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The portal connecting the invisible and visible sectors is one of the most natural explanations
of the dark world. However, the early-time dark matter production via the portal faces extremely
stringent late-time constraints. To solve such tension, we construct the scalar-controlled kinetic
mixing varying with the ultralight CP-even scalar’s cosmological evolution. To realize this and
eliminate the constant mixing, we couple the ultralight scalar within the mass range 10733V <
mo < eV with the heavy doubly charged messengers and impose the Zy symmetry under the dark
charge conjugation. Via the varying mixing, the keV — MeV dark photon dark matter is produced
through the early-time freeze-in when the scalar is misaligned from the origin and free from the
late-time exclusions when the scalar does the damped oscillation and dynamically sets the kinetic
mixing. We also find that the scalar-photon coupling emerges from the underlying physics, which
changes the cosmological history and provides the experimental targets based on the fine-structure
constant variation and the equivalence principle violation. To protect the scalar naturalness, we
discretely re-establish the broken shift symmetry by embedding the minimal model into the Zn-
protected model. When N ~ 10, the scalar’s mass quantum correction can be suppressed much
below 10733eV. Moreover, utilizing two different methods, we precisely calculate the Zy-invariant
Coleman-Weinberg potential to arbitrary orders. Finally, we explore the varying kinetic mixing in
the Dirac gaugino model and the dark matter models via other varying portals.
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I. INTRODUCTION

We know that dark matter exists, but we do not know the dark matter’s particle nature. Even so, we can naturally
imagine that the dark matter stays in the invisible sector, and the invisible and visible sectors are connected by
the portal. Through the portal, the energy flow from the visible sector to the invisible sector, which is known as
freeze-in [1], or vice versa, which is known as freeze-out. Hence, the dark matter reaches Qpyh? ~ 0.12, being
compatible with the CMB anisotropy [2, 3]. The kinetic mixing [2], one of the three major portals [2, 4-13], connects
the photon and the dark photon as £ D €F),, F'*"/2. In the last few decades, the research on the time-independent
kinetic mixing has boosted on both the experimental and theoretical sides [14-26], with only a few discussions on
the spacetime-varying scenarios [27-30]. In the meantime, other varying constants are extensively discussed [31-57].
Moreover, extremely strong tensions exist between the early-time dark matter production through the portal and
the late-time constraints on the portal, such as the freeze-in of the dark matter as the dark photon [58-60] or the
sterile neutrino [61, 62], and the freeze-out of the dark matter as the dark Higgs [63]. To solve such tension in
the simplest way, we allow the portal evolves during the universe’s expansion. However, there is no free lunch to
evade the constraints without consequences. To be more specific, controlling the portal leaves significant imprints in
our universe, which changes the early cosmological history and can be detected by experiments designed for general
relativity testing and ultralight dark matter detection.

In this work, we study the scalar-controlled kinetic mixing by meticulously exploring the top-down and bottom-up
theories, cosmological history, keV — MeV dark photon dark matter production, and experimental signals from both
the dark photon dark matter and the nonrelativistic ultralight scalar relic. To vary the kinetic mixing, we couple
the ultralight scalar ¢, the CP-even degree of freedom predicted by the string theory [64-70], to the heavy fermionic
messengers doubly charged under the standard model U(1) and dark U(1). Here, the constant kinetic mixing is
eliminated when the Zs symmetry under the dark charge conjugation is imposed. Given this, in the low energy limit,
the varying-mixing operator ¢F F’ emerges, along with the scalar-photon coupling, such as ¢F? or ¢2F2 . Initially,
¢ has the early misalignment opening the portal for the dark photon dark matter production with the kinetic mixing
epr ~ 10712, which stems from the early-time Zy-breaking of the system. Afterward, ¢’s damped oscillation gradually
and partially closes the portal, which stems from the late-time Zs-restoration. Through the evolution during the
cosmological expansion, ¢ sets the benchmark kinetic mixing of the dark photon dark matter, which is free from
stringent late-time constraints, such as stellar energy loss [71-74], direct detection [60, 75-80], and late-time decay
bounds [58, 59, 81, 82]. At the same time, via the scalar-photon coupling, the ultralight scalar as the nonrelativistic

1 When ¢ ~ f, ¢ is replaced by fsin(¢/f) according to the discussions in Sec. II. However, since the perturbative form is already enough
for the late-time experiments where ¢ < f, we use it in the whole text to simplify the notation.
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Figure 1. Left: The schematic diagram of the cosmologically varying kinetic mixing. The dark and standard model sectors
are connected through the kinetic mixing controlled by the CP-even scalar ¢, the subcomponent of the dark matter in the late
universe. Based on this model, the energy flows from the dark sector to the standard model sector in the early universe for the
dark matter production with the portal opened. In the late universe, with the portal partially closed, the dark matter is safe
from stringent constraints. Right: The cosmologically varying kinetic mixing in the UV and IR theories. In the UV theory,
there are heavy messengers ¥ and ¥’, both charged under U(1)y and U(1)4. Here, ¥ and ¥’ carry the same electromagnetic
charge but the opposite dark charge. To generate the varying kinetic mixing, ¥ and ¥’ are coupled with the scalar ® via the
Yukawa interactions i and y’. To eliminate the constant kinetic mixing, the mass degeneracy between ¥ and ¥’ is imposed,
which is protected by the Z2 symmetry. In the IR theory, the nondynamical heavy messengers are integrated out, which induces
the varying kinetic mixing (¢FF’) and the scalar-photon coupling (¢F? or $?F?). In the nonperturbative region, ¢ should be
replaced by fsin(¢/f) according to Eq. (7) and Eq. (13) because it is the angular part of ®. Based on whether the Zy symmetry
is slightly broken by the Yukawas or not, we classify the theory into two types with totally different phenomenologies: The
type-A model with the linear scalar-photon coupling (y # 0,3’ = 0) and the type-B model with the quadratic scalar-photon
coupling (y' = —y). These scalar-photon interactions lead to nontrivial cosmological history caused by the thermal effect and
the signals from the aen variation and the equivalence principle violation.

relic in the mass range 10723V < mg < eV changes the fine-structure constant, and the scalar as the mediator
contributes to the extra forces between two objects. Based on these facts, the experiments such as the equivalence
principle (EP) violation test [83-85], clock comparison [86-90], resonant-mass detector [91], PTA [92], CMB [93, 94],
and BBN [93, 95, 96] can be used to test the scalar-controlled kinetic mixing, and the experimental targets are set
by the dark photon freeze-in. In the meantime, the experimental targets for keV — MeV dark photon dark matter
detections are set by the ultralight scalar mass. If the signals from the dark photon dark matter and the ultralight
scalar experiments appear consistently, we can confidently declare the verification of our model. In addition, given the
scalar-photon coupling in the strong region, the scalar’s high-temperature evolution is affected by the standard model
plasma, which sets the early displacement, modifies the start of oscillation, and even enhances the scalar’s signal. To
understand the whole setup classified under the exactness of the Z, symmetry, one can refer to Fig. 1.

To protect the CP-even scalar’s naturalness caused by the heavy messengers and inspired by the former works on
the discrete symmetries [97-104], we embed the varying kinetic mixing into N copies of the universes, where the Zy
symmetry rebuilds the global U(1) shift symmetry in the discrete form. In such Zy-protected model, the scalar’s
lowest order mass term becomes ®~ /AN =% which reveals the exponential suppression of the quantum correction. For
example, we only need N ~ 10 to suppress the scalar mass correction all the way down to 10733eV. Furthermore,
to understand the additional cancellation from the exact Zs symmetry and gain an accurate analytical result, we
expand the Zx Coleman-Weinberg formally calculated to the leading order in [98, 102] to the arbitrary orders with
two entirely different methods, i.e., the Fourier transformation and the cosine sum rules. Other topics of the varying
kinetic mixing from the supersymmetric Dirac gaugino model and the dark matter models via other cosmologically
varying portals are preliminarily discussed in our work.

The remainder of this paper is organized as follows. In Sec. I, we build the minimal model for the scalar-controlled
kinetic mixing and show that the scalar-photon coupling appears simultaneously. Based on whether the scalar-
messenger couplings are Zso-invariant, we categorize the theory into the type-A model with the linear scalar-photon
coupling and the type-B model with the quadratic scalar-photon coupling. In Sec. III, for the type-A and the type-B
models, we do the systematic classification of the scalar evolution jointly affected by the thermal effect, bare potential



effect, and cosmological expansion. In Sec. IV, we discuss the dark photon dark matter freeze-in via the varying
kinetic mixing. We also discuss the detection of the dark photon dark matter with the experimental targets set by the
scalar mass and the experiments of the non-relativistic ultralight scalar relic with targets set by the dark photon dark
matter freeze-in. In Sec. V, we build the Zy model to protect the scalar’s naturalness from the heavy messengers,
discuss the extra cancellation from the exact Zs, and calculate the Z y-invariant Coleman-Weinberg potential utilizing
the Fourier transformation and the cosine sum rules. In Sec. VI, we generate the varying kinetic mixing and the dark
axion portal simultaneously from the Dirac gaugino model. In Sec. VII, we preliminarily explore the dark matter
models via other cosmologically varying portals and their experimental signals. Finally, in Sec. VIII we summarize our
results. We also provide a series of appendices containing the calculational details, such as the analytical solutions of
the high-temperature scalar evolution in Appendix. A, the freeze-in of the dark photon dark matter in Appendix. B,
and the exact expansion of the Zpy Coleman-Weinberg potential using the Fourier transformation and cosine sum
rules in Appendix. C.

II. MINIMAL MODEL

In the beginning, let us recall the well-known constant kinetic mixing of the field strengths of the standard model
U(1)y and the dark U(1), which can be written as

€
iy /2 0
5 (1)
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Here, the kinetic mixing can be generated at the one-loop level by a pair of vector-like fermions ¥ and ¥’ charged as
(e,€¢') and (e,—¢€’) under U(1)y x U(1)4 [2]. In the low energy limit, the value of the constant kinetic mixing is

ee M
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where M and M’ are the masses of ¥ and ¥’, respectively. To build the varying kinetic mixing, we eliminate the
constant kinetic by imposing the mass degeneracy M = M’ and promote € to a dynamical variable e(z) by imposing
the Zo symmetry under the dark charge conjugation, i.e.,

Cq: Allx) —» —A'(z), e(x) = —e(x). (3)

By doing so, the constant kinetic mixing is forbidden because F'F” is odd under C4, whereas the varying kinetic mixing
e(x)FF’ is permitted.

To realize this from the top-down theory, we introduce the Lagrangian

g\ 2

Lyy D y®UV 4y TV + h.c. — M(TT + ') — ) (|<1>|2 - J;) , (4)
where ® is a neutral complex scalar and y), M, X, f are chosen to be real parameters for simplicity. In the
ground state, the approximate global U(1) symmetry of the potential is spontaneously broken by ® = %ei(d’/ fte)
whose angular components include a CP-even pseudo-Goldstone boson ¢ and an arbitrary phase c. Knowing that the
transformation on the real scalar ¢ — —¢— (2c — 7) f is equivalent to ® — —®T, under which the Yukawa interactions
in Eq. (4) flip signs, we choose ¢ = m/2 to fix the phase factor throughout the paper. Given this, we define the dark
charge conjugation of the UV theory as

Ci:A—A A - A ¢ —¢, U W, (5)

If ¥ = —y and M’ = M, the Lagrangian is invariant under C4. We will see from the later discussion that as long as
¢ has a nonzero vacuum expectation value (VEV), the dynamical kinetic mixing can be generated. This is because,



in this case, U)’s effective masses become
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From Eq. (6), we know that the degeneracy of the effective masses is broken by ¢ when y # y'. In Eq. (6) and the
rest part of this paper, we use “(/)” to denote the physical quantities in the SM sector (without “/”) and the dark

sector (with “/”). After integrating out W), the Lagrangian of the effective kinetic mixing becomes
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When ¢ < f, the kinetic mixing in Eq. (7) can be linearized as
¢ 612 M
€~ ——, where Axkyy = —————. 8
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Therefore, in our model, the kinetic mixing varies with ¢’s cosmological evolution. Since the crucial point of this
model is that the kinetic mixing vanishes when ¢ relaxes to the minimum, we should align the potential’s minimum
with the kinetic mixing’s zero. To realize this, we introduce the C4-even tadpole term

® +h.c., (9)

which arises as the potential

Vo= mdf? [ 1-cos (2] (10)

when the phase factor is ¢ = w/2. Conversely, because the system is invariant under C4 listed in Eq. (5), Vo has to
be the even function of ¢, while € is the odd function of ¢. In this case, the phase difference between € and Vj is
(n+1/2)w, where n = 0,+1,+2---. Therefore, under the protection of Zy symmetry of the dark charge conjugation
C4, the potential’s minima are necessarily aligned with the zeros of the kinetic mixing. During the cosmological
evolution, ¢ initially stays at the nonzero displacement, so the portal is opened. As the universe expands, the pseudo-
Goldstone boson ¢ begins the damped oscillation around zero, so the portal is partially closed. In today’s universe,
¢ consists of the nonrelativistic ultralight relic in the mass range 10733eV < my < eV, so the kinetic mixing has
the nonzero residual. More fundamentally, we can interpret the time-varying kinetic mixing from the perspective of
symmetry, since the nonzero kinetic mixing results from the Z, violation. In the early universe, the Z, symmetry
is spontaneously broken by ¢’s nonzero displacement. In the late universe, ¢ oscillates toward zero, and the Z,
symmetry is restored. Such early-time breaking and late-time restoration of the global symmetry is regarded as the
inverse symmetry breaking in [105-108] for other motivations.

