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1 Introduction

Double parton scattering is the mechanism by which two pairs of partons undergo a hard
interaction in the same proton-proton collision. A broad range of experimental studies
has been carried out at the Tevatron and the LHC (see [1–5] and references therein),
and data from the forthcoming LHC runs will hopefully yield even more detailed insight.
Building on foundations laid in the 1980s [6–8], considerable progress towards a systematic
theory of double parton scattering has been made in the last decade [9–21]. There is a
sustained interest in various theoretical aspects, as illustrated for instance by the recent
work in [22–25]. An overview of the subject can be found in [26].
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To compute double parton scattering cross sections, one needs to know double parton
distributions (DPDs), which quantify the joint probability for extracting two specified
partons from a proton. Beyond their practical importance, they are of interest for studying
hadron structure, since they describe correlations between partons that are not accessible
in single-parton distributions.

The scale dependence of DPDs has long been a point of theoretical interest, mainly
because of an inhomogeneous term that appears in the evolution equation when the
distributions are integrated over the transverse distance y between the two partons [27–31].
As shown in [13, 19, 32], this term is however absent if y is kept fixed. We concentrate on
DPDs at fixed y in the present work.

Most theory investigations consider the case in which the colour of each individual
parton is summed over; we will call the corresponding distributions “colour singlet DPDs” for
reasons explained later. In this case, the evolution equations involve the same kernels that
appear in the DGLAP equations for ordinary parton distributions (PDFs). These kernels
are known to high perturbative orders [33–38]. In general, however, two partons inside a
proton are correlated in their colour as well as in their polarisation [39]. Colour correlations
between the partons are suppressed by Sudakov logarithms [14, 40], but it is not obvious
that this suppression is so strong that the correlations can be neglected altogether. A recent
study suggests that their effect may be large enough to be observable [24]. Moreover, it
is clear that the Sudakov suppression becomes weaker as the scale of the hard scattering
decreases. Colour correlations in double parton scattering could hence play a role in the
production of additional jets with moderate transverse momentum, which contribute to the
underlying event if they are not explicitly identified.

These considerations motivate us to investigate the scale evolution for DPDs with
general colour structure. At leading order (LO) in αs the corresponding kernels were already
calculated in [13, 32]. Since LO calculations are often insufficient for a realistic analysis of
proton-proton collisions, we compute these kernels at next-to-leading order (NLO) in the
present work. We do this both for unpolarised and for polarised partons.

We use two independent methods. One of them modifies the calculation of the ordinary
DGLAP kernels that is reported in [41–44]. The other one adapts the two-loop calculation [45,
46] of transverse-momentum dependent parton distributions (TMDs) in the short-distance
limit. The second method heavily relies on a detailed analysis of the renormalisation
properties of DPDs and TMDs.

This paper is organised as follows. In section 2 we recall some basics of the evolution
and renormalisation of DPDs with nontrivial colour dependence, followed by a detailed
analysis of the renormalisation factor at higher orders. The two methods we use to compute
the evolution kernels are presented in sections 3 and 4. In section 5 we analyse the mixing
between different parton combinations in the presence of colour correlations, and we revisit
the scheme transformation that is commonly applied to polarised evolution kernels computed
in the MS scheme. We present our results in section 6 and summarise them in section 7.
Some relations for the renormalisation of TMDs are collected in appendix A.
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2 Evolution and renormalisation of colour dependent DPDs

A collinear (i.e. transverse-momentum integrated) DPD R1R2Fa1a2(x1, x2, y, µ1, µ2, ζ) de-
pends on the momentum fractions x1, x2 of the two observed partons, on their distance y
in the transverse plane, and on three scales. These are the renormalisation scales µ1, µ2
associated with each parton and a rapidity parameter ζ with the dimension of a squared
mass. The labels a1, a2 specify both the type and the polarisation of the two partons. We
write q, q̄, g for an unpolarised parton, ∆q,∆q̄,∆g for a longitudinally polarised one, and
δq, δq̄ for transversely polarised quarks. A complete description of the gluon sector also
requires linear gluon polarisation, which is not considered in the present work.

Finally, R1 and R2 are irreducible representations of the colour group and specify the
state of the pair of fields associated with each parton in the definition of a DPD (see below).
The possible values for a quark or antiquark are 1 for the colour singlet and 8 for the octet.
For gluons we have the colour singlet (1), the antisymmetric octet (A), the symmetric octet
(S), the decuplet and antidecuplet (10 and 10), and the representation of dimension 27. We
write R for the conjugate of a representation R, bearing in mind that for the cases just
enumerated R differs from R only for the decuplet and antidecuplet.

Following earlier work in [13] and [14], the evolution equations for DPDs in general
colour representations have been derived in [32]. The dependence on the scale µ1 is given
by a DGLAP equation

d

d lnµ1
R1R2Fa1a2(x1, x2, y, µ1, µ2, ζ)

= 2
∑
b,R ′

R1R ′Pa1b(x′1, µ1, x
2
1ζ) ⊗

x1

R ′R2Fba2(x′1, x2, y, µ1, µ2, ζ) , (2.1)

and there is an analogous equation for the dependence on µ2. The kernel RR ′Pab describes
transitions between representations R ′ and R of equal dimension, and the colour singlet
kernels 11Pab are identical to the DGLAP kernels for ordinary PDFs. We use the term
“colour dependent DGLAP kernels” to denote the set of all RR ′Pab.

In physical terms, the parameter ζ specifies a rapidity cutoff and is defined with respect
to a reference momentum k. Technically, this can be written as ζ ∼ (k+)2 for a particle
moving fast in the positive z direction.1 For the reasons given in appendix I.2 of [32], the
rapidity parameter ζ in the DPD is defined w.r.t. the plus-momentum p+ of the incoming
proton. The evolution kernel P cannot depend on the proton momentum but only on the
parton momenta before and after the splitting. Our convention is to use the latter in the
rapidity argument of P , so that ζ is scaled by a factor x2

1 in (2.1). We define a generalisation
of the ordinary Mellin convolution as

A
(
x′, sA(x, x′) ζ

)
⊗
x
B
(
x′, sB(x, x′) ζ

)
=
∫ 1

x

dx′

x′
A
(
x′, sA(x, x′) ζ

)
B

(
x

x′
, sB

(
x,
x

x′

)
ζ

)
,

(2.2)

1We use light-cone coordinates v± = (v0 ± v3)/
√

2 for any four-vector and take boldface to denote its
transverse part v = (v1, v2). The full four-vector in light-cone components is written as (v+, v−, v).
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where sA and sB are scaling factors of ζ that can depend on the integration variable x′ and
on the argument x of the convolution. The convolution product thus defined is commutative
and satisfies

δ(1− x′)⊗
x
B
(
x′, sB(x, x′) ζ

)
= B

(
x, sB(x, x) ζ

)
. (2.3)

We will see in equation (2.18) that the convolution product is not associative if a scaling
factor in (2.2) depends on x.

Two gluons in the antisymmetric octet A transform like a single gluon under charge
conjugation, whereas two gluons in the symmetric octet transform with an extra minus sign.
Charge conjugation invariance therefore forbids transitions between gluons in the A and S
representations, and we have

ASPgg = SAPgg = 0 . (2.4)

Another consequence of charge conjugation invariance is

10 10Pgg = 10 10Pgg , (2.5)

so that we only need to give results for the first of the two combinations. Analogues of (2.4)
and (2.5) hold for polarised gluons.

The rapidity dependence of the DPDs is given by a Collins-Soper equation

∂

∂ ln ζ
R1R2Fa1a2(x1, x2, y, µ1, µ2, ζ) = 1

2
R1J(y, µ1, µ2)R1R2Fa1a2(x1, x2, y, µ1, µ2, ζ) (2.6)

that has the same form as the Collins-Soper equation for single-parton TMDs [47] but
involves a different kernel RJ . This kernel is zero for the colour singlet, and it is equal for
representations with the same dimension:

1J = 0 , 8J = AJ = SJ , 10J = 10J . (2.7)

Its scale dependence is given by

d

d lnµ1
R1J(y, µ1, µ2) = − RγJ(µ1) (2.8)

and its analogue for µ2, where RγJ plays the role of a cusp anomalous dimension. The
consistency of (2.1) with (2.6) and (2.8) requires

∂

∂ ln ζ
RR ′Pab(x, µ, ζ) = −1

4δRR ′δabδ(1− x)RγJ(µ) , (2.9)

so that we can write

RR ′Pab(x, µ, ζ) = RR ′P̂ab(x, µ)− 1
4δRR ′δabδ(1− x)RγJ(µ) ln ζ

µ2 . (2.10)

The reduced kernel RR ′P̂ab depends on µ only via αs(µ).
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2.1 Renormalisation of DPDs

The equations just given follow from the renormalisation and the handling of rapidity
divergences in the definition of DPDs. A detailed derivation was given in [32] and is
quite lengthy. In the following, we will only sketch those aspects that are important for
understanding the methods of calculation used in the present work.

Operators and colour structure. DPDs with nontrivial colour structure are defined
from a generalisation of the familiar twist-two operators in which colour indices are left
open. For unpolarised quarks, the generalised operator reads

Oii′q (x,y, z) = 2p+
∫
dz−

2π dy− eixp
+z− q̄B,j′

(
y − 1

2z
)
W †j′i′

(
y − 1

2z, vL
) 1

2γ
+

×Wij
(
y + 1

2z, vL
)
qB,j

(
y + 1

2z
)∣∣∣
z+=y+=0

, (2.11)

where i and i′ are indices in the fundamental representation of the colour group. Given the
integrations over the minus-components of the field positions, this operator corresponds to
a parton with plus-momentum xp+. The Wilson line

Wij(ξ, v) = P exp
[
igB t

a
ij

∫ 0

−∞
ds vAaB(ξ + sv)

]
, (2.12)

is in the fundamental representation and runs along a path specified by the vector v, which
is set to vL = (0, 1,0) in the matrix element. At this point, we use bare (i.e. unrenormalised)
field operators qB and AB and the bare coupling gB. Analogous definitions for polarised
quarks and for gluons are given in section 3.1 of [32].

To define an ordinary PDF for parton a, one takes the matrix element of Orr′a (x,0,0)
in a proton state with momentum p and contracts the open colour indices with δrr′ (with
indices r and r′ in the fundamental or adjoint representation as appropriate). Single-parton
TMDs are defined from the same matrix element with finite z.

Distributions of two partons are defined from the operator product

Or1r
′
1

a1 (x1,y, z1)Or2r
′
2

a2 (x2,0, z2) . (2.13)

Specifically, a bare and rapidity-unsubtracted DPD (FBus,a1a2)r1r
′
1 r2r

′
2 with open colour

indices is obtained from the proton matrix element of this operator product, as specified in
equation (3.11) of [32]. For collinear DPDs, the transverse distances z1 and z2 between
parton fields are set to zero, as in the PDF case. The result is then projected onto a
definite colour combination by coupling the index pairs (r1r

′
1) and (r2r

′
2) to irreducible

representations R1 and R2 of the colour group, such that one obtains an overall colour
singlet. The appropriate normalisation factors are given in equation (I.11) of [32].

The second element in the construction is a soft factor, defined in terms of the operator[
OS,a(y, z)

]rr′,ss′
=
[
W (y + 1

2z, vL)W †(y + 1
2z, vR)

]
rs

[
W (y − 1

2z, vR)W †(y − 1
2z, vL)

]
s′r′

, (2.14)
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where z± = y± = 0. The vector vR = (1, 0,0) points in the direction opposite to vL, and the
Wilson lines are in the fundamental (adjoint) representation for quarks (gluons). As shown
in section 4.4 of [32], important simplifications arise if one sets z = 0 in this operator: (i) the
projection of the index pairs (rr′) and (ss′) onto representations Rr and Rs gives zero unless
Rr = Rs, and (ii) the projection of both index pairs on conjugate representations depends
only on their dimension (and is hence equal for Rr = 8, A, and S). Because W †W = 1, one
obtains the identity operator if both index pairs are projected on the colour singlet.

The bare soft factor SB for DPDs is obtained from the vacuum expectation value of
the product

Or1r
′
1, s1s

′
1

S,a1
(y, z1)Or2r

′
2, s2s

′
2

S,a2
(0, z2) (2.15)

with appropriate projections of the colour indices on an overall singlet, as specified in
equation (I.15) of [32]. For collinear DPDs one sets z1 = z2 = 0 in the soft factor, just as in
the rapidity-unsubtracted DPD. With the simplifications just stated, one has different soft
factors characterised by (r1r

′
1) being in a colour octet, decuplet, or the 27 representation,

whereas the soft factor for the colour singlet is unity.
For non-singlet representations, the construction just outlined gives rapidity divergences

and must be modified. A rapidity regulator is introduced to this end; two regulators that
have been used in DPD studies are the Collins regulator with Wilson lines off the light-
cone [47] and the so-called δ regulator in the form of [45, 48].2 A bare rapidity-subtracted
DPD R1R2FB is then obtained from R1R2FBus/

√
R1SB by removing the rapidity regulator,

which leaves a dependence on the rapidity parameter ζ. Explicit expressions for how ζ

is introduced in this procedure are given in section 2.2 of [50] for both regulators just
mentioned. We follow the procedure outlined in [47] for TMDs and remove the rapidity
regulator before the ultraviolet regulator is removed, i.e. before setting ε = 0 in dimensional
regularisation.

