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Abstract:
We propose a new nonperturbative evolution equation for Yang-Mills theories. It
describes the scale dependence of an effective action. The running of the nonabelian

gauge coupling in arbitrary dimension is computed.



1 Introduction

The perturbative expansion for a nonabelian gauge theory like QCD is plagued by
severe infra-red problems. This well-known fact is closely linked to confinement and
to the running gauge coupling becoming strong near the confinement scale. The
nonperturbative effects of QCD should be small for Green functions where all rele-
vant momenta are large compared to the confinement scale or for similar infra-red
insensitive quantities. In contrast, the properties of the vacuum and the low ly-
ing excitations are completely dominated by the nonperturbative infra-red physics.
A similar problem appears in the electroweak theory at high temperature. The
nonabelian gauge coupling becomes strong at a scale only somewhat below the tem-
perature (typically around & T) [1]. The infrared problems in perturbation theory
are even more severe in the effective three dimensional theory relevant for high
temperatures. Again, one has to deal with a genuine nonperturbative problem if
one wants to describe the electroweak high temperature phase transition [2]. Suc-
cessful nonperturbative studies of nonabelian gauge theories are available by lattice
theories. Needless to say that a nonperturbative method formulated in continuous
space and maintaining the symmetries of rotations and translations would be a valu-
able complement. Obviously such a method will have to control carefully the long
distance or infra-red behaviour of the theory.

Recently such a method has been developed for scalar theories. It is based on
the concept of the average action [3] which is for continuous space the analog of
the block spin action [4]. One effectively integrates out all quantum fluctuations
with squared momentum ¢? larger than k?, where £~ determines the volume over
which the average of the fields is taken. The average action can be formulated as a
functional integral over microscopic variables with a constraint which enforces the
averages of the microscopic variables to equal new macroscopic fields. The average
action is the effective action for these macroscopic “average fields”. The vacuum
properties are obtained in the limit & — 0 where the “average volume” tends to
infinity. The dependence of the effective average action I'y on the “average scale” k
can be described by an exact nonperturbative evolution equation [5]. This new exact
equation is very sensitive to the infra-red properties of the theory since it is similar
in structure to a perturbative one-loop equation, with the important modification

that the propagator is the full propagator rather than the classical propagator and



vertices are the k-dependent 1PI Green functions derived from I'x'. In a wider
sense the exact evolution equation is a differential version of the Schwinger-Dyson
equation [7] with an additional infra-red cutoff given by k. The evolution equation
is a partial differential equation for infinitely many variables comprising ¢ = In k& and
the fields () (or their Fourier modes ¢(q))

Smulel = o] SR+ Ry | (11)

Here the trace is over internal indices and contains a d-dimensional momentum

integration and Ff) is the second functional derivative with respect to the fields.
The infra-red cutoff Ry has typically the form

R — 4exp(=¢*/k?)

Sy

and provides for an effective mass-like term ~ k? in the effective inverse propagator

(1.2)

for low momenta ¢* < k*. This makes the momentum integral in (1.1) infrared
finite even for theories with massless modes. On the other side the integrand in
(1.1) decreases exponentially for ¢* > k* due to the exponential fall off of Ry.
In consequence the integral in (1.1) is very well converging in the ultraviolet and
no specification of the regularization of the theory is needed. (The role of the
regularization is replaced in our approach by the initial values for I'y at some short
distance scale k = A.) It can be proven [5] that I'; approaches the classical action
for large k£ and becomes the generating functional for the 1PI Green function for
k — 0. A solution of the evolution equation therefore interpolates between the
classical action (short-distance action) and the effective action.

The simple physical interpretation of I'y, together with the limiting behaviour
for £ — oo and k& — 0, and the form of the evolution equation in close analogy to a
perturbative one-loop equation permit simple approximate methods for a solution of
(1.1). They consist in a truncation of the most general form of I'y, to a few invariants
which should contain the essential physics of the model. The remaining few ordinary
coupled nonlinear differential equations for the k-dependent couplings can be solved
either analytically or numerically. Green functions and vacuum properties can be
reliably computed in a nonperturbative way. These features are in contrast to earlier

versions of “exact renormalization group equations” [8], which have mainly been used

!The main features of this equation have been obtained earlier [3][6] as a renormalization group

improved one-loop equation for the average action.



so far in order to gain beautiful insight in the general structure of renormalizable
theories and not so much for practical computations.? A formal relation of our new
exact evolution equation to the “exact renormalization group equation® [8] can be
established [10], [9] by an appropriate Legendre transform.