Let us classify the theory based on whether the Lagrangian is exactly invariant under the dark charge conjugation
Cq or not. As shown in Eq. (5), when y' = —y, the Zy symmetry of Cy is strictly preserved. When y’ # —y, the
Zo symmetry is broken, which induces the two-loop constant kinetic mixing and the one-loop tadpole of ®. Here,
the small Yukawas highly suppress the two-loop constant mixing, which is € ~ (M /Ay )?/ee’. The cancellation of
®-tadpole needs fine-tuning, which can be entirely solved in the framework of Z y-protected model discussed in Sec. V.
Therefore, the 3’ # —y case still has the approximate Zo symmetry. Based on the discussion above, we consider the
following two types of the models in this work:

Type-A: ' = 0, Approximate Zy. Type-B: 3y’ = —y, Exact Zs. (11)

Due to ¢-¥() interaction, the scalar-photon coupling emerges from UV physics. At the one-loop level, the coupling
between the CP-even scalar ¢ and the photon can be written as

1 (Aaem
EIRD _ <OZ

1 ) E, Fr, (12)
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Utilizing the classification in Eq. (11), we have
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where the type-A and type-B models have linear and quadratic scalar-photon couplings, respectively. To compare
with the experiments testing the fine-structure constant variation and the equivalence principle violation, we define
the dimensionless constants d.,; (i = 1,2) through

Adem _ <\/E¢>idw;

mpl )

(i=1,2), (15)
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where the indices “i = 1”7 and “i = 2” denote the type-A and type-B models, respectively. Comparing Eq. (15) with
Eq. (14), we have

dy i~ ( "lpl )i (i=1,2). (16)
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Some other papers quantify the fine-structure constant variation through the notation A /Qem = ¢°/ Af“ (1=1,2).
Combining this notation with Eq. (14), we have A, ; ~ ¢/Axwm (i = 1,2), which means that ¢’ determines the hierarchy
between the effective energy scale of the varying kinetic mixing and the varying fine structure constant. In the rest
part of this paper, we use the first notation, i.e., dy; (¢ = 1,2). In Eq. (16), we find that for the fixed ¢F'F’ operator
inducing the effective kinetic mixing, smaller €/ leads to larger y") such that the testable signals of the a.y, variation
get stronger. Such small dark gauge coupling can be naturally generated in the large volume scenario in string
compactification [18, 109, 110].

To understand the setup of our model intuitively, one can refer to Fig. 1. The left panel shows that when Zo
symmetry is imposed, the constant kinetic mixing is canceled, but the scalar-controlled kinetic mixing survives. In
this case, as ¢ evolves during the cosmological evolution, the kinetic mixing becomes time-dependent. This provides
a novel mechanism to generate a small but non-zero kinetic mixing. The right panel reveals that the scalar-photon
couping is also generated as the byproduct when UV physics is considered. Based on the exactness of the Zy symmetry,
the theory can be classified as the type-A model with the linear scalar-photon couping and the type-B model with
the quadratic scalar-photon couping. We will see from the later discussion that such scalar-photon couplings affect
¢’s evolution via the thermal effect from the SM plasma. They also change the fine-structure constant and violate
the equivalence principle, which provides essential prospects for the experimental tests.

III. COSMOLOGICAL HISTORY

In this section, we jointly discuss the ultralight scalar’s cosmological evolution, which is affected by the scalar bare
potential, thermal effect, and cosmological expansion. According to [102, 111], the lowest order thermal contribution
containing aen, is at the two-loop level, and the free energy contribution coming from that can be written as

1 (T Z me)

18 m?2 .., :
sl T (T <m,)

5 g2
Fr ~ maemT"‘ x S§(T), where S(T') =

= (17)

In Eq. (17), the suppression factor S(7') is 1 when e* (as well as other species of heavier particles carrying the U(1)em
charges) are relativistic but decreases exponentially after e* becomes non-relativistic. The factor > q? (g; is the



electric charge of the particle “/”) quantifies the thermal contribution to the total free energy when U(1)en charged
particles are relativistic in the thermal bath. As shown in Eq. (13), when ¢ has nonzero VEV, the fine structure
constant is modified, based on which ¢’s thermal potential can be obtained by replacing aem in Eq. (17) by cem(9).
After combining Eq. (13) and Eq. (17), we have

T2
Type-A: Vi ~ —m% f%sin ?, where % ~ Qemr /2 —
Type-B: V; Nlmzfzsirf? here —L TT—Q ’ o
ype-b: T72 T fa w 51/2 em f

where the definition of r can be found in Eq. (6).

Here, we choose Ty, to be much smaller than the heavy fermion mass, i.e., M, so WU’s contribution to the thermal
potential is exponentially suppressed. In addition, because we do not include the dark electrons and positrons, the
thermal effect from the dark sector is also negligible. Fig. 3 shows how the potential changes as the temperature
varies and how ¢ moves under different circumstances. From lighter (yellow) to darker color (dark red), the ratios of
thermal mass over the bare mass are my/mgy = 5,4, 3,2,1,0. For the bare potential, V; has the minimum at ¢/f = 0.
As for the thermal potential, the local minimums of the type-A and type-B models are (Here n = 0,£1,42,---)

, 2
Type-A: Gmin = arctan (m€> + 2nm, Type-B:

f mp

(19)

Gmin _ |1 (mr >mg)
=

onm  (mp < mg)

In the following discussion, we focus on the range —27f < ¢ < 27 f without loss of generality. For the type-A
model, since mp > mg in the early epoch, the minimum is ¢pin = 7f/2. When mp < my, the potential’s minimum
continuously shifts to zero. For the type-B model, when mp > mg, within the 27 f periodicity there are three local
minimums, i.e., ¢y = 0,£7f. When mp < mg, only ¢pin = 0 is the minimum. We should notice that during the
entire process, ¢ keeps the classical motion without the tunneling: Even though ¢ is initially located inside the false
facuum 7 f/2 < ¢ S 37f /2, because f is large, the vacuum decay from 7 f to 0 is highly suppressed such that it is
much slower than the universe’s expansion [112-118].

Knowing from Eq. (18) that my has the same temperature power law as H when T 2 m,. (S ~ 1), we define a
dimensionless quantity

9 /2 (Type-A
n = 717;? ~ aem@ X (Type-A) (20)
SY2H f r (Type-B)

to classify ¢’s evolution. Here, r ~ yf/M, which is defined in Eq. (6). The motion of ¢ is underdamped if n > 1,
because the thermal effect dominates over the universe’s expansion; In contrast, if n < 1, ¢’s motion is overdamped
under the Hubble friction. nn = 1 is the critical value separating the two moving patterns mentioned above. To relate
1 with experimental observables which are quantified by d,; (¢ = 1,2), we write 1 as

aemd'y,lmpl

f

In the high-T limit where m7 dominates over mg, ¢’s thermal evolution can be solved in the linear approximation

N|=

1
3
Type-A: g ~ < > , Type-B: n ~ (Qtemdy,2)2. (21)

of the equation of motion, which can be found in Appendix. A. Since we compare mr and mg to determine whether
the thermal effect dominates over the effect from the bare potential, we define the critical temperature T, at which
mp = mg. Combining Eq. (18) and Eq. (20), we have

1/2
T, ~ max |‘0.1m€7 (mompl) ] , (22)
n

where the concrete formulas of 7 for the type-A and the type-B models can be found in Eq. (21). Now, let us briefly
explain the meaning of Eq. (22). For my to be smaller than mg, we only need one of the following two conditions
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Figure 2. The evolution of mr (red), mo (blue) and H (orange) as the universe expands. Because H and mr are both
proportional to 7% when T' > me, the orange and red lines are approximately parallel with each other in the log-log diagram
until 7" ~ m.. Here, n ~ my/H when T 2 m., which is already defined in Eq. (22). Left: n < 1. Because the thermal effect
from the SM bath is negligible, the ultralight scalar’s evolution can be classified as the standard misalignment. In this case,
¢ stays constant at the early stage and begins the oscillation when H ~ mg, which is labeled as Tosc. Right: 1 > 1. The
thermal effect is important for the scalar’s evolution. In the plot, point 7. and point “Q” denote the moment when my = mo
and H ~ mr, respectively. Here, Hg ~ 10_16/ log?n eV. When T >> T\, ¢ converges to the minimum of the thermal potential
obeying the power law |¢ — @min| x T2 where ¢min = 7f /2 for the type-A model and ¢min = £7f for the type-B model. We
merely show the mo 2 Hg case, because if mo < Hg, ¢’s movement is nothing more than the late-time standard misalignment
with the initial condition fixed by the early time thermal effect. For the type-A model, when T' 2 me, ¢ tracks the potential
minimum @min = f arctan(m?p / m%). As the temperature drops far below the electron mass, ¢ cannot track the minimum and
begins to oscillate. For the type-B model, we focus on the 7f/2 < ¢ < 37f/2 case. When T > T, ¢ is trapped inside the
local minimum ¢min = 7 f. Thereafter, when T' < T, ¢ begins oscillating around the bare minimum ¢min = 0. Here we have
T. < T|3H=m,, which means the oscillation is postponed. Therefore, the scalar is in the phase of trapped misalignment.

to be satisfied: The first condition is T" < m. such that my is exponentially suppressed. The second condition is
that the unsuppressed part of the scalar thermal mass, i.e., mT/Sl/Q, is smaller than mg. Since T} is defined as the
temperature when my = mg, we use I' < T, and my 2 my interchangeably. In Fig. 4 showing the typical numerical
solutions of the ¢ evolution, we define the dimensionless temperature T:= T/T|3m=m, with the extra
have the dimensionless critical temperature T, ~ max[m,/(momy)'/2,1/1%/2] for the moment when myp = my.

“~”_ then we

Before discussing the scalar’s evolution, let us give the following definitions:
Standard Misalignment: n < 1, Thermal Misalignment: 1 > 1. (23)

These definitions are based on the value of 7, which quantifies how large the thermal effect is compared with the effect
of the bare potential shown in Eq. (10). When 7 is much smaller than one, the thermal effect is negligible, so it can
be classified as the standard misalignment in which one solely needs to compare the effects of the bare potential and
the universe expansion. When 7 is of order unity or even larger, the thermal effect can never be omitted, and one
should consider all three effects (thermal effect, bare potential, universe expansion) jointly. Now, let us discuss each
situation one by one.

A. Standard Misalignment: n < 1

In this case, when 3H = myg, ¢ obeys

6 — Gmin < T, (24)
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Figure 3. The typical scalar evolution trajectories in the early universe. The lighter (darker) color in these diagrams denotes
higher (lower) temperature. From the yellow line to the dark red line, mr/mo = 5,4, 3,2,1,0. Here, n quantifies the thermal
effect, whose definition can be found in Eq. (20). Upper left and upper right: For both type-A and type-B models,
when 7 < 1, the thermal effects are negligible. Here, ¢ is nearly frozen at the early stage (gray arrowed line from point I
to point IT). When 3H ~ my (point II), ¢ begins the damped oscillation with the amplitude |¢| oc T%/? (black arrowed line
from point II to point III) and converges to the origin (point III). Lower left: For the type-A model with n > 1, in the
high-temperature environment, ¢ converges to 7f/2 (point I) following |¢ — 7 f/2| T2 As the temperature falls, mr/mo
also decreases. During the stage when T' 2 m., the variation of the thermal potential is adiabatic, so ¢ tracks the potential
minimum ¢min = f arctan (m%/mg) as shown in Eq. (19) (gray arrowed line from point I to point II). When 7" < m., since the
too fast variation of the thermal potential violates the adiabatic condition, ¢ can no longer stay in the minimum and starts to
oscillate following |¢| T3/2. We do not show this stage of ¢’s movement in the diagram because the amplitude is too small to
visualize compared with f. Lower right: For the type-B model with n 2 1 and ¢ initially trapped inside the wrong vacuum,
¢ does damped oscillation |¢p — 7f| & T2 when T > T, and converges to wf. When T' < T, V" p=rfr < 0, s0 ¢ begins the
damped oscillation with |¢| oc T%? (black arrowed line from point I to point II).

which means ¢ is nearly frozen in the early universe. To have an overall understanding of the cosmological history, one
could refer to the left panel of Fig. 2: The H-line (orange) is higher than the mp-line (red) during the whole process,
meaning that the thermal effect is negligible so one only needs to focus on the H-line (orange) and myp-line (blue).
After the crossing of H-line and mg-line, the scalar begins the damped oscillation whose amplitude obeys the power
law |¢| oc T3/2. The upper left and upper right panels of Fig. 3 show how ¢ moves for the type-A and type-B
models separately when 1 < 1: From point I to point II, ¢ keeps nearly the same. This means that the initial field
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displacement determines ¢’s starting oscillation amplitude |¢| .. Here, we focus on the model with the natural initial

condition, i.e., |¢| ../f ~ O(1). In the late time, ¢ begins to oscillate at the temperature

(mo = 10" %eV)

B
o ) T, where Or = (25)

Tosc = T|3H:mo ~ few x 10716\/ x (m

Wl NN~

(10733eV < mg < 107 %eV)

Br in Eq. (25) and later mentioned 3, in Eq. (26) are determined by H’s power law of T, which is 72 at the
radiation-dominated universe, and T%/2 at the matter-dominated universe. In Eq. (25), we choose mg ~ 10~28¢V as
the reference value simply because the scalar oscillation happens at the matter-radiation equality T ~ eV for such
scalar mass. Before or after T' ~ eV, H has different power laws of T'. Such oscillation is labeled as black oscillatory
lines from point IT to point IIT in Fig. 3 and is also represented as blue lines in Fig. 4. Because the inflation smears
out the field anisotropy, ¢ does spatially homogeneous oscillation, which can be written as

o(t) ~ || cos (mot) , where |¢p| = 7'773/)4) o T3/, (26)
0

From [119, 120] one knows that ¢ satisfies ps oc T2 and wy = py/ps =~ 0, so ¢ is part of the dark matter with
the fraction F = Q4/Qam. Without loss of generality, we choose F = 107® as a benchmark value, such that
astrophysical and cosmological measurements like Lyman-« forest [121-126], CMB/LSS [127, 128], galaxy rotational
curves [129-133], and the observations of the ultra-faint dwarf galaxies [134] do not exclude the parameter space where
mo < 1071%V. After substituting Eq. (25) into Eq. (26), one can easily get the starting oscillation amplitude

(mo > 107 %eV)

1/2 —28
F > (10 eV (27)

Bg
103 ) ,  where 8y =

[¢] g ~ few x 10'%GeV x (
mo

o B

(107%3eV < mg < 107 %eV)

In the case where mgo > 107%%eV, ¢’s de Broglie wavelength is much smaller than the scale of the Milky Way
halo, so ¢ behaves like a point-like particle similar to other cold DM particles. For this reason, ¢’s local density is
P local = F Plocal, Where piocal =~ 0.4GeV/ cm? is DM’s local density near earth. By effectively adding an enhancement
factor

1/2
&= (pll> ~ 6 x 102 (28)

Paverage

where paverage = Pef2pM =~ 1.3 keV/cm® on |¢| in Eq. (26), we get ¢’s amplitude today near the earth, which is
|$ly ~ (2F procal) /2 /mg. Here, |¢|, denotes ¢’s local oscillation amplitude today. If my < 107?%eV, oppositely, ¢
cannot be trapped inside the Milky Way halo’s gravitational potential well. In this case, today’s ¢ field is homogeneous,
so the enhancement factor in Eq. (28) should not be included, from which we have |¢|, = (2F paverage)/2/mo. ¢'s
oscillation amplitude in the middle mass range needs numerical simulation, which is left for future exploration.