Renormalisation. For z = 0, the operators in (2.11) and (2.14) have ultraviolet diver-
gences beyond those associated with the bare fields, because they involve products of fields
separated by a light-like distance. The projections of the bare parton operators Orr′a (x,y,0)
on definite colour representations are renormalised by convolution with functions RR ′Zus,ab(x).
Their index pairs (RR ′) and (ab) are needed to describe the mixing between quark and gluon
operators under renormalisation. The bare soft operators Orr′,ss′S (y,0), with (rr′) projected
on R and (ss′) projected on R are renormalised by multiplication with a factor RZS . The
renormalisation factor RR ′Zab(x) for the rapidity-subtracted DPD is then obtained from
RR ′Zus,ab(x)/

√
RZS by removing the rapidity regulator in the same way as for the DPD.

The renormalised DPD is obtained as

R1R2Fa1a2(x1, x2, y, µ1, µ2, ζ) =
∑
b1,R ′

R1R ′Za1b1(x′1, µ1, x
2
1ζ) ⊗

x1

∑
b2,R ′′

R2R ′′Za2b2(x′2, µ2, x
2
2ζ)

⊗
x2

R ′R ′′FB,b1b2(x′1, x′2, y, µ1, µ2, ζ) , (2.16)

2An overview of these and other regulators used in the TMD literature can be found in appendix B
of [49].
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where it is understood that after convolution with the Z factors one can set ε = 0 in
dimensional regularisation. Since the bare distributions are µ independent by construction,
one obtains the DGLAP equation (2.1) schematically from

d

d lnµ1
F (µ1, µ2) = d

d lnµ1

[
Z(µ1) ⊗

x1
Z(µ2) ⊗

x2
FB
]

=
[

d

d lnµ1
Z(µ1)

]
⊗
x1
Z(µ2) ⊗

x2
FB

=
def

[
P (µ1) ⊗

x′1

Z(µ1)
]
⊗
x1
Z(µ2) ⊗

x2
FB = P (µ1) ⊗

x1

[
Z(µ1) ⊗

x′1

Z(µ2) ⊗
x2
FB
]

= P (µ1) ⊗
x1
F (µ1, µ2) , (2.17)

where we omitted all indices and arguments that are not essential for the manipulations.
Whilst this is a standard argument when manipulating a renormalisation group equation
(RGE), we need to be careful about the rescaling of ζ. The renormalisation factors in (2.16)
are defined such that they refer to the momentum of the first or second parton in the DPD,
which explains the rescaling by x2

1 or x2
2 of ζ (given that the argument ζ of the DPD refers

to the proton rapidity). In the second line of (2.17) we need to use the modified law of
associativity [

A(x′′, x2ζ)⊗
x′
B(x′′, x′′ 2x2ζ/x′ 2)

]
⊗
x
C(x′, ζ)

= A(x′, x2ζ)⊗
x

[
B(x′′, x′ 2ζ)⊗

x′
C(x′′, ζ)

]
, (2.18)

which is readily verified by writing out the convolution integrals and making appropriate
substitutions of the integration variables. The correct relation between the renormalisation
factors and the associated DGLAP kernels is therefore

d

d lnµ
RR ′Zab(x, µ, ζ) = 2

∑
c,R ′′

RR ′′Pac(x′, µ, ζ)⊗
x

R ′′R ′Zcb
(
x′, µ, x′2ζ/x2) . (2.19)

Rapidity dependence. The ζ dependence of the bare DPD FB is given by the analogue
of (2.6) with a bare Collins-Soper kernel JB. This kernel is renormalised additively as

RJ(y, µ1, µ2) = RΛ(µ1) + RΛ(µ2) + RJB(y) , (2.20)

where Λ describes the ζ dependence of the renormalisation factor Z via

∂

∂ ln ζ
RR ′Zab(x, µ, ζ) = 1

2
RΛ(µ)RR ′Zab(x, µ, ζ) . (2.21)

This leads to the Collins-Soper equation (2.6) for the renormalised DPD. The anomalous
dimension associated with Λ is

RγJ(µ) = − d

d lnµ
RΛ(µ) , (2.22)

which gives the RGE (2.8) for the renormalised Collins-Soper kernel.

– 7 –
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2.2 Explicit form of the renormalisation factor

The relation (2.19) is the basis for extracting the colour dependent DGLAP kernels from
the ultraviolet divergences of appropriately chosen graphs. We now derive the explicit
relation between RR ′P and the poles of RR ′Z in dimensional regularisation, order by order
in perturbation theory.

We expand all quantities in

as = αs
2π (2.23)

and use the following convention for the β function:

das(µ)
d lnµ =

β
(
as(µ)

)
π

= −
∞∑
n=1

βn−1 a
n+1
s (µ) . (2.24)

Evolution kernels and anomalous dimensions start at order as, and we write

RR ′Pab(x, µ, ζ) =
∞∑
n=1

ans (µ)RR ′P (n−1)
ab (x, ζ/µ2) , (2.25)

RγJ(µ) =
∞∑
n=1

ans (µ)Rγ(n−1)
J , (2.26)

where the expansion coefficients P (n−1) depend on the ratio ζ/µ2 for dimensional reasons.
The renormalisation factor Z has a tree-level term and reads

RR ′Zab(x, µ, ζ, ε) = δRR ′δabδ(1− x) +
∞∑
n=1

ans (µ)RR ′Z(n)
ab (x, ζ/µ2, ε) , (2.27)

whereas Λ starts at order as,

RΛ(µ, ε) =
∞∑
n=1

ans (µ) RΛ(n)(ε) , (2.28)

as one readily sees from (2.21).
Throughout this work, we assume that one uses MS renormalisation implemented in

such a way that all counterterms are pure poles in ε. More detail will be given in (4.10)
and below. We thus have

RR ′Z
(n)
ab (ε) =

∞∑
i=1

1
εi
RR ′Z

(n,i)
ab , RΛ(n)(ε) =

∞∑
i=1

1
εi
RΛ(n,i) , (2.29)

where the highest order of the poles for given n will be determined below. Using the RGE
derivative in 4− 2ε dimensions,

d

d lnµ = ∂

∂ lnµ +
(
das(µ)
d lnµ − 2εas(µ)

)
∂

∂as
, (2.30)

one can show that RR ′P defined by (2.19) does not depend on ε. The proof is easy and
proceeds by recursion in the perturbative order.

– 8 –
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Poles of Λ. Using (2.30) together with the fact that ∂ RΛ/(∂ lnµ) = 0, we get

RγJ =
( ∞∑
m=1

βm−1 a
m+1
s + 2εas

)( ∞∑
n=1

nan−1
s

RΛ(n)(ε)
)
, (2.31)

where we indicate explicitly which expressions depend on ε. Inserting the Laurent series (2.29)
and comparing the terms of ε0 on both sides, we find that

RΛ(N,1) = 1
2N

Rγ
(N−1)
J , (2.32)

whilst the absence of poles in ε implies that

RΛ(N,m) = − 1
2N

N−1∑
n=1

(N − n)βn−1
RΛ(N−n,m−1) for m > 1. (2.33)

By recursion in the perturbative order, one can show that

RΛ(N,m) = 0 for m > N, (2.34)

so that the highest pole of Λ at order aNs is ε−N .

Poles of Z. The RGE analysis of Z is more involved, and we omit parton labels and the
associated sums for the time being. If in (2.19) we insert the perturbative expansion of Z
in its convolution with P , we can isolate a term P and write

RR ′P (as) = 1
2

∂

∂ lnµ
RR ′Z(as, ε)−

1
2

( ∞∑
m=1

βm−1 a
m+1
s + 2εas

)( ∞∑
n=1

nan−1
s

RR ′Z(n)(ε)
)

−
∑
R ′′

RR ′′P (as)⊗
( ∞∑
n=1

ans
R ′′R ′Z(n)(ε)

)
, (2.35)

where we have also used the form (2.30) of d/(d lnµ) and explicitly performed the derivative
of Z w.r.t. as. According to (2.27), the explicit µ dependence of Z is via the ratio ζ/µ2, so
that we can rewrite

1
2

∂

∂ lnµ
RR ′Z(ζ/µ2) = − ∂

∂ ln ζ
RR ′Z(ζ/µ2) , (2.36)

where the r.h.s. is given by (2.21). Using this in (2.35) and extracting the term of order
aNs gives

RR ′P (N−1) = − εN RR ′Z(N)(ε)− 1
2δRR ′δ(1− x)RΛ(N)(ε)

−
N−1∑
n=1

(
1
2(N − n)βn−1

RR ′Z(N−n)(ε) +
∑
R ′′

RR ′′P (n−1) ⊗ R ′′R ′Z(N−n)(ε)

+ 1
2
RΛ(n)(ε)RR ′Z(N−n)(ε)

)
. (2.37)
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The only finite contribution at ε = 0 on the r.h.s. is due to the first term, so that we get

RR ′P (N−1) = −N RR ′Z(N,1) , (2.38)

whilst the absence of poles implies

RR ′Z(1,m) = − 1
2δRR ′δ(1− x)RΛ(1,m−1) for m > 1 (2.39)

and

RR ′Z(N,m) = − 1
N

{
1
2δRR ′δ(1− x)RΛ(N,m−1) +

N−1∑
n=1

(1
2(N − n)βn−1

RR ′Z(N−n,m−1)

+
∑
R ′′

RR ′′P (n−1) ⊗ R ′′R ′Z(N−n,m−1) + 1
2

m−2∑
i=1

RΛ(n,i) RR ′Z(N−n,m−i−1)
)}

for N > 1 and m > 1. (2.40)

Using the constraint (2.34) for the poles of Λ, one can show by recursion over the perturbative
order that

RR ′Z(N,m) = 0 for m > 2N, (2.41)

such that the highest pole of Z at order aNs is ε−2N . In the colour singlet case, where Λ = 0,
the order highest pole is ε−N instead.

Explicit results at LO and NLO. Restoring parton labels and function arguments, we
finally obtain the explicit LO and NLO renormalisation factors:

RR ′Z
(1,1)
ab (x, ζ/µ2) = − RR ′P

(0)
ab (x, ζ/µ2) , (2.42)

RR ′Z
(1,2)
ab (x) = − 1

4δRR ′δabδ(1− x)Rγ(0)
J (2.43)

and

RR ′Z
(2,1)
ab (x, ζ/µ2) = − 1

2
RR ′P

(1)
ab (x, ζ/µ2) , (2.44)

RR ′Z
(2,2)
ab (x, ζ/µ2) = 1

2

{∑
c,R ′′

RR ′′P (0)
ac (x′, ζ/µ2)⊗

x

R ′′R ′P
(0)
cb

(
x′, x′ 2ζ/(x2µ)2 )

+ 1
2 β0

RR ′P
(0)
ab (x, ζ/µ2)− 1

8δRR ′δabδ(1− x)Rγ(1)
J

}
= 1

2
∑
c,R ′′

RR ′′P̂ (0)
ac (x′)⊗

x

R ′′R ′P̂
(0)
cb (x′)

+ 1
4

[
β0 − Rγ

(0)
J

(
ln ζ

µ2 − ln x
)]

RR ′P̂
(0)
ab (x)

+ 1
16δRR ′δabδ(1− x)

×
[1

2
(
Rγ

(0)
J ln ζ

µ2

)2
− β0

Rγ
(0)
J ln ζ

µ2 −
Rγ

(1)
J

]
, (2.45)
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a a′

b b′

k

p

graph (h)

Figure 1. Graph contributing to the two-loop splitting kernel for gluons. At the top of the graph
is the vertex with the twist-two operator, and k denotes the momentum flowing into this vertex.
a, a′ and b, b′ are open colour indices. The label (h) for the graph corresponds to the nomenclature
in [41–43].

RR ′Z
(2,3)
ab (x, ζ/µ2) = 1

4
Rγ

(0)
J

{
RR ′P

(0)
ab (x, ζ/µ2) + 3

8δRR ′δabδ(1− x)β0

}
, (2.46)

RR ′Z
(2,4)
ab (x) = 1

32δRR ′δabδ(1− x)
(
Rγ

(0)
J

)2
. (2.47)

In the second expression for RR ′Z(2,2)
ab , we have made the ζ dependence of RR ′P (0)

ab explicit
by using (2.10). Notice the ln x term in the forth line of (2.45), which is a consequence of
the rescaling of ζ.

