2,HP − 2nf
ǫ

∫

dα

α
γqg(α)

]

=
CF

CA

(

H̄
(g)
2 − αsnfTF

3π

)

. (6.48)

Similarly, we find that the µ dependence of the pure-singlet coefficient must be described by

γpure-singlet =
CF

CA

(

γqg −
αsTF
3π

)

. (6.49)

Once again our resummed results in eqs. (6.48) and (6.49) agree with Ref. [14].

6.2.3 Discussion

It is interesting to compare our approach to the derivation of the LL-resummed results above

with that used in Ref. [14]. As reviewed in section 2.4, for the analysis of F κ
L , Ref. [14] first

determined the DGLAP anomalous dimensions γgg and γgq from their gluon Green’s function.

The resummed coefficient functions H̄κ
L were determined after combining the gluon Green’s

function with a separate calculation of an O(αs) off-shell cross section hL(γ) in eq. (5.11), and

a MS scheme conversion factor R. In the analysis of γqg, Ref. [14] however needed to consider

a different, quark Green’s function which also necessarily included the purely collinear 1/ǫ

pole, a higher power IR divergent term we saw in F̄ g
2,HP in eq. (6.44). Finally, the approach

of Ref. [14] works only at LL accuracy and at higher logarithmic accuracy Green’s functions

alone (unless suitably generalized) cannot be used to yield resummed anomalous dimensions.

In contrast, by matching our small-x resummed EFT results at the scale Q directly onto

partonic PDFs (encoding physics at the scale ΛQCD), we simultaneously determined both the

DGLAP anomalous dimensions γij as well as the LL-resummed coefficient functions H̄
(i)
p , while

also tracking the appearance of leading power versus higher power pieces. We did not need to

define separate quark and gluon Green’s functions (or analogous objects) to address differences

in the treatment of leading twist factorization of F2 versus FL structure functions, or calculate

a distinct function R to encode the MS scheme dependence.
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In our approach, such differences arise from the additional collinear divergences in F2,

found in the soft function’s double pole structure when γ ∼ ǫ in eq. (4.16), leading to eq. (5.10).

We saw that the ǫ-dependence of the soft function contributes to the calculation of the coef-

ficient function H̄
(κ)
p and the anomalous dimension γs (more specifically, the γqg component)

and also plays a role in fixing the scheme dependence. Though the small-xb EFT at leading

power does not mechanically capture all the terms necessary for the factorization of the infra-

red divergences in the twist expansion, we have found that at leading logarithmic accuracy,

we could determine the missing terms (F̄ κ
pHP) through consistency of the factorization pro-

cess. Alternatively, it is a simple matter to calculate the O
(

αs

)

contributions to the structure

function, and take the Laurent expansion about n = 0 to find these terms.

It is worth noting that the consistency we find also implies the following intriguing relation,

which maps the small-xb soft function with the off-shell Glauber momentum to an effectively

on-shell collinear gluon coupled to soft quarks:

lim
n→0

F̄ g
pHP

∣

∣

∣

O(αs)
= lim

γ→0

γ

αs

Γ(1− ǫ)

eǫγE
S̃p

(

1, γ + ǫ, αs, ǫ
)

, (6.50)

where F̄ g
pHP are define in eqs. (6.30) and (6.42). This relation was also at play when we found

our soft function results for finite-γ to be straightforwardly related to the power suppressed

offshell pieces of Ref. [14] in eq. (5.11).

7 Conclusion and Future Outlook

We have shown how to construct from the SCET framework with Glauber interactions the

resummation of the small-xb scattering cross-section in DIS at leading logarithmic accuracy,

reproducing the classic work by Catani and Hautmann in Ref. [14]. The key feature of our

calculation is that after the derivation of the factorized and individually gauge invariant soft and

collinear functions, the perturbative computation of these functions are made straightforwardly

from their operator definitions. In constrast, Ref. [14] made use of off-shell cross-sections to

interface the BFKL resummation to the electromagnetic probe current, and these cross-sections

can only be guaranteed to be gauge invariant to leading-order, making the extension to find

higher order resummed corrections challenging. Further, we have by-passed extracting the

DLGAP anomalous dimensions from the BFKL Green’s functions, finding this step unnecessary

in our setup. We have also carried out the NLO calculation of the collinear-function, which

served as a consistency check but only enters the resummation analysis at higher orders.

Given this result and the known two-loop BFKL equation, constructing the next-to-leading

order resummation for DIS coefficient functions requires only calculating the loop corrections

to the soft function, and considering possible contributions from multiple Glauber exchange.

This would help bring the BFKL approach to similar levels of accuracy being pursued in the

“B-JIMWLK” formalism, for instance in Refs. [50–57].

Next, we note that calculations analogous to our one-loop collinear function were carried

out for “impact-factors” in Ref. [34]. We find that the results for quark and gluon collinear

functions in eqs. (5.33) and (5.40) agree with the results for impact factors Ref. [34], up to

constant terms proportional to the two-loop cusp anomalous dimensions. This is similar to

other calculations with the SCET Glauber Lagrangian and its separation into soft and collinear

contributions [58]. Our expectation is that such constants are naturally associated to the soft
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sector of the effective theory, which allows our collinear functions to be process independent.

Furthermore, the calculation of impact factors in Ref. [34] required a careful subtraction of

the Green’s function pieces from the cross section, inducing factorization-scheme dependencies.

On the other hand, the computation of the factorized functions in our small-xb factorization

formula follow straightforwardly from their operator definitions which can be defined in a

definite scheme from the start. The computation from operator definitions at higher orders

will require care while treating zero-bin subtractions, however this will not induce any process

or factorization scheme dependence.