B. Thermal Misalignment: n > 1

As long as n is of order unity or even larger, the thermal effect from the SM plasma plays a decisive role in ¢’s
evolution in the early universe. To understand the combined effects on ¢’s movement from the thermal potential, bare
potential, and the universe’s expansion, one can refer to the right panel of Fig. 2: At the early stage, since mr (red)
and H (orange) are both proportional to 72, their lines are approximately parallel in the plot with the log-log scale.
Here we neglect the g, variation, which only leads to an O(1) modification. In the plot, we label the cross point
of myp-line (red) and mg-line (blue) with “T.”, which is already defined in Eq. (22). When T' < Ty, the effect from
the bare potential dominates over the effect from the thermal potential. When T < m., the mp-line drops fastly
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Figure 4. ¢’s typical numerical solutions. In these two plots, we define the dimensionless quantity T = T/T|3t=mg, SO at point
T =1 we have 3H = mo. The red, green, and blue lines represent the > 1, n ~ 1, and n < 1 cases, respectively. Left: The
type-A model (3" = 0). For the red line (n > 1), when T> T*7 ¢ does the damped oscillation scaled as |¢p — 7 f/2| x Tl/2
so it converges to 7 f/2. Remembering the T.’s definition in Eq. (22), we label the point where T' ~ T as “mg ~ mo” As
the temperature decreases, ¢ tracks potential’s minimum ¢min = f arctan(m% /mg) until the temperature drops below the
electron mass. After that, ¢ cannot track the instant changing of the potential and begins the damped oscillation scaled as
|p| T3/2. In this plot, we have not shown ¢’s oscillation afterward because its amplitude is too small to be visualized. For
the green line (n ~ 1), when T > 1, ¢ gradually slides to the thermal potential minimum = f/2 following Eq. (30). When
T ~ 1, ¢ begins the damped oscillation obeying |¢| & 7%/2. The blue line ( < 1) represents the standard misalignment where
the thermal effect is negligible during the process. There, ¢ ~ const until T ~ 1. After that, ¢ begins to oscillate following
|p| o T3/, Right: The type-B model (3’ fy) The red line represents the situation where n > 1 and ¢’s initial condition
is7f/2 S ¢ § 37rf/2 In this case, when T > T*, ¢ does the damped oscillation |¢ — 7 f] T2 during which ¢ converges
to mf. When T < T*, or equivalently speaking, mr < mo, we have V" |s—rs < 0, so ¢ rolls down from 7 f and oscillates like
|p] x T3/2. We can see that the red line’s oscillation is postponed compared with the standard misalignment beginning at
T ~ 1. For this reason, the red line is in the phase of the trapped misalignment. The green line represents the situation where
n~1land nf/2 5 ¢m S 3mf/2. In this case, ¢ gradually slides to the thermal potential minimum  f as shown in Eq. (30).
At the point T~ 1, ¢ begins the damped oscillation scaled as |¢| o T3/2. The blue line represents the standard misalignment
mechanism where the thermal effect is inferior to the bare potential effect, i.e., n < 1. Similar to the discussion of the blue
line in the left panel, ¢ stays constant in the early universe and then begins the oscillation when 7' ~ 1. Even though the red
lines in the left and right panels are qualitatively different, the green and blue lines are quite similar in terms of the oscillation
temperature (T ~ 1). The main difference between the green and blue lines is that the green lines’ initial displacements are

thermally determined to be |¢| .. > |¢min|, but the blue lines’ oscillation amplitude depends on their initial conditions.

—me /T

following e and crosses the H-line. We label the cross point of the my-line and the H-line as “Q)”, and we have

To ~me/logn, Hg ~1071%/log?n eV. (29)

As we will see in the rest of this section, comparing my and H is vital in determining the temperature at which ¢
starts the late-time oscillation.

Let us first discuss ¢’s movement in the stage T" > T, during which the bare potential can be omitted in the

high-temperature environment In Appendix. A, we solve the scalar evolution for this situation. Because ¢ — ¢min

V K . . . .
is the linear combination of 7= 7 = , to describe the thermal convergence more quantitatively, we need the specific

value of 7. We recall that the potential minimums are @i, = 7f/2 for the type-A model and ¢y = 0, =7 f for the
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type-B model. Given the initial condition (;'Srh ~ (), we approximately have

¢ - (bmin X T ’ (TI S 1) ) (30)

T cos [Vn? = 1log (T/Ty) /2] (n>1)

where n = 1 is the critical value determining how ¢ evolves towards the local minimum.
If n < 1 (but not too small), ¢ gradually slides t0 Pmin, as shown in the green lines in the left and right panels of Fig. 4.
Incidentally, in the limit 7 < 1, we come back to Eq. (24) where ¢ is nearly frozen at the early universe, which is related

/1—n2
to the blue lines in both panels of Fig. 4. Here, the T 257 term s negligible because it describes the movement with
. /2= X
non-zero ¢,,. If n > 1, ¢’s movement towards ¢, is oscillating because THERSE — pU/2eEi/nP-110g T/2, Obeying

the power law T/2, ¢’s oscillation amplitude decreases as the temperature goes down. This can be explained more
intuitively: When T 2> m,, the adiabatic condition of the WKB approximation is satisfied (rhr/m2. ~ 1/n < 1), so
there is no particle creation or depletion for ¢, or equivalently speaking, its number density is conserved. For this
reason, ¢’s oscillation amplitude obeys |¢ — dmin| = \/2ng/mr x Tz, Eq. (30) reveals an interesting phenomenon:
As long as there is a hierarchy between Ty, and m,, which is natural in most of the inflation models, ¢ converges
to the local minimum of the thermal potential. For example, in n 2 1 case, given that Ty, ~ 1TeV, when the
universe temperature drops to T' ~ m,, the field deviation from the local minimum becomes |¢ — ¢min|/Pmin ~ 1073.
Higher T}y, leads to even smaller field displacement from the thermal minimum. Such determination of scalar’s
misalignment through the thermal effect is named the thermal misalignment in several recent works [102, 135, 136].
Other mechanisms setting scalar’s nonzero initial displacement can be found in [137-139]. As shown in Eq. (23), in
our paper, we use the term thermal misalignment for the cases satisfying n 2 1 to distinguish them from the standard
misalignment in which the thermal effect does not play a role. We use such a definition because when this condition
is satisfied, the thermal effect from the SM bath washes out ¢’s sensitivity of the initial condition and dynamically
sets the field displacement.

When T' < T, the bare potential becomes important in ¢’s evolution. In the mg < Hg case, the ultralight scalar’s
evolution is simply the combination of the early time wrong vacuum damped oscillation and the late-time true vacuum
damped oscillation around zero with

TOSC = T|3H:m0? |¢)|osc = |¢)min|7 (31)

where @min = 7f/2 for the type-A model and ¢ = +7f for the type-B model with ¢ initially in the wrong vacuum.
We do not put more words on that because this kind of the thermal misalignment can be treated as the standard
misalignment with the thermally determined initial condition. Now, we shift our focus to the mo 2 Hg case in the
rest of this section. Since the total potentials of the type-A and type-B models have different shapes depending on
exactness of the Z, symmetry, and the scalar evolution depends on the numerical value of 7, let us describe the scalar
evolution case by case:

e Type-A, n> 1.

When T > T, ¢ does the damped oscillation, which converges to 7 f/2. Afterward, when T" ~ T, or
equivalently speaking, mp ~ myg, the potential minimum begins to shift towards from 7f/2 to 0, obeying
o=1f arctan(mQT /mg) as shown in Eq. (19). When the universe temperature is much higher than m., the
adiabatic condition is satisfied because rr/m% ~ 1/n < 1. We show the movement of ¢ in the lower left panel
of Fig. 3 and the red line in the left panel of Fig. 4. However, as the temperature drops below m., because
mr/ma ~ eme/T /n > 1, ¢ is not able to respond to the sudden variation of the potential minimum anymore
and begins the oscillation. Here, the oscillation temperature and the starting amplitude can be written as

Tose ~ TQv |¢‘osc ~ f (TQ/T*)47 (32)

where T ~ m./logn as defined in Eq. (29). Given f < my,, the hierarchy between T, and Ty strongly
suppresses ¢’s late-time oscillation amplitude, leading to ¢’s minuscule relic abundance. Even though this phase
does not appear in the following context of the dark photon dark matter freeze-in in Sec. IV, we still discuss
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this phase in this section for completeness.

Type-A, n~ 1.

In the early time when T > T|3g—m,, ¢ slides to the thermal minimum 7 f/2. When T ~ T'|3g—m,, the scalar
begins the late-time damped oscillation obeying |¢| T3/2 with the starting temperature and amplitude

Tosc ~ TlSH:mm |¢‘osc = ﬂ-f/2 (33)

In Fig. 3, we do not list such a case because, even though categorized as the thermal misalignment, it can be
decomposed into the standard misalignment (upper left panel of Fig. 3) plus the determined initial amplitude.
In the left panel of Fig. 4, the green line describes such situation: When T 2 1, the green line gradually slides
to the w f /2. When T ~ 1, the green line begins the damped oscillation with the amplitude scaled as |¢| o T3/2,

Type-B, n 2 1.

Unlike the type-A model, there is no continuous shift of the potential minimum during the cosmological evolution.
Therefore, we only need to focus on the moment when the local minimum flips. Here, we mainly focus on the
case in which ¢’s initial condition satisfies 7f/2 < ¢y, < 37 f/2. In this case, because of the thermal effect when
T > T, ¢ converges to the local minimum 7 f inside the wrong vacuum. When T' < Ty, at the point ¢ = 7 f,
the second order derivative becomes nonpositive, i.e., V" |p=rs < 0, thereafter ¢ begins the oscillation around
zero. From Eq. (22), we have

Tosc = 1y, ‘¢|osc =~ ﬂ—f' (34)

According to Eq. (22), we recall that T, ~ T|3H:m0/771/2 ~ (mompl/n)l/2 when mgy 2 nHg, and T, ~ 0.1m,
when Hg < mo SnHog.

For the n > 1 case, one could look at the red line in the right panel of Fig. 4. Here, ¢ oscillates around the
thermal minimum 7 f with the power law |¢ — 7 f| x T2 when T > T,. Afterward, when T ~ T, alternatively
speaking, mr ~ myg, ¢ begins the oscillation following |¢| oc 73/2. The plot shows the apparent postponement
of the scalar oscillation for the red line compared with the other two lines. Because the CP-even scalar ¢’s
oscillation is postponed, the evolution of ¢ can be classified as the trapped misalignment, which is formally
investigated in axion models [140, 141]. In this case, ¢’s relic abundance is enhanced given the same |¢| . or
f- We can also think about such characteristics inversely: For ¢ to reach the same abundance quantified by F,
one only needs smaller |¢|

of the oscillation as

osc OF f. To be more quantitative, one can write the misalignment at the beginning

3/2
|¢|osc = ‘¢|osc, std (T*/T|3H:m0) / ’ (35)
where |¢] .. g denotes the starting amplitude for the standard misalignment as shown in Eq. (27). From
Eq. (35), one can see that the necessary early misalignment |¢|
which shows that |¢|__. is much smaller compared with |¢|

. is rescaled by a factor of (Ti/T|3r—m,)>'?,

q When F is determined.

0sc osc,st

For the 7 ~ 1 case, one could refer to the green line in the right panel of Fig. 4. In the early stage, i.e.,

—/1—n2
T 2 T|3g=my, ¢ slowly moves to 7 f obeying |¢ — 7 f| 7%, When T ~ T|3H=m,, ¢ begins the damped

oscillation with the power law |¢| oc T%/2. From the discussion above, we can find that the n ~ 1 case has the

thermal determination of the initial condition but does not have the postponement of the oscillation. Therefore,
¢ is in the phase of the thermal misalignment but not in the phase of the trapped misalignment.

Finally, let us briefly discuss the case where —7f/2 < ¢ < 7f/2. Here we have that ¢ oscillates obeying
|¢| ox T/? when T >> T, and then oscillates obeying |¢| oc T%/2 when T' < T.. Because the late-time amplitude
is suppressed by a factor of (Ti,/T%)'/?, given the nonnegligible fraction of ¢ among the dark matter (For
example, F ~ 1072), f depends on T};, and may be larger than myp1. Therefore, this paper focuses on the case
where ¢ is initially localized inside the wrong vacuum.
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IV. DARK PHOTON DARK MATTER

In this section, we discuss the freeze-in of the keV — MeV dark photon dark matter via varying kinetic mixing. As
shown in [58-60], the dark photon freeze-in through the time-independent kinetic mixing (epy ~ 10~'2) is entirely ruled
out since it causes the strong excess in stellar energy loss, the CMB energy injection, and the galactic photon spectrum.
Alternative dark photon dark matter production mechanisms include misalignment [120, 142-144)%  gravitational
production [145-150], the radiation of the cosmic string network [151, 152], and axion tachyonic instability [153-157].
Realizing that all the production mechanisms mentioned above do not rely on kinetic mixing, which is indispensable
for dark photon detection, we provide a minimal extension of the dark photon dark matter freeze-in where the
ultralight scalar’s evolution sets the experimental benchmark of kinetic mixing dynamically. In addition, we want to
stress the enormous significance of detecting the ultralight scalar in the whole mass range, i.e., 10723V < mg < eV:
Even though it cannot be the main component of dark matter in the mass range 10™33eV < mg < 10~!7eV, which is
excluded by the fuzzy dark matter constraints [121-126, 134] and the superradiance constraints from the supermassive
black holes [158-161], such tiny amount of the ultralight scalar relic can still open the gate for the main component
dark matter’s production.

At the beginning of this section, let us give a brief introduction of the setup: In our model, the dark photon
dark matter is produced through the operator £ > ¢F),, F'*” /2Axm whose effective kinetic mixing is supported by
¢’s VEV in the early universe. Thereafter, when T ~ T, ¢ begins the oscillation with its amplitude scaled as
|o| o< (T'/ TOSC)B/ % Because most of the existing constraints are imposed when T < Tysc, the dark photon’s parameter
space can be vastly extended, and the ratio Ty /Tts. determines today’s local kinetic mixing for the future dark photon
dark matter detections. In addition, since the ¢F2 or ¢2F? operator is induced as the byproduct of the varying kinetic
mixing from the UV theory discussed in Sec. II, testing the fine-structure constant variation and the equivalence
principle violation through the ground-based experiments (torsion balance, clock comparison, resonant-mass detector,
ATON, MAGIS) [83, 84, 87-91, 162-166], satellite-based experiments (MICROSCOPE, Space-Q, AEDGE) [85, 167—
169], astrophysics (PTA, SKA) [92, 170], and cosmology (CMB, BBN, Lyman-« forest) [93-96, 170] open another
brand new window for the dark matter experimentalists.