So far the nonperturbative aspects of the evolution equation (1.1) have been
successfully tested for scalar theories by describing the pattern of phase transi-
tions in arbitrary dimensions [6] (including the Kosterlitz-Thouless phase transition
[11]), and giving a reliable picture of the second-order phase transition of the four-
dimensional theory at high temperature [12]. The critical exponents of the three-
dimensional theory have been computed [13] within a precision of a few percent of
previous highly accurate estimates [14]. In the large N approximation it is possible
to establish explicitly [15] the relation between the exact evolution equation (1.1)
and resummation techniques for graphs [16] (gap equations). Furthermore, this ap-
proach describes correctly [17] how the effective action becomes convex for k& — 0
in the phase with spontaneous symmetry breaking.

A generalization of the average action for abelian gauge theories has been de-
veloped [18],[1] within its representation as a functional integral. It has been used
to derive evolution equations for the scalar potential of the abelian Higgs model
in arbitrary dimension d, as well as for the scalar wave function renormalization
[18]. The running of the abelian gauge coupling in arbitrary dimension has been
computed in ref. [1]. Based on the fast running of the three-dimensional coupling
we have suggested that the electroweak phase transition in the standard model can
only be reliably described by nonperturbative methods.

In the present paper we further develop our approach in two directions. First
we present a generalization for nonabelian gauge theories and secondly we derive
an exact evolution equation in analogy to (1.1). We fully confirm the results in ref.
[18], [1], which can now be based on more systematic grounds. For a first time we
have obtained an exact nonperturbative evolution equation for nonabelian gauge
theories formulated in continuous space and preserving gauge invariance. It can
be used for practical computations. We demonstrate the power of our method by
computing the running of the nonabelian gauge coupling in a pure SU(N) Yang-
Mills theory in arbitrary dimension. In four dimensions the simple truncation used

in this paper not only gives the correct one-loop /3 function for small gauge couplings.

2The difficulties for practical calculations are explained in some detail in ref. [9].



It also reproduces the two-loop coefficient with an accuracy of 7%. (More precise
computations will be presented elsewhere [19]) The important implications of our
three-dimensional results for the high temperature behaviour of nonabelian gauge

theories are briefly discussed in the last section.

2 Gauge-invariant generating functionals

For a (Euclidean) gauge theory the generating functional of the connected Green

functions is given by

Ak
exp W[K; A /Da det [5G ]

x exp —{S[A + a] + Sgfa; A] — /dd:zj Kta} (2.1)

Siyelas A] = %/dd:p GG

Here we have written the gauge field A% as a sum of a background field zzli and a
fluctuation field a;,

A=A+ a, (2.2)
and we note that the sources K are coupled to the fluctuation field a,. The action
S[A] = S[A +a] = / Ao F e,

with

FZ

©y

A — O, AL+ 9f, " AL A
= T+ (DAt — (DA el + g1, aat

where

2 o= 9,A%— O, A0 +gf,fAYAY
(Du[A])yal = Ouaj, —igAy(Tw)"a) (2.3)

is invariant under the gauge transformation

§A = ;(DM[A])Z 50" (2.4)



(Here w,y,z are adjoint group indices.) This transformation can be split such
that the background field A transforms inhomogeneously whereas the fluctuation

a, transforms homogeneously as a tensor in the adjoint representation:

A2 1 A1V 2
OAL = ~(DuLA]Y, 60"
s = i80"(T,)",a" (2.5)

Here T, are the generators in the adjoint representation (7.l = T,,) which are related

to the real, totally antisymmetric structure constants in the usual way:

fuy = 1(Tw),” = —u(Tw),
[T, T, =1 wy L= (2.6)

The last term in (2.1) is gauge invariant with respect to the transformation (2.5)
provided the source K* transforms homogeneously as an adjoint tensor. The deriva-
tives of W with respect to the source K yield the connected Green functions for the
fluctuation field a, in presence of a background A,. From there the Green functions
for A, can be recovered by substituting a, = A, — A,.

