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Abstract

Field integrals on a cylindrical grid require numerical integrations which can become expensive in
terms of computing time and require to compromise the accuracy, respectively. Here the analytical
solution of the field integrals over a cylindrical volume element are presented and a very efficient
implementation is discussed. The numerical implementation is based on modified relations origi-
nally derived by Carlson. A new limiting value and a new transformation relation of the complex

elliptic integral of third kind are presented.
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I. INTRODUCTION

Many physical and technological problems are described by a Poisson potential problem
— or the associated field problem — in cylindrical coordinates. Examples range from the cal-
culation of the gravitational fields in astronomy (cosmological clouds, stars, galaxies) [ ~ |,
to the calculation of electromagnetic fields in plasma physics | ~ |, coil design [ | or charged
particle beam optics (ion and electron accelerators, electron microscopy, spectroscopy). In
numerical approaches, often, a cylindrical grid consisting of concentric rings with inner ra-
dius r;, outer radius r, and longitudinal coordinates z; and 2, is employed. With sufficient
grid resolution the source term, i.e. the mass, charge or current density, within a ring can be
approximated as a constant, so that the problem is essentially reduced to the integration of
the potential or field equations over a ring of constant density and rectangular cross-section.
The standard approach for this integration is based on an analytical integration over the
angular coordinate, which leads to equations containing elliptic integrals. The remaining
integrations over the radial and longitudinal coordinates are then performed numerically,
e.g., with a Gauss quadrature | |.
Widespread tools for the design of charged particle beams are numerical tracking codes,
which calculate the trajectories of the particles self-consistently under the influence of the
space charge field generated by the bunch of all particles and additional external fields of
magnets and cavities [, |. In order to take the dynamical development of the bunch pa-
rameters (transverse and longitudinal size, energy, particle number) into account the space
charge field needs to be frequently recalculated. Besides precision the numerical efficiency,
i.e. the computing time, is hence of great significance.
The space-charge calculations in the tracking codes are in general performed as electro-static

calculations in the average rest system of the bunch. A challenge for an efficient numerical
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integration is that the aspect ratio of the grid cells varies drastically when a bunch of
particles is emitted from a cathode and accelerated up to relativistic energies. In front of
the cathode the particles pile up due to near-zero velocities, making the aspect ratio very
large, while it decreases to very small values later, when the bunch length in the rest system
increases due to dynamical effects and due to relativistic spatial dilation.

In the following a full analytical solution of the integral over a ring with a rectangular cross-

section is presented. In the second section the problem is formulated in a most general way;



in the following section the derivation of the field integrals is discussed. Programs for the
symbolic computation of the integrals, mainly Mathematica [ |, but also Maple | |, were
heavily employed throughout the work. The programs were, however, not able to directly

calculate the complete integrals and bring them into a suitable form, so that many inter-

ventions were required. Some of the related problems are discussed in section 11l where
also an unknown limiting value and a new transformation formula for the complex elliptic
integral of the third kind are presented. Both relations are not documented in the standard
literature. While the derivations and the intermediate results tend to be long and intricate,
the final results are amazingly simple. The implementation of the analytical solution in
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a numerical code is presented in section V. In order to circumvent the poles inherent to
the elliptic integrals, modified versions of algorithms, originally proposed by Carlson for the
salculation of the complete integrals are presented in section V, which leads to simple and

efficient routines for the calculation of the fields.

II. GENERALIZED FORMULATION

The scalar potential at a probe point 7, = r,, ¢,, 2, due to a source with coordinates

Ty = T, @, 2 inside the ring reads as

ro 2w Zo
, 1
D(Tps Py 2p) = C, 5 re dr, dp, dz,, (1)
ri 0 2z h
where R denotes the distance between source and probe point and where C, = 45?0 with

he charge density g, and the vacuum permeability g for electro-static problems, or C, =
the charge density g, and th bility &¢ for electro-stat blems, or C,
70, with the mass density g, and the gravitational constant v for gravitational problems.
Boundaries of the integrals are dropped henceforth.

Equivalently the vector potential of a current distribution is given by
. ) o | ,
A1y, op, 2p) = C; X 7 r. dr, do, dz,, (2)
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where C; = £2 (3., j,, j.) with the current densities j,, j, and j..

Without loss of generality ¢, = 2, = 0 is assumed and the index r on ¢ and z is dropped.