Lastly, it will be interesting to examine more differential observables, particularly those

also sensitive to Sudakov effects, like those found in end-point of the fragmentation spectrum or

transverse-momentum dependent parton distribution functions, to see how the effective theory

accomplishes the separation of small-xb logarithms for such terms.
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A Glauber Action In Position Space

Here we describe the steps leading to eq. (4.1) since we find it useful to make use of the Glauber

Lagrangian of SCET with more fields in position space, relative to the presentation in Ref [33].

The Glauber action SG for soft-collinear interactions is given by

SG =
∑

i,j

∫

d4xOij
ns(x) , Oij

ns(x) = 8παse
−ix·POiA

n (x̃)
1

P2
⊥

OjnA
s (x̃) , (A.1)

where i, j = q, g. In eq. (A.1) the coordinates x̃µ = (x+, x−, 0⊥) are conjugate to O(λ2)

residual momenta. The operator is composed of n-collinear fields for the incoming proton and

the intermediate soft fields (including Wilson lines made out of n ·As fields), given by

OqA
ni

= χni
TA

i

n̄/i
2
χni

, OgA
ni

=
1

2
BB
n⊥µ(if

ABC)
n̄i
2

· (P + P†)BCµ
n⊥ , (A.2)

Oni,qA
s = ψ

ni

S TA
i

n/

2
ψni

S , Oni,gA
s =

1

2
BniB
S⊥µ(if

ABC)
ni
2

· (P + P†)BniCµ
S⊥ ,

where TA corresponds to (anti-)fundamental representation for (anti-)quarks. Here, the label

momentum operator Pµ selects the O(1) and O(λ) momentum components such that

Pµ =
nµ

2

(

P− + P−
s

)

+
n̄µ

2

(

P+ + P+
s

)

+ Pµ
⊥ , P± ∼ λ0 , P±

s ∼ Pµ
⊥ ∼ λ . (A.3)
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We follow the standard convention where Pµ† (Pµ) gives a positive (negative) sign for conjugate

fields.

The operators in eq. (A.1) are defined with a sum over all possible label momenta of order

λ in the power counting, where we can write:

OiA
n (x̃) =

∑

n̄·kg

∫

d2kg⊥
(2π)2

∫

d2p̃r
2(2π)2

eix̃·p̃r [OiA
n,n̄·kg(p̃r, kg⊥)] , (A.4)

OjnA
s (x̃) =

∑

n̄·ks,n·ks

∫

d2ks⊥
(2π)2

∫

d2p̃′r
2(2π)2

eix̃·p̃
′
r [OjnA

s,n̄·ks,n·ks
(p̃′r, ks⊥)] . (A.5)

We have also pulled out the Fourier transform over the residual momenta. The operators on the

right hand side have definite O(λ) label-momentum and O(λ2) residual-momentum injected

into them, and the phases shown here as well as the e−ix·P in eq. (A.1), will induce momentum

conservation. We note that the collinear operator must have zero total large label momentum:

P−OiA
n (x̃) = 0 . (A.6)

The soft operator it is tied to in the Glauber action cannot inject O(λ0) momenta in the power

counting, as the soft sector has no O(λ0) momenta. Thus in any graph that the collinear

operator is inserted, the same collinear momentum flowing into the collinear bilinear must flow

out on the other line it connects to. Thus the net large momentum label of the operator is

zero. We have therefore suppressed the O(λ0) label momentum which is always conserved by

Glauber operators. The collinear operator can only carry a momentum label of order λ, which

we denote as n̄ · kg and kg⊥, where the g subscript indicates that the momenta are injected

along the Glauber line.

Substituting these results into eq. (A.1), acting with the label operators, we can combine

the label sums with the integrals over the residual momenta to form a “continuous” label:

∑

n̄·kg

∫

dn̄ · pr
2π

→
∫

dn̄ · kg
2π

, (A.7)

∑

n̄·k′s,n·k
′
s

∫

d2p̃′r
(2π)2

→
∫

d2k̃s
(2π)2

.

Where we have shown the recombination for both the soft and the collinear (sub)-label sums.

The final result is:

SG = 8παs

∫

d4x

∫

d4ks
(2π)4

∫

d4kg
(2π)4

eix·(ks+kg)[OiA
n (kg)]

1

k2s⊥
[OjnA

s (ks)] , (A.8)

ks = (n̄ · ks, n · ks, ks⊥) ∼
√
s(λ, λ, λ) ,

kg = (n̄ · kg, n · kg, kg⊥) ∼
√
s(λ, λ2, λ) .

Next we introduce position space representation of the operators, allowing us to perform the

integral over the position x, and the ks integral, and relabel kg → q′:

SG = 8παs

∑

i,j,A

∫

d4y

∫

d4z

∫

d4ks

∫

d4kg
(2π)4

δ(4)(ks + kg)e
iy·ks+iz·kg [OiA

n (z)]
1

k2s⊥
[OjnA

s (y)] .
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= 8παs

∑

i,j,A

∫

d4y

∫

d4z

∫

d4q′

(2π)4
eiz·q

′−iy·q′

q′2⊥
OiA

n (z)OjnA
s (y) . (A.9)

Finally to transition this result to d dimensions, we work with a dimensionless coupling

αs(µ) and write the convolution in eq. (A.1) as

SG =
(

ιµ2
)

4−d
2 8παs(µ)

∑

i,j

∫

ddx Oij
ns(x) , (A.10)

such that both collinear and soft operators, OiA
n and OjnA

s , have dimensions d − 1. The MS

factor ι was defined in eq. (4.12). We have dropped the coupling renormalization factor Zα

which is not needed for our calculations.
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