We work in the background gauge with gauge condition

G* = (D*[A)) @ (2.7)

The Faddeev-Popov determinant obtains from a gauge variation of G* with A fixed:

w — l BT ATNZ A+ aN?8(x — 2
509 (x) g(D [A])7(Du[A + a])",6( ) (2.8)
det [(Zﬂ = det [~D"[A]D,[A + d]] (2.9)

More precisely, the variation ¢’ corresponds to the gauge transformation (2.4) acting

only on the fluctuation field a,:

§A = 0
1 _
da;, = E(DM[A-FG])ZZ/(S@Z/ (2.10)

As usual, one can write the determinant (2.9) as a functional integral over anticom-

muting ghost fields £*(x) and &.(z):

8'G _ _
det [ 59] = [ DEDEexp =5yt &, A
Splé.& A = [d'a E(=D AID,[A+a)) ¢ (2.11)
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On the other hand, G* transforms as an adjoint tensor with respect to the split
transformation (2.5). This implies that Sy is invariant. Similarly, det [5(;—?] and
Syn are invariant with respect to the gauge transformation (2.5). (The ghost fields
transform as adjoint tensors.) Using an invariant measure [ Da for the functional

integration over a7, one concludes that
qu;A]zln/LMLwDé

exp _{S[A + Cl] + ng[a; A] + Sgh[f?é? Av Cl] - /ddx [(5ai} (212)

is invariant under a standard gauge transformation of A (2.5) with K transforming
simultaneously as a tensor in the adjoint representation.
Next we define the generating functional for the 1PI Green functions by a Leg-

endre transformation:

T[a; A] = —~WI[K; A] + /d%[{;ai

ow oT
ai =—— K!'= 2.13
a, SR A &li ( )

Here the variations are performed at fixed background field A. The field a, is
the expectation value of the fluctuation @, in presence of the background ATt
transforms as an adjoint tensor and I'[a; A] is invariant under a simultaneous gauge
transformation (2.5) for A, and the homogeneous transformation of a,. We may

also use the gauge field variable
A=A +a (2.14)
which has the usual inhomogeneous transformation properties under gauge trans-
formations. The effective action
[[A, Al =T[A — A; A] (2.15)
depends in this formulation on two gauge fields A and A and is gauge-invariant under
simultaneous transformations of both fields. One may define I'[A, A] implicitly by
the functional integral
exp —I'[A, A] = /Da det [—D“[A]DM[A + a]]
- 1 N2 ST[A, A] -
exp —{S[A +a] + g/dd:p (D“[A]au) — /dde(au + A, - Au)}
- 1 - -
_ / DAdet [~ D*[A]D,[A]] exp—{S[A] + o / d'x (DA A, — A,)]

_ / d%%(& ~ A} (2.16)



(Appropriate summations over internal indices are always implied.) It is easy to
recognize in (2.16) the standard definition [20] for the effective action I'[A],, 5 with
gauge fixing G' = D*[A](A, — A,). This effective action depends on a and A only
through the gauge fixing. Gauge symmetry implies that all physical observables
computed from I'[A],, 7 must be independent of o and A. This clarifies the role of
the second argument of I'[A, Al:

T[A, A] = T'[Al,. 1 (2.17)

In particular, one may choose the background field A in the gauge fixing to coincide
with A
[[A] =T[A]jaa =T[4, 4] =T[a = 0; A = A (2.18)

Then I'[A] is a gauge-invariant functional of only one gauge field A,,.

In general, we may parametrize the dependence of I'[A, A] on the choice of the

background field by -
oI'[A, A]

rE[A] = oA, M= (2.19)

where the partial functional derivative on the r.h.s. should be taken at fixed A.

We then obtain our final functional integral representation for the gauge-invariant

effective action of eq. (2.18):

exp —T[A] = /Da det(—D*[A]D,[A + a]) x

eXp—{S[A—I- al + %/dd:ﬁ (D“[A]au)2 — /dd:zj (5(11;# — /i“) aﬂ} (2.20)

The functional derivative of I'[A] is related to the source K by

ST[A]
5A,

= K* + ##[A] (2.21)

We shall return to the functional x*[A] later on.

3 Effective action and gauge bosons

In the previous section we have recapitulated the gauge-invariant effective actions
I'[A, A] and I'[A] = I'[A, A]. From there we want to extract the properties of particles

as photons, W-bosons or gluons with high momenta. In case of the photon for an



abelian gauge theory the procedure is straightforward. We start with I'[a; A] (2.13)

and split the fluctuation field @, into transversal and longitudinal components

au = ELT;}, —I_ ELLM (31)

ary = Pla,, ar, = (6, — P/)a, (3.2)
L 0,07

Pl = 32 (3.3)

Here P is the projector on the longitudinal component
PP =Py (3.4)
which obeys
P;0,=0,, o0"P/ =0 (3.5)

