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ABSTRACT

We give an exhaustive presentation of the semi-analytical approach to the model independent leptonic
QED corrections to deep inelastic neutral current lepton-nucleon scattering. These corrections include
photonic bremsstrahlung from and vertex corrections to the lepton current of the order O(«) with
soft photon exponentiation. A common treatment of these radiative corrections in several variables
— leptonic, hadronic, mixed, Jaquet-Blondel variables — has been developed and double differential
cross-sections are calculated. In all sets of variables we use some structure functions, which depend on
the hadronic variables and which do not have to be defined in the quark parton model. The remaining
numerical integrations are twofold (for leptonic variables) or onefold (for all other variables). For
the case of hadronic variables, all phase space integrals have been performed analytically. Numerical
results are presented for a large kinematical range, covering fixed target as well as collider experiments
at HERA or LEP®LHC, with a special emphasis on HERA physics.
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1 Introduction

The first deep inelastic scattering experiments have been performed at SLAC in 1968 and lead
to the discovery of the parton structure of nucleons [1]. The cross-section of the reaction of
figure 1,

e(k1) 4 p(pr) = e(kz) + X(p2), (1.1)

was determined at a transferred momentum of \/Q? ~ 3 GeV. The measurements were based
on the registration of the scattered electron’s energy and angle. The physical interpretation
of the data took into account contributions from two important competing processes: the
bremsstrahlung contribution to (1.1) of figure 2 with non-observed photon(s),

c(k1) +p(p1) — e(ka) + X(p2) + ny(k), (1.2)

and also the elastic radiative tail, i.e. photonic bremsstrahlung in the elastic channel:

e(k1) + p(p1) — e(k2) + p(p2) + ny(k). (1.3)

Analytical expressions for the cross-sections of these radiative corrections to (1.1) had been
calculated in the classical work of Mo and Tsai [2]. They were of considerable importance for
the interpretation of the data. In the long period between the SLAC experiment and the start-
up of HERA. the experimental devices for the study of deep inelastic lepton-nucleon scattering
had a relatively simple structure. Therefore, there was little need to radically improve the
treatment of the radiative corrections as developed in [2]. On the other hand, rising exper-
imental accuracy and considerably higher beam energies had to be met with corresponding
improvements in the treatment of radiative corrections.

Originally motivated by the needs of the BCDMS experiment [3], a series of papers [4]-
[9] was published by the Dubna group in the seventies and eighties. They all are devoted
to the model independent semi-analytical calculation of QED corrections arising from the
reactions (1.2) and (1.3). The QED corrections connected with the electrons are treated for
processes with the virtual exchange of a photon between the lepton and the hadronic system.
Applications to high energy muon scattering were first published in [5]. In [6], a technique was
developed for a covariant treatment of the corrections, thus preventing the introduction of an
unphysical parameter w; this parameter was used in [2] to divide the contribution from (1.2)
into two parts which describe soft and hard photons separately. A covariant form of the peaking
approximation of [2] and of the soft photon exponentiation have been introduced in [7]. With
the momentum transfer of \/Q? ~ 10 GeV in the BCDMS experiment, the Z-boson exchange
had to be taken into account in the Born cross-section. Therefore, the structure functions
became modified, and a new one describing parity violation had to be introduced [10]. All
these developments, together with the contributions from QED lepton pair production [8] and
the O(a?) corrections of the process (1.3) [9] have been included in the analytical program
TERAD86 [11]. A detailed comparison of the Mo and Tsai program with TERAD86 may be found
in [12].

So far, the theoretical description of deep inelastic scattering relied on a picture, where
leptons with some couplings (electrical charge, weak neutral couplings) interact via a neutral
current with a hadronic system, being described by structure functions. These contain the
quark couplings and distributions. In this sense, a factorization of the matrix element into a
leptonic and a hadronic part occured.
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Figure 1: Deep inelastic scattering of electrons off protons: (a) Born diagram, (b) leptonic
vertex correction.

In a next step, the complete treatment of electroweak Standard Model corrections to deep
inelastic lepton-nucleon scattering was performed in [13], thereby covering both the complete
O(«a) photonic corrections with soft photon exponentiation and the full set of weak one loop
insertions. Such a complete treatment of the weak corrections unavoidably spoils the factor-
ization between the electronic and the hadronic part of the cross section formula, which is
the spiritual basis of the introduction of structure functions. See [14] for details. Therefore,
the model independent approach to the radiative corrections has to be given up in favor of
the quark parton model. The calculations in [13] go beyond the model independent approach
in a second respect: A complete treatment of the photonic corrections includes photonic ra-
diation from the hadronic state, containing as a part the electron-quark interference. The
numerical calculations in the quark parton model approach were realized in the Fortran pro-
gram ASYMETR [13]. At that time, the sophisticated treatment of these tiny effects which
are covered in ASYMETR but not in TERAD86 was not justified by experimental needs so that
the program ASYMETR did not find a broader attention. The same happened with the early
study published in [15], where a leading logarithmic calculation of leptonic QED corrections
for ep scattering at HERA energies was performed. Recently, initiated by the HERA Physics
Workshops, the Dubna-Zeuthen group updated the treatment of the weak one loop corrections
and the renormalization scheme used in ASYMETR. Further, the QED part was recalculated,
carefully checked, and considerably compactified [14], [16]; the related programs are DISEPNC
and DISEPCC. The latter two programs use the weak library DIZET [17].

Recently, the experimental techniques have been improved considerably and much higher
beam energies are reached. In deep inelastic fixed target experiments, transferred momenta
of Q% ~ 10 GeV and /Q? ~ 17 GeV were obtained at CERN [18] and Fermilab [19]. At
HERA [20, 21, 22], the mass scale of the weak gauge bosons is in reach, v/Q? ~ 100 GeV.
Moreover, the HERA detectors are much more sophisticated. As did the SLAC experiment,
the recent fixed target experiments rely on the observation of the scattered electrons (muons)
(with the notable exclusion of the neutral current neutrino scattering experiments [23]). By
comparison, the HERA detectors H1 [24] and ZEUS [25] represent a new generation. They
allow to detect the scattered electrons, the hadronic final state, and also photons with high



Figure 2: The two leptonic bremsstrahlung diagrams.

precision. Thus, for the physical analysis of the ep collisions at HERA one can use not only
the familiar electron variables,

ki — k 2
QZZ _ (kl N kz)z7 Y = pl( 1 2)7 T = &7 (1‘4)
prk yS
where
s =—(k —|—pl)2:S—I—mz—l—fw2 ~4E.E,, (1.5)
but also the kinematical variables from the hadron measurement,
2 2 p1(p2 — p1) Q%
_ _ S S AUCI £ Vi = b 1.6
Qn=(p2—m)", Yn Y =G (1.6)
or some composition of both, the so-called mixed variables [26, 27]:
0?2

B th'

Here E.,m and E,, M are the energies and masses of incident electron and proton (see figure 1).
Another useful set of hadronic variables has been introduced by Jaquet and Blondel [28]:
()" @

= = T .
o518 1— g Yy = Yn, JB S

(1.8)

Different choices of variables make no difference for the determination of the cross-section
of reaction (1.1) in the Born approximation. Although, there are huge differences in the
predictions for the radiative corrections, because the kinematics becomes quite different. This
may be seen from the tetrahedron of momenta which is shown in figure 3. For vanishing
photon momentum k, the simple Born kinematics is recovered. The differences concern the
calculation of the corrections, but also, and maybe more important, their numerical values.
In addition, the advanced HERA detectors allow the application of dedicated experimental
cuts in the event selection which represent further potential problems for the calculation of
radiative corrections. A satisfactory treatment relies almost exclusively on the use of the



Figure 3: Spatial configuration of the momenta in reaction (1.2) in the proton rest system.

Monte-Carlo technique. Nevertheless, from the data with sometimes complicated cuts, it is
usually possible to reconstruct some sufficiently inclusive and smooth cross-sections. These
cross-sections then may be the subject of further study by a semi-analytical approach as is
advocated here.

The HERA physics workshops in 1987 [21] and 1991 [22] lead to an enhanced activity
both in the search for new results and in the comparison between the results of different au-
thors [29]. Several authors obtained new results for the radiative corrections using quite differ-
ent techniques, which we quote here for completeness: leading logarithmic calculations [30]-
[34], Monte-Carlo approaches [35]-[37], and semi-analytical approaches [14, 16, 38, 39, 40, 41]
for both the neutral current and the charged current reactions at HERA. Eventually, all groups
were able to reproduce the numerical results of the above mentioned series of papers of the
Dubna-Zeuthen group with reasonable precision [42] and, of course, to go beyond in many
other aspects [29].

In the following, we will restrict ourselves to neutral current scattering. The Born cross-
section is:

2 2 3
d*og 27« ZAZ'(SL’,QQ)L

B 2
ddeQ - S b Q4 Sz (va )7

with the kinematical factors
Sty Q%) = Q7
S?(?J?Qz) = 2(1 - y)Szv
SP(y, Q%) = 2Q*(2—y)s.

The generalized structure functions A;(z,Q?) describe the electroweak interactions of the
electrons with the protons via the exchange of a photon or Z boson and will be defined later.



It is well-known from the above mentioned earlier studies, e.g. from [14], that a treatment

of the leptonic photonic corrections covers the bulk of the complete corrections to this cross-
section. Fortunately, both types of corrections — weak loop insertions and QED corrections
related to the hadronic current — are relatively small. For a large part of the kinematical
region they are below the experimental accuracy. If the experimental intention is a study of
the hadronic current, one may be interested in a model independent description of the cross-
section which not necessarily uses the quark parton model. With the last remarks, the line of
thought which we will follow from now on in this article is indicated:
This article is devoted to complete, model independent, semi-analytical calculations of leptonic
corrections to neutral current deep inelastic lepton-nucleon scattering in different kinematical
variables. By complete we mean the full O(«a) corrections with soft photon exponentiation
which are not restricted to the leading logarithmic approximation. By semi-analytical we
understand that the Monte-Carlo technique is not used. We perform as many analytical inte-
grations as is possible for a given set of kinematical variables instead. In order to get a double
differential cross-section, one has to perform three phase space integrations. In principle, one
is interested to describe the cross-sections with structure functions which may have an arbi-
trary dependence on the variables z,, Q3. Then, for the case of leptonic variables, only one
analytical integration, for the case of Jaquet-Blondel variables or for mized variables — two
integrations, and for hadronic variables all three phase space integrations may be performed
analytically.

In the above discussion, the characteristic elements of the calculation of real bremsstrahlung
corrections have been introduced:

e Choice of a reasonable phase space parameterization with a practical set of internal
variables which are to be integrated over;

o Choice of the order of integration and complete understanding of the corresponding
kinematical boundaries, by necessity without neglect of masses;

e Separation of the infrared singular part of the bremsstrahlung integral with use of a
special rest system which has to be chosen appropriately;

o Dedicated performance of the various hard bremsstrahlung integrations which are regu-
lated or finite in the soft photon part of the phase space;

e (Calculation of the infrared divergent correction with a reasonable regularization proce-
dure. Consecutively, compensation of the infrared singularity with that of the virtual
corrections and elimination of the soft and hard photon separation with establishment
of the lorentz invariance of the net correction.

In order to give an impression of the spirit of the approach we quote here an expres-
sion which contains the complete leptonic QED corrections to order O(«) with soft-photon
exponentiation to the Born cross-section (1.9):

« 20% 3. 1
[;&nf(yhv Q%)] + Z_: Q—iAz’(l‘ha Q7)Si(yn, Q3)-

d*o d’op

= ex
dyrdQZ ~ dypd? <P

10



The soft photon corrections factorize with the Born cross-section. They are exponentiated in
order to take into account the multiple soft photon emission:
Qh
busons @1) = (10 2L~ 1) n(1 = ), (19)

m
The hard bremsstrahlung corrections are taken into account to order O(«). They do not

factorize but lead to modifications of the functions S? while the generalized structure functions
Ai(x, Q%) remain unchanged:

1 1 3 . 1 .
Si(yn, Q1) = Qi lzlﬂ? Yn — §1H2(1 —yp) — InypIn(l —yp) — §L12(?Jh) + §L12(1)

1 1 2 1 1
——hlthh—I- — (1 —|— —) th —|— (1 — —) hlyh — (1 —|— —)],
2 4 Yn Yn 4y,

1 .
S:(yn. Q) = 57 [—§yh In®y, — (1 —yp) In*(1 — yn) — 2(1 — yi) Inyp In(1 — y5) — ysLis(1)

Yn
2

_ Y

— (2 = 3yp)Lis(yn) + yr Inyp Ly + 5

(1 = yn)Lu, (2—yn)In yh] ,

1 .
Ss(yn, Q7)) = SQ%{—(Q — Yn) [—511&2 yr +1n*(1 — yp) + 2Inyp In(1 — yu) + 3Lia(ys)

) 3 7
— Lig(1) + Inys + lnthh] + §thh1 +yn — B +2(1- th)lnyh},

(1.10)

with Ly, = In(Q7/m?) and Ly, = Ly + Infys/(1 — ys)].

Since the structure functions depend on the hadronic variables and are hardly to be inte-
grated over together with radiative corrections, such a compact result may be obtained only
in hadronic variables.

The purpose of the present article is fourfold:

o We give a systematic presentation of the model independent approach to the leptonic
QED corrections in terms of leptonic variables, thereby compactifying known results and
transforming them into a modern terminology.

e The complicated kinematics of deep inelastic scattering is explained in great detail for
leptonic, mixed, hadronic, and Jaquet-Blondel variables. We systematically retain both
the electron and the proton masses if needed. This is necessary for many intermediate
steps of the calculation of QED corrections.

e The complete leptonic QED corrections to order O(«) with soft photon exponentiation

in terms of mixed, hadronic, and Jaquet-Blondel variables are reviewed here for the first

timel.

With the exception of [43] which contains a short communication about QED corrections with the use of
Jaquet-Blondel variables.
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o The contents of this article is the theoretical framework for the Fortran program TERAD91
[38]2. This program is used here for a systematic numerical study of the QED corrections
for a wide kinematical range: fixed target deep inelastic up scattering, ep scattering at
HERA, and ep scattering at LEP@QLHC [45]. Naturally, the main emphasis will be on
applications to HERA physics.

The article is organized as follows. After an introduction of notations and of the Born
cross-section the radiative process (1.2) is described in section 2. In section 3, the phase
space is parameterized such that the analytical integrations we aim at may be performed.
A first integration will be carried out there. After this, the further treatment of the phase
space will depend on the choice of kinematical variables. In section 4, we isolate and handle
the infrared singularity, thereby defining soft and hard cross-section parts in a covariant way.
The soft photon exponentiation is performed. All this will be done separately for leptonic,
mixed, and hadronic variables. The integrated cross-section in the three above-mentioned
variables is derived in section 5. There, for the case of mixed and hadronic variables, a
second analytical integration is performed. Numerical results for the QED corrections at
three different accelerator scenarios will be compared. In section 6, we introduce the necessary
modifications for an accurate treatment of the photoproduction region. Section 7 contains a
parameterization of the phase space, which deviates from that introduced in section 3. This
parameterization will allow us to derive compact formulae for the QED corrections in terms
of Jaquet-Blondel and hadronic variables. For the case of hadronic variables we perform all
three phase space integrations analytically, thus obtaining a double differential cross-section
formula for the QED corrections without any integration being left. Section 8 contains a
discussion. It includes a comparison with estimates which are based on the leading logarithmic
approximation, a study of the influence of different choices of structure functions on the
relative size of the radiative corrections, an example of cuts on the photon kinematics, and
an outlook. In appendix A, we derive several phase space parameterizations, which are used
in the calculations. In appendix B, the kinematical boundaries for the different variable sets
are studied. The photons are treated totally inclusively in the main body of this article.
Appendix B.1.2 is an exclusion to this. It contains some formulae with cuts on the photonic
variables. Several tables of integrals which have to be used in order to perform the many
integrations are listed in appendices D and FE for the different phase space parameterizations.
For completeness, we collect the cross-sections in leading logarithmic approximation which
have been used for comparisons in appendix F.

2 Matrix elements and differential cross-sections

2.1 The Born process ep — e¢X

In order to define the notations, we collect some basic formulae for the Born process (1.1).
The matrix element which corresponds to the diagram shown in figure la is

S.€2 1

ME = (;T)Q(QW)3<p2|ju|pl>@u(k2) {1Qelvu + X7u (Ve + aevs) } ulky), (2.1)

2A short collection of some of the main formulae, though in an old notation, may be found in [44].
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where v, and «a. are the vector and axial-vector couplings of the electron to the Z boson:
v = 1 — 4|Q.|sin® Oy, a. = 1. (2.2)

Here, Oy is the weak mixing angle sin®fy = 1 — MZ, /M2 and s.|Q.| = Q. = —1 is the
electron charge. Further,

G MZ Q*
\/_871'on?—|—Z\427

with the finestructure constant o = 1/137.06, the Fermi constant GG, = 1.16637 - 107> GeV ™2,
and the Z boson mass Mz. In the numerical examples, we will use the following values:
sin? Oy = 0.228, Mz = 91.173 GeV.

The cross-section of the reaction (1.1),

X = x(Q%) = (2.3)

B2 dk dp;
dO‘B == ‘ 2]63 p 54(k1 -|-p1 - k2 - Zpi)v (24)
spins 7
As = 5% —4m*M?, (2.5)

depends on three variables, e.g. on S, the momentum transfer (), and the energy transfer v:

S = —2p1ky, Q2 = (pz _p1)27 v=—=2pmQ. (2-6)

In the following, we will use also the Bjorken scaling variables y and z, the parton momentum
fraction,

y = %, r=—, (2.7)
with

Q* = 2y S. (2.8)

The phase space element of the Born process is:

dky 1 dp,
'y = 2k§1‘[ p54 (ki +py— ks =3 pi)
dky dj
= ki 20 S d M8 (k4 py— ky — p)dT
_ ™ gydQrdr,. (2.9)

2VAs

In the last step, the integral over p; has been performed with the aid of the é-function. The
integral over ky is performed in appendix A.4.1. Further, we introduced the phase space
element of the hadron system in the final state dI';, and its invariant mass Mj:

dp;
dly, = H 2p0 54(}72 - Zpi)v M}% = —pg- (210)



In the following, the dI';, will become part of the definition of the hadronic structure functions.
With our definitions we follow [46],

0 4
% > ‘MB‘Q _ (2;)4@ (SBWWW + 2 SEIWL, 4 XQSEEWﬁ) 7 (2.11)

spins

where SBA and Wﬁ,, A = ~,1,7, are the corresponding components of the leptonic and

hadromc tensors.
The phenomenological hadronic tensors W, [10],

(0]
Wi = @0 S [l o) (pal T ) d

QMQU 2 plQ plQ W§4
0 )+ W(pm - ?QM)(}?IU - ?Qu) + Wﬁwwplp@m

(2.12)

W1A(5W -

describe the deep inelastic interactions of unpolarized nucleons with a photon and a Z boson.
The real scalar functions W depend on the invariants ? and v.

After neglecting in the contractions in (2.11) those terms from the squared 7 exchange,

2

which are proportional to a?m?, one observes a factorization of the leptonic and hadronic parts

of the Born cross-section:

d*op B 2ra? S 5 ,
dydQ? ~ g 5;“4( ,Q° )@5 (v, Q7). (2.13)

The factorized functions SP are:

SP(y, Q%) = Q*—2m?, (2.14)
(va ) = 2[(1 _y)Sz_MzQz]v (215)
Sy, Q%) = 2Q°(2—y)S. (2.16)
The factorized hadronic functions A;(x, Q*) describe the electroweak interactions of leptons

with beam charge (). and a lepton beam polarization ¢ via the exchange of a photon or 7
boson with unpolarized nucleons:

Ai(2.Q?) = <2MW1> = 2ch< ,Q%),
As(z, Q%) = yS(l/Wz) = SFNC( ,Q%), (2.17)
Asf(2,Q?) = ;W) = S FN(e,Q?).

262 2Q

The generalized structure functions FN(z, Q?) are:

Frs (1,Q%) = Fia(x,Q%) +2|Qc] (ve + Aac) X(Q*)Gh o, Q%)
+ 4 (vz +a’ + 2)\%%) Q) Hyo(z, Q%), (2.18)

QY = -2 sign<@>{|@e| (a0 + X0 X(Q2)2Ga(a, Q)

+2 [2%% + A (vz + ai)] Q%) x Hs(x, Qz)}, (2.19)

14



with A = £sign(Q;). In the above formulae, the @; is the charge of the lepton beam.

The contribution of the weak loop corrections to (1.1) is not within the scope of the present
article. We only mention that these corrections may be covered by an inclusion of real-valued
weak form factors into the definitions of the weak neutral couplings (2.2). Such a program
has been carried through first in [14], and was described and updated also in [47].

The generalized structure functions FN(x, Q?) may also be used to describe some new
phenomena, e.g. the virtual exchange of an additional heavy gauge boson 7' [48].

