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Laser-driven microresonators have enabled
chip-integrated light sources with unique prop-
erties, including the self-organized formation of
ultrashort soliton pulses and frequency combs
(microcombs). While poised to impact ma-
jor photonic applications, such as spectroscopy,
sensing and optical data processing, microcombs
still necessitate complex scientific equipment to
achieve and maintain suitable single-pulse opera-
tion. Here, to address this challenge, we demon-
strate microresonators with programmable syn-
thetic reflection providing an injection-feedback to
the driving laser. When designed appropriately,
the synthetic reflection enables robust access to
self-injection-locked microcombs operating exclu-
sively in the single-soliton regime and with low-
threshold power. These results provide a route to
easily-operable microcombs for portable sensors,
autonomous navigation, or extreme-bandwidth
data processing and represent a novel paradigm
that can be generalized to other integrated pho-
tonic systems.

Laser-driven microresonators provide access to non-
linear optical phenomena, already with low-power
continuous-wave excitation [1]. Leveraging efficient non-
linear frequency conversion, they have enabled novel
sources of coherent laser radiation across broad spectral
span [2, 3]. Soliton microcombs[4-6] are an important
representative of such sources, providing frequency comb
spectra of mutually coherent laser lines, based on self-
organized dissipative Kerr solitons (DKSs) in resonators
with anomalous dispersion [7]. Such DKS microcombs can
be integrated on photonic chips [8, 9] and have demon-
strated their disruptive potential in many emerging and
ground-breaking applications, e.g. high-throughput opti-
cal data transmission [10] reaching Pbit-per-second data
rates [11], ultrafast laser ranging [12, 13|, precision as-
tronomy in support of exo-planet searches [14, 15], high-
acquisition rate dual-comb spectroscopy [16], ultra-low
noise microwave photonics [17, 18], photonic computing
and all-optical neural networks [19-21]. To leverage mi-
crocomb technology in out-of-lab applications, it is critical

to reliably access the DKS regime and ideally single-DKS
operation [22], ensuring well-defined temporal and spec-
tral characteristics. While routine in research laborato-
ries, achieving such a state outside such environments is
challenging.

A critical challenge lays in the initiation and sustained
operation of DKS, requiring the detuning Awy = wp — wp
of the pump laser w, (with respect to the pumped res-
onance wy) to be controlled and stabilized. While this is
common to all resonant approaches, it is particularly chal-
lenging during DKS initiation, when thermo-optic effects
can cause a rapid (~ ps) change in resonance frequency
[4]. To overcome this challenge, a number of methods
have been developed, involving rapid laser actuation [4,
8], auxiliary lasers [23] and/or auxiliary resonances [24,
25], laser modulation [26], additional nonlinearities [27-29]
or, pulsed driving [30]. Many of these methods are now
routinely used in research. However, they cannot easily be
transferred to out-of-the-lab scenarios, as they require sig-
nificant experimental skills and scientific instrumentation.
In contrast, self-injection locking (SIL) [31-33], has been
demonstrated as an approach that can intrinsically follow
the rapid changes in resonance frequency and elegantly
stabilize the laser detuning for stable DKS operation[17,
34-38]. Usually, SIL is based on Rayleigh backscatter-
ing from random fabrication imperfections or material de-
fects in the microresonator [39]. The backscattered wave
provides feedback (injection) to the driving diode laser
and effectively locks the laser frequency to the microres-
onator. However, backscattering random defects are nei-
ther wanted nor can they yield predictable sample charac-
teristics. Relying on random defects is also fundamentally
incompatible with the intense efforts towards improved
materials and fabrication techniques (targeting material
absorption limited performance with negligible scattering
similar to optical fiber technology). Already now, fabrica-
tion techniques have advanced to a level, where identifying
samples with accidental scattering suitable for SIL-based
DKS often requires careful and tedious screening.