3 First method: modified splitting kernel calculation

To calculate the colour dependent DGLAP kernels at NLO, it is natural to make use of
one of the many computations of the ordinary DGLAP kernels at that order. We do so by
taking the calculations in [41–43], where detailed results are given for the contributions of
individual Feynman graphs. This allows us to extract the colour dependent kernels, with
the limitations described below.

The method used in the above papers is to extract the DGLAP kernels from the 1/ε
poles of appropriate graphs. In dimensional regularisation, a quantity with mass dimension is
required to obtain nonzero loop integrals, which is achieved by putting a cutoff on the trans-
verse momentum k of the parton lines that couple to the twist-two operator (see figure 1).

According to (2.38), the relation between the DGLAP kernel and the 1/ε pole of the
renormalisation factor Z(x) remains true in colour non-singlet channels, so that we can
extract RR ′P (x) by projecting the colour indices at the top of the graph onto R and those at
the bottom onto R ′. The corresponding tensors in colour space are given in equation (5.19)
of [13].

For each graph that does not contain a four-gluon vertex, the colour projection gives
a global factor depending on RR ′, with the x dependence remaining unchanged. For
unpolarised partons, the latter is given for individual graphs in table 1 and equation (4.51)
of [41], and in tables 1 to 4 and equation (57) of [42]. For longitudinal polarisation, it can
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be found in tables 1 to 4 and equation (45) of [43]. Transverse polarisation is discussed in
section 3.2.

A minor technical complication arises because some entries in the tables refer to the
sum of two graphs with the same topology but different parton types in the loops, namely
the pairs (cd) and (fg) in the notation of the quoted papers. However, each of these pairs
contributes to two colour structures in the tables, e.g. to C2

F and CF CA for the pair (cd)
in 11Pqq, or to C2

A and CAnf for the pair (fg) in 11Pgg. This allows us to extract the
contribution of individual graphs in all cases.

In the calculation of the splitting kernels, a graph with double-ladder topology (h)
such as the one in figure 1 requires subtracting the convolution of two LO kernels, which is
labelled as graph (i) in the quoted work. The overall colour factor of (h) and (i) is identical,
such that a separation of the two contributions is not needed in this case.

Choice of gauge and δ(1 − x) terms. The calculations in [41–43] are performed in
light-cone gauge, with the principal value prescription for the poles at `+ of the gluon
propagator for momentum `:

1
`+
→ `+

(`+)2 + δ2 (p+)2 . (3.1)

Here the momentum p of the incoming parton (see figure 1) serves as a reference, and δ is
an infinitesimal parameter that must be set to zero at the end of the calculation. In graphs
that contain rapidity divergences, this prescription leads to integrals

Ii =
∫ 1

0
du

u lniu
u2 + δ2 with i = 0, 1 (3.2)

that diverge for δ → 0 and therefore must cancel in the sum over all graphs. We find that
this cancellation takes place in all colour channels, which provides a consistency check of
our calculation.

We are not aware of a way to connect the principal value prescription in the axial-gauge
propagator with a rapidity regulator and an associated variable ζ. Since the ζ dependence
of the DGLAP kernels comes with a factor δ(1− x) according to (2.10), we can still extract
the x dependent part of the colour dependent kernels with the method just described.

In fact, the δ(1−x) part of the colour singlet kernels was not determined from Feynman
graphs in [42], but by using the number and momentum sum rules for unpolarised partons.
Since there are no such sum rules for other colour representations, we cannot use this trick
to get the δ(1− x) terms in the kernels for other colour representations. Instead, this will
be achieved using the method described in section 4.

3.1 Graphs with four-gluon vertices

The Feynman rule for the four-gluon vertex does not factorise into a part depending on
the colour and another depending on the polarisation and momentum of the gluons. It is
therefore not guaranteed that the projection on different colour representations at the top
and the bottom of the graphs leads to a global colour factor times a colour independent
structure depending on the momentum fraction.
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j j′

i′i

(a) graph (j) (b) graph (k)

k

ℓ

(c) graph (l)

k

ℓ

(d) graph (m)

k

ℓ

(e) graph (n)

Figure 2. Graphs that contribute to the two-loop DGLAP kernels and contain a four-gluon vertex.
The indices i, i′ and j, j′ specify gluon polarisation, and k and ` are loop momenta. Not shown are
the complex conjugates of graphs (j), (l), (m), and (n).

We have therefore recomputed the graphs containing a four-gluon vertex, which are
shown in figure 2. The loop integrals can be readily performed using the methods described
in the appendices of [42].

Before presenting the results of the calculation, we need to discuss the case of longitudinal
polarisation. Following the choice in [43], we use the scheme of ’t Hooft, Veltman and
Breitenlohner, Maison (HVBM) [51, 52] to generalise the Levi-Civita tensor ε to D = 4− 2ε
dimensions. This prescription sets ελµνρ = 0 if any of the indices is not in the 4 physical
space-time dimensions, which breaks rotation invariance in the 2− 2ε transverse dimensions.
Since this tends to complicate calculations, we avoid the explicit use of the ε tensor with the
method explained in section 7.3.3 of [32]. We first work with open transverse polarisation
indices for the incoming gluons and the gluons in the twist-two operator, labelling these
by (jj′) and (ii′) as shown in figure 2(a). Projecting the gluon operator on its asymmetric
part in i and i′ gives the contribution for longitudinal gluon polarisation. The contribution
to the polarised splitting kernel can then be obtained by contracting the graph with
(δijδi′j′ − δij′δi′j), which is the only structure in 2− 2ε dimensions that is invariant under
rotations and antisymmetric in the pair (ii′). For this method to work it is essential that
the kernel does not depend on any external transverse direction.

The integration over minus-components of loop momenta can be used to put intermediate
lines on shell in the graphs, which corresponds to fixing the final-state cut if one represents
the kernel as the product of an amplitude and its complex conjugate. After this step, we
find that there is no contribution from the vertex correction graphs (l), (m), (n) to the
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unpolarised or polarised kernels.3 This is because their respective numerators are zero
after integration over the angle of a suitably chosen linear combination of the transverse
momenta k and ` shown in figure 2.

Adding the contributions of the other graphs with a four-gluon vertex, we obtain

AAP̃ (1)
gg

∣∣∣
4-g-vtx

= SSP̃ (1)
gg

∣∣∣
4-g-vtx

, 10 10P̃ (1)
gg

∣∣∣
4-g-vtx

= 0 (3.3)

and

RR ′P̃ (1)
gg (x)

∣∣∣
4-g-vtx

= 1
8
RR ′C(k) (1− x)− 1

2
RR ′C(j)

(
2(1 + x) ln(x) + 5(1− x)

)
, (3.4)

where P̃ (x) denotes the part of the splitting kernels that is not proportional to δ(1− x).
The colour factors of graphs (k) and (j) are

11C(k) = 9N2 , AAC(k) = 3N2 , 27 27C(k) = −3 , (3.5)
11C(j) = 0 , AAC(j) = −N2/4 , 27 27C(j) = 4 . (3.6)

Analogues of (3.3) and (3.4) hold for the polarised kernels RR ′P̃∆g∆g, with colour factors

11C∆(k) = 3N2 , AAC∆(k) = 2N2 , 27 27C∆(k) = −17 , (3.7)
11C∆(j) = − 3N2 , AAC∆(j) = − 3N2/4 , 27 27C∆(j) = −3 (3.8)

instead of those in (3.5) and (3.6). Interestingly, we find that the dependence on the colour
and on x factorises for the individual graphs, although this is not obvious from the Feynman
rule of the four-gluon vertex. The colour factors given above are valid for a general number
N of colours, except for the 27 representation, where we have set N = 3.

3.2 Transverse quark polarisation

The calculations in [41–43] for unpolarised and longitudinally polarised partons were
extended in [44] to the case of transverse quark polarisation. The contribution of individual
graphs to the two-loop kernels is not given in that paper, but thankfully its author provided
us with this information, which is collected in table 1.

To obtain the contribution of a graph to RRP
V (1)
δqδq (x), the entry in table 1 needs to be

multiplied with the colour factor in table 2. The letters (b), (c), etc. refer to the graphs
in figure 3 of [42], and the entry (hi) gives the combined contributions from (h) and its
subtraction term (i).

The kernel 11Pδqδq̄ for the transition from a quark to an antiquark receives contributions
from only one Feynman graph and is given in equation (44) of [44]. We thus have all
ingredients needed to extract the evolution kernels for transverse quark and antiquark
polarisation along the lines described above.

3We note that these graphs were not shown in [42, 43] because of their vanishing contribution [W. Vogel-
sang, private communication].
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Terms Graphs
(b) (c) (d) (e) (f) (g) (hi)

pδqδq(x) ln2(x) −1 1 −1 −2 2
pδqδq(x) ln2(1− x) −2 −1

pδqδq(x) ln(x) ln(1− x) 2 −6 −4 −2
pδqδq(x) ln(x) −3/2 3/2 −2/3 11/6

pδqδq(x) ln(1− x) 4 −3 −5 3 −2 −4
pδqδq(x)π2/3 2 −3 −2 −1

pδqδq(x)
[
ln(1− x) + ln(x)

]
I0 4 −8 −4 −2

pδqδq(x)I1 −4 8 4 2
pδqδq(x)I0 4 −8 −2 −4
pδqδq(x) −7 11 7 −10/9 103/18
1− x 1

Table 1. Contributions of individual graphs to RRP
V (1)
δqδq (x). The function pδqδq(x) is given in (6.45),

and I0 and I1 are defined in (3.2). More explanations are given in the text. The sum of all
contributions is published in [44], and the individual terms shown here have been kindly provided
by W. Vogelsang.

R Graphs
(b) (c) (d) (e) (f) (g) (hi)

1 −A/(4N2) −A/(4N2) −A/4 A2/(4N2) nfA/(4N) A/2 A2/(4N2)
8 (N2+ 1)/(4N2) 1/(4N2) 1/4 −A/(4N2) −nf/(4N) −1/2 1/(4N2)

Table 2. The colour factor for each graph in RRP
V (1)
δqδq (x). Here nf is the number of active quark

flavours, N is the number of colours, and A = N2 − 1.

4 Second method: modified TMD matching calculation

In general, the DGLAP kernels can be extracted from any quantity that obeys an evolution
equation in which these kernels appear. One such quantity is the matching kernel that
connects TMDs at short distances with ordinary PDFs. This method can be extended to the
colour dependent case, and in this section we show how to extract the colour dependent NLO
kernels by modifying the two-loop calculation of the TMD matching kernels in [45, 46]. That
calculation was done in Feynman gauge with the δ regulator for rapidity divergences. This
allows us to compute also the terms going with δ(1−x), along with providing an independent
cross check for the x dependent part of the kernels obtained with our first method.

To begin with, we recall that two-parton (or double) TMDs can be defined from the
operator products in (2.13) and (2.15) at finite distances z1 and z2, as discussed at length
in [32]. If both distances are small, one can use the operator product expansion to match the
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double TMDs onto collinear ones. This was done at LO in [32], where it was observed that
the colour dependent DGLAP kernels for DPDs can be extracted from the corresponding
matching kernels of the same order in as. We follow a modified version of that strategy at
NLO in the present work.

The matching kernels can be computed from matrix elements of single operators
Oa(x,y, z) and OS,a(y, z) rather than their products (2.13) and (2.15). To this end, one
defines the matrix element of Oa between parton states and the vacuum expectation value
of OS,a, with all colour indices being projected onto definite colour representations. Details
and normalisation factors are given in equation (I.52) of [32]. After combining the matrix
elements in the same way as described in section 2.1 for DPDs, the rapidity regulator
can be removed. One thus obtains “TMD matrix elements” RR ′M̂ab(x, z, µ, ζ) for finite z
and “PDF matrix elements” RR ′Mab(x, µ, ζ) for z = 0, where a denotes the parton in the
operator and b the target parton.4 The two types of matrix elements are connected by the
matching equation

RR ′M̂ab(x, z, µ, ζ) =
∑
c,R ′′

RR ′′Cac(x′, z, µ, x2ζ)⊗
x

R ′′R ′Mcb(x′, µ, ζ) , (4.1)

where RR ′′Cac is the matching kernel that connects double TMDs with collinear DPDs. The
kernel 11Cac also describes the matching between single-parton TMDs and PDFs.

Using the relation (I.65) in [32], one could extract the colour dependent DGLAP
kernels from the µ dependence of RR ′′Cac. Instead, we extract them from the poles of the
unrenormalised TMD matrix elements. This is simpler than computing the matching kernels,
given that those require also the finite terms of the matrix elements, whose expressions are
more involved. The extraction from the poles requires an RGE analysis of the matching
equation (4.1), which is given in the following subsection.