The running of the QED coupling o may be taken into account by a real form factor:

Q%) = 1= S, QN AT Q) (2.20)

o m2 2m2
s < [t (] e

Bro= |1+

(2.22)

The sum in (2.20) extends over all charged fermions f, () is the corresponding electric charge,
and Ny the color factor: Ny = 3,1 for quarks and leptons, respectively. The heavy fermions
practically decouple in (2.20). For light fermions, with m?c << Q% the following approximate
formula is valid:

AFQY) = & (m 9 5) . (2.23)

3T my 3

The numerical factors in (2.18)—(2.19) are chosen such that some often used definitions of
the structure functions in the quark parton model are matched. Assuming here the Callan-
Gross relation, it is

2R (2,Q%) = Fy2,Q%) = o T1Q[ la(x Q%) +alz, @),

2061(2,Q%) = o, Q%) = wTIQulvylole, Q%) + (e, Q)]

2eth(2,Q) = Hy2,Q%) = e (0 +a}) [alr, Q%) + alx, Q7)) (2.24)
2Ciaf, Q%) = v 1@l ayla(z, Q%) = a(x, Q%)
eH(w, Q) = T 5vsa, (o2, Q%) = glx, Q).

These definitions should help the reader to find a link to other articles on the subject, which
often prefer the use of a slightly different notation (remind that we use the definition a; = 1
for all fermions). A comprehensive presentation of the basic formulae for the description of
deep inelastic scattering may be found in [49)].

The allowed region of the variables y and Q% is derived in appendix B.2.1 and shown in
figure 4. In the following, sometimes the exact expressions in the electron and the proton
masses are needed. So, in the figures with kinematics we will not apply the ultra-relativistic
approximation.
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Figure 4: Physical region of the variables y and Q*.

In figure 5, we show the Born cross-section (2.13), rewritten as a function of  and Q*:

dfjgz = Z;f {2 (1 -y - xyM?Q) Fy(w, Q%) + 2zy? (1 — zg—j) FNC(z, Q%)
bl =P 0h (2.25)
At small Q? the neglect of the Z exchange is a good approximation:
df;éz - iﬂgj [2(1 -2 (1 —zg—j) (1 +4x2]g—j) 112]%] Fil2,Q),

(2.26)

where R is the ratio of the cross-sections with virtual exchange of longitudinal and transverse
photons, respectively:

2 oL 2M2 f;y(xv Q2)
= —=|1+4"= | 555 |- 2.2
R(z,Q") = ( + 4 QQ) 2 F (0.0 (2.27)
This cross-section formula becomes in the ultra-relativistic approximation:
d*a 2o’ , ) )
dzd()? = Q4 [Y‘Fﬁ(% Q ) -y 72(1'7 Q )] ) (2.28)

where the notations

FLY(% Qz) = f;(l‘, Qz) - 21’??(1‘, Qz)
= 20 (2, Q%) R(z,Q?) (2.29)
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Figure 5: Born cross-section d?c®/dxdQ? for deep inelastic neutral current scattering as func-
tion of In Q? with x as a parameter.

and
Ye=1£(1—-y)? (2.30)
are introduced. The cross-section (2.25) becomes in the ultra-relativistic approximation:

d’op B 2r o
dedQ?  xQ*
Here, we additionally assume the validity of the Callan-Gross relation [50]:

VPN (2, Q) + Y_FY(w, Q)] (2:31)

F(w, Q%) = 20 (2, Q). (2.32)

In the numerical examples, we will cover three typical kinematical regions: that of fixed target
muon scattering (S = 1000 GeV?), of the ep collider HERA (S = 4 -30 - 820 GeV?), and
of the ep collider project LEP@LHC (S = 4 - 50 - 7000 GeV?). The solid curves in figure 5
are calculated for LEP@QLHC. They start at Q* = 5 GeV?, the approximate lower limit of
applicability of the structure functions which are derived from the available data. For a given
value of x, the highest value of @* depends on S. This boundary derives from (2.8), taken
at y = 1, and is seen in the figure. Further, the actual value of S has an influence on the
cross-sections (2.31) via the functions Yi. This leads to different predictions for the fixed
target and HERA kinematics. The stars (for fixed targets) and crosses (for HERA) in the
figure indicate the corresponding cross-section values at the maximal allowed Q* for given z.
The first curve which shows a prediction for the fixed target case, e.g., is that for x = 1072,
Smaller values of 2 are outside the kinematical range for Q* > 5 GeV?. The influence of S
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on the predictions is minor (in the variables and scales, which are chosen here). In the double
logarithmic representation, the cross-sections are nearly linear functions over the complete
kinematical region. The cross-section behaviour is determined by the characteristic 1/(zQ*)
dependence. The 1/Q* arises from the photon propagator (and, at very high energies, also
from the Z propagator). The event rates are highest for the smallest values of @ and Q2.
With the lower bound on Q? being fixed, the accessible kinematical range in 2 and Q? rises
considerably with the available beam energies, although the event rates at the highest values
of x and Q? are substantially suppressed.

In sum, the ep collider with the highest accessible beam energies will open the field not
only for a study of very deep inelastic scattering, but also, at high rates, the study of the
region of very small x.

The cross-section predictions may depend crucially on the choice of structure functions.
For the illustrational purposes, we decided to use the MRS D’ parameterization in the DIS
scheme [51] as it is compiled in [52]. The influence of the structure functions on the theoretical
predictions, including the numerical values of the QED corrections, will be a subject of the
discussion.

2.2 The radiative process ep — eX~

The differential cross-section for the scattering of electrons off protons (1.2), originating from
the Feynman diagrams of figure 2, may be derived from the following matrix element:

MR = SQe (k)(27r)3<p2|~7u|]91>$
h

)7/2
x u(k ){|Q | [ Yu (lea — kva) — i (nga + ’yak) ]

A

1 A 1 .
+ X [—m (ve + ac7s) (2kro — ko) = — (2k20 + Yak) 70 (ve + aevs)] }u(k1)7
21 Z2

(2.33)
where the electron propagators have the denominators z; or zy:
21 = —lek, Z9 = —ngk (234)
The corresponding cross-section?®,
(27)2p? B2 o de dk — dp;
dop = 2 MB" 64k —k i 5 ; 2.35
oR s pzlg‘ ‘ (ki tpr— ke - Zp 2k32k01:[2p? (2.35)
may be rewritten as follows:
3
1
don = L sar, (2.36)

72/ As Q%

3The squaring of the Feynman diagrams has been performed with the program for algebraic manipulations
SCHOONSCHIP [53].
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where

1
§=;M (S, W5, + 208, W, +\*SEWE) | (2.37)

and

dky dipy dk
Al = —=———dM}&"(k k— ki —p1). 2.38
The sum (2.37) may be treated exactly in the masses of electron m and proton M. As
mentioned above, the Born cross-section (2.13) exhibits a nice factorization property. We
have shown explicitly, that the same is true for the radiative cross-section after a neglection
of the tiny terms proportional to x*aZm?/z (2 and Xzazm‘l/zf(z):

3
S=8(E,T,z1,2) = ZAZ'(J};L, Q)Si(E, T, 21, 22). (2.39)

=1

The neglected terms are due to the Z exchange. They are vanishing at small () since the
7 propagator is suppressed there compared to the photon propagator. So, the corresponding
approximation is sufficiently well even in the photoproduction region. In that region one has
to retain, however, all particle masses in the cross-section contributions from photon exchange.
We should mention in addition that certain bremsstrahlung corrections, which are proportional
to mz/zf@) yield finite contributions to the cross-section even at larger ()?; this may be seen
from an inspection of the tables of integrals in appendix D.

Besides on z; and z, the radiator functions S;(€,Z, z1, z2) depend on two additional two-
dimensional sets of variables & and Z:

1 1 1yNT1
SiET enm) = 1+ —— (@ —mh) + (= - =) |5(QF+ Qb — 2]
Z122 2] %9 2
11
— m*(Q? — 2m?) (—2 + —2) , (2.40)
£ =)
1
SiET,zz) = = 2M2 + ——{ QA1 - p) S + (L= )1 — g+ )5
1<2

— 2M(@Q4 + 2]+ 2 201 = ) + o — )] 57

—%bﬁ“ﬂﬁwﬁww] W%u—mﬁ—M%%+Qm

z2

o L[ w1+ )~ MQ)

- 2m22_1§ (1= ) S* = M?Q3). (2.41)
S R I e A I

+ 207 - @2+ QD] = 20— )@} + (@) + Q)

- 2G| -2+ w) + -] | (2.2
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The first two of the functions §; are the result of an exact calculation in both the masses
m and M for the case of photon exchange. For Z exchange, they contain certain harmless
approximations in the electron mass, which were mentioned before (2.39). The same is with
the &s.

These radiators S; will be the central objects of the derivations in the following sections. In
their arguments, the symbol & stands for two exzternal variables, which will not be integrated
over, while Z denotes two internal variables. These latter two become, together with z5 (or
z1), part of the integration measure. In the first part of the paper, the variable sets £ and Z
will be selected out of the following set of variables:

2 _ _ 2 _ =2p@Q — le
Q= (h—h), wo= R TS
j— 2 .
Qi = (p2_p1)27 Yn = 72%1Qh7 Th = —ycg%

The radiators S; are the main ingredient of the subsequent integration over the radiative
phase space. The functions &; and Sy agree analytically with expressions obtained earlier
(the second reference in [5]). Further, the Monte Carlo program HERACLES [35] is based on
formulae, which are equivalent to our functions S; (¢=1,2,3) [54].

The following sections will be devoted to a number of analytical integrations, aiming at
semi-analytical, compact expressions for the QED corrections.

2.3 The elastic radiative tail ep — epy

A possible background process for deep inelastic scattering is the elastic scattering (1.3) from
which the so-called elastic radiative tail originates. The corresponding formulae have been
derived in [39]. They may be obtained from the formulae for reaction (1.2) applying the
following relations between the generalized structure functions A;(z, Q7) (:=1,2,3) and the
generalized elastic form factors A;(Q7):

Ai(@n, Q3) = an A(QF) (1 — a), (2.44)

T
Ara(enn @) = g7 A2a(QR) 61 — ), (2:45)
where A;(Q7) are defined by formulae (20)-(22) of [39].
Further, from (3.13)—(3.16) of the subsequent section, one may get formulae (26)—(28)
of [39], the expressions for Sf71273 in the ultra-relativistic approximation. The exact in m and
M expressions for g}y may be found in the first reference in [5], equation (37).

3 A covariant treatment of the phase space

3.1 Phase space parameterization

The cross-section of reaction (1.2) is characterized by six independent invariants which may
be taken as follows:

S? Yi, Q127 Yh, Q%m <2- (31)
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In addition, we use

2 = 29+ Q7 — Q7. (3.2)

We will now rewrite the phase space of process (1.2) such that it is expressed by these
variables. The phase space is defined as follows:

dky dk dpy 5
T = Sraroa,g M 0"k = ks = = pa), (3.3)

where the dI', is already split away. After rewriting dps/2p5 = d*py 8(pa+ M}) and taking the
integral over d*p, using the § function, we arrive at

dky dk
a0 = 28+ Qu)? + MPdM}. (3.4)
249 250

With a trivial calculation, which is explained in appendix A.4.1, one gets

dl;z
— = d dQ3. .

Introducing the notation

dk
dly = 561+ Q) + MJS1QF — (p2 — 1)), (3.6)
we arrive at:
dl' = dy, dQl th th dl'y. (3.7)

2\/)\5
With M} = —p3 = M? + 4,5 — @3, the differential dM?dQ? may be replaced by Sdy,dQ3. In

appendix A.4.2, we derive the following parameterization, which will be used for the subsequent
integrations:

dry = (3.8)

where R, is a quadratic polynomial in zs.
In sum, the phase space in terms of the invariants y;, Q7, y5, Q%, together with one addi-
tional variable z3 (or z1), is:

r:”—sz/d 1Q? dy, d? 1) (3.9)
W ) TR |

3.2 An analytical integration

Taking into account (2.39) and (3.9), the differential cross-section (2.36) for the process (1.2)
can be written as follows:

20752 dzy(2)
S(g I Zl,ZQ)dngQ4\/R_Z.

dO‘R == (310)

7'(')\5
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Here and henceforth we use the following variables:

leptonicvariables: & = & = (y;,Q7), T =1 = (ynQ});
mixed variables: & = &, (yn, Q7). 7 (1, Q7); (3.11)
hadronicvariables : & = &, = (yn,Q3), T = I, = (y, Q7).

I
3
|

For the case of mixed variables, we define in addition:
T — Q—lz
YnS

The physical regions of &€, and Z,, a = [, m, h, are determined in appendix B. Here, we would
only like to mention that the variable x,, may not be restricted to the interval [0,1]; see the

(3.12)

discussion in appendix B.3.

For the calculation of the double differential cross section (1.2) one has to perform a
threefold integration over the squared matrix element (2.36) with the following integration
variables: zy (or z1), and the two invariants in Z,, a = [, m, h, respectively.

The first integration is that over z;. Since the generalized structure functions A;(xy, Q3)
are independent of zy(z), it is sufficient to integrate the kinematical functions S;(&,7, 21, 22)
of (2.40)—(2.42). The integration limits may be found in (B.9), and the necessary table of
integrals in appendix D.1.

The following expressions are the result of the integration:

/dzl S(E,1,21,2) = 3 Ain. QF)SilE,T) (3.13)
where the §;(€,7) are
1 4 —4m?
S1(E,7) = {\/0—2 [QW - _(Qh‘|‘Q1) %}%_le ]

2/ 12 2& L_ — —(]1 —
—m(@h—2m>03/2}+ - {we-a-w) (3.14)
sie.) = { S+ eh - ma - ws?

1 , B 2
Q- Q?)\/@[Qh[“) (1)~ 3] S
L=y [(L = y0) + ) S = 2M7(Q3 + 2m?)

1 2m28? [[(1) —yn) [(1 = w) +yu) + (1)(1 = ?Jl)”

- ot B )10 - st - ] - 28

2

=

— () e =(—=u)p, (3.15)
{ |

S [203(Q2 +2m) [(1) + (1 — y)]
S(61) = {Wl Q- Q7

- o5 Q2 20) i} + {0 > —0-m, (3.16)

2

—2(1 —y)@h — wn(Qf, + @7)
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where
Ay = A,
By = {2M?Q}Q} - Q}) + (1 — ) (iQF — vaQ})S* + S*(1)QF (v — w)}
= —Bi{() o =(1-w)},
Co = {(L= W@~ Q1) — ] S+ 4m (0 — ) (@} — Q]S - M*(Q} - Q1)
C{(1) = ~(1 =)}

The kinematical function A, and the coeflicients A;, B;, C;, 1=1,2, are derived in appendix A.
Again, for the photon exchange and the vZ interference cross-sections, the radiators are exact
in the masses m, M.

Formulae (3.13)—(3.16) describe the contribution of the radiative process to neutral current
deep inelastic scattering without applying a cut on the photon kinematics. In (3.13), an
integration over the azimuthal angle ¢ of the emitted photon [as introduced in (A.21)] is
already performed. In principle, one could proceed here in a different way and apply some
simple photonic cuts. This is done in section 8.3 and appendix B.1.2.

Further, we should indicate that the resulting expressions are singular at & — 0. There,
z; and z; vanish. It may be seen from (3.2) which relates z; and z; that Q7 and )7 become
equal in this limit. The same happens with y;, and y; [see (2.43)]. This reflects the infrared
singularity of the radiative cross-section which deserves a special treatment before we can
perform additional numerical or analytical integrations.

4 Removal of the infrared divergence

4.1 The infrared divergence

In the last section, it has been shown that the double differential cross-section of the pro-
cess (1.2) can be written in the following form:

daR B 2@352

/MZAm@M9< 7). (4.1)

As was mentioned at the end of the foregoing section, the integrand of (4.1) diverges if the
kinematics is such that the photon momentum vanishes. Then the kinematical functions
Si(€,7) become infrared singular as may be seen from formulae (3.14)—(3.16). Usually, in
complete O(a) QED calculations the infrared singularity is treated as follows. One introduces
an (artificial) infrared cut-off parameter ¢, which divides the photon phase space into two
parts: In the soft photon part, the photon momentum may become infinitesimal, while in the
other, the hard photon part, it is enforced to remain finite. The soft photon contribution to the
cross-section is treated analytically; it depends on the cut-off which is introduced in a specially
chosen lorentz frame. Thereby the lorentz invariance is spoiled intermediary in the calculation.
The soft photon contribution contains the infrared singularity, which is compensated by the
vertex correction of figure 1b. The hard photon contribution is calculated by some dedicated
integration method and depends also on the cut-off €. Finally, the compensation of the various
occurrences of the infinitesimal parameter ¢ is performed numerically, often with the need of an
adjustment of it to the kinematical situation. Examples of such an approach are [2] and [40].
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For the calculations, which are aiming at the leading logarithmic approximation, the soft
photon problem may be solved completely by an analytical calculation of all the contributions.
This implies both an explicit analytical compensation of the infrared cut-off parameter ¢ and
the semi-analytical integration of the hard photon bremsstrahlung.

Here, the infrared problem will be treated with a covariant method [6] with similar features
as that used in the leading logarithmic calculations. As mentioned above, a cut-off parameter
¢ will be invented. Then, from the exact squared matrix element the terms, which contain
the infrared singularity are extracted. These are of much simpler structure than the exact
expression. The resulting simplified cross-section part will be integrated analytically over the
full phase space, thereby compensating the infrared singularity with the vertex correction and,
more complicated, eliminating the cut-off parameter €. By construction, the infrared divergent
bremsstrahlung cross-section part contains hard and soft photon contributions. This is quite
similar to the leading logarithmic approximation.

The rest of the bremsstrahlung contribution is free of the soft photon problem. The
integrand is quite complicated. Nevertheless, one may perform analytical integrations over all
those internal variables, which are not an argument of the structure functions.

One may represent (4.1) in the following form:

d’og B (dzaR dzall;,bR) dQUII;,LR dzag dQUII;,LR

73 T i€ = a¢ TTae o (4.2)

where dofit/d€ is the infrared divergent part to be defined below and dof; /d€ is finite at k& — 0.
Such a separation is not unique. The essentials of the approach will be the same for all the
different ways of integrations over sets 7 of invariants, although certain details of the specific
calculations will differ.

Going back to (2.36) and (3.7), the fully differential cross-section may be written as

4025?11
s QF
From (2.40)—(2.42), one may get the limit of S(&,7Z, 21,22)/Q} at k — 0:

dor = —S(E,T,21,29)dE dT dT'y.. (4.3)

hm1 (5,1,21722):§:A( Q2)1

IR
k—0 Q4 — Q4 2 (y Q )F (Q 721722) (4-4)

where

24 om? 1 1
FIR(szzlv'Z?) = u -’ (_2 + _2) ’ (4'5)

and z, y and ()? are variables as defined in the Born kinematics. The factorized universal
function F™® is the well-known Low factor [55],

k k ?
IR 1 2
F 4.

and contains the infrared singularities of the photonic bremsstrahlung from the electron line.
Now, we define the infrared part of the cross-section as follows:

d2 IR 4 35'2
n - 2 /dIdFkZA Q4 SP(y, Q) F Q% 21, 22)

7'(')\5
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dPop 2
- dZB as / AT dUy F™(Q?, 21, 23)

d’op o
d€ =«
The integration range in (4.7) will be split into two parts:

—6g ' (€). (4.7)

25
sR(E) = ?/dIdFk}"IR(Q?,zl,zz)H(e—ko)

—S/dIdF FIRQ2, 21, 20)0(ko — €)
= 55?&(5 ) + 5hard(g7 6)‘ (48)
Here, the kg is chosen to be the energy of the emitted photon in the proton rest frame (A.4),

S

kO = — 4.
=) (1.9)
and € is an infinitesimal parameter, e > 0, e — 0. The first term will constitute the soft photon

contribution to 55(1?&(5)

Son(E:6) = / dz%o (v +Qu)* + M| 6 [QF = (p2 = p1)*] FQ7 21, 22)0(c — ko)

= / D FIRQ?, 21, 2)0(c — ko). (4.10)
2ko

The second part contains an integration over nearly the complete phase space and implies also
contributions from hard photons, but with a considerably simplified integrand compared to
the complete bremsstrahlung integral. It will also be dependent on the infrared cut-off €, but
is infrared finite for finite e:

S A(E ) = %/dIdL\/]%fIR(QQ,zl,ZQ)@(kO — o). (4.11)
With the additional notation
FRET) = / att] J—"IR (O 21, 23)
)
_ ¢ +2m (\/10_1_\/10_2) _ 2(%+C§32), (4.12)
the hard part of the infrared divergent correction becomes:
SR (£6) = / dT FR(E,T)0(ky — ©). (4.13)

The integration of (4.5) over zz has been performed with the table of integrals D.1. The
coefficients B;, C;, 1=1,2 are introduced in appendix A.