Moreover, the dimensionless quantities p = = and ¢ = = are introduced. The on-axis fields,
14 14

ie. r, = 0, are well known and can be calculated separately. This case is hence ignored in



the following in favor of the description in dimensionless quantities, except for the very end

were the transition to this limiting case is briefly discussed. The distance
given by
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and the derivatives of the integral part of Eq. |
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times -1 read as

Ge = 2500 > -------- o I S d
Gp =~ 5 0(ry) = 1y [ E552 dp dip dC =0,
C;z_""“gii Tp _rpf[/ﬁdpd‘pdc*

The electro-static or gravitational field components are given by

fr= Gl 6
F,= OQG’J?

while the magneto-static fields are given by

— l/0
B, = £22i,G.,
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In the following only the field components will be considered, which are all determined by
G,and G.. T

T'he potential is not discussed.

III. ANALYTICAL SOLUTION

Rather than starting with the integration over the angle the integrations over radius and
longitudinal coordinate are performed in a first step by Mathematica. Integration by parts
of some terms to remove logarithmic terms brings the results into a form suitable for the

final integration as

[ 1p(cos(p) — cos(3p)) -

- 4 R?+ (R
_ (14 ¢%— pcosyp)sin’p _
C;.,, =T, dy - : ’ {
"r / 2ot R(1+¢? — cos?yp) (™)
0

Rsing
— Arctan {%} sin(2¢p)
C(p—cosy)
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_ 14+ ¢2 = peos ) sin _
a. - 7’p/d<,9 [( +(* —pcosyp)sin’y R} ®)
0

R (14 (? — cos?p)

Pos Piy 62, C1

i —To o= TL (= A — =
with p = 72, p; = 75, ¢ = 2 and (o = 2.

The final equations need to be evaluated at the four corner points of the ring and summed
up as G (po, (2) — G (po, C1) — G (pi, o) + G (ps, (1) Integration constants and all terms which
depend only on p or on ( alone cancel therefore in this sum and can in general be ignored.

Eqgs. 7 and 8 can now be rewritten as

fr = Tp /.’]”1 + (15 — T3 dy, (9)

Gz =Tp /Tg - T4 d’\p (10)

with

- Lp(eos(i)  cos(3)
g R?+ (R ’
(14 ¢% — pcosyp)sinp
R(1+(?—cos?p) (11)
Rsin g } ,
sin(2¢p),
Clo—cos )| )

T, =

Ty = Arctan |

The final integration over the angular coordinate leads to expressions containing elliptic
integrals of first, second and third kind. In the following a notation is adapted where the
square of the classical modulus & is replaced by m, i.e. k? = m, thus the three incomplete

integrals read as:
@

1
F(p,m) = /—2 dyp,

1 — msin“p

0
E(¢p,m) = / \/ 1 —msin’p dop, (12)
0
&

1

(1 - fn,sin%o) V1 — msin®p




For ¢ = 5 the incomplete integrals turn into complete integrals

F (gm) = K(m),

E (g,m) = E(m), (13)
II (n, g 'm) = II(n,m).

The integral of first kind has a pole at m = 1, the integral of third kind has a pole at m =1

calculated.

Mathematica cannot calculate the complete integrals over the angle coordinate directly for

all terms listed in Eq. but gives in general only the incomplete integral in a lengthy and
unsorted form. Besides reordering and summarizing the terms, limiting values at the upper
and lower boundaries of the integration interval have to be determined to solve the complete
integral.

The elliptic integrals of the Mathematica solutions are of incomplete form, have a complex
phase and a preceding imaginary factor 7. The final result is of course real valued; hence all
imaginary terms add up to zero and can be ignored in the derivation. At the lower boundary
@ = 0 elliptic integrals of the first and the second kind yield zero, but elliptic integrals of
the third kind have to be replaced by correct limiting values.

The integrals have a form like ¢I1 (n, — Aresin /g, m), where parameter ¢ > 1. ¢ ap-
proaches 1 from above when the phase approaches zero. The phase is thus of the form
¢ = — Arcsin /g = —% + iz, where z approaches 0F. At z = 0 the integral has a jump

discontinuity; the limit reads as:

_—Q—"/W forn>1

fim [R( (iH ('n,? -2 i, m))] = —ooforn=1 ' (14)
T—0+ 2 . ”

0 forn<1

For x — 07 signs have to be reversed. This limit is not documented in the standard literature
for elliptic integrals [, |

At the upper boundary ¢ = 7 the elliptic integrals of the Mathematica results take a form
as 1F ('é Arcsinh v —m=1, m) = 1 <— Arcsin vVim—1, m), with equivalent relations for the
integrals of second and third kind. It is known, that in such a case the imaginary part of

the elliptic integral (which leads to the real part of the complete term) can be extracted and
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that it leads to complete integrals. The transformation equations for the integrals of first

and second kind are found in the literature | | (Eq. 111.09) as
Re [iF (~ Arcsin Vi1, mﬂ = —K(1—m),

(15)

Re [zb (—— Arcsin vVim—1, mﬂ =F(1—-m)—K(—m).