Polarisation dependence and δ(1−x) terms. The TMD matching kernels of order a2
s

were computed in [45] for unpolarised partons and in [46] for transversely polarised quarks.
The kernels for longitudinal polarisation have not been evaluated using these methods. We
can hence not directly calculate the δ(1− x) terms of the colour dependent DGLAP kernels.
This is, however, not necessary because these terms are polarisation independent.

To understand this, let us see which graphs can provide a δ(1− x) contribution to the
bare matrix elements. There are purely virtual graphs, which cannot depend on the parton
polarisation since the loop corrections do not connect the two partons that enter the operator
vertex. In addition, there are contributions from mixed real-virtual or purely real graphs in
the limit where the partons going across the final-state cut have zero plus-momentum. More
specifically, one has either one or two cut gluons, or a cut quark-antiquark pair that merges
into a gluon on at least one side of the cut. The connection between the two partons that
enter the operator vertex — which is the potential source of polarisation dependence — thus
always involves one or two gluons whose plus-momentum goes to zero. In this limit, one can
use the eikonal approximation for their couplings to parton lines with finite plus-momentum.
Since the eikonal coupling is spin independent, the δ(1−x) terms in the bare matrix elements

4For ease of language, we use the terms TMD and PDF also for colour non-singlet channels here.
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cannot depend on the polarisation of the twist-two operator. The same must therefore be true
for the associated ultraviolet renormalisation factors, and hence for the full DGLAP kernels.

We explicitly verified this argument by direct computation of the δ(1− x) terms for
unpolarised and transversely polarised quarks, which come out to be equal as it must be.

4.1 Renormalisation group analysis

The PDF matrix element is renormalised by
RR ′Mab(x, µ, ζ) = Z−1

b (µ)
∑
c,R ′′

RR ′′Zac(x′, µ, x2ζ)⊗
x

R ′′R ′MB,cb(x′, ζ) , (4.2)

where RR ′′Zac is the renormalisation factor for collinear DPDs that was analysed at length
in sections 2.1 and 2.2. The wave function renormalisation constant Zb connects bare and
renormalised fields,

qB,i =
√
Zq qi , Aa,µB =

√
ZgA

a,µ , (4.3)

and enters in (4.2) because the bare matrix element is taken with bare parton states
(otherwise it would not be µ independent) whereas the renormalised matrix element requires
renormalised parton states in order to be ultraviolet finite.

The TMD matrix element is renormalised multiplicatively as
RR ′M̂ab(x, z, µ, ζ) = Z−1

b (µ) Ẑa(µ, x2ζ)RR ′M̂B,ab(x, z, ζ) . (4.4)

The factor Ẑa(µ, x2ζ) renormalises the TMD operator Orr′a (x,y, z). Unlike its analogue for
the collinear operator, it is colour and spin independent and only differs between quarks
and gluons. This is because in the TMD case, ultraviolet divergences are associated only
with each field operator and with the product of operators at transverse position y + z/2
or at transverse position y − z/2 in (2.11) and (2.14). How these two operator products
are coupled in their colour (or spin) indices is irrelevant for the renormalisation factor.

The renormalisation factor for TMDs is well studied and has in particular been used
at two loops in the matching calculations we are modifying. Expressions relevant for our
present analysis are given in appendix A.

For the following arguments, we need the perturbative expansions

RR ′M̂ab(x, z, µ, ζ) = δRR ′δabδ(1− x) +
∞∑
n=1

ans (µ)RR ′M̂(n)
ab (x, z, µ, ζ) , (4.5)

RR ′Mab(x, µ, ζ) = δRR ′δabδ(1− x) +
∞∑
n=1

ans (µ)RR ′M(n)
ab (x, ζ/µ2) , (4.6)

RR ′Cab(x, z, µ, ζ) = δRR ′δabδ(1− x) +
∞∑
n=1

ans (µ)RR ′C(n)
ab (x, z, µ, ζ) , (4.7)

Zb(µ) = 1 +
∞∑
n=1

ans (µ)Z(n)
b , (4.8)

Ẑa(µ, ζ) = 1 +
∞∑
n=1

ans (µ) Ẑ(n)
a (ζ/µ2) , (4.9)

and the corresponding expansion (2.27) of RR ′Zab(x, µ, ζ).
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We compute the unrenormalised matrix elements M̂B andMB in bare perturbation
theory, using the Lagrangian written in terms of bare fields and the bare coupling gB . The
relation between the bare and renormalised versions of as = αs/(2π) is

as,B = µ2εas(µ)Zα(µ)/Sε (4.10)

with

Zα(µ) = 1 +
∞∑
n=1

ans (µ)Z(n)
α = 1− as(µ) 1

ε

β0
2 +O(a2

s) . (4.11)

The factor Sε implements the MS scheme as specified in section 6.2 of [53], such that all
renormalisation counterterms are sums of pure poles in ε. We take the standard choice

Sε = (4πe−γ)ε , (4.12)

where γ is the Euler-Mascheroni constant. The expansion of the TMD matrix element can
then be written as

RR ′M̂B,ab(x, z, ζ) = δRR ′δabδ(1− x) +
∞∑
n=1

[
as(µ)Zα(µ)

]n RR ′M̂(n)
B,ab(x, z, µ, ζ) , (4.13)

where a factor of (µ2ε/Sε)n is included in the expansion coefficients M̂(n)
B,ab .

The PDF matrix element is given by its tree-level expression

RR ′MB,ab(x, ζ) = δRR ′δabδ(1− x) . (4.14)

If one works with the Collins regulator for rapidity divergences, this readily follows because
all loop integrals are scale-less and hence zero in dimensional regularisation. The argument
is slightly more involved for the δ regulator, which involves regulating parameters δ+ and δ−

with the dimension of a mass. In the matrix element of Oa with parton states of momentum
p, the rapidity regulator only appears in the form of the dimensionless combination δ+/p+

because of boost invariance, so that the transverse loop integrals are zero in 2−2ε dimensions.
Individual graphs of the corresponding soft factor are nonzero because they depend on the
dimensionful and boost invariant combination δ+δ−. However, since rapidity divergences
must cancel between the partonic and soft matrix elements, the sum over all graphs for the
soft matrix element must give zero.5

Expanded in as, the renormalised matrix elements are related to the bare ones by

RR ′M̂(1)
ab (x, ζ) = δRR ′δabδ(1− x)

(
Ẑ(1)
a (x2ζ)− Z(1)

b

)
+ RR ′M̂(1)

B,ab(x, ζ) , (4.15)

RR ′M̂(2)
ab (x, ζ) = δRR ′δabδ(1− x)

[(
Z

(1)
b

)2 − Z(2)
b + Ẑ(2)

a (x2ζ)− Z(1)
b Ẑ(1)

a (x2ζ)
]

+
(
Ẑ(1)
a (x2ζ)− Z(1)

b + Z(1)
α

)
RR ′M̂(1)

B,ab(x, ζ) + RR ′M̂(2)
B,ab(x, ζ) (4.16)

5See also the related discussion in section II of [48].
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and

R ′′R ′M(1)
cb (x′, ζ) = − δR ′′R ′δcbδ(1− x

′)Z(1)
b + R ′′R ′Z

(1)
cb (x′, x′2ζ) , (4.17)

R ′′R ′M(2)
cb (x′, ζ) = δR ′′R ′δcbδ(1− x

′)
[(
Z

(1)
b

)2 − Z(2)
b

]
+ R ′′R ′Z

(2)
cb (x′, x′2ζ)

− Z(1)
b

R ′′R ′Z
(1)
cb (x′, x′2ζ) . (4.18)

With the expansion (4.7) of the matching kernel, the as part of the matching equation (4.1)
thus reads

δRR ′δabδ(1− x)
(
Ẑ(1)
a (x2ζ)− Z(1)

b

)
+ RR ′M̂(1)

B,ab(x, ζ)

= − δRR ′δabδ(1− x)Z(1)
b + RR ′Z

(1)
ab (x, x2ζ) + RR ′C

(1)
ab (x, x2ζ) . (4.19)

Extracting the single pole in ε of this relation and using (2.38), we can extract the LO
DGLAP splitting kernels as

RR ′P
(0)
ab (x, x2ζ) = −

[
δRR ′δabδ(1− x)Ẑ(1)

a (x2ζ) + RR ′M̂(1)
B,ab(x, ζ)

]
−1
, (4.20)

where we write

Q(ε) =
∑
k

εk
[
Q
]
k

(4.21)

for the Laurent expansion of a quantity around ε = 0.
Using the modified TMD matching computations of [45, 46], we correctly obtain the

known LO DGLAP kernels for all colour channels. We also verified that the double poles in
ε are equal on both sides of (4.19).

The a2
s part of the matching equation (4.1) reads

δRR ′δabδ(1− x)
[(
Z

(1)
b

)2 − Z(2)
b + Ẑ(2)

a (x2ζ)− Z(1)
b Ẑ(1)

a (x2ζ)
]

+
(
Ẑ(1)
a (x2ζ)− Z(1)

b + Z(1)
α

)
RR ′M̂(1)

B,ab(x, ζ) + RR ′M̂(2)
B,ab(x, ζ)

= δRR ′δabδ(1− x)
[(
Z

(1)
b

)2 − Z(2)
b

]
+ RR ′Z

(2)
ab

(
x, x2ζ

)
− Z(1)

b
RR ′Z

(1)
ab

(
x, x2ζ

)
+
∑
c,R ′′

RR ′′C(1)
ac (x′, x2ζ)⊗

x

{
−δR ′′R ′δcbδ(1− x

′)Z(1)
b + R ′′R ′Z

(1)
cb

(
x′, x′2ζ

)}
+ RR ′C

(2)
ab (x, x2ζ) . (4.22)

The last term in this expression is finite and does not contribute to the poles in ε. We
can eliminate RR ′′C

(1)
ac by using the LO relation (4.19). First replacing x with x′ and then

rescaling the variable ζ, we get

RR ′C
(1)
ab (x′, x2ζ)

= δRR ′δabδ(1− x
′)Ẑ(1)

a (x2ζ)− RR ′Z
(1)
ab (x′, x2ζ) + RR ′M̂(1)

B,ab(x
′, x2ζ/x′2) . (4.23)

– 19 –



J
H
E
P
0
5
(
2
0
2
3
)
0
6
7

Using again the relation (2.38) we obtain the NLO DGLAP kernels as

RR ′P
(1)
ab (x, x2ζ) = −2

[
δRR ′δabδ(1− x)Ẑ(2)

a (x2ζ) +
(
Ẑ(1)
a (x2ζ) + Z(1)

α

)
RR ′M̂(1)

B,ab(x, ζ)

−
∑
c,R ′′

RR ′′M̂(1)
B,ac

(
x′, x2ζ/x′2

)
⊗
x

R ′′R ′Z
(1)
cb (x′, x′2ζ)

+ RR ′M̂(2)
B,ab(x, ζ)

]
−1
. (4.24)

To evaluate the second line on the r.h.s., we need the following convolution of two plus-
distributions:[ 1

1− x′
]

+
⊗
x

[ 1
1− x′

]
+

= 2
[ ln(1− x)

1− x

]
+
− ln(x)

1− x −
π2

6 δ(1− x) , (4.25)

where we define as usual∫ 1

x
dx

[ lnk(1− x)
1− x

]
+
ϕ(x) =

∫ 1

x
dx

lnk(1− x)
1− x

[
ϕ(x)− ϕ(1)

]
− ϕ(1)

∫ x

0
dx

lnk(1− x)
1− x with k = 0, 1, . . . (4.26)

for a test function ϕ(x). The relation (4.25) is easily verified by taking its Mellin transform,
which turns the l.h.s. into a simple product. The required transforms can for instance be
found in entries number 1, 3, 9, and 10 of the appendix in [54].

For the higher-order poles in (4.22), we obtain

RR ′Z
(2,m)
ab (x, x2ζ) =

[
δRR ′δabδ(1− x)Ẑ(2)

a (x2ζ)− Ẑ(1)
a (x2ζ)RR ′Z(1)

ab (x, x2ζ)

+
∑
c,R ′′

RR ′′Z(1)
ac (x′, x2ζ)⊗

x

R ′′R ′Z
(1)
cb (x′, x′2ζ) +

(
Ẑ(1)
a (x2ζ) + Z(1)

α

)
RR ′M̂(1)

B,ab(x, ζ)

−
∑
c,R ′′

RR ′′M̂(1)
B,ac(x

′, x2ζ/x′2)⊗
x

R ′′R ′Z
(1)
cb (x′, x′2ζ) + RR ′M̂(2)

B,ab(x, ζ)
]
−m

for m = 2, 3, 4. (4.27)

Since the terms on the r.h.s. are all known, this serves as a cross check of our calculation.
Taking the calculations in [45] and [46] and changing the colour projection for all

contributing graphs, we have computed the colour dependent DGLAP kernels at order a2
s

from (4.24), both for unpolarised partons and for transversely polarised quarks. The x
dependent terms obtained in this way fully agree with the results of our first method. Let
us note that we have not applied the rescaling of the regulating parameter δ+ or δ− with a
momentum fraction, as prescribed in equations (3.9) and (3.10) of [45]. That prescription
was the result of missing the necessary rescaling between the ζ parameters defined with
reference to the hadron or the parton momentum in [45].
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In the decuplet sector, we find that the colour factors for all graphs contributing to the
bare matrix element are zero, so that 10 10M̂(n)

B,gg = 0 for n = 1, 2. This implies that

10 10P
(N−1)
ab (x, x2ζ) = −N

[
δabδ(1− x)Ẑ(N)

a (x2ζ)
]
−1

for N = 1, 2. (4.28)

We will come back to this in section 6.