For later use, the infrared divergent part of the corrections is quoted also in a slightly more
general notation:

4\/E/ CFRQ

SRH(E) 2 21, 2), (4.14)

where the Q% on the right hand side is, by definition, one of the external variables and the
FIR(Q?, 21, z,) is defined in (4.5).
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4.2 The soft and hard parts of 6%{}{

The soft photon contribution 6% (&€, ¢) will be considered first. The integration region is
limited to photons with an energy, which is smaller than e. After inserting F'® as defined
n (4.5) into (4.10), one gets

B 9 >k o Q?* + 2m? m? m?
dut(€:¢) = 2(2m) /(27r)3k00(6_k) (k) —2kk)  (—2kk)?  (—2kh)?
(4.15)

The expression (4.15) will be regularized now by changing into the (n — 1)-dimensional
space [56]. After an integration over (n — 3) azimuthal angles, two integrations remain to
be performed: one over the polar angle ¥ of the photon and the other over the photon energy
k°:

55&(57 6) -

2y n/2—1 / do = / (k)" dk® / (sin )"~ dv)
l Q2 + 2m B m2 B m2
(k2)2(1 — 4 cos ﬁa)2 (k?)2(1 — (1 cos 191)2 (k8)2(1 — B, cos 192)2
(4.16)

In order to simplify the angular integration, in the first term a Feynman parameter integration
is inserted, which linearizes the angular dependence of the denominator:

1 B /1 de (4.17)
(—2k1k)(—2kok) — Jo [(=2kik)a + (—2kak)(1 — )] '
ka = k10é—|—k2(1 —Oé). (418)
Further, the relations
—kik = KE° (1 — Bicos ), (4.19)
ki
ﬂi 10" ¢ = 1,2,@, (420)

are used where the 3; are (n — 1) dimensional velocities, and the ¥; the corresponding spatial
angles between the photon three-momentum and k;. We now go into the rest system of the
proton, where it is p; = 0. In this system, the j; are expressed in terms of the invariants (A.4).

We get:

/E dkO(kO)n—S — (e/lu)n_4
p=tJo n—4
1

€
i 1—|—(n—4)1n;—|—--- ) (4.21)

Soft photon emission is isotropic. For any of the three terms under the integral, one has the
freedom to choose a coordinate frame in the proton rest system with the (n — 1)* axis being
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parallel to ]_C)Z', ie. ¥; = 9. After a trivial change of variable, cosv = ¢,

/7T (sind)" 3 dv _ /1 (1 — 2)n/224¢
o (1 —fBicosd)? -1 (1= p36)?

- /1 (1—d25) [1+1( 4)1n(1—§2)—|—---]. (4.22)

From the above substitutions, one obtains the following expression for 61 (&, ¢):

2e| 1 1 1 1 1 |
fuclEre) = Vm+mﬁw§ﬁd¢[ﬂ?”%@+zéd%[ﬂﬂmmw%fM¢>
(4.23)
Here, it is
Q* + 2m? m2 2
F o = _ . ‘
( 75) (k2)2(1 - 6a€)2 (k?)Z(l — 615)2 (kg)?(l _ 625)27 (4 24)
and
1 1 1 1
PR = —4—|- ’VE—I-ln \/_ ~50 (4.25)

where the € is a parameter, which is often used in the MS subtraction scheme. The P}
contains the pole term, which corresponds to the infrared divergence, as well as the Euler
constant yg. The arbitrary parameter p has the dimension of a mass.

After the integration over ¢ and o« with the aid of the integrals of appendix D.2 one gets:

14+ 4 1 14 32

2¢ 1
IR (E,¢) =2|PH 4+ 1n = 24 2m?) Ly, + Sg+—1In +—1In ,(4.26
soft( ) [ ,M] [(Q ) ] & Qﬂl 1 — ﬂl 262 1 — 62 ( )
with Sg defined in (D.22) and (4.31). Further,
VAs 4m?2M?
= —4/1 — 4.2
A 4m?2M?
g, = VA w2 (4.28)
(1 —y)S (1 —y;)252
1 2
L. — VAn + Qz, (4.29)
VA - Q
A = Q%(Q* +4m?). (4.30)
The equation (4.26) with Sg defined in (D.22) is exact. In the ultra-relativistic limit it is
Q* 1 Q. Sf-y)?*
=— 1 ——— | —In—In ———— — Liy(1 4.31
sy (L) - L S i), (1.31)
and one gets the following short expression:
2¢ . (1—y)5? Q?
R _ R
550&(5, 6) = [ 273 —|— 2111? — IHW 1 W — 1
Q7 1, :
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where (1
Lis(2) = “jﬁ -Eﬁ—éfifyldy. (4.33)

The infrared pole P in 6% (€, ¢) has to cancel against a corresponding contribution from
the QED vertex correction:
_ IR m % 1 ,Q* 3 Q% .
5vert(5) = -2 (73 + In —) (lﬂ—2 — 1) — 511'1 W + 511’1@ + le(l) — 2. (434)

,u m

This cancellation may be seen explicitly from the above expressions.

The parameter ¢ in (4.32) has to be compensated by corresponding terms from &%, (€, ¢).

In order to obtain the 6l (€, ¢), one has to perform the integration of FI*(&, T) over the
physical regions of the variable sets Z,(a = [, m,h) as derived in appendix B, but with the
exclusion of a small region around the infrared point F; see also the figures in that appendix.
These integrations are tedious and will be commented on in appendix D.3.

In the ultra-relativistic approximation, one gets the following expression for 6{% ., in leptonic

variables:

¢ (1 — y)yf (1 — x;)25? Q?
SR = |—2ln— +1 L In¥L
hara(E1: €) l nm +in (1 — ) (1 — yi(1 — ay))m2M? an

1 ll—wﬂ—xﬂ

|
~In*(1 —y;) — =In®
oIl —y) = g ——

(1 —w)
(1 —wx)(1 =yl — )

n Lizl ] ~ Liy(1). (4.35)

In mized variables, it is:

_ 201 _ 2 2
SR (Emrc) = l_gln%Hn(l y)2(1 = 2,)S ] (hl%—l)

m m2M?

- %1&(1 — o) 4 In(1 = y) In(1 = ) — Liy [M] (4.36)

T — 1

Finally, in hadronic variables:

9 1— 2 @2 2
51111:rd(5h7 c) = l_an—e + hl%] (hﬂ% - ) + Inyp + Lig(1 — yn) — Lig(1) + 1.

m m2M? m2

(4.37)

At this intermediate state of the calculation, we would only like to remark that the depen-

dencies of 6%, on the In(2¢/m), In(S/m?), and In(S/M?) are fictitious. They are compen-

sated by corresponding dependencies of 61, completely; see (4.32). At the other hand, the

In((Q)?/m?) becomes part of the final results.

4.3 The net correction ¢} and the soft photon exponentiation
For applications, it is convenient to define a dimensionless radiative correction factor,

. d2atheor/dga 1

5(1 = 5(5(1) dQUB/dga - Y

a=1I1,m,h, (4.38)
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where d*op/d€ is the Born cross-section of the process (1.1) and d?cypeor/d€ is the theoretical
prediction for the measured cross-section,

d? O iheor a d*op  d*og
(1% )20 . s
€ ( t t) i€ ae (4.39)

One may collect within one expression all the terms, which are explicitly proportional to the
Born cross-section; we call it the factorized part §¥® of the total radiative corrections and
introduce it in the following way:

d20-B d2 g?ft dQO-hard d20-£
d&€ d&€ d&€ d&€
d’op N dzag
d&€ d€ ’

2
d Otheor

d&

= [1+ 2 68

[1 + = 5VR(5)] (4.40)

with

5VR(5) = 5vert(5) + 5soft(g7 6) + 51111:rd(57 6)
= Suenl(E) + ST(E). (4.41)

The net radiative correction factor (4.38) becomes to order O(«):

o d*ol d*op

S = T ow(E)+ Tt e
= %[5%(5&”5&(5&)]. (1.42)

In éyr(&,), a dilogarithmic term dine(E, ) may be found, which controls the multiple soft photon
emission in the bremsstrahlung process (1.2). An exponentiation of this term leads to a
significant numerical improvement of the QED predictions [7]:

« ox «
% bun(€) = 2 90(E) = exp | Zaur(E)] — 1+ Z[ovi() = surl)] (4.43)
Finally, the radiative correction factor (4.38) with soft photon exponentiation becomes:
exp  __ Q exp F
o = (650 (E.) + h(E)] - (4.44)
The factorized correction (4.41) follows from (4.32), (4.34), and (4.35)—(4.37) and is differ-

ent for the different sets of variables.
In leptonic variables, it is:

sunl€) = st = gt [ FAO I i
Q1

+ —ln— — Lig(1) — 2, (4.45)

where

St (1) = ( @ )m[( il = @)* ] (4.46)

m2 1 —ya)[1 = yi(1 — 2p)]
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In mized variables, we can write (4.43) as follows:

Svr(En) = 5inf(5m)—%1n2 (1_“) _ LQ[M] 38 o

1 -z, —1 2 m2
where

Sint(E) = ( @_ )1n[(1—yh)(1—:1;m)]. (4.48)

In hadronic variables, finally:

2

. 1 . 3 )
ovr(Er) = (5mf(5h) — §1n2(1 —yn) + Lio(l — ys) + Inyy + 511&% — Lig(1) — 1 ,(4.49)
where

5inf(gh) == ( % — 1) hl(l — yh)- (450)
5 The net radiative correction &g = 6y} + o

In this section, the net correction will be discussed:
ex a ex
67 = —[oUR(E) + R(E)] . (5.1)

We will use the following abbreviations: fiep = 6,7, Omix = 05P, Ohaa =
Before the discussion of the numerical results, some preparations will be performed with
the infrared finite, hard part of the corrections. This hard part of the cross-section has been

defined in (4.2):

exp
5h .

d*cl,  dPor  dPoRt
e~ dE dE (5.2)
2@352
- =/ dzz (1 Q) Q4 S:(€,T) - A, Q* >@ SP(y. Q1) FNET)]
d O'B
= —5F
Roge -

From the explicit expressions (3.14)—(3.16) and (4.12) one may see that both terms under the
integral contain a remnant of the soft photon singularity at Q7 = Q%, while their difference is
finite by construction.

The subsequent calculations in this section will be organized in such a way that the in-
tegrations over Q7 or Q7 remain the last ones, respectively. Thus, the compensation of the
harmless rests of the infrared singularity appears to be quite transparent. In the case of non-
leptonic variables, in the analytical integrations of the hard bremsstrahlung no special care
has to be devoted to the soft photon problems.

In the following subsections, formulae will be presented for the infrared free part of the
cross-section in the different sets of variables.
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5.1 Leptonic variables

For the case of leptonic variables, the generalized structure functions A;(xp, @3) (i=1,2,3)
depend on the integration variables y; and Q3 and the structure functions become part of the
integrand for the remaining twofold integral, which has to be performed numerically. For the
variables & = (y;, Q7) and Z; = (yn, Q3), the expression (5.2) is the final result:

dofy, 2@352
dy1dQf

/dythhZ[ wthh Q4 (yl7Q127yh7Q%L)

Ai(xval)@ SB(yvalQ) EIR(?JHQ%??JﬁvQ%) 9 (53)

where the radiators S;(yi, @7, yn, Q3) are given by (3.14) —(3.16).
The expression for L% (y;, Q% ys, Q3) is defined by (4.12) with Q* = Q%; it is exact in both
masses m and M:

’CIR(ylv Q127 Yh, Q%L)

FIR(?Jh QF, yn, Q%”Q?:Qf

02 +2m?, 1 | B B
= Talvm v i GEt ) o

The two-dimensional numerical integration in (5.3) has to be performed over the physical
region (B.34); see figure 35. In the ultra-relativistic approximation, the boundaries are:

0 < yn < w, (5.5)
. 5.5
%—?Q? < %L < min [th, Q%( + Y xlyh ]52)] .
In the numerical integrations, one has to leave out a small region around the phase space points
with Q7 = Q7. There, the integrand is finite but occurs as the difference of two divergent
terms.

5.1.1 Discussion

The radiative corrections in leptonic variables are shown in figures 6-8 for a fixed target
experiment, HERA, and LEP®@LHC. At HERA and LEP®LHC, the corrections are very
similar. For small z, the range of y is reduced due to the condition Q*™® = 5 GeV? at a
given value of . This tendency is more pronounced for the fixed target experiments. The net
corrections are smaller there because for the fixed target experiments the S is quite different.
Further, the muon mass sets the scale in the leading logarithm In(S/m?), while at a collider
it is the electron mass.

From figure 35 and also from (4.9) it may be seen that for small y; the photon energy
is strongly bound and only soft photons occur. These corrections are negative. Without
the soft photon exponentiation, they would even diverge when y; vanishes and at the same
time x; approaches 1. This may be seen from (4.46) as well. At large y and small
the factorized correction seems to diverge also; see the squared logarithm in (4.45). This
behaviour, however, is fictitious. It is compensated by corresponding terms from the hard non-
factorizing corrections. The steep rise of the corrections at large y; and small z; is completely
due to the Compton peak, which arises from the small )7 in the denominator of the photon
propagator. This is explained in detail in section 8.4. From the Z-exchange diagrams, there
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Figure 6: Radiative correction diep in % for a cross-section measurement in terms of leptonic
variables at a fired target up experiment.
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Figure 7: Radiative correction diep in % for a cross-section measurement in terms of leptonic

variables at HERA.
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Figure 8: Radiative correction diep in % for a cross-section measurement in terms of leptonic

variables at LEPQ LHC.

is no contribution to the Compton peak and no steep rise of the corrections at large Q7. This
may be explicitly seen in figure 3 of [14].

At small values of z;, the corrections are no longer monotonously dependent on x;. In this
region, the hard photon corrections are dominant. They are not proportional to the Born
cross-section and an influence of the properties of the structure functions at smaller values of
x may show up. We will come back to this point in section 8.

5.2 Mixed variables. A second analytical integration

For the case of mixed variables, it is &, = (yn, Q7) and the integrations have to be performed
over the variables Z,,, = (y;, Q7). The cross-section (5.2) becomes:

e ) 3 o1 , ,
dythlz — )\S /th dyl;[Az(xmeh) Q_;IL Si(ylle7yh7Qh)
1
- AZ(foH QIQ)_ SzB(yhv QIQ) ’C’IR(ylv Q127 Yh, Q%L) . (56)

Qf
Here, the definition (3.12) of the variable x,, is used, z,, = Q?/(ynS).

In contrast to the case of leptonic variables, in (5.6) one may perform an analytical inte-
gration over the variable y;. As it is discussed in appendix B.3.3 and may be seen in figure 39,
the integration region in (5.6) must be split into two regions I and II as long as the condition
Q7 < ynS is fulfilled, which corresponds to z,, < 1. If instead z,, > 1, there is only the
region I, see figure 40. Some technical details about the analytical integration over y; may be
found in appendix D.4.
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In the ultra-relativistic approximation, one gets the following expressions for z,, < 1:

SHQF Q) =

_ 1[1
- Slket-of

S3(QF . Q) =

S;(lev Yh, Q%L) =

SIH(lev Yh, Q%L)

S%I(lev Yh, Q%L)

m

y ax
/mlin dylsl(yvalQ7yh7Q%)
Y
2 4
wi (1+%) (L4 Ly —Ly—1)

Q!
1Q? Qt 1 Qi
/yilin dylS2(yva127yh7Q%L)
S{Q? 07— Q: (HQ?)(HLI ol
rar (@) s Gh- (e G+ @) 0o
1L e e
+Q%(1+2Q?+3Q?+2Q?)
1y}

oy (€@F @i .
Q? (Q%+2+4Q? +3Q?)

y;nax
[ i Salu Q2 Q)
2 4 2
@i (1+%) (2%—%) (L4 Ly —Ly—1)

(2 + Qr + QQ—%) }, (5.8)

Tre Ut Ty

207

g \\tar) e
—g—%(l+g—;)(28—§—yh+2)(Lt+L2)

Qi (&Y (,9 (et @k
+Q%(1+Q?) (ZQ? yh) yh(@%““@%)’ >
= [ i Qe Q]

R A PR
= sl QNG —OF) (”Q?)@ fatla=1)
(@) L)) 510

y;nax
= /min dylSZ(yvalQ7yh7Q%L)
Yi
4 . 4
— 5{_Ql (L= yn) (1 + %) (L—Ly+Ly—1)

Qi QF — Q3 Q}
Qe (” Q?) lyh (“ Q%) (“ ot Q?)] b
1 (3 @ e L0
+Q?(2+Q?+3Q%+2Q%)

34



-2 (i 2

Qi \ Q% Qf  Qf
+ %Q—h (2+28—; - g—j)} (5.11)
SUQtuQh) = [ du i Q. Q)
GG
(@) a2 @)
+2(1—yh)g;(1+gj) ‘|‘yh( g;) (5.12)

The subtracted part of the cross-section also becomes integrated over y; with the aid of ap-
pendix D.4:

max

Yi
/min dyl EIR(thlzvyh?Q%L)
Yi

I
S(QF — QF) Q7

max

Yy
%?(Q%?yh7Q%) = /min dyl’CIR(yvalzvyth%L)
Y

’/:’%R(lev Yh, Q%L)

(Lt+L2)+(L+Lt+L1)], (5.13)

1 ot Qt ]
= A7 o + L L+1L;)| . 5.14
S(QF - Q) l gttt 1
The following abbreviations are used:
2 2
1
L= ln&, L, = an—é, Ly = In—, (5.15)
m? h Yh
Qh — @7 (1 —yn)Q7
Ly =1In Ly =In—5—""2-2. (5.16)
R
The final formula for d?ck; /dy,dQ? can be written in the form:
d*ol 2052
dyhdglz = As {/2mm QhZ[ xthh Q4 z(yvalvythh)
— Ai(an, Q%)—ﬁﬂyh, QHLI (w1 Q7. Q)|
unS
+ [, e Z 0 Q) 7 STQE . Q)
- A Q)5 S2(QE @R )] | 5.17)
I
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The above expressions again show remnants of the infrared singularity at Q7 = Q7. In
contrast to the case of leptonic variables, one may easily see that the corresponding terms are
multiplied by kinematical factors, which in the limit Q7 = Q3 become explicitly equal to the
kinematical Born functions S, (2.14)-(2.16). This makes the finiteness of the d?c}; obvious.

5.2.1 Discussion

The leptonic QED corrections in mixed variables are shown in figures 9-11 for three different
kinematical situations. As in leptonic variables, at HERA and LEP®QLHC they are similar,
while in the fixed target case less pronounced.

The cross-section depends on Q7 and yj,. From figure 39, and also from (4.9), it may be seen
that for large yp the photon energy is strongly bound; we have only soft photon corrections.
These corrections are negative there. This is contrary to the case of leptonic variables, where
this happened at small y;. Without the soft photon exponentiation, they would even diverge
when vy, approaches 1. This behaviour is enhanced, but less than for leptonic variables, if
&, approaches 1, too. This may be seen from (4.48). In principle, the Compton peak is
present in mixed variables. It is considerably suppressed compared to the case of leptonic
variables, see section 8.4. At small yp, hard photon emission is possible and compensates for
the negative soft photon corrections. The net correction is positive and remains moderate. If
in addition x,, approaches 1, we observe that the corrections, if expressed in terms of the 6,
rise steeply. This phenomenon is attributed to the following: the Born cross-section does not
exist for x,, > 1, while hard photon emission does (see also figure 38). So, their ratio explodes
and the ¢ becomes an inappropriate variable.
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Figure 9: Radiative correction dmix in % for a cross-section measurement in terms of mived
variables for fized target up scattering.

36



o0

40

5mix[ % ]

30
20
10
0
-10
—-20

—30

—40 HERA ep

LIS 5 B

750 T T Y B B A B A A
0.0 0.2 0.4 0.6 0.8 1.0

y

Figure 10: Radiative correction émix in % for a cross-section measurement in terms of mived

variables at HERA.
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Figure 11: Radiative correction émix in % for a cross-section measurement in terms of mived

variables at LEPQ LHC.
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In sum, the features of the radiative corrections in terms of mixed variables are quite
different from those in leptonic variables. This is an instructive illustration of the general
statement that the radiative corrections depend substantial on the choice of variables, in
which they are determined. In another context, namely for the neutrino-electron charged
current scattering, a similar observation was made in [57].

5.3 Hadronic variables. A second analytical integration

For the cross-section in terms of hadronic variables &, = (y5, 7 ), the integrations have to be
performed over 7, = (y;, Q7) and (5.2) becomes:

d*of, 2035% 3. Al l’h Qh
= ) [agza
dyth% )\S ; / Ql yl (yvalvythh)

- SzB(ythh) (yvalvythh)]v (518)

where

HIR(QhQ%ayhaQ%) = FIR(yvalzvyth%L)kP:Qi
o (e )~ )
Ve VG e

In (5.18) we again can perform the analytical integration over y;. As in the case of mixed
variables, the region of integration in (5.18) must be split into two parts (see appendix B.4.2
and figure 41). The limits for y; at given values of y,, @}, Q7 are naturally the same as for the
mixed variables. The difference is with the Q%, which interchange their roles.

After the integration over y;, the following expression for d?c}, /dy,()? is obtained:

(5.19)

d*ok 20°5% 2L Ai(xn, QF) [ 1@k
Fr A v D T J i QP (ST 9, Q) = SP(0, QDI (QF 9, Q1)

2 max

+ / 4Q7 SM(Q7 . un. QF) — 533(%7@%)7{%(@127%7@%)]}- (5.20)

Here the functions S}’II(QZQ,yh,Q%) (¢ = 1,...,3) are exactly the same as those for mixed
variables [see (5.7)-(5.12)]. The definition of the HI®(Q?, y5, Q3) differs slightly from that of
the LI®(Q?, yx, Q%). The integrals which are calculated with the aid of appendix D.4 differ
also and the result in terms of hadronic variables is:

max

HM QR Q) = / rjm dy H™ (1, Q2 s, Q3)
= [ 1+ L+Lt+L1) Lt—LQ], (5.21)

HINQ 11, Q}) = / dy H% QO Q)
_ l_ o, - LQ] . (5.22)

The logarithms L, Lo, a = 1,2, are defined in (5.15)—(5.16).
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The remarks about the remnants of the infrared singularity and its numerical treatment
may be simply taken over from the case of the mixed variables.