This guarantees that the gauge transformation (2.10) acts only on the longitudinal

photons which are considered as gauge degrees of freedom
_ 1
/CLLM = 56#«50
dar, = 0 (3.6)
The transversal fluctuations are unaffected by the gauge transformation and are

identified with the photon®. The field equations (2.13) for a vanishing source K = 0
read (2.13)

6T[a; A
@Al (3.7)
oa,
and have typically a solution
A, =A,+a,=0 (3.8)

Since the background field A can be chosen arbitrarily, one may conveniently employ

A, = 0 in this case. The photon propagator

< ary(x)ar,(y) > — < apu(x) >< ar,(y) >
= (27)™ / d"qGu(q) exp —igu(a" — ") (3.9)
obtains as the inverse of the second functional derivative of I'[a; A

62T [a; Al
daru(q)éar,(—q')

=G (9)8(qg—¢') (3.10)

3For massless photons ar, contains only d — 2 physical degrees of freedom.
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(Here ar,(q) are the Fourier components ar,(q) = (271')_5 [ diz exp(iquz*)ar, ()
and (3.10) is evaluated for the solution (3.7) corresponding to a minimum of the
(Euclidean) effective action I'[a; A] for fixed A, which is assumed to be translation-
invariant.) The higher functional derivatives of I'[a; A] with respect to ar, yield
the 1PI photon vertices. (We observe that our approach is not limited to the free
abelian gauge theory. We may include matter fields or start with an action S[A]
containing photon-photon interactions, e.g. a term ~ (F}, F'**)?. The latter can be
imaginated as a result of integrating out matter degrees of freedom.)

In order to describe the propagation and interactions of nonabelian gauge bosons
in terms of the effective action, we first need a generalization of the separation into
gauge degrees of freedom and “physical” degrees of freedom generalizing (3.1)-(3.5).
We generalize the concept of longitudinal and transversal fluctuations in a gauge-

covariant way and define*

—z _ 2V =y
ar, = Pway

-z =z —z

a, = ar,+az, (3.11)

The generalized projector P7” is now also a matrix in internal space and depends

on the gauge field A, = A, + a,. We propose

Py [A] = (D, [A] D™ [AD"[A])? (3.12)

Y

with D72[A] = (D,[A]D?[A])~!. In a matrix notation in internal space the projector

obeys
P,"[A]D,[A] = D,[A] (3.13)
DH[A]P "[A] = D"[A] (3.14)
pPrPY="pY (3.15)

The transverse fluctuations obey therefore the constraint
(D*[A])", a7, =0 (3.16)

Using the identity

(D"[A+a])ya), = (Du[A])",a (3.17)

I

4The notion of “physical” degrees of freedom employed here should not be confused with the
usual concept of physical states in the sense of, say, BRST-cohomology classes. Clearly a%.(x)

considered as a field operator does not create physical states from the vacuum.



we can equivalently write the constraint in the form

(D“[A])Zya%jm = g&%“&ﬂfw z (3.18)

Y

With respect to the gauge transformation (2.5) the longitudinal and transversal

components transform separately as tensors. From

bag, = (a,+bay) = PilA+8A](a) + bay)
—(a;, = PilAlay)
— Sa — P[Alsal — 6 P2 [Ala (3.19)

sa;, = P |Alsal + 6P| AlaY (3.20)

and using the transformation of P as an adjoint tensor (with 66 = 66°T)

(5PM”[A] = PM”[A + 6A] — PM”[A] = —i[PM”, 60] (3.21)
we obtain
bar, = 160"(T,)", ar,
5&@ = i50w(Tw)2yd%M (3.22)

Here we have used the analogue of (2.5) for éa, and 6A, = (5[@ + 6a,. The trans-
formation law (3.22) also applies to the transversal and longitudinal component of
the quantum fluctuation ar,,ar, defined similar to (3.11). We emphasize that the
simple transformation property (3.22) holds only for the transformation (2.5) and
not for the transformation with fixed background field (2.10). We could also attempt
to define Ay, and Ay, in analogy to (3.11). These fields have, however, no simple
transformation properties since the symmetry (2.5) mixes transverse and longitudi-

nal components. On the other hand, the homogeneous transformation of ar, and

ar, would also obtain if we replace P[A] by P[A] in the definition (3.11), since P[A]
transforms according to (3.21).

