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ABSTRACT: In the electroweak sector of the Standard Model, CP violation arises through a
very particular interplay between the three quark generations, as described by the Cabibbo—
Kobayashi-Maskawa (CKM) mechanism and the single Jarlskog invariant J;. Once gener-
alized to the Standard Model Effective Field Theory (SMEFT), this peculiar pattern gets
modified by higher-dimensional operators, whose associated Wilson coefficients are usually
split into CP-even and odd parts. However, CP violation at dimension four, i.e., at the
lowest order in the EFT expansion, blurs this distinction: any Wilson coefficient can inter-
fere with J; and mediate CP violation. In this paper, we study such interferences at first
order in the SMEFT expansion, (’)(1 /AQ), and we capture their associated parameter space
via a set of 1551 linear CP-odd flavor invariants. This construction describes both new,
genuinely CP-violating quantities as well as the interference between J; and CP-conserving
ones. We call this latter possibility opportunistic CP violation. Relying on an appropriate
extension of the matrix rank to Taylor expansions, which we dub Taylor rank, we define
a procedure to organize the invariants in terms of their magnitude, so as to retain only
the relevant ones at a given precision. We explore how this characterization changes when
different assumptions are made on the flavor structure of the SMEFT coefficients. Inter-
estingly, some of the CP-odd invariants turn out to be less suppressed than J4, even when
they capture opportunistic CPV, demonstrating that CP-violation in the SM, at dimension
4, is accidentally small.
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1 Introduction

The Lagrangian composed of SU(3)c x SU(2);, x U(1)y-invariant operators built with
Standard Model fields and having dimension less than or equal to 4, which we denote by
SM,, has until now proven to be in remarkable agreement with experiments. In particular,
the observed CP violation (CPV) is consistent with the pattern expected from the SMy,
where it arises thanks to the simultaneous existence of up- and down-quarks, as well as
the presence of (at least) three generations. This is the Cabibbo-Kobayashi-Maskawa
(CKM) model, and besides describing how CP is broken, it also gives an explanation of
why its breaking is so small, despite the phase associated to it being of order one. It is the
consequence of both the phenomenological smallness of physical parameters in the Yukawa
sector and of the fact that all of these parameters have to come simultaneously into play
for CP to be violated. This fact can conveniently be captured in a flavor-invariant way,
i.e., not affected by unitary rotations in flavor space, via a single quantity, the Jarlskog
invariant [1-3]:

Ji=TmTe [, Y, Yde]g = 3TmDet[Y, Y, v,v]] . (1.1)

This quantity can be interpreted as an order parameter for CPV in the SM,, in the sense
that CP is conserved if and only if J; = 0.

If no new light degrees of freedom are assumed to lie below, or close to, the weak scale,
then deviations from the SM, can be parametrized through its extension into an Effective
Field Theory (EFT), whose Lagrangian supplements that of the SM, with an infinite tower
of SU(3)xSU(2),xU(1)y-invariant operators of any dimension built with the SMy fields,
ie.

C;
‘C:‘CSM4 +ZWOZ s (12)

where O; is an operator of dimension d; > 4, C; a complex coefficient (sometimes called
Wilson coefficient) generically of order one (modulo possible selection rules and after taking
h dimensions into account) and A is a dimensionful scale associated to heavy new physics.

This procedure defines the so-called Standard Model Effective Field Theory (SMEFT).
Clearly, the complex phases of the new coefficients C; can induce additional CPV beyond
the SMy alone. In particular, the C;’s corresponding to operators containing fermionic fields
have to be intended as matrices in flavor space, and as such contain a large number of a
priori CP-odd phases. In [4] we identified a set of 699 CP-odd flavor invariants linear in



the coefficients’ C; which, together with the SM, .J; and the coefficients of the bosonic CP-
odd operators at dimension six, represent the order parameters of CPV at order (’)(1 /Az)
in observables, meaning that no CPV can be observed at this order if and only if all the
elements of this set vanish?.

Although this provides the correct characterization of the new sources of CPV at dimen-
sion six, it does not tell the full story. Indeed, since CP is broken in the SM, already, any
real or complex dimension-six parameter can interfere with J, and produce additional CPV
in observables. As it must be possible to express observables in terms of flavor-invariant
objects, this means that we must be able to enlarge the set of CP-odd invariants linear in
the C;’s so that they capture the set of all appropriate Wilson coefficients. This procedure
produces what we refer to as a mazimal set, containing 1551 invariants which can contribute
to CPV observables at order O(1 /Ag).

When J; — 0, this set would reduce again to the new sources of CPV found in [4],
which form the set of CPV order parameters, and which we dub here the minimal set. This
means that we can write, for any invariant L in the maximal set,

L= TIiLs+J4Ry, (1.3)
a € min. set

where the L;’s belong to the minimal set and are linear in the C;, the Z;’s are CP-even
flavor invariants which only depend on SM, coefficients, and R, is a CP-even flavor invariant
linear in the C;. That observables can be expressed in terms of invariants means that a
similar decomposition exists for observables (except that Z; and R, need not be invariants
in this case). Since J; <« 1, one might expect that only the Lz contribute significantly to
CPV. However, this is incorrect, as we will show below, because often R, > 1, and therefore
invariants beyond the minimal set can contribute significantly to CPV observables. This
surprising result implies that many more invariants than those in the minimal set should be
considered at a given level of precision, and a key result of this paper is the development of
a formalism for doing so. We will refer to the sources of CP violation parametrized by the
minimal set as direct CPV, while, in a sense that will be made clear in the following, the
difference between maximal and minimal sets will be what we will identify as opportunistic
CPYV.

In principle, the large number of invariants in a maximal set, which follows from the
large number of free parameters of SMEFT at dimension-six, makes it hard to study the
set as a whole analytically. Fortunately, one can rely on a hierarchy within the invariants.
This way, one has a handle to discriminate which invariants are the most important, and to
restrict to appropriate subsets of invariants. This hierarchy follows from the flavor structure
of the Yukawa sector of the SM, and from the phenomenological values of its parameters.

'This number refers to operators containing fermions, only, and does not include the 6 CP-odd coeffi-
cients of fully bosonic operators. Since their flavor structure is trivial, we will not consider these operators
in this work.

>Among the Wilson coefficients associated to dimension-six operators, only a subset contributes to
observables at (’)(1//\2) due to non-interference rules, assuming the limit of vanishing neutrino masses
m, — 0. In [4] and in this work, we neglect higher orders and the associated (possibly CP-odd) invariants
non-linear in the C,’s.



In particular, one finds
Jyn8x 10724 (1.4)

The same applies to our invariants which are built using Yukawa matrices and Wilson
coefficients. For example, consider the modified Yukawa operator

1 _ ~

Using its coefficient C,,y ;; we can build e.g. the invariant
I Tr[C,py Yyl | » -3.7Im Cyypy 33 (1.6)
as well as
I Tr[C, VY,V | %24 x 10 In Tr[Cr V] - 8.7 % 107 I Coprg . (17)

(The expressions above are evaluated in the so-called up-basis, to be defined below. More-
over, only the leading terms have been retained, under the flavor anarchic assumption that
all Wilson coefficients are order one.) More analytically, we can track the size of any flavor
invariant via an explicit power counting describing the flavor hierarchies, which is for in-
stance achieved by the Wolfenstein parametrization and its expansion in terms of the small
sine of the Cabibbo angle A ~ 0.225 [5|. We employ this expansion and ask how many
independent invariants can contribute to an observable at a given level of precision, i.e. at a
given order in A\. To answer this question, one would naively truncate the expansion of each
invariant at a certain order and check how many of them are linearly independent. However,
this procedure should be carried out with care, and to this end we introduce in section 4
the new notion of Taylor rank of a matrix expanded in powers of a small parameter. As
can be readily seen, the result is highly dependent on the flavor structure that is assumed
to hold for the Wilson coefficients, in this case C,y. Indeed, the size of the invariants
in Egs. (1.6)-(1.7) is captured by the numerical prefactors for an anarchic flavor structure
for the matrix C,p ;; whose entries are all taken to be O(1). However, such an anarchic
structure is greatly constrained by observations via measurements of mesons oscillations,
electric dipole moments, and lepton flavor violation [6-11] with lower bounds on the scale
of New Physics (NP) on the order of (9(103 Te\/). Were this the common suppression scale
of the EFT, it would render its impact on observables irrelevant for collider physics, as well
as imply a strong fine tuning of the scalar mass of the Higgs. On the other hand, we know
that, already at dimension four, the flavorful parameters of the Standard Model are far from
being anarchic, spanning a range that scans almost 6 orders of magnitude. Thus, different
ansatzes have emerged addressing the flavor structure of SMEFT. These approaches have
the twofold advantage of allowing us to bring the lower bounds on the NP scale down to
the TeV region, and of reducing the number of relevant free parameters added by the EFT
expansion. They usually proceed by either relating the SMEFT flavor structure to that
of the SMy or deriving it from certain families of UV models. The archetype of the first
kind of approach is represented by the Minimal Flavor Violation (MFV) ansatz [6, 12].



As another benchmark example, we will consider the U(2)® scenario [13-16], where the
flavor symmetry is restricted to the first two generations of quarks and leptons. The last
possibility we take into consideration is the one dictated by the so called Froggatt—Nielsen
mechanism [17].

This paper is organized as follows: in section 2, we motivate the need to define a
formalism which systematically captures all independent physical quantities capable of
contributing to CPV observables. In section 3, we then define maximal sets of CP-odd
invariants and explain how we use them to describe the parameter space of CP-odd ob-
servables at (9(1 /AQ), providing examples for some dimension-six operators. In section 4,
we define the Taylor rank and explain how it helps in counting the number of independent
invariants needed to span the parameter space of a CP-odd observable at fixed order in
the A expansion. In section 5, we explain the four different flavor scenarios that we take as
benchmarks to understand how the results of section 4 change with them. We then sum-
marize our conclusions in section 6. Appendix A justifies the procedure we follow to build
invariants, while in appendix B we illustrate features of opportunistic CPV at the level of
rephasing invariants. Appendix C elaborates on the notion of Taylor rank introduced in
section 4. In appendix D we provide more details on our use of the MFV expansion, and
in appendix E we study the U(2)° ansatz using the tools of the Plethystic program. In
Appendices F and G, we list maximal sets for each operator of SMEFT at dimension-six.
Finally, we collect in appendix H the more cumbersome expressions for the explicit values
of some quantities obtained in the main text. We always work in the limit of vanishing
neutrino masses m, — 0 and use the so-called Warsaw basis [18], listing all independent
dimension-six operators in SMEFT, which we recap for convenience in Tables 3 and 4.

2 Opportunistic CP violation: an overview

As mentioned in the introduction, in [4] we introduced the study of CP-violation in the
Standard Model Effective Field Theory at order 1/A% via CP-odd flavor invariants, each
structured as single traces over the flavor indices containing only one power of a dimension-
six operator coefficient. First, we briefly review our construction. We then explain why
the minimal set of invariants that we introduced in [4] is not sufficient to describe the full
parameter space of CPV at O(l / AQ). We begin by focusing on the simple example where
the only operator turned on, beyond those of the SMy, is

0% = Oyl i (H'iIDHY(Qin"Q;) - (2.1)

2.1 Parametrizing flavor

Before describing CPV flavor invariants in SMEFT, let us present the relevant flavor con-
cepts and parametrizations that we use throughout this paper. First, notice that, in the
unbroken phase, the kinetic part of the SM, Lagrangian is invariant under a U (3)5 =
U@3)g, xUB)u, xU(3)a, xU(3)r, x U(3)c, global flavor group, where each factor acts
on the flavor indices of the associated fermion fields (we will drop the chirality indices in
the following). Then, we can assign all coefficients in the Yukawa sector and of the SMEFT



operators spurious transformation properties so that the whole SMEFT Lagrangian is for-
mally invariant under the whole flavor group. For the Yukawa couplings at dimension four,
the transformation properties under the non-abelian part of the flavor group are as listed
in Table 1. On top of that, each (anti-)fundamental representation has a charge (-)1 un-
der the associated abelian group in the decomposition U(3)x = SU(3)x x U(1)x, with
X =Q,u,d, L,e.

| SU3)g | SU@3)., | SUB)q | SUB). | SUB).

Y, 3 3 1 1 1
Y, 3 1 3 1 1
Y, 1 1 1 3 3

e

Table 1: Flavor transformation properties of the Yukawa matrices treated as spurions

Using flavor transformations, one can reach flavor bases where the Yukawa matrices
have a specific form, and which we will use in the following to explicitly evaluate invariants.
Mostly, we will use the up basis, defined so that

Y, = diag(yua Yes yt) . Yy =Vekm - diag(ydaysayb) , Y= diag(yea Yus y’l’) ’ (22)

and the down basis

Yu = VCTKM : dlag(yua Yes yt) ’ Yd = diag(ydaysvyb) ’ }/e = diag(yea Yu yT) ) (23)

where all y’s are real and positive and Vg is the CKM matrix. For later use, we define the
Y . Y'  When picking either of the above two bases, we exhaust

e = u,d,e” u,d,e
the non-abelian part of the flavor group completely. Some of the remaining U (1) factors

combinations Xu d

can be used e.g. to bring the CKM matrix into the following form [19]:

i
C12€13 C13512 syze OKM

~ icrm i
Vokwm = | —ca3s12 — €12813823¢ “CKM c19Co3 — 819513823 KM 3593 ) (2.4)
iéc Z5C

S12893 — C12C93813€ KM —Ca893 — C93819813€ KM C3C03

where ¢y, sx =cos(fx), sin(fx). In the quark sector, this choice leaves only the U(1) g fac-
tor corresponding to baryon number unbroken, while in the lepton sector the three U(1),_,
with ¢ = 1, 2, 3, are left unbroken. We also make use of the Wolfenstein parametrization,
where the CKM matrix is expressed in terms of three O(1) parameters, A ~ 0.81, p ~ 0.16,
and 7 ~ 0.36, as well a fourth parameter, A ~ 0.225, corresponding to the sine of the Cabibbo
angle® [5],

3These values are obtained in the MS scheme at a scale w=M; =173.1 GeV, although, to a very good
precision, only the parameter A runs [20]. (Only the contributions from the SM to the RG flow have been
taken into account here, while the impact of dimension-6 operators has been neglected.) This choice, made
here and for Egs. (2.6)-(2.11), is not an obligated one, and any scale 1 2 My is allowed. Different choices
of p would slightly affect the results presented in the following as they imply different A scaling. However,
the presented framework and algorithms would stay unchanged.



Vekm =
\/1—/\2\/1—A2)\6 (772+p2) )\\/1—A2)\6 (n2+p2) AN (p—in)

A1 - A= XN (p+in)  V1I-XNV1- AP - A% (p+in) A/\Q\/l - A\ (n* + p?)

AN = ANV = AV1 - A0 (p+in) —AVI-A2A2 - ANYN1 - A2M (p+in) V- A2A4\/1 - A2X° (n? + p?)

reproducing the usual approximations when expanded in A. With the same philosophy, the
quark and lepton masses can also be assigned a A-suppression. One possible choice is

{yuv Yes yt} = {auA87 acA47 at)‘o} (26)
{yda Ys, yb} = {ad)‘7a as)‘Sa ab)‘g}
{yev Yus yT} = {aeAS)? a,u)‘g'v QTA?)} >

with
{ay, ag,a;} ~ {1.03,1.33,0.93) (2.9)
{ag,a4,a} ~ {0.50,0.51,1.36} (2.10)
{ac,a,,a;} ~{1.88,1.02,0.88} , (2.11)

where the running masses in the MS scheme at the renormalization scale p = M, = 173.1 GeV
are taken [21]. Then, all the quantities sensitive to flavor can be expressed as an expansion
in powers of A\ to consistently obtain an approximation for their magnitude. In particular,
and relevantly for the case we are interested in here, the Jarlskog invariant J, can be
expanded in terms of A to get

Jy = 6ayaiatal An\* + O(N\®) (2.12)

2.2 Minimal set: flavor-invariant order parameters for CPV at O(l /A2)

Let us now review a consistent definition of order parameters for CP violation at (9(1 /A2)
in SMEFT. When performing a flavor transformation, the real and imaginary entries of
a given coefficient are in general mixed, and CP is conserved if and only if one can find a
flavor basis where all coefficients are real®. Thus, rather than interpreting a single imaginary
coefficient as a source of CPV, we characterize CP violation in SMEFT at leading order
using flavor invariants. More specifically, mimicking the role of the Jarlskog invariant Jy
in the SM,, we ask which flavor invariants vanish if and only if CP is conserved at leading
order in SMEFT. The set of these invariants, built as single traces in flavor space and with
only one power of the dimension-six operator coefficient, is what we defined minimal set.
The choice of single trace invariants in this context may seem quite arbitrary. However, as
we show in appendix A, it actually represents the most general choice under the desired
conditions.

“Models with discrete symmetries yield caveats to this statement. See Ref. [22] for an example, or
section 4.3 of Ref. [23] for more details and references.

(2.5)



Let us give an example, using the ngg operator” defined above. After fixing a basis,

the coefficient Cl(qlgg is represented, in flavor space, by a 3 x 3 hermitian matrix

" P11 P12 P13 0 m2 ms3
CHQ =| P12 po2 paz |+l -m2 O mag| - (2.13)
P13 P23 P33 -3 —13 0

One sees immediately that there are three independent complex phases in CI(LI% Con-
sistently, in [4] we identified the minimal set for this operator as being composed of the
following three invariants®

L= ImTr(XuXng}gg), Ly = ImTr(ngg(J}jg)), L, = ImTr(Xudeixg(J}}g)) L (2.14)

When J; =0, the set in Eq. (2.14) is enough to capture all CPV in the theory, so that CP
is conserved if and only if the whole set vanishes. More precisely, this set is designed so
that the statement is valid in whatever parametric limit we choose to reach J; = 0 (see [4]
for more details).

Extending this to all dimension-six SMEFT operators, we find 699 independent CPV
order parameters coming from fermionic operators, which have to be set to zero together
with J; and the 6 coefficients of CP-odd bosonic dimension-six operators for CP to be
conserved at (9(1 /A2) (see the next section for an example). This number is much smaller
than the 1149 phases mentioned in [24]. To explain this, we notice that in either the up or the
down basis, Egs. (2.2) and (2.3), the lepton sector of the flavor group still enjoys a U(l)3
symmetry consisting of phase rotations acting on the three different lepton generations.
Observables, too, have to respect this symmetry of the scattering states. The off-diagonal
entries of the coefficients of dimension-six operators containing leptons are charged under
this U (1)3, and thus to enter observables they need to be multiplied with objects carrying
opposite charge. Since no such object exists in the SM, Lagrangian, they will be multiplied
by coefficients carrying at least an extra 1/A2 suppression, and will thus contribute to
observables starting from O(l/A4). This consideration allowed us to distinguish between
primary sources of CPV in SMEFT, i.e. those that can enter observables at order 1 /A2 and
are captured by our linear invariants, and the remaining secondary CPV sources.