In this work, we demonstrate SIL and robust access to
self-injection locked DKS microcombs without relying on
random resonator defects. Instead of random backscatter-



ing, we achieve SIL via programmable synthetic reflection,
dramatically increasing the access to laser detunings that
support DKS. The synthetic reflection is generated via
photonic crystal ring resonators (PhCR) [40], which have
recently received growing attention in integrated nonlin-
ear photonics [41-45]. In addition, we show that robust
access to Sll-based DKS can be combined with recent
results of spontaneous single-DKS generation in PhCRs
(avoiding non-solitonic states) [41]. Based on analytic cri-
teria, we design the synthetic reflection to ensure exclu-
sive operation in the single-DKS regime as well as low-
threshold power. Resulting from the synthetic reflection
we also observe DKS breathing [41, 46] in a limited range
of operating parameters, which can readily be avoided, if
necessary. These results provide a route to easily-operable
microcombs for out-of-lab applications.

Results

To gain independence from backscattering random de-
fects and imperfections, we use PhCRs that enable syn-
thetic reflection. The reflection is controlled by periodic
nano-patterned corrugations of the ring-resonators’ inner
walls. The angular corrugation period is 6y = 27/(2myg),
where my is the angular (azimuthal) mode number, for
which a deliberate coupling between forward and back-
ward propagating waves with a coupling rate ~y is induced
(see Fig. 1a). Besides inducing the desired synthetic reflec-
tion, the coupling leads to mode hybridization resulting in
a split resonance lineshape (frequency splitting 2+) in both
transmission and reflection (see Fig. 1b). Here, we only
consider the lower frequency hybrid mode for pumping, as
it corresponds to strong (spectrally local) anomalous dis-
persion, which prevents high-noise comb states [47]. For
choosing v we balance multiple criteria.

First, a strong reflection can significantly extend the
range of normalized detunings {; = 2Awy/k (k is the mi-
croresonator linewidth) accessible via SIL (SIL range) in a
nonlinear microresonator [37]. This is crucial, as it permits
robust access to detunings where DKS can exist (DKS ex-
istence range). In conventional resonators the normalized
forward-backward coupling is usually small 2+v/k < 1 and
the intersection between SIL and DKS ranges is limited
to small detunings, complicating access to DKS states. In
contrast, strong forward-backward coupling could enable
robust access to DKS states over a wide range of detun-
ings. This is exemplified in Fig. 1e, where the SIL range
[37] is shown along with the conventional analytic DKS ex-
istence range (valid for small v) and the numerically com-
puted DKS existence range for large ~, obtained through
numeric integration of the coupled mode equations (cf.
Methods). Note, that in a resonator with a shifted pump
mode [49], the existence range of DKS deviates strongly
from that known from resonators without a shifted pump
mode [48] and can currently only be obtained numerically
(Fig. le).

Second, while advantageous for an extended SIL range,
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Figure 1 | Self-injection locking with synthetic reflection. a,
An integrated photonic crystal ring-microresonator (PhCR) with a
periodic corrugation (angular period 6y), which induces coupling
at a rate -y between forward and backward-propagating waves for
a mode mo = 7/6y. In addition to a transmission signal (T), this
leads to a well-defined synthetic resonant reflection (R), which
can be programmed for self-injection locking with a laser diode
driving the system. b, Indicative transmission and reflection spec-
trum for the resonance with mode number mg and two adjacent
resonances moy1, separated by +1 free-spectral range (FSR). For
v # 0, the lineshape at mode number mg exhibits a split lineshape
(frequency splitting 2v), and shows non-zero resonant reflection.
¢, Comparison of nonlinear SIL [37] and DKS existence ranges
computed numerically for a critically coupled microresonator with
total linewidth k/2m = 120 MHz, dispersion D3 /2w = 8 MHz,
driven with a normalized pump power of % = 9. For large =,
the DKS existence range deviates significantly from the analytical
estimation for zero-y [47, 48]. d, Photograph of the experimen-
tal system showing the semiconductor laser diode butt-coupled
to the photonic chip carrying the PhCRs. Transmitted light is
out-coupled using a lensed fiber.

stronger forward-backward coupling will also result in an
increased parametric threshold (modulation instability,



MI) pump power, as detailed in the Supplemental Infor-
mation (SI). Below this threshold DKS cannot form inside
the resonator, without external stimuli (such as triggering
pulses [7]). The threshold power is different from that in
a conventional ring resonator and its derivation critically
requires consideration of the backward wave. For strong
forward-backward coupling (2v/k > 1), the following ap-
proximation is derived (cf. SI):