The reader may realize that there is one interesting difference between mixed and hadronic
variables: in the latter case, one may perform also the last integration analytically, thus
avoiding any numerical part of the calculation. In fact, we have done also this last step, but
with a different parameterization of the phase space; see section 7.4.

5.3.1 Discussion

The leptonic QED corrections in hadronic variables are shown in figures 12-14. They are
considerably smaller than those which are determined in terms of leptonic variables. From
figure 41 and also from (4.9), it may be seen that for small y;, the photon energy is strongly
bound; we have only soft photon corrections there. This is the origin of the similarity of the
gross behaviour of the corrections in hadronic and mixed variables with each other. Without
the soft photon exponentiation, the corrections would diverge when y;, approaches 1. This
may be seen from (4.50). There is no explicit dependence of the dominant terms on .
Although, with the factor In Q7 /m?, one may explain that at higher x), the corrections are
slightly more pronounced. Another singularity of the factorizing part of the corrections (4.49)—
(4.50) is located at y, = 0. As may be seen from the figures, it is compensated for in the
net corrections. Again, as was mentioned in the case of leptonic variables, this singularity is
cancelled by a corresponding behaviour of the hard non-factorizing bremsstrahlung. In fact,
at y, = 0 the corrections vanish even.
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Figure 12: Radiative correction épaq in % for a cross-section measurement in terms of hadronic
variables for fized target up scattering.
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Figure 13: Radiative correction épaq in % for a cross-section measurement in terms of hadronic

variables at HERA.
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Figure 14: Radiative correction épaq in % for a cross-section measurement in terms of hadronic

variables at LEPQ LHC.
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This may be explicitly seen from the formulae of section 7.4, where a completely integrated
analytical expression for the corrections in hadronic variables is derived.
Finally, we should mention that a Compton peak may not be developed since Q7 is fixed.

6 Photoproduction

The ep scattering process at vanishing photon momentum, ? = 0, proceeds via the exchange
of nearly real photons and is called photoproduction.

The process kinematics usually is described with the Q% as defined from the leptonic
variables and the invariant mass W of the compound system consisting of the photon and the
hadrons,

Q*=QF = (h—hk), (6.1)
W2 = —(Qi+p)*
M2+(1 —l’l)ylS:Mz—l-ylS—le. (62)

For a fixed value of W? << S, the minimal value of @* (B.25) may become extremely small.
With (B.19), W? > (M + m.)?, it remains non-vanishing:

, [W2 _ M2]2

& >0 (6.3)

P2
The integrated deep inelastic cross-section is strictly finite.

For example, in the reaction ep — epp at HERA energies the possible values of )? extend
from 107'% to 10° GeV? [58]. In such a kinematical region, the description of the radiative
corrections must be exact in both the proton mass M and the electron mass m. For this
reason, we derive here formulae for the QED corrections in leptonic variables which remain
valid at extremely small Q2. The chosen integration variables differ slightly from those which
we used so far:

€= gl/ = (W27 le)v I=1= (Mf%v Q%L) (64)
The invariant mass M7 of the hadronic system is
M= —(p1 + Qn)* = M* +ynS — Q5. (6.5)

It will be convenient to treat the infrared singularity in a lorentz system where the above
mentioned compound system is at rest: py + k= 0. The necessary kinematical relations are
derived in the appendices A.2 and B.2. In the following it will be described how the three
different contributions to the corrections are treated: the infrared divergent correction &%
the factorized hard part 6% ,, and the finite rest of the hard bremsstrahlung contribution.

The removal of the infrared divergence proceeds technically as it is described in section 4.2
but will be performed in the rest system introduced here. For the soft part of §'F one gets
again the expression (4.26). The velocities f3;, which are introduced in (4.20) are now to be
expressed by (A.7) with the invariants (A.6). The result is:

Am?2M? Am?2M?
&:Jl_@—QW’ %:Jl_BO—W+QW' (66)
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Further, for S the exact definition (D.22) has to be used in terms of the momenta (A.7).
Integrating (4.13) threefold as it is explained in appendix D.3.2 one obtains the following

expression:
¢ VVQ—(ZW—I—m)2 1+ B2
ol 2 = 2|—In=—+1 i Ls—1 .
hard(ylv Ql ) 6) nm +In m\/m Qﬂ I} ) (6 7)
where

+1 4m?
—1 Qf

=

Ls = In (6.8)

=

Further, we need the exact QED vertex correction, which contains dyer (see the second of
references [5]):

B m\ {1+ 3? 3
bvert(B) = —2 (PIR +1In ;) ( 25 Ly — 1) +50Ls =2

1+ 153° . (148 (18
_ lLﬁlnﬁz—l—l_LlZ (m)—LIQ (m)] (6.9)

Finally one has to take into account also the contribution from the anomalous magnetic

moment of the electron [59]. This vertex correction is needed only for the virtual photon
exchange, i.e. one may neglect the axial vector part in the matrix element 2.1:

(k1 + k),

o (6.10)

Yo 5vert(ﬂ)7#+imvanom(ﬂ)
_Ls
ﬂ .

The cross-section contribution from the anomalous magnetic moment is*:

Vanom(S) = (6.11)

dzo-anom - 20535 m2 9 9 5 ) ,
Td0? = 350F mi02 men(?) 287yt Py (20, QF) — (2 — w)* P, Q) (6.12)

Combining the three factorizing corrections, one gets for the factorized part éyr the fol-

lowing expression:

SVR(Y1, QF) = bvert + Ohea + Oty

1 1 1 1
Sint(y1, QF) 1 5 +—1In + 2 + Ss

LT T B T N g

3 1+ /32 432 (145 . (1-7
+ §ﬂLg—2— 23 lLﬁlnﬁz—l + Lig (—1—ﬂ) — Liy (—1+ﬂ)] \
(6.13)
where

AThe corresponding equation (47) in the second of [5] was not correct.
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Finally, the infrared free part of the cross section (1.1) can be written as follows:

d*ok
dy1dQ7

1
Qs

SzB(yvalz) EIR(yva%7yh7Q%)]7 (615)

2038 3
= —is /dM}%dQ%LZ[Az(l'h,Q%) Si(ghQ?,?JmQ%)
=1

1
Qf
where S;(y1, Q% yn, Q%) (i = 1,2,3) are given by (3.14)-(3.16), and L% (3, Q%, yp,, Q%) is defined
by (5.4). We would like to remind that these expressions are exact in both masses m and M

for the photon exchange contribution.
In sum, the cross-section is:

- Ai(xlv QIQ)

d’op _dzaanom_l_ dzag N d’op
dydQ} — dydQ}  dydQ} - dydQ;

Here, we should also mention that the structure functions must have a certain behaviour in

{exp [%&nf(g)] 14 2 [oun(e) - inf(g)]}. (6.16)

the limit of small Q?. From the relation between the total cross-section of photon-proton
scattering and the structure function F at small Q* [58],

dra
U$p(W) = Q2 FQ(xv Q2)|Q2:07 (6.17)
one concludes that the structure functions should vanish with vanishing Q*. One possibility
is to multiply them by a global suppression factor [60]:

.7'—55(:1;, Qz) — [1— exp(—aQQ)]FES(:I;, QQ), a=3.37GeV 2. (6.18)

In our numerical results, we follow this prescription.

6.1 Discussion

The QED corrections in the case of photoproduction are shown in figure 15 for HERA energies.
The structure functions [51, 61] are taken from [52] and [62].

As was already discussed in the section on leptonic variables, soft photon emission is located
near y; = 0. With rising y; more and more hard photons may be emitted and the influence
of the structure functions via the non-factorizing hard corrections becomes more pronounced.
It is further interesting to observe that at the extreme small values of x; as discussed here
the radiative corrections vanish at y; = 0. For the anomalous vertex correction (6.12) and the
exponentiated soft photon correction (6.14) this follows immediately from the limits in (6.8):
B — oo and Lz — 2/3. Here, it is important to notice that the Q7 becomes small even
compared to the electron mass. In fact, with the aid of (6.2), (6.3) may be well approximated by

lzmin ~ m*y} << m? for small y;. Further, the 6l , of (6.7) vanishes explicitly. This reflects
the general statement that for sufficiently small y; energetic photons cannot be emitted. For
the rest of the corrections, we see no trivial argument why they should vanish or compensate
each other; but they do. A further interesting feature is of kinematical origin. At very small
2, the Q7 is also bound strongly. As may be seen in figure 35, then the allowed values of y),
are bound from above. In the ultra-relativistic approximation this property gets lost.
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Figure 15: Radiative correction for photoproduction at HERA with two different sets of struc-
ture functions.

7 An alternative treatment of the phase space

So far, one unique phase space parameterization has been used for all three different sets of
external variables. The infrared problem was treated in the proton rest system. Compared
to this, for leptonic variables the rest system which was introduced for the treatment of the
photoproduction process lead to considerable simplifications.

Here, we change to a completely different phase space parametrization, which is specially
adapted to the case of hadronic and Jaquet-Blondel variables. The leptonic degrees of freedom
will be integrated over at the very beginning of the calculation.

7.1 Hadronic variables. The phase space

Wherever possible, the ultra-relativistic kinematics will be used in this section. We start from
the slightly rewritten expression (2.38):

dky d
Now, the integration variables we are interested in will be introduced. For that purpose, we
consider the photon and the final state electron to be a compound system. The corresponding
rest frame R is defined by the three-momentum relation kf—l—kR = (. The integration variables

Eg, k may be replaced by the following variables:

e the invariant mass of the (ye) compound system 7 = —(ky + k)%
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e the photonic angles Y, @i in the rest frame R of this compound system.

The phase space of the variables k3, & may be parameterized as follows:

dky dk

S a0t bk k) = /dr&(r + AL, (7.2)

Here, the phase space element of the (ye)-compound system is introduced:

dky dk
e ﬁﬁ&‘(/\ key — k). (7.3)

In the rest frame R of the compound system, (7.3) may be rewritten as it is explained in

appendix A.4.3:
VA(T,m2,0) 1 2r
/dl}6 = —/ dcos g
8T -1 0

M7,m2,0) = 7—m? (7.4)

dS‘QRv

In a next step, the hadronic momentum transferred @3 is introduced into (7.1), and the
corresponding é-function under the p, integral is exploited. In appendix A.4.4, it is shown:

[ d'pas(vd+ MG [y +p1 = o) 7] 8 [QF = (2 = p1)?] =

5 m (7.5)

Then, with the relation y,S = Q7 + M} — M? from (6.5) one gets the identity dQ7dM} =

SdQ3dyy,. This introduces the last of the hadronic variables into the integration measure:

- - m / dyndQ? / dr—

The physical region of (ys,Q7,7) is derived in appendix B.4.4.

m2

/dcos Ypdpr. (7.6)

7.2 A twofold angular integration

In hadronic variables, the double differential cross-section of the process (1.2) becomes:

dQO'R

Teac = sy 17 S A QDS €7 )

where

1
Silyn, Q3,7) = 4—@ dcos Vpder Si(yn, @3, T,cos VR, oR). (7.8)

T T

The functions S;(yn, @3, 7, cos Vg, pr) arise from the functions S;(€,7, 21, z3) after the follow-
ing substitutions for y;, @7, and 2y in (2.40)—(2.42) in accordance with appendix A.3 and with
the definitions (2.34), (2.43):

Qf = Qi +2— =, (7.9)
2
2 = i (Qi + 7+ m?* — /A cos ﬂR) , (7.10)
2
l—y = %(1 — Yn) (1 + mT) + ﬁ”AT (cosV, cosVp + sinv,sindpsinpgr), (7.11)
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where

S(QF — =) —ynS(QF + 7+ m?)
VAV '

After performing the above insertions, the &; may be integrated over the two photon angles
with the aid of the tables of integrals of appendix E.1. In the ultra-relativistic approximation,
the result is:

cos, =

(7.12)

Silyn, Q1) = QF L% (LT—Q)J&%] +i+%( gQ)L (7.13)
Salyn, Q},7) = 52{2(1 — ) Ll—z (L, —2) + iT — ] = %(LT —3) (7.14)
1 1
+ Q—Z 1= =y =3)] - =7 [(2 —y)lr = (1 =y (T yh)] }
sime@ter) = sf2@ie - | L0 -2+ 1T (1 - )
L@y 207
Qz [ (L; —2) ( Q2 )] }7 (7.15)
where
L, = mn?i, (7.16)
Q> = QI+7—m’ (7.17)

The infrared singularity is located at z; = 0 and has to be treated appropriately.

7.3 The infrared divergence
As was done in section 4.1, the following ansatz will be used in order to separate the infrared

divergent parts in (7.7):

dzC R { B IR
0y = Ai(xn, Q1)1 S, , Q7)) , Q3
dythi 2 ZZ; ‘rh h) (yh h) R (yh h)

b [ [t Qtn - S QDF k] @y

Here, we define the 6§ (yn, Q%) in complete analogy with (4.14) as the sum of an infrared
divergent soft and a finite hard contribution:

d*k

5§§t(yhaQ%76) = Qko}—IR(QhaZlaZZ)‘g(ﬁ — ko), (7.19)
4 VA
51111:rd(yh7 Q%m 6) = & / FIR Zl, 22)(9(]60 — 6)

= /dr 1 rom’ /dcos ﬂRdc,oR}"IR(Q 21, 29)0(k° — ¢). (7.20)
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The F™®(y,, Q3,7) will be determined below. The expression for §&% (15, Q7, ¢) is the equiva-
lent of (4.10) and 6 ,(y5, Q3, ¢) follows immediately from (4.14). Further,

fIR(Q%L Z1,29) = Q—% — m? i + i ) (7.21)
’ ’ 2179 Z% Z%

The hard part of the infrared divergent correction will be integrated first. The integrals over
the photon angles in &% 4(yn, Q%, ¢) may be performed with the aid of (7.10) and of the table
of integrals in appendix E.1:

51111:rd(yh7Q%L76) = /dTFIR(yth%mT)G(kO - 6)7 (722)
1 7—m?

FIR(yth%mT) = E - /dCOS ﬂRdS‘QRFIR(Q%levZ?)
1 1 1

= —(L,—-2)— —=L,.4+ -, 7.23
(L -2 - gL+ (7.23)
and L, and @)% are defined in (7.16) and (7.17).

The boundaries for the integration over 7 may be found in (B.94). The potentially infrared

divergent term in &% (yn, Q%, ¢) contains a dependence on 1/z; and is integrated with the aid
of the table of integrals E.2:

™ dzy B Q2 (1 1,02 (1

— 2Li, (1 - i) — Liy(1). (7.24)

Yn

With the aid of appendix E.3, the explicitly finite part of 6% (ys, Q%, ¢) may finally also be
integrated. We will not quote the result separately, but rather treat this contribution together
with the finite hard cross-section in the next section.

Now, the infrared divergence in 6% (y,, Q% ¢) will be treated. For this purpose, the R
system of the foregoing section is used. As derived in appendix A.3, the photon energy

becomes:

T —m? Z9

207 27

Besides k', we will need the four momenta &%, k£ in the limit z, — 0, see A.9:

kO’R _ |]_€’R| _

<e (7.25)

T = m, | = [KP| ~ 22 — 0, B =0, (1.26)
0,R Q5 2R Q7 5 At 7.26
ky A P Lo 2 1 =5y — —(Qz +2m?)

Since the final state lepton is practically at rest there, the following isotropic relation holds:
—2kky — 2mkOE, (7.27)

It is this property, which simplifies the angular integration. In (4.15), it is not necessary to
introduce the Feynman parameter which finally lead to the complicated function Sg of (D.22).
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Instead of (4.16), one gets:

S(E,6) — X2m) = [uenysaren [ (sin gy b,
soft ™ (2v/7)"T (n)2 — 1) pn=4 Jo 0
02 + 2m? m2
0.R T /10R -1
mky (1 — frcosdy) (k)21 — By cosdy)?
(7.28)
where one has to use Q% — Q3. Instead of (4.23) and (4.24), it is now
1 s
S (E ) = lpm +In ] / ¢ F(€) + 1/ d¢ In(1 — €%) F(¢), (7.29)
-1
with
2(Q7 + 2m?) 1 4m? 1
F(é) = — 7.30
=TT 1A QT - e 0
The integrations in (7.29) may be performed with the aid of appendix D.2:
B, Q1) =2 [P 10 %] (L = 1) L+ L~ a1 41, (7.31)
where P is introduced in (4.25), and
Ly = mQh. (7.32)
m?

The cut-off parameter e may be seen to be cancelled against the corresponding terms in (7.24).

In order to get an infrared finite and well-defined cross-section the photonic vertex correc-
tion dyers has to be added to the radiative cross-section (7.18). It is given by (4.34), again with
the replacement Q* — Q3. In the sum, the infrared divergence cancels:

2¢ 3 5
e (yn, Q2. €) 4 bvert(@QF) =2 (Ln — 1) In = §Lﬁ + §Lh - L (7.33)

7.4 A third analytical integration

In (7.18), the last remaining integral is that over 7 or, equivalently, over z3. Since the structure
functions depend on hadronic variables which are here at the same time the external variables
the last integral may be performed analytically. For this purpose one has to integrate the
functions S;(yn, @3, 7) as given by (7.13)—(7.15). The cross-section may be reordered such
that the infrared singular terms in the finite hard cross-section explicitly compensate each
other:

d’og d’op a l IR ™ dzg ]
- 550 ’ 27 €)+ / — LT —2
dyth%L dythh ft(yh Qh ) _ 2 ( )

™ 1
+oo ;A o @) [ dr [Siuns @2 7) = SR Q) (L, —2)].

(7.34)
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The resulting cross-section is rather compact and the last integrations over 7 may be easily
performed with the aid of appendix E.3.
The net cross-section is:

20&3 3

oo [ S Q)] + 7 X e Ao QDS QD). (133)

d’c d’op
dyrdQ} dythh

The ine(yn, @7) and the S;(yn, Q7) are defined in (1.9) and (1.10).

We would like to remark that these purely analytical formulae for the leptonic QED cor-
rections in hadronic variables to neutral current deep inelastic scattering are an extremely
esthetic result. They are published here for the first time. Numerically, the corrections agree
completely with those derived within the approach of section 5.3.

As was mentioned above, the corrections vanish at y — 0. That this is really the case may

be seen by inspecting the analytical expressions.

7.5 Jaquet-Blondel variables

From hadronic variables, one may easily change to Jaquet-Blondel variables (1.8) in the phase
space (7.6). The expression for ()35 in terms of hadronic variables is derived in appendix B.5:

YyiB = Yn, (7.36)
Qfg = @ — (r—m?). (7.37)

1_yh

The physical boundaries in the phase space integral (7.6),

1 _
/dyJBdQJB/dT L /dcosﬁRda,oR, (7.38)

are also derived there. From the above relations, it may be seen that the Jaquet-Blondel
variables and the hadronic variables are related in a one-to-one correspondence, with 7 being
a parameter.

In Jaquet-Blondel variables, the double differential cross-section of process (1.2) reads:

dQO'R
d?JJBdQﬁB

The Si(ysB, @3, T) may be trivially obtained from (7.13)—(7.15) with the relations

/dTZA xthh Q4 (yJBaQﬁBvT)' (739)

Yn = YiB, (7.40)

Qf = Qs+ (= m). (7.41)
— YiB

The explicit expressions are [43]°:

1 1 — 8y YIB
S1(Q? = A -2 — —— 4+ L, 7.42
1(QJB7?JJB77—) QJB 2 ( ) + 4 2 + 4(1 _ yJB) + (2Q2 1 — yJB) ) ( )

>The equation (7.44) corrects the equation (17) in [43]. The error was created in the manuscript. Fortran
program and numerical results were not influenced by this.
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Z9 ] 52

(1 —ym)[1 — (1 +ym)(L; —3)] -

2L, 2)+ 50— o)

Qs
Q6

S2(QFpsyam,7) = 52{2(1 — ¥JB) [i (L, —2)+

Z9 p
v e (1 — (L, — 3)},
(7.43)

1 1_|_
S(Qip. yo,7) = S{?QEB@—@”B)[ (L. —2)+ 2]—I—MLT+5
Ar L —yB

TysB
- 2(1 _ yJB) - (1 - ?JJB)(5 + Q?JJB)
QJB 2Q}B
Q2 (1 — yJB) [(1 — yJB) (3 — QZ ) (LT — 2) + 12 — 5L;| } (744)

The integral over 7 has to be performed numerically as long as one cannot neglect the
difference between Q35 and Q? — the structure functions are depending on Q% and thus on 7.
The integrand in (7.39) is infrared singular at 7 = m?, which corresponds to z; = 0. The
treatment of the infrared singularity may be performed in full analogy with the foregoing
section. In the infrared singular point, z; — 0, the hadronic and the Jaquet-Blondel variables

agree and the %% in these variables do so:
IR 2 d’k IR 0
5soft(yJB7QJB76) = - 1:0 —F (QJB,Zl,Zz)Q(G— k )

= [PIR +1In E] (Lyp — 1) — Lig + Ly — Lia(1) + 1. (7.45)

The 6% (yiB, Q%g, ) differs slightly from the hadronic correction:

4 VA
51111:I‘d(yJB7Q§B76) = S/ FIR QJB7ZI722)0(kO — 6)

17—
= /dT T /dcosﬂgdcpgf (Q%g, 21, 22)0(k° — €).  (7.46)

In fact, it is

2 11
FQhprnza) = DB (_2+_2)

1
= FIR(Q2 2y, zy) — LB

- (7.47)
I -y =1

Using the results of the calculation of the hadronic correction, it is sufficient to explicitly
integrate the difference term in (7.47) over ¢g and cos ¥p with the aid of appendix E.1. Then,

51111:rd(yJB7Q§B76) = /dT}—IR(?JJBaQﬁBaT)@(kO - 6)7 (7-48)
where
1 7—m?
FIR(?JJBaQ%BaT) = . /dCOS ﬂRd‘rQR}_I (QJBaZhZ?)
1 1 L, 1
= (L =2) - 77—+~ 7.49
22( ) (I —ym) Q2 (749)
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The L, and Q2 are defined in (7.16) and (7.17), respectively; furthemore the substitutions
(7.40) and (7.41) have to be used. The integral over 7 may be performed with appendix E.2
for the potentially infrared singular terms and with appendix E.3 for the others; but now
within the boundaries (B.106).