2.3 The need for a maximal set

Using again the operator (926)2, we illustrate why we need to enlarge our definition of

minimal set in order to capture the full parameter space of CP violation at (’)(1 /A2). We
presented in Eq. (2.14) the minimal set for Ogé, which describes the sources of CP violation
which remain when J; = 0. We will refer to such sources of CPV as direct CPV. We argued
that, when J,; = 0, they are enough to capture all CPV in the theory. However, in the real

"Due to the linearity with respect to the C; of any observable at (9(1/A2)7 we can focus on a given
SMEFT operator without assuming that the other ones are turned off.

5The lower indices labeling the invariants are chosen to match the definitions of the subsequent
Eq. (2.21).



world Jy, although small, is apparently nonzero. This implies that, in order to predict the
values of CPV observables, one needs strictly more information about the SMEFT Wilson
coefficients than contained in (2.14). Intuitively, this is because any physical parameter at
(’)(1 /AZ) can interfere with J; to produce additional CPV. Beyond the trivial cases where
a CP-even flavor invariant multiplies J; to form a CPV quantity7, one should study how
the CKM phase affects flavor invariants which intertwine the flavor indices of the Wilson
coefficients with those of Yukawa matrices. As far as CPV at O(1/A?) is concerned, and
as we explain in Appendix A, it suffices to consider CP-odd invariants of the form Im Tr of
a flavor-covariant monomial expression linear in the SMEFT Wilson coefficients. We label
opportunistic CP wviolation the sources of CPV described by such invariants modulo the
minimal set. By definition of the minimal set, opportunistic CPV quantities vanish when
either J; - 0 or A - oc.

As an example, let us consider the measure of direct CPV in kaon physics, €' /e, which
receives BSM contributions at order 1/A%. In SMEFT at dimension six, several Wilson
coefficients induce significant contributions, among which that of Cp¢ reads [25, 26,

(1)
¢ Im{<CHQ,12) )‘u} (TeV)?
< ~ —191 2 (2.15)
€ /BsSM Al A

where the coefficients are written in the down basis and evaluated at the weak scale,
Ay = VKM usVokM,ua (this parameter is real with the phase conventions of the Wolfenstein
parametrization, which we always use below) and we assumed order one Wilson coefficients.
When the minimal set of (2.14), consisting of three independent CP-odd physical quantities,
is sent to zero one does not find that Im (C’l(qlé”) and (€'/€)psy — 0 (as, by construction,
would happen if J,; were zero), but instead that

1
Im (0222,12) =g~ -1 (47p13+9pa3) (2.16)

where we used numerical values of the quark masses and mixings and restricted to the largest
contributions, ignoring accidental cancellations between Wilson coefficients. Therefore,
cancelling the minimal set is not sufficient to cancel (¢'/e)pgy: there are strictly more than
three independent CP-odd physical quantities at dimension six when J; < 7 # 0. As we
will show in the following, although this contribution originates from an interference with
the SM, Jy, it is not as suppressed as J, itself.

Instead of looking for several observables to probe the space of CP-odd physical quan-
tities, we can directly work with flavor invariants. Consider therefore a fourth invariant
L,

Ly= ImTr(ngdcgg?) . (2.17)

By evaluating it e.g. in the standard parametrization in the down-basis, we can check that,
as long as Jy # 0, Ly is an independent object with respect to the remaining three. When

"We bar these “factorized" invariants, which can be naturally factorized into (CP even)x(CP odd), since
they are such that the source of CPV from the CKM matrix does not communicate with the flavor structure
of the Wilson coefficient. This explains why, as we will see below, all primary coefficients are captured by
the maximal sets in the quark sector, but not in the lepton sector.



J4 = 0, however, this cannot be the case anymore, as we proved that L 5 7 span the whole
parameter space of CPV observables in this limit. This line of reasoning leads us to write

IQLQ = IlLl +I5L5 +I7L7 + J4R4 R (218)

where R, is a CP-even invariant, still linear in the coefficient C’ggg, although not necessarily
expressed as a single trace of a polynomial expression. The Z; coeflicients, on the other hand,
are combinations of the 10 independent CP-even invariants that can be built with X, ; [27],

namely
Lo=Tr(X,), Ioq =Tr(Xy,),
Lyo=Tr(X7), I = Tr(X, Xy),
Iny=Tr(X7), I3 =Tr(X7), (2.19)
Ly =Tr(X2X,), ILo=Tr(X,X7),
Ips =Tr(X3), I =Tr(X2X7).

As a matter of fact, a relation in the form of Eq. 2.18 can be found explicitly. Since the
coefficients are quite involved, however, and their explicit form does not add any insight
to the discussion, we stick to the generic expression in Eq. (2.18) and display explicit
expressions for the coefficients in Appendix H. In any case, the existence of the independent
invariant Ly confirms the lesson learnt by dealing with €’/e: our minimal set is not enough
to capture all CP violation at O(l/A2) when J; # 0, due to opportunistic CP violation. It
only captures direct CPV, the set of CP-odd quantities that remain nonzero when J; — 0
and only vanish in the limit A - oco. With the notation of Eq. (2.18), an example of
opportunistic CPV would be the quantity

ZQLQ - (IlLl +I4L4 +IﬁL6) = J4R4 . (220)

Equivalently, since the generated span is the same, we may as well just consider Lo as
capturing this additional source of CPV. Carrying on along this line of reasoning, we can
add as many invariants as possible on top of the minimal set until any other additional
invariant is not independent from the other ones. For 01({22’ we can for example pick the

set
L= ImTr(X XdC(l)) Ly= ImTr(X Xd(](l))
Ly= ImTr(X XdC(l)) L= ImTr(X X, X2 C(l))
Ly= ImTr(X XdC(l)) Lg= ImTr(XdX XdC(l))
L, —ImTr(X X, X2x2C (1>) Lg —ImTr(X X2X2X,C (1))
Lo —ImTr(X X, X, Xdc(1>) (2.21)

We refer to this as a maximal set for C’l(qlg? Its cardinal matches the number of free coef-

ficients in C’gq)), which shows, as announced, that they can all participate in CPV. This
also trivially implies that fixing all the invariants of the maximal set to zero suffices to

~10 -



make (e'/e)BSM vanish, and that it can be decomposed along the maximal set. Below, we
exhibit the combination of maximal set invariants which captures the leading contribution
n (2.15). In section 3, we generalize this construction to all dimension-six operators of
SMEFT.

Interestingly, opportunistic CPV, as captured by the invariants of the maximal set,
does not need to be as suppressed as the J; with which it interferes. As we mentioned in
the introduction, we can expand the invariants in powers of the small parameter A ~ 0.225,
in order to compare their magnitudes. If we perform our expansion on the invariants L;—Lg

defined in Eq. (2.21), we get, in the up or down basis,

L1 = —4Aa§a?7723)\8 + ...
Lo =...+4a7a2a? A (pys +np1s) N7+ ...

L3 =..- 4CL (leLtA'I’]13)\ + .

Ly=..+4da ((a + abA2 )7712 + a%Aanlg) A9 4

Ly = ... — 4a2aiaZain . A% + (2.22)
Lg=...+4a] abatA n(p11 —P22))\ +.

L;=..-4a? aba 2at Anpos A3t + .

Lg=..+ 4a2a§a2at A277p22)\36

Lg=..+ 4a? aba ay A2np33)\36

where, in each line, we only display the leading new independent contribution. For instance,
the second line corresponds to the leading term in Ly — Tr(X, )Ly, which projects out the
content of Ly aligned with L;. This projection can be done step by step, as shown in

Appendix H; we see in particular that the leading contribution to (e'/e) given in (2.15)

BSM
is captured by the following combination of invariants (up to a SMEFT-independent large
numerical factor),

!/

(5) e Ly + Tr (X)) Tr (X) Ly ~Tr (Xg) Lo Tr (X) Ly o mpa - (2.23)
BSM

The last two contributions are not part of the minimal set of Eq. (2.14), which explains
why the overall expression does not need to vanish when the minimal set does. It vanishes
as it should if J4 — 0 in addition, as one can see in Eq. (2.16) when n — 0.

It also becomes clear from Eq. (2.22) that seven contributions dominate J,, although
only three do not require interference with it (as seen from tracking factors of the CKM
phase 1 above). In order to assess such behavior more systematically, we can ask: supposing
that we have enough precision to resolve the invariants up to some fixed order n in the \-
expansion, then how many independent sources of CP violation are we able to distinguish?
We will come back to this question in section 4. Notice also that the A-scaling in (2.22) was
obtained under the assumption that all the entries of the matrix C’l(qlg? are of O(1), meaning
that they do not carry additional A suppression. This does not need to be the case, and in
section 5 we will see how this result changes when this hypothesis is modified and different
flavor scenarios are adopted.
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At this stage, we ought to make two remarks. First, the expressions above only encap-
sulate the suppression coming from the flavor structure. Clearly, we still have to consider
the 1/ A? suppression coming from the EFT scale. Rather, we can play with the two differ-
ent contributions and ask, for example, what the EFT scale must be for each invariant to
be comparable to J;. Assuming 1,3 = O(1), we get for example that L; is comparable with
J4 when A ~ 5 x 10" GeV. Second, one should be aware of the following caveat: although,
as we argued above, the invariants in Eq. (2.21) are enough to parametrize the whole pa-
rameter space of CP violation generated by the operator (9222, we have no say in how big
the coefficients relating them to observables actually are. It may well be that, in particular
observables of interest, loop factors, logs or mass factors come to modify the relative impor-
tance of invariants between themselves or the relative importance of the O(1/ Az) invariants
and J;. Nevertheless, the invariant analysis signals that there exist simple CP-odd physical
quantities larger than the naive expectation, J, x (polynomial CP-even quantity), although
they only exist if J, # 0.

3 Maximal sets: capturing all CPV contributions

3.1 Maximal set

As we explained in the example of the previous section, the construction of [4] exhausts the
characterization of new direct sources of CP violation at the leading SMEFT order, but it
does not suffice to describe the full parameter space of CP-odd observables: CP is broken
already at dimension four, and the source of its breaking can interfere with real entries of
dimension-six parameters of SMEFT to produce additional CPV, in the sense that it van-
ishes in the limit where A — oo. As explained, however, it must be possible to parametrize
observables through flavor-invariant quantities, as the physics should not depend on the
flavor basis. Thus, we have to be able to describe the parameter space of leading order
CP-odd observables through a larger set, where each CP-odd invariant captures a quantity
that is responsible for new CP violation either on its own or by interference with the SM,
one. This is what we define as a mazimal set. Expanding on [4], we build such invariants
by taking the imaginary part of a single trace® of products of Yukawa matrices with one
power of one dimension-six operator coefficient, generically denoted as C® . Because of
the imposed linearity, we can define a set of invariants for each dimension-six operator
independently.
The quantities we consider take the following form

L,(C©Y) = ImTr (MaC(G)) : (3.1)

where, if c© belongs to a representation r of the flavor group, M, is a matrix built out
of products of Yukawa that belongs to the conjugate representation r. A generalization to
4-Fermi operators follows similar lines and will be presented later. If we fix a basis in flavor
space, we can define a vector containing all the entries of C' (6)

6‘56) = ((ReC(G))l, (ReC(G))2, ...(ImC(G))l, ) (3.2)

8 Again, a justification for why this is the most general choice is shown in appendix A.
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Then, again thanks to linearity, we can always find a matrix 7,;, that we call a transfer
matriz, such that
Lo(C9) = T, = 13 (Re € ) +Tf; (mC®)) (3.3)
(2 7
where we explicitly separated its action on the real and imaginary entries in a given basis,
so that it takes the block form

T = (TR Tf). (3.4)

In [4], we used the transfer matrix to define minimal sets in the following way: when
Jy = 0, a minimal set is a set of flavor invariants such that if we add to it any other
invariant the rank of T is unchanged, while if we remove any the rank decreases. With this
formulation, it is easy to define maximal sets as:

A set of flavor invariants is a maximal set iff, when J; # 0, the rank of the transfer
matrix 7 does not increase by adding any flavor invariant to the set and decreases
if any flavor invariant is removed from the set.

Here, too, we can distinguish between primary and secondary entries of a dimension-
six operator coefficient as those that can or cannot enter observables at O(l/AZ). Since
secondary quantities cannot be arranged in linear invariants by definition, the maximal
set only parametrizes primary ones. In the same way as for minimal sets, the number of
invariants in a maximal set must be larger than or equal to the number of real and imaginary
primary entries of a dimension-six operator coefficient in a given basis (up to a subtlety for
leptonic operators, which we discuss below). For the sets presented in the next section and
in appendices F and G, we find that the equality holds for all operators of dimension 6 in
SMEFT, as expected since the invariants are linear in the dimension-six coefficients.

3.2 Examples

Here we present some examples of maximal sets of invariants in SMEFT at dimension-six.
As explained, because of linearity, we can treat each operator independently. In addition,
because of the Cayley—Hamilton theorem, we are sure that the set of all possible (polynomial
single trace) CP-odd linear invariants we can build using 3 x 3 Yukawa matrices is finite.

3.2.1 Fermionic bilinear operators

We can start by looking at SMEFT operators which are bilinear in fermion fields. For such
operators, the relevant single trace invariants, linear in their coefficient C, take the form

Lapea(C) = ImTr( XXX XIC) | with a,b,¢,d=0,1,2 and a # ¢,b # d, (3.5)
for quark operators, and

L,(C)=ImTr(XJC) , witha=0,1,2, (3.6)
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for the lepton ones, where C = C, C’YJL% de O YfC’YT, depending on the chiral structure of
the operator under study (see below for explicit formulae).

As a first example, we consider C, . It is the coefficient of a non-hermitian operator
bilinear in fermion fields, thus it contains, in a fixed basis, 9 real and 9 imaginary coefficients.
Since none of them is charged under the leptonic U(1)* mentioned above, all of them are
physical at (9(1 / Az), and its corresponding maximal set can be chosen to be

Loooo (CurYd)  Lnooo (Curr¥al)  Laooo (CunYy)
Lo100 (CuHYJ) L1100 (CuHYJ) L1190 (CuHYJ)
I [Cy] - Loioo (CurrYy) Lotz (CurrYd)  Linao (CumYs) 7 (3.7)
Logoo (CurrYy)  Lisoo (CurrYd)  Logio (CurYs)
Losoo (Curr¥yd)  Logoo (Curr¥dl) Lo (CumYy)
Lona (CurrYd)  Lotze (CurrYal)  Luros (CurrYy)

where the invariants highlighted in gray are those already included in the minimal set. Let
us now look at an operator, O,pg, containing two leptonic fields, namely

1 _

OBH = PCBH,ij (HTH) LlejH (38)
Now, the off-diagonal entries of C,g, in a given basis, are all charged under the leptonic
U (1)3. Thus, we expect only the 3 diagonal real and 3 diagonal imaginary entries to be
captured by our maximal set. However, using the definition in Eq. (3.6), we see that we
can only build invariants of the form

L(CopYd) , with a=0,1,2. (3.9)

This is because, for 3x3 matrices, the Cayley-Hamilton theorem ensures that any L, (C, HY;T)
with a > 2 is redundant. Thus a possible maximal set is simply

L[Cen] ={ Lo (C.Y)) Ly (C.Y)) Ly(C.Y) }. (3.10)

More straightforwardly, as there is no J, in the lepton sector, there is nothing a real
entry can interfere with to produce CP violation, so only the 3 imaginary entries are cap-
tured. One can also directly verify that, by adding to this set any L, (C, HYJ) with a > 2,
the rank of the transfer matrix defined as in Eq. (3.3) does not increase. Despite this, the
3 real diagonal entries are still considered as primary coefficients, as they do enter observ-
ables at (’)(1 /AQ), but they can only affect C'P-odd observables through the multiplication
of J4 and objects of the form ReTr(X{C,y), a =0,1,2. As mentioned at the beginning of
section 2.3, we choose to ignore this trivial possibility.

3.2.2 Four-Fermi operators

Let us now look at 4-Fermi operators, i.e. those quartic in fermionic fields. We start by
considering O,,, = (;7,u;)(uy"w;). Because of its symmetry properties, i.e.

*
Cuu,ijkl = Ouu, klij and Ouu,ijkl = Ouu,jilk ) (311)
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its coefficient contains, in a given basis, 27 real entries and 18 imaginary ones. None of them
carries lepton quantum numbers, so all of them are physical at O(l /A2) and are expected
to interfere non-trivially with the CKM phase. Hence, all of them need to be captured by
an invariant in the maximal set. As in [4], we use the following definitions

1 2 1 2
Tr s (M(l),M(2),C) M( )M( )kap Trg (M(l),M(2),C') M( )M( )C”k“ (3.12)
and
AL () =Im Tr (X XGXEXT, XX XX, C), (313)
BY4(C) =Im Trp (XS XUXEXT, XeX]XIX),C). '
Moreover, we define the notation
uuuu gkl = Z u,im u ,ng uu mnkl’ (3'14)

and similarly for Cy,uis Cuiiiin, Cuvaiis Caaaa, and for the down quark versions. We find,
then, that the maximal set for C,,, can be expressed as

AN (Caada)
B0 (Cagdd)
Ai?gg (Caddd)
A300 (Caadd)
A300 (Caadd)

A0 (Caadd)
B3100 (Cagdd)
A%ggg (Caddd)
B30 (Cagdd)
AR (Caadd)
A3900 (Cadd)
A5190 (Caadd)
AR (Caada)

A3300 (Caadd)

1200
2110 (Cdddd)

730000
Bi100 (Caddd)
AD900 (Caadd)
Bi%0 (Caadd)
B30 (Cagdd)
AP0 (Caadd)
B10o (Caadd)
A1900 (Cadd)
B3%00 (Caadd)
A (Caadd)
A1190 (Caadd)
21 .
A5100 (Caadd)
A1 (Caadd)
40100
Af200 (Caadd)
41000
At192 (Caadd)

2100
0122 (Cdddd)

AR (Caadd)
B30 (Caadd)
Agggg (Cyddd)
45000 (Caadd)
B0 (Caada)

A2100 (Caadd)
A1100 (Caada)
A%%gg (Cyddd)
AP (Caada)
A3 (Caagaa)
A9 (Caada)

AT (Caadd)

ART00 (Caadd)

A15% (Caadd)

2200
1220 (Cdddd)

(3.15)

The list of all maximal sets for each fermionic operator at dimension six can be found
in Appendices F and G. We wish to stress that the lists of maximal sets are not unique.
In our case, we picked them with the constraint that they contain the minimal number of
Yukawa matrices and that they are maximized when the observed values of fermion masses
and CKM entries are plugged in.