2 =414 E 1
Jin /{+'y (1)

where [ = \/ 8nwocng P/(k2n?Veg) is the normalized
pump power, with the coupling coefficient n = 1/2 (criti-
cal coupling), wp the resonance frequency of the pumped
mode, ¢ the speed of light, P the input pump power, n
the refractive index, ny the nonlinear refractive index and
Vg the effective mode volume. The value of ffh must not
exceed the available pump power f2. If the MI threshold
is reached at a detuning within the DKS existence range,
then the MI state may be only transient and DKS can
form spontaneously [41]. In both conventional and pump
mode-shifted resonators the DKS regime overlaps with the
MI regime and extends further towards larger detunings
-
Third, with regard to practical applications single-DKS
states, as opposed to states with multiple solitons, are
highly desirable owing to their smooth squared hyperbolic
secant spectral envelope and well-defined temporal out-
put. In their formation process, DKS are seeded by MI,
where the separation of the first pair of sidebands from the
pump laser in units of the resonator’s FSR determines the
number of generated DKS [4, 41, 47]. A conservative cri-
terion that guarantees single-DKS formation (i.e. modu-
lation instability sidebands separated from the pump laser
by 1 FSR) is derived in the SI:

v S
K ~ 8 @)

The presented considerations can inform the design of
a suitable PhCR for SIL-based DKS.

In preparation of the experiments, a range of critically
coupled resonators with varying corrugation amplitude
and a free-spectral range (FSR) of 300 GHz (radius 75 pm)
are fabricated in a commercial foundry process (Ligentec).
We characterize the fabricated resonators via frequency
comb-calibrated laser scans [50], permitting to retrieve the
coupling rates -y, the resonance widths x, and the disper-
sion Do, over a broad spectral bandwidth. An example
is shown in Fig. 2a, where indeed the forward-backward
coupling is random and 2/k < 1 for most resonances. In
marked contrast, a single pre-defined resonance to which
the PhCR’s corrugation is matched, exhibits significant
forward-backward coupling. Fig. 2b shows the dependence
of v and the Q-factor (Q = wy/k) on the corrugation am-
plitude. No noticeable degradation of the Q factor is ob-
served up to v < 5 GHz, and critically coupled linewidth

K

are 5- ~ 120 MHz; even for large coupling v ~ 45 GHz ,

the Q-factor is only halved. For the experiments, a semi-
conductor distributed feedback laser diode (DFB) is butt-
coupled to a waveguide on the photonic chip, permitting
an estimated on-chip pump power of P = 30 mW, cor-
responding to f2 ~ 9. From Egs. 1 and 2, we obtain
an ideal 2v/k € (2.26,4.26), ensuring MI-based sponta-
neous comb initiation and deterministic generation of sin-
gle DKS. Based on these considerations we choose a PhCR
with a synthetic coupling for the pump mode at 1557 nm of
2v/k ~ 4.2 (5= ~ 250 MHz), within the ideal range. This
PhCR is critically coupled and exhibits anomalous group
velocity dispersion (Dg ~ 8 MHz). As shown for those val-
ues in Fig. 1c, numeric simulation confirms that the DKS
existence and SIL ranges have significant overlap. We note
that another band of DKS existence may exist [49], how-
ever, it is inaccessible for spontaneous MI-assisted comb
initiation and not considered here. The DFB pump laser
diode is mounted on a piezo translation stage to adjust
the injection phase [33], an actuator which can readily be
achieved through on-chip heaters [38]; to reduce the de-
vice footprint and allow for more resonators on the chip,
we have omitted this feature. The transmitted light is
collected by a lensed-fiber for further analysis as shown in
Fig. 2f.

In a first experiment, we validate the basic SIL dynamics
below parametric threshold at a coupled pump power of
25 mW (f% = 7.3). As long as the laser diode does not re-
ceive a resonant injection from the microresonator it is free
running. When the laser’s emission wavelength is tuned
(via its drive current) close to the lower-frequency pump
resonance, a strong resonant backward wave is generated,
providing frequency-selective optical feedback resulting in
SIL. The SIL regime manifests itself as a rectangular-
shaped dip in the transmission signal and, after optimiz-
ing the injection phase, extends over a wide range of elec-
trical drive current values. The optical spectrum of the
DFB laser in the SIL regime is shown in Fig. 2e, show-
ing a single-mode suppression ratio (SMSR) >60 dB. The
beatnote of the SIL laser with a table-top low-noise CW
laser is shown in Fig. 2d. In addition, we record the SIL-
laser phase noise (Fig. 2c), which is drastically lower than
that of the free-running DFB laser diode outside the SIL
regime.