However, a corresponding equation for the integral of third kind is not published. Note,

that since m < 1, i.e. m™' > 1, — Arcsin vVm~! is complex and of the form —% +iz. A

closer look at the properties of the complex elliptic integral of third kind along the axis

along this line at the position n = m. Thus, the Cauchy principal value has to be calculated
already for n > m in this case. The general equation for the transformation of a complex

phase argument [ | (Eq. 161.02) leads for 0 < m < 1 to:

Re [1’1—[ (77  Aresin Vi m)] B = (K(1=m)—nll(l1-=n,1=m)) forn<m

(K(1=m)—=nllpy (1 =n,1 —m))forn >m
(16)

1—n

where Ilpy indicates the Cauchy principal value.

The relation IIpy (1 —n,1—m) = K(1—m) =1L (32,1 —m) [ ] (Eq. 19.6.5) leads finally

L—n?

to

=11 (li_f:’, 1-— 'm) — K(1-=m) forn>m ,
(17)

Additional useful relations not documented in the standard literature are the transformation

relations for negative parameters m | |. They are here reproduced for completeness:

K(—m) =

1 i ( m >
vm+1 m+1)’
E(-=m)=+vm+1E ( mn > , (18)

m -+ 1

1 n m
n, —m) = (1—n) \/mﬂ (n ~1"m + 1) '
With these relations the integrations of the terms 77 — T (Eq. 11) can be executed and the
results can be brought into a suitable form. Challenging is the integration of T3 for which
Mathematica finds a complete form for p > 1, but only an incomplete form for p < 1. For

p < 1 the integration interval has to be split, because the Arcus Tangent term exhibits a jump

-
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discontinuity at cos¢ = p. An additional jump discontinuity, which needs to be removed,

solution found for p > 1 describes the case p < 1 without the jump discontinuity as well.
This finding simplifies the results significantly.

More details on the integration and the final integral results of the individual terms T7 — T}
are summarized in the appendix, as they might be useful for other cases. Here the combined

functions G, and G, are presented:

0 forp=1 AN (=0
¢4+ C2K(m) — E(m)] for p=1A(#0
G, = (2 +20% + ¢ K(m) ; (19)

e ¢ 2 -9 3
p —— | — ((p+1)"+(?) E(m) | else
vV (p+1)" ¢
—(p— 1)’ (ng, m)

\

—4r, for p=1A(=0
2r, (1= p)K(m) — (p+1)E(m)] for p#1 A(=0
G. = (1= p*+ ) K(m) = ((p+1)° + ¢%) E(m) . (20)
rpm - ((p +1) (1 - \/W> + Cz) II(ny,m) | else
—((p+1) (14 VIFE) + ) T, m)

with
4p
m = ——,
()71
4p
g = ——,
07 91
Ny = 2 ( ’ )
1 1t /_1+<27
= 2

Iv. IMPLEMENTATION

Eqs

21 are analytic, but are still impaired by the poles inherent to the elliptic

integrals. Carlson | ] and | | (Egs. 19.22.8-19.22.13) developed simple and efficient pro-

cedures for the calculation of the complete elliptic integrals which can be used to remove

the poles and simplify the results further. In the following the complementary parameters
/

m' =1-m,n),=1-mng, n) =1-=ny and 7} = 1 — iy are employed.

It is well-known, that the first elliptic integral can be expressed in terms of Gauss’
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arithmetic-geometric mean M(z,y) as K(m) = Carlson’s rela-

2 M(m/ 1) = 9WM (m/)"
. 1 . \ S l(m! ,
tions for the second and third integral read as: E(m) = 1’5\’;((::,)) and Il(n,m) =

ZZEJVI('lm,’) [1 + lZ—rL,’l/ (1 + ’Spi(n/7 TN'/))} :

M(m'), Sg(m’) and Sp;(n/,m’) are simple, fast converging sums which take values between

+1 and -1, see the following figures.

M(m’), Sg (m”)

s

m

FIG. 1: Gauss arithmetic geometric mean M (solid) and sum Sg (broken) vs. m/. Both functions
start at 0 for m’ = 0 and reach 1 for m/ = 1. Sp converges to 3 (m’ + 1) toward m’ = 1, as

indicated by the dotted line.