3.3 Maximal vs. minimal set

In this section, we wish to show in full generality a property of maximal sets that already
appeared in the form of Eq. (2.18). Specifically, we want to show that it must be possible
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to express every invariant L, of a maximal set in the following form:

Ly=)YT,aLs+ JyRyq, (3.16)

where {L;} are taken from the minimal set, the Z ; are Yukawa-dependent flavor-invariant
coefficients and Ry, is a CP-even invariant. In particular, R4, does not need to be a single
trace. However, by the same arguments we present in appendix A, since it needs to be
linear in the Wilson coefficient 0(6), such a coefficient will only appear in single traces,
possibly multiplied by a factor constituted by some invariant combination of the Yukawa
matrices. The proof of this statement goes as follows: consider the limit J; — 0. In this
limit, the set of independent CP-odd invariants is reduced to the minimal set, so that every
invariant from the maximal set can be expressed as a linear combination of the minimal
ones:

L,=>T.Ls, (3.17)

a

where the Z,5’s are invariants built with X, 4 only. Now, the combination

L,=L,-> T.:L; (3.18)

has to vanish when J; — 0. This means that, picking a flavor basis, Eq. (3.18) has to vanish
when any of the factors appearing in J; (expressed in this basis) vanishes. Thus, we have
to be able to extract from L], a full J, factor. The rest has to be CP-even, flavor-invariant
and linear in the Wilson coefficient (and, by construction, it remains finite for most ways
of taking J; — 0).

Using the current notation, the remark made around (2.22) means that” Ry, > 1is to
be expected, but the expressions are lengthy and one needs to evaluate them numerically.
For the case of Eq. (2.18), assuming all entries of C;Ilg? are of the same order of magnitude,
we find for example Ry /Zy ~ 10 for flavor anarchic Wilson coefficients. More enlightening
formulae can be found by restricting to CP-odd rephasing invariants (namely, singlets of
the U(1)? group associated to the vectorlike phase shifts of each fermion mass eigenstate),
which makes sense when assuming that all quark masses are non-degenerate and choosing
a field basis which diagonalizes the masses. We expand on this in Appendix B.

It is worth stressing that the validity of Eq. (3.16) is strictly dependent on having
picked the correct minimal set. Indeed, such an expression has to be valid for all values of
the matrices involved, and in particular for the special points where masses are degenerate
and/or the mixing angles assume special values, which we extensively studied in [4]. On
any of those points, J; = 0, so Eq. (3.16) reduces to Eq. (3.17). Had we picked wrongly
the minimal set, e.g. had it not captured all sources of CPV in all degenerate cases, we
could not argue that a full J,; can be pulled out of (3.18), and Eq. (3.17) is not guaranteed
anymore. This subtlety forces us to make seemingly unnatural choices for the minimal set,

9 Analytically computing Ry, is possible, as exemplified in Appendix H.
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which is often not optimized to describe a given observable. Consider for illustration the
leading two-loop Barr—Zee contribution of C, 5 to the electron EDM [28-30],

de My, zIm(CuH u) F1 (mz,l 0) :

_ - 22

Barr—Zee 487T mp 4

5 (3.19)
mp

where we chose a flavor basis which diagonalizes Y,,, m; and v are the Higgs mass and
vacuum expectation value (vev) respectively, and

F (a,0) = f x“”) (3.20)
Y- a-z(z-1)"

This expression is most naturally expressed in terms of the three invariants L,,qq (C’u HY;r ) =
i m?]fllm (CuH,ii)7 however only two out of those belong to our minimal set, while the
third is decomposed as in (3.16). This is due to the fact that they are not independent when
two up-type quark masses are degenerate, whereas all three Im (C’u H,ii) remain three direct
sources of CPV [4]. Therefore, the three L;q (C’u HYJ ) do not capture all sources of CPV
whenever J; = 0, which can be achieved in particular by making two masses degenerate.
Nevertheless, they belong to our maximal set and permit a natural expression of d,/e in
terms of that set. Similarly to the discussion of CPV in kaon mixings in (2.15)-(2.16), we
find that the above contribution to the electron EDM does not vanish when the minimal
set of C\,; does. Instead, it reads

de —28 (TGV)2
— =-1.3x10 —
g A

€ Barr-Zee

Re (CUH,13) cm (3.21)

where we used the observed values of quark masses and mixings.

4 The parameter space at fixed precision: the Taylor rank

As reviewed above, the (linear) CP-odd flavor invariants that we build are in one-to-one
correspondance with primary combinations of dimension-six SMEFT coefficients, namely
those which can contribute to (CPV) observables truncated at O(1/A?), i.e. at the first
non-trivial order in the expansion in inverse powers of the cutoff. On the other hand, as
seen from Eq. (2.22), we can rely on an additional power counting, associated to other small
parameters in SMEFT, which are the ratios of fermion masses to that of the top quark,
and the mixing angles in the CKM matrix. As reviewed in section 2.1, their smallness can
be expressed in terms of a single small parameter A\. Therefore, we can only probe the
full parameter space of CPV when the precision we have is enough to resolve all of the
invariants, i.e. when we expand to high enough powers in A\ such that all invariants are
independent. One could then ask: how many invariants are required to predict the value
of any observable?

First of all, the answer depends on the precise relation between a given observable O
and the invariants L,. At O(1/A?%), the invariants parametrize the set of physical CPV
quantities, so such a relation must exist and be linear,

O=>0,L, , (4.1)
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where the o, depend on parameters of the dimension-four Lagrangian, but not on dimension-
six Wilson coefficients. However, that fact does not give us any quantitative information
on the o,: they could be large or small, they need not be analytic, etc'?. The ideal way to
tackle this would be to identify a set of CPV observables in one-to-one correspondence with
our invariants, to work out the associated o,, and to derive from them the sensitivity of
CPV observables to the SMEFT parameter space. This is beyond the scope of this paper.
Instead, we focus on the complete maximal sets of flavor invariants which we identified
above. Those are physical quantities, hence we use them as a proxy for the general set
of observables, and as a way to develop our formalism. Nonetheless, we stress again that
relating them to the kind of CPV observables experimentalists usually deal with would be
a very insightful endeavor, which we leave for future work.

Now, the answer to our initial question still depends on the degree of precision which
is aimed for, which motivates us to introduce the Taylor rank. It addresses the following
question: how many invariants should one be given to know them all at O(A")? This
number, which we denote r, and call the Taylor rank, is not necessarily equal to the
number of invariants in the maximal set. Indeed, when n is not too large, one is able to
generate the whole maximal set as a linear combination of one of its subsets {L, ..., Lrn},

Va, L= ML+ 00 | <M <o) (4.2)
b=1

where r,, is the smallest cardinality of a subset for which this decomposition can be achieved.
Such a subset captures the physical degrees of freedom at the chosen degree of precision
O(\").

Since the invariants are linear in Cl(;gz, one can phrase the condition (4.2) in terms of
the transfer matrix 7 and deal with a linear algebra problem. More precisely, (4.2) captures
the fact that one can find several linear relations between the columns of 7, provided one
is allowed to drop or add small O(Aml) coefficients. Therefore, the Taylor rank is the
smallest rank encountered in the equivalence class of 7, defined by the equivalence relation

T~T i T-T =0\, (4.3)

where it is understood that all entries of 7,7 are Taylor-expanded up to a common order
O(A"). The Taylor rank generalizes the notion of rank, which would tell us how many

et us consider an explicit example, the leading contribution of the dimension-six Yukawa operators
to the electron EDM, displayed in Eq. (3.19). In the up basis, one can easily work out the relationship
between the three Im C\, 5 ;; and the Z;_q 23 = ImTr (Xﬂ_lCuHYJ):
Ty~ T ¥ juy i, + Lo [ ey mi,

l—I (m2 _m2 )
J#t Uy Uj

muiIm CuH,n' =

Plugging these relations in Eq. (3.19), one easily identifies the three o;, respectively associated to Z;. They
are non-analytic with respect to the Yukawas and large, 01,23 ~ A37%75 In the equation above, one also
sees that the natural size of Wilson coefficients, Cy g s < O(1), and the smallness of quark masses impose
that there must be relations between invariants at low orders in A\. These relations are exactly captured by
the Taylor rank which we now discuss.
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independent invariants there are overall, to situations where one neglects high orders in .
Importantly, the Taylor rank does not coincide with the rank of 7 truncated at O(A\"),
which is usually larger than r,. In Appendix C, we expand slightly on the definition
and properties of the Taylor rank, and we describe our algorithm to compute it. For the

invariants of the maximal set of C](LI% displayed in Eq. (2.21), we obtain the result in Table 2.

Taylor rank for Cyq
Aorder | 8] 1719|2528 |34 36
Taylor rank ‘ 1 ‘ 2 ‘ 4 ‘ 5 ‘ 6 ‘ 7 ‘ 9

Table 2: Result of the Taylor rank procedure for the invariants associated to Cgc)g Each entry in the

Taylor rank row must be interpreted as the number of different sources of CPV coming from Cgé) that we
are able to identify as independent at the corresponding order in A.

We see that those numbers are consistent with (2.22), and with the observation made
below it: at (’)()\35), i.e. before we are even able to resolve J,, we can identify 7 independent
sources of CP violation, four of which come from opportunistic CPV.

We can apply the above to every operator in the dimension-six SMEFT. The results
are plotted in Figures 2 and 3. In Figure 1 we present an example how to extract all relevant
information from this kind of plot. As advertised previously, the choice of maximal set is
not unique, and different choices would only lead to slightly different results for these plots.
In particular, our choice was to arbitrarily prioritize the invariants with smallest leading A
power. However, another possibility that we did not pursue would have been to optimize
the set w.r.t. the produced plots, e.g. by choosing the one for which the maximal rank is
reached earlier in the A-rank procedure. In any case, this choice does not affect the nature
of our conclusions.
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Taylor rank at each order in A for Ogé

N\ [GeV]
Agsm, cpv 1070 10° v
10 T T 1 T T v T T T T T T T
Or-----=------ E ------------------------------------------ 9 N\
. max rank
8 — : - S
Oy = (H'i'D ,H)(Q:1"Q;)
g Tr : ) o =)
= : s =3
6* 1 1 "U’g zr
= : <= )
© 5 : v g Q
T | =z | =
S 47 : @
% : min rank !
- 3r---------- bbb 0000 / 37
27 E i Jg
1 i
O L 1 L L L L L L L L L 1 L L L L L L L L L 1 L L L L L : L L L
0 10 20 30 40
Aordern

Figure 1: Number of independent invariants from the maximal (blue step-wise line) and the minimal
(dark yellow step-wise line) sets, denoted as Taylor rank 7, in the text, at each order n in the A expansion
for the (’)222 operator. At a fixed order in A, the top z-axis shows the value of A for which an invariant
appearing at such an order would be comparable to J4, assuming it scales as v2/A2, with v ~ 246 GeV the
vev of the Higgs field. This plot serves as a guide on how to extract the most relevant information from
the similar ones that follow, and as such all the main point of interest have been highlighted:

1. the vertical grey dashed line marks the order A*® (corresponding to A = v, as indicated on the top
x-axis) where the SMy J; shows up,

2. the horizontal red lines mark the values of maximal and minimal ranks, also labeled on the right
y-axis for readability,

3. the scale Agsm, cpyv indicates the highest value of A where at least one invariant is comparable to
Jy , here A =5x 10" GeV < A\® (this is the value that we already showed at the end of Section 2.3),

4. we indicate on the right the number of sources of opportunistic CPV as the difference between the
maximal and minimal sets,

5. we also highlight the number of sources of opportunistic CPV 2 J; as the difference between the
maximal and minimal set at A%
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Bilinear operators

e Maximal # imaginary entries # real entries
Label Operator Minimal rank rank (of which primary) (of which primary)
> —

o4y | (D, H)(Qir"Q;)

& pey 3 9 3(3) 6 (6)
OHQ (H ZD;LH)(QiT Y Q])
o (HY D, H) (4" u;) 3 9 3 (3) 6 (6)
Ona (H'iD,H)(d"d;) 3 9 3(3) 6 (6)
Oprua | i(H'D,H)(a7"d;) +h.c. 9 18 9 (9) 9 (9)
Oun (H'H)(Qyu;H) +h.c.
@) 0. TAuN)H G2, + hec.

S A 9 15 9 (9) 9 (9)
Ouw (QiUWUj)TIH VV,{V +h.c.
Oun (Qia‘”uj)f[ B, +h.c.
Ounr (H'H)(Qd;H) +h.c.
o 2,0 TAdNH G, +hec.

da | (" I S 9 15 9 (9) 9 (9)
Ogw | (Qio"d;))T" HW,, +h.c.
Oun (Qi(f‘“’dj)H B, +h.c.
O™ | (H'H)(Lie;H) +h.c.
Oav™ | (Lio"e;)T" HW,, +h.c. 3 3 9 (3) 9 (3)
O.5" (Eia‘“'ej)HBW +h.c.

(1) » 1.9 F o
Oy1 (H"iD, H)(LA"L;)
oy | (HNDLH) (L' L) 0 0 3(0) 6 (3)
Opc' | (H'iD,H)(En"e)

Total 102 207 129 (102) 150 (123)

Table 3: The list of dimension-6 fermionic bilinear operators of SMEFT, as given in Ref. [18], together
with their corresponding minimal and maximal rank, as explained in the text. In parentheses we indicate
how many of the entries in each cell are primary. When + h.c. is specified, the hermitian conjugate of the
operator must be included in the Lagrangian too. We indicate with 4, j, k, [ the flavor indices and with a,b

indices in the fundamental of SU(2);. T4, A=1,...,8 are the generators of the gauge SU(3)., while
= %I, I =1,2,3 are the generators of SU(2)r, in the fundamental representation, with o' the Pauli
matrices. The operators are grouped so that each block corresponds to one of the plots of Fig. 2 (except
for the operators with empty maximal and minimal sets). Notice that for the last 6 operators, the sum of
primary entries in the third and fourth columns do not coincide with the maximal rank (second column).
Indeed, since there is no CP violation in the lepton sector, their real primary entries cannot interfere with
anything to produce additional CPV. We indicate with a * those operators for which this happens.
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4-Fermi

L. Maximal # imaginary entries # real entries
¢ ¢ Minimal rank
Label Operator Himat rat rank (of which primary) (of which primary)
Oqe (QQ)) (e er) 9 27 36 (9) 45 (18)
o) Ly, L) Q"
o L( Ta ])(Qqu}) 9 27 36 (9) 45 (18)
LQ ( YT L])(Qk"y T Ql)
0(16) " (L%e;)eq(Q0uy) + hoc.
beQu | AR Tt Rt . 27 54 81 (27) 81 (27)
OLeQu (LiU;J,uej)ea,I)(Qs(T u’t)+ -C.
OLu (LivLy) (™ wy) 9 27 36 (9) 45 (18)
Oredg (L{e;)(drQia) +hoc. 27 54 81 (27) 81 (27)
Oca (€vue;)(diy"dy) 27 36 (9) 45 (18)
Oeu (éi’yltej)(ﬂk'yuul) 27 36 (9) 45 (18)
7 (Liv L) (diey"'dy) 27 36 (9) 45 (18)
O(1> 71 NO, A~
o @ 7‘;%)(9’“ ’MQIZ) 18 45 18 (18) 27 (27)
QQ (Qi’hﬂ' Qj)(Qk"/ T Ql)
Ouu (v ) (Ty uy) 18 45 18 (18) 27 (27)
Oua (di,d;) (dgy™dy) 18 45 18 (18) 27 (27)
0(1) ’1_ N7, ~H
a @ VjQJ)(Qf’“ ' Mui 36 81 36 (36) 45 (45)
0o, (Qi, T7Q ) (e T uy)
o8, 2:7,Q;) (dir""d
O%’i) ) (Q;/QQ])(,’”H lz 36 81 36 (36) 45 (45)
0d (Qi, T Q) (AT dy)
oL (@7,0) (i dy) ,
07;5) . T}; I pph 36 81 36 (36) 45 (45)
ud (v, T ug ) (dp Ay T dy)
) ~a Ab
O?S@Qd (Qi)eq(Qrdy) +hc. 81 162 81 (81) 81 (81)
Opmaa | (QiT u)ea(QRTd)) + hec.
Or” (Livp L) (L Ly) 0 0 18 (0) 27 (9)
O(iﬁ* (é'i"mej)(ék’\/uel) 0 0 15 (0) 21 (6)
Or” (LivuLy) (Eter) 3 3 36 (3) 45 (12)
Total 597 1344 1014 (597) 1191 (774)
Bilinears + 4-Fermi 699 1551 1143 (699) 1341 (897)

Table 4: The list of dimension-6 4-Fermi operators of SMEFT, as given in Ref. [18], together with their
corresponding minimal and maximal rank, as explained in the text. In parentheses we indicate how many
of the entries in each cell are primary. When + h.c. is specified, the hermitian conjugate of the operator
must be included in the Lagrangian too. We indicate with 4, j, k, [ the flavor indices and with a, b indices
in the fundamental of SU(2)r. T4, A=1,...,8 are the generators of the gauge SU(3)., while 1= %I,
I =1,2,3 are the generators of SU(2)r in the fundamental representation, with 0! the Pauli matrices.
The operators are grouped so that each block corresponds to one of the plots of Fig. 3 (except for the
operators with empty maximal and minimal sets). Notice that for the last 3 operators, the sum of
primary entries in the third and fourth columns do not coincide with the maximal rank (second column).
Indeed, since there is no CP violation in the lepton sector, their real primary entries cannot interfere with
anything to produce additional CPV. We indicate with a * those operators for which this happens.
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Taylor rank at each order in )\ for all bilinear operators
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Figure 2: Number of independent invariants from the maximal (blue step-wise line) and the minimal
(dark yellow step-wise line) sets, denoted as Taylor rank 7, in the text, at each order n in the A expansion
for all bilinear operators. At a fixed order in A, the top x-axis shows the value of A for which an invariant
appearing at such order would be comparable to J,, assuming it scales as v? /Az, with v ~ 246 GeV the vev

of the Higgs field. The vertical dashed line marks the order A\*° (corresponding to A = v, as indicated)
where the SM, J; shows up, while the horizontal lines mark the values for the maximal and minimal rank,
also labeled on the right y-axis. Each plot corresponds to a group of operators in Table 3 (excluding those

with 0 maximal and minimal sets), of which only one is chosen as a representative.
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Taylor rank at each order in A for all 4-Fermi operators
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Figure 3: Number of independent invariants from the maximal (blue step-wise line) and the minimal
(dark yellow step-wise line) sets, denoted as Taylor rank r,, in the text, at each order n in the A expansion
for all bilinear operators. At a fixed order in A, the top z-axis shows the value of A for which an invariant
appearing at such order would be comparable to J,, assuming it scales as v /A2, with v ~ 246 GeV the vev

of the Higgs field. The vertical dashed line marks the order A (corresponding to A = v, as indicated)
where the SMy J4 shows up, while the horizontal lines mark the values for the maximal and minimal rank,
also labeled on the right y-axis. Each plot corresponds to a group of operators in Table 3 (excluding those
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Taylor rank at each order in A for all operators
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Figure 4: Number of independent invariants from the maximal (blue step-wise line) and the minimal
(dark yellow step-wise line) sets, denoted as Taylor rank r,, in the text, at each order n in the A expansion
for the sum of all bilinear operators (a), 4-Fermi operators (b), and all operators (c). At a fixed order in
A, the top z-axis shows the value of A for which an invariant appearing at such order would be
comparable to Jy, assuming it scales as v?/A?. The vertical dashed line marks the order A*®
(corresponding to A = v, as indicated) where the SMy J4 shows up, while the horizontal lines mark the
values for the maximal and minimal rank, also labeled on the right y-axis. Finally, in each plot we
highlighted the sources of opportunistic CPV as the difference between maximal and minimal ranks.