In a second experiment, utilizing the same setup as
in Fig. 2f, we explore DKS-based microcomb generation
with the full available pump power (30 mW, f? =~ 9).
Similar to the previous lower power SIL experiment, we
slowly (within ca. 10 s) tune the DFB’s electrical drive
current to scan the emission wavelength across the lower
frequency pump resonance, with increasing and then de-
creasing wavelength. During this scan we monitor the op-
tical spectrum in transmission. We note that the exact
tuning curve in the nonlinear SIL regime when increasing
(decreasing) the DFB pump current follows a nontrivial
behavior that may include non-monotonic sections [37];
the scan outside the SIL range is however monotonic in
frequency. Upon entering the SIL regime (again marked
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Figure 2 | Resonator characterization and low-power SIL. a, The single predefined resonance (red dot) to which the corrugation
pattern is matched, exhibits significant forward-backward coupling unlike the other modes (blue dots) where it is weak and random.
b, Measured forward-backward coupling rates (red, left axis) and Q-factors (blue, right axis) of PhCRs with increasing corrugation
amplitude. ¢, Phase noise of the DFB laser in free-running and SIL regimes measured through heterodyne detection with a reference
laser. The phase noise of the reference laser is provided as a baseline. d, Heterodyne beatnote signal between the reference oscillator
and DFB laser in the free-running and SIL states. RBW, resolution bandwidth. e, Optical spectrum of the DFB laser in the SIL state.
f, Experimental setup. CC, current controller; LD, laser diode; OSA and ESA, optical and electrical spectrum analyzers respectively;

0SC, oscilloscope; CW, continuous-wave laser; PD, photodiode.

by pronounced dip of the transmitted power after opti-
mization of the injection phase), we observe at first only
the single optical frequency of the SIL pump laser, as in
the lower power experiment before (Fig. 3a (D). Con-
tinuing the scan we next observe an abrupt transition
into a single-DKS microcomb state (Fig. 3a @)). Such
single-DKS states are characterized by a smooth squared
hyperbolic-secant amplitude and a pulse repetition rate
that corresponds to the resonator’s FSR; these properties
are highly-desirable for applications. Further continuing
the scan induces a surprising second abrupt transition into
a different single-DKS state (Fig. 3a (3)). Scanning even
further causes the DKS to disappear, with the system re-
turning to CW SIL (spectrum similar to Fig. 3a (D)), before
eventually exiting the SIL regime entirely. When repeated,
each scan shows the same SIL dynamics, including deter-
ministic single-DKS generation. Reversing the scan direc-
tion qualitatively yields the same phenomena in reversed
order. Turing patterns, noisy comb-states and multi-DKS
regimes are absent in stark contrast to previous SIL-based
microcomb generation, but consistent with spontaneous
single-DKS formation in conventionally-driven (non-SIL)

PhCR [41]. Although not pursued here, we note that the
pump to DKS conversion efficiency in the states 2) and @)
is 13.8 % and 15.2 %, resp., significantly higher than what
would be expected in conventional resonators. This is a
consequence of the mode splitting, shifting the pumped
resonance effectively closer to the pump laser as explored
previously in coupled ring-resonators [49].

Different from DKS generation experiments in
conventionally-driven PhCR, laser tuning speed and
even tuning direction are irrelevant and do not notice-
ably impact the observed dynamics. Owing to the SIL
mechanism, switching between the system’s states is
readily possible and without the risk of ‘dropping’ out of
resonance. Hach state of the system can be maintained
without requiring external stabilizing feedback.  All
observations are reproduced in all 4 tested copies of the
PhCR (fabricated on 4 different chips). As such, through
synthetic reflection, our system not only achieves robust
and predictable SIL operation, but also leverages the
advantages of spontaneous and deterministic single-DKS
generation, observed in conventionally driven PhCRs [41].