5 Evolution channels and finite renormalisation

5.1 Linear combinations of DPDs and evolution kernels

Before presenting our results, we need to discuss in some detail the structure of the DGLAP
kernels regarding the parton labels. This is well known in the colour singlet sector (see
e.g. [33, 34]), but there are some important differences in colour non-singlet channels that
we need to review. For definiteness, we consider evolution in the scale µ1 of the first parton
in the DPD.

It is useful to form linear combinations of distributions, in order to decouple the DGLAP
equations between different parton channels as much as possible. Combinations with definite
charge conjugation for the first parton are

R1R2Fq±i a2 = R1R2Fqia2 ± R1R2Fq̄ia2 . (5.1)

The DGLAP kernels for different parton transitions are related by charge conjugation
invariance as follows:

RRPqiqk
= RRP q̄iq̄k

, (5.2)
RRPqiq̄k

= RRP q̄iqk
, (5.3)

RR ′Pqig = η(R ′)RR ′P q̄ig , (5.4)
RR ′Pgqi = η(R)RR ′Pg q̄i , (5.5)

where η(A) = −1 and η(R) = +1 for all other representations. Due to this factor, the
mixing pattern for gluons in the asymmetric octet differs from the well-known one in the
colour singlet sector, as we shall see shortly. Notice that in (5.2) and (5.3) we simplified
the representation indices, using that for quarks the only allowed representation pairs are
RR ′ = 11 and 88.

The flavour dependence for quark and antiquark kernels can be split into valence and
pure singlet parts,

RRPaibk
= δik

RRP Vab + RRPSab with a, b = q, q̄, (5.6)

where i and k denote the quark flavour. As a result of the above relations, flavour non-singlet
combinations of DPDs decouple from gluons and evolve as

d

d lnµ1
R1R2F(q±i −q

±
k

)a2 = 2 R1R1P± ⊗
x1

R1R2F(q±i −q
±
k

)a2 (5.7)
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with kernels
RRP± = RRP Vqq ± RRP Vqq̄ , (5.8)

where we abbreviated F(q±i −q
±
k

)a2 = Fq±i a2 − Fq±k a2 .
The flavour singlet combinations for the first parton are defined as

R1R2FΣ±a2 =
∑
i

R1R2Fq±i a2 (5.9)

and mix with gluons. In the charge conjugation even sector, this results in the coupled
system

d

d lnµ1

(
RR2FΣ+a2
R ′R2Fga2

)
= 2

(
RRPΣ+Σ+ RR ′PΣ+g
R ′RPgΣ+ R ′R ′Pgg

)
⊗
x1

(
RR2FΣ+a2
R ′R2Fga2

)
for RR ′ = 11, 8S. (5.10)

Due to the factors η(R) in the relations (5.4) and (5.5), there is also quark-gluon mixing in
the charge conjugation odd sector:

d

d lnµ1

(
8R2FΣ−a2
AR2Fga2

)
= 2

(
88PΣ−Σ−

8APΣ−g
A8PgΣ−

AAPgg

)
⊗
x1

(
8R2FΣ−a2
AR2Fga2

)
. (5.11)

The kernels appearing in these equations are given by
RRPΣ±Σ± = RRP± + nf

[
RRPSqq ± RRPSqq̄

]
for R = 1, 8 (5.12)

and
RR ′PΣ+g = 2nf RR

′
Pqig ,

R ′RPgΣ+ = R ′RPgqi for RR ′ = 11, 8S, (5.13)
8APΣ−g = 2nf 8APqig ,

A8PgΣ− = A8Pgqi , (5.14)

where nf is the number of active quark flavours. Quark-gluon mixing kernels for the
remaining combinations of RR ′ and Σ± are zero.

In the colour singlet channel, the flavour singlet combination with odd charge conjugation
parity evolves by itself:

d

d lnµ1
1R2FΣ−a2 = 2 11PΣ−Σ− ⊗ 1R2FΣ−a2 . (5.15)

The gluon distributions for higher colour representations, 10 10Fgg, 10 10Fgg, and 27 27Fgg
evolve without mixing as well.

The preceding discussion applies to polarised channels in complete analogy. For the
polarised valence kernels, we use the notation

RRP±∆ = RRP V∆q∆q ± RRP V∆q∆q̄ ,
RRP±δ = RRP Vδqδq ± RRP Vδqδq̄ . (5.16)

Transversely polarised quarks do not mix with gluons under evolution, so that the corre-
sponding kernels are all zero. The same holds for the pure singlet combinations,

RRPSδqδq = RRPSδqδq̄ = 0 . (5.17)
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5.2 Finite renormalisation for longitudinal polarisation

It is known that MS renormalisation of spin dependent quantities computed with the HVBM
scheme for γ5 and the ε tensor have a number of undesirable features. These can be removed
by an additional finite renormalisation in 4 space-time dimensions, after one has performed
MS subtraction and removed the dimensional regulator.

The corresponding scheme change for longitudinally polarised PDFs is analysed at
length in section 3.1 of [43], see also section 2 of [35]. It restores the relation

11P V∆q∆q = 11P Vqq , (5.18)

which corresponds to helicity conservation in the valence sector and is broken at order a2
s in

the MS scheme. Restoration of the equality (5.18) also ensures the scale independence of
the flavour non-singlet axial current, which was for instance discussed in [55].

We shall review the necessary scheme transformation here, because we need to extend it
to the colour octet sector. The finite renormalisation can be implemented at the level of the
twist-two operators ROrr′a that are projected on a definite colour representation. It reads

RO∆qi
= RZ̃ ⊗

x

ROMS
∆qi

, (5.19)
RO∆q̄i

= RZ̃ ⊗
x

ROMS
∆q̄i

, (5.20)

where for brevity we have omitted the colour indices of the operators. One obtains the
same transformation for the operator combinations associated with the distributions F∆q±i a2

and F∆Σ±a2 . The MS renormalised gluon operators are left untouched. Notice that the
renormalisation factor RZ̃(x, µ) does not depend on ζ, so that the Collins-Soper equation
for DPDs remains unchanged and polarisation independent.

Let us (re)derive the change of the evolution kernels induced by this finite renormalisa-
tion. For a flavour non-singlet combination, the change in operator renormalisation specified
by (5.19) and (5.20) implies

R1R2F(∆q±i −∆q±
k

)a2 = R1Z̃ ⊗
x1

R1R2F MS
(∆q±i −∆q±

k
)a2 , (5.21)

where it is understood that the scheme transformation is only performed for the first parton
in the DPD. Taking the RGE derivative in µ1 on both sides gives

2R1R1P±∆ ⊗x1

[
R1Z̃ ⊗

x′1

R1R2F MS
(∆q±i −∆q±

k
)a2

]
=
( d

d lnµ1
R1Z̃

)
⊗
x1

R1R2F MS
(∆q±i −∆q±

k
)a2

+ 2R1Z̃ ⊗
x1

[
R1R1P±∆,MS ⊗

x′1

R1R2F MS
(∆q±i −∆q±

k
)a2

]
.

(5.22)

With the modified law of associativity (2.18) for triple convolution products, this implies

RRP±∆ (x′, ζ)⊗
x

RZ̃(x′) = 1
2

d

d lnµ
RZ̃(x) + RZ̃(x′)⊗

x

RRP±∆,MS

(
x′, x′2ζ/x2) . (5.23)
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Taking the expansion

RZ̃(x, µ) = δ(1− x) +
∞∑
n=1

ans (µ)RZ̃(n)(x) (5.24)

and the form (2.30) of the RGE derivative for ε = 0, we obtain

RRP
±(0)
∆ (x, ζ) = RRP

±(0)
∆,MS(x, ζ) , (5.25)

RRP
±(1)
∆ (x, ζ) = RRP

±(1)
∆,MS(x, ζ) + 1

2
(
Rγ

(0)
J ln(x)− β0

)
RZ̃(1)(x) , (5.26)

where in the second relation we used the commutativity of the convolution product and

RRP±∆,MS

(
x′, x′2ζ/x2)− RRP±∆,MS(x

′, ζ) = 1
2δ(1− x

′)RγJ ln(x) , (5.27)

which follows from (5.16), the polarised analogue of (5.6), and (2.10). The equal shift of
RRP

+(1)
∆ and RRP

−(1)
∆ in (5.26) leads to the same shift for

RRP V∆q∆q =
(
RRP+

∆ + RRP−∆

)/
2 , (5.28)

whereas

RRP V∆q∆q̄ =
(
RRP+

∆ −
RRP−∆

)/
2 (5.29)

remains unchanged.
The scheme transformation in the flavour singlet sector can be derived in the same way.

We obtain(
RRP∆Σ+∆Σ+ RR ′P∆Σ+∆g
R ′RP∆g∆Σ+ R ′R ′P∆g∆g

)
⊗
x

(
RZ̃(x′) 0

0 δ(1− x′)

)
= 1

2

(
dRZ̃(x)/(d lnµ) 0

0 0

)

+
(
RZ̃(x′) 0

0 δ(1− x′)

)
⊗
x

(
RRP∆Σ+∆Σ+,MS

RR ′P∆Σ+∆g,MS
R ′RP∆g∆Σ+,MS

R ′R ′P∆g∆g,MS

)
with RR ′ = 11, 8S, (5.30)

where the arguments of the DGLAP kernels are as in (5.23). An analogous relation holds
for RR ′ = 8A with Σ− instead of Σ+. The identity for the upper left component in (5.30)
has the same form as the one for RRP±∆ in (5.23). One also obtains the same type of identity
for 11P∆Σ−∆Σ− , which appears in the polarised version of the evolution equation (5.15). In
summary, we find that the four combinations

RRP
(1)
∆Σ+∆Σ+ ,

RRP
(1)
∆Σ−∆Σ− with R = 1, 8 (5.31)

transform in the same manner as RRP±(1)
∆ in (5.26), whereas their LO analogues are invariant.

Given (5.12) this implies that the pure singlet kernels PS∆q∆q and PS∆q∆q̄ remain unchanged
at both LO and NLO.
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The off-diagonal elements of the matrix equation (5.30) and its analogue with Σ− lead
to the scheme change

RR ′P
(1)
∆Σ±∆g = RR ′P

(1)
∆Σ±∆g,MS + RZ̃(1) ⊗ RR ′P

(0)
∆Σ±∆g,MS , (5.32)

R ′RP
(1)
∆g∆Σ± = R ′RP

(1)
∆g∆Σ±,MS −

R ′RP
(0)
∆g∆Σ±,MS ⊗

RZ̃(1) (5.33)

for the relevant colour combinations, i.e. RR ′ = 11, 8S for Σ+ and RR ′ = 8A for Σ−. At LO
the quark-gluon mixing kernels remain unchanged. We recall that these mixing kernels are
ζ independent at all orders. Finally, the evolution kernel RR ′P∆g∆g for gluons is invariant
under the scheme change in all colour channels.

For R = 1 we adopt the renormalisation factor RZ̃ taken in [44]. Our choice for R = 8
is presented in section 6.2.

6 Results

In this section, we present the DGLAP kernels for all colour channels at LO and NLO
accuracy. Our results are for the standard MS scheme specified in (4.10) and (4.12), followed
by the finite renormalisation for longitudinally polarised partons that was described in
section 5.2. We recall the values

CA = N , CF = N2 − 1
2N , β0 = 11

3 CA −
2
3nf (6.1)

for the colour group SU(N). We have set TF = 1/2 throughout. For the colour singlet, octet,
and decuplet channels, we give results for general N , whereas for the 27 representation we
always take N = 3 for the number of colours.6 At both LO and NLO, we find the following
structure of the DGLAP kernels:

RR ′P
(n)
ab (x, ζ/µ2) = RR ′P̃

(n)
ab (x)

+ 1
2δRR ′ δab δ(1− x)

[
d(n)
a + Rc(n) − 1

2
Rγ

(n)
J ln ζ

µ2

]
, (6.2)

where da depends on the parton species but not on the polarisation,

d
(n)
q = d

(n)
∆q = d

(n)
δq , d

(n)
g = d

(n)
∆g , (6.3)

whilst Rc depends only on the multiplicity of the colour representation R and is zero for the
colour singlet:

1c(n) = 0 , 8c(n) = Ac(n) = Sc(n) , 10c(n) = 10c(n) . (6.4)

The terms going with δ(1− x) thus have a remarkably simple dependence on the different
quantum numbers.