5 Flavor scenarios

In the previous section, we explained how to compute the Taylor ranks of a set of CP-odd
invariants associated to a dimension-six operator. In order to do this, an understanding of
the A-scaling of the building blocks of each invariant was needed. For the Yukawa matrices,
this is done by means of the parametrization in Egs. (2.5)-(2.11). On the other hand, the
flavor structure of the Wilson coefficients is obviously unknown, as it can only be specified
when measured or when a specific UV model is selected. To get the results displayed in
Figures 2, 3, and 4, we adopted an anarchic assumption, where all coefficient entries are
assumed to be O(1). However, different ansatzes, appropriately justified, can be made on
such coefficients. In the next sections, we consider four of these scenarios, starting from
the anarchic one used in the results above. We first summarize their characteristics, and,
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in order to compare them, we apply our Taylor rank algorithm on the maximal set of all
bilinear operators. Our goal is to understand how the results of section 4, on the number of
independent invariants at a given order in the A-expansion, actually depend on the flavor
assumptions.

5.1 Flavor anarchic scenario

The simplest assumption one can make on the flavor structure of the SMEFT coefficients
is the anarchic or generic one, consisting in just taking all entries of a flavorful coefficient
to be O(1). For C,p, this means simply

P11+ 811 P12+ 812 P13+ 13
Curr = | P21 + 1021 P22 +iN22 P23 + 1723 pij ~nij ~ O(1) . (5.1)
P31 +1131 P32 + N30 P33+ N33

If this is true, since in the SM, off-diagonal flavor entries are suppressed with respect to
diagonal ones, the off-diagonal entries of a flavorful higher-dimensional coefficient will have
a relatively larger impact on flavor-violating observables, such as Flavor Changing Neutral
Currents. However, these observables are among the best studied and constrained. Indeed
bounds arising from quantities related to flavor violation either in the quark or lepton
sector [6-11] place the scale of New Physics to be at least of (9(103 TeV). Bounds coming
from the electron dipole moment [31] also push the NP scale to these values if the anarchic
assumption is taken. By looking at Figure 4, then, we can infer that for A > 10® TeV we
still have ~ 120 invariants for the bilinear and O(400) invariants for the 4-Fermi operators
that could have the same flavor suppression as the SM, Jy.

5.2 Minimal Flavor Violation

As a first non-anarchic assumption on the flavor structure of SMEFT we consider the
scenario of Minimal Flavor Violation (MFV) [6, 12]. If we turn off the Yukawa matrices,
the kinetic sector of the SM, Lagrangian is invariant under the global U(3)5 group of
flavor transformations acting on quarks and leptons. If we assign spurious transformation
properties to the Yukawa matrices as in Table 1, the Yukawa sector of SM, is invariant too.
Minimal Flavor Violation is then the requirement that any higher-dimensional operator has
to be built out of Y, ;. matrices and SM fields, so as to be formally invariant under the
flavor group, taking into account the transformation properties in Table 1. For example,
for C,, 7, which lies in the same representation as Y,;:

C’uH = (puH + ZT/UH) Yu + O(Yu27 Yd2) ) (52)

where p,,n,m are unknown numbers (without flavor indices). Looking at such an expres-
sion, it is clear how this scenario has a strong practical appeal, since it drastically reduces
the number of free parameters entering the Lagrangian at each mass-dimension and at low
orders in A [16, 32]. In addition, by tying the amount of flavor violation to that already
present in the SMy, it is more easily compatible with observables, bringing the lower bounds
on the NP scale down to the TeV region [6, 31, 33|. However, a clear shortcoming of this
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method resides in the largest eigenvalue, y,, of the up-Yukawa matrix, Y,,, being of order 1,
making a controlled expansion in powers of Y,, poorly defined. For example, we could mul-
tiply from the left the leading order term showed in Eq. (5.2) with any power of X, and
obtain a quantity with the same A suppression. A number of solutions have been proposed
to bypass this issue. First of all, one can notice that, because of the Cayley—Hamilton
theorem, not all powers of X, are actually independent, so that all coefficients obtained
with X, with n > 3 can be reabsorbed by some appropriate redefinition [32]. Alterna-
tively, one can postulate a flavor symmetry breaking in two steps: the top-Yukawa coupling
is turned on first and breaks the U(3)g x U(3), sector of the flavor symmetry down to
U(2)g xU(2), xU(1);. Then, one can build an EFT expansion around this vev, and the
flavor symmetry is realized only non-linearly [34, 35|. This construction leaves an unbroken
U(2)? x U(1) x U(3)* which is linearly realized; it can be shown [34] to be a restriction of
the U(2)° symmetry which we treat below.

Our invariant based treatment, however, can also help to shed a new light on this
problem. Focusing on C, 5, we sketch here a procedure to obtain a consistent expansion,
leaving the details for appendix D. We start from the first possible term we can write that
is compatible with the MFV assumption:

Cumr = (po +1i10) Yy, (5.3)

and compute the Taylor rank of this expression. Clearly, the rank is going to be 1, corre-
sponding to 79, as long as we expand to order A", n < 36, and becomes 2 at some point for
n > 36, i.e. after we start to be sensitive to the SM CP violation, J; ~ A3 Then, we add
another term, for example

CuH = (pO + Zr'7O)Y:u + (pl + an)XuYu (54)

and compute the Taylor rank again'!. At each step, we produce a plot like those in Figures 2
and 3. After a number of iterations, if we find that the plot does not change regardless of
what other terms we add to the expansion, then we stop. In this way, we have obtained an
expansion for C,j, specified by a set of parameters (p;, 1;), such that any further term we
could add would provide no additional information. The result of this procedure for C,
is presented in Figure 5.

5.3 U(2)°

As already mentioned, one of the proposed workarounds to avoid the power counting am-
biguity carried by MF'V consists in picking only a subgroup of the full U (3)5. Here, we will
focus on the U(2)® = U(2)gxU(2),xU(2)gxU(2)xU(2), case [13], as a benchmark. This
is not the only choice that can be made, and a larger set of possibilities has been studied
in the literature [16, 32]. This approach has a number of advantages. First of all, similarly
to the full MFV, flavor and CP bounds allow A, the scale where the EFT expansion breaks
down, to be as low as the TeV region [14, 31, 36]. To realize U(2)5, we assume that the first

" (Clearly, as there is no obvious way to decide a hierarchy between the terms, an arbitrary ordering has
to be chosen. A possibility is shown in appendix D.
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Taylor rank for C, at each step in the MFV expansion
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Figure 5: Illustration of the algorithm described in appendix D applied to the bilinear coefficients C\, g:
at each step, labeled on the right, we plot the result of the Taylor rank. We see that the algorithm
saturates quite fast to the final result, and we stopped the iterations after the resulting plot was
unchanged for 30 steps. The vertical dashed line marks the order A*® where the SM, J; shows up, while
the horizontal ones show the minimal and maximal ranks of C,g. The final line, constituting the envelope
of the plot, reproduces the result relative to the MFV scenario for C, g indicated in red in Figure 6.

two generations of the SM quark and lepton fields transform under the different factors of
the flavor group as in Table 5, with a = 1, 2, while @3, us, d3, L3, and e3 are U(2)5 singlets.

U@2)q | U@2). U@2)q | U@y U(2).
Q. 2 1 1 1 1
u, 1 2 1 1 1
d, 1 1 2 1 1
L, 1 1 1 2 1
e, 1 1 1 1 2

Table 5: Transformation properties of the first two generations of each fermion
SM field under the U(2)° flavor symmetry ansatz.

Then, to reproduce the observed Yukawa couplings, one needs to break the flavor
symmetry via the spurions {V;, V,, A,, A4, A.}, transforming as in Table 6.
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U(2)q Uy | U@2)p U2)r UQ2)g
Vi 1 1 1 2 1
v, 2 1 1 1 1
A, 1 1 1 2 3
A, 2 3 1 1 1
A, 2 1 3 1 1

Table 6: Transformation properties of the independent spurions under the
U(2)° flavor symmetry ansatz.

Using the available U (2)5 flavor transformations, we can bring the quark Yukawas in
the form [32]:

Y, = (A“ V‘?) Y, = (Ad 0) (5.5)
0y 0 up

with y, , singlets of U (2)3. With this parametrization, the Yukawa sector is clearly formally
invariant under the U (2)5 flavor group. Then, we extend the assumption that the spurions
in Table 5 are the only source of flavor symmetry breaking to the whole SMEFT, so that
every flavorful coefficient has to be appropriately built with them. For example, the C,
coefficient can be expanded as

[ (et a A e mb BBV, .
CUH_VT uou U U U U U LU ) (56)
am(ct,cy,c5,ci)Ay + ... Tr(m(by,by,b5,by)) +...
where we defined
Tya= A, dAL d m(a,b,c,d) = alyy + by +cxg+d(V, ® VqT) , (5.7)

and the ellipsis indicate higher orders. In contrast with MFV, the performed expansion
is now meaningful, as the involved spurions have eigenvalues (’)(10_2) <« 1. Nonetheless,
we could still proceed as for MFV and remain agnostic about the expansion, consider the
series in its entirety, and then retain only the coefficients that maximize the rank of the
transfer matrix at each fixed A order. Then, again, we can directly use the invariants to
characterize the parameter space.

Here, to assign the appropriate A scaling to the spurions, one needs to relate the
expression in Eq. (5.5) to a basis where the actual Yukawas take that form. Alternatively,
and in a sense more straightforwardly, one can compute the 10 invariants in Eq. (2.19) both
in the Wolfenstein parametrization Eqgs. (2.5)-(2.11) and in the one of Eq. (5.5) and relate
the two. This is an unambiguous procedure, as it is flavor-basis independent. To prove
that it is possible, we also need to study the invariants that can be built using the spurions
in Table 6. A detailed explanation of how this can be done is given in Appendix E. In
particular, we show that 8 independent invariants can be built out of the spurions A,, 4 and
V;. In addition, one has to consider the two singlets (one real and one complex) appearing
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in the (3,3) position of Y,,. Since the maximal set will be ultimately built out of invariants
of these objects, one may find that it is quite coincidental that their number is just enough
as to make the transfer matrix have rank 18. More specifically, it may seem particularly
remarkable that the 18 invariants we picked for the maximal set, which were chosen for the
rather unrelated reasons explained above, end up picking all of the 18 independent invariant
objects we can build out of A,, 4, V,;, and a singlet. However, one should note that, although
there are 9 independent invariants, the relations that link redundant invariants to them are
non-linear, and a linear object, such as the transfer matrix, cannot be sensitive to them.
Thus, effectively, all of the linearly independent invariants are allowed. For more details,
see footnote 20 in Appendix H.

5.4 Froggatt—Nielsen

The last case we consider is that of a horizontal symmetry, i.e. the Froggatt—Nielsen mech-
anism. In their seminal work [17], Froggatt and Nielsen noticed that the large hierarchies
spanned by the quark masses and CKM matrix entries could be explained as coming from
different powers of a symmetry breaking order parameter. Explicitly, this can be obtained
by adding a complex scalar field ¢ to the Standard Model, taken to be a singlet of the SM
SU(3)cxSU(2)r,xU(1)y gauge group. An abelian U (1) py global symmetry is postulated,
under which the scalar field has charge -1:

FN(¢)=-1. (5.8)
On the other hand, quarks can be assigned non—negative12 U(1)pn charges
FN(Q;)=fg,20 FN(uj)=f, 20 FN(d;)=fy3 >0 (5.9)

where we used the charge conjugated fields'® q5 = —z"yony(jT so as to deal with left-handed
fermions, only. With the aid of a global hypercharge transformation, the Higgs field can be
taken to be neutral. This symmetry forbids renormalizable Yukawa terms. Instead, only
higher-dimensional terms of the form

* fuz+fQ]
Ly > YO (‘?5_)
ij

. o o \Jie
AFN i

Apn
)

are allowed, where C'Z.(;L’d are matrices with O(1) entries and Apy > v is the scale at which
this theory needs to be UV completed. Through an appropriate scalar potential, the scalar

field acquires a vev

{9

=\ 5.11
Arn (5.11)

which spontaneously breaks the symmetry. Then, the entries of the quark Yukawa matrices
are determined by the operators in Eq. (5.10) as

Yij = Ci(jU))\fuiJerj Ya,ij = Cz‘(gd))‘fdi+fQj : (5.12)

12 This assumption can actually be relaxed, as long as the Yukawa terms in Eq. (5.10) are invariant under
"¥in the Dirac representation for the v matrices [37].
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Appropriate choices for the values of { Tq,s Ju; fdi} allow us to reproduce the observed
hierarchies in the quark sector. A suitable choice is

fQi ={3,2,0} fuf ={5,2,0} fdf ={1,0,0} . (5.13)

This construction can be extended to the whole SMEFT [38] in the same way: flavorful
operators are multiplied by appropriate powers of ¢/Apyn so as to respect the U(1)py
symmetry, and their entries are suppressed correspondingly when ¢ freezes to its vev. For
example, the now familiar coefficient of the modified Yukawa operator, C,, 5, becomes

A¥ (p11 +inm11) A (pra +inm1a) A (p13 +ini3)
Courr = | X (a1 +im91) X (pag +i192) N2 (pas +ima3) | (5.14)
A (p31 +in31) A* (p3a +inza) A*(pss +im33)

where the 18 numbers p; ;,7;; are all supposed to be of order 1. Although we introduced
the Froggatt—Nielsen model using the language of a UV completion, one alternatively could
postulate a horizontal symmetry [39] in the IR, i.e. that the flavorful coefficients have to be
built out of the spurion in Eq. (5.11) so as to respect the U(1)zpy symmetry.

5.5 Selected results and discussion

As we have shown, each flavor scenario dictates a specific structure of the Wilson coefhi-
cients, as exemplified by Egs. (5.1), (5.2), (5.6) and (5.14) for C, . We generalized this
procedure to all bilinear operators, parametrizing their coefficients according to each of the
four scenarios above, and computed their Taylor ranks. The result is visualized in Figure 6.
The first feature to catch the eye is the fact that there appears to be a clear hierarchy
between the different possibilities. Stated loosely, the more restrictive the symmetry, the
harder it gets to increase the rank, as illustrated by the curves never crossing each other, al-
though they coincide in some points. This result gives a more strong footing to the idea that
assuming a symmetry reduces the number of parameters needed to describe some observ-
ables at a given precision, as it shows that it is a flavor-invariant statement. As mentioned
in the discussion about MFV and U (2)5, this approach offers a way out of power counting
ambiguities: at a fixed A order, we can clearly discriminate which parameters contribute
and which do not.

The plots in Figure 6, however, tell us even more than this. Indeed, as we have stated,
the different flavor scenarios imply different bounds on the scale of new physics A. If
we assume that the invariants scale as ~ UQ/AZ, then the top = axis indicates how many
independent (’)(1 / A2) invariants are comparable with J,; at each value of A. By looking at
constraints from FCNC [6], for example, the bound on A for the flavor anarchic scenario
is A 2 10° GeV, which means, by intersecting the corresponding blue line, that there are
< 120 invariants of the maximal set that could be comparable with J;. On the other hand,
the bound on MFV is milder, A 2 10* GeV. However, the much slower growth for the MFV
curve is not compensated by this difference of the NP scale, as this constraint implies here
that only < 50 invariants can be approximately as large as J;. As mentioned, these results
only concern bilinear operators. We leave a similar study of 4-Fermi operators to future
work.
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Taylor rank at each order in A for all bilinear operators: flavor scenarios
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Figure 6: Plot comparing the Taylor rank obtained for bilinear operators at each order in A for the four
different flavor scenarios described in the text: anarchic entries, Minimal Flavor Violation, U (2)5 and
Froggatt—Nielsen. The dashed vertical line marks the order A% that characterizes the J arlskog invariant
J4, while horizontal lines have been placed to indicate the minimal and maximal rank for each operator.
Each of the first 7 plots corresponds to a group of operators in Table 3 (excluding those with 0 maximal
and minimal sets), only one of which is chosen as a representative, while the last one is the total Taylor
rank for all bilinear operators. Notice that the line corresponding to MFV only becomes larger than the
minimal rank after reaching O ()\36). Indeed, the only way to start resolving real entries is via interference
with a CP-odd quantity. As the MFV flavorful building blocks are just Y, 4, the first possible object is the
familiar .J,, appearing at A*°.
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6 Conclusion

In this paper, we explored the parameter space of CP-violating observables at order (’)(1 / A2)
in the Standard Model Effective Field Theory, employing and expanding on the formalism
of linear CP-odd flavor invariants developed in [4]. Since CP is already violated by the
Standard Model in the electroweak sector at dimension four, characterizing this parameter
space in its entirety requires that we account for interference between the Standard Model
CP-odd invariant J; and CP-even A2 suppressed objects, which we dubbed opportunistic
CPV. To do this, we defined a larger set of invariants with respect to [4], which we called
a maximal set, and presented such a set for all operators of SMEFT at dimension-six in
the Warsaw basis. We then studied the relation that links this set to the minimal one
defined when J; = 0. Using the Wolfenstein parametrization, one can provide a hierarchy
within the invariants, as well as a counting at each order in the A expansion. We found
that opportunistic CPV, although dependent on the fact that J; # 0, manifests itself at a
A-order much lower than J,. We also discussed how the A-counting is affected by the un-
derlying flavor assumption on the flavorful coefficients, focusing on four specific ansatzes as
benchmarks. As our construction allows us to relate invariants and Lagrangian parameters
in a linear way, it incidentally provides a way to clearly identify which of the latter can be
resolved, while bypassing at the same time power counting ambiguities, usually connected
to e.g. the MFV ansatz.