To further investigate the SIL dynamics and DKS gen-
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Figure 3 | SIL-based DKS generation. a, Optical spectra measured during a laser scan towards longer wavelength within the SIL

range: CW SIL (@); SliL-based single DKS states (2) and (3). b,

Experimental setup for repetition rate detection. EOM - electro-

optical modulator, FBG - fiber Bragg grating, PD - photodetector, ESA - electrical spectrum analyzer. ¢, Measured SIL-microcomb
repetition rate signal representing single DKS @ and breather @ states. d Total transmission (blue) and bandpass-filtered power
(red; filter offset from the pump, indicates comb formation) measured during a high-power laser scan with a PhCR. The orange line
corresponds to the driving current. e, same as d, but with a conventional resonator that has been selected for a relatively strong

random backscattering (cf. main text for details).

eration, we record the 300 GHz DKS repetition rate beat-
note via the setup shown in Fig. 3b. As this signal
would not be directly detectable, modulation sidebands
around a pair of adjacent DKS comb lines are generated
electro-optically. Their beating creates a signal at lower
frequency, from which the repetition rate can be recon-
structed [51]. Fig. 3¢ shows the reconstructed repetition
rate signal obtained during the DFB laser scan in both di-
rections. The two distinct spectral regimes are also man-
ifest in this signal: in regime (2) a single low-noise repe-
tition rate beatnote is present, whereas in regime () ad-
ditional sidebands (ca. £200 MHz) indicate a breathing
soliton, similar to so far unexplained breathing phenom-
ena in conventionally-driven PhCRs at large detuning [41].
In the wavelength-decreasing scan, the reversed dynamics
is observed (the additional breathing towards the end of
the scan is well-known from conventionally driven DKS
46]).

During the laser scan, we also record the transmitted
power as well as the power of a filtered spectral portion
of the long-wavelength wing of the generated microcombs
(as an indicator for comb formation). Both are shown
along with the DFB diode’s drive current in Fig. 3d. Here,

the SIL regime is clearly evidenced by sharp drops of the
(full) transmission from the base level in both scan direc-
tions. The DKS regime is marked by the non-zero filtered
power within the SIL regime. Note that in Fig. 3d the
breathing oscillation is only visible in the recorded power
for the lowest breathing frequencies, due to the limited
100 MHz bandwidth of the utilized photo-detectors. For
comparison, Fig. 3e shows a similar transmission and fil-
tered power trace obtained with a non-PhCR microres-
onator of the same FSR. To achieve SIL-based DKS in
a non-PhCR, we screened a large number of resonators
to find one with large random reflection (2v/k = 0.6) and
validated numerically that it can meet the criteria for SIL-
based DKS (similar to Fig. 1c). In contrast to the PhCR,
it does however not respect the criterion for deterministic
single-DKS. Indeed, different from the SIL dynamics in
the PhCR, noisy comb states before (after) DKS genera-
tion are observable in the laser scan and the DKS-regime
is dominated by less desirable multi-DKS states, showing
the characteristic multi-step features [52]; the single-DKS
regime is marginal and only visible as a narrow step when
the scan time is reduced to the millisecond level.

To explore the emergence of the breathing soliton at
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Figure 4 | SIL-microcomb dynamics simulation. a, The time-
frequency spectrogram reconstructed from the numerical simula-
tion during a wavelength-increasing scan of the pump laser. b,
Corresponding intracavity powers for forward (beige) and back-
ward (red) propagating microcomb modes (p # 0) as well as
forward (orange) and backward (blue) propagating pump modes
(1 = 0). €, Kerr-shifts of forward (orange) and backward (blue)
propagating pump modes with respect to the ‘cold’ resonance
frequency wo. Detuning of pump laser (beige). The dark lines
indicate the effective hybrid modes frequencies (cf. main text and
S| for details).