A. Dark Photon Production

Let us begin with the dark photon freeze-in through the varying kinetic mixing. To simplify the discussion, we focus
on the case where the dark photon is produced before the ultralight scalar’s oscillation. When T 2 Tisc, ¢ is frozen
with the nonzero displacement such that the dark photon is produced through v — A’ and e~e™ — A’ channels. Our
numerical calculation of the required kinetic mixing to reach today’s dark matter relic abundance is shown as the
yellow line labeled as “ep;” in Fig. 5. In the following text, let us briefly introduce how to estimate the dark photon
abundance from the freeze-in process semianalytically.

In the case where m4s < 2m., we solve the Boltzmann equation®
e>m4,

5(m,2y —m3). (36)

nar +3Hna ~ny(Iy5a), where (I'ya/) ~

In Eq. (36), ny and nas are the number density of the photon and dark photon, respectively. (I'y_, /) is the thermal
average of the photon to dark photon transition rate, from which we know that the resonant oscillation, i.e., v — A’,
happens when m, =~ mys. In the mass range 0.1MeV < mar < 1MeV, when v — A’ happens, et

Therefore, the plasmon mass can be approximately written as mg ~ 27y T? /3. Combining m% and Eq. (36), we

are relativistic.

have

3/2 Mpl

2
T’Y—>A’ ~ 8my, QA/»’Y—>A’ ~ € Qem )
Toq

(37)

2 The minimal vector field misalignment model [142] is not viable because the inflationary e-folds exponentially suppresses the vector field
displacement. To avoid such washout, the non-minimum coupling with the gravity or the modified kinetic term is needed [120, 143, 144].

3 Even though essential in the indirect detection discussed later, the decay channels such as A’ — e~eT and A’ — 3+ nearly do not affect
A”’s abundance. This is because, in the experimentally allowed region, the dark photon decay rate is much smaller than the universe’s
expansion rate, not to mention the suppressed late-time kinetic mixing compared with the mixing in the early universe.
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Dark Photon Dark Matter: Constant Kinetic Mixing

Figure 5. The parameter space of the dark photon dark matter (Q4/h? ~ 0.12) with the constant kinetic mixing. Here, m 4/
is the dark photon mass, and € is the constant kinetic mixing. The yellow line labeled with “er:” is the dark photon freeze-in
line, i.e., the kinetic mixing necessary for the dark photon to reach today’s dark matter relic abundance. In the mass range
mas < 2m., the dominant dark photon production channel is photon to dark photon resonant conversion, i.e., v — A’. When
mas > 2me, A — e~ e dominates, which explains the slight decreasing of the freeze-in line. In the plot, the purple region
represents the constraints from the stellar energy loss of red giants, horizontal branches, and sun [58-60, 71-74]. The shaded
red region labeled by “DD” denotes the constraints from the dark matter direct detection experiments [60, 75-80]. Up to now,
the most stringent constraint within keV — MeV range comes from the XENONnT experiment [80]. The dashed red line is the
projection of the next-generation LUX-ZEPLIN (LZ) experiment [171]. The blue region denotes the constraints from the dark
photon dark matter decay, whose dominant channel is A’ — 3y when m/ < 2m., or A’ — e~ e when m 4/ > 2m.. Since the
dark photon decay affects CMB and the late-time photon spectrum, constraints can be imposed on the dark photon parameter
space [58-60, 172]. From [60, 82, 173], we know that the constraints from CMB and the late-time processes are comparable for
the constant kinetic mixing model. Therefore, we label the constraint from the dark photon decay with “CMB+Late”. In the
plot, one can find that the freeze-in line is covered by the imposed constraints, which means that the constant kinetic mixing
model is completely ruled out. Such exclusion of the dark photon dark matter freeze-in is formally discussed in [58-60].

where T’,_, 4/ is the resonant temperature of v — A’, Toq ~ eV is the temperature of the matter-radiation equality, and
Qar,y— s is the related dark photon relic abundance. In Eq. (37), Q4/’s dependence on m 4/ is approximately canceled
out. Therefore, the freeze-in line in the region where m4s < 2m, is approximately a constant. Since Q4/h% ~ 0.12,
from Eq. (37) we have

ERFT 10_12, (38)

which explains the behavior of the yellow line in Fig. 5 in the mass range 0.1MeV < m 4 < 1MeV. In the mass range
ma < 0.1MeV, the resonant oscillation happens when e* are non-relativistic. To be more quantitative, Tyes ~ 0.1m,,
which is insensitive to m4/. In this case, we have Q4/ o €2m?,, which explains the slope of the freeze-in line in Fig. 5
in this mass range. In the discussion above, we focus on the transverse dark photon because the produced longitudinal

dark photon is subdominant, which is checked by us numerically and consistent with [72].

In the case where m4 > 2m,, the inverse decay channel, i.e., e“et — A’, opens up and dominates over v — A’.
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Now the Boltzmann equation can be written as

. 5/2 _
Na+3HnAg ~Ng-Ne+ (Opo—ot ar), Where ng—nNet (To— ot ar) ~ ezaemmA/, T3/2e=mar/T, (39)

Inside the collision term of Eq. (39), there is an exponential suppression factor e~ mar/T

cutting off the dark photon
production when the universe cools down. From Eq. (39), we estimate the cut-off temperature of e~e™ — A’ near
which most of the dark photons are produced and the related dark photon relic abundance as

mpl

2
Te-etar ~ mar, QA’,e*e+—>A’ ~ € Qem T (40)
€q

respectively. In Eq. (40), one can find that Q4 .-+, 4/ is also almost independent of the dark photon mass, which
is similar to the result in Eq. (37) but different by an a;r/nz factor. For this reason, in the mass range ma: 2 2m,, the
needed kinetic mixing to reach today’s relic abundance is slightly smaller than the one in the range ma < 2m. by

an O(1) factor, which explains the slight lowering of the freeze-in lines in Fig. 5 and Fig. 6.

Being different from the model with the constant kinetic mixing, our model has extra dark photon production
channels where ¢ is the particle rather than the VEV, such as v — A’¢ and e"e™ — A’¢. Nevertheless, one can
see that these channels are subdominant from the discussion below. By estimating the ratio of the A’ abundance
produced through these channels over the A’ abundance produced through the varying kinetic mixing, we have

s mA'zTrh <1, (41)
yoa 9]

osc

where €2,_, 4/ represents the dark photon abundance from the channels in which ¢ serves as the VEV, and Q. 4/4
is for the dark photon abundance from the channels where ¢ is the particle. From Eq. (41), one can find that the
majority of the dark photon comes from the channels with the ¢ as the VEV, because the channels with ¢ as the
particle are highly suppressed by the large Akyr, while the channels with the ¢ as the VEV are compensated with

large |@] .-

B. Signatures and Constraints

In our model, the experiments can be categorized into two classes: 1. The detections of the dark photon dark
matter. These rely on the portal between the visible and dark sectors, i.e., the varying kinetic mixing through which
the energy and momentum flow. Today’s local kinetic mixing is set by the scalar mass mg. 2. The detection of the
ultralight scalar ¢, i.e., the handle controlling the portal. Such detections are based upon the scalar-photon couplings,
which vary the fine-structure constant or violate the equivalence principle. The targets for the experiments detecting
the ultralight CP-even scalar are set by the dark photon dark matter freeze-in.

1. Detection of the Dark Photon Dark Matter

Let us first investigate the phenomenology of the dark photon dark matter established on the nonzero kinetic
mixing. Before starting the discussion, one needs to recall that in our model, the kinetic mixing varies during the
universe’s evolution. Hence, the experimental detectability based on some specific process depends on the universe’s
epoch when this process happens. To understand this, we start by reviewing the ultralight scalar’s evolution. As
we know, when T' 2 Tis, ¢ is at rest with the nonzero field displacement. Afterward, when T' < Tysc, ¢ begins the
damped oscillation scaled as |¢p| < T 3/2 Given that the dark photon is the main component of dark matter, we have
er1 ~ 10712, based on which today’s local kinetic mixing, denoted as €q, is set by Tyse. From Sec. III, we write ¢y as

Ty \*? (1 (mo < 107%V)
€0 ~ €FI | 77— X 25 ) (42)
Tosc & (m() 2 10~ eV)
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Figure 6. The parameter space of the dark photon dark matter (Q4/h? ~ 0.12) produced from the freeze-in mechanism through
the varying kinetic mixing. Here, m 4, is the dark photon mass, and €y is today’s local kinetic mixing near the earth. One
should note that the CMB (light blue) and BBN (green) bounds are imposed on the early universe with larger kinetic mixing.
Based on the evolution of ¢, we recast these constraints to the ma — ¢ plane. Left: mo < 1072%¢V. In the plot, we
choose mo ~ 1073°,1072%,10726 ¢V as the benchmark values. Here, the strongest constraints come from the stellar energy
loss (purple), A’ decay during CMB (light blue) and the late time (dark blue), and the direct detection experiments (red). The
dashed red line denotes the projection of LUX-ZEPLIN (LZ). The yellow line labeled by “epr” is the kinetic mixing required
to reach the dark matter relic abundance during the freeze-in. If mo < 10728eV, one has Tosc < TomB, SO ecMB =~ €pr. For
this reason, the dark photon heavier than 0.1MeV is excluded, while the lighter one is not. Right: mo > 1072%¢V. Here we
choose mo ~ 1072°,1072!,10717, 1073 eV as the benchmark values. The light gray region denotes the parameter space where
our calculation breaks up when the oscillation begins before the freeze-in process, i.e., Tosc 2 Tri. Here, the most relevant
constraints comes from the A’ decay during CMB (light blue) and the late time (dark blue), where A’ — 3y dominates when
ma < 2me, and A’ — e~ et dominates when m 4 > 2m.. Since the kinetic mixing is large during the BBN, the dark photon
decay is also constrained by BBN (green). One should notice that the BBN bound is cut off at m 4/ ~ 5MeV, below which the
A’ decay cannot disintegrate the relevant light elements [174, 175]. Since the oscillation temperatures for the type-A and the
type-B model have some slight quantitative differences in the mass range mo > 10~ '®eV, here we mainly use the type-A model
as an example.

where the universe temperature today is Ty ~ 1073eV, the enhancement factor from the structure formation is
& ~ 600, as shown in Eq. (28), and the kinetic mixing during the freeze-in is epr ~ 10712, as shown in Eq. (38).
Based upon Eq. (42), we divide the discussion into two parts separately, as shown in Fig. 6: The left panel denoting
the case mg < 1072%eV where P, local = F Paverage, and the right panel representing the case mg 2 1025V where
P¢,local = ]:ploca1~

Let us begin with the my < 1072°eV case with the dark photon parameter space shown in the left panel of Fig. 6.
One can see that the most relevant constraints come from the dark matter direct detection (red), the stellar energy
loss (purple), and the dark photon decay during the CMB (light blue) and the late time (blue). In the plot, the yellow
line represents the required kinetic mixing during the dark photon freeze-in to reach the relic abundance Q4/h% ~ 0.12,
from which one can easily find that the constant kinetic mixing scenario is thoroughly excluded. In contrast, the
varying kinetic mixing model opens the parameter space and provides the benchmark values determined by mg. Here,
we choose mg ~ 1073910728 10726 eV to plot the freeze-in lines on the m4 — €y plane. Since Tyye ~ (mompl)l/Z,
larger myq leads to an earlier start of the oscillation, such that €y is smaller. Let us briefly introduce the constraints
appearing in the left panel of Fig. 6 in the following paragraphs.

In the mass range ma < 0.1MeV, the most relevant constraints come from the dark matter direction (red) and
the stellar energy loss (purple). The direct detection experiments test scintillation photons from the electron recoil
inside the noble liquids or semiconductors due to the absorption of the dark photon [60, 75-80]. Up to now, the most
strict constraint within keV to MeV mass range comes from the XENONnT experiment [80]. The LUX-ZEPLIN (LZ)
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experiment, represented by the dashed red line in the plot, can test smaller kinetic mixing by a half to one order of
magnitude [171]. Furthermore, we can expect that future dark matter direct detection experiments, such as DarkSide-
20k [176] and DARWIN [177], with more giant detectors and lower backgrounds, can have better detection capability.
In this mass range, our model is also constrained by the stellar energy loss of the sun, horizontal branch, and red giant
via the channel v — A’, which changes the stellar evolutions [58-60, 71-74]. The direct detection of the non-relativistic
dark photons produced by the sun, known as the solar basin, can also impose comparable constraints [178].

In the mass range ma, = 0.1MeV, our model is constrained by the decay of the dark photon dark matter. When
mar < 2me., since the two-photon channel is forbidden according to the Landau-Yang theorem [179, 180], the dark
photon decays through A’ — 3~ induced by the electron loop. When m 4+ > 2m., the dominant channel is A’ — e~e™.
These two channels are constrained by the observations of the CMB and the late-time photon background, which give
comparable constraints in the constant kinetic mixing scenario. From [59, 60, 81, 82], we know that T'4/,3, < 1079 H,
and T x4/ ye— o+ <1077 Hy for m s ~ MeV. However, in our model, one should realize that these two physical processes
happen in different stages of the universe. To be more specific, the stage of CMB is at Toyp ~ eV while the galactic
photon is emitted in today’s universe. From the discussion of ¢’s evolution in Sec. I, we know that the kinetic mixing
during CMB is

Inin(,TCMB s Tosc) 8/2

TO , (43)

€CcMB "~ €0 X
where Tps. ~ (mgomp;)'/2. Based on Eq. (43), we can recast the constraint on the kinetic mixing from the dark photon
dark matter decay during the CMB stage to the ma — eg diagram. When mg < 1072%eV, one knows Thsec < Tows,
S0 ecmB = er1- Given this, one can figure out that the dark photon mass region m 4, = 0.1MeV is excluded by CMB,
while the smaller dark photon mass region is not. This explains CMB bound’s cutting off at m 4, ~ 0.1MeV in the
left panel of Fig. 6. When mg > 10728eV, one has T > Tcomp, S0 the kinetic mixing during the stage of CMB is
€CMB ~ €0 (TCMB/T0)3/2, which explains the strengthening of the CMB bound at the range m 4, = 0.1MeV compared
with the constraints from the late-time photon.