The split into transversal and longitudinal degrees of freedom becomes useful
for a study of small fluctuations around a background field. Let us consider the

2

standard covariant kinetic term ~ (F),,)* in second order in a,:

1 vz 1 Ly oz —=
L= [darer, =5 [aere s, s 10 1P o) (3.23)
1= [, a; (3.21)

10



1
10 =5 [ dea; (D)2 — (Do)} a (3.25)

Here FM and [}, are the field strengths formed with Au and A, = Au + a,, re-
spectively. The kinetic operators Dy and Dy, are matrices with both internal and

Lorentz indices and read

(Dr)yt = —(D*).6) + 2ig(Tw)". F,
(Do)t = —(D.DY),
(D*), = (D"D,)", (3.26)

It is sometimes convenient to use a notation in terms of matrices with internal indices

only where

A, = AT,
D, = 0,—1igA, (3.27)
and
(Dr),} = —D,D’8" + 2igk *
(D), = —D,D* (3.28)
We can now employ the identities (D* = D?D,, F,,., = T.(D,)?, I}, etc.)
[D,,D,] = —igh,, (3.29)
1D, Fup] = Fup;p (3.30)
[D*,D,] = —ig(D"F,, + F,,D") (3.31)
to establish
(Dr),/P,"[A] = P,"[A[(Dr),” = (D1),) (3.32)
(DT)M”PPV[A] =-D,D" — igFM”;pD‘ZD” (3.33)
P IAl(Dr),” = =D,D" —igD,D*F"" (3.34)

In particular we consider solutions of the Yang-Mills (or Maxwell) equation

F " =0 (3.35)

jn%

In this case ]1(1) vanishes and the operators Dy and Dy, commute
DrDy = DDy = D3 (3.36)

11



The projector now obeys

P[A] = D;'Dy (3.37)
and we can perform the split into transversal and longitudinal components in ]1(2)
replacing P,"[A + a] by P,“[A]. Then the longitudinal component ar, does not

contribute in quadratic order to I4
- = / d'zats(Dr), ar, (3.38)

At least for fields satisfying (3.35) this suggests to identify the transversal fluctuation
ar, with the physical gauge bosons and to consider the longitudinal components ar,,
as gauge degrees of freedom. These considerations are important in the following
sections where we construct a scale-dependent effective action. We shall use the
eigenvalues with respect to the operator Dy instead of momentum squared in order
to generalize the concept of “integrating out the high momentum modes” in a gauge-

invariant way.

4 The effective average action

The functional integral (2.20) is our starting point for the generalization to a scale-
dependent effective action - the effective average action I';[A]. Whereas in (2.20)
quantum fluctuations with arbitrary momenta have to be included, the scale-dependent
effective action I'y[A] should involve only an integration over modes with momenta
larger than some infrared cutoff k. A variation of k£ describes then the successive
integration of fluctuations corresponding to different length scales with the aim to

recover ['[A] in the limit & — 0. We propose
TW[A] = —In / Da det [~ D*[A]D,[A + a]] Ex[A] (4.1)

exp — {S[A +a] + %/dd:p (D"[Ala,)* + ApSe[A, a] — /dd:zj (% — /i“) au}

The additional term

AySla; A = %/dd:p a"(R(D1))a?
=) [ de (D11, (05 By Al) (12)

provides for an infrared cutoff for the fluctuations a,. Here Ry(D1) and Ry (Ds) are

matrix-valued functions of the matrices (3.26) with A replaced by A

(Ds[A)?. = =(Du[AID"[A]),

12



(Dr[ADYE = (Ds[A])%, 6y + 2ig(Tw)*. F[A] (4.3)

14

(For the abelian theory one has Dg = —0,0%, Dy ", = —0,076".) The effective clas-
sical propagator for the functional integration of @, in (4.1) is obtained by combining

the quadratic pieces in S and AyS. Its inverse reads, for « = 1 and 5 = I3,

P(Dr) = Dy + Ry(Dr) (4.4)

with a suitable modification for oo # 1. We will use an analytic function Ry (x) with
the property
]lﬂir% Ri(z)=0 (4.5)

in order to recover the effective action I'[A] for & — 0. A convenient choice is

exp(—2/i?)
1 —exp(—x/k?)

so that

z—0

with Z; an appropriate wave function renormalization constant. Our choice assures
that for a generalized momentum squared z > k? all effects of the presence of an
infrared cutoff are exponentially suppressed. More generally, the detailed form of
Ry, specifies the details of how the fluctuations with eigenvalues of Dy or Dy larger
than %% are integrated out in the computation of I'y. Our particular choice (4.2)
contains two separate pieces - the first involving Dy acts as an infrared cutoff for the
transverse fluctuations whereas the second involving Dg deals with the longitudinal
fluctuations or gauge degrees of freedom (cf. sect. 3).