The result is:

7_H”la.X 1 7_H”la.X 7_H”la.X
51£§rd(yJB7Q§B76) = 2(LJB - 1)1H Dme — §1n2 3 4+ In -
+ thJB [hl(l — yJB) — thJB — LJB] — LiQ(XJB) — 2L12(1 — XJB),
(7.50)
where
2
Lig = In % (7.51)
1
X = [l —2s(1 = yiB)], (7.52)
TIBYIB

™ = (1 —ayB)(1 —yB)S. (7.53)

The photonic vertex correction éyey is given by (4.34), but with the replacement Q* — Q3g.
The net factorized part is

SvR(YiB, @38) = bvert + 6o (Y3, @355 €) + Shmea(yiB, Qs €)
= Q3. yiB) — In®Xjp 4+ InXjp [In(1 — yy) — 1]

RS IS ):) yJB)]
2 TIBYIB
3 ) )
+ §LJB — LIQ(XJB) — 2L12(1 — XJB) — 1, (754)
where ,
11— 1-—
bint(ys8, Q3p) = In ( zim)( ya8) (hl QJQB — 1) ) (7.55)
I —25m(1 —ysB) m

The finite part of the radiative cross-section in Jaquet-Blondel variables is

dzag 2@3/ 3 l 1
- dr Ai(x ) ; — S ) ] » T
dyJBdQﬁB S ; ( h Qh)Q;;L (yJB QJB )
1
— Ai(z3m,Q%p) = SP(ys8. Qp) fIR(yJBaQﬁBaT)]- (7.56)
JB
The net cross-section is:
d’og d’op a a
o = S ep | Seueluon, Q)| — 14+ 2o be) — biclyom, Q) |
i . (7.57)
dyspdQs '
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7.5.1 Discussion

The leptonic QED corrections in Jaquet-Blondel variables are shown in figures 16-18. They
behave quite similar to the corrections in hadronic variables. At small y, this follows from the
fact that the variables become equal there. Thus, the vanishing of the corrections at y;, — 0 1is
understood from the hadronic case. As was discussed with the mixed and hadronic variables,
the soft photon corner is at yyg approaching 1. From (7.55) one may see that the dominant
soft photon corrections are negative and the more pronounced, the larger the zjg. This makes
some difference to the hadronic variables. Again as in all the previous cases, the corrections
for fixed target scattering are different from the collider cases due to the smaller value of 5
and to the difference of the muon and electron masses. The collider results are quite similar
to each other.

8 Discussion

In the foregoing sections, we discussed some of the basic features of the leptonic QED correc-
tions to the neutral current deep inelastic ep scattering in terms of different sets of kinematical
variables.

Basic features of the magnitudes of the corrections and their behaviour as functions of the
kinematics have been discussed there.
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Figure 16: Radiative cross-section for fixed target deep inelastic neutral current scattering in
terms of Jaquet-Blondel variables.
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Figure 17: Radiative cross-section for deep inelastic neutral current scattering at HERA in
terms of Jaquet-Blondel variables.
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Figure 18: Radiative cross-section for deep inelastic neutral current scattering at LEPQLHC
in terms of Jaquet-Blondel variables.
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In this section, we discuss some additional features of the corrections:
e the dependence of the corrections on the structure functions;

e comparison with the leading logarithmic approximation;

e photonic cuts in leptonic variables;

o the Compton peak;

e other radiative corrections.

8.1 The influence of structure functions on the QED corrections

In figures 19 and 20, the radiative corrections in leptonic variables at HERA and LEP®@LHC
are parameterized with two different sets of structure functions [51, 52, 63, 64]. Both sets
were derived before HERA started operation. If there are deviations between predictions with
different structure functions, then they are due to the contribution from hard photon emission.
For soft photons, the correction factorizes and the structure function dependence drops out in
the corrections, when expressed in form of the ratios ¢. In experimentally unexplored regions
the predicted structure functions rely heavily on the predictive power of perturbative QCD.
Especially for small values of x problems may arise. These are reflected in rising deviations of
corrections with different structure functions when x becomes smaller. While, at intermediate
and larger values of z, the dependence of the corrections on the choice of structure functions
becomes minor. For this reason we changed the presentation of the corrections and chose the
set of variables %, x, thereby losing sensitivity to y.

Figures 21 and 22 show the same corrections as figures 19 and 20, respectively. But now
with structure functions [65, 66, 63, 67] whose derivations took into account HERA data at
low z. The disagreement of the predictions at small  remains but is much smaller.

A similar comparison for the other sets of variables is shown in figures 23-25. The structure
functions [51, 52, 63, 64] which were not yet improved with the HERA data are used. The
dependence of the corrections in mixed variables on the choice of structure functions is quite
substantial but less pronounced than in the corresponding case in leptonic variables. For the
hadronic and Jaquet-Blondel variables the influence is reasonably small. This follows from the
smaller contribution of hard photon emission. The net corrections are negative. This proves
the dominance of the factorizing soft and virtual photonic contributions. Their dependence
on the structure functions cancels when ¢ is calculated.

The dependence of the QED corrections on the structure functions is not only influenced
by different estimates of the QCD predictions for the parton distribution evolutions. The
corrections show additional dependences on the low-()? behaviour of the structure functions,
the choice of % in the argument of the parton distributions, soft photon exponentiation, and
the running of the QED coupling constant.

We use the corrections in mixed variables for an illustration of this. The Fortran program
TERAD91 [38] allows us to switch on and off the above indicated dependencies of the cross-
sections with the following flags:

(i) For IVAR=0, the low-Q* behaviour of the structure functions remains untouched; for
IVAR=2, the modification (6.18) is applied.
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Figure 19: Comparison of the radiative corrections dep(x,Q?) at HERA in terms of two dif-
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Figure 20: Comparison of the radiative corrections 1ep(x, Q*) at LEPQLHC in terms of two

LEP ® LHC ep

vul v vl il

MRS D'_(DIS)
____ CTEQ2D (DIS)

1 10 10°?

different sets of structure functions.

)

10° 10°
Q°[GeV7]

t0?® 10*



100

Eélep
75 ¢
[x=10""
50 |
25 F
0
—Ro [ _ MRS(H) (DIS)
r HERA ep ____ CTEQp2D(DIS)
750 71\\\\ Lol Lol Lol Lol Lo
1 10 10°? 10° 10* 10°

Q°[GeV?]

Figure 21: Comparison of the radiative corrections dep(x,Q?) at HERA in terms of two dif-
ferent sets of HERA-improved structure functions.
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Figure 22: Comparison of the radiative corrections 1ep(x, Q*) at LEPQLHC in terms of two
different sets of HERA-improved structure functions.
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Figure 23: Comparison of the radiative corrections dmix(v,Q*) at HERA in terms of two
different sets of structure functions.
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Figure 24: Radiative corrections énaa(z, Q?) at HERA in terms of two different sets of structure
functions.
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Figure 25: Radiative corrections dyp(x, Q*) at HERA in terms of two different sets of structure
functions.

(i1) For ITERAD=0, the structure functions are assumed to depend on Q7. A correct choice
is ITERAD=1, which makes the structure functions dependent on Q3.

(iii) With the settings IEXP=0,1 the soft photon exponentiation as it is introduced in (4.43)
is switched off or on.

(iv) For IVPOL=0,1 the running of the QED coupling constant with the Q? of the t-channel
momentum flow is switched off or on.

In the figures, the flag settings are quoted as follows: (IVAR,ITERAD,IEXP,IVPOL).

Figure 26 shows the dependence of the corrections on both the running of the QED cou-
pling constant and the soft photon exponentiation. Both corrections are small and tend to
compensate each other for large values of y. For x,, = 0.5 and the maximal value of Q?, the
values are: -34.4% for (0000), -29.8% for (0010), and -32.7% for (0011).

Figure 27 shows the dependence of the corrections on the choice of the Q? in the structure
functions under the integral for the hard photon emission. There is a strong dependence
when hard photon emission contributes substantially to the corrections. We see also a faking
behaviour of the corrections at smaller values of ()?, which is more pronounced at larger values
of . At Q* =5 GeV?, the parton distributions are artificially frozen since below this value
the evolution may not be controlled. Thus, there is no room for a variation of ()? at all, and
both flag settings become equal.

Finally, figure 28 shows the most realistic choice of the flags mentioned. As is evident from
the above discussion and a comparison with the foregoing figures, the low-Q? modifications
are extremely important for a correct description of the corrections at small ? and large x.
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Figure 26: Comparison of the radiative corrections dmix(x, Q*) at HERA with two parameteri-
zations of structure functions. Flag settings (IVAR,ITERAD,IEXP,IVPOL) are explained in the
text.
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Figure 27: Comparison of the radiative corrections dmix(z,Q*) at HERA with two parameter-
izations of structure functions; the flag settings are explained in the text.
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Figure 28: Comparison of the radiative corrections dmix(z,Q?*) at HERA with two parameter-
izations of structure functions. Flag settings are explained in the text.

To summarize this part of the discussion, at least in certain regions of the phase space it
is extremely important to ensure an iterative improvement  of the various components of
the description of deep inelastic scattering, including the interplay of structure functions and
QED corrections.

8.2 A comparison with leading logarithmic approximations

An interesting and practically important question concerns the accuracy of the leading logar-
ithmic approximations (LLA). For a comparison, we use the Fortran program HELIOS [33]
with the same structure functions as in TERAD. For the special purpose here soft photon
exponentiation, other higher order corrections, the low-()? modifications etc. are excluded.

The comparison is performed for leptonic, mixed, and Jaquet-Blondel variables and shown
in figures 29 — 31. For the comparison, the structure functions [63, 68] and the following flags
in TERAD have been chosen: (IVAR,ITERAD,IEXP,IVPOL)=(0100).

Over a wide kinematical range, the leading logarithmic approximation works quite well
and is completely sufficient for a description of the experimental data. For intermediate x in
leptonic and small x in mixed and hadronic variables, the accuracy of the LLA is best.

One may also conclude from the figures that a complete O(«) calculation will become
necessary if the experimental accuracy reaches the level of one per cent or better.
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Figure 29: Comparison of radiative corrections &iep(x,Q?*) at HERA from a complete O(a)
and a LLA calculation.
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Figure 30: Comparison of radiative corrections Smix(x,Q?) at HERA from a complete O(«)
and a LLA calculation.
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Figure 31: Comparison of radiative corrections éyg(x,Q?) at HERA from a complete O(a)
and a LLA calculation.

8.3 Photonic cuts

An instructive illustration of some basic features of the QED corrections is figure 32°. It shows
the dependence of the correction dj, on y; in presence of cuts on the photon momentum which
are introduced in appendix B.1.2.

To be definite, we chose = 0.001 and HERA kinematics. The quark distributions are [61,
62]. It is assumed that photons may be observed if they have an energy larger than £, =1
GeV and are inside a cone with an opening angle of 62 = 0.1 rad. The cut conditions are
inactive as long as the photon energy is smaller than F,,. The left-hand side of the second
of (B.15) corresponds to this. As long as 22" is negative, the cut is fictitious. It starts to be
influential if, in the ultra-relativistic limit,

Yi=yn+ Ej (8.1)
Since y, 1s integrated over, this condition weakens to the following one:
E
Y = A 0.033. (8.2)

At this value of y; the rise of the cross-section is sharply interrupted. The collinear initial and
final state photons may get an energy larger than F,,. If so they become cut when being

5The figure was made with data from TERAD91. Later, it was reproduced by the Monte-Carlo program
HERACLES [29, 35]. We should like to thank H. Spiesberger for his careful analysis of the figure, which we used
when preparing this section.
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Figure 32: Radiative cross-section for deep inelastic neutral current scattering at HERA in
leptonic variables with photonic cuts; x=0.001.

emitted inside the cut cone. The collinear final state photons escape from the cut cone and
become non-observable if the electron scattering angle 6.,

1
cosf = 7 (1 —y)Ee — xiyiE,], (8.3)
By = [(L—y)be + zyky], (8.4)

becomes larger than §5'**. The value of y; above which this is the case and the collinear final
state photons become more and more unconstrained by our cuts is:

(1 —cosbl) E.
1 —cosf) E. + (14 cos ) xE,

h= = 0.084. (8.5)

Above this value, the contribution from final state radiation to the cross-section rises.
Further, the emission of photons due to the Compton mechanism grows. This contribution

peaks at large y; and small ; (see the next section). It is due to the t-channel exchange

of photons with practically vanishing Q*. Thus, it comes mainly from events with real pho-

tons whose transverse momenta are balanced with those of the scattered electrons and the
longitudinal ones are opposite. If now y; becomes larger than the value

(1 —cosf) E.
1 —cosf) E.+ (1 +cost)xE,

y=1- ( =1-0.084 = 0.916, (8.6)

these photons enter into the cut cone and will not contribute to the measured cross-section.
The Compton peak starts to become cut.
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8.4 The Compton peak

The Compton peak has been discussed first in [2]. The corresponding cross-section enhance-
ment is due to energetic final state radiation from the lepton. It is related to large y; and
small ;. As will be shown here, the origin of the Compton peak is deeply connected with the
lower bound on the Q7 which is reached when the integral over Q7 is performed in order to
get a cross-section in leptonic variables. The extremely small Q? of the virtual photon makes
the kinematical situation resembling the scattering of light at matter.

As may be also seen from the figures, the Compton peak occurs in leptonic and mixed
variables, while it is absent in hadronic and Jaquet-Blondel variables. The reason is that in
the last two sets of variables, the )7 is an external variable and thus not free to vary down to
the kinematical limit.

The Compton peak arises from the integration of the photon propagator dQ3/Q% over Q%
in the contribution from the 4 exchange in formulae (5.3) and (5.6). We will indicate here the
essential steps only. For the structure functions, Bjorken scaling will be assumed:

Further, for an integration over Q7 at fixed xj, the following change of integration variables is
necessary:

2
A = dendQy L (35)
;S

The variables x), and Q% vary within limits which are derived in appendix B.2.5.
Using (8.7) and (8.8), the v exchange part of the radiative cross-section may be rewritten

as follows:
d2 d2 R d2 F
UQED(Z’V) _ UB(’VQ)E(SVR_I_ UR(VQ)7 (8.9)
dyd@Q); dydQ) = dyd@Q);
dPop(y) _ 20°S
— dz,dQ?
dyidQ? v [ et

1
—4F2($h)52(yl7 Q?? Yh, Q%L)
@}

- [—22 P (@) ST (i, QF) + L P (20) ST (1, Q) 'CIR(ylszz;yh,Q%)}-
7 Q) Q)]
(8.10)

2
X {ﬁFl(l'h)Sl(yla Q127 Yhs Q%) +
v, @

The correction dyg may be found in [5, 14]. For a discussion of the Compton peak, only
the first two terms under the integral in (8.10) are relevant. Examining their variations
as functions of Q7 one may conclude that they are of two types. From the integrands
(1;1/V/C1; 1/ C)dQ3 / Q3 a In(Q3™" Q™) emerges, while from the integrands (1;1//Cy;
1/v/C2)dQ3/Q} a 1/Q3™. The latter, however, are screened by factors m? or M2,

In [5, 14], the following formula has been derived after integration of (8.10) over Q7 in the
ultra-relativistic approximation:

d2UQED(7) 20° (1— 51?1)23112 ng 3 le 1,
dydQf p G U | gy Mz ) Tl g (e =2 )

€ €
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2 Ve Fy(zay) — F
+ 2y, (mQ—’Z - 1) / g Lalea) = B@)
m 1

6 z—1
Vo dz
+ [T G L = ) + Ui — LD Fa(ea) 1 (8.11)
where
2 20,2 | p2 2
(-1 ¥t wmz-1)S
(ah) = —y? () il yiy, ol = 1S
U (77 a? ) yl ( n z ) 2ab —I_ 22 n :[le
3 2 2 2 22
Yi Qi (za —b) Y Yi 2 | 72 b5
——[In=+h—>-) - = - = — b )| In ——
2(1—2)(nmz+n(z—1)y12 b | os Ha”+ b RS VER
(8.12)
and
Th
= —. 8.13
:= (5.1
From the exact boundaries of appendix B.2.5 one gets the following relations:
max X
Py, QFan) A x—’;@?, (8.14)
2min 2 zp11Qf 2
h (yh lexh) ~ (815)
(5 —1) @t + rfr
Therefore, one of the logarithmically peaking integrands in (8.10) is:
QR dQ3? — S M)? — DyiS
/ " Q;L ~ In (xn = 20y —I;(xh ) ~ In (= )gl : (8.16)
Qi @ (2:M) M

This contribution is explicitly seen in (8.12). Two additional logarithmically enhanced con-
tributions may be found in the last term in (8.12). The above mentioned screening of the
other potential sources of kinematical peaks in the variable ()7 may also be seen in (8.11) —
the inverse powers of M? are absent.

The argument of the logarithm at the right hand side of (8.16) may become very large
at @ ~ 0,y ~ 1 (x5, > x;). This is the origin of the Compton peak. We would like to
stress that the cross-section depends on the proton mass M on purely kinematical grounds. It
has nothing to do with assumptions in the quark parton model. In the above considerations
we used one implicit assumption. Namely, for the argument to hold, the parton distribution
must be a slowly varying, non-vanishing function at smallest Q7. This is exactly, what they
aren’t. We remember here about the discussion of (6.3). Thus, the Compton peak is at
least partly regularized by this damping of the quark distributions. In view of lack of a
reliable model for the parton distributions in the region of smallest )7 it is not evident which
theoretical prediction of the radiative corrections is best. Maybe one should look inversely
onto the problem: a clean measurement of the Coulomb peak could teach us something about
the parton distributions which give rise to it [69]. We do not think that there are strong
arguments to favor Aqcp as a scale of damping of the parton distributions at small @} as was
proposed in [70].

So far, we discussed the case of leptonic variables. In section 5.2.1, it was mentioned that
the Compton peak in mixed variables is much less pronounced but present. The cross-section
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in mixed variables has been integrated once, over y;, in (5.7)=(5.17). Only in one of the two
regions, in region I, the Q% may become small. There, again the integration starts from Q™"

The minimal value of @7 has been determined in (B.62). With the aid of (B.22), in the
ultra-relativistic limit in m, it is y"**(Q7) = 1 — M?Q7 /5% and

%Lmin _ le (1 . y;nax T yh)
= 2pyr(l +re,)S ~ 2,y7 8. (8.17)

The corresponding kinematical singularity is located at z,, — 0,y, — 0. The extreme value
of Q7 for mixed variables is scaled by a factor of the order of S/M? compared to the case
of leptonic variables and the peak is much less pronounced in the experimentally accessible
kinematical ranges.

8.5 Summary and outlook

In this article, we gave a comprehensive presentation of the O(«) leptonic QED corrections
to deep inelastic ep scattering. The detailed analysis of the kinematics of deep inelastic
scattering is of a general interest. It has been performed exactly in both the electron and
proton masses in order to scope both with extreme kinematical situations and the characteristic
singularities of the totally differential cross-section. Then, for several sets of kinematical
variables semi-analytical integrations have been performed. The remaining two integrals for
leptonic variables have to be taken numerically while for mixed and Jaquet-Blondel variables
one integral remains. The hadronic case has been solved completely analytically. Most of the
results of this article have not been published before.

It was not the intention to cover all relevant radiative corrections.

Here we would like to mention which corrections have been left out of the presentation:

o Electroweak one loop corrections [14]. These have to be treated in the quark parton
model.

e The QED corrections which are not related to the lepton legs — the lepton-quark interfer-
ence and the quarkonic radiation. Their calculation rests also on the quark parton model.
In leptonic variables, they are published in [14] and in mixed variables known [71]. In
other variables they are under study.

e Within the LLA approach, there exist predictions for QED corrections also in other vari-
ables: calorimetric and double angle [72]. A semi-analytical, complete O(«) calculation
in these variables seems to be nontrivial.

e The Monte-Carlo approach has been left out completely. The kinematics to be used is
evidently the same. But the rest of the calculation is a totally different subject.

e Further, there is the wide field of higher order corrections. These have certainly to
be included in certain regions of the phase space if an accuracy of one per cent or
better is aimed at. The soft photon exponentiation is part of this and the hard photon
contributions beyond O(«) are certainly needed in LLA. Partial solutions are obtained

in [34, 72, 73].
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e Aiming at an accuracy of 1% or better, one has to concern about QCD corrections to
the parton distributions. This and the inclusion of higher order corrections is being done
within the project HECTOR [74].

e Finally, one should mention that for many physical applications charged current scat-
tering has to be described with the same accuracy as the neutral current one. A lot of
theoretical work remains to be done here. So far we may refer only to [16, 29].