higher DFB currents (regime ) in Fig. 3c,d), we per-
form numeric simulation [53, 54], where we include forward
and backward propagating waves (cf. Methods). Starting
from a single DKS state at small detuning (within the
well-known breather regime [46]), we integrate the cou-
pled mode equations while imposing a slow laser scan to-
wards longer wavelength. The spectrogram of the repe-
tition rate signal obtained from the numerical simulation
is shown in Fig. 4a; it reproduces an abrupt appearance
of sidebands in agreement with the experimental results
of Fig. 3c. The average power levels of the pump and
comb (full spectrum without pump) in both forward- and
backward-direction show rapid oscillations Fig. 4b, coin-
ciding with the breathing state. The phase-lag between
comb and pump mode suggesting an oscillatory power flow
between both, reminiscent of the detuning dependent in-
termode breathing dynamics [55], observed in DKS in the
presence of coupling between a DKS mode to a frequency
degenerate higher-order transverse mode. The latter is
absent in our case, however, by design a strong coupling
exists between forward and backward pump modes. Al-

though, up to a certain power level, the strongly coupled
forward and backward modes are frequency degenerate nu-
meric simulations suggest that this degeneracy is not gen-
erally preserved (similar to CW symmetry breaking [56])
in the DKS regime and dependent on the state of opera-
tion. Based on the simulation, we derive the nonlinear fre-
quency shifts of forward and backward propagating pump
waves as well as those of the hybridized modes (cf. SI)
(Fig. 4¢). Strikingly, find that the regime of the breathing
oscillation coincides with a situation where the differen-
tial nonlinear shifts between forward and backward modes
are small compared to the resonance width, suggesting
forward-backward coupling as its origin. Importantly, the
phenomenon is restricted to a specific parameter regime,
and can therefore easily be circumvented by choosing the
operating parameters (notably pump power or detuning)
accordingly.

Conclusion

In conclusion, we have demonstrated microresonators with
synthetic reflection for robust SIL and SIL-based micro-
comb generation. By designing the synthetic reflection we
enable deterministic low-threshold, single-DKS operation,
highly-favorable for applications and address a major chal-
lenge of this technology. For certain combinations of pump
power and detuning we observe DKS breathing, which can
readily be avoided by small changes in the operating pa-
rameters, if necessary. The presented results in conjunc-
tion with the scalable, widely accessible fabrication pro-
cess, the low-cost components, and, notably, its ease of
operation meet important requirements of out-of-lab ap-
plications and extension to other integrated photonic sys-
tems, including normal dispersion combs [52, 57] and novel
quantum light sources [58, 59]. Further research may ex-
plore extending the presented results to combs in the back-
ward direction (cf. SI) [60], effectively blue-detuned DKS
combs with potentially even higher conversion efficiency
[49] or multiple pump wavelengths [61].

Materials

Numerical model. To simulate the nonlinear dynamics
we consider a system of coupled mode equations [53, 54] for
forward a, and backward b, mode amplitudes, where 1 denotes
the relative (longitudinal) mode number with respect to the

pump mode (mg <> p = 0):
Z Gy Gy +2ia#2\bn\2+
w=v+n—p 1

Owap = — (1 +iCu)ap +1

X 2
+ Zduogb# + f(s#o

Oby = — (1 +iCu)byu +1

S bbbl +2iby Y Jan+
w=vdn—p n

o 2y

duo—a
4100 o L
where ¢, = 2(wy — w, — pD1) is a dimensionless detuning
between the pump laser frequency w, and cold resonance fre-
quencies w, = wo + Dip + %D2M2 (with D1/27 and Ds/27



being microresonator FSR and second-order dispersion respec-
tively). The third term in each equation corresponds to the
cross-phase modulation by the respective counter-propagating
waves, while the fourth term represents the coupling between
forward and backward propagating waves. Instead of modeling
the SIL dynamics by including laser rate equations, we numer-
ically define the detuning. This approach cannot describe the
abrupt transition from the free-running laser to the SIL state,
it remains however valid for the specified detuning and can
qualitatively capture the features observed in the experiment.
Simulation parameters similar to those of the experimental sys-
tem are used.
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1 Coupled mode equations and pump mode hybridization
The normalized coupled mode equations (CMEs) for the pump in forward and backward directions read

Orag = —(1 + iCo)ao + i|a0|2a0 + 2i‘bo|2a0 + Zﬁbo —+ f (1)
Oibg = —(1 + iCo)bo + i‘b0|260 + 2i|ao|2b0 + iﬂao (2)

where for convenience the normalized coupling rate 8 = 2v/k > 0 has been introduced. Without loss of generality, f > 0.