The coefficients da are well known from the ordinary DGLAP kernels. They read

d(0)
q = 3CF , d(0)

g = β0 (6.5)
6The reason for this specialisation is explained in footnote 4 of [32].
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and

d(1)
q = C2

F

(3
4 − π

2 + 12ζ3

)
+ CF CA

(17
12 + 11

9 π
2 − 6ζ3

)
− CF nf

(1
6 + 2

9π
2
)
, (6.6)

d(1)
g = C2

A

(16
3 + 6ζ3

)
− 4

3CAnf − CF nf (6.7)

and can be determined from the kernels 11P̃ab(x) together with the number and momentum
sum rules for parton distributions. Here ζn denotes the Riemann ζ function at argument n.

At LO, we have colour dependent coefficients

Rc(0) = 0 (6.8)

and

8γ
(0)
J = 2CA , (6.9)

whilst at NLO we find

8c(1) = C2
A

(101
27 −

11
72π

2 − 7
2ζ3

)
+ CAnf

(
−14

27 + 1
36π

2
)
, (6.10)

8γ
(1)
J = C2

A

(67
9 −

1
3π

2
)
− 10

9 CAnf . (6.11)

As shown in section 7.2.1 of [32], the cusp anomalous dimensions for colour octet DPDs
and for single-gluon TMDs are related as

8γJ = 1
2 γK,g (6.12)

at all orders in the strong coupling. Comparing (6.11) with (A.10), we see that this relation
is fulfilled by our calculation, which constitutes another cross check.

Remarkably, we find that the colour dependent coefficients for higher representations
all satisfy Casimir scaling up to NLO:

10c(1)

8c(1) =
10γ

(0)
J

8γ
(0)
J

=
10γ

(1)
J

8γ
(1)
J

= C10
CA

= 2 , (6.13)

27c(1)

8c(1) =
27γ

(0)
J

8γ
(0)
J

=
27γ

(1)
J

8γ
(1)
J

= C27
CA

= 8
3 , (6.14)

where C10 and C27 are the eigenvalues of the quadratic Casimir operators for the 10 and 27
representations [56].

Decuplet distributions. Combining (4.28) and (A.12) we find for the decuplet kernels

10 10P (n)
aa (x, ζ/µ2) = 1

2 δ(1− x) γ(n)
F,g(ζ/µ

2) for n = 0, 1, (6.15)
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where a = g or ∆g. At NLO accuracy, the decuplet distributions hence evolve as

d

d lnµ1
10 10Fa1a2(x1, x2, y, µ1, µ2, ζ) = γF,g(µ1, x

2
1ζ) 10 10Fa1a2(x1, x2, y, µ1, µ2, ζ) (6.16)

with (a1a2) = (gg) or (∆g∆g). This has the same form as the evolution equation for a
single-gluon TMD, and its analytic solution is well known. Since the anomalous dimension
on the r.h.s. of (6.16) depends on x1, the momentum fraction dependence of the DPD
changes under evolution.

The comparison of (6.15) with (6.2) implies

10γ
(n)
J = γ

(n)
K,g for n = 0, 1 (6.17)

and

d(0)
g = γ(0)

g , d(1)
g + 10c(1) = γ(1)

g , (6.18)

where we used Rc(0) = 0 and the relation (A.2) between the cusp and non-cusp parts γK,g
and γg of the TMD anomalous dimension γF,g. Notice that (6.17) is consistent with (6.12)
and (6.13).

Terms depending on x. At leading order, the x dependent parts of the kernels for
different colour channels are proportional to each other:

88P̃ V (0)
qq (x) = cqq(88) 11P̃ V (0)

qq (x) , (6.19)
8AP̃

(0)
Σ−g(x) = cqg(8A) 11P̃

(0)
Σ+g(x) , A8P̃

(0)
gΣ−(x) = cgq(A8) 11P̃

(0)
gΣ+(x) , (6.20)

8SP̃
(0)
Σ+g(x) = cqg(8S) 11P̃

(0)
Σ+g(x) , S8P̃

(0)
gΣ+(x) = cgq(S8) 11P̃

(0)
gΣ+(x) , (6.21)

RRP̃ (0)
gg (x) = cgg(RR) 11P̃ (0)

gg (x) (6.22)

with colour factors

cqq(88) = − 1
N2 − 1 , (6.23)

cqg(8A) = cgq(A8) =
√

N2

2(N2 − 1) , (6.24)

cqg(8S) = cgq(S8) =
√

N2 − 4
2(N2 − 1) , (6.25)

cgg(AA) = cgg(SS) = 1
2 , (6.26)

cgg(1010) = 0 , (6.27)

cgg(27 27) = −1
3 . (6.28)
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Analogues of (6.19) to (6.22) hold for the polarised kernels, with the same colour factors
as in the unpolarised case. For completeness, we list the LO kernels in the colour singlet
representation:

11P̃ V (0)
qq (x) = CF pqq(x) , (6.29)

11P̃
(0)
Σ+g(x) = nf pqg(x) , (6.30)

11P̃
(0)
gΣ+(x) = CF pgq(x) , (6.31)

11P̃ (0)
gg (x) = 2CA pgg(x) , (6.32)

and

11P̃
V (0)
∆q∆q(x) = 11P̃ V (0)

qq (x) , (6.33)
11P̃

(0)
∆Σ+∆g(x) = nf p∆q∆g(x) , (6.34)

11P̃
(0)
∆g∆Σ+(x) = CF p∆g∆q(x) , (6.35)

11P̃
(0)
∆g∆g(x) = 2CA p∆g∆g(x) , (6.36)

11P̃
V (0)
δqδq (x) = CF pδqδq(x) , (6.37)

where

pqq(x) = 1 + x2[
1− x

]
+
, (6.38)

pqg(x) = x2 + (1− x)2 , (6.39)

pgq(x) = 1 + (1− x)2

x
, (6.40)

pgg(x) = 1[
1− x

]
+

+ 1
x

+ x(1− x)− 2 , (6.41)

p∆q∆g(x) = x2 − (1− x)2 = 2x− 1 , (6.42)

p∆g∆q(x) = 1− (1− x)2

x
= 2− x , (6.43)

p∆g∆g(x) = 1[
1− x

]
+
− 2x+ 1 , (6.44)

pδqδq(x) = 2x
[1− x]+

. (6.45)

The plus-distribution is defined in (4.26). We recall that at LO there are no quark-antiquark
transitions and no pure singlet kernels, so that one has

RRP
V (0)
qq̄ = RRP

S(0)
qq̄ = RRPS(0)

qq = 0 (6.46)

and likewise for the polarised cases.
In the following subsections, we list the x dependent parts of the NLO kernels, including

for definiteness the expressions of the colour singlet kernels from [42–44]. Dilogarithms
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appear in the combination

S2(x) =
1/(1+x)∫
x/(1+x)

dz

z
ln
(1− z

z

)
= −2Li2(−x) + 1

2 ln2(x)− 2 ln(x) ln(1 + x)− π2

6 . (6.47)

6.1 Unpolarised partons

Quark kernels. For the valence kernels, we obtain

11P̃ V (1)
qq (x) = CF

6

{
CF

[
−3(1+x) ln2(x)−12pqq(x) ln(x) ln(1−x)

−
(
9pqq(x)+21x+9

)
ln(x)−30(1−x)

]
+CA

[
3pqq(x) ln2(x)+

(
11pqq(x)+6(1+x)

)
ln(x)

+
(67

3 −π
2
)
pqq(x)+40(1−x)

]

+nf
[
−2pqq(x) ln(x)− 10

3 pqq(x)−4(1−x)
]}

, (6.48)

88P̃ V (1)
qq (x) = cqq(88)

{
11P̃ V (1)

qq (x)−CF CA4

[(
2pqq(x)−(1+x)

)
ln2(x)

+(8−4x) ln(x)+6(1−x)
]}

, (6.49)

11P̃
V (1)
qq̄ (x) =−CF (CA−2CF )

{
S2(x)pqq(−x)+(1+x) ln(x)+2(1−x)

}
, (6.50)

88P̃
V (1)
qq̄ (x) = cqq(88)(N2+1)11P̃

V (1)
qq̄ (x) , (6.51)

and for the pure singlet kernels we get

11P̃S(1)
qq (x) = CF

2

{
−(1+x) ln2(x)+

(8
3x

2+5x+1
)

ln(x)− 56
9 x

2+6x−2+ 20
9x

}
, (6.52)

88P̃S(1)
qq (x) =−cqq(88)(N2−2)11P̃S(1)

qq (x) , (6.53)

11P̃
S(1)
qq̄ (x) = 11P̃S(1)

qq (x) , (6.54)

88P̃
S(1)
qq̄ (x) = 2cqq(88)11P̃

S(1)
qq̄ (x) . (6.55)

Notice that in the colour singlet sector one has 11P̃Sqq = 11P̃Sqq̄ at both LO and NLO, so that
according to (5.12) the parton combination Σ− evolves with the same kernel P− as the
flavour non-singlet combinations q−i − q

−
k . A difference between the pure singlet kernels

for qq and qq̄ transitions only arises at order a3
s, due to graphs with three gluons in the t

channel [34]. By contrast, the pure singlet kernels for qq and qq̄ transitions in the colour
octet sector differ already at NLO.
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Quark-gluon mixing kernels. The kernels for quark-gluon transitions read

11P̃
(1)
Σ+g(x) =CF nf

{
1
2(2x−1) ln2(x)+pqg(x) ln2

(
x

1−x

)
+
(
2pqg(x)+2x− 1

2
)

ln(x)

+2
(
1−pqg(x)

)
ln(1−x)+

(
5−π

2

3
)
pqg(x)− 9

2x+2
}

+CAnf

{
−
(1

2pqg(x)+4x+1
)

ln2(x)−pqg(x) ln2(1−x)

+ 1
3
(
22pqg(x)+68x−19

)
ln(x)+2

(
pqg(x)−1

)
ln(1−x)

+
(π2

6 −
109
9
)
pqg(x)+S2(x)pqg(−x)+ 7

9x+ 91
9 + 20

9x

}
, (6.56)

8AP̃
(1)
Σ−g(x) = cqg(8A)

{
11P̃

(1)
Σ+g(x)+ 1

2CAnf
[(
−pqg(x)+3x+ 3

2
)

ln2(x)

− 1
3
(
22pqg(x)+89x−4

)
ln(x)+ 109

9 pqg(x)

−2S2(x)pqg(−x)+ 83
9 x−

172
9 −

20
9x

]}
, (6.57)

8SP̃
(1)
Σ+g(x) = cqg(8S)

cqg(8A)
8AP̃

(1)
Σ−g(x) (6.58)

and

11P̃
(1)
gΣ+(x) = CF

18

{
CF

[
(9x−18) ln2(x)−18pgq(x) ln2(1−x)+(63x+36)ln(x)

−
(
54pgq(x)+36x

)
ln(1−x)−63x−45

]

+CA
[(

9pgq(x)+18x+72
)

ln2(x)−36pgq(x) ln(x) ln(1−x)

+18pgq(x) ln2(1−x)−
(
48x2+90x+216

)
ln(x)

+
(
66pgq(x)+36x

)
ln(1−x)+

(
9−3π2)pgq(x)

+18S2(x)pgq(−x)+88x2+65x+56
]

+nf
[
−12pgq(x) ln(1−x)−12x−20pgq(x)

]}
, (6.59)
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A8P̃
(1)
gΣ−(x) = cgq(A8)

{
11P̃

(1)
gΣ+(x)+CF CA

18

[
−
(
9pgq(x)+ 27

2 x+27
)

ln2(x)

+
(
24x2+27x+135

)
ln(x)+58pgq(x)

−18S2(x)pgq(−x)−44x2−58x+44
]}

, (6.60)

S8P̃
(1)
gΣ+(x) = cgq(S8)

cgq(A8)
A8P̃

(1)
gΣ−(x) . (6.61)

Notice the simple scaling relations (6.58) and (6.61) between pairs of kernels with a gluon
in the antisymmetric or the symmetric octet. At LO these relations are trivial because only
one real graph contributes to each kernel, but remarkably they remain valid at NLO.