To summarize, in this article we treated the numerically largest QED radiative corrections
semi-analytically in several of the most important kinematical variables. This gives an im-
portant tool for a satisfactory description of fixed target and HERA data and the possibility
to estimate the corrections at much higher beam energies. The most important next (or
alternative) steps have been indicated.
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A Kinematics and phase space

A.1 Kinematics and phase space for section 3

Throughout this section, all definitions and relations are understood to be exact in the electron

and proton masses.

Let us introduce the following kinematical A-functions:

Ak
As
Al
Aq
Ah

A

where

and

= A=(p+ k)% —pi, — k]
= Al=(p1 + k)% —pi, — k7]
Al=(p1 + k2)?, —pt, — k3]
Al=(p1 + Q)% —pt, —QF
Al=(p1 + p2)? —pi, —p3]

)‘[_(pl + A)27 _pgv _Az]

]

(31— yn)*S?,

S? —4m2M?,

(1= St — dmtb2,
S+ 1M,

yiS?t +AMQ3,

(1 —yp)*S? — 4AM?7,

—A2:T:—(k2—|—k)2:z:2—|—m2

Mz,y,2z) = 2®+y*+ 2% — 20y — 222 — 2z

= (v —y—2)° —dyz

= [ = (Vy+V2)llz = (Vy = V7).

In the proton rest system, p; = 0, the following relations hold:

ko= VA
k| = $hvAs,
b = shrvAn
Gl = S

They may be derived with the aid of the relation [75]

IZIES |Qh|:ﬁv)\ha

1
VA

K= %(Qz—yh%
o _ S

M= aar

o= -,
? = %ylv

P — M_|_i

2 €M Yho
A= g m)

AM3|PB)* = AM[—(pa + pB)*, —Pr» —Pi]l5s=o0-

(A4)

(A.5)

Thus, to any of the momenta in the rest system of the proton corresponds one of the relativistic
invariant A-functions. From (A.1) and (A.4) it follows that the invariants (3.1) totally fix the
spatial configuration of momenta of reaction (1.2) which in the proton rest system can be

drawn as a momentum tetrahedron; see figure 3.
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A.2 Kinematics for section 6

For the calculation of QED corrections to the photoproduction process sets of external and
integration variables are used which differ from the set y;, @7, ys, Q3. Further, the infrared
singularity is treated in a different rest frame. For these reasons, some additional kinematical
relations are needed here.

Let us introduce the following A-functions:

o = Alpd—(p2 + k)% —# = (W2 M2,
)‘/1 = )‘[_(pl - k2)27 _(p2 + k)27 _k%] = (S - QIQ)Z - 4m2W27 (A 6)
Ny = A=(pr k)2 —(pa+ k)2 =k = [(1—y)S+ Q" — 4m*W?

= (S = W24 M?)° —4m? W2,

With the aid of them and of (A.5), the following relations may be found in the rest frame of
the compound system, which is defined by the condition &% + p&' = 0:

|ER| _ \/)\76 LOR w2 — Mf?
2VW? 2VW?2
~ A S — Q?
kR = 1 , kO’R = [ , (A?)
Lo WiTE i Wi
? 2/ W2’ ’ 2/ W2
The invariant mass of the compound system at rest is W? = —(k + py)*.

A.3 Kinematics for section 7

In the approach of section 7 to the phase space, the first two integrations will be performed
over the photonic angles in the rest frame R of the (ve) compound system: AR =Ry Ef =0.
For that purpose, the expressions for some four momenta and invariants are needed in that
system in order to finally express y;, @7, 21 in (2.40)—(2.42). The velocities which are used in
the infrared divergent part of the cross-section are also calculated in the R frame.

The necessary A-functions are:

)‘% = )‘[_(A - k)27 _A27 _kz] = (T - m2)27
)‘1 = )‘[_(A - k1)27 _A27 _k%] = (Q%L + 22)2 + 4m2Q%m (AS)
Ay = A=A = k)% =A% K] = (7 —m?)?,

and the A; has been introduced in (A.1).

69



The four-momenta are:

o= VO R = T=m’_ 2
20/7 2\/_ 20/7
o= Wi e o Qhdram?
! 271’ IV (A.9)
- X A = 1
2 271’ 21
7 = VA - (L—yn)S
! ! 21

In the R system the following cartesian coordinates are chosen: the z-axis be parallel to ]_C){%

and the yz-plane spanned by the vectors k1 , P the angle between the z-axis and pit be 9,
Then it is:

ko= {k*Fsindpcos pr. KM sindpsingn, K cosvp, K7} (A.10)
ko= {0, 0, R DT (A.11)
ky = {—kO’RsinﬂRcos or, —kOFsin g sinpr, —k" cos g, kS’R}, (A.12)
o= {0, [71sind,, [ cosd,, ). (A.13)

From these expressions, one may easily derive (7.9)—(7.12).

A.4 Some phase space parameterizations
A.4.1 The integral &k, /2k9

The following phase space integral has to be calculated in section 3.1:

> |Fa|
= o = / 7dk§dcos ddep. (A.14)
It is:
QF = —2m” + 2k7k3 (1 — B1Ba cos ¥13) . (A.15)

One has the freedom to identify ¥15 = 9. In the rest system of the proton the formulae of
appendix A.1 may be used. It follows:

2M
E
These two relations allow to replace the energies introduced above by the invariants y; and
Q7. The corresponding two three-momenta may also be expressed with the aid of A.4:

Vis VA
2M 2M

Inserting these relations into (A.14), one gets:

/dy,dQ,. (A.18)

y=1—"2k, S =2MK. (A.16)

|y | = (A.17)

|| =

2\/)\5
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A.4.2 The integral dI'y
In section 3.1, the following expression has to be simplified:
dk
dly = 5050 (01 + Qu)* + M| 6 Q2 — (p2— p1)?] . (A.19)
With @); = @, + k it is in the proton rest system:

1
ATy = Skodkydcos b dpd [(pn+Qu = k) + M) 6 [QF — (Qi — k)?]

- %kodko dcos iy dp 6§ [(—M? +2py(Qr — k) + (Qu — k)* + MP] 6 Q3 — (Qu — k)]

1
= godko dcos i, dps (=M% 4 2py(Qr — k) + Q3 + M?| 6 [QF — QF + 2Quk]

1k 1 dp  dyp
2 02M2|Q1|k0 B 8M|Q)l|‘

(A.20)

Here ¢ is the angle between the planes defined by the three-momenta (El, ];2) and (E,ﬁz), see
figure 3.
Now the integration over dz; may be introduced with the aid of an auxiliary é-function

5(22 + kak)

d
Ty = SM% |d¢ 822 + 2k2Q1 — 2k Q). (A.21)

Q1

The following coordinate system will be chosen. The z axis is parallel to @l. The vector ks
stays within the zz planeand has an angle ¥, with respect to the z axis. The projection of

the vector th = po into the xy plane has angle p to the = axis, and the vector itself has the
angle ¥ with respect to the z axis. Then, it will be

];2 . th = ]22 C Py = |E2||ﬁ2|(sin19p sin ¥ cos ¢ + cos ¥, cos V), (A.22)
and
d
dry, = =
L6 M |Q1]| k2| p2]| sin ¥, sin ¥ cos ¢
d
= =2 (A.23)

16M|Q; - (ky % )|

The three-momenta used here and in the following may be calculated with the aid of the
A-functions (A.1). The dI'y is related to the volume Vi of the tetrahedron of momenta as
shown in figure 3:

Vi = % @1 (k< )| = ﬁ\/ﬁ (A.24)

Explicitly,



The positive-definite function R, in (A.24) is the Gram determinant of 4-vectors ky, py,
k27 b2,
ki (kip1)  (kika)  (kips)

k)  pi (pik2) (p1p2)
Ro= —Ay(kypr ko) = — | (P1RD i , A.26
alki, 1, ka2, po) (kok1) (kapr) k3 (k2p2) ( )

(p2k1) (pap1) (p2k2) 13
It may be expressed by the G-function introduced in [75]:
1
16M*

For further use, it is convenient to write K. in a form which exhibits its explicit dependence

R, =— G(Ar Ay Ary Ay Ay Ak ). (A.27)

on z1 Or Zy:

RZ = —AlZ% + 2B121 — Cl = _AQZg + 2B222 — CQ, (A28)
Ay = A, = A, (A.29)
By = {20PQHQE - Q1)+ (1 — )@} — QDS + S QHw — )

= - B{)~-(-w} (A.30)

Cy = {01 =)@} — QR — yal] 5% 4+ 4m? (g1 — yi) (@2 — mQ})S* — M*(QF — Q3)*)
C{(1) & —(1 -y} (A.31)

with the discriminant

1
64M*
With (A.24), the phase space takes the form

D. = By — Ay 5Chy = A sy A ADAA g Ans Ar ). (A.32)

dZQ . dZQ
WER.,  2VR.
where the overall factor of 2 at the right hand side corresponds to ¢ € [0,7] < 29 €

[Zf(‘lzn), Zf(‘g;‘] The latter boundaries for the integration over zy(y) are derived in appendix B.1.

Ty, = 2 x (A.33)

A.4.3 The compound phase space volume dI'.,

The following phase space integral has to be calculated in section 7.1:

B o dky dE

I = /dFW_ i3 (A — ke = h)
= —d’%& A—ky)?) = —|E2|dk0d DdpS[(A — ky)? A34
= [ GgflA — k) = [ Sdkgdcos dpb(A — k)7 (A.34)

In the rest system of the (ve) compound one may use the expressions for the energies and
momenta (A.9). In this system, it is

/dkSé[(A k) = /dkgé(—r —m? 4 2yTkY) = 2\1/;. (A.35)

With |E2| = VA2/2¢/7 and Ay = A(7,m?,0) = (7 — m?)?, see appendix A.3, one gets:

2
i /dcosﬂdc,o. (A.36)
8T
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A.4.4 The integral d®p,/2p)

In section 7.1, the following integral has to be calculated:
I = /d4p25 (p% + Mi) 6 [(pz —pl)2 - Q%L] 6 [(pz —P1— k1)2 + T]
= 27r/ |};—2|dpgdcos ) [(pg —p)? - Q%L] 1) [(pg —p— k) T] : (A.37)

In the rest system of the proton it is 7 = —(py — p1 — k1)* = M? + 5 — 2Mp§ + 2poky.
In appendix A.l, the expressions for the four-momenta p; and k; in this frame in terms of
invariants have been derived. It is —2pyky = —(V/ApAs/2M?) cosd + ... This relation allows

to use the second of the é-functions for the calculation of the integral over cos 9:

2M*
Vs

With |pa] = VAL/2M and —(p2 — p1)* + QF = —2MpY + M? + M? + Q7 , the last é-function

allows to perform the integration over dp9 and one gets:

/dcos Vé [—(pg —p— k) T] = (A.38)

I = 5 (A.39)

A.4.5 Notations

Here, we confront some old and new notations. This may prove useful if someone tries to read
the preprints [4], [5]:

Sl = y157 T = th, = Q%m
Q> = @, X = (1-w)S, Y o= Q1 (A.40)
SX: - X = ylS.

B Kinematic boundaries

We now come to the derivation of the many different kinematical boundaries which are con-
nected with the different choices of the integration variables and their sequential order. By
pmaxmin) (1 ), ), the maximum (minimum) value of v will be denoted which may be taken
at fixed values of V1, V5, ... Further, the extreme value of variable v is v; it depends only on S
and possibly on M, m.

The physical regions of invariants (3.1) may be found from the conditions of existence of
the momentum tetrahedron depicted in figure 3. This tetrahedron is defined by the triangles
A(ky, —k2, —Q1), (Ql, —Pa, — ) and A(ky, —A, —p3) in the proton rest system. The areas of
these triangles are equal to

WOmERG), WG, W

correspondingly; they exist if

l
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With the expressions (A.1) for the squared three-momenta in terms of A-functions, the follow-
ing boundary conditions are derived:

A AL A) <0, A A M) <0, A, A M) < 0. (B.2)
The boundary equation for the first condition is:
M?Q7 + QiyiS* + m*yf S* — AsQf = 0. (B.3)
The boundary equation for the second condition is:
yi S*Q7 + i S*QF — M*(QF — Q) — ywn(QF + QF)S* = 0. (B.4)

It is symmetric with respect to the interchanges (y; < y,) and (Q7 < Q7).
The third boundary condition may be rewritten:

(2M222 + yh52 + QMQQ%)Q — )\S)\h S 0. (B5)

The z3 is known to be positive definite (see appendix B.1.1). The maximal value z5"**(yy,, Q7 )
of z, at given values of (ys, Q?) is one of the roots 25 (ys, Q3) of (B.5),

1
23 (yn, QF) = 02 —(ynS? +2M*Q}) + )\s)\h] : (B.6)

namely z3. It is positive definite if
M?Qj + QrynS* +m?ypS* — AsQF < 0. (B.7)

From the zero of (B.7) the third boundary equation results. By the replacements Q7 « (7
and y; < y, it transforms into the boundary equation of the first condition.

B.1 Boundaries for z, 2y
B.1.1 Boundaries for z¢2)(yi, Q7, yn, Q})

From (A.32) and (B.2) one may conclude D, > 0. The invariants z; and z; are positive
definite. This may be understood easiest from the general statement that an invariant of the
form [ = —2pk is positive definite when the momenta p, k are on the mass shell. One may
also use an argument based on the photon energy in (A.9), which is proportional to z;. For
z1 the same property may be derived by a replacement of k3 in favour of ky in the arguments
which lead to the lower boundary of z3 (i.e. in section A.3).

From (A.1) and (A.29) it follows A5 > 0. The R. which is introduced in (A.24) and
rewritten in (A.28) is proportional to the volume of the tetrahedron in figure 3, i.e. it is also
positive definite. This volumee vanishes at the boundary values of the physical regions of the
invariants. Rewriting K.,

R.= 2\ [203 = 510 |10 — 2305 (B.8)

one may derive an expression for the boundary values of z; and z, at fixed values of y;, Q7,
Yh, Q%L

max,min B, j:\/DZ 07
21,2 7 (yvalz7yh7Q%L) = = A = Blg:Flz\/D_‘ (Bg)
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The D. in the above relation must be positive. Since the zy(y) are positive definite, the By(y)
must be positive, too. Finally, from the second equality in the above chain, the Cy(y) are also
seen to be positive. In the ultra-relativistic approximation, the latter is also evident from
(A.31).

We mention here that the integration limits for zy at fixed values of y,,, Q3 will be derived
in appendix B.4 and at fixed yjp, Q35 in appendix B.5. They are also influenced by the
photonic cuts, which are introduced for leptonic variables in section 6; see appendix B.1.2.

B.1.2 Boundaries for z(5)(y;, @7, yr, @7) with photonic cuts

In section 5 we argued that cuts may be applied on the momentum of the bremsstrahlung
photon. This is of some interest in the case of leptonic variables in the region of small & and
large y. In this appendix, the necessary formulae will be derived.

We define the photonic cuts by the following conditions:

Ety Z Em — E’ymin ,

cos(0.") = i > €080, > Cmax = cos(67).

(B.10)

With these cuts, photons with an energy larger than Ewmin and within a cone defined by
cos( are excluded from the observed cross-section.

Both experiments at HERA have a v counter which may register photons with an energy
E, > 1 GeV and an emission angle 0 < 6., < 0.5 mrad in the HERA laboratory system.

In order to incorporate the cuts (B.10) into the cross-section calculations one needs two

invariants which depend exclusively on F., and 0., and, possibly, on E, and E,, the energies of

0 max,min)
’y

the electron and proton beams in the laboratory system.
One candidate 1s z7:

7 = =2kk = 2E.FE,(1 — B.cosb,), (B.11)
m2
o= \[1- 5 (B.12)

Another one may be found to be

L= =2pik=(yi—yn)S = 2B,E,(1+ B, cos0,), (B.13)

M2
B, = 1 — E—g. (B.14)

Dividing (B.11) by (B.13) one gets a first condition which is formulated completely in terms
of integration variables and measurable parameters. A second one may be obtained by elimi-

nating the cos @, from (B.11) with the aid of (B.13):

c = Ep(l-l-ﬂpcmin) (yl—yh)

min — & Eeﬂe

Zmin — Ee(l _ 6ecmin) S S 21 S Ee(l - 6ecmax) S max

BT Byt VM) =2

(B.15)
Taking into account 29 = z; + Q7 — Q} one may realize that (B.15) represents cut conditions
on the first integration variable.
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The actual modifications of the analytical integrations over zy(;) due to the cuts may be
found in D.1. After this first integration, the finite hard cross-section part undergoes two nu-
merical integrations, which are not essentially affected by the cuts. Concerning the treatment
of the infrared singularity, nothing changes compared to the presentation in section 4. The
reason is simple. We subtracted from and added to the complete bremsstrahlung correction a
simplified expression, well adapted to the infrared problem. Now, in the presence of cuts, we
have the freedom to subtract and add the same expressions. Here, it is of importance that the
applied cuts do not influence the infrared behaviour since the contribution of hard photons is
manipulated.

Concluding,

éllmax = min{zllmax(ylvlevyhvQ%L%ZlcmaX(E“Ep’cmaX’yl’yh)} ’
ZA‘llmin = maX{lemin(ylvlevyhvQ%)aZlcmin(EevEp7cmimyhyh)vz%nin(E“Ep’yl’yh)} ’
égmn(max) _ lernln(max) + QZQ N Q%L (B16)

B.1.3 Boundaries for z3(y., Q7)

The following boundaries are used for the calculation of cross sections in hadronic and Jaquet-
Blondel variables where the integration over 7 is the third one. After two integrations over
photonic angles the ultra-relativistic approximations are justified and will be applied. For
given values of y), and Q7, the upper limit of z; is given in (B.6) while the lower one is zero;
compare the expression for £%% in (A.9):

0 <z <ap(l—yp)S. (B.17)

The boundary values of z3 define also those for the variable 7 when the latter is used as the
argument of the last integration at given values of either y,,, Q% or yj8, Q3.

B.2 Boundaries for leptonic variables

From now on, we will use the following notations for external variables: if a variable is maximal
or minimal as a function of the other one (and of S and the masses), the superscripts min or
max will be used to indicate this. Absolute extremes which depend only on S and the masses
get a bar.

The maxima and minima of an internal variable at fixed values of the other internal variable
and of the external variables get the subscripts I, III, and II, IV, respectively. In the figures
these functions are boundaries. If the integration order is changed the corresponding curves
in the figures get a different analytical meaning. This will become clear in the following
discussions of integration regions.

B.2.1 External variables & = (y;, Q7)
We start with the derivation of absolute bounds for W2.
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For the invariant hadronic mass M7? the lower limit is defined by the kinematical threshold
of hadron production, i.e. the mass of the lightest strongly interacting particle, the pion. The
upper limit of M?, for a given W2, may be derived from the expression for kg in the rest
system (A.7). It is reached for ko = 0:

(M +m,)? < M <W2 (B.18)

The above inequality may also be interpreted as the absolute lower limit of W2
The upper bound for W? = —(p; + ki — k2)? follows from a consideration of the defining
four momentum squared in the centre-of-mass system:

(M—I—mr)z§W2SW2:(\/g—m)zz(\/S—l—Mz—l—m?—m)Q. (B.19)

One may eliminate W? from (B.19) with the aid of (6.2):
0<wS— Q< (VS+ M2 ¥m?—m) — M. (B.20)

The boundary equation (B.3) originally depends on the variables we are interested in: y; and
Q7. It may be pursued once more. The boundaries for y; at a given value of Q7 shall be
determined. The lower bound of y; results from (B.20); the upper limit is the solution of
(B.3):
min 2\ le < < max B 21
Y (Qz)—F— = (Q7), (B.21)
where
QN = 55 |5V AsA - 7] < o (B.22)
Here the g; is the maximum of y; and may be determined by differentiation of (B.22) with
respect to Q7:
5 —=2mM
vy = g .
The absolute minimum of Q7 is zero. The condition y™(Q?) = yMaX(Q?) is fulfilled at
@7 = 0 and also at the absolute maximum of 7. It may be used for a determination of the

(B.23)

limits of the latter variable:
As -
0< — 2 =2 B.24
Qi < S+ M? + m? @i (B.24)

The physical region & = (Q7,y;) is shown in figure 33.

B.2.2 External variables & = (W? Q?)

The bounds for W2, (B.19), have been derived in the foregoing appendix.
Those for Q7 at a given value of W? may be obtained from (B.3) by replacing the y; by
W? with the aid of (6.2):
2 2 2 (172 2

Qmax(min)(WQ) _ S(S—=W?2+ M?)—2m* (W? 4+ M?) £ /AsA) (B.25)

: 2(S + M2+ m?) ' '
From the lower limit in (B.25) the estimation of the lowest accessible * (6.3) in the photo-
production region was derived.

The physical region &) = (W? Q7) is shown in figure 34.

“If not stated differently, the pion mass is neglected here and in the following.
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YzmaX(Q12>

Yzmm< ng)

Figure 33: Physical region (QF,y;) for the cross-section in leptonic variables.