Details on the summation follow below. Note, that the relation for the third integral is
slightly modified in comparison to Carlson’s version. Splitting off the zeroth term of Carlson

. > — ’ . el > . -
sum and taking the factor 127 in front of the sum allows to combine these terms with the
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m’=0.25

m’=1

(n’,m’), Sp;(1/n’, m’)

£-0.4

S.

0 0.1 02 03 04 05 06 07 08 09 1

0 for p=1A(=0

R S 2 __(, -2\ & ! : — 1A A
G, 2 P M A [+ =@+ ) Spm)] forp=1AC#0 @

¢ P14+ = ((p+ 1)2+C2) Sg(m')
,

PN | _9p8,, (0, m')

else

(S}

—4r, forp=1A(=0
1 : ! _
-wrpm[p—l—’r(p-%i)sg(m)} for p£AINC=0
ER— PP +1+C+ ((p+ 1)+ ¢2) Sp (m) . (23)
— 7T 1 - - 2 ky»-‘ ,/' 1 l/ >1se
T M(m)/ (p1)74¢2 (,0 I+6 ) Spi ('3, m0) else
— (p+ T+ ) Spi (i, m0)

\
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Close to the symmetry axis p and ( get large and absolute parameters might be appro-
priate. Transformation of Eqs. 22 and 23 is straight forward; parameters m/, nj, n| and
7} do not change. In the limit v, — 0 m' = nj = n} = 7] = 1 and thus M(m') = 1,
Spi(ng,m’) = Sp;(n},m') = Sp;(n},m") = 0. Sg converges to %(m’ + 1) toward m/ = 1,
which brings Eq. 22 to G, = 0 and Eq. 23 to G, = —2mw4/r2 + 22, i.e. the known on-axis

result.

V. ALGORITHM FOR THE CALCULATION OF M, Sg AND Sp;

Carlson presented individual routines for the calculation of the complete elliptic integrals.
Here a combined routine, which is adapted to the definitions given above is presented. At
entry calculate the zeros and the first step as:

I=0
zt=vm'; My= 0.25(xt + 1)2; xy=uxt; p2=n'; p= \/E

xt=05(@xt+1); yt= zy; Q=05 (iﬁﬁz) ;o p=0.5 (p + ﬂ)
Spi = Q; Fac=05; Sgp= My~ Fac(xt — yt)?
xy = at X yt; p2=p% Del=1

Do While (Del > eps)

I=1+1

o - , A Y vt — p2—zy \ . . __ ” 1
xt =05t +yt); yt= Ty, Q=050 (M) . p=05 (_p + %)
Sp; = Spi+@Q; Fac=2 X Fac; Sg=Sg— Fac(zt — yt)Q;

xy = at X yt; p2 =p?; Del =

On exit set M = zt.

Parameter eps controls the accuracy of the calculation. The sums converge very fast; the
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following figures show some example cases. Convergence is fastest for m’ = n’ — 1. It is

slower for smaller m’ and when n’ differs significantly from m/’.

TV e Al e N . 1A—9 T AM M(I)—-M({I=30)|, ASgp __
Figure 3 shows the case for m' = n’ = 107°. Here 57 = M(I=30) | S8g
Sp(I)=Sp(I=30)|. ASp; Spi(I)—=Spi(I=30) | Q QU) | . NG el

Sp=30) |° Spi ST (1=30) and | g% S| = Del. The lower bound

convergence for all tested parameters. In Figure 3 || > &M » 2592~ 858
- = Spi M Spi S
Figure 4 shows the case m’ = 107% and n’ = 10° Sp; converges much slower, still
q? > _4}%1,,_ > %}f- > "?‘Sif holds. Thus -g%-— is a suitable parameter to control the conver-
Spi Sp; | 5 Py
gence for all values of m’ and n’.
T T T T
o —————— -
2
10 l .
I
10* - , -
_ . ]Q _
I
-6 I Spi
10” | I -
I
s I i
10° .
_ AS, _
S L AM
-10 5 I il
107 - ! M -
s o i
» AS,,|
107 S o ]
P
= I -
I
10" - ! .
I
] |
Counter /

FIG. 3: Convergence of M, Sp and Sp; vs. step number for m’ = n/ = 1072, For details see text.