The coefficient matrix of the system of equations (without the pump)

_ (—(1+1iCo) + ilao|? + 2i[bo|? i3
M = ( iB —(1 4+ i¢o) + i|bo)? +21’|ao\2) ®)

has the following Eigenvalues

M——(Lw@—}ww+wwﬁu¢@+(;mP—ma)) (@)

- <1 +i(Co — 8¢ \/M)) (5)

and is diagonalized in the following Eigenbasis of hybridized forward-backward modes

%(WO\Q —|bol*) + \/52 + (%(WO\Q - b0|2)>2; —5} (6)
= {6/BNLi\/ﬁ2+6ﬂ1%1L§ —ﬂ} (7)

where §0xL = 3 (Jaol® — |bo|?) and 8¢nL = 2(Jao|? 4 |bo|?). The transformation matrices are:

——

T:<wm+¢§+w& wm—¢w+wh) (8)
and
1 SBNL—+/B2+0B% 1,
71— | 2VEPH8R, 2B/B2 48B3, 9)
B 1 —3BNL—/B2+BEL
24/82+8B8%,, 28+/B2+68Z,,
so that



and

(o) (3)

where a4 denote the (not specifically normalized) field amplitudes of the hybrid modes. The steady state equations for the
hybrid modes are

, /g2 - 682 ) Vaw + — L

0=— (1 + 'L(CO - 5CNL + /B + (SBNL)) + + 9 62 T 6,61%&,)0 (12)
) 1

0=-— <1 +i(Co — 0nr — /B2 + 5,6{@)) a- — mf (13)

In non-normalized units, the effective resonance frequencies of the hybridized modes are
K
Wekeff = W0 — (5NL +4/68%+ 5ﬂ§m> (14)

2 Approximations for the forward pump mode under strong coupling

In what follows, it is assumed that
e the coupling is strong 8 > 1

e due to the strong coupling, the power levels in forward and backward directions are approximately equal |ao|2 = |bg\2. Note
that due to symmetry breaking [56] this is only valid up to a certain power level. We validated, by numeric integration of
the CMEs 1 and 2, that this approximation is valid.

e the detuning (o is such that approximately only the lower frequency hybrid mode a— is driven, i.e. |a—| > |a+|.

Under these assumptions,

ap = (5/8NL -4/ B2+ 5/31%&) a- =~ —fa- (15)

b() = —Ba, (16)
and in consequence

(1 4+ (G — 6t~ B))ao = 1 a7)

Multiplying each side of the equation with its complex conjugate results in

2
(1+ (G — 361 = B))faol* = £ (18)

An immediate insight is that the strong coupling between forward and backward waves limits the power in the forward (or
backward) wave to values of

jaol* < f?/4 (19)
Expressing d¢nt1, via the field amplitudes gives

(1+ (Go = Blaol® — 8))laol* = L (20)

2
co,i:5+3|ao\2i1/4|£70|271 (21)

where (p,+ corresponds to an effective red-detuning and (op,— to an effective blue-detuning with regard to the lower-frequency
hybrid mode a—.

and for the detuning
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3 Threshold condition and first oscillating sideband

We consider two initially zero-power (except for vaccuum fluctuations) sidebands with mode number £y relative to the pumped
mode. Their CMEs are

sy = —(1+i(Cu — dlaol®))as, + iada”, (22)

Ora”, = —(1 =G — 4\a0|2))a*_u - ia32a+u (23)

where again |ao|> & |bo|* was assumed and (, = 2(wo — wp + 2 Dop®) = (o + 22 4°. The Eigenvalues of this set of equations are

i = —1£/]aol* — (Cu — 4]ao?)? (24)

The parametric gain experienced by the two sidebands therefore is

Dy 2
G = sy [laol* — | o+ ——p? — 4lao|? (25)

K
At least a intracavity power of |a0\2 = 1 is required to reach threshold. With Eq. 19 it follows that for strong coupling the

threshold pump power f2 > 4|ag| is at least four times the threshold power of a resonator without forward-backward coupling.