Now let us discuss the mg > 1072°eV case appearing on the right panel of Fig. 6. Here, the most relevant
constraints come from the decay of the dark photon dark matter during CMB (light blue) and BBN (green). To
recast the constraints in the early universe to the m 4. — € plane, we use the formula

T 3/2 4 in(Tepx, Toe) 122 1
%MB] £ €BBN ~ €0 X min(Tiey, Tosc) |77 1 (44)
0

~ €y X
ECMB "~ €0 [ ok i 5

From the discussion in Subsec. II1I B, we know that thermal effect may change Ty for the type-B model when the
scalar is heavier than 10716/ log2 neV. Even though the type-B model does not cause the qualitative differences, to
simplify the discussion, we only discuss the type-A model as an example such that the oscillation temperature still
satisfies Tpge ~ (mompl)l/ 2 in the experimentally allowed region. Similar to the discussion above, we recast the CMB
bound to the ma/ — €y plot. During the BBN, egpn ranges from 1072 to 10~'#, which depends on the concrete
value of mg. In this range, the dark photon decay through A’ — e~e™ leads to the light elements’ disintegration,
based on which the BBN constraint is imposed [174, 175]. However, as long as mas < 5MeV, the dark photon decay
cannot change the light element abundance since the injected energy is smaller than the deuterium binding energy,
which is the smallest among all the relevant light elements (except "Be whose abundance does not affect the main
BBN observables). In the right panel of Fig. 6, there is a gray region in the lower left corner, which represents the
parameter space where the calculations of freeze-in lines break because the freeze-in happens after the start of the
oscillation. At the end of this paragraph, we point out one nontrivial character: Through the varying kinetic mixing,
the dark photon heavier than 1MeV can be produced and avoid the constraints of the decay A’ — e~e™ because the
kinetic mixing portal fastly closes right after the dark photon production.

Before ending this subsection, we want to point out that since the dark photon is produced through v — A’ with
the initial momentum p4/ ~ T, it washes out the dark matter substructure in the late universe, which is the character
of the warm dark matter [181-184]. To avoid this, we need m4, 2 few x 10keV. Since imposing such constraints
needs detailed analyses based on the dark matter phase space distribution, which deviates from the main point of this
paper, we leave this to future work.
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Figure 7. The parameter space of the scalar-photon couplings. The nonrelativistic scalar relic’s fraction among the dark matter is
F ~ 1073, The kinetic mixing before the oscillation is epr ~ 2 X 10_12, which is the benchmark value for the freeze-in production
of the dark photon dark matter satisfying Q4/h? ~ 0.12. Left: The type-A model (3’ = 0). We choose ¢’ = 1,1072,107° to
demonstrate the experimental targets for the dark photon freeze-in through the varying kinetic mixing, which appear as the
black lines. The thick dashed magenta line is the  ~ 1 contour, upon which the scalar’s early displacement is set to be 7 f/2 by
the thermal misalignment. The gray region denotes the constraints from the equivalence principle tests (gray: EP tests) from
the MICROSCOPE satellite [85] and the torsion balance experiments [83, 84]. The blue region represents current constraints
from the clock comparisons [86-88, 90, 185]. We can see, for the type-A model, most of the model’s parameter space (e’ < 1) is
inside the projections of the proposed experiments, such as Lyman-o UVES (dashed purple) [170], the clock comparison (dashed
pink: optical-optical, dashed red: optical-nuclear) [86], the cold-atom interferometer (dashed dark green: AEDGE, dashed
green: AION-km, dashed light green: MAGIS-km) [165, 166, 168, 186], and the resonant-mass oscillator (dashed orange:
DUAL) [91]. Right: The type-B model (y' = —y) beginning with the wrong vacuum (7f/2 < ¢ < 37f/2). We choose
¢ =1075,1078,107' as the benchmark values to plot the black lines. The thick magenta line is the 7 ~ 1 contour. In the
region beyond such a magenta line, the scalar acquires the field displacement 7 f via the thermal misalignment. The thick
dashed cyan line, i.e., the contour of mr|3g=m, =~ Mo, envelopes the region where the thermal effect postpones the oscillation
starting, i.e., Tosc < T'|3H=m. This is the region where the ultralight scalar does the trapped misalignment, which is previously
investigated in [140, 141] for the axion models. Given the scalar abundance, since the trapped misalignment needs smaller
oscillation amplitude, as discussed in Eq. (35), the power law of the black lines is changed within the upper right corner
enveloped by the thick dashed cyan line. In the plot, one can find that the constraints from the cosmology (light orange: CMB,
purple: BBN) are comparable with the current constraints from clock comparison experiments (blue) [86-88, 90, 162, 185] and
the equivalence principle tests (gray: EP tests) [83-85]. For the type-B model, one needs €’ < 1079 for the dark photon dark
matter freeze-in to be detected by future experiments.

2. Detection of the Ultralight Scalar

From the former discussion in Sec. II, we know that the scalar-photon coupling appears along with the varying
kinetic mixing from the UV physics, so our model can be tested from another entirely different perspective, i.e., the
phenomenology of the ultralight CP-even scalar. Depending on whether the Zs symmetry is exactly preserved or
not, the scalar-photon coupling is ¢F2 (Type-A), or ¢?F? (Type-B). From Eq. (16), we know that the dimensionless
coefficients d; (¢ = 1,2) contain the production of the e’ and Ak, and Agyr can be written as Axm >~ |@] ../ €F1-
We also know that in the freeze-in model of the dark photon dark matter, there is epr ~ 1072, Therefore, the targets
of the scalar experiments are set by the freeze-in of the dark photon dark matter. To be more quantitative, we have

mp1epr ) moerr \' ,
dyi ~ (P—> x <—) (i=12), (45)
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where “¢ = 1”7 and “i = 2” denote the type-A and type-B models, respectively. From Eq. (45), we know that with
err determined, the smaller €’ is, the larger d,; (¢ = 1,2) are, so our model can be more easily to be detected.
The reason is that from the UV model in Sec. II, to maintain a determined kinetic mixing, y) should be turned
up when €’ is turned down. Therefore, the coefficients in front of the scalar-photon couplings are turned up. Since
the phenomenologies for the linear (type-A) and quadratic (type-B) scalar-photon couplings are quite different, we
discuss these two models individually in the rest of this subsection.

a. Type-A Model Let us first discuss the type-A model shown in the left panel of Fig. 7. To illustrate how
the experimental signals vary with the dark gauge coupling, we plot the d 1 lines (black) choosing ¢/ = 1,1073,1076
as the benchmark values. From Eq. (25) we know that Ty mg/ % when mo < 10728%eV, and T,ee mcl)/ ? when
mo = 10728eV. This explains the shapes of the black lines, which are represented as

(46)

d 1 {mé/4 (mo > 107 %eV)
7,1 X

e F1/2 x . -33.y < < 1028
€ const  (107°°eV < mg < 107%eV)

In Fig. 7, the thick dashed magenta line is the contour of n ~ 1. In the upper right corner beyond this contour, n is
larger but still of the order of one to ten, so the “arctan” suppression in the type-A 7 > 1 case mentioned in Sec. III B
does not appear. According to our former discussion in Sec. III B, for the type-A model with n ~ 1, the ultralight
scalar’s early field displacement is set to be 7 f/2 by the thermal misalignment. Since || ../f ~ O(1), from Eq. (21)
one can know the power law of the thick dashed magenta line satisfies d. 1 oc m 4 In the region below this thick
dashed magenta line, we have n < 1, so the ultralight scalar does the standard misalignment.

One of the strongest constraints for the type-A model comes from the equivalence principle experiments testing the
acceleration difference of two objects made by different materials attracted by the same heavy object. In the left panel
of Fig. 7, such a constraint is shown as the shaded gray region. Until now, the most stringent constraint is imposed by
the space mission named MICROSCOPE [85] and the torsion balance experiments named E6t-Wash [83, 84], which
gives dy1 S 10~%. Since such acceleration difference is caused by the Yukawa interaction mediated by the ultralight
scalar, these constraints are independent of the nonrelativistic scalar relic’s fraction among the dark matter, i.e., F.
The clock comparisons of Dy /Dy [87], Rb/Cs [88], and AlT/Hg™ [90] also give stringent constraints based on testing
the time-varying ci,. These constraints are shown as the shaded blue region.

To go beyond the current constraints, there are several experiments proposed. For the future proposed clock
comparison experiments [86], the projection of the improved optical-optical clock comparison is shown as the pink
line, and the projection of the optical-nuclear clock comparison is shown as the red line. For these projections, the
dashed parts denote the projection of the aepy, oscillation testing, and the dotted parts denote the projection of the
Qo drift testing. According to [86], the projection has the optimistic assumption that the measurement takes place
when the scalar is swiping through the zero such that cep, is independent of mg. Following this, we extrapolate
the projections of the optical-optical and optical-nuclear experiments to 10732eV considering the homogeneity of the
ultralight scalar when the scalar’s de Broglie wavelength is much larger than the size of the Milky Way halo. The
cold-atom interferometer experiments such as AEDGE [168], AION [165], and MAGIS [166] have strong detection
capability in the mass range 1071V < mg < 10712eV. In the plot, the projections of AEDGE (broadband, resonant
mode), AION-km, and MAGIS-km are shown in the dashed dark green, dashed green, and dashed light green lines,
respectively. The region of the thermal misalignment located in the upper right corner of the left panel of Fig. 7 can
be tested by the proposed resonant-mass detectors, such as DUAL shown in the dashed orange line [91]. The CP-even
scalar in the mass range 10732V < mg < 1072%eV can be tested via the proposed Lyman-a UVES observation [170]
shown in the dashed purple line.

Since all the constraints and projections except the EP tests rely on the aem variation, and Acaem x d,,1|4|, they
are all scaled by F~1/2 for different ultralight scalar fractions among the dark matter. We know from Eq. (46) that,
as JF varies, the relative position between the experimental targets (black lines) and the constraints/projections from
the non-EP experiments keeps the same. Knowing that e’ cannot be much larger than O(1) (Otherwise, the Landau
pole is shifted to the low energy and the theory’s perturbativity is broken), one can find from the left panel of Fig. 7
that most of the theory space is within the detection capabilities of the proposed experiments.

b. Type-B Model Now let us discuss the type-B model whose parameter space is shown in the right panel of
Fig. 7. Here, we make ¢ to have the initial wrong vacuum (7f/2 < ¢ < 37f/2). In the plot, the thick dashed

~



21

magenta line is the contour obeying n ~ 1. In the region upon (below) this line, the ultralight scalar does the
thermal (standard) misalignment. From Eq. (21) we know that 7 ~ (qemd,2)'/?. Thus, the thick dashed magenta
line approximately obeys d. 2> ~ 102. As discussed in Subsec. III B, the thermal effect makes ¢ converge to 7 f in the
early universe in the parameter space upon the thick dashed magenta line. The thick dashed cyan line denotes the
contour satisfying Tose ™~ T|3m=mq, Or equivalently speaking, mr|sg—m, =~ mo. In the region enveloped by the thick
dashed cyan line, we have Tosc < T'|3m—m, meaning that the thermal effect postpones ¢’s oscillation, which represents
the phase of trapped misalignment. From the plot, one can find that the thick dashed cyan line is approximately
flat when mgy > 107 '%eV. Such flatness appears because my ~ mg happens when e* are relativistic, which makes
mr/H ~n. Aslong as > 1, the starting of the oscillation is postponed by the thermal effect*. One can also find that
the left side of the thick dashed cyan line becomes vertical, because ms ~ mg happens when e*
In this case, the condition for Toee < T'|3H=m, becomes mq = m?2/my,.

The experimental benchmarks are shown as the black lines in mo — d, 2 plane. In the region of the standard

are non-relativistic.

misalignment (n < 1), the black lines obey

(47)

1 { m(l)/2 (107%%eV < mg < my)
d%2 X

[ X s
e?F const  (10723eV < mg < 10728eV)

where m, denotes the abscissa of the cross point of the black line and the thick dashed cyan line. To understand
the power law of d, 2 in Eq. (47), one can refer to Eq. (25) which tells that Tyee m(z)/s when mg < 10728eV, and
Tosc x mtl)/2 when mg > 10728eV. After plugging Ths. into Eq. (45), one can have Eq. (47).

Now let us discuss the behaviors of the black lines in the scalar mass range mg = m.. If the black line intersects with
the thick dashed cyan line on its vertical side, i.e., m, < 107'%eV, one can have T,.. ~ me. If the black line crosses

> 10" 1%eV, we have T ~ T|3H:m0/n1/2 o m(l)/Q/d}Y{;.

~

with the thick dashed cyan line on its horizontal side, i.e., m.
Substituting the equations of Ty into Eq. (45), we have

1
dyo oaF X mg  if m, 1070V, dyo x

which explains the black lines’ tilting up when entering the region of the trapped misalignment, i.e., the area enclosed

1
e X mg  if m. > 1070V  (mg = m.), (48)
e

by the thick dashed cyan line. Such enhancement of the signal comes from the postponement of the oscillation which
is the major feature of the trapped misalignment.

Similar to the type-A model, the type-B model can be tested through terrestrial experiments. In the plot, the
current constraints based on clock comparison [87, 88, 90, 162, 163] are shown as the shaded blue region, and the
constraints from the equivalence principle tests [85, 162, 163] are shown as the shaded gray region. The projections of
the proposed optical-optical and optical-nuclear clock comparisons are shown in orange and red, respectively [86, 163].
Here, the dashed and dotted parts of the projections denote the detection capabilities of the ey, oscillation and the
Qem drift, respectively. In addition, our model can also be tested by the cold-atom interferometers. The projection
of AEDGE [168] and AION-km [165] are shown in the dashed dark green and dashed green lines, respectively. One
may find that the constraints and projections from the ground-based and low-altitude experiments get weakened or
cut off in the strong coupling region. This is caused by the scalar’s matter effect sourced by the earth, one of the
characteristics of the quadratic scalar-SM coupling. Following [162, 163], we have

mglREB
SMEBQ%EB

where dy 2 crit is the scalar’s critical value for the matter effect to appear, Rgy ~ 6 x 10%km is the earth’s radius,
Mg ~ 6 x 10%*kg is the earth’s mass, and Q%@ ~ 1073 is the earth’s dilaton charge. When dy2 2 dy2.cit, the

dy2,crit = ~ few x 10, (49)

~

scalar’s Compton wavelength is smaller than the earth’s radius. In this situation, the scalar easily overcomes the
spatial gradient and is pulled toward the origin, so its near-ground and underground oscillation amplitudes are highly

4 Here, one may be curious about the nonoverlapping between the thick dashed cyan and thick dashed magenta lines when mg > 10~ 16eV.
To understand such splitting, one needs to review the exact definition of n in Eq. (20), which is n := 2my/H (Here S ~ 1). When
3H = my, to make mp > mg, one needs > 6. Since 1 « d}/g,

and the thick dashed magenta line (n = 1) have a factor “36” difference.

the values of d,2 for the thick dashed cyan line (m7|3g=m, = mo)
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suppressed. Even so, if the experiments are carried on in space with altitudes comparable with the earth’s radius (for
example, AEDGE), the screen effect sourced by the earth can be largely alleviated.