This work still leaves room for exploration in a number of directions. Our formalism
allows one to treat the interference of CP-even, A™2 suppressed quantities with the SM,
Jy to form CP-violating objects. Moreover, we managed to infer a hierarchy between the
invariants, so that, at a given precision, we can reduce the number of parameters needed
to span the parameter space. As such, it would be interesting to see how to employ our
construction for phenomenological applications, for example to check whether one could
obtain competitive bounds on CP-even quantities using CP-odd observables such as, e.g.,
the electron EDM. As we stressed, directly running our Taylor rank analysis at the level of
a set of observables, instead of using invariants as a proxy, would be very useful in order to
get the most accurate picture. Such an endeavor would result in a solid assessment of the
sensitivity of CPV observables to the SMEFT parameter space.

Another aspect worth exploring would be the extension of the Standard Model to in-
clude right-handed neutrinos to account for neutrino masses. In that case, additional sources
of CP-violation with respect to J; are already present in the renormalizable SMy, appearing
as phases in the PMNS matrix [40, 41|. These three phases, then, can provide additional
sources of interference, and the PMNS matrix can be used as an additional building block
to build our invariants. In particular, as the U (1)3 residual symmetry in the lepton sector
is now broken, most of the secondary phases become physical again at (’)(1 /A2). The case
of Majorana masses induced by the Weinberg operator is also interesting.

Moreover, in this work we limited ourselves to the case of SMEFT, which is built on the
assumption that the Higgs field belongs to a SU(2), doublet and the electroweak symmetry
is linearly realized. Relaxing these hypotheses leads to the so-called Higgs Effective Field
Theory (HEFT) [42-46]. It would be valuable to understand how the work performed here
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generalizes to that context. Finally, our work could be extended to study the parameter
space of CP violating observables in those approaches that rely on an on-shell description
[47-51], bypassing and complementing the lagrangian picture that we took as our starting
point.
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A Single trace invariants

In both this work and [4]' we built the flavor invariants relevant to our analysis as the
imaginary part of a single trace built out of one instance of a dimension-6 coefficient,
generically labeled C(G), and an arbitrary number of Yukawa matrices. In our previous
work, this procedure was presented as a choice. However, we show here that this choice
turns out to be the most generic one, under some suitable assumptions. Specifically, we
require our invariants to be:

1. singlets of the full U(3)5 flavor group,
2. polynomials in C(G), Y, 4. and their hermitian conjugates,
3. suppressed, at least naively, as 1 /A2, meaning C©® can only appear once,

4. CP-odd.

Notice that, once an invariant I realizing 1-3 is built, 4 is fulfilled by taking Im(7). Thus,
it is enough to focus on the properties of those I that realize 1-3. We show here that these
assumptions are sufficient to restrict to the type of invariants used in the main text.

A theorem due to Weyl ([52] Section IL.A.9) '° states that if f is a U(n)-invariant
scalar function of a set vy, ..., v, of vectors of U(n), then it can be written as a function of
only the scalar products of the v;’s. This means that there is a function g such that

f(v17"'7vr):g(VT'V):g(’UZ'Uj) (Al)

“We thank David Hogg and Ben Blum-Smith for some useful insights on the subject of this section.
"®The formulation used here is taken from [53].
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where V' is the matrix with the v,’s as columns. In other words, an invariant function is
just a function of invariants. We can adapt this theorem for our scopes in the following
way. Consider a U(3)q x U(3),-invariant function f of Y,,. We can consider the matrix
Y, as formed by three row belonging to the anti-fundamental of U(3),,, and the previous
theorem implies the existence of a function g such that

f(Yu) = g(YuYJ) = g(Xu) ) (AQ)

where now we only need to impose that g(X,) is invariant under U(3),. However, the
theorem exposed above for vector representations can be generalized to arbitrary tensors
(Theorem 9.3 in Ref. [54]), so that there exists a function h of the invariants built with X,
such that

(V) =9(X,) = (Tx[X,], e[ X2 ], Te[ X)) - (A.3)

The argument can be generalized to functions of C(G),Yu,Yd,Ye, which are our building
blocks here, to show that an invariant function under the flavor group is a function of
invariants'®.

With this in mind, let us focus for the moment on quark bilinear operators, whose
associated C® transform under some representation of U (3)gxU(3),*xU(3)4. In this case,
the only quantity transforming under the leptonic factor of the flavor group U(3); x U(3),
is Y,. Our invariant I then forcibly factorizes as

I(C(G),Yu,Yd,Y;) = f(C(G)aYuvyd)g(Ye) s (A4)

where f(C9),Y,,Yy) is a U(3)g xU(3), xU(3)4 singlet and g(¥,) a U(3), x U(3), singlet.
Since g(Y,) represents an overall factor, independent on 0(6), we can safely drop it and
focus on f (C(6),Yu, Y;). From what we showed above, the invariant function f is equal to
a function of the invariants built with C (6), Y, and Y;. We wish to understand how it can
look like.

We can contract the indices of the matrices only using the two invariant tensors of each
SU(3) factor, 52 and €,,.. Since we wish, additionally, invariance under the full U (3)5, we
can do without the latter, as an odd number of ¢, is forbidden, while even combinations
of them can be reduced to combinations of 6°’s.

Given property 3, we can start building a generic invariant from the single bilinear
coefficient C(G)Z we have at our disposal: if it has either two U(3),, or U(3), indices (one
upper and one lower), we can either contract them with each other, in which case we’re done,
or not. If not, these indices must be saturated by contraction with Y, 4, so we can always
consider the resulting combination belonging to 3¢ ®3, (e.g. C,, ;; — C’uHYuJr as in Eq.(1.6)).
Now, its remaining free SU(3)¢ indices must be contracted with some product of Yukawas
also belonging to the same representation (or within themselves). As the SU(3), 4 indices

%7t is worth noticing that the mentioned theorem by Weyl also shows that if f is polynomial, then g is
polynomial, too. This also holds for its generalization to tensors [54], which guarantees that property 2 is
fulfilled.
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of the Yukawas must, too, be contracted with instances of (52, we are forced to use products
of X, 4s to build a singlet. This leaves us with a single linear trace. Obviously, we could
again multiply such single trace with some other invariant quantity g,(Y,,Y;). However,
this quantity cannot depend on C (6), since the result would not be linear, and is then just
a combinations of Yukawa matrices. As such, they can be discarded: g,(Y,,Yy) can either
yield irrelevant prefactors in front of some Im 1, or generate J, when the imaginary part
acts on it. As alluded to in Section 2.3, this second possibility generates a trivial kind of
opportunistic CPV, which we do not include in our analysis. In particular, such invariants
are always more suppressed than J, itself.

Clearly, there is nothing special about the U(3)¢, indices, and we could have as well
started by contracting them and then proceed to contract the U(3),, 4 ones. A generalization
to the lepton case is straightforward. Finally, a similar analysis can be performed for 4-
Fermi operators, leading to the fact that the indices of their Wilson coefficients should be
paired and inserted in a matrix trace together with an appropriate sequence of X, ,, 4. This
results in two generalized trace structures, shown in Eq. (3.12).

B Opportunistic CPV with rephasing invariants

In this appendix, we expand on the discussion of section 3.3 and illustrate some aspects
of opportunistic CPV, using rephasing invariants (that is, singlets under the U (1)9 group
associated to the vectorlike phase shifts of each fermion mass eigenstate), for which formulae
are simpler than for complete flavor invariants.

Consider the CP-odd rephasing invariants

Im (Vg ki Vorm, jiCur ki) (B.1)

where 4,7 are fixed and k is summed over, and C,z is the Wilson coefficient introduced
in Eq. (1.5). The one with i = j = 3 for instance shows up as the leading contribution
to CPV observables in single top+Higgs processes at the LHC [55], when one modifies
the top Yukawa coupling. To see opportunistic CPV at play, let us assume that Cp;; =
0116;3C, 13- Accounting for CKM unitarity, we find that the invariants of Eq. (B.1) capture
only two quantities,

Q1 =Im (VéKM,IIVCKM,:SlCuH,l?)) ; Qa=1Im (VSKM,IQVCKM,?;ZCUHJS) . (B.2)

If J =0, where J = Im (Vog 12 Vw2 Véxm 11 Vexma1 ) is the CKM part of the Jarlskog
invariant J,, those two quantities degenerate to one (Im (C’uH713), in a basis where the CKM
matrix is real). This is consistent with the rephasing-invariant version of Eq. (3.16): one
can write

€ (VéKM,HVCKM,i%l CuH,13)

Qy=aQ+JF , with = B , (B.3)

2
[Vera 11 Voxw a1 |
where 3 does not diverge for most ways of taking J — 0. Nevertheless, when J # 0, Q; 5 are

independent and allow one to reconstruct the full Cy,f 13 = Re (C’u H713) +¢Im (Cu H’13). This
is an avatar of opportunistic CPV: the two CP-odd invariants )} o capture two coefficients

— 36 —



which are often classified as CP-even and CP-odd, via the interference with the CKM phase.
Furthermore, it can be checked that those coefficients are captured at order (9(/\3), i.e. the
Taylor rank of the set {Qq,Qs} reaches 2 at order O(X?), despite J ~ A8, This is consistent
with Eq. (B.3), since 8 ~ A~ > 1. This is an equivalent statement to the fact that Ry, in
Eq. (3.16) can be much larger than one.

C More on the Taylor rank

In this appendix, we elaborate on the notion of Taylor rank that we introduced in the main
text.

Although we focussed on the transfer matrix previously, the Taylor rank can be defined
for any matrix M, whose entries are expanded in a Taylor series in a small parameter z up
to a common fixed order n. As anticipated in Section 4, its Taylor rank r, (M) corresponds
to the smallest rank encountered in the equivalence class of M, defined by the equivalence
relation

M ~Nif M-N=0(z""") . (C.1)
It is smaller or equal to the rank that M has when truncated to O(2"). For instance,

T .IQ LL’4

ro(M) =1 for M = xi xz 5 +(’)(:1;10) . (C.2)
0

' x
This matrix, when taken at face value, has rank 2: the first two rows are proportional to
each other, while the third one is not. However, when computing ro(M), we should consider
adding to any entry of M any number which is 0 at (9(3:9), in particular we can add z'° in
the (3,3) position. Doing so, we reduce the rank to 1, which is therefore the Taylor-rank
we are after.

Scanning the full equivalence class becomes computationally expensive rather quickly as
the dimension of the corresponding matrix increases, which is why we rely on an algorithmic
Gaussian elimination approach. The latter proceeds via a refined version of the usual

Gaussian elimination, as follows: pick the largest entry in the matrix, say M;;, i.e. the one
starting at the lowest power in z, say x"":
Mijlo(xm) £0, Vk,I,Vp<m, Mkl\o(xp) =0. (C.3)

If there is more than one of such entries, it suffices to randomly pick one of them. If there
is no non-zero entry, we stop here, and the rank is clearly r,(M) = 0. If there is, then
rn(M) > 1. Now switch the first row with the i-th and the first column with the j-th, so
that the largest entry is now in the (1,1) position. Next, subtract to each row i # 1

M.

71
M C4
My (C4)

My, - My, -

and expand all entries to order n in x to stay consistent with the expansion. This means
clearly that M;; — 0, so that now the first column is composed of Os everywhere but in
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the first spot. In addition, this manipulation does not introduce large numbers, since by

definition My, = O(z™) and M;; < O(z™), therefore %;1 < O(1). Next, focus on the sub-

matrix M, with ¢ > 1. If this sub-matrix is identically 0, then we are done and r,, (M) = 1.

If not, pick the largest entry of this sub-matrix, again choosing a random one if there are
repetitions and repeat the same steps. At the end, we will have a matrix in row echelon
form, and we define r,,(M) as the number of non-zero rows.

We can explicitly evaluate this algorithm in the specific example of (C.2). The largest
entry is x and it is already in the (1,1) position. Now we subtract the first row from the
second and third ones, multiplied by the first entry of each and divided by My, = x:

LEZL‘2 .’E4
M-[00 0 [+0(z"). (C.5)
000

Since we reached the desired row echelon form, we can stop here and we obtained ro(M) =
1. Notice that, crucially, we neglected a z'° term which would have appeared in the (3,3)
position after the last step, as it was negligible in the expansion considered here.

In section 4, we applied this algorithm to = XA and M = 7T, the transfer matrix
connecting the invariants L, and the SMEFT parameters C; as defined in Eq. (3.3). At

each step, we therefore perform'”
Ta1
Lysy = Ly — 2211, | C.6
>1 7-11 1 ( )
so that after the last, r,(7)-th step, we obtain
La>rn(T) = O(An+1) ) <C7)

A" as an-

i.e. all invariants lie in the span of {Ly,..., L, (7}, up to corrections of O(
nounced in (4.2).

Let us close this appendix by mentioning other intuitive but incorrect approaches to the
Taylor rank computation. One could first think of truncating the matrix M to its O(z™)
and compute its rank. This does not work, as already mentioned above and exemplified by
(C.2). Another tentative characterization consists in evaluating all minors of M truncated
at O(z"), and identifying the maximal size of a non-vanishing such truncation of a minor.

However, this also fails, as can be seen from

2° 00
M=|02"0[+0(z")
000

for which 71o(M) =2 but all 2x2 minors vanish at (’)(xm).

"It may seem that (C.6) does not define new flavor invariants, since Iﬁ is not an invariant notion.

However, neither is A, so in this expression, one should really understand "+ computed in a basis where
11

A is explicitly defined" (such as the up- or down-basis), which turns 77:“ into an invariant concept, since it

is computed in a well-defined basis to which all flavor bases are implicitly related. In particular, any mass

or mixing angle appearing in 77:;1 can be expressed in terms of the invariants of (2.19), making the whole
procedure invariant.
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D Refining the MFV expansion

In this section, we provide more details for the simple algorithm introduced in Section 5.2,
which we use to obtain a consistent MFV expansion to plug into our maximal set and
perform the Taylor rank reduction described in appendix C. We use again the coefficient
C,g as a benchmark and define a shorthand for an MFV-compatible expansion of it:

y b n b"l
CuH[a1b1a2b2 cee anbn] = (palblasz...anbn + lnalblasz...anbn)leXdl cee XZ Xd Yu (Dl)

Since we are working with 3 x 3 matrices, we can restrict ourselves to a;,b; < 3, as higher
powers could be reabsorbed in the traces we will take in the maximal set by a (Yukawa
dependent) redefinition of the p and n coefficients'®.

First of all, let us define a procedure to obtain from an integer n a list of vectors we
can use to plug into Eq. (D.1). Given such n, we compute its partitions and only keep
those composed exclusively of integers smaller than 3. Then, we first permute them in all
possible ways, and to the obtained set we add the one we get by shifting all values to the
right by one place and putting 0 in the first position. For clarity, let us look at n = 4. Its
partitions are

4 -4, 31,22, 211, 1111 (D.2)
of which we only keep
422,211, 1111 . (D.3)
By performing all possible permutations we obtain
422, 211, 121, 112, 1111 , (D.4)
and with the final step we add
422,211, 121, 112, 1111, 022, 0211, 0121, 0112, 01111 . (D.5)

For each n, the result will be kept in the order shown here, that can be in general obtained
by interpreting the lists of numbers as the decimal digits of a rational number with 0 integer
value, ordered in decreasing order, e.g. in Eq. (D.5) 0.22 > 0.211 > 0.121 > --- > 0.1111. If
we start from n = 0, this procedure defines an ordering of all the possible acceptable values
for the list of integers in Eq. (D.1)'. We call this ordered list I. Thus, we define an
MFV-compatible CiH as the sum of all C,g[a1bjasbs...a,b, | defined with the first ¢ lists
in I. For example for ¢ =6

CSH =Cun [0] + CuH[l] + CuH[Ol] + CuH[z] + CuH[ll] + CuH[OQ] : (D'6)

Now to the final step: for each i, we compute the Taylor rank for C’i 7, obtaining each time
a plot like those in Figure 2. When the plot does not change for a large enough amount of

¥ Modulo cancellations, since all the entries of X, 4 are < 1, this will not spoil the assumption that all
the p’s and n’s are of O(1).
9Such choice is arbitrary, but the result does not depend on it anyway.
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steps, say 20, we stop. At this point, we should start removing p’s and n’s from the first
C’ZH for which the plot we stopped at was obtained, and do so in all possible ways that
do not alter the plot. At the end, we should obtain the 9 p’s and 9 n’s which we should
retain, and which are the most relevant to the expansion. Since here we cared mostly about
obtaining the Taylor rank in a consistent way, we refrain from explicitly carrying on such
procedure, and we content ourselves with the redundant expression for C, 5. A graphical

depiction of how such algorithm works is shown in Figure 5.

E Hilbert series and ) scaling for U(2)® spurions

To account for the fact that the third-generation Yukawa couplings are large, one can
modify the U(3)° flavor symmetry assumption of MFV and reduce it to a U(2)” that only
involves the first two generations [13-16]. In particular, given a fermion species ¢y with
f=1,4q, e, u, d, the first two generations form a doublet under the respective U(2) s, while
1/132 transforms as a singlet. Following the notation found in the literature [16] we can denote
the five U(2) groups as

U(2)°’=U(2),8U(2)qeU2)peU2)yeU(2)p (E.1)

where for convenience of notation we indicate with L, @), E/, U, D the flavor doublets. Then,
to reproduce the observed Yukawa couplings, one needs to break the flavor symmetry via
spurions with the transformation properties in Table 6.

It is worthwhile to employ the tools of the Plethystic program and the Hilbert series to
analyze what are the possible independent invariants that can come out of this parametriza-
tion, and in particular how many independent parameters it contains. However, since it
represents a simple case that can be solved by hand, we address the lepton sector first, and
use it as a starting point to expose our methods.