The quantity
Ey[A] = det [1 + D5 [A]Ry(Ds[A])] (4.8)

provides an infrared cutoff for the ghost fields of the nonabelian theory. (It reduces
to an irrelevant constant for the abelian theory.) Combined with the Faddeev-
Popov determinant it leads to an effective inverse ghost propagator P(Ds[A]) =
Ds + Ri(Ds). With the choice (4.6) we observe the limits

khm Ek = det(DS[A]/Zka)_l (49)
lim £, = 1 (4.10)

where the second limit (4.10) applies for modes with nonzero eigenvalue of Dg[A].

(For Ds[A] < k*, k — 0, the dominant part of Fj is given by the r.h.s. of (4.9).)

13



More generally, the determinant E} cancels the contribution from the Faddeev-
Popov determinant (for ¢ = 0) for all modes with eigenvalues of Dg much smaller
than k?. This is required since the contribution of gauge degrees of freedom with
Ds < k* is suppressed by the infrared cutoff contained in A.Sg (4.2) and the
Faddeev-Popov determinant serves exactly the purpose of removing unphysical con-
tributions from fluctuations of gauge degrees of freedom. Finally, the quantity &
in eq. (4.1) is given by the k-dependent analog to (2.21). It will be specified in sect.
6.
Using the limits (4.5) and (4.10), we find that the effective average action I'y[A]
reduces to the effective action I'[A] of eq. (2.20) in the limit & — 0:
lim 'y [A] = T'[A] (4.11)

k—0

On the other hand we observe that for & — oo the functional integral (4.1) becomes
Gaussian since the action becomes dominated by the divergent piece ApSg which
is purely quadratic in a,. In this limit I';[A] is given by its classical approximation
(putting @, = 0 in (4.1) instead of functional integration). Together with (4.9),
this implies that I'y[A] becomes identical with the classical action S[A] in the limit
k — oo:

lim T',[A] = S[A] (4.12)

koo
The effective average action I'y therefore interpolates between the classical action
S and the effective action I', corresponding to a successive integration of quantum
fluctuations with different length scales.

In the following sections we will motivate the definition (4.1) of the effective
average action ['y[A] in more detail. We generalize our construction to include
matter fields. For convenience we discuss scalars, but fermions pose no particular
problem [21]. This includes chiral fermions provided they belong to an anomaly-free
representation such that their functional measure can be defined in a gauge-invariant
way. We will show that the dependence of the effective average action on the scale
k can be described by an exact evolution equation whose structure is similar to a

renormalization-group improved one-loop equation.
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5 Exact evolution equation with background gauge

field

Let us start by defining a k-dependent generating functional
exp Wi[J, K; Al = Ei[A] /DxDa exp —{S[X,G,A] + ApSs[x; A] + ApSala; Al
— [t (2) + K*(2)a(2)) (5.1)

for scalar fields y and gauge fields A with J and K the corresponding sources. Here
S obtains from the gauge-invariant classical action S[y, A] by shifting 4 = A + a

and contains gauge-fixing terms (see sect. 2)
S, A = S[v A+ a] + Syslas 4] — Indet(— D AID,[A +a))  (52)

As discussed in the last section, W}, is gauge-invariant if Ay Ss and Ay S¢ are invariant
under the transformation (2.5). (The scalar field transforms in the appropriate
representation. We note that [ Dy Da is defined in presence of the background field
A and must be invariant only under the combined transformation of y,a and A.
Gauge invariance of Wy, relates to the simultaneous homogeneous transformation of
the sources J and K and inhomogeneous transformation of the background field A.)

The gauge-invariant effective infrared cutoff reads

AkSS = %/ddl' Xa(x)(Rk(DS[A])abXb(x)

AkSG == l/ddx Cly Rk(DT[A])Wa

vE

§a—k—1 d'a (D"[Ala,), (D3 [AIRy(Ds[A])).(D"[Ala,)”  (5.3)

with D,[A] in the appropriate representation for the real scalar field y. The de-
terminant Fj is given by (4.8) in case of a nonabelian theory®. We note that
ARS = ApSs + ApSg i1s quadratic in @, and Y and therefore only contributes to
the propagators but not to the vertices in the functional integral (5.1). (The same