Unlike the type-A model, the type-B model has strong constraints from the early universe processes, such as CMB
and BBN, which are comparable with the terrestrial constraints. The reason for this character is that when tracing
back to the early universe with the ¢’s abundance determined, Aq,y, increases much more for the type-B model than
the type-A model. For the former analysis of the CMB and BBN bounds on the quadratic scalar-photon coupling,
one can refer to [93, 95, 96]°. Considering the thermal effect in Subsec. 111 B, we impose the constraints on the type-B
scalar’s parameter space using the current cosmological constraints on Aciem /Qem, Which are [93, 94]°

(Atiom /e )omB S 2 X 1073, (Attem/em)BBN S 6 % 1073 (50)

In the right panel of Fig. 7, the CMB constraint is shown as the shaded orange region, and the BBN constraint is
shown as the shaded purple region.

Based on the left panel of Fig. 7, let us discuss the detectability of the dark photon dark matter freeze-in via the
varying kinetic mixing. Given the scalar fraction F ~ 1073, for the model to be tested by the proposed experiments
but not excluded by CMB/BBN, the dark gauge coupling needs to be within the range 1071% < e’ <1075, When F
varies, the relative position between the black lines and the non-EP experiments does not change qualitatively because
all these constraints essentially come from A, d%2|¢|2. In this case, their positions are rescaled by F~! in the
weak coupling region. Differently, what the equivalence principle experiments are testing is the acceleration difference
of the objects A and B, which obeys |aa — ap|/laa + ap| o d2 , $|V¢| according to [162, 163]. From this, we know
that the constraints on d, o from the equivalence principle test should be rescaled by F —1/2
region. When F < 1078, the equivalence principle constraints are stronger than the current CMB, BBN, and clock
constraints. We leave detailed discussions on the F-dependence of the constraints and theoretical benchmarks to our
future work.

in the weak coupling

At the end of this section, we want to comment on the constraints imposed by the black hole superradiance. For
the F ~ 1 case, the current constraints from the supermassive black holes exclude the region 1072'eV < mg <
10~ 17eV [158-161, 187], and the constraints from the solar mass black holes exclude the region 10~ 3eV < mg <
10~ '1eV [188]. However, since ¢’s self-interaction is Ay, ~ m3/f?, smaller F leads to smaller f, which increases \,.
From [161, 188] we know that, for the scalar as the subfraction of the dark matter, the superradiance constraints are
alleviated by the scalar’s large attractive self-interaction.

V. Zny-PROTECTED SCALAR NATURALNESS

Since the Yukawa interaction in Eq. (4) breaks ®’s global U(1) symmetry, the ultralight CP-even scalar ¢ suffers
from large quantum correction, which is a common problem in many ultralight scalar models. Taking the type-B
model in Sec. II as an example, we have the mass correction Amg ~ yM, and its benchmark value

2 17
~11 €F1 M 07 GeV (1 "
Amg ~ 107 eV (10—12> <1OTeV) < |9 osc ) "

which is much larger than the scalar’s bare mass. For the type-A model, the Coleman-Weinberg potential is Vi, ~
yM?3 fsin(¢/ f). Given that r < 1, the type-A model’s mass quantum correction Am ~ yM /r'/? is even much larger.
Because V. ’s minimum of the type-A model is not at zero, one need to introduce additional tadpole counterterm to
forbid ¢ to have the late-time nonzero displacement.

Although such a naturalness problem exists in the minimal model, by imposing an extra Zy symmetry [97, 98], the
global U(1) symmetry can be approximately restored, so the quantum correction is exponentially suppressed. In such

setup, for the type-A and type-B models, the mass fine-tuning is exponentially solved. In addition, for the type-A

5 The results in [95, 96] cannot be recast to our model directly because these works constrain the coupling ¢2 F'2 which can be classified into
the case where ¢ starts in the range —7f/2 < ¢ S wf /2. We are discussing the initial wrong vacuum case where 7 f/2 < ¢ < 37 f /2.

6 To double-check our results, we reproduce the CMB and BBN constraints in [93] by using the former CMB bound Acem/dem < 1072
used in [93] and by only including the bare potential effect during BBN, respectively.
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Figure 8. The schematic diagram of the Zy invariant UV model. The messenger particles \Ilg) (k=0,1,--- ,N — 1) are all
coupled with the complex scalar ®, where “k” labels the kth world and k£ = 0 is our world which experienced the reheating.
Because of the suppression from y”, kth and jth universes (k # j) do not talk with each other. Here, the Zy rotation

® — Pexp(i 2w/N), \I/g) — \IIJ(JL is labeled by the gray arrowed circles. The Za symmetry between ¥y and ¥}, which is exact

for the type-B model (y' = —y) and approximate for the type-A model (y # 0,3’ = 0), eliminates the time-independent part
of the kinetic mixing.

model, the one-loop tadpole is also negligible. To realize this, we introduce N copies of the worlds containing the
standard model sector (SMy), the dark sector (DSy), and the portal (Opy,) where k =0,1,..., N — 1. Because of the
Zy symmetry, the system is invariant under the transformation

2
d — Bexp (21\7;) , (SM + Op +DS)i — (SM+ Op +DS)ss1 (52)

so the lowest order effective operator is

(I)N
EW = const X W —+ h.C. (53)

1
which is invariant under the Zy transformation but not invariant under the U(1) transformation. Such dimension-N
operator shows that even though the global U(1) symmetry is broken, as long as the symmetry under the discrete
subgroup Zy still exists, the quantum correction Am?5 o fN—2 /Ajlv ~1 is exponentially suppressed by N. If N is
an odd number and the exact Z, symmetry under Cq (® — —®7) is imposed, the lowest order effective operator is
®2N /AN 50 the mass quantum correction is f2N=2/A2N 47 As long as Ami < mZ, the scalar’s bare mass mq
softly breaking the Zy symmetry can be naturally small.

7 Here we put the subscript “I” for the effective energy scale A; in the Zy invariant operator £ O const x @lN/A;N74 +h.c., because these
scales are hierarchically different for different “I”s when the Yukawas are small, which reveals the necessity of more detailed calculation
to go beyond the purely qualitative level of understanding how the Z symmetry protects the CP-even scalar’s naturalness. From
Eq. (64) in the later context, we will find that A; ~ M/yN/N=4) A, 4/ (N=4),



24

A. Zpn-Protected Model

To build a concrete varying kinetic mixing model without the naturalness problem, we embed the simple model
described by Eq. (4) into the Lagrangian

N-1

- 2
Lyv D Z (ye i2zk (I)‘I’k\llk + y e e CI?’\I/' ;g + hc) - M Z (‘I/k‘l/k + \I’;C\I/%) (|(I)| f ) (54)

= k=0
being invariant under the Zy transformation ® — @exp( ) \I!(/) — \Il,i/ll, A A,iil Here, U and ¥}, two

doubly charged fermions in the k-th universe, carry the same kth-hypercharge but the opposite kth-dark hypercharge.
Following the phase choice in Sec. I, we choose ¢ = 7/2, & = %eid’/ f and introduce the Zs-invariant bare potential

in Eq. (10) to ensure the late-time closing of the kinetic mixing portal. When the ultralight scalar ¢ is nonzero, \Ilg)’s

effective masses b600m68

/
M(¢) =M {1 + 7" sin (‘jj + 2;;"“'” . where r() = %()f (55)
To gain more intuition of the setup of the Zy-invariant model, our readers can refer to Fig. 8, the schematic diagram
of the Zy UV Lagrangian described by Eq. (54). In this figure, ® is the axle attached to all N copies of the universes,
and “Zy” refers to \I/,(C/)’s mass degeneracy which is exact when ¢y’ = —y (Type-B) or approximate when y' # y
(Type-A).
In the low energy limit, the heavy fermions \I/,(c/) are integrated out, so the IR Lagrangian becomes

1 (A«

§ FrwFM + = ) Fe FE 56
Lir D [Ek kv E +4(aem)k ku”k}’ (56)

where

V2ee'(y —y')f ¢ | 2k
YR I T I g £ 22 57
e 62 Sm(ﬁ N) (57
and

(Aaem> = i [ﬂ(y +y)f sin (¢ + 27r]<;> + 7@2 +y)f sin? <(725 + 27rk>] . (58)
Qem ) 672 M f N M? f N

From Eq. (56), Eq. (57) and Eq. (58), one can easily find that the IR Lagrangian is invariant under the Zy trans-
formation ¢ — ¢ + %’r, A,(C/) — A,(er. Here, (SM + Op + DS)y is our universe which experiences the reheating, but
the other universes are not reheated at all. When mg < H, ¢ begins the damped oscillation, so the kinetic mixing €
between SMy and DSy gradually decreases towards zero as described in Sec. II and Sec. III.

B. Quantum Correction of ¢

For the ultralight scalar ¢ in Eq. (54), the leading order quantum correction can be described by the one-loop
Coleman-Weinberg potential

N-1 9
Vol ) = ~ gz 2 M) o (“EL2) = 2 (i 2. (59)
k=

8 r and 1’ representing the Yukawa couplings in Eq. (55) are already defined in Eq. (6). However, we still list them here as a reminder

because r and 7’ appear in the suppression factors of the quantum correction in the Zx-naturalness.
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As discussed in [103], the Fourier series of any scalar potential respecting the Zy symmetry only receives contributions
on [Nth modes (I is a positive integer number) so that the Coleman-Weinberg potential can be written as

Vew(0) = NZ Vew (UN) cos (N6),  where 6 =
=1

+ (60)

~ |-

T
5

In Eq. (60), Vew (¢N) denotes the Fourier coefficient of the single-world Coleman-Weinberg potential, the prefactor N
comes from the contribution from N worlds which have the equal contribution to the Fourier coefficient, and cos(I{/N6)
comes from the effective operator £ O const x (®1V + @TIN)/AﬁN_‘l.

Now, let us calculate the Fourier coefficient in (60) through the equation

4

‘ZW(ZN):—@

/ cos(INO)(1 — 7 cosf)*log(1 — rcosB)df + (r — 1) . (61)
0

Expanding the polynomial (1 — r cos#)* and carrying the integration over 6, the Fourier coefficient when N > 4 can
be exactly written as®

. . IN—j+2m
M4 (=1) ryIN+2m (1 /1T =2 )
Vew(IN) = Zmzo( —jj—mm)lN—j+2m(2) ( r2/2 ). (63)

7=0

In the Appendix. C, we list two ways to derive a compact formula for the Zy Coleman-Weinberg potential precisely
expanded to all orders of r, which is obtained for the first time as far as we have known. After omitting r’s higher
order terms in the exact Fourier coefficient (63), we express the Coleman-Weinberg potential as

Vew(¢) =~ z\g:\r{ (rN +r™N 4 ...) G(N) cos [N (? + g)}
(64)

+ (r*N 42N ... ) G(2N) cos [2N<?+;T>] +~~},

where “---”s in the brackets of (64) denote r)’s higher order terms with the same parity as the lowest order terms.

In (64), the function G(n) is

4 ()n—Jl 2”34(2&5—)!1) (65)

=0

Alternatively, Eq. (64) can be derived from Eq. (59) by applying the cosine function sum rules

2k /2] 1
Zcos (9 + ) = Z Cimn cos (INO) + D,,, where ClmN’m:lN = JINT1 (66)
1=0

According to Eq. (55), My, is a cosine function of 6, so we can expand the Coleman-Weinberg potential in Eq. (59)
as a polynomial function of cos(f 4 2wk/N). Afterward, by employing these cosine sum rules, we can also write
the Coleman-Weinberg potential in the form as shown in Eq. (64). The concrete formulas of the constants Cyp,n
and D,,, can be found in Appendix. C, Eq. (C5). Eq. (66) shows that only when the cosine function’s power in the
effective potential is greater than N, the non-constant terms emerge. Since the cosine function appearing in the
potential is always accompanied by r, based on the cosine sum rules, one can find that the lowest order Zy potential
is proportional to ¥ if there is no further cancellation coming from the exact Z, symmetry.

9 In [189] we find the integral

-/OTr log[1 — r cos(0)] cos(nf)dh = 7%[)((7")}” ,  where X(r) = # (62)
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Given that 7 < 1, the factor 7N G(N) in Eq. (64) indicates that the quantum correction of mi is suppressed by the
(r/2)N=5/2 factor in the type-A model, and (r/2)V~2 factor in the type-B model. For the freeze-in of dark photon

dark matter, r’s benchmark value is
1 f
Nl,lo(EFI) 4 )
r 0 0-12) \ = . (67)

In such a case, for ¢/ ~ O(1), as long as N 2 7, ¢’s naturalness problem can be solved entirely. For smaller €', r is
larger, so N needs to be larger to solve the naturalness. However, as long as €’ >> 107'0 which is in the permitted
region of the current constraints, r < 1, the Zy scenario protecting the pseudo Goldstone boson ¢’s naturalness
always works.

Since V. receives contribution from both r and 1/, N’s parity matters. For even N, the first term in Eq. (64) shows
that both 7 and 7/ provide a positive contribution, so the leading order correction starts from r~. In contrast, if N
is odd, r and 7’ have opposite signs, so the quantum correction from " + 7'V is reduced. When r = —r' (Type-B
model), the (7 +7'™) cos|N(¢/f +7/2)] term has the exact cancellation, so the leading order correction starts from
the (r2N +7"2N) cos[2N (¢/ f +7/2)] term. We want to remind our readers that such cancellation happens in all orders
because the front factor of the higher order terms cos[N(¢/f 4+ 7/2)] in Eq. (63) or Eq. (C1) are )N+2J which has
the same parity as 7). This is consistent with the EFT analysis at the beginning of this section.

Before closing the discussion in this section, we want to make some extra comments besides solving the ultra-
light CP-even scalar’s naturalness problem in our concrete situation: Our model, i.e., Zy-protected varying kinetic
mixing, provides a systematic approach to solve the scalar’s naturalness problem for both the linear (Type-A) and
quadratic (Type-B) scalar-photon couplings. This is the extension and unification of [102] and [163], which focus on
the linear and quadratic scalar-photon coupling, respectively. Furthermore, armed with two different methods, i.e.,
the Fourier transformation and the cosine sum rules discussed in this section and in Appendix. C, for the first time,
one can completely and precisely calculate the pseudo-Goldstone boson’s Zy-invariant Coleman-Weinberg potential
previously appearing in [97, 98, 102] to arbitrary orders. We wish such calculations could shed light on the formalism
of the Z y-naturalness itself.