E.1 Lepton sector

In the lepton sector, the relevant spurions are V; and A,. With an appropriate choice of
basis, we can parametrize the lepton Yukawa matrix as

A, 0
(5 0). (£2)

where ¥, is a U(2)° singlet. The spurion V; does not appear in the Yukawa matrix, but it
can be used to allow for lepton flavor violation in the SMEFT expansion [16, 32]. As such,
we cannot determine its A scaling by relating it to Yukawa parameters, and we will just set
it to 0 in the following. Defining z, = A Al, we can write

z, 0
&:nnu(gf). (E.3)

There are only two invariants that can be built with x,, namely Tr[z,] and Tr[xz]. On the
other hand, with X, we can build

Te[X,] = Te[z.] +47 (E4)
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We can use the following relation for Tr[xz’]

1

Tr[22] =5 (3 Tr[x.] Tr[22] - Tr[2.]?) | (E.7)

and the following parametrization

0, 0
A = E.8
(1) (£3)
to get, trivially

6 =a N, 8] = au)\‘:’, Y. =a,\> . (E.9)

E.2 Quark sector

Since A, is the only object charged under U(2), it can only appear in the combination
z, = AAD € 20 ® 2¢. Analogously, we can define x4 = AdAL € 29 ® 2. Then, using
the properties of 2 x 2 matrices, as done e.g. in Section V. (A) of [27], one could build the
following CP-even invariants

Iyoo=V,Vy Iy10 = Tr[z,] Iy, = Tr[zg]
Iyo = Tr[x7] Iy = Tr[3] Inio=Vyw, V]
Lo = VyzgVy) Iop11 = Tr[z,24] LY, = Vo, aqVi + Vyzaz, Vi (E.10)

and the single CP-odd invariant
17, = Viazga gVl - Voagw, Vi E.11
2,1,1 = Vq¥utadVq = VqTatuVq - (E11)
At the same time, one can build the relevant multi-graded Hilbert series:

Wogehanea) = [daloe, T1 PEGigthewz),  (B12)
i= vq,vq,:vu,a:d}
with obvious association between a spurion and the corresponding building block. The
resulting expression is
h’(vqa U;, Ly 'Id) =
~ 1+ vqxdmuvg
(1= ) (1= 23) (1= 2g) (1 = 27) (1 = gy ) (1 = vgoh) (1 = vz g0 (1 - vy, 0})

whence it is straightforward to count that there are 8 independent parameters, correspond-

(E.13)

ing to as many algebraically independent invariants. These are

{15000 101,00 10,015 L0,2,0 L0,0,2 121,00 12,015 L0117} - (E.14)
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Indeed, 12(2)1 is not independent, as it can be decomposed as

1.2(21 = In101001 + 2011010 + T200 (Zo11 = Lo10L001) - (E.15)

Computing the Plethystic Logarithm helps us instead in understanding the role of 12(_1)1:

T - 2, 2 T T T T
PLIM(vg,vg, Ty, Tq)] = Ty + Ty + Xy + Ty + Vg + Vg Ty Vg + Vgl qUg + Vgl gy Vg+

- v?wﬁxi(v;)Q . (E.16)

The presence of a term with a negative sign —vgx?lmi(v;f signals the presence of a syzygy
at that order:

2
(-) _ 2 2 2 2 2 2 2
([271,1 =+ Io,0.2101,0020,0 + 10,0,110,2,012,0,0 = 16,0,112,1,0 = 210,0,110,1,010,1,112,0,0

+2100,110,1,012,0,112,1,0 + 210,0,110,1,112,0,012,1,0 = 210,0,110,2,012,0,012,0,1

2 2 9 12
=216,0,210,1,012,0012,1,0 = L0,0,210,2,012,0,0 + 2L0,0,2121,0 = 15.1,012,0,1

9 12 9
+2101.0l01,112,0012,01 + 10111200 — 401112011210 + 200200201 - (E.17)

This means that only the sign carried by I2(7_1)71 is relevant. The 8 independent parameters
correspond to 4 masses, 3 angles and 1 phase contained in the SM Yukawa matrices. The
remaining two parameters, i.e. the top and bottom quark masses, are captured by two
U(2)° singlets ?°. Using the parametrization [32]:

A A
Yu=( qu) yd:( do) (E.18)
0 y 0 v
with y; 5, being U(2)3 singlets, we can write
V, o Vi yV, 0
X, =Y,V = (a"“ TV thq) Xy=YY] = (md 2) . (E.19)
yth Yt 0 yp

This allows us to rewrite the 10 independent invariants one can build with the Yukawas
[27] as:

Te[X,] = Tr[a,) + ViV, + 47 (E.20)
Tr[X,] = Tr[zg] + 3 (E.21)
Te[X2] = Te[22] + 2V 2, V, + (ViV, +47)° (E.22)
Tr[Xg] = Tr[xg] + g (E.23)
Tr[ X, Xy] = Tr[z,zq] + VqTa:qu + thyg (E.24)
Te[X3] = Te[ad] + 3V, 22V, + 3 (VIV, + D) (Vi V) + (Vi V, + 42) (E.25)

20 As we mentioned in the main text at the end of section 5.3, the rank of the transfer matrix is sensitive
to the different linearly independent invariants. These are not the same as those we found using the
multi-graded Hilbert series of Eq. (E.13), which are the algebraically independent ones, i.e. up to all
possible polynomial relations. On the other hand, the linearly independent invariants would be the ones
corresponding to the expression given by expanding Eq. (E.13) at a fixed order in v, v;, Ty, Tg.

— 42 —



Tr[Xg] = Tr[xz] + (E.26)
Tr[ X, X7] = Te[z,23] + V23V, + yiye (E.27)
Te[ Xy X3 ] = Tel[waay ] + (ViwaVy) ViV, + ) + (VIVy + o) vitvi

+ V (zyxq + xq2,,) V, (E.28)
T X3 x7] - Tr[:r wg] + Vi Vo + VoV + Vil agVy (ViVy + i)
+ vty (ViVy +47) (E.29)

we see that we need the explicit expression for the additional invariants that appear but we
know are not algebraically independent:

VJr (a: Ty + Ty, )V VTa: V, Tr[zy] Tr[z,] + ijqu Tr[mg]+

+ ViV, (Trw,] Te[z,24] - Tr[z4) Tr[,]°) (E.30)
VqJr (a:?la;u + a:u:vg) Vi, :VqTa:qu Tr[z, ] Tr[zq] + VqTa:qu Tr[a;?i]+
+ VIV, ((Tr[2g] Tr[z42,] - Tr[2,] Tr[zq]°) (E.31)
Vi (g + 242,) Vy =V, V, Te[2g] + VeV, Te[z, ]+
+ ViV (Trlzyaq] = Tr[z4] Tr[2,]) (E.32)
v;jxﬁvq =VqTxqu Tr[z,] + % (Tr[xi] - Tr[:ru]2) (E.33)
VqT:c?lV;] =VqTdeq Trizg] + % (Tr[:c?j] - Tr[xd]Q) (E.34)
Tr[xi] =% (3Tr[z,] Tr[:z:i] - Tr[xu]?’) (E.35)
Tr[xi] =% (3Tr[z4] Tr[:c?l] - Tr[xd]g) (E.36)
el 3] :% (Tr[za] Tel[23] + 2 Tr[ag] Tr[zyag] - Trlz ) Teleg]?)  (E.37)
Tr[a:dwz] :% (Tr[z4] Tr[xi] +2Tr[z,] Tr[zgz,] — Trlzy] Tr[xu]z) (E.38)
Tr[:nixi] :% (Tr[acé] Tr[mi] +2Tr[z,] Tr[z,] Tr[z,24] - Tr[z,4] Tr[xu]Q) .

(E.39)

Equations (E.20)-(E.29) constitute a system of ten equations in the ten variables represented
by yf, yg and the eight independent invariants. This system can be solved to all orders in
A, the leading order solutions being

yf = aj (E.40)

Y2 = i\ (E.41)
VIV, = A%\t + O(N°) (E.42)
Tr[zg] = a?X'?+ O(AM) (E.43)
Tr[z,] = aZX® + O(X?) (E.44)
Tr[27] = asX™ + O(N*") (E.45)
Tr[22] = agA'® + O(A'7) (E.46)
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Vie,V, = A%aZai A + O(\) (E.47)
VqTachq = A%a2a? a4+ (’)()\15) (E.48)
Tr[z,z4] = a2a? XS + O()\lg) . (E.49)

Assuming then that A, ; and V, are the only spurions breaking the flavor symmetry, we
can express each coefficient at dimension-6 as a suitable combination of them. This means,
in turn, that all the invariants we build for each operator can be recast as combinations of
the algebraically independent ones. Then, using the expression we just obtained, we can
obtain a consistent expansion in A for our invariants. It is actually more practical to use
the U(2)? rotations to pick a basis for the spurions. In particular, we can choose [32]:

O B e[ ) R Ol [ L R
€q Sy Cu 0 9, Sq€ Cq 0 dg4

We see that, as expected, after exhausting all U(2)3 rotations we are left with 8 independent
objects, i.e. 5 real positive parameters, 2 angles and 1 phase. Inserting this parametrization
in the system represented by Eqgs. (E.20)-(E.29), together with the solutions in Eqs (E.40)-
(E.41) we can obtain an expression for these parameters. At leading order in A, we found

eq = A2af\! (E.51)
Sy = \/1* + pPA (E.52)
sa= W10t +(p-1)? (E.53)
6d = ad)\7 (E54)
o = ag\’ (E.55)
8, = a N8 (E.56)

(E.57)

8, =a\t

i+ (p-1)p
VP P 2041
Notice, in passing, that the fact that we can only determine cos(«) is linked to the impossi-
bility of determining the sign of o with the invariants in Egs. (E.20)-(E.29). To find it, we
have to look at the relation obtained by expressing Tr[XngXuXd] - Tr[XCQngXqu] in
terms of Eq. (E.19). This equation, too, can be solved to all orders in A, the leading order

cos(a) =

being
"
Vit + (p- 1) +p?

As a check, one can verify that, at this order cos?(a) + sin®(a) = 1.

sin(a) = - (E.59)

F Bilinear operators

We present here explicitly the maximal set of invariants for each bilinear operator in SMEFT

at O(l/Az).
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Maximal set for all bilinear operators

# #
Wilson coefficient min max Maximal set
set set
Cen
C.=1Coy 3| 3 { (ex)) nex) ey |
Cep
Loooo (CuYy)  Ligoo (CuYi)  Lagoo (CLY:)
Cuo Li00 (CuYJ) L1100 (CuYuT) Lo119 (CuYJ)
0, =) Cuc Loioo (Cu¥d) Loizo (Cu¥d)  Lizo (CuYi)
Cuw Lo2oo (CuY))  Liago (CLY))  Loaio (CLY:)
Cup Lysoo (CuYal)  Loaso (CuY)  Luzao (CuY:)
O Loz (CuY)  Loroa (CuYd)  Luroz (CuY)
Can
¢, =] Same with C,Y, - C Y]
Caw
Cap
CHud Same with C,Y,| - YuC’HudeJr
cl e, 0 0 2
L1100 (Cu¥el) Laroo (CuY) Lusoo (CuY)
Ciio’ Laooo (Cu¥) Lunzo (CuYd) Lurea (CLY:)
3 9 Loy (CUYJ) Loi12 (CUYJ) Lo112 (CuYuT)
Ciru Same with O — Y, Oy, Vil
Cha Same with Clg) — Y,Cpp Y

Table 7: Maximal sets of CP-odd flavor invariants for all SMEFT dimension-six Wilson coefficients
associated to operators bilinear in fermion fields. The invariants belonging to the minimal sets of Ref. [4]
are highlighted in gray. We recall that X, =Y, Y, and similarly for down quarks or electrons. We also
recall the definitions in Egs. (3.5)-(3.6).

G 4-Fermi operators

We present here explicitly the maximal set of invariants for each 4-Fermi operator in SMEFT

at (9(1/A2).
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Maximal set for all 4-Fermi operators
# #
Wilson coefficient | minimal maximal Maximal set
set set
45000 (Cagee)  A3000 (Cogee) A1 (Cogee)
A5300 (Cagee) AT (Cogee)  AB00 (Cogee)
A5650 (Cagee) 43" (Cagee)  AP*™ (Cogee)
A3 (Cagee) AT (Coqee) At (Coqee)
Cae A5t (Cagee)  Adood (Cogee) AT (Cogee)
A3 (Cagee) A3 (Cogee) A3 (Cogee)
A1 (Cagee) A1 (Coqee) AT (Cogee)
A3 (Cagee) AT (Coqee) A2 (Cogee)
Aml (Cagee) 43 (Coqee) A2 (Coqee)
c Same with Cggee = Ceedd (exchanging upper
ed with lower indices and with Y, < Y1)
9 27 g . .
c ame with Cogee = Ceean (exchangllng upper
et with lower indices and with Y, < Y,")
A0 (Crroe) AR (Crroo) A0 (Crroo)
At (CLLQQ) A0 (CLLQQ) Ab100 (Crroo)
AN (CLLQQ) 1200 (CLLQQ) A0 (CLLQQ)
(13 Alaoo (CLLQQ) AZ100 (CLLQQ) AN (CLLQQ)
Cro AN (Crrog) 3?93 (Crroq) Atz (Crioo)
A3 (CLLQQ) Afa00 (CLLQQ) A0 (CLLQQ)
Aniz2 (Crrge) Ataan (Crre) Az (Crrge)
Atz (Crroe) Abii2 (Crroo) Atz (Crroo)
Aty (Crroe) A3i1o (CLLQQ) A112 (Crrgq)
Cra Same with Cg" - Crrid
Cru Same with CSQ‘B) - Crraa

Table 8: Maximal sets of CP-odd flavor invariants for all SMEFT dimension-six Wilson coefficients

associated to 4-Fermi operators. The invariants belonging to the minimal sets of Ref. [4] are highlighted in

gray. We recall that X, = Y, Yl , and similarly for down quarks or electrons. We also recall the definitions
of Egs. (3.13)-(3.14).
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# #
Wilson coefficient | min max Maximal set
set set
A5000 (Creqa)  A%000 (Creqa) 42000 (Creqa)
ABT00 (Creqa) Abooo (Creoa) AR00 (Crega)
AY10 (Crega)  Atooo (Crega) 43900 (Creqa)
A0Y20 (Creqa)  Azoo0 (Creqa) AN%0 (Creqa)
40200 (Creqa)  Avioo (Creqa) Abooo (Creqa)
AV00 (Crega) 40210 (Crega)  Atioo (Creqa)
Ap110 (Crega) Atooo (Craqa) A0 (Craqa)
ABS%0 (Craqa) A3100 (Creqa) A120 (Creqa)
Cregn A0 (Crega) A950 (CLéQﬂ) Al1s (Crega)
97 54 Ad200 (Creqa)  Abioo (Crega) AM12 (Creqa)
Alsoo (Crega) Av210 (Crega) Atioo (Crega)
Af110 (Crega) AR (Crega) Azzo0 (Crega)
A2z (Craqa) A3100 (Creqa) A120 (Creqa)
A9 (Crega) Al (Crega) AR (Crega)
Abaoo (CLéQﬂ) Ap12 (CLéQﬂ) Al (CLéQﬂ)
Ab210(Crega) Abize (OLéQﬁ) A0 (OLéQﬁ)
Afoz0 (Crega) Atiz2 (Crega) Alazo (Crega)
Ab112 (Creqa) Af12 (Creqa) Atz (Creqa)
Clredq Same with Crzoq — CLéJQ and Ap.;. = Al

Table 9: Continuation of Table 8
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# #
Wilson coefficient min max Maximal set
set set,
A1166 (Cagae) B (Cogea) 45100 (Coreq)
B30 (Caqee) At (Coaea) 42100 (Caoaq)
Bsioo (Caqeq)  A3000 (Coneae) 43100 (Cooaq)
0000 0000 0100
A7500 (Cagae) B0 (Cogeae) At (Coreq)
43300 (Caqea) B%06 (Cagee)  A3100 (Cooae)
1000 1100 1000
41500 (Cogae)  Ation (Caee) 42500 (Cogeq)
1100 1200
c . A B350 (Caoeq) Aﬂgg (Caqeq) Agggg (Caqeq)
QQ 8 5 A;z]g (Caoae Aqg}g (Caoaq) A(z)gog (Caoaq)
1
A3100 (Coqeqe) Atz (Coree)  A11% (Cooee)
A11% (Cogae) AT (Canee)  At200 (Coreq)
BY%300 (Caqea) A1t (Conea) 43200 (Caoaq)
B3%00 (Cageq)  A5100 (Coneae)  A1200 (Cooaq)
0000 1100
A11% (Cogae) B (Cogeae) 43200 (Coqeq)
1000 0100
43100 (Cogae) 41132 (Cagee) A11% (Cogeq)
A1193 (Coqea) 4330 (Coaqe)  Al1% (Cogaqe)
1100 (Cuuuu) 1100 (Cuuuu) 8?88 (Cuuuu)
%?88 (071.717171) %(1)88 (07171711L) %?88 (C'UTL'Uﬂl.)
1200 (Cu,uuu) 1200 (Cuuuu) (1)%88 (Cuuuu)
?%88 (qu.u7l7l> 3388 (07171114114) 3%88 (C'UTL'Uﬂl.)
31188 (Cuuaa) %388 (Cunaa) }%88 (Cuuaa)
11 11
Cuu 18 45 11(2)8 (Cuuuu) 21?8 (Cuuuu) 3888 (Cuuuu)
4210 42100 4000
21(;8 (Cuuuu) 11(2)0 (Cuuuu) 1)(1)(28 (Cuuuu)
1120 (Cuuuu) 3(1)(2)8 (Cuuuu) 1200 (Ouuuu)
3%88 (Cuuuu) 3%88 (Cunai) }588 (Cuuaa)
1122 (Cuuuu) (1](2)(2)(1) (Cuuuu) (2)[1)?(2) (Cuuuu)
6%33 (Cuuaa) %388 (Cunaa) 383 (Cunaa)
AV (Caada) Biioo (Caada)  A%00 (Cagdd)
B3100 (Cagad)  A3900 (Caadd)  B00 (Caadd)
A100 (Caada) Biieo (Caadd) A%900 (Cagdd)
A300 (Caadd)  B31oo (Caadd)  A3000 (Caadd)
Ag?gg (Odd(id) 0(1)38 (Cdddj) B??gg (Cddd'ci )
A(ﬁgg (Caqgda) ?1188 (Caqda) 8%88 (Cagda
B(2)1188 (Cdd&i) A1200 (Cdddj) 1100 (Cddci(i)
C 18 45
dd A5900 (Cuadd)  B3300 (Caadd) A%%gg (Caqda)
BlZOO C e 0000 C - A C
2000 (Caadd) 112z (Caaaq) A9 (Caadd)
AN (Caada)  A1150 (Caadd)  Ab1%0 (Cagdd)
2100
A0 (Caadd)  A3100 (Caadd)  AT190 (Caadd)
21 1 2
A21(1)8 (Cdd&i) A1(1)88 (Cded") Al?gg (Cddd"é)
40000 0100 40200
5112 (Caqda) 1200 (Caada) 1105 (Cagda)
A3300 (Caada) A1 (Caadd)  A1590 (Cagdd)
A%%CI)S (Cagda) A%%gg (Caqda) A%%%S (Cagda)
Table 10: Continuation of Table 8
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# #
Wilson coefficient | min max Maximal set
set set

BYoo (Coqan)  Booo (Coqaa)  Botoo (Coqan)

Bit10 (Coqaa)  Blooo (Coqan) Atvoo (Cogan)

B39 (Cooui) B%oo (Cogaa) Bisis (Cogaa)

A1000 (Coqaa) Aot (Coqan)  Botao (Coqan)

A3000 (CQQU a) B (Coqaa)  Al1oo (Coqan)

B0 (Cogaa) A0 (Cogaa) B3es (Cou)

A0 (Cogaa) BARW (Cogaa) A0 (Cogan)

B30 (Coqaa)  ANN00 (Coqaa) 43100 (Cogan)

Bosoo (Caqaa)  Bosto (Cogaa) Biico (Coqan)