0 (M+m,)* wew

Figure 34: Physical region (W?*,Q3) for the photoproduction process.
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B.2.3 Integration variables 7; = (y5, Q7 )

For the hard photon corrections in leptonic variables, the last two integrations are numerically
performed over Z; = (yp, Q7). The hard part of the infrared divergent contribution is integrated
analytically; thereby the last integration is that over y;,.

Inserting (6.5) into (B.18), one gets a first condition the left hand side of which is equivalent
to x5, = 1:

0<ynS—QF <W?*—- M2 (B.26)
The (B.4) defines a pair of intersecting straight lines :

S
Q%LLII =QF + e (yi —yn) (S £ \/)\7) (B.27)
From the second relation, the lower bound of Q% is obtained:

%Lmln(yhv Y, le) = Q%LH- (BQS)

The upper bound of Q% depends on the actual value of y,. The two curves Q% = y,S and
Q7 = Q3; meet at the maximum value of )7 which is reached at the following value of yp:

2 yi(yS + V) +2Q%r
, = , B.29
Yna(yi Qr) yzS—I-\/Xq—I-QMQ ( )

ro= M?/S. (B.30)

Aty > yng itis Q7 (Yo 1, @F) = @iy
The minimum of y, may be obtained from the equality Q7 = yS; see figure 35:

min o wilwS - \/A»q) +2Q7r
yh "y, QF) = 5
S — \/)Tq +2M
The maximum of y), at a fixed value of y; is equal to y; and independent of QF; this may

be seen from the expression for k% in (A.4). The infrared singularity is located at F(y;, Q7).
When calculating the hard part (4.13) of the infrared divergent cross-section contribution, one

(B.31)

has to take into account an additional condition:
k>e>0. (B.32)

In the approach to the phase space where the boundaries of this appendix are used the infrared
problem is treated in the proton rest frame. From the expression for & in (A.4) the following
modification of the integration boundary results:

2e M
yhmax =y — yhmax(e) =1y — T (B,33)

The net physical region for Z; = (yp,, Q7 ) is:

Qin < @ < wd ity < yn,,
Qin < @ < QF il yn 2 Yng, (B.34)
yrn(y, QF) <y < yl(e).
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Qn

F<YL7QLZ>

0 Yhmin Yhi Yh2 Yha Yn

Figure 35: Integration region (y, Q3 ) for the cross-section in leptonic variables.

When calculating the twofold integrals in (4.13) over the kinematical domain, which is
derived here, one will need the substitutions of /(7 and /(5 at the kinematical boundaries.
The square roots at ()7 )11 can be taken exactly:

[ S
(g1 —yn)S | SF—— + Q?] ) (B.35)

yl — yh S (1 — yl)Si — le (B36)

\/ QhI
m [ A, +uiS ] |
VC2AQ7) (v —yn)S (1 — yzﬁ% + Q?] : (B.38)

The corresponding roots at 7 = y,.S may be taken in the ultra-relativistic approximation in
the electron mass; see the expressions (A.31). One arrives at the following absolute values:

VO~ Syn — (1 +yn — ), (B.39)
V02 = Syl —y) — zw(l = ya)l, (B.40)
which vanish inside the region of integration over y,, (B.34), at

1_
- 2L = y) (B.A1)

I -y
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yh, = — (B.42)

1— yl(l — l’l) ’
correspondingly. Within the kinematical limits of figure 35, the following inequalities hold:
YR < Yy < Yna < Yha < YrN(e), (B.43)

The integration region Z; = (yn, Q%) is shown in figure 35.

B.2.4 Integration variables 7, = (M?, Q)
The boundaries for M7 have been derived in (B.18):

(M 4+ m;)* < MP < W2

The infrared singularity is located at F(W? (7). When calculating the hard part (4.13) of
the infrared divergent cross-section contribution, one has to take into account the additional
condition for the photon energy (A.7):

W2 — M?

This condition may be transformed into the following modification of the upper bound of M?:
(M +m,)? < M} <W? = 2eVIV2, (B.45)

The limits of the variable Q7 for given values of W?* MZ, Q7 will be derived now. For that
purpose, one has to replace in (B.4) the y; with (6.2) by W? and Q7 and the y;, with (6.5) by
M? and Q3% and solve the resulting inequality for Q% in terms of M?, Q7 W?:

!
E

Qpy = Q"MW ME, Q) (W2 = M2) (1S £ /\,) +2M2Q7] . (B.A46)
The two straight lines meet in the infrared point while the two extreme values of Q3 at given
external variables are reached for M? = (M + m,)?.

The physical region Z, = (M2, Q?) is shown in figure 36.

B.2.5 Integration variables 7, = (z;,Q})

For the discussion of the Compton peak we need the integration boundaries for the variables
z;, and Q3 where the latter has to be integrated over first.

Using in (B.4) the relation y, = Q7 /(x1,5), one immediately arrives at the boundaries for
Q)% at given values of xy, y;, Q%

Q= @ g2 gy - QDS £ /\) + 20K MY (B.AT)
hIII h vl 2znyS — QF + (xnM)?] ' '

At the lower limit of x; the two curves Q%LLH meet; see figure 37. From (B.47) one derives
that this is realized if x; = x;, which is at the same time the infrared point. The upper limit
for x;, may be got by rewriting (6.5) and inserting (B.18):

Q% /xy — Q2 = M} — M* > m.(2M + m,). (B.43)
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Qn

F(W*,Q,°)

2
Q hIl

0 (M+m,)? M,”

Figure 36: Integration region (M?, Q%) for the cross-section in leptonic variables.

Qn

F(XLQLZ)

2
Q hIl

Figure 37: Integration region (x,Q3%) for the cross-section in leptonic variables.
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Neglecting here the pion mass, the absolute maximum of z, is evidently equal to one:
v <ap <1 (B.49)

Taking the pion mass into account, the value xp = 1 is forbidden; in fact 5, = 1 corresponds
to the kinematics of the elastic channel.
The integration region Z; = (yn, Q3) is shown in figure 37.

B.3 Boundaries for mixed variables
B.3.1 External variables &,, = (y;, Q7)

The boundaries for ()7 are the same as in the case of leptonic variables; see (B.24):
0<QP<—"2 =02

The maximum of ¥y, in the two-dimensional distribution [yx(Q7); vi(yn, @7, Q7)] is, inde-
pendent of the value of Q7, equal to ;. Thus, its absolute maximum is given by the value for
y¥(Q?) of (B.22). The minimal value of y,(Q7) may be obtained by studying the functional

dependence of y™(y;, @7) in (B.34) on y;. The extremum is reached at y; = y**(Q7). The
explicit expressions are:

yhin(Q?) < oy < yl(Q3), (B.50)

where

Q7 <\/(y}mx5)2 +AM2QF - y}mxS)
S [\/(34?“”5)2 +AM2Q7 + yprxS — 262?]

_ QF (VAn + Q) (5 = VAs) @ Bl

S (VA= Q) (S+VAs = QF = VAL) — 5
yR Q) = # [%\/ AsAm — le] <y (B.52)

At the right hand side of (B.51), the y"** stands for y™**(Q7) [see (B.22)] and

i (QF)

Ao = QF (QF +4m?) . (B.53)

The second part of (B.51) has been obtained from the identity

V=S 0Qt = - (50, - s

The two curves y*(Q?) and y™™(Q?) meet each other at Q? = Q? as defined in (B.24).
With the variables &, one may define a corresponding set of scaling variables:

Qf Qf
an = Q27 Ym = Yh, Ty = = .
l —2p1Qr  ynS

(B.54)
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e
YhmaX(sz) :
X (1 |
X =1 i
Xy 1 i
Yhmm(Q12> :
0 A Qp

Figure 38: Physical region (yn,Q3}) for the cross-section in mizved variables; lower part for
Ty > 1, upper part for x,, < 1.

Here the mixed variable x,, is defined from both leptonic and hadronic variables, while
Ym is defined exclusively by the hadronic kinematics. For y,S > Q7, the scaling variable x,,
fulfills 0 < @, <1, while at y,5 < Q7 it is x,, > 1.

Values of  which are larger than 1 seem to be exceptional. Nevertheless they are physical
in the case of z,,. This statement may be checked e.g. by reproducing the phase space
volume (C.7) in mixed variables.

The physical region &,, = (Q7,ys) is shown in figure 38.

In the kinematical region with x,, > 1 it is ensured that Q7 — Q7 > 0 since y,S =
Q? + M? — M* < Q7. Thus, the infrared point may not be reached and only the radiative
process is possible. The equality in (B.51) is realized for y"®S = Q?#; then it is y"inS = Q7.

B.3.2 Integration variables 7, = (y;,Q37)

The complete analytical integration of the hard part of the infrared divergent cross section
will be performed first over ()7 and then over y;. We consider only the case z,, < 1 explicitly.

As in the case of leptonic variables, the bounds for Q% at given values of y,, y,, Q7 may be
derived from (B.26) and (B.27), and figure 39. The Q7™ (yi, yn, Q7) is either equal to Q7; or
to ynS; both curves meet at the value y;,:

1 4r
g = =yp|l+an+0—au)/l+—], (B.55)
2 Yn

with r = M?/5S.
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The lower bound Q%min(yl, yn, Q7) is equal to Q7

S
Qi = Qf+ 2M2(yz —yn)(yS £ \/)\7)

The upper bound for y, is dependent only on Q7; see (B.22):

QD = 5[5V - Q.

The lower bound for y; is reached at the infrared singularity F(yu, Q7). In the calculation of
the hard part (4.13) of the infrared divergent cross-section contribution one has to take into
account an additional condition:

k> e>0. (B.56)

The infrared problem is treated in the proton rest frame. Corresponding to (A.4), this condi-
tion may be transformed into the following modification of the integration boundaries (B.34):

: . 2eM
yit™ = yn = e =y + (B.57)
The integration boundaries are:
Qin < @ < wd it v > v,
Qin < QF < @ ity < yig, (B.58)
vt e) < w <y

The integration region Z,, = (y;, @7) is shown in figures 39 and 40.

In appendix D.3.3, the square roots of the functions C'; and Cy will be needed. In ap-
pendix B.2.3, we discussed these roots at the integration boundaries for the case of leptonic
variables. Here, exactly the same discussion applies with inclusion of the relations (B.35)-
(B.40). Although, there is one modification which concerns the location of the zeros of C; and
Cy at the boundary Q? = y,S. Differing from the leptonic case here they are at some values
of y; for fixed external values of y, and Q?:

1
Yn = 1‘|‘yh__7

m

Yy, = 1 —a,(1 —yn). (B.59)
They satisfy the inequalities
yin <Yn <yrg <y <y, (B.60)

if additionally the condition y, < 1/(1 +r) is fulfilled. In this case, the y;; does not belong to
the physical interval (y;, y;™*") of variation of y;, see figure 39.
We only mention that one needn’t know the values of the roots of C; and (5 on the fourth

boundary since the integration is performed along its direction in the phase space.
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Figure 39: Integration region (y;,Q3) for the cross-section in mized variables, x,, < 1.
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Figure 40: Integration region (y;, Q%) for the cross-section in mived variables, x,, > 1.
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B.3.3 Integration variables 7 = (Q?,y)

Here the boundaries for the integration of the hard, infrared finite part of the bremsstrahlung
cross-section are derived. In this case, the integrals over y; are performed analytically in
appendix D.4. The last one over Q7 has to be done numerically.

The lower limit of y; at fixed values of Q7F, yi, and (7 may be found from (B.4):

(1, Q1 0D = 57 (@1 + @) + 5108 - @2y (B.61)

QQh

There is only one solution if @,, > 1 since then it is definitely Q7 > Q3. For the more common
case x, < 1 the solution has two branches. Geometrically, they coincide with the curves
Q%LLH in figure 39. The two curves (B.61) meet at the infrared point F(y;, 7). This point
marks the lowest allowed value for y; since y; > yy; see (A.4). There is no need to exclude
the infrared singularity from the integration boundary, since the integrand has been regulated
there. The upper limit y**(y, Q7; Q7) of y; does not depend on y; or Q7 and is as derived
earlier [see (B.22)]:

1 1 _
Q) = 22 [g\/ AsAm — Q?] <.

The upper limit of @7 derives from the inequality M7 > M? together with (6.5). It is
independent of the actual value of Q#: Q3" (ys, Q?) = y»S. The curves y™»(y,, Q%L, @7) and
Y (Q7) meet at QF = %me this condition may be used for the calculation of szm(yh, Q7):

R Q) = QF gy 08 = ) oS =Py + b7

LSl ) (QF + V)
= Q- SV | -

Taking all the above conditions together, the physical region for the integration variables

is found:

IA

P Q) < Q7 yn,

mm(yhanth) < Yi < max(ythvah)

(B.63)

For the analytical integration over y; in appendix D.4, we need the expressions for the
roots of ('; and (5 at the integration boundaries.
At y**, they are:

VAS[QF 4 2m*(QF + Q)] — VA S(QF + 2m?y)

Ci(y™) = o , (B.64)

oo™ = VAs[QIQ} + 2m*(Q7 +2sz] — VA S(QF + 2m?ys) (B.65)
SV — VA5 Q?

A(y™™) = \/_Qm;/_SQ’- (B.66)

Since the lower boundary of y; has two branches, the roots have different analytical ex-
pressions there and the integration region has to be divided into two subregions:
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e Region I: Q7 > Q7
e Region II: Q7 < Q7

The following relations hold:

Sor = (QF — Q3) [25QF — Q}(uaS + V)] (B.67

S ,
Ja = (QF — Q3) {25@%22];@%(%5 — V)] | (B.68)
\/ml o wS(QF - Qi)gg%@% + szx’ (B.69)

N (QF — Q) [25@%2 C;Qﬂyhs — V)] | (B.70)

N (Q} — Q1) [25@%2 Qi@i(yhs +v/A0)] | B.11)
JE@@?IZ %ﬂ@%<%§£é+Q%%M' (B.72)

All these roots are positive definite. Again, the values of the roots at the fourth boundary are
not needed since the integration is performed along its direction.

B.4 Boundaries for hadronic variables
B.4.1 External variables &, = (y5, Q7)

The physical region of &, = (yx, Q) may be derived from the boundary condition (B.7) and
from the inequality

0<ypS—Q}=W?*—M?><W? - M?* (B.73)

where W2 may be taken from (B.19). This proceeds exactly as in the case of the leptonic
variables, by a replacement of (y;, Q7) by (yn, Q7) everywhere in the argumentations.
One gets for &, the following physical region:

< 2 <« )\S — )2
0 = Qh —= S_I_MZ_I_mZ—th (B74)
. Q? ’
wnQh =Y < o < ).
where
max 2 1 1 2 2 2 2 —
UENQD) = 33 | gV AsQR(@QF +2m?) — QF] < . (B.75)
Here, the 3, is the maximal possible value of yy,:
S —2mM
g = Tm (B.76)

The physical region &, = (Q3?,ys) coincides with that for the case of leptonic variables,
which is shown in figure 33.
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B.4.2 Integration variables 7, = (y;, Q7)

Similar to the case of the mixed variables, for the determination of the hard part of the infrared
divergent contribution we first integrate over ()7 and afterwards over y;. This will be done in
appendix D.3.4.

Two bounds for Q)7 at given values of y;, yp,, Q7 may be derived from (B.27) by interchanging
y; with y;, and Q7 with Q% as was indicated in connection with (B.4),

S
Qi = QF+ m(?ﬂ — Yn) (ﬂi Ap — th) : (B.77)
and two others from (B.3),
1
Qi = (1 —y)S% —4m* M? £ /A5 . (B.78)
: 202

As may be seen in figure 41, the absolute maximum y; of y; divides the curved boundary into
two parts. The y; is defined in (B.23). It is the root of A\;: A(y;) = 0. Thus, the two curves
QIQHLIV meet there. Further, the minimum of y; at given y;, is equal to y, and independent of
Q.

When calculating the hard part (4.13) of the infrared divergent cross-section contribution,
one has to take into account an additional condition:

k> e>0. (B.79)

The infrared problem is treated in the proton rest frame. With the expression for &% in (A.4),
this condition may be transformed into the following modification of the lower bound for y;:

2eM
S

For a complete definition of the integration region one needs yet the points where each of the

ylmin =y, — ylmin(e) =y, + . (B.SO)

two straight boundaries meets one of the two curved. The points y;5 and y;, are determined
from the conditions Q7 = Q7 and QF; = QFyy, respectively:

10— (S £ VA 4 209)S — 2M2(Q3 + 2m”))(VAs F i)
T 2511 — yn) (VA F 9a8)S £ 2M2(Q2 + m?)]
2M2Q2[(1 — 2y)S F Vs

: B.81
2SI — 9 (/3 F 009) & 20 Q& i) 5
In the ultra-relativistic approximation,
25 VAL = ynS) = 2rQ?
yl2 -|-?Jh( h Yn ) rQh7 (B82)
25 + VAL — th
2rQ3
Y N Ypt+ ——————. B.83
PR LS EN )
The integration limits may be summarized as follows:
lzm%n(y“yh’Q%) Qi it g e) < w <y,
lz;n;Z(ylvyth%L) = QIQIV lf ylS. S Yi S glv (B84)
C ey Q) = Q it y(e) < w <,
i (e QF) = Qhy ity < w <o
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Figure 41: Integration region (y;, Q?) for the cross-section in hadronic variables.

The integration region Z, = (y;,Q7) is shown in figure 41. The infrared divergence is

located at F(yn, Q3)-

In the course of the integrations, the values of the roots of 'y and ', are needed at the
boundaries. They may be determined exactly:

2
v/ L QZLH
/L2 QIQLH
2
v QIHLIV

2
VO Qv

(y1 —yn)S [(1 —y+ yh)S% T Qi] , (B.85)
(e —yn)S [(1 - yh)S% + Qi] : (B.86)
—2]\142 {@ (L= g+ ya)(1 = )57 = 2M*(QF + 2m”)|

/0 [(1 =y ya) 5% — dm? M } (B.8T)
R A

/0 [(1 =) S? — 2M3(Q3 + 2m?)| } (B.88)

B.4.3 Integration variables 7, = (Q?, )

Here, the boundaries for the integration over leptonic variables will be derived for the case
where the integration over y; is performed before that over )7. This is needed in appendix D.4

and will be used for the calculation of the finite hard part of the cross-section. We remind that
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in this case the boundaries for y; are the same as in the case of the mixed variables. Thus,
the minimal value of y, for given values of Q?, y5, and Q3 is given by (B.61),

(0 Q1 QD) = 57 (@2 + Q)+ 5107 - QEV].

and the maximal value by (B.22):

y(yn, Q3 QF) = [ \/)‘ST Ql] <y

max min

For fixed y;, Q%, one may see in figure 41 that y™®* and y™™ are equal for the extreme values

of Q7. Solving the resulting equation, one gets:

QL (SFVAS) (SF VA5 — S F V)

omin(max) 2
i (yns Q1) = (B.89)
28 (.S F VAn) (QF + m2ys) + AM2Q3(Q2 + m?)
Concluding, the physical region of 7 = (Q7,y;) is
Q) < QF < Q™ Q)),
. (B.90)
QG QR < w <y @y, QF)-
B.4.4 Variables in section 7: &, = (yn, Q7 ), Zr, = (7)
In this section, we restrict ourselves to the ultra-relativistic approximation.
The physical region for the external variables is as derived in section B.4.1:

0 < @F < wiS.

The limits for 7 = 23 + m? at given values of y;, and Q3 follow from those for z5 which
are derived in appendix B.1.3. For the case of the hard photon contribution to the infrared
singular cross-section part one has also to take into account the condition

k° > e>0. (B.92)

The infrared problem is treated in the rest frame of the (ye) compound system. There, this
condition may be fulfilled by the demand

z9 > Zy = 2me. (B.93)
The boundaries are then:
m? 4+ 2me <7 <m* 4+ 251 —yn)S ~ zp(1 — yu)S. (B.94)

At the lower boundary, one has to retain the influence of the electron mass in order to ensure
the positive definiteness of the phase space measure and to prevent unphysical singularities
during the integrations.
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B.5 Boundaries for Jaquet-Blondel variables: &1 = (y1, Q%),
Iyg = (7)

In this section, we restrict ourselves to the ultra-relativistic approximation. The definitions of
the Jaquet-Blondel variables are:

YyiB = Yn, (B.95)
Q% = N(fu)” (B.96)

The normalization A" has to be adjusted such that in the limiting case of the Born kinematics
it will hold Q35 = Q7. We will immediately see that

1

= B.97
L—yn+... ( )

where the dots stand for some terms proportional to m? and M?. An exact expression for
(3g in terms of yj,, Q7,7 may be obtained in the rest frame of the proton. In the momentum
tetrahedron of figure 3 it is k_; —py = A. In this system, these three three-vectors span a
triangle whose area may be expressed in two ways:

S lkillparl = ¢—1>\(7€1 P2, A). (B.98)
The three three-vectors squared are expressed by invariants in (A.4):

1
AM? g

(P20)* = AAs, Ay Az). (B.99)

With this expression, the )35 is determined after the normalization has been adjusted such
that for 2z, = 0 the Q35 becomes Q7:

[QF — yn(QF + 22)]S? = M*(Qf 4 22)° — m2>\h‘

2 _ 2 B.100
R TN L Vo T (B
If the electron mass is neglected the Q35 becomes
1— 2 _ ()2 2,./9
Q%B — ( yh)Qh Yhz2 (f?h —I_ 22) T'/ , (Bl()l)
(1 —yn) — Qir/S

where it is r = M?*/S. Neglecting also the proton mass, one finally obtains

Qo=@ — Lz, (B.102)
L —yn

The hadronic and Jaquet-Blondel-transferred momentum squares are related by vy, = yiB

and the additional variable z;. This property may be used for a derivation of the kine-
matical boundaries. We start from the hadronic integration limits which were derived in
appendix B.4.4. A chain of simple changes of the integration region allows a derivation of the
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boundary values for Jaquet-Blondel variables:

s 1 (1-yn)Q% [y 1 ynS (1-yn)Q3 /yn

I's = /dQ% / dyh dzy

Il
—
s
2
>
QA
Q
>
QU
N
N

Il
—
="
=

o>~
L
I

[\]
—5 ©
="
)
0
Il
—
="
=2

—

sy}
—
L
I

[\]
="
QO
o
sy}

0 0 yrz2/(1—yn) 0 0 0
1 ynS (1—z38)(1-yiB)S s 1 (1—z58)(1—ysB)S
= [y [t [ dn o= [d@h [ duw dz,

0 0 0 0 Q%,/S 0

(B.103)
Thus, we derived:
0< Qg <5, (B.104)
Qs
T < ym <1, (B-105)
m?’ +2me< 1 <m*+ (1 —xm)(1 —ym)S

~ (1 — J}JB)(l — yJB)S. (B106)

Here we took into account that the lower bound for the 7 integration is modified in case of the
hard contribution to the infrared singular part; see the corresponding remarks in the foregoing
appendix.