VI. VARYING KINETIC MIXING FROM DIRAC GAUGINO

Motivated by stabilizing the hierarchy between the light scalars and the heavy fermions, we discuss one of the
possible supersymmetric extensions of the varying kinetic mixing in the Dirac gaugino model [190, 191] with the
superpotential

_ V2W/ WA,

68
ey (68)

In Eq. (68), W; is the gauge field strength of the SM gauge group Ggm,; where the label j = 1,2,3 denotes the
SM gauge groups U(1l)y, SU(2);, and SU(3)., respectively, W’ is the gauge field strength of U(1)4, and A; is
the chiral multiplet. The operator in Eq. (68) in hidden sector models was firstly introduced by [192] and further
understood by [190] afterward as the supersoft operator such that it provides the Dirac gaugino masses and does not
give logarithmic divergent radiative contributions to other soft parameters. Writing A;, W; and W’ in terms of the
Taylor expansion of the Grassmann variable 8, we have A; D (S; + iP;) /v/2++/20a;, W DA+ Y (0,,0)* +D 6%,
and W/, D F],(0"0)q + (D')f,. Plugging these expanded fields into Eq. (68), and doing the integration over 62
firstly and then the auxiliary fields, we have the effective Lagrangian

v 1 v\ ™ ~
tr (SJF]'M ) Fl/“’ — E tr (PJF]H ) Fl/“’ — mD,jaj/\j — 277712[)7JSJ2 -+ e 5 (69)

1
Ap,;

where S;(P;) is the CP-even (CP-odd) scalar, A; is the gaugino, and mp ; = (D')/Ap ; is the gaugino’s Dirac mass

given by the scale of SUSY breaking. One should note that in Eq. (69), S;’s mass term £ D —2m%7 jSJZ comes from

integrating out the D-term (On the contrary, P; has no extra mass contribution). It is because the supersymmetry
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is protected that the mass of S; is correlated with the mass of the gaugino A;. Consequently, S; is pushed to the
heavier mass range given that the gaugino mass is highly constrained: According to [193-196], the LHC has already
excluded the electroweakinos and the gluinos masses below O(100GeV) and O(TeV) respectively. Unlike the previous
discussion, in the Dirac gaugino model, S; cannot be the ultralight scalar where the misalignment mechanism provides
a natural way to open the portal in the early time but gradually close it in the late time. Even so, it is still possible to
realize the temporary period of (S;) # 0 in the early universe through the two-step phase transition, also referred to as
the VEV Flip-Flop in some specific dark matter models [39-41]. The concrete model building and the phenomenology
are beyond the scope of this paper.

In the j = 1 case, the first term in Eq. (69) containing the CP-even scalar S; corresponds to the kinetic mixing
portal between U(1)y and U(1)4 which is determined by S;’s VEV. The second term in Eq. (69) containing P; (axion)
leads to the dark axion portal which is investigated in [197-207]. There are several major differences between the
kinetic mixing portal £ D —SlF“”FI’W/ADJ and the dark axion portal £ D —PlF‘“’Z;/’W/ADJ: 1. In the Dirac
gaugino model, S7’s mass is correlated with the A\§ mass which is pushed to O(100GeV) scale by LHC, while P;’s
shift symmetry protests its arbitrarily small bare mass. 2. The VEV of P, does not play a direct physical role because
it only contributes to the total derivative term in the Lagrangian (P;’s time or spatial derivative still has nontrivial
physical effects nonetheless).

In the j = 2,3 cases, if (5§) # 0, the first term in Eq. (69) would mix the non-Abelian gauge field with the
dark photon such that the non-Abelian gauge symmetry is broken. Being referred to as the non-Abelian kinetic
mixing[21, 208-213], the constant mixing models are highly constrained by the collider experiments. However, in the
high-temperature environment of the early Universe, the large non-Abelian kinetic mixing can possibly be realized
for the non-Abelian vector dark matter production and other intriguing phenomena. We leave the detailed discussion
in future work.

VII. OTHER COSMOLOGICALLY VARYING PORTALS

Let us begin with the general form of the cosmologically varying portals through which the dark and the visible
sectors are connected. To be more generic, we write them as

LD % OpsOsm, where d = dsy + dps + 1. (70)
In Eq. (70), Osm and Opg are the operators of the visible sector and the dark sector, respectively, dsy and dpg
denote the dimensions of these two operators, and d is the dimension of the time-varying portal. To simplify the
notation of Eq. (70), we drop the (spacetime, spin, flavor, ...) indices of Ogy and Opg whose contraction makes the
varying portal to be a singlet. For simplicity, we only keep the linear form of the CP-even scalar ¢, even though in
the UV theory, the non-linearity may appear, as we have seen in Eq. (7). Based on the EFT, we know that when
the effective operator Eq. (70) is introduced, the operators merely containing ¢ and Ogy also appear because the
symmetry does not forbid them. The co-appearance of the effective operator shown in Eq. (70) and the scalar-SM
coupling provides an excellent chance to test these kinds of models from the experiments detecting the portal itself
and the ones measuring the scalar-SM coupling. In the rest of this section, we will give some specific examples of the
varying portals and show how these minimal extensions illuminate the dark matter model building.

Let us briefly review the varying kinetic mixing portal in the EFT language. After choosing

OSM,MV = F/,w and ODS,MV = F,[LV? (71)

Eq. (70) goes back to the operator £ D ¢ F,, F'*” /A discussed before. Through this operator, the dark photon
dark matter can be produced without violating the stringent constraints as shown in Sec. IV. Since the spacetime
indices of F},, need to be contracted, the lowest order operator of the scalar-SM coupling is ¢ F},, F'*¥. If there is an
exact Zo symmetry invariant under the dark charge conjugation ¢ — —¢, F LV — —Fl’w, oF,, F* is forbidden, so
the lowest order operator of the scalar-SM coupling becomes ¢? F w Y. The table-top experiments testing the aem
variation and the equivalence principle violation can be used to test this model because of the existence of ¢F),, F*”
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or ¢°F P A

In other situations where Ogy; is invariant under arbitrary global and gauge transformations, there are no more
indices to contract, so the lowest order operator of the scalar-SM coupling is ¢ Ogn or ¢? Ogy depending on whether
the exact Zs symmetry, i.e., the invariance under ¢ — —¢, Ops — —Opg transformation, exists or not. One typical
example is that

Osm = |H|2 and Opg = s2, (72)

where s is a scalar singlet in the dark sector. Here, £L D A\;OpsOsym = )\352|H \2 is well-known as the singlet-scalar
Higgs portal (SHP) through which the dark matter s reaches today’s relic abundance (The dominant channels are
ss = fTfT,W-WT,ZZ hh,---. Here, f refers to the SM fermions.) [10-12]. Besides, because this Lagrangian is
invariant under the Z, transformation s — —s, s is stable. Although SHP provides such a simple and effective way
to generate the scalar dark matter in accordance with the CMB measurement (k% ~ 0.12), in the mass range
ms S 1TeV, most of its parameter space except the narrow window of the resonance (mgs ~ my/2) is excluded by the
Higgs invisible decay h — ss [214, 215], the dark matter direct detection experiments (LUX, XENONI1T, PandaX-II)
and the indirect detections (AMS, Fermi) [63, 216-218]. By introducing the time-varying SHP

LD %32|H|2 (73)

as the minimum extension, the parameter space is widely extended. There, ¢’s misalignment supports s’s freezeout
at the early universe and then starts the damped oscillation such that (ov)ss o (T/Tosc)® when T < Toe.. For
this model, there are two types of experiments: 1. The future direct detection experiments (XENONnT, LUX-
ZEPLIN, DarkSide-20k, DARWIN) which rely on partially opened SHP today. 2. The table-top experiments and the
astrophysical observations testing the ¢|H|* or ¢2|H|* operator (See [136, 186, 219, 220] for the detections of the
¢|H|? operator).

Another example of the singlet Og); is that

Osy = QHgr or LHep and Opg = 3. (74)

In this model, s is the scalar mediator which interacts with the dark matter particle x via the CP-odd coupling
L D iy, 8Xy°x (Here we denote the scalar mediator by “~” to distinguish it from the scalar dark matter discussed
in the previous paragraph). Given the constant portal £ D OpsOsm/A = yféff where yy = vn/V2A, x reaches
today’s relic abundance through the freezeout channel x~x* — f~ fT whose cross section is {ov)zz ~ yj%yimi /mi.
Here, vy, is the Higgs VEV, and A is the effective scale of the constant portal. Since x~x* — f~f* is s-wave (The
leading order of (ov), -+ is independent of dark matter relative velocity), the region m, < 10 GeV is excluded by the
measurement of CMB anisotropy [3]. To produce lighter but CMB-friendly dark matter, we introduce the operator
£5 2 siHer or 2 5QHR (75)
A2 A2
as the minimal extension. Through the ¢-dependent Yukawa coupling £ O y¢(4)s ff where ys(o) = ov/ V2A2
and the aforementioned CP-odd Yukawa coupling £ O iy, §Xx7°x, the dark matter lighter than 10 GeV can reach
today’s relic abundance without violating CMB annihilation bound as long as ¢’s damped oscillation begins earlier
than the CMB stage (Tcmp ~ €V). For this model, there are two kinds of experiments: 1. The next-generation
CMB experiments (such as the CMB-S4 [221-225]) and the future direct and indirect detection experiments. 2. The
table-top experiments and astrophysical observations testing the variation of the SM fermion masses (¢ff or ¢?ff
operator) [86, 88, 91, 92, 162, 163, 185, 186].
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VIII. CONCLUSION

In this work, we study the scalar-controlled kinetic mixing varying with the ultralight CP-even scalar’s evolution
during the cosmological evolution. Via such a dynamical portal, keV — MeV dark photon dark matter is frozen-
in, free from the late-universe exclusions, and has the kinetic mixing set by the scalar mass. More generally, this
model can serve as the minimal solution for the tension between the portal dark matter’s early-time production
and late-time constraints. Furthermore, the scalar-photon coupling inevitably emerges from UV physics, modifying
the universe’s thermal history, varying the fine-structure constant, and violating the equivalence principle. These
phenomenons provide excellent targets to test our model via the ultralight scalar experiments in the mass range
10733eV < mg < eV. In the meantime, the scalar mass also determines the target values of the kinetic mixing for
keV — MeV dark photon dark matter experiments. In the rest of the paper, we study the Zy-protected naturalness
of the ultralight CP-even scalar, the varying kinetic mixing from the Dirac gaugino model, and the dark matter via
other cosmologically varying portals.

We begin our study by constructing the minimal model of the scalar-controlled kinetic mixing arising from the
heavy doubly charged messengers. In our model, the Zs symmetry under the dark charge conjugation is imposed
to elimite the constant kinetic mixing but preserve the varying kinetic mixing. From the perspective of symmetry,
the early-time openning and the late-time closing of the kinetc mixing portal results from the system’s inverse Zo-
breaking. Importantly, in such a setup, the scalar-photon coupling also occurs from the top-down theory. To classify
the model, we name the theory with the approximate Zo symmetry as the type-A model and the theory with the
exact Zs symmetry as the type-B model. Given this, the type-A model has linear scalar-photon coupling, and the
type-B model has quadratic scalar-photon coupling. Then we systematically categorize the scalar’s evolution under
the combined effects of the thermal correction, bare potential, and the universe expansion. For the type-A and type-B
models, there exist the experimentally allowed regions for the thermal misalignment, where the scalar acquires the
nonzero displacement insensitive to the initial condition. We also find the thermal postponement of the oscillation
starting in the type-B model initially staying in the wrong vacuum, which is the major feature of the trapped
misalignment. Such delaying of the oscillation enhances the experimental signals. Afterward, we study keV — MeV
dark photon dark matter production via the varying kinetic mixing, where the kinetic mixing is epy ~ 1072 for
the dark photon freeze-in when T' ~ m 4 and decreases obeying the power law 7°/2 when the scalar does the late-
universe damped oscillation. Therefore, the late-time kinetic mixing set by the scalar mass is free from constraints
from stellar energy loss, dark matter direct detection, and the dark photon dark matter decay. In addition, the
kinetic mixing during freeze-in provides the perfect experimental benchmarks in the ultralight scalar experiments in
the mass range 1072%eV < mg < eV, including the test of the fine-structure constant variation and the equivalence
principle violation. Since smaller dark gauge coupling leads to stronger signals, most of the e’ space in the type-A
model and the region €/ < 107° in the type-B model can be tested by proposed experiments such as clock comparison
and cold-atom interferometry. For the smaller scalar relic fraction among dark matter, the constraints from the fine-
structure constant variation keep the same, while the constraints from the equivalence principle experiments become
more stringent.

We also detailedly study the Zpy-protection of the ultralight CP-even scalar’s naturalness in the varying kinetic
mixing model. There, we embed the aforementioned minimal model into the model containing N worlds, such that
the broken U(1) shift symmetry is approximately restored. Generally, the lowest order potential in this setup comes
from the ® /AN~% operator, which exponentially suppresses the scalar’s quantum correction from heavy messengers.
As long as N ~ 10, the quantum correction of the scalar mass can be much lighter than 10733eV. For the type-B
model with odd N, the lowest order operator is ®2~ /A2N~% because of the cancellation from the exact Zy. Moreover,
we expand the Zy Coleman-Weinberg potential to all orders utilizing the Fourier transformation and the cosine sum
rules. In the paper’s final part, we discuss the Dirac gaugino model simultaneously inducing the varying kinetic mixing
and dark axion portal. We also briefly discuss the dark matter models via other cosmologically varying portals. More
specifically, we discuss the freeze-out of the dark Higgs dark matter lighter than 1TeV via the varying Higgs portal
and the CMB-friendly fermionic dark matter lighter than 10GeV via the varying fermion portal.
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Appendix A: Scalar’s Analytical EOM Solutions: High-T'

In this section, we solve ¢’s movement analytically in the high-temperature universe where the bare potential’s
effect is inferior. Taking the joint effects of the thermal mass and the universe’s expansion into consideration, we
write the equation of motion as

8¢+ 3H8p ~ —m28¢,  where 8¢ = ¢ — rin. (A1)

In Eq. (A1), ¢min is the minimum of the thermal potential, i.e., Vp in Eq. (18), and d¢ is the field displacement

from such a thermal minimum. As we know in Eq. (19), within the 27 f periodicity, ¢min = 7f/2 for the type-A

model, and ¢uin = 0,x7f for the type-B model. In Eq. (A1), we use the linear approximation, because as long as

¢ is initially away from the hilltop of the thermal potential, the effect of the nonlinearity is negligible. Applying the
d

equation g ~ HT%, Eq. (Al) can be rewritten as

d*5¢ N _nj

> ~
dT? 4

0, (A2)

which is well-known as the homogeneous linear equation. Utilizing the power-law ansatz, we obtain two independent
solutions of Eq. (A2), which are

1i\/21—T 1+ivn2—1 (AS)

(m<1), d¢xT2 T3log(T/Ty) (p=1), SoxT 2 (n>1)

opxT
for each case separately. Given the initial condition (;'Srh = 0, one can determine the unknown coefficients and write
the solution as

2

2 2 1-
56 x T2 & 1_<V1"72‘1> (T) ! (n<1), (A4)

n Trh

5¢ o T? x {1—;10g (TThﬂ (n=1), (A5)

and

(n >1). (A6)

/n2 — 1loe L 1 V1?2 — 1log £
6 o< T cos (ngTrh>x[1— tan( i € T

2 -1 2

Let us briefly explain the solution for each case individually. In the 1 < 1 case, whose solution is Eq. (A4), ¢ begins
with the initial staticity after the reheating and then slowly slides to the thermal minimum, whose sliding velocity is

2
suppressed by the small 7. In the limit 7 < 1, one can have d¢ o« 7%, meaning that ¢ is approximately static. The

reason for ¢’s motionlessness is that the thermal effect is too weak to drive ¢ to move under the large Hubble friction.