B (Coqaa) Bt (Coqaa)  Abios (Coqan)

Agto0 (Coqaa)  Bosso (Caqan) Bioo (Coqan)

B3ioo (Caqaa) Bozto (Coqan) Atioo (Cogan)

C‘Sf) 36 81 A5190 (Cogaa)  Biioo (Cogaa) Alss (Cogan)
A3100 (Coqaa)  Abooo (Coqan)  Biito (Coqan)

B (Coqaa)  Bozao (Coqan) Azt (Cogan)

A (Cogaa) Bitoo (Cogaa)  Azodo (Cooan)

Baioo (Caqaa)  Alioo (Cogaa)  Adito (Cogan)

A11%0 (Cogan)  Baiio (Coqaa)  Biizo (Cogan)

A3100 (Coqan) B0 (Coqan) A% (Coqan)

B3 (Cooui)  Atano (Cogaa) Bivss (Cogaa)

BIY (Cooua) Baoo (Cogaa) BYi06 (Cogan)

A0 (Cogan) B9SS (Cogaa) B30 (Cooaua)

B30 (Cqqaa) Bunit (Cogaa) Biio (Coqan)

Bid® (Cooua) A3300 (Cogaua) Avzag (Cooun)

B30 (Coqaa) Batoo (Cogaa) Bizoo (Coqan)

AFH0 (Coqan) Boazt (Coqaan)  A122 (Coqan)

A3 (Cogaa) Bixio (Cogaa) AN (Cooun)

Table 11: Continuation of Table 8

— 49 —




0120 (CQQdd)
200 (CQQdd)
A0 (Coqda)
Abiion (Coqai)
A1 (Coqdd)

AN (Coqaa)

A3300 (Coqad)
B3306 (Coodd)

A% (Coqdd)

35%88 (Cgodd)
1120 (CQQdd)
2100 (CQQdd)
0000 (CQQdd)
A0 (Coqad)

B2210 (Coqid)
A>3 (Coqid)
A119 (Cqqid)

A0122 (CQQJJ)

Wilson coefficient Iin nix Maximal set
set set

BY06 (Coodd) 38888 (Cooad) Ab000 (Coqdd)

Agooo (Cooaa)  Bos (Cogar) Aftos (Cogdd)

BE10 (Cogaa) B0 (Coqaa) Bloco (Coqdd)

AS?BB (Cqqad) 38(1)88 (Coqad) B3 (Coqdd)

B30 (Cooai) Ai0 (Coqaa) Botis (Coqdd)

A1600 (Coqdd)  Atoos (Caqdad)  B31ts (Coqdd)

3400 (Coqaa)  Bovso (Coqdd)  Baioo (Coqdd)

Azt00 (Coqaa)  Baoos (Coqdd)  ATioo (Cogdd)

A3388 (Coqan) A300 (Coqad) 33?38 (Cqqad)

2000 0 (Coqdd) B%ooo (Coqaa) oooo 0 (Coqdd)

0200 0 (Coqdd) 1200 0 (Coqdd) 0210 0 (Coqdd)

B0 (Coqaa) Ao (Cogdd)  Boito (Cogdd)

B0 (Cogaa)  Abito (Cogid) A% (Coqdd)

36 81 B398 (Coqad) B3%06 (Coqad)  A%100 (Cogdd)
Bo196 (Coqaa)  B3100 (Coqdd)  Boso (Coqgdd)

B1360 (Cooda) Aiioo (Coqdd) Abits (Coqdd)

BN (Coqad) B3I (Coqad)  A900 (Cogdd)

3(1)338 (Cooai) Bi9os (Coodai) Asios (Coqdd)

35(2)88 (Cgoad)
2110 0 (Coodd)
oooo § (Coodd)
A11% (Coqdd)

B (Cooad)

33203? (Coqdd)
B3300 (Coodd)
B3310 (Coodd)

32211 (CQQJJ)

Table 12: Continuation of Table 8
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Wilson coefficient mil mﬁx Maximal set
set set

BYoo (Canda) B2ooo (Candd)  Abooo (Caadd)
AGioo (Caadd)  Botoo (Cazda)  Aftoo (Candd
?(1)88 (Craiii %88 (Gt (2)(1)88 (Caadd
B3%00 (Candd)  B300o (Candd) Aitoo (Caadd)
B0 (Canda)  As00 (Caada)  Baioo (Cada)
%988((7uudd) 8??8((juudd) 8?38((7uudd)
Botto (Caadd)  A1000 (Caadd)  Asooo (Caadd)
B9 (Caadd) Botso (Caadd)  A3000 (Caadd)
Biooo (Canda)  Abooo (Caada) Bovso (Caada)
A3000 (Caadd)  Bosoo (Caadd)  Av300 (Caadd)
B0 (Canaa)  A%ioo (Caada) Boito (Canda
B300 (Candd)  Baooo (Candd) A9%00 (Caadd)
Bi5oo (Caadd 3%88((juudd) Boiso (Caadd)

Cri” 36| 81 B3 (Canid)

3388 (Cuudd)
%%88 (Cuudd)

(1)(1)(2)8 (Cuudd)

5388 (Cuudd)

1100

0120 (Cuudd
2100 -
1100 (Cuudd
2100

0120 (Cuudd)

B8 (Caadd)
AN (Caadd)
Agdoo (Caadd)
A0 (Caada

683? (Ouudd)

0100 -
1122 (Cuudd

(1)%?8 (Cuudd)

0100 -
2110 (Cuudd

21388 (Cuudd)

1100

2100 (Cuudd
2100 -
0110 (C'u.udd

3%88 (Cuudd)

B8 (Caadd)
A1190 (Caadd)
ABoo6 (Caadd)
AN (Caadd

%%88 (Cuudd)

72100 §
Bi200 (Caadd

1100 -
1122 (Cuudd

%%88 (Cuudd)

%%88 (Cuudd)

2000

1200 (Cuudd
2100 -
2100 (Cuudd

811%8 (Cuudd)

45130 (Caadd)
Ab633 (Caada
130221 (Chgem)
B%6 (Candd

%%88 (Cuudd)

41000 R
Ati22 (Caadd

%21?? (Cuudd)

Table 13: Continuation of Table 8
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Wilson coefficient

min
set

max
set

Maximal set

CQuqd

81

162

AR (Coaqd)
B100s (Caagd)
AR (Coaqd)
11833 (Coaqa)
B3000 (Caaod)
AR (Coaqd)
Booo (Couqa)
B0 (Caaod)
B1660 (Couod)
A5000 (Coaqd)
A'[z)(l)gg (CQﬂQJ)
Bitss (Coaod)
A%?gg (CQﬂQ(Z)
Bii1o (Caagd)
A(Q)?gg (CQﬁQd")
A% (Cqaqd)
1 _
A% (Coaod)
1100 -
Az000 (Cqaqd)
A(Q)?(fg (CQﬁQJ)
A}?gg (CQﬂQJ)
21 _
AR (Coaod)
Agggg (CQﬂQJ)
Boioo (Caaod)
Agggg (CQﬂQJ)
A% (Cgugad)
8%(1]8 (Cqaqd)
Bi500 (Caaod)
AR08 (Coaqd)
Agggg (CQﬁQJ)
Ag%gg (CQan")
Boi50 (Couod)
Bisio (Caagd)
Bi10s (Coagd)
Ag100 (Coaqd)
Agﬂg (CQan")
B35 (Caagd)
AZQ(](] (CQqu)
Bigso (Caaod)
A3500 (Cqugd)
AN (Coaqd)
AZ()U() (CQqu)
AN (Coaqd)

A3100 (Coaqd)
Afz00 (Caqd)
AR (Coaqd)
AN (Coaqd)
Api23 (Coaqd)
4033 (Coaga)
Azmo (CQﬁin)
A% (Coaqa)
A0 (Coaqd)
Ag192 (Cqaqd)
B3193 (Cqaqa)

Azmo (CQﬁin)

BG000 (Cqaqd)
A5886 (Coaqd)
B398 (Cazod)
AR08 (Coaqd)
AIO(][) (CQqu)
BG100 (Coaqd)
AN (Couqd)
Biio (Caaod)
A0 (Coaqd)
Bio0o (Cqaqd)
A0 (Cagd)
1
A0 (Coaqd)
A(1J(1)(1]8 (CQaQé )
AL608 (Coaqa)
Agégg (CQaQé )
B0 (Coaqd)
B%?gg (CQitQJ)
Bsi06 (Caaod)
Al(](][) (CQqu)
Bi190 (Cqaqd)
A300 (Coaqd)
B%00 (Coaqd)
A%gg (OQaQé )
BY00 (Coaqd)
AR (Cougd)
A0 (Coaqd)
AOl(][) (CQqu)
AR08 (Coaqd)
BRY (Coaqd)
Ag%gg (CQan)
AR (Coaqd)
ALY (Coaqa)
Bii10 (Coaqd)
Bitoo (Couqa)
A(ljg(llg (CQaQJ )
AN (Coaqd)
A()22[) (CQqu)
1100 R
A3100 (Coaqd)
A%%g (CQaQJ)
A%160 (Coaqd)
A122[) (CQqu)
A3 (Caaqd)
A136 (Coaqd)
B0 (Couqd)
AR (Coaqd)
B30 (Coaqd)
Biiss (Caod)
B3366 (Coaqa)
B3100 (Coaqd)
AR (Cquqd)
A%563 (Coaqd)
Bi1%9 (Cgaqd)
A0 (Cougad)

Aozzo (CQde- )

A0 (Couqd)
Bioos (Couqd)
A1030 (Coaqa)
A3000 (Caaqd)
AZ()[)() (CQqu)
A0 (Couqd)
Ag?[l)g (CQﬂQdT)
A0 (Couga)
B16o (Cqagd)
AB60 (Couqd)
B30 (Cqagd)
B3%00 (Cqagd)
Bi166 (Cqaqd)
Bligo (Cqagd)
Al(}[)[) (CQﬂQd)
1
o A
B[)120 (CQuQﬁ)
AN (Coaqa)
AZO[)() (CQqu)
Ag(l)gg (CQQQJ)
201 .
ADR (Coaod)
Agigg (CQﬁQJ)
A?gg?) (CQan')
B39t (Coaqd)
B (Couqd)
3333 (Couqa)
Bi100 (Cqaqd)
AL (Couqd)
B2 (Coaqd)
B0 (Cqaqd)
B130 (Cqagd)
A0 (Couqd)
A0 (Couqd)
A0 (Coaqd)
A(l](z)(z)g (CQan")
(1’%38 (Cqaqd)
B3500 (Cqaqd)
11
B3100 (Cqaqd)
Aég[fg (CQQQJ)
8%58 (Couqa)
B199% (Cqaqd)
2
Aoggg (CQan")
2
i
Apioo (Coaqd)
B9 (Coagd)
B% (Coagd)
A3 (Coaqd)
Bisss (Couqd)
AlZOU (anQd")
A% (Couqd)
A1 (Couqd)
A13% (Cougd)
AN (Coaqd)
A1122 (anQd")

Table 14: Continuation of Table 8
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H Some explicit relations for the maximal set of O

We present here examples of some explicit expressions announced in the main text, focussing
on the maximal set of the bilinear hermitian operator O, formed by {L1iqg (CHQ),
Loogo (C HQ) , L1199 (C’HQ)} (upon trivial redefinitions, the following can be generalized to
any bilinear hermitian operator). First, we exhibit the combinations of invariants of (2.21)
whose leading terms appear in (2.22). Each line of the latter expression corresponds to the

following invariants,

Ll )
Lo= Lo—Tr(X,) L,
Ly= Ly-Tr(X,) L, ,
- 1 -
Ly=Ly+ [Tr(X,) Tr(X,) - Tr(X7)] Ly + Tr (X,) Ly
Ls= Ly—Tr(X,)Tr(X,) Ly - Tr(Xy) Ly - Tr(X,) L3 ,
1
2
~ 2Tr (X)) Tr (X)) - Tr (X, Xy) =
Tr (X,,) Tr (X,) - Tr (X3)

Tr (Xg) Tr (X4) - Tr (X7)
Tr(X,) Tr(X,) - Tr (X7)

Lg= Lo - = [Tr (Xg) Tr (Xg) - Tr (X3)] Ly - Tr (Xy) Ls - L,

5
Ly=L.- i[Tr (X2) Tr (X2) + Tr (X2) Tr (X,)? - Tr (X2) Tr (X,,)*
HATY (X, X) Tr (X,) Tr (Xg) - Tr (X,)* Tr (X)* | Ly
-5 [T () T () = T (3,) T (33)]
- % [Tr (X2) Tr (Xg) + 2 Tr (X, Xy) Tr (X,) - Tr (X,)* Tr (X,)] Ls
Lg=Lg- %[Tr (XuXa)? - Tr ([X,X4]%) + 2T (X2X,) Tr (Xg) + 2 Tr (X, X7) Tr (X,)
-2 (X, Xg) Tr (X,,) Tr (X,) |2y
- % [Tr (X,) Tr (X3) - Tr (X,) Tr (X,)?] Ly
- % [Tr (X2) Tr (Xg) - Tr (X)) Tr (Xy)] L + Tr (X,,) Tr (Xg) Ls
Lo=Lo- %[Tr ([XuXa)?) = Tr (X, Xg)* + 2T (X, X) Tr (X,,) Tr (Xy) | Ly
~Tr (X, Xg) Tr (Xg) Ly - Tr (X, Xy) Tr (X,,) Ly + Tr (X,,) Tr (X, Xy) Ls . -

Second, we present the explicit decomposition anticipated in (2.18). One can check that
the additional invariant Lojqq (C HQ), belonging to the maximal set, can be expressed as:

I I ] I
5100 L2100 = Zi100L1100 + Z2200 L2200 + Zi122 L1122+
R R R R R
+Jy (Roooozoooo + Ro100Zo100 + Ro112Zo112 + Rot122Zo1122 + Ro120Zo120+

R R R R R R
+Ro122Zo122 + Ro200Z0200 + R1000Z1000 + Ri100Z1100 + B1120Z1120 + Ri122Z1122+
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R R R R R R
Ry200Z1200 + Ri1220Z1220 + R1221Z1221 + Rao00Z2000 + Ro112Z2112 + R220012200) )
(H.2)

where R4 is defined as L. in Eq. (3.5) but with Re - Im, and the different coefficients
are reported in the next subsections.

H.1 Z' coefficients

I{100 = 4(8[31[1770—66[5’72117’0—6]871137211770+64I§,311770—18[3}11073[1770+18[071[0721073]17,0—
27]8,111,1116,0+29710,1Ig,211,1116,0—19213,110,211,1116,0+198[3,110,311,1116,0—27610,210,311,1If,0+
42[61,1I1,2116,0+252[§,2I1,2I?,o+144[8,110,2[1,2116,0—43810,110,3]1,2116,0—39161,1112,1[{),0—
135[3,2112,1115,0+45OI§,1[0,2I12,1I15,0—9610,110,3112,1Il5,o+198[3,1112,2151,0—1810,2112,2115,0+
72[8,1-’1,1-’1,2130 - 1260—70,1—70,211,111,215),0 + 828[0,311,111,2If,0 + 91(()5,1-72,0-7{’,0 +

V718 5 I 17 0 +22515 1 I 0 15 o I g—=34215 315 o I g=14115 1 1o 5T 017 =365 1 1o 3 1o o I7 o+
16810119210 315,017, + 1518 1 Io 117 g = 60310 1 15 2 I5 1 17 o + 19815 1 Ig 215 1 I o +

22815 11y 3To 117 g+1621 o Iy 315 1 I} 0~ 14415 1 Iy o I =126 15 5Ty o I g+10815 1 T o I o T7 o+
16210 1 I 315015 0+24015 1 1Y 1 I =24014 3 1T I 72013 o I} 0+14401 1 Iy 1 I7 5171 o~

108015 1 1T 1 Iy o I1 g +3601y o IT 1 I) 911 0=24615 1 Iy 1 I 011 0106210 1 15 o 1y 1 o o I o+
1296[3,110,211,11—2,01.%,0—45613,110,311,11.2,0114,0*'468[0,2[0,3]1,1Iz,olio+360]§,111,2I2,01i0+
36[3,211,212,0111,0—1728[3,110,211,212,01f,0+1332[0,110,311,212,0111,0+531[§,111,112,1Ii0+

60315 21y 1121 I 0=124218 1 I o Iy 1 o 1 I 915841 1 To 3 11 1 In 1 T g=86415 1 Ty oI5 1 I o+

203410 1 Io 211 215 1 11 0=37810 31y oI5 1 I g+ 10815 1 11 1 I 513 0 +99010 1 I o1y 112 511 o~

54T 311 112511 0=66615 1 Iy oI5 o I 03781 511 5 I 513 0 =6310 1 I3 0 I 03915 o I3 o I -

23113 1 15 o I3 o I g+ 24218 5 I3 o I7 0 +27915 1 Io o T3, 0 I 04415 1 1o 3 I T o~ 14410 1 Ty 0 1o 3 I3 0 T3 o~
618113017 0+54I5 2 13017 043215 115 515 o I g+ 26415 3 15 o I g+14415 1 Iy o I3 0 I o+
17415 1 Iy 3 T3 oI} — 19810 1Io 510 315 011 - 504]3,1122,1—7%,0 — 43215 ,15 11T +

21615 1 Io 015 117 0+223210 1 I 3151 I} g+86415 115 o I} 0~64810 215 o I} o +55815 1 11 1 In o I o+
2701517 1 In o 17 0= 140418 1 Iy o171 I o 17 g+5761 1 I 3171 I o7 o +54018 1 I oI5 o I o~

54010 217 5 I 017 0~ 118815 1 Iy 1 Iy o I 17 0 +24841 1 Ig 51y 1 11 510 0 I g=129610 3Ty 111 5T 017 o~
194415 1T Iy 1 I} g +19441 317 1o 1 I} o ~345610 1 I 0 Io 1 I} 0+550815 1 Iy 1 Iy o Ip 1 I -
2052[0,211,111,212,1130+252Ig,112,012,1113,0+1728[0,1Ig,2[2,012,1ji(]_1188[3,1I0,212,012,II§,0_
576[8,110,312,012,1I%,0—21610,2fo,312,012,1IioJr1296[3,1112,112,21%,0—21610,2112,112,2I§,0+

194417 5 I 517 g=302410 1 Iy 1 Ty 015 o I} g=43215 015 I 517 0 +64815 1 Ty 0I5 o I 513 o

216111y 315,012 517 0 +46815 115 1 Ip o I} g~ 11881 1 I 215 1 I 517 g~ 10081 315 1 I o I o+
2881011y 1 13,015 0+10810 1 1§ 011 1 I3 0 I3 0=99615 1 Ig o Iy 1 I3 015 0+ 75615 1 Io 311 1 13 013 o~
156[0,210,311,113,0—7%,0—42013,111,2I3,o—’io+180[3,211,2—73,0—7?,0+1368]3,110,211,2—73,0—7?,0—