°In principle, one could choose different cutoff functions Rf and RkG for scalars and gauge
fields and also introduce an arbitrary additional term for the gauge degrees of freedom ASg =
% fddx(Dua“)Rk(D,,a”). We will not exploit this additional freedom here except for the use of
different wave function renormalization constants 7, for the various fields. It is also easy to employ
a formulation for complex scalars. Then A;Ss reads [ ddxxz(Rk)gxb and J,x® should be replaced
by Jix® 4+ J%% in (5.1).
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holds for the ghost integration if Ej is included in the ghost Lagrangian. We will
not explicitly work with ghost fields in this paper and rather keep Ej as a given
functional of the background field A.) For small eigenvalues of Ds[A] or Dr[A] the
term A, S provides a “masslike” term ~ k* for both the scalars and the gauge fields
and therefore acts as an infrared cutoff. On the other side, the integration of modes
with eigenvalues much larger than £? is only affected by exponentially small correc-
tions. In the limit & — 0 the generating functional W} becomes the usual generating
functional W for the connected Green functions.

We next define k-dependent expectation values

oWy

vi(x) = ) (X*(%))a (5.4)
63) = Freztsy = () (5.5)

Here the functional derivatives of W}, are taken with a fixed background field A
and we have indicated that the expectation values are taken in presence of the
background field. Both ¢ and a are functionals of the sources J and K and depend
in addition on A and k. If we denote the original gauge field by A = A + a the
Green functions of y and A in presence of the quadratic constraint term AgS are
directly related to the derivatives of W for J = K = 0. In particular one has for

the vacuum expectation values without sources

(AL)o = A+ aj (Al k=0 (5.6)

(X")o = ¢"[A]j1x=0 (5.7)

In the limit £ — 0 they reduce to the usual expectation values.

The Legendre transform fk of W), obeys
Pl as A+ Wil K A] = [ da(du(a)e (o) + K2 (e)a(@)  (5.8)

with . .
5Fk 5Fk

EJ(r), — = KA 5.9

5o(7) (z) 5 () (z) (5.9)

Here all functional derivatives are taken at fixed background field A. We combine

©*(x) and @ (x) into a vector ¢ and similarly J,(x) and K#(x) into j:

Via) = (¢(x), a(x))
gile) = (J(z), Ki(2)) (5.10)
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The second functional derivatives of Wy and T, (at fixed zzl) are then related by the
well-known identity

G, I =1 (5.11)
where Ggf) and ff) are considered as matrices with group indices (including Lorentz

indices) and coordinate or (covariant) momentum labels:

S N 0t
()i (. y) 59 ()60 (y) (5.12)
(Gr)(z,y) = % (5.13)

The identity (5.11) is valid for all ¢, a where ff) exists and is invertible. We restrict
our discussion to this region in field space.
We next define
L[5 A] = Ti[u); A] — ARSTeh; A] (5.14)

where AS of eq. (3.3) reads in an obvious matrix notation
1 . ,
A = 3 [ dad'y i) BuAT (o) () =

iFrom (5.8) and (5.1) one finds for the scale dependence of Tx

T Ry (5.15)

[N

0
= a < AkS[U,A] >i =& = —<TI’{U & (_tRk) U}>A — &
= v (%Rk) (Gt b o) - & (5.16)

Here we defined t = Ink,0 = (y, a) and
d

gk == ah’l Ek
Inserting
O A8l A = 21 [ L1, ) (00 ) (5.17)
o —Fo AT U g '
yields
0 - 1 d
1 g (27"
1 0 -1
= S { (aRk) (1 + Ry) } — & (5.18)



This equation expresses the scale dependence of I';, in terms of the second functional

(2)

derivative I';”7. We observe that &, can be written in the form

&, =Tr { (%Rk(DS[A])) (Ds[A] + Rk(DS[A]))‘l} (5.19)

where Tr symbolizes a trace in the adjoint representation (as well as over coordinate
or momentum labels). The two terms on the r.h.s. of (5.18) have therefore a similar
structure.

We finally combine a with the background field A into the gauge field
A=A +a (5.20)

The gauge field A has the standard inhomogeneous transformation properties. Re-
placing the variable a by A the effective action 'y, becomes now a functional of ¢, A
and A

[y = Ty, A, A] (5.21)

By construction I'y[p, A, A] is manifestly gauge-invariant under the simultaneous

transformations of v, A and A. It obeys

0 _
ark[% A7 A]
1 0 _ - N1 _
= { (aRk[A]) (M1, A, A] + Ri[A]) } — &[A] (5.22)
where
Fgf)[tp, A, A] = FEcZ)[S‘Qv a; A]|a:A—A (5-23)

is the matrix for the second functional derivative of I'y[p, A, A] with respect to ¢

and A at fixed A.