The physical region &5 = (Q3g,ys8) is shown in figure 42.

C The phase space volume

In the above appendices, many boundaries for external variable sets and for integration vari-
ables have been introduced in different combinations of variables and in different order. A
useful tool for numerical checks of the correctness of all these boundaries is the integral over
the phase space volume, which must be identical for all the different presentations.

The phase space volume (3.9) is calculated now in terms of the variables which were
introduced for the study of the photoproduction process:

7752 dZQl)
D= T [ dydQ? dys di A
1 J e AR

T (\/g_m)2 Ql2 max W2 Qimax Zénax dZQ
T aw? [ aqi | amz [ agr [0S (el
4V As ‘/(M‘|‘m7r)2 Q2 min ©i (Mamepz " Jozmin @ amin /R (C.1)
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YiB

Figure 42: Physical region (Q3g,yss) for the cross-section in Jaquet-Blondel variables.

The boundaries for z, are (B.9), those for )7 are (B.46), and those for )7 are (B.25). We first
apply (D.2). Next, the integration over Q3 yields

[ @i = @ - o, (C.2)

which together with the result of the first integration and with (A.29), Ay = A,, leads to
fortunate cancellations:

s W2 — M?
D= e [awaQran C.3
4\/2 Ql h W2 ( )
The two subsequent integrals over M? and Q7 are also trivial; after neglecting m.:
r = i/dmﬂw\/(S — W24 M?2)? — 4m2 W2 (C.4)
8s w2 ' '
The last integration yields
2 (VA
I' = T S[52—|—10m23—5M23—|—m4—5m2M2—2M4]
85| 6
1 s+ m?—M?++/)dg
2 2 2 2\ 174
_[m s(s+m*—2M )—|—§(3—|—m )M]lns—l—mQ—M?—m
1 s—m2+ M?+ /) s—m?—M?*+ /)
+=(s— mz)M4 In ( S) ( S) }, (C.5)
2 (S—mQ—I—MQ—\/)\S) (S—mz—Mz—\/As)
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with s = S + m? + M2 Neglecting the electron mass m one gets

72Tl

~ 2 2 4 2 4
and after a subsequent neglection of the proton mass
2
T
I ~ —s° :
T (C.7)

D  Tables of integrals for the approach of section 3

D.1 First series of z;y-integrals

This first series of integrals over z; or z5 is used for the common treatment of the cross-section
in leptonic, mixed, and hadronic variables. The first integration is over z; or z,. It corresponds
to the angular integration over the angle  of the photon in the rest system of the proton as
discussed in A.1. At this stage of the integration, there is no infrared problem. The necessary
integrals are:

A = = [0 dzl 1)

min

1(2)

1. = v (D.2)

ﬁ

-
l — , (D.3)
“12)] Ci2)
L] Big)
Lz = - (D.4)
1(2) ], 1(2)

Using the relation z; = 29 + Q7 — @7, one may derive

1 1 (1 1)
— —— =], D.b
2172 Q% - le Z2 21 ( )

and thus reduce the corresponding integral type to known ones. The functions A, B, are

defined in (A.29)-(A.31). The integration boundaries z max(min) v be found in (B.9).

1(2)
In appendix B.1.2, we perform the integration over zy(;) with dedicated cuts for the photonic

energy and scattering angle. In this case, the above table of integrals becomes modified:

! Biz) — 1)

1], = - asin s, D.6
7T1/)\q \/DZ ( )
1] L 2B — G
= asin 2, D.7
21(2)] 7/ Ch Z1(2)V D, | ( )
1] 1 RAz2)) B 1
; = B 4 2 [ ] . (D.8)
A | Cr 2 Cie) L21)]
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In the table, the abbreviation
o D.9
5 D

E

is used, where the boundaries Zlnzlzn) "% have been derived in B.1.2. Further, we use (A.28) in

the shghtly rewritten form (B.8) and a similar relation holds for D.:
D. = 4sW? [QF"(W?) - Q3 |QF — QF (W)
< QFTNWR,QF MY) - Q3 [QF — QI (W2 QE MY)] . (D.10)

D.2 The integrals for the infrared problem

For the angular integration,

1
- / deA, (D.11)
2/
one needs the following integrals which are calculated with account of the exact kinematics:
[, = 1, (D.12)
1] 1 1+ 5
= In , D.13
ll—@ag 25 1= 5 (D-13)
1 ] 1
_— = —, D.14
T—serl, = -7 (D-14)
[In(1 —52)})5 = 2In2-2, (D.15)
[In(1 — €2)] 11446 1 [ , ( 23; ) , ( 23; )]
—2 = In2—1 + L —L ,  (D.16
L 1 =8E ], nﬂz’n s 26 2 52'—1) 2 @—I—l) ( )
[In(1 — £2)] 1 ( 1—|—ﬂ)
—| = 2In2 — 1 : D.17
_(1_62'5)2_5 1_622 62 1_62 ( )

Since the definition of the velocities ; depends on the lorentz system, some of the above
integrals do so.
Further, integrals over the Feynman parameter « are used:

1
/ daA. (D.18)
0
The first one is
1
s = 2L,. (D.19)
with
—k2 = Q%(1 — a) +m?, (D.20)

and the Ly, is defined in (4.29). Due to the invariance of —k2, the integral (D.19) is relativistic
invariant.
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A second integral of the type (D.18) occurs in (4.23). It depends on the system in which
it is calculated:

1 -s] 2

ﬁa(—ki)ln1+ﬂa]a = ram (D.21)
_ 1o n [t da 1— 8,

So = 5(Q*+2m?) [ el (D.22)

The exact answer for this type of integrals may be found following the hints in [6]. For the
proton rest system, the explicit result in the ultra-relativistic limit is (4.31). For the case of
photoproduction, which was calculated in another rest system, the exact expression has been
calculated numerically. Finally, we mention that for the case of the (ye) rest frame, which
was used e.g. in the case of Jaquet-Blondel variables, the kinematical simplifications are such
that the Sg-function need not be introduced; see section 7.3.

D.3 The second and third integrations for 5% ,
In this appendix, integrals over (first) @* and (then) y are collected. They are used for the

calculation of the hard part of the infrared divergent cross-section contribution.

D.3.1 Leptonic variables

The necessity to work out the absolute values in (B.39)—(B.40) explicitly for a subsequent
integration over y, forces us to perform the integrations in the following four regions separately:

Region I : Yt <y < Y Qin < QF < S,
Region 11 : Y < Yn < Yngs Qin < Qi < s,
Region IIT : Yy < Yn < Ynas Qin < Qi < s,
Region 1V : Yrng < Yn < yhmax( )7 Q%LII < %L < Q%LI

We introduce now the operation

mln{QhI Yn }
(Ao =5 | 1Q}A..

where the operation [A], is defined in (D.1).
The integrals {A},_ in the regions I-IV are:

.
)
)
)

Qz

1 b

—In
Yy,
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with

Yin

= (1= wx)(yn — Yn1),
= [1—=u(l —2)](yn — Yna),
= (yh — x1y1)2(1 — Yy — l’lyﬂ“),

= Y1 —Yn-

Now we define the third integration over y;:

Yh1

Yh2 Yy
(Alge = [ (V. + [y (A5 +

Yh1

The result of this:

2179 vO =

— —
1/ 4q-
— —
%2/ yQ=

max E)

hd Yy
dyn {A}g +/ '

2 Yhd

WO )l - )

m?  AM?e(1 — yay)[1 — yi(1 — )]

1 1oL — (1 —
+ 51— y) — S In® l—y’( “”)]

2 L =y
. L —wu .
— 1 — Liy(1),
K l(l — )1 — (1l — 51?1)]] (1)
n yi(l —ap)S 7
2Me(1 — yxy)
In yi(l —a)(1 —yp)S

2Me[l — yi(1 — )]

From (D.35)-(D.37), (4.35) follows immediately.

D.3.2 Leptonic variables. Photoproduction

dyn { A}, -

(D.28)

(D.29)

(D.30)

(D.31)

(D.32)

(D.33)

(D.34)

(D.35)

(D.36)

(D.37)

The first integration of (4.5) with Q* = Q7, is over z5. Then, one has to integrate (4.12),
which becomes (5.4) for leptonic variables, over )7 within the integration region as shown in
figure 36. We begin with these two integrations:

2max
h

(Ag.= [, dQ3AL.
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where the boundaries of the integration over Q7 are (B.46), and the [A], is defined and

calculated in appendix D.1. Two such twofold integrals have to be performed:

@l _ 1 1y
21292 Q- WQ—M}% 6 o

m? B m? B 1
23 QZ_ 22 0- N WQ—M%

The Lg and /3 are defined in (6.8). There is only one third integration:

1 /M,%W L
w2— M|, pzmin P2 M2

h

W2 — (M +m,)?
2ev/ W32 '

= In

(D.39)

(D.40)

(D.41)

The boundaries for this integration are (B.45). After three integrations, we finally arrive

at (6.7).

D.3.3 Mixed variables

W consider the case x,, < 1. From the discussion of the roots of C'; and (5 in appendix B.3.2

it may be seen that there are three integration regions:

Region I : yminte) < oy < oy, Qi < Qf <
Region II: Yig <y < Yig, Q%H < @ <
Region 111 : I Qin < Q@ <

with Q%LLH given by (B.27).

Using the definition (D.23) for {A}q., one gets the following results in the three regions

[-I11:

11
Ll?ln ’2 +1 [ — 2+ yn = y)l(y1s — yz)]
m? (1 - xm)z(l — Yy — l'lyﬂ“)

1 lln_? nl—xm(liryh—yz)]
m Yi—Yis 7
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The third integration is defined by

yld max

Yiy v

2
The results of the integrations are:

AR AN IEE A
yQz

2129 m2 4e2 M2

2
+1In(1 —yp) In(1 — a,,)

—%1n2(1 — ) — Lig lwl :

T — 1
m’ — In (L —yn)S
23 oy 2eM

(m_z) _ o, L) — )
vQ>

23 2e M

From (D.50)-(D.52), (4.36) immediately follows.

D.3.4 Hadronic variables

5IR

(D.49)

(D.50)

(D.51)

(D.52)

For the hadronic variables one has to integrate é;, 4 over the kinematical region of figure 41.
With the aid of the boundary conditions which are derived in appendix B.4.2 the integration

region may be split into the following three subregions:

Region I:  y™(e) <y < yp, Qin < QF < Qi
Region IT: 1y, <y < Y, Qv < QFf < Qfy,
Region 111 : y, <y <, Qiv < QF < Qinr-
The operation {A}q. is defined as follows:
min{Q%vam}
[Alo- =5 | AQ}Al..

max{Q7.Qfry

The integrals {A} in the three regions I-III are:

231 9 2
FES
Z1%2 Q= Yip m

T
2 Q= vl —yu)’

) - o

Z% Q= ylh(l - yh)7

A N ) (1= g2+ VAr/S = ys)

— = —|2In — + In ,
2172 ) g, Yin m [2(1 = 1) + VAR/S 4 yn](1 = yn — zpynr)

oy I

UL O

{ = }QZ (L —y1)’
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L=y

m2}
ml o lew D.59
{ % o, yi (L — yn) D-59)
5 3 III 2 N2
{_h} _ L [m Q_’; +1n (1= y) : (D.60)
172 ) g, Yip, m epynr — (L —y) (1 — i)
21
— = 0, (D.61)
i }IH |~y
mol o lew D.62
{ % o, yi (L — yn) D62)

The third integration is:
l3

Y Y, Y1
(g = [l AVl + [ AV + [ du(A). (D.63)

And the results of the integrations are

Qi (1 —yp)*5?
= e e

m? S 1=y
() )
4

+ Liy(1 — y,) — Liy(1), (D.64)

(1 — yh)S

|
" 2eM

L (D.66)

D.4 The second integration for 65. Mixed and hadronic variables

When performing the integration over y; at given values of y;,, Q%, and Q7 within the limits
ylmln and ylma
regions | and II of figure 39.

For details of their definitions see the appendices B.3.3 for the case of mixed and B.4.3 for

¥, one faces eleven types of integrals which should be treated separately in

hadronic variables.
The integrals are:

max

Yi

4, = S /y dy; A. (D.67)

Y min
!

Integrals for region I with Q7 > Q3%:

- 1T

1 Qs
— = In .
VA (%Q?) 7 (D-63)
1

= |y W/ (D.69)
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Q7
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Qi
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yn Q7
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Integrals for region 11 with Q7 < Q3%:

1T

Y

1T

Y

111

Y

111

“(2)
Yn

_|___

|

1

%)

_|___

Vs

1
9 /7

_1_th12
1 1
—21H B} 5
C -

Q7

1 2(] —
—21H Ql( yhz) 7
% e (1- )

L Q3
1—yh+Q%—Qi+th%l 1 ]“
Q7 Q7 VGl

I
|
Y

1
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@

Q
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(D.71)

(D.72)

(D.73)

(D.74)

(D.75)

(D.76)

(D.77)

(D.78)

(D.79)

(D.80)

(D.81)

(D.82)
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o], ’
m? ] = 1
i) 200 =) (QF - Q)25
2 T II
m-y — 0
o], ’
mig]" Q- Qi+
i), 2001 —un)(QF - Q7)25?

E  Tables of integrals for section 7

E.1 The cosdp, pr-integrals

The integrals are defined as follows:

The following abbreviations are used:

A =

B =

%{(1—yh><r+m2>+
2\ /A, sind, sin v
5 rsinv, sin vR.

Gy dprA,
— 17
= A,
= A*+ Lpe,
2

z2

Non

(D.86)

(D.87)

(D.88)

(D.89)

[Q% — 2z —yn(QF + 7+ mz)] cos 193} , (E.5)

(E.6)

After applying these exact formulae, in a second step the following integrals are applied:

In ultra-relativi

1 1
Aow = 5[ A
L,

1 T
- Z n 7
[21]193 VM Qi+ T+mE— A\

[1]791% =
[cosVr]y, = 0,
B 1
1 T 1
23 9n  zym2zy

stic approximation:

anz+r+m2+m

Qi +7+m’ + VA

Qi 474+ m?— VA

~ L;,
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(E.10)
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and

[iL Ly (E.13)

o~ —
21 QZ

The L, and Q? are defined in (7.16) and (7.17), respectively.

The twofold integrals over the two photon angles, J¥[A] = (1 — m?)/(477) [ dQrA, with
A=1/z and A = 1/z{ agree exactly with those which have been calculated for bremsstrah-
lung problems in ete™ annihilation in [76].

E.2 The third integration for 6£§rd

In the integration of the infrared divergent part of the cross-section we use the following
regularized integrals for the integration of the hard, finite contributions in hadronic variables:

[A]Y = / dzs A, (E.14)

22

with Zy = 2me, and 7% = Q3 (1 — y1)/yn, see (B.94).
In the case of Jaquet-Blondel variables, the upper boundary differs:

max

(AP = / dzp A, (E.15)

with 7% = (1 — 258)(1 — yyB)S, see (B.106).

The integrals are:

[i]h = In (Q—%l_yh), (E.16)

29 2me  yp
L.1" Qr, [ Qi 1-w) 1 Qrl —un 1
[—] = 21n—21n (— ) — —In® (— ) — 2Li, (1 - _) — Liy(1),
291, m 2me  yy 2 m?2 oy Yn
(E.17)
1178 1— 1—
[—] = gy L) —yem)S (E.18)
29l 2me
[E] B — 9l QEB In (1 - SL‘JB)(l - ?JJB)S . lln2 (1 - xJB)(l — ?JJB)S
z 1, m2 2me 2 m2
— 2Lis (1 — XyB) — Liag(1), (E.19)
where
Xy = L= 2am(L = yum). (E.20)

TIBYIB

The regular integrals may be found in appendix E.3.

E.3 The third integration for &%

A second series of integrals over z, is used in order to perform analytically even the last, third
integration in case of hadronic variables. Here, this integration corresponds to an integral over
the invariant mass 7; see the discussion in section 7.4.
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The finite integrals over z3 or, equivalently, over 7, are defined as follows:

max

A" = / dr A, (E.21)
A = /:mdr,zt. (E.22)

max -~
~

Here, at the upper integration limit the ultra-relativist approximation may be applied: 7
2% = QF (1 —yn)/yn in the case of hadronic variables, and 7™ & 2% = (1 —a38)(1 — yyB)S
in the case of Jaquet-Blondel variables.

The integrals are:

1 —
n = 2, (E.23)
Yn
1k 21
[l N (Q_gl yh), (E.24)
T1F m Uh
11" 1
== (B.25)
11" 1 1
— = 5(1 — yi)Q—%, (E.26)
- . 1k
1 1
—| = (I—y)=5 (E.27)
L Td 7 h
S
1 1
2 2 21 _
L] = %{zlni + (1= ) lmn@—g ~ln (Q—gliyh) - 1] } (E.29)
Yh Yh m m Yn
SR
L, 2 (1 )
— = Iny, —1In yhan—g + Lisy (—) — Lis(1), (E.30)
_QT_T m Yh
ST
L: 1 Qi n
— = — |[—(1—2y,)1 11— In| == 2 E.31
1) Qi[ (1 —2yp)Inyn + ( yh)(n(mzl_yh +2], (E.31)
- 1k
L 1 Q7 n
| = —|=(1=2y}1 1 —yH)n| =L 1 —yp)(2 .
R R LRI ) RACEAER
(E.32)
Further,
17178 1— 1 —
H A k.2 )l 2. ) (E.33)
Tlr m
JB
L, 2 Qg . .
[—317 = (1 — yJB) [lﬂ XJB —|—1HXJB lﬂm —|— LIQ(XJB) — ng(l) 5 (E34)

where the Xjp is defined in (E.20).
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F Leading logarithmic approximations

In the leading logarithmic approximation, the O(«) corrections consist of initial state radia-
tion, final state radiation, and the Compton peak contribution,
d*o? d*c’  d*¢!f  d*oC

- = F.1
dxdy dxdy + dxdy + dzdy’ (F.1)

where the latter contribution exists only for leptonic and mixed variables. For leptonic vari-
ables it is numerically important:

A TR Ql/d”if—fyf; 5. Q1)+ ar(= QM.
(F.2)

The other two cross-sections have the following structure:

1+ 22 d*c° d*c°
dz | — 0(z — 2 — )
dxdy / z [27‘( ( mz) 1. ] { (Z Zo)j(x7y7 Q ) dxdy R R . dxdy

r=z,y=19,5=S
(F.3)

For the different sets of variables, the definitions of the 2,7, S, as well as the lower integration
boundary zg, differ. For leptonic variables, they are well-known since long; see, e.g. [15, 73].
For the cases of mixed and Jaquet-Blondel variables, they have been derived in [70] and for
further sets of variables in [72] where also the formulae for higher order LLA corrections with
soft photon exponentiation are collected and numerically discussed.

The formulae which were used for our comparisons in section 8.2 may be found in table 1.

In the case of Jaquet-Blondel variables, the hadronic final state is treated totally inclusive.
Thus, in accordance with the Kinoshita-Lee-Nauenberg theorem [77] there is no LLA correc-
tion from final state radiation. One should also mention that a gauge invariant separation of
initial and final state radiation is possible for the leading logarithmic corrections but not for
the complete order O(a).

In (F.3), it is

(Ql\;

;o= e (I.4)

2 _ a(‘%v?))
T(2,y,Q%) = ‘a(%y), (F.5)
#lz0) = L (F.6)

From the last equation, the lower integration boundary derives. In the case of mixed variables,
e.g., one gets zg = y for initial state radiation and zy = z for final state radiation.
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Initial state radiation

Final state radiation

Variables | leptonic | Jaquet-Blondel mixed leptonic | Jaquet-Blondel mixed
R z4+y—1 z+y—1
RS t | T . y
s 25 25 25 s - s
o | e | ot | < - <
1—y/> & &

Table 1: The definition of scaling variables for the different leading logarithmic cross-sections.
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