| | | | | | | | |
| | _
10 | .
1n* L -
1V
10° .
10* - ’Q .
i AgE AM : S -
10" E M i -
5 1 .
10" - o .
Sy |
B | .
10" - 7
| |h ........ ‘ | | | | I |
2 4 6 8 10 12 14 16 18 20
Counter /
FIG. 4: Convergence of M, Sg and Sp; vs. step number for m’ = 1076 and n’ = 10°. For details

see text.
VI. SUMMARY

Field integrals on a cylindrical grid can be used to calculate electro-magnetic or gravi-
tational fields with cylindrical symmetry. Eqgs. 19 to 21 present the analytical solution for
these field integrals. The derivation of the solution is based on intensive usage of symbolic
computational programs, which are however not able to perform the calculations directly. A
new limit for the complex elliptic integral of the third kind, which is required for the solution
of the problem, and a new transformation relation for the same integral are presented in
Egs. 14 and 1.

While Eqgs.

9 to 21 are analytical, they are still impaired by poles inherent to the ellip-
tic integrals. The proposed implementation in a numerical algorithm is based on relations

derived by Carlson for the calculation of complete elliptic integrals. A small modification

13



of Carlsons relations allows to remove the poles and formulate a very efficient and precise

algorithm for the calculation of the field integrals.
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Vil. APPENDIX

Here the integrals of the terms T3 to Ty (Eq. 11) are summarized. The arguments of the

elliptic integrals are defined in Eq. 21.

T1:
[ 1p(cos(p) — cos(3p))
p(cos(p) — cos(3p T,
Tvde= [ —- d —p° 25
/1»0 / 1 EEwaT T (25)
0

The integral of the first part (cos) is based on the incomplete solution of Mathematica.
The Mathematica result of the second part (cos (3¢)) is not correct, instead the incomplete
result of Maple has been used. The integration constant 5 p? is added to correct for an offset.

The combined result (addition of cos and cos (3¢) part) reads as:

( E (12+7¢2 + ¢HK(m)
3 \/zf? ‘ forp=1
VIS (502 4 ¢4 B(m)
J e = (8(L+ p2 + pt) + TC2 (L + p?) +2¢H K (m) (26)

—_— - 2 2\ /r 9 902 / olse
602/ (14+p)2+C2 ((1+ p), +¢?) (5(1 + p*) + 2¢*) E (m) else
=3(p — 1)2 (p* + 1)1 (ng, m)

Tgi

2

"(14 (% — peosp)sinp
Thdy = o dy 27
/ 247 / R(1+ (% —cos?p) (27)

0
The integral is based on the incomplete result of Mathematica

_ (1=p*+ ) K (m)+ ((1+p)2+C2)E(7n)
/ Tydip =——— 2 — (L4 o+ =+ VTHO) M m) | (28)
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T3§

2

- Rsing i
/ Tydp = /A,rcta,n {M} sin(2p)dy (29)
0

Mathematica finds a complete form for the integral of 73 for p > 1, but only an incomplete
form for p < 1.

For p < 1 the integration interval has to be split, because the Arcus Tangent term exhibits
a jump discontinuity at cosp = p. An additional (unphysical) jump discontinuity, which

needs to be removed, shows up for p < 1 at ( = 0. The integral reads hence for p < 1

lim

e

@w—>Arccos (p)

/ Tidp = / 2T5dyp + / 2T5dy

-

lim
——————
@ Arccos (p)T
lim
e
w-+Arccos (p)~ -
lim . ‘
=0+ . (
0 lim

w—r Arccos (p)+

It turns out the solution found for p > 1 describes the case p < 1 without jump discontinuity

as well. This finding simplifies the results significantly.

<6\/1 + (2 (1+2¢%) — (64 12¢2 + 4¢* + C6)> K(m)
—¢*(16 — ¢*) E(m)
1 _ 9 for p=1
B 3 (1 +2¢2) (1_ v 1+52) M (nz, m)
+3 (1 4 2¢ 2
—(1 +1+ CQ) I (ny,m)
S S
/T3d<ﬁ = 62V () 47
" (8 (14 p* —2p%) + (7 + 13p?) 2 + 2¢") K(m)
—((1+p) +C2) (5 —13p* + 2¢*) E(m)
—3(1—p)* (1 + p) II (ng, m) else
Lty o2 14p(14¢2)+¢2 I (1.
~12p? -
o 1p(14¢?)+¢? .
7 | (o v 2
(30)



with
2 (1+V/T+C)

44 (?

27
/.Tlldgpz /Rdg@ (31)
' 0

The integral T corresponds to the standard integral for an infinitely thin charged ring

U]

T4Z

/T4df =4/ (1 + p)* + C2E(m). (32)
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