Gluon kernels. The pure gluon kernels read

11P̃ (1)
gg (x) = CF nf

{
−(1 + x) ln2(x)− (5x+ 3) ln(x) + 10

3 x
2 + 4x− 8 + 2

3x

}

+ C2
A

{(
pgg(x) + 4(1 + x)

)
ln2(x)− 4pgg(x) ln(x) ln(1− x)

− 1
3
(
44x2 − 11x+ 25

)
ln(x) + 1

3
(67

3 − π
2
)
pgg(x) + 2S2(x) pgg(−x)

+ 67
9 x

2 + 27
2 (1− x)− 67

9x

}

+ CAnf

{
−2

3(1 + x) ln(x)− 10
9 pgg(x) + 13

9 x
2 − x+ 1− 13

9x

}
, (6.62)

AAP̃ (1)
gg (x) = cgg(AA)

{
C2
A

[
2(1 + x) ln2(x)− 4pgg(x) ln(x) ln(1− x)

− 1
3
(
22x2 − 14x+ 4

)
ln(x)

+ 1
3
(67

3 − π
2
)
pgg(x) + 6(1− x)

]
+ CAnf

[
−1

2(1 + x) ln2(x)− 1
6(19x+ 13) ln(x)− 10

9 pgg(x)

+ 28
9 x

2 + x− 3− 10
9x

]}
, (6.63)

SSP̃ (1)
gg (x) = cgg(SS)

cgg(AA)
AAP̃ (1)

gg (x)

+ 2cgg(SS)(CA − 2CF )nf

{
(1 + x) ln2(x) + (5x+ 3) ln(x)

− 10
3 x

2 − 4x+ 8− 2
3x

}
, (6.64)
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10 10P̃ (1)
gg (x) = 0 , (6.65)

27 27P̃ (1)
gg (x) = cgg(27 27)

{
−
(
15pgg(x) + 12(1 + x)

)
ln2(x)− 36pgg(x) ln(x) ln(1− x)

+
(
44x2 + 57x+ 93

)
ln(x) + 3

(67
3 − π

2
)
pgg(x)

− 30S2(x) pgg(−x)− 335
3 x2 − 117

2 (1− x) + 335
3x

+ nf

[
−2(1 + x) ln(x)− 10

3 pgg(x) + 13
3 x

2 + 3(1− x)− 13
3x

]}
.

(6.66)

Note that according to (6.26) one has cgg(SS)/cgg(AA) = 1. We write out this ratio in
equation (6.64) in order to make the proportionality RRP̃gg ∝ cgg(RR) explicit. Whereas at
LO the kernels RRP̃gg for R = A and R = S are equal, this is no longer the case at NLO.

6.2 Longitudinally polarised partons

Quark kernels. Using the HVBM prescription in the MS scheme, one obtains

11P̃
V (1)
∆q∆q,MS(x) = 11P̃ V (1)

qq (x)− 2CFβ0(1− x) , (6.67)

88P̃
V (1)
∆q∆q,MS(x) = 88P̃ V (1)

qq (x) + cqq(88)
{

4CF CA(1− x) ln(x)− 2CFβ0 (1− x)
}

(6.68)

for the quark-to-quark valence kernels. In the colour singlet case, the relation (5.18) for
helicity conservation in the valence sector can be restored by

1Z̃(1)(x) = −4CF (1− x) , (6.69)

as observed in [43]. Remarkably, the same is achieved in the colour octet case with the
choice

8Z̃(1)(x) = cqq(88) 1Z̃(1)(x) , (6.70)

given the transformation (5.26) with 8γ
(0)
J = 2CA. With the finite renormalisation thus

specified, the polarised quark kernels are

11P̃
V (1)
∆q∆q(x) = 11P̃ V (1)

qq (x) , (6.71)
88P̃

V (1)
∆q∆q(x) = 88P̃ V (1)

qq (x) , (6.72)
11P̃

V (1)
∆q∆q̄(x) = − 11P̃

V (1)
qq̄ (x) , (6.73)

88P̃
V (1)
∆q∆q̄(x) = − 88P̃

V (1)
qq̄ (x) (6.74)
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and

11P̃
S(1)
∆q∆q(x) = CF

2

{
−(1 + x) ln2(x) + (3x− 1) ln(x) + 1− x

}
, (6.75)

88P̃
S(1)
∆q∆q(x) = − cqq(88) (N2 − 2) 11P̃

S(1)
∆q∆q(x) , (6.76)

11P̃
S(1)
∆q∆q̄(x) = 11P̃

S(1)
∆q∆q(x) , (6.77)

88P̃
S(1)
∆q∆q̄(x) = 2cqq(88) 11P̃

S(1)
∆q∆q̄(x) . (6.78)

Notice that (6.76) to (6.78) have the same signs and colour factors on the r.h.s. as their
unpolarised counterparts (6.53) to (6.55).

Quark-gluon mixing kernels. The polarised quark-gluon mixing kernels read

11P̃
(1)
∆Σ+∆g(x) =CF nf

{
1
2p∆q∆g(x) ln2(x)−2p∆q∆g(x) ln(x) ln(1−x)+p∆q∆g(x) ln2(1−x)

− 9
2 ln(x)+4(1−x) ln(1−x)−π

2

3 p∆q∆g(x)+ 27
2 x−11

}

+CAnf

{
−3

2(2x+1)ln2(x)−p∆q∆g(x) ln2(1−x)

+(8x+1)ln(x)−4(1−x) ln(1−x)

+π2

6 p∆q∆g(x)−S2(x)p∆q∆g(−x)−11x+12
}
, (6.79)

8AP̃
(1)
∆Σ−∆g(x) = cqg(8A)

{
11P̃

(1)
∆Σ+∆g(x)

+CAnf
[1

4
(
p∆q∆g(x)+6

)
ln2(x)− 1

4
(
7p∆q∆g(x)+11

)
ln(x)

+S2(x)p∆q∆g(−x)− 9
2(1−x)

]}
, (6.80)

8SP̃
(1)
∆Σ+∆g(x) = cqg(8S)

cqg(8A)
8AP̃

(1)
∆Σ−∆g(x) (6.81)

and

11P̃
(1)
∆g∆Σ+(x) = CF

18

{
CF

[
9p∆g∆q(x) ln2(x)−18p∆g∆q(x) ln2(1−x)+9(x−4) ln(x)

−18(x+2)ln(1−x)+72x−153
]

+CA
[
27(x+2)ln2(x)−36p∆g∆q(x) ln(x) ln(1−x)

+18p∆g∆q(x) ln2(1−x)+(72−234x) ln(x)
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+6(x+10)ln(1−x)−3π2p∆g∆q(x)

−18S2(x)p∆g∆q(−x)+70x+82
]

+nf
[
−12p∆g∆q(x) ln(1−x)−4x−16

]}
, (6.82)

A8P̃
(1)
∆g∆Σ−(x) = cgq(A8)

{
11P̃

(1)
∆g∆Σ+(x)+CF CA

4

[
−(x+10)ln2(x)+10(2x+1)ln(x)

+4S2(x)p∆g∆q(−x)+30(1−x)
]}

, (6.83)

S8P̃
(1)
∆g∆Σ+(x) = cgq(S8)

cgq(A8)
A8P̃

(1)
∆g∆Σ−(x) . (6.84)

Gluon kernels. For the polarised pure gluon kernels, we have

11P̃
(1)
∆g∆g(x) = CF nf

{
−(1 + x) ln2(x) + (x− 5) ln(x)− 5(1− x)

}

+ C2
A

{(
p∆g∆g(x) + 4(1 + x)

)
ln2(x)− 4p∆g∆g(x) ln(x) ln(1− x)

+ 1
3(29− 67x) ln(x) + 1

3
(67

3 − π
2
)
p∆g∆g(x)

− 2S2(x) p∆g∆g(−x)− 19
2 (1− x)

}

+ CAnf

{
−2

3(1 + x) ln(x)− 10
9 p∆g∆g(x)− 2(1− x)

}
, (6.85)

AAP̃
(1)
∆g∆g(x) = cgg(AA)

{
C2
A

[
2(1 + x) ln2(x)− 4p∆g∆g(x) ln(x) ln(1− x)

+ 1
3(32− 40x) ln(x) + 1

3
(67

3 − π
2
)
p∆g∆g(x)

]
+ CAnf

[
−1

2(1 + x) ln2(x)− 1
6(x+ 19) ln(x)

− 10
9 p∆g∆g(x)− 9

2(1− x)
]}

, (6.86)

SSP̃
(1)
∆g∆g(x) = cgg(SS)

cgg(AA)
AAP̃

(1)
∆g∆g(x)

+ 2cgg(SS)(CA − 2CF )nf

{
(1 + x) ln2(x) + (5− x) ln(x)

+ 5(1− x)
}
, (6.87)

10 10P̃
(1)
∆g∆g(x) = 0 , (6.88)
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27 27P̃
(1)
∆g∆g(x) = cgg(27 27)

{
−
(
15p∆g∆g(x) + 12(1 + x)

)
ln2(x)

− 36p∆g∆g(x) ln(x) ln(1− x)

+ (15x+ 111) ln(x) + 3
(67

3 − π
2
)
p∆g∆g(x)

+ 30S2(x) p∆g∆g(−x) + 285
2 (1− x)

+ nf

[
−2(1 + x) ln(x)− 10

3 p∆g∆g(x)− 6(1− x)
]}

. (6.89)

As in the unpolarised case, the kernels RRP̃∆g∆g for R = A and R = S are equal at LO but
different at NLO.

6.3 Transversely polarised quarks

For transverse polarisation, we only have valence kernels. They read

11P̃
V (1)
δqδq (x) = CF

{
CF

[
−
(
2 ln(x) ln(1− x) + 3

2 ln(x)
)
pδqδq(x) + 1− x

]

+ 1
2CA

[(
ln2(x) + 11

3 ln(x)
)
pδqδq(x) + 1

3
(67

3 − π
2
)
pδqδq(x)− (1− x)

]

− 1
9nf

(
3 ln(x) + 5

)
pδqδq(x)

}
, (6.90)

88P̃
V (1)
δqδq (x) = cqq(88)

{
11P̃

V (1)
δqδq (x)− 1

2CF CA
[
ln2(x) pδqδq(x) + 1− x

]}
, (6.91)

11P̃
V (1)
δqδq̄ (x) = −1

2CF (CA − 2CF )
{

2S2(x) pδqδq(−x)− (1− x)
}
, (6.92)

88P̃
V (1)
δqδq̄ (x) = cqq(88) (N2 + 1) 11P̃

V (1)
δqδq̄ (x) . (6.93)

6.4 Limiting behaviour

Let us finally examine the behaviour of our results for x→ 1 and x→ 0. In the following,
we give the leading behaviour of the kernels in these limits and investigate its dependence
on the colour channel. For the sake of brevity, we will omit the argument x in P̃ (x).

Large x. For all NLO kernels, we find that the leading term for x→ 1 is proportional to
the value in the colour singlet channel. Specifically, we have

88P̃ V (1)
qq ≈ cqq(88) 11P̃ V (1)

qq , (6.94)
8AP̃

(1)
Σ−g ≈ cqg(8A) 11P̃

(1)
Σ+g ,

A8P̃
(1)
gΣ− ≈ cgq(A8) 11P̃

(1)
gΣ+ , (6.95)

8SP̃
(1)
Σ+g ≈ cqg(8S) 11P̃

(1)
Σ+g ,

S8P̃
(1)
gΣ+ ≈ cgq(S8) 11P̃

(1)
gΣ+ , (6.96)

RRP̃ (1)
gg ≈ cgg(RR) 11P̃ (1)

gg , (6.97)

– 35 –



J
H
E
P
0
5
(
2
0
2
3
)
0
6
7

with the same factors of proportionality as in the exact LO relations (6.19) to (6.22). The
flavour diagonal kernels behave like 1/[1− x]+ ,

11P̃
V (1)
qq ≈ 11P̃

V (1)
∆q∆q ≈

11P̃
V (1)
δqδq ≈

1
9CF

(
CA
(
67− 3π2)− 10nf

) 1
[1− x]+

, (6.98)

11P̃
(1)
gg ≈

11P̃
(1)
∆g∆g ≈

CA
CF

11P̃
V (1)
qq , (6.99)

whilst the quark-gluon mixing kernels have a double logarithmic enhancement

11P̃
(1)
Σ+g ≈

11P̃
(1)
∆Σ+∆g ≈ −(CA − CF )nf ln2(1− x) , (6.100)

11P̃
(1)
gΣ+ ≈ 11P̃

(1)
∆g∆Σ+ ≈ CF (CA − CF ) ln2(1− x) . (6.101)

Notice that the leading behaviour is polarisation independent, in extension of our statement
about the δ(1− x) terms in section 4. The kernels that are zero at LO vanish in the x→ 1
limit at NLO, i.e. we have

RRP̃
V (1)
qq̄ ,RRP̃S(1)

qq ,RRP̃
S(1)
qq̄ ,RRP̃

V (1)
∆q∆q̄ ,

RRP̃
S(1)
∆q∆q ,

RRP̃
S(1)
∆q∆q̄ ,

RRP̃
V (1)
δqδq̄ →

x→1
0 (6.102)

for both R = 1 and R = 8.