112814 1 Iy 31 513,015 0 +18910 1 11 1 I3 011 0 +105310 115 o Iy 1 I3 oI7 0=90015 1 Io oIy 1 15 017 o~
16215 1 To 311 113017 0=18010 5 To 311 1 I3 o I 0= 19815 1 Iy 215 017 0 —54015 o I1 515 o I o+

108015 1 Ig 211 215 017 0=34210 1 Io 3 I1 515 o I g+338415 1 Iy 1 13 1 I 0~338410 31y 115117 o
A104I5 1 1) 915 117 0+ 205210 o 11 915 1 IT o+ 32410 1 Iy 1 I3 011 o + 15121, 515 515 o -
174615111 1 o 0151 1T = 102618 511 1 I oI5 1 I g + 410418 1 I o Ty 1 T 01 1 I o +

720101 Io 311 112,012,117,0+ 180015 1 Iy 215 In 1 17 = 518415 1 g o1 2 I g To 1 17 9 +

133210 314 215 0I5 117 g+82818 1 Iy 115 0I5 217 0~22681 1 Iy 011 1 I o2 o I 0~6121 311 1 I o Ip o I o~
216—73,111,212,012,2-712,0+2268—70,2—71,212,0-72,2-712,0—5292—73,1—71,112,1-72,2-712,0+1080—’0,2—71,112,112,2112,0+
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442810 1 Ty o151 I o 17,0-96 15 1 13 1 L5 13 0+36015 1 Lo 217 1 I 17098410 1 Lo 317 1 I o I o+
1205113 2 15.0130- 79200217 215,017 0- 72151 11 11 213030+ 72010 1 Jo o Iy 1 Ty 215 017 0+

79210 31y 1 1) oI5 0 I 0+3618 1 Iy I3 0 I3 0 +1815 015 013 017 0+61215 1 I 0 1o 03 017 0~
108—73,31270[3,0112,0—318—73,110,212,0-73,0—712,0+36—73,110,3—72,0—73,0112,0—276—70,1—70,2—70,312,013,0-712,0—
11415 1 Iy 1 I3 o I7 g=66615 1 Ig o Iy 1 I3 015 0+ 100815 1 I 010 1 I3 o I1.0=91215 1 Iy 3 T5 1 I3 oI5 o+
684[0,210,312,113,0112,0+324I§,112,213,0112,0+612I§,212,213,0112,0—1620]3,110,212,213,0112,0+

6841 110 315015011 0+1510 1 I3 o 11 0 ~13515 oI5 o Iy o +13515 1 15 215 o Iy 03015 315 o I o~
45]&,110,213,011,0 - 120[5’,110,31—3,011,0 + 180[0,11.0,21.0,31—3,01.1,0 - 2016[3,113,111,0 +

201610 315 1 I, o~172813 511 n~13513  IT 1 I3 011 o~ 13518 o I7 1 15 o Iy o +27018 1 I o 111 I o I 0~
270[3,1112,2[22,011,0+270[0,2112,2122,011,0+360[g,1I1,111,213,011,0—54010,110,211,111,2122,011,0+

1801y 311111 213,011 0=5401F 013 1 1y g+ 1764151 I 0 I3 11 0+ 75615 25 013 1 Ty -

248415 1 I 512,013,111 0~2088101 1o 315,013 111 0=54017 1 13 01 0=32415 1 I o I3 01 0+
21610215015 211 ,0=23761 1 I 1 I35 11,0-2618 1 15 0 Ty 0=3015 5 15,0 11 0~22215 1 15 5 15,0 11 0~
3615313011 0 + 162[3,110,2132,011,0 — 10013 1Ip 315 oIy o + 25210 11p 2 1o 313011 0 —
423[8,1122,012,111,0—1269—70,113,2122,012,111,0“170—’3,110,2122,012,1[1,0+720[3,1Io,3122,012,1—71,0—
1981y 215 315 151 11 0+360I5 1 IT 1 I 0 1o 1 Iy 0—~36010 315 1 Io o Io 1 I; g+10801 1 IT 515 015 1 1y o~
108015 11y 1 Iy 915015111 0+3615 1 I3 0 1o o Iy 0+59415 015 o Io o Iy 0~10815 1 Iy o I3 oIy o 11 -
52210110315 010 11 0+518415 1 I3 1 Iy 5 I 0 =108010 5 I3 1 15 011 0=54015 1 I 1 Iy 0I5 2Ty o+

54010 517 1 Iy o Io 211 0~ 108017 oI5 oIy o Iy o +108015 111 1 Iy 515 0I5 91y o+10801, 1 11 915 1 I5 o1 o—
216018 1150151 T5 011 o + 324010 1 Ig 015 015 1 Iy 51 o + 108010 315 oI5 1 Io 011 o -

24015 1 I} I3 011 0 +2401 317 1 I 011 0+ 72015 oI5 oIy 0= 144010 1 1 1 IT oI5 oI o+

1080181 17 1 11 215,011,0-36010 217 1 11 2 T30 Ty 0+4810,1 11 1 12,015,011 0-50410,1 [ 2 11 1 5 015,011 0+
144—73,110,2-71,1-72,0[3,0—71,0 + 60—73,1—70,311,1-72,0-73,0—71,0 +2521 91 311 112013 011,0~

3615 o1y 515013011 0-32415 1 1o o1 515 0 I3.0 11 0+36010 1 Io 311 215 0 I5.0 11 0~36015 Iy 1 I5 1 I3 oIy o+
180[3,211,112,113,0—71,0—1404—73,110,211,112,113,0—7170+2304—’0,110,311,112,113,0—71,0+

75615111 o1y 1 13011 0+68410 1 I o1 210 1 I3 011 0=21601 31 oI5 1 I3 011 21615 1 11 115 o I3 o I o+
16561 1 Iy oIy 1 15 013,011 0+43210 311 1 1o 0I5 011 0+28815 1 1) oIy 513,011 0~216010 511 515 0I5 oI o~
648[8,11—1,112,013,1 + 648[0,311,112,0122,1 + 972]3,111,212,0122,1 + 972[0,111,112,0122,2 -

19441, oIy o I3 9 +19441, 1 Iy 1 I3 o+ 7215 1 1) 1 I3 0+10810 1 Ig o Iy 1 I3 0=32415 1 Tg o Iy 1 I3 o+

25215 1o 311 1 I3 010815 01 311 1 I3 0—10815 1 I 213 g+ 10815 o1, o3 +43215 11 o 11 215 0—
432]0,110,311,2I§,0+243[§,1I1,1122,012,1+243[g,211,1~7§,0[2,1—48618,110,211,1122,012,1—

3241511 13 01 1 +48610 1 1o 2Ty 15,010 1 ~16210 31y 915 0T 1 +32415 1 1y 1 15 0T 5

48610110211 115010 5+16210 311 113015 548615 1 1y 13 I 5+486 10 2T 5150 I 5
1944—71,2—722,1—72,2 =972 911 115015 1120 +9721 111 915 015 1199+ 27—7(?,1—722,0—73,0 +
81[3,2122,0—73,0—81—78,113,213,013,0—54—73,3122,013,0—8113,110,2122,013,0“08]3,110,3122,0—73,0—

10814113 1 13,0~32415 515 1 I3 0 +1296 15 1 Ig oI5 1 I5 08641 1 Io 313 1 I3 0 +1296 1 5 I3 515 o~

10815 1111 Iy 0I5 0+32415 1 g o I7 1 1 013.0~21610 I 317 1 Io o I3 0+ 10815 1 Iy 1 Iy 515 13,0~
324]0,110,211,111,212,013,0+21610,311,111,212,013,0+864Ig,1112,112,113,0—86410,3112,112,113,0+
129610 1 I3 9 Io 1 13,0~226815 Iy 1 Iy oI5 1 I3 g +97210 o1y 1 Iy 915 1 I3 0—54I0 1 I oI5 1 I3 0+
81010115 9150151 I3.0-21615 11 215 0I5 1 I3 0~10815 1 1o 315 0I5 1 I3 0—4321 21 315 0121 I3 0+
32415 1 IT 1 15 913,032410 o 17 115 0I5 0+ 129611 o Iy oI5 0~ 129610 1 Iy 1 11 915 015 0+

108151 I,012,213,0-64815 I oIz 5 13,0+54010 1 Ty 312,012, 2 13,0-194410 1 I 2 I 1 Iy 2150+
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64810 315115 915)

Tia00 = 4(54L5 01§ 1 —B4IT oI5 01§ 1 — 1815 0I5 1 54T o I oI5 1 + 18017 o I3 I 1 —

10813 0150130101 + 54017 oIy 115010 1 = 16215 0I5 1151 — 16217 oI 015 1 151 —
113417 oIy 1 I3 015, + 2701y 1 I 013010 + 64815 oIy 1 I3010, - 54[0,2116,0161,1 -

SAIY o171 101 -16210 o IT o I3 o Ig 1 +162175 1 I3 o I 1 +1621, o1 515 0I5 1 +48617 oI5 1 15 1 -
810,013 1 Io 1 +5410 213 o Io 1 +5417 o I1 510 1 +378I o I o I o I 1 —97217 o I 1150 I 1

97213 oIy 915 0151 —48613 oIy 1 In I 1 +14581, oIy 1 In o1y 1 I 1 +32415 o Iy o I 1 +

32417 oIy 01y 015148610 o I3 0 13,0 Ig 1 +15121 o171 I3 o Ig 1 +140417 o Iy oI5 015 1 +

27010 o1y 1o 01301013241 915 013010 1~12961, 1 I5 1 I3 o Ig 1 ~97211 o Ip oI5 0I5 1 +

901,317 0 16,1 —1081 313 o I 1+259215 1 1§ =541 3170 I3 oI5 1 +81010 5 Ty 1y 113015 1~
6481, 11y 215 0I5 1 — 3888Iy oIy 1151151 — 14410 515 0I5 1 + 48610517 o1y 1151 —

32413 o111 I 210 1-10810 3 I7 02 0I5 1~226810 o 17 o Iy 1 15,0 I 1+2916 17 oIy 1 11 215 0I5 1 —
64810 011 o Io 1 151 +19441F o IT Iy 1 I 1~6481 515 oIy 1 I 1 +162015 o1 o151 I 1 +
1944—70,2—712,012,012,113,1—648112,112,012,113,1—2916—’1,0—’1,212,012,113,1+648[io’,011,112,213,1—
16201, oIy 1 Iy 15915 1-162017 oI 1 I oI5  +194415 o Iy 1 Iy 5 I 1 10815 3 I3 o I3 0I5 1 +

194414 o 1T oIy 1 13,015 1-25921, o111 1y oI5 0I5 1 +43210 311 oI 0 L3 015 1-162010 o 11 0 1 I3 o I 1 +
12961, oIy 1 I3 0I5 1 + 12961 1 Iy 5130151 — 81010 o 11 oI5 1151 + 16211 oI5 515 1 +
486[3,2112,0122,018,1 _48610,2112,1122,013,1 +486112,2122,013,1 _48610,311,011,1122,013,1 -
972[0,211,011,2122,013,1—97210,2112,0122,113,1+6804[1,011,2122,1Ig,1+1944Io,212,0122,1fg,1+
16215513 0I5 1 — 81010317 o1y 1151 — 324 217 o1 o151 + 129613 o171 I 515 1 —
324[3,2Ii1,012,013,1+1944—70,2—712,0112,112,0-702,1—1944—712,0—712,2—72,013,1+1728[0,3130—71,1—72,0[3,1+
29161 517 Iy 015 0I5 1+3241 311 o I 115 1 —3241 3 I3 oI5 1 I 1+259210 o 17 o 11 1 To 115 1 —
8TABIT oI 111 9151 15 1-3241 3 I oI5 15 1 15 1486010 o Iy o1 1 I5 0 Ip 115 1+29161; 1 11 215 0 Ip 115 1+
324[0,2111,012,218,1 - 2916—712,0112,112,213,1 - 9720—73,1—72,2—73,1 - 648—7%,0—71,2—72,213,1 -

194414 o 17 Iy 0I5 015 1 +97217 1 I 01 0I5 1 +19441 oy oIy oIy 515 1+106921; 11 115 Ip oI5 1 +
32415517 15,015 1 —64810 511 017 1 15,015 1 +12961; o I 015015 1-97210 317 o I 1 13,0 I 1~
259210 517 oI 213,015 1-12961F 1 I oI5 01§ 1 ~648I5 o I oI5 0 I3 015 1 =108 3 I1 1 I o I3 0I5 1 +
9721 51 o1y 1130151 +129610 51y 1 Io 1 I3 018 1 +259210 o Iy 15 913,015 1 ~129611 515 oI5 oI5 1 —
541y 010 319 0 Io 1 +118810 5 I1 017 11y 1 =259217 o1 1 1T 9 Tg 1 +16210 2 1o 311013 0 Io 1 +

32410 317 1130101 ~48615 5 11 oIy 1130 10,1 +32410 311 o Iy 213 01 1 #9720 01 1 Iy 215 01 1 -
194414 517 I3 I 1 +32401y 315 o I3 1 1o 1 ~388811 oIy 1 I3 o Io 1 + 777615 115 51 1~

16215517 o 11 1 1o 1 75610 317 oIy 21,1 +1296 1 o I3 o1 1 Iy 20,1 ~2161 5 T 311 I 0 Lo 1 —

194414 317 017 1 I 0 Lo 1 +64810 o 17 I 1 I o Lo 1 ~194410 317 o Iy 215 o1 1=291610 217 oIy 111 215 0Ig 1+
648[3,21%,012,110,1+6804I12,0112,212,110,1+486—73,2122,012,110,1—4212—’0,2—’%0[1,212,110,1—
145815 91T oIy 1o 1 I 1 — 291617 515 o Iy 1 I 1 +

680410 011,011 212,015.110,1-64810 311 012210 1-32410 313 0 I 2 I 1 = 19441 o I Ty 115 5T 1 +
8748[12,011,111,212,210,1 + 1620[0,3112,012,012,210,1 + 2916[0,21—1,01—1,11.2,0[2,210,1 -
2916[1,111,21.2,01—2,21—0,1Jf2‘9167<3,2112,01.2,11.2,21.0,1—136081—1,0]1,21.2,112,210,1—38881—0,21—2,0[2,112,210,1+
54010 210 315 0130101 +17281 31 o I1 1 I3 0 I9 1 +25921) 1 I7 513 010 1 +16215 017 011 1 13,0 1 +
118810 317 0112130101~ 129610 o Iy oIy 1 Iy 913010 1 — 43210 210 311 012,013, 010.1 —

16215 51 1 Iy oI5 0o 1 +32410 511 915 0130101 +32415 o1y o Io 1 I3 1o 1 ~259210 51y 1 Iy 1 130151~
64810 o1y 515 113,019 1-129610 311 oI5 o T3 010 1 +10815 o I7 g—9015 317 +129617 o I} o+
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5415 313 0 ~25921 3 I5 1 +1621 o I} o I7 93781 317 I3 0~48610 o 17 oI5 0+16215 oI 311 011 115 o+
48615 o1y 011 215 032410 311 1 1y oI5 0 +48615 o 17 o I3 +194417 oI5 1 +38881y 311 o Iy 1 I3 1~
29161911 o1y 21514861 oI5 o I3 1 +38881, oI 515 5~5AI3 015 0+48615 21 317 o1 1 -
48615 917 oIy 916201 311 oIy 1 I} 9=16213 o I} oIy g+48615 311 01,0 +97210 515 oI 215 0
64810 210 317 o111 To,0+19441 317 o Iy 1 1y oI g=32410 5 To 3 It oI5 1 ~1944T 317 o IT 15 1 +
64810 010 315 0121 —48615 5 17 o 11,1 1o 1 +9721 317 o I 015 1 #1944 o I I 1 11 515 1 +

64810 317 1 In 015 1 +48615 5 Iy 11,1 I 0121 =97210 5 Iy o1y 2 1o oI5 1 +32415 5 I o I -

583217 17 15 9 +19441 oI5 1 I 5 +97210 517 011 1 I 9 +97210 515 o Iy 0I5 0 +194415 5 I o Iy 5~
324[0,311,011,112,012,2—2916[0,211,011,212,012,2+648Io,3112,012,112,2—97210,211,011,112,112,2—
19441, 1 1) oIy 1 Iy 9=19441 315 0I5 1 Iy o =544 o I} 0 13,0~396 15 517 0130~ 129617 5 I3 o+
129610211 017 215,0-129610 31 011 1 11 2 15,0+16218 5 Iy 15,0 I3 0+32415 311 o I oI5,
32410510311 0101 T30 + 194410 3Ty 5151 139 — 32415 011 oI 5130

Ti100 = —4(=5410 1 I o T3 o +54I5 1 To o 17 g=5AI5 1 Io 3 I} g+541g 5 Ig 317 0~ 16215 1 Ty 1 17 o
32415 o Iy 117 g+16215 1 1o o1y 1 I7 0 +3241 1 Ig 31 1 17 0=5415 1 Iy o I7 o +1621 1 Iy o 11 517 o—
10810311 17 o +91818 1 I 1 11 =8101y 1 To o I7 1 I} g=43210 3 IT 1 I} g =324I 1 I 5T} o~

81015 111 1 Iy oI g+ 145810 o1y 1 Iy 11 0+4861 1 1§ 5 I 11 0~27015 1 I o I o I3 o+

16215 1 1o 315 11 0=3781 2 1o 31,0 I g+5415, 1 In 1 11 g=16215 5 I 1 I g+64818 1 Iy 215 1 I} o~
54010 1 Io 3Ty 1 I 0=32410 1 Io o 1o o 11 0 +32410 315 511 0~129615 I3 1 I} 0 =12961 1 I 51} o+
2592[0,1112,1[1,21?,0+378[61,111,11.2,01.%0+810[§,2[1,112,01—i0—64813,11.0,21.1,11—2,01%,0—

54010 1 Io 3111 Io 17 0 +32418 1 Ty o150 I 0=64810 1 I o Iy 215 0 I +3241 311 2 I o I3 o~
129618 1111 In 1 17 0=972I 1 To o I1 1 Io 1 17 0 +1296 1 3 Ty 1 T 1 I} 032415 1 1y o I 1 I} o+
120610 911 915115 0+129615 1 1) 1 1o oI =162010 o Iy 1 Iy o I3 +32410 1 I oI5 517 0~
162151 I3 017 o — 3781y 11§ o 13,015 o + 32413 11p 0I5 011 o + 10815 1 Io 313015 o +
1081y 910 3130150 + 16215115011 o — 97210 1 1§ oI5 o I7 o + 16215115515 011 —
16215 11y 315 o I7 o + 8101y o Io 315 017 o — 32415 1 I3 117 o + 291610 11g oI5 1 I 1o —
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