3.1 First oscillating sideband

The phase mismatch between the pump wave and the resonator modes can be quantified via their effective (including nonlinear
frequency shifts) detuning ,.s from an equidistant D;-space frequency grid. A smaller ¢, ¢ implies better phase matching.

D
Gt = Co + =i — 4fao* (26)
12 D,
== laol" & [ 1 (27)

For DKS the resonator is characterized by anomalous dispersion Dy > 0 (8 > Dz /k). It can therefore be guaranteed, that
the first generated sideband pair (best phase matching) will be p + 1, if

2
B8~ aof? — 4|£0|2 —1>0 (28)
Assuming |ao|* < £?/4 we find
B> 2/4 o a/n> 8] (29)

as a condition that guarantees that the first sideband pair will be generated at p = +1.

3.2 Threshold power

The threshold power fin is the power level where the parametric threshold G > k can be reached. Inserting Eq. 21 for the
detuning into Eq. 25, we obtain for the threshold condition

4 2 fa Dy 4 2 ’
lao|” — ( B+ 3lao|” £ Aao|? -1+ fi w — 4lao =1 (30)
4 fa Dy » 2 ’
Sla|"—1=(p8x Tao? —1+7u — lao| (31)

2
Under the assumption that 8 — |ao|* — 4/ 4|J;"(;“2 — 1> 0 (condition for first oscillating sidebands p = +£1), this results in

D 2
ft2h = 4\ao|2 +4|0«0|2 (5 - |a0‘2 + ?QMQ -V lao]* — 1) > (|ao|4 > 1) (32)

This equation can be solved numerically. For example, § = 4 results in f3, ~ 8.4
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3.3 Threshold power assuming zero-effective detuning

A simplified threshold condition may be derived assuming that the threshold will be reached at zero effective detuning so that

Co=pB+3lag/*> and (33)
fih = 4lao|” (34)
In this case the threshold condition is
D, 2
ool = (-4 3laol* + 224~ dfaof?) =1 (3)
4 1 D 2
@J%g— (B—foﬁflf) =1 (36)
2
2+4+2(8+ B2y
& fin= B(+ B ) (37)
Assuming that 8> % 12 this simplifies to
2 4 232 2 K
[ CR VN SNE ROV (38)
B B Koy

For 8 = 4 we find f2, = 8.5, almost equal to what is obtained through Eq. 32.

4 Pump mode hybridization above threshold

The derivations of Section 1 are only valid below threshold, where only the forward and backward pump mode are excited.
Above threshold, and in particular in presence of DKS, the effective frequencies of the hybrid mode resulting from the avoided
mode crossing of the coupled forward and backward modes are

1 1
—(Wa,eff + Wb,eﬂ) + 5\/(wa,eff - Wb,eff)Q + 4’72 (39)

W eff = 9 (

where wa et and wh,esr are the effective (i.e. taking nonlinear frequency shifts into account) resonance frequencies of the forward
and backward modes, respectively.

N R

Wa,eff = Wo —

(RE(f[Iwa(O)IQwa(e)]uo/ao) +2) |an2> (40)

[

Wh,eff = Wo —

(Re(ﬁ[l¢b(9)l2wb(9)]uo/bo) +2) an2> (41)
(42)

where 14 (0) = F'[a,] and 9,(f) = F~1[b,] are the spatio-temporal field profiles and F| . Jo stands for the component

corresponding to the pump mode (F denotes the Fourier transform).

5 Comb generation in the backward direction

Due to the initially similar power-levels in forward and backward pump modes, combs may in principle not only be generated
in the forward, but also in the backward direction. Indeed, when the pump laser detuning is between the (effective) resonance
frequencies of the hybridized modes, the backward-wave is usually stronger (despite the forward-pumping). For the parameters
considered in this work, we found that this range of detuning does not overlap with the soliton existence range and backward
combs were not observed. However, backward combs represent an interesting opportunity for additional research. Aside from
backward comb generation we note, that backward modulation instability, can trigger forward modulation instability (and comb
generation) and vice versa, through a non-zero forward-backward coupling of the modulation instability sidebands. This can
readily be included in the numeric model by introducing non-zero v also for modes with p # 0.
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