Small x. In the limit x → 0, the functional form of the kernels for given partons and
polarisation is independent of the colour channel, but we see no simple overall pattern in
the prefactors. For unpolarised partons, we find

11P̃ V (1)
qq ≈ 1

2CF (CA − CF ) ln2(x) , (6.103)

88P̃
V (1)
qq

cqq(88) ≈
1
4CF (CA − 2CF ) ln2(x) , (6.104)

11P̃
V (1)
qq̄ ≈ −1

2CF (CA − 2CF ) ln2(x) , (6.105)

11P̃S(1)
qq = 11P̃

S(1)
qq̄ ≈ 10

9 CF
1
x

(6.106)

in the quark sector, with the colour octet kernels 88P̃
V (1)
qq̄ , 88P̃

S(1)
qq , and 88P̃

S(1)
qq̄ being

proportional to their colour singlet counterparts according to (6.51), (6.53), and (6.55). All
kernels involving one or two gluons behave like 1/x, with coefficients

11P̃
(1)
Σ+g ≈

20
9 CAnf

1
x
, (6.107)

8AP̃
(1)
Σ−g

cqg(8A) =
8SP̃

(1)
Σ+g

cqg(8S) ≈
10
9 CAnf

1
x
, (6.108)

11P̃
(1)
gΣ+ ≈

1
9CF (9CA − 20nf ) 1

x
, (6.109)

A8P̃
(1)
gΣ−

cgq(A8) =
S8P̃

(1)
gΣ+

cgq(S8) ≈
1
9CF

(
CA
(
67− 3π2)− 20nf

) 1
x

(6.110)
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and

11P̃ (1)
gg ≈

1
9
[
6CF nf − 23CAnf

] 1
x
, (6.111)

AAP̃
(1)
gg

cgg(AA) ≈
1
9
[
C2
A

(
67− 3π2)− 20CAnf

] 1
x
, (6.112)

SSP̃
(1)
gg

cgg(SS) ≈
1
9
[
C2
A

(
67− 3π2)+ 24CF nf − 32CAnf

] 1
x
, (6.113)

27 27P̃
(1)
gg

cgg(27 27) ≈
1
3
[
8
(
67− 3π2)− 23nf

] 1
x
. (6.114)

For longitudinally polarised partons, all kernels behave like ln2(x) in the small x limit. The
valence kernels are equal or opposite to their unpolarised analogues in all colour channels
(see (6.71) to (6.74)), whereas in the pure singlet case we have

11P̃
S(1)
∆q∆q = 11P̃

S(1)
∆q∆q̄ ≈ −

1
2CF ln2(x) , (6.115)

with 88P̃
S(1)
∆q∆q and 88P̃

S(1)
∆q∆q̄ being proportional to their colour singlet counterparts as specified

in equations (6.76) and (6.78). For kernels involving gluons, we get

11P̃
(1)
∆Σ+∆g ≈ −

1
2 (CF + 2CA)nf ln2(x) , (6.116)

8AP̃
(1)
∆Σ−∆g

cqg(8A) =
8SP̃

(1)
∆Σ+∆g

cqg(8S) ≈ −1
4 (2CF + CA)nf ln2(x) , (6.117)

11P̃
(1)
∆g∆Σ+ ≈ CF (CF + 2CA) ln2(x) , (6.118)

A8P̃
(1)
∆g∆Σ−

cgq(A8) =
S8P̃

(1)
∆g∆Σ+

cgq(S8) ≈ 1
2CF (2CF + CA) ln2(x) (6.119)

and

11P̃
(1)
∆g∆g ≈

(
4C2

A − CF nf
)

ln2(x) , (6.120)

AAP̃
(1)
∆g∆g

cgg(AA) ≈
1
2
(
4C2

A − CAnf
)

ln2(x) , (6.121)

SSP̃
(1)
∆g∆g

cgg(SS) ≈
1
2
(
4C2

A − 8CF nf + 3CAnf
)

ln2(x) , (6.122)

27 27P̃
(1)
∆g∆g

cgg(27 27) ≈ −12 ln2(x) . (6.123)
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The kernels for transverse polarisation remain finite in the small x limit, with

11P̃
V (1)
δqδq ≈ −

1
2CF (CA − 2CF ) , (6.124)

88P̃
V (1)
δqδq

cqq(88) ≈ −CF (CA − CF ) , (6.125)

11P̃
V (1)
δqδq̄ ≈

1
2CF (CA − 2CF ) (6.126)

and 88P̃
V (1)
δqδq̄ being proportional to 11P̃

V (1)
δqδq̄ as specified in equation (6.93).

7 Summary

We have computed the DGLAP kernels for colour dependent DPDs at two-loop order, for
unpolarised or longitudinally polarised partons and for transversely polarised quarks. We
use two independent methods, adapting existing calculations for the ordinary two-loop
DGLAP kernels [41–44] or for the matching of TMDs on PDFs [45, 46]. The first calculation
is done in light-cone gauge with a principal value regulator, whereas the second one uses
Feynman gauge and the δ regulator for rapidity divergences. With the first method, we
obtain the x dependent part of the kernels for all polarisations specified above, and with the
second method we compute the full kernels for unpolarised partons and for transverse quark
polarisation. Combining the methods and using that the δ(1− x) terms are polarisation
independent, we obtain the full kernels for all polarisations.

We find full agreement between the results that can be obtained with both methods.
We also confirm the polarisation independence of the terms going with δ(1− x) by explicit
calculation for unpolarised or transversely polarised quarks. Further cross checks validate
our calculations: (i) rapidity divergences of individual graphs cancel in the final results for
both methods, (ii) in the calculation with the second method, double and triple poles in ε
have the structure required by an RGE analysis, and (iii) our result for the ζ dependent
part satisfies the all-order relation (6.12) between the cusp anomalous dimensions for colour
octet DPDs and single-gluon TMDs.

For the terms proportional to δ(1 − x) in the splitting kernels, we find the simple
structure in equation (6.2) up to two loops. In addition to the terms da already present
in the colour singlet case (which are spin independent and differ only between quarks
and gluons), there are terms Rc− RγJ log

√
ζ/µ with coefficients that depend only on the

dimension of the colour representation R. They are zero for the singlet, and their values for
the higher representations 10 and 27 obey Casimir scaling relative to the octet.

For the complete kernels RR ′Pab(x), we find a number of noteworthy features.

1. At LO, the x dependent part of each kernel factorises into a colour dependent prefactor
and an x dependent function. This no longer holds at NLO, except for RRP Vqq̄ , RRPSqq,
and RRPSqq̄ . These kernels receive contributions only from one graph, or from one
graph and a subtraction term with identical colour structure.
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2. The pure singlet kernels RRPSqq and RRPSqq̄ differ already at two-loop order for R = 8,
whereas for R = 1 their difference starts only at three loops.

3. The colour octet kernels AAPgg and SSPgg are equal at LO but differ at NLO.

4. In the colour octet sector, the kernels describing quark-gluon mixing satisfy the simple
relation 8APΣ−g : 8SPΣ+g = A8PgΣ− : S8PgΣ+ = N :

√
N2 − 4, both at LO and at NLO

accuracy.

5. The x dependent part of the kernels in the decuplet sector is zero, and the correspond-
ing two-gluon DPD evolves like a single-gluon TMD, as specified in equation (6.16).

6. Both for x → 1 and for x → 0, the NLO kernels in colour non-singlet channels
become proportional to their colour singlet counterparts. For large x, the factor of
proportionality is the same as at LO, whereas for small x it depends on both N and
nf and does not exhibit any simple pattern.

All statements just made also apply to the kernels for polarised partons. We furthermore
find that with a suitably chosen renormalisation scheme transformation, one can achieve
quark helicity conservation for the NLO valence kernels not only in the colour singlet sector
(which is well known) but also in the colour octet channel.

The evolution kernels we have computed result from the renormalisation of the soft
operator (2.14) combined with the twist-two operator (2.11) or with its analogues for gluons
or polarised partons. In this sense, the kernels are not specific to the evolution of colour
dependent DPDs and can possibly be used in other contexts. An example are the twist-three
operators for TMDs discussed in [57]. We leave it to future work to investigate this in
more detail.

Finally, it will be interesting to study the quantitative impact of the NLO kernels on
the scale dependence of DPDs with colour correlations. This is left to future work.

Acknowledgments

We are indebted to Werner Vogelsang for discussions and especially for providing us with
the results in table 1. Our thanks also go to Peter Plößl for his careful reading of the
manuscript. This work is in part supported by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) — grant number 409651613 (Research Unit FOR 2926) and
grant number 491245950. A.V. is funded by the Atracción de Talento Investigador program
of the Comunidad de Madrid (Spain) No. 2020-T1/TIC-20204, and by the Spanish Ministry
grant PID2019-106080GB-C21. The Feynman graphs in this manuscript were produced
with JaxoDraw [58, 59]. In our calculations we used FORM [60], as well as the ColorMath
package [61].

– 39 –



J
H
E
P
0
5
(
2
0
2
3
)
0
6
7

A Anomalous dimension and renormalisation factor for TMDs

In this appendix, we give the anomalous dimension and the renormalisation factor for single-
parton TMDs up to second order in as. These expressions are used in the computation
described in section 4.

The renormalisation factor and anomalous dimension of the twist-two TMD operator
are related in the standard manner by

d

d lnµẐa(µ, ζ) = γF,a(µ, ζ) Ẑa(µ, ζ) , (A.1)

where

γF,a(µ, ζ) = γa(µ)− 1
2γK,a(µ) ln ζ

µ2 . (A.2)

As explained below (4.4), Ẑa is different for quarks and gluons but does not depend on the
polarisation or the colour channel.

Our convention for the perturbative expansion of all anomalous dimensions is

γ =
∞∑
n=1

ans γ
(n−1) for γ = γF,a, γa, γK,a. (A.3)

The LO coefficients then read

γ(0)
q = 3CF , γ(0)

g = β0 , (A.4)

γ
(0)
K,q = 4CF , γ

(0)
K,g = 4CA . (A.5)

The NLO values can for instance be found in appendix D.2 of [45]. The notation there is
related to the one we are using by

γ
(n)
K,q = 22−nCF Γ(n+1) , γ

(n)
K,g = 22−nCA Γ(n+1) , γ(n)

a = −2−(n+1)γ
a(n+1)
V , (A.6)

which gives

γ(1)
q = C2

F

(3
4 − π

2 + 12ζ3

)
+ CF CA

(961
108 + 11

12π
2 − 13ζ3

)
− CF nf

(
65
54 + 1

6π
2
)
, (A.7)

γ(1)
g = C2

A

(346
27 −

11
36π

2 − ζ3

)
+ CAnf

(
−64

27 + 1
18π

2
)
− CF nf , (A.8)

γ
(1)
K,q = CF CA

(134
9 − 2

3π
2
)
− 20

9 CF nf , (A.9)

γ
(1)
K,g = CA

CF
γ

(1)
K,q . (A.10)

With the implementation of MS subtraction described in section 4.1, the coefficients in
the as expansion (4.9) of the renormalisation factor are sums of poles,

Ẑ(n)
a (ζ/µ2, ε) =

∞∑
i=1

1
εi
Ẑ(n,i)
a (ζ/µ2) . (A.11)
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The analysis of these pole terms proceeds in the same way as was described for the DPD
renormalisation factor RR ′Zab in section 2.2, with the simplification that Mellin convolutions
are replaced by ordinary products. As a result, we find that the highest pole at order aNs is
ε−2N and that the anomalous dimension can be obtained from the single pole as usual:

γ
(N−1)
F,a (ζ/µ2) = −2N Ẑ(N,1)

a (ζ/µ2) . (A.12)

The LO and NLO coefficients in (A.11) read

Ẑ(1,1)
a (ζ/µ2) = −1

2 γ
(0)
F,a(ζ/µ

2) , (A.13)

Ẑ(1,2)
a = −1

4 γ
(0)
K,a (A.14)

and

Ẑ(2,1)
a (ζ/µ2) = −1

4 γ
(1)
F,a(ζ/µ

2) , (A.15)

Ẑ(2,2)
a (ζ/µ2) = 1

8

{(
γ

(0)
F,a(ζ/µ

2)
)2

+ β0γ
(0)
F,a(ζ/µ

2)− 1
2 γ

(1)
K,a

}
= 1

8

{1
4
(
γ

(0)
K,a ln ζ

µ2

)2
−
(1

2 β0 + γ(0)
a

)
γ

(0)
K,a ln ζ

µ2

+
(
γ(0)
a

)2
+ β0γ

(0)
a −

1
2 γ

(1)
K,a

}
, (A.16)

Ẑ(2,3)
a (ζ/µ2) = 1

8 γ
(0)
K,a

{
γ

(0)
F,a(ζ/µ

2) + 3
4 β0

}
, (A.17)

Ẑ(2,4)
a = 1

32
(
γ

(0)
K,a

)2
. (A.18)
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