_J/1_n2 N o)
From Eq. (A4), we can also find the front coefficient of T =% dominates over the one of T~z , because for
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Scalar’s High-T" Evolution: Numerical vs Analytical
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Figure 9. This plot describes the ultralight scalar’s evolution in the high-temperature environment and compares the nu-
merical (solid lines) and analytical (dotted dark lines) results listed in Eq. (A4), Eq. (A5), and Eq. (A6). In the plot, similar
to Fig. 4, T is defined as T := T/T|3m=m,. |6¢| represents the absolute value of the deviation from the thermal potential’s
minimum. Without loss of generality, we choose the type-A model as an example in this plot, and the discussion of the type-B
model is quite similar. Here, the red, green, and blue colors represent the n > 1, n = 1, and 1 < 1 cases, respectively, and one
can find that the numerical and analytical results for each case match magnificently well. We find that the red and green lines
have approximately the same power law, i.e., [0¢| TUQ, whose slight deviation can be explained by the log term in Eq. (A5).
We can also find that the red line’s oscillation period appears the same in the plot with the log-scaled 1/ T axis. This is because

the only temperature-dependence in Eq. (A6) comes from log ’IN", or, more intuitively, is caused by the same temperature power
law of mr and H.

small 7, the latter solution contributes to the nonzero initial velocity, while the former one does not. The n = 1 case
is the critical point in the parameter space which separates the sliding and oscillating phases. In this case, the scalar
moves toward the thermal minimum obeying the relation d¢ o« T'/? approximately. When 7 goes beyond the critical
value, i.e., in the case where nn > 1, the scalar’s evolution is in the oscillating phase whose amplitude dwindles like
|66| o< T'/? as the universe expands. From Eq. (A6), we can find that the front coefficient of the cosine function
dominates over the sine function as the result of the initial condition ¢, = 0. Another feature of the oscillating
solution for the n > 1 case worthwhile to be discussed is that the T-dependent part is the log function. Such a
log term comes from the imaginary part of T’s power, or, in other words, is the feature of the homogeneous linear
equation, which takes its form because mr and H have the same temperature power law.

Those who are curious about comparing the analytical and numerical solutions can refer to Fig. 9, where the solid
lines represent the numerical solutions, and the dotted dark lines denote the analytical solutions, as shown in Eq. (A4),
Eq. (A5), and Eq. (A6), in the linear approximation. The red, green, and blue colors are related to the n > 1, n =1,
and 7 < 1 cases, respectively. Since the type-A and the type-B models have similar behaviors when moving toward
the thermal minimum in the high-temperature universe, we take the type-A model as an example to draw the plot,
and the numerical-analytical comparison for the type-B model can be identically transplanted. In Fig. 9, one can
easily see that the analytical solutions listed in Eq. (A4), Eq. (A5), and Eq. (A6) are perfectly consistent with the
numerical results.

Appendix B: Dark Photon Freeze-in

As long as the kinetic mixing is nonzero and the amount of the initial dark photon is negligible, the dark photons are
always produced in the late universe through the energy transfer from the visible sector, well-known as the freeze-in
production. Following the first calculation of the dark photon freeze-in [58, 59|, we give a pedagogical introduction
in this appendix, which is divided into two parts: ma: < 2m, and ma: 2 2m.. When ma < 2m,, the dark photon
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Figure 10. The plot showing how T}.s and ‘dlog m.zy/d log T‘ms change in terms of m /. Here, Tycs represented by the red line is
the temperature in which the resonant transition v — A’ happens. Its numerical value can be read from the red vertical axis on
the left-hand side of the plot. The dimensionless quantity |dlog mg, /dlog T|res represents how fast the plasmon mass changes
in terms of the temperature at which the resonant transition happens. Readers can refer to the blue axis on the right-hand

side for its numerical value. In the mass range ms > 10°eV, Tres &< m 4/ and ’dlog m%/dlog T|res ~ 2 because m?, o« T? when

electrons are relativistic. When my < 1072eV, Thes mi/,S and ’dlog m%/dlog T’res ~ 3, as a result of the plasmon mass

power law m,zY x n,— x T2 when the symmetric e”e® annihilate away but the asymmetric e~ remains. In the middle mass
range where 1072eV < m 4 < 10°eV, the v — A’ resonance happens when the plasmon mass is experiencing the exponential
drop as the universe temperature goes below the electron mass. In this case, Ties is in the range 10~ 2m,. — m. and insensitive

to the value of m 4. The semi-analytical estimations of Tyes and !dlog mg,/dlog T|res in such a case can be found in Eq. (B5).

production is dominated by the resonant transition v — A’. When m 4+ = 2m., the dark photon mainly comes from
the inverse decay e~et — A’.

1. my <2me

Knowing that the dominant contribution comes from the resonant transition of the transverse photon when m 4, <
2m., we write down the Boltzmann equation

3 2

. s € mj/
i+ 3Hn 2y (Do), where (Dyar) & e —

d(mi —m3) (B1)
is the thermal average of 7 — A’ transition probability and n., = 2¢(3)T3/7? is the transverse photon number density.
The delta function in (I'y_, 4/) reveals the feature of the resonant production: Most of the dark photons below the
electron mass are produced when m?%, ~ m?y. Doing the time integration of the Boltzmann equation, we get today’s
dark photon relic abundance

Oy ~ 32.53/2 eQm‘z,mplso (B2)
T\ 93.5/2 'g*,sgi/Q T3|dlogm,2y/dlogT‘pc . ’

where “res” means all the temperature-dependent quantities in Eq. (B2) are chosen to be the ones when the plasmon
mass and the dark photon mass match with each other. In Eq. (B2), sg is today’s universe entropy, p. is the critical
density, and ‘dlog m% /d logT’res, an order 1 — 10 factor, represents how fast mg passes through the vicinity of m?,.
The numerical values of T}..s and ‘dlog m% /dlogT |res are shown in Fig. 10.
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For m 4 > 10%eV, the resonant transition happens when electrons are relativistic. In this time, the plasmon mass
is m% ~ ¢2T? /6, based on which we have 1°

2

dlogms

Tres = 8m d
mar A dlogT

(B3)

res

In Eq. (B2), m3, and T3

res

If all the dark matter is comprised of the dark photon, the needed kinetic mixing is

cancel with each other, so for fixed dark photon relic abundance, € is the constant of m 4.

Quh2\ "2

~ 10712 B4
ol ( 0.12 > (B4)
For 10=2eV < my < 10%eV, the resonant transition happens when 10keV < T < m,. In this epoch, the plasmon

mass is m% ~ e2ne/m67 where n, ~ ge(meT/27T)3/26_me/T. By solving the resonant condition, we have

21/2 2 ! dlogm? 3 m
Tres ~ M |1 — = d |———| ~= <. B
o [Og (ww ma )] M e | T2t T (B5)
res

3/2

Since T}es is insensitive to ma/’s changing, given the dark photon relic abundance, € oc my,; More quantitative

representation for the e — m 4+ relation is given as

1/2
—11 ma —3/2 QA’ h2 B6
e~ 10 (1keV> ( 0.12 ‘ (BS)

For my < 1072eV, v — A’ takes place at the temperature T < 10keV. Since the symmetric e~et annihilates away,
the plasmon mass comes from the asymmetric e~ whose number density is conserved. In this case, the plasmon mass
is scaled as m, o m, T3/2 and the resonant temperature is scaled as Thes mi//?’. The concrete formulas for Tyeg

and |dlog m,2y/d log T|res are

ma \2/3 dlogm?

o 15k (Y g [ 41057
5keV x T0-2ev n dlog T 3 (B7)

Given the dark photon relic abundance, the kinetic mixing is'!
/2
_ mar —-1/2 QA/ h2 !

~ 104 (7) , BS
eer~ 10520y ( 0.12 (B8)

2. mar Z Qme

For the heavy dark photon which satisfies m 4 > 2m., the inverse decay channel e~e™ — A’ opens up and dominates
over the v — A’ channel. In such a case, the Boltzmann equation is

nar+3Hna = Ne-Net+ (Te— et 5 4/0), (B9)
where the collision term is
d3p.— dPpo+
Ne—MNe+ <Ue_e+—>A’v> =~ ge_ge+/ (27:)3 (27:)3 fe_ fe+06_e+—>A’UMQ)l' (BlO)

10 Here Tpes is T, 4 in Eq. (37). We use the lower index “res” to emphasize the character of the resonance transition for v — A’.

1 Even though the warm dark matter bounds exclude the 100% dark photon dark matter via freeze-in when m 4/ > few x 10keV, the
subcomponent dark photon dark matter can still be produced. In this case, one can rescale the value of ep; by Qi{?.



34

Then, after calculating the e"et — A’ cross section'?

1+ 2m2/m?,
Tt = T
- e Al

substituting it into Eq. (B10), using the Maxwell-Boltzmann distribution to approximate the electron/positron phase
space, and doing the phase space integration as shown in [226], we have

(ee)® e)? 2m§ 4dm? ma
Mot (0o et ar0) 2 o emy T Ho )y mA/Kl( - ) (B12)

8(s —m%), (B11)

Finally, after using the approximation Ki(ma//T) ~ (wT/QmA/)1/2 e~™a'/T in the low temperature limit 7' < m 4/
and solving the Boltzmann equation Eq. (B9), we get the dark photon relic abundance

34.55/2  (ee)? mpiso 2m? 4dm?
Qar = 2172 712 12, (1+ 2 ) L= =5 (B13)

my ma
From Eq. (B13), we know that the € to reach dark matter’s relic abundance when ma4, > 2m, is nearly the constant
of m 4/, which is similar as Eq. (B4) but a bit smaller.

Appendix C: Zy-Invariant Coleman-Weinberg Potential

In [102], the authors calculated the 1-loop Coleman-Weinberg potential under the Zy symmetry to the leading order,
showing that when such symmetry is imposed, there will be an exponential suppression factor 7V in the potential
from the quantum correction. To investigate the extra cancellation from the exact Z, symmetry, we precisely expand
Eq. (59) to all orders. Here, we list the complete form of the 1-loop Zx Coleman-Weinberg potential (Here N > 4,

0:=6/f +7/2)

47 00 [ 400 ;
Vew(8) = % Z PNF2G(IN + 27) (lN;_ 23) + (r — ") | cos(INO) + const, (C1)
1=1 | j=0

which is equivalent to Eq. (63). The definition of G(n) can be found in Eq. (65). In this equation, we find that for the
term containing cos(IN6), the Fourier coefficient is proportional to '~ which reveals the exponential suppression in
the effective operator £ D const x (!N 4 <I>TIN)/A§N_4. For the type-B model, r = —7’, such that the Lagrangian
in Eq. (54) is invariant under the dark charge conjugation Cg4, i.e., (A, A, ¢, V) <> (A4, —A", —¢,¥’). If N is an odd
number, the cos(N8) terms exactly cancel with each other, but the cos(2N8) terms still exist, so the lowest order
effective operators are £ D const x (&2 + @TQN)/AEN_‘l. In the rest of this appendix, we derive the equation Eq. (C1)
in two different methods: 1. The Fourier transformation. 2. The cosine sum rules.

1. Fourier Transformation

Because the potential Eq. (59) is invariant under the transformations § — 6 + 2%

and 6 — —0, it can be expanded
in terms of the complete basis cos(IN@) (I = 1,2,---) as shown in Eq. (60). After Vew(0) are expanded in terms of

the r powers, the single-world Fourier coefficient can be written as

4 +oo T
Vew(IN) Z m2m_1G(m)/ df cos(IN@)cos™ 0 + (r — r'). (C2)
0

m=1

12 We correct o, o4 _, 4/ in [59].
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Applying the trigonometric identity

cos(nf) cos™ 0 = Z ( ) cos [(n —m + 25)6], (C3)

we find that only the terms satisfying IN = m — 2j are picked out. After writing the summation in the Fourier
coefficient Vi, (IN) as

400 m
SO manizi= Y (C4)
m=1 j=0 m=IN+2j

and plugging ‘ZW(IN) into Eq. (60), we get the equation Eq. (C1).

2. Cosine Sum Rules

To calculate the Coleman-Weinberg potential in the #-space directly, we use the cosine sum rules

[m/N]

— Z cos™ <9+ 27Tk> = Z Cimn cos(0IN) + Dy, (C5)
=1

where

1 m
Cimn = W <m+lN) (5l mod 2,0 Om mod 2,0+ 07 mod 2,1 5(m+N) mod 2,0)
2

1 m
Dm = 5 6m m
gm (m/2> od 2,0

The cosine sum rules metioned above can be derived by expanding the cosine functions in terms of the exponential

functions and applying the formula + ~ Zk _o €Xp ( 27]“\7’“) = 0n mod N,0- After plugging Eq. (C5) into
M4 +oo ) N—1 k
— meom— /
VCW(G)—8? rm2m T G (m Zcos (9+N> + (r—=1'), (C7)
m=1 k=0
and reshuffling the summation as
[m/N]  +oo
> Y-y oy (Bven
‘TO 12] =1 =1 m= léV1+2j,
s o , (C8)
[m/N] [m/N]
Y YeY Y-y % (0dd N)
e U ot B Ve

we can also derive the equation Eq. (C1).
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