6 The role of the background field

At this point T'j, is a functional of two gauge fields, A and A, which are considered
as independent variables. It is tempting to identify A and A such that the effective
action only depends on one gauge field. Before doing so we have, however, to
worry about the fact that the second functional derivative F;f) in (5.22) is taken at

fixed A and does not coincide with the second functional derivative of 'y, A] =
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I'ylp, A, A].% Indeed one has

) ) ) - )
—T Al=—T A Al = —T A, Al —
SA k[ ] SA k[@? 9 ] SA k[@? 9 ]|A_A+5A

and similarly for the second functional derivative. In order to understand the role

Fk[g‘ovAvA]M:A (61)

of this difference we need some insight in the general dependence of I'y[p, A, A] on
the background field A.
Let us start by taking the limit & — oo. We can use the definitions (5.8), (5.9),

and (5.14) to derive a functional integral representation of Iy,
esp-TilpaA] = [ DyDaexp—(S[v.A+d
+S,¢[a; Al — Indet(—D*[A]D,[A 4 a]) — In EL[A]
*ﬂﬁksdx;gl ApSsles Al + ApSela; A] — ApSgla; A

= [l = o)+ Ko - a)]) (6.2)
with
or YA A
g = 0k 8AkSs[pi Al
Op? Op?
or §A\pSala; A
ke = e 9ASela Al (6.3)
baz, baz,
Using shifted integration variables
X' = x—v
ad = a—a=a+A—A (6.4)

eq. (6.2) yields

xp Tl A A] = [ DYDA exp—{Sle+ A+
+8,7[A— A+ d'; A] — Indet(—D*[A]D,[A + d']) — In E}[A]
—I-AkSS[X/' A] + AkSG[a’; A]

5Fk 5Fk
— [ dx[ =y ” 6.5
J el i+ i) (6.5)

In the limit £ — oo the function R approaches a constant and one has

hm Rk == Zka
]}Lrgoexp {ARSS[Ys A] + ApSald’; A} o< 6[x16[a] (6.6)

6We put in this section a bar on ['[¢, A] in order to facilitate the reading.
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One obtains (up to an irrelevant constant)

lim Fk[g‘ov A7 A] = S[S‘Qv A]

k—o0

15,,[A — A; A] — Indet(D*[A]D,[A]| D[ A]) (6.7)

Therefore 'y, corresponds to the classical action with gauge fixing. For £ — oo
the dependence of I'y on A arises only from the gauge fixing terms (including the

determinant in the last term). We also observe
Jim Ty, A, A] = S, A] (6.8)
The above discussion suggests to write for arbitrary k
Telp, A, Al = T, Al + TE"* g, A, A] (6.9)

Here I'$"8¢ is a generalized gauge fixing which vanishes for A = A, and

The second functional derivative at fixed A is then a sum of the second functional

derivative of I';, and a contribution from the generalized gauge fixing term:

TP, A, A = TP, Al + TE" P, 4, 4] 4 (6.11)
(We have indicated that the second functional derivative in the second term should

be performed for fixed A.) Since I'#*'®® vanishes for A = A we may expand for small

A—A=a

_ 1 _
v = [ dte {—rtle, Ala; + SarQuar + ..} (6.12)
with STE 5 AL A 6T, A, A
K;ZL _ Fk [9927 5 ] _ Fk[g‘olz ’ ] (613)
514#« |A:A 514# |A:A
_ S8 s A, A
v = k&Ay[gjv - (6.14)
v 2 |A:A
In (6.13) we have used the identities
514 - 514 |A:A 5A |A:A
A T gauge
P ol [A, A] _ (5& N oI'%
0A  |i=4a  O0A 0A |i=4
6T 6T 6T
= Lk T h (6.15)

SA  §Ajiza A
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These relations further motivate the definition of x* in eq. (2.21). For A = A
the (A, A) component of F%auge@) coincides with () whereas the (A, ) component is
given by 6k /dp:

orrgme _ 0REp, A
dpro A A=A Op®
52Fgauge
—k = 0 (6.16)
600" 1424
For k — oo one finds from (6.7)
op N
Q = ng+@det
o | B
Qu = L,
_ 62 - -
(Qact)yt = —5ay5aZTf1H(—Dp[A]Dp[A‘|‘a])|a:0 (6.17)
YR

The role of F%auge@) in the evolution equation (5.22) becomes obvious now: Since

(2)

[, A]is gauge-invariant, its second functional derivative I'}”’ must have zero eigen-
values in the direction of the gauge modes. In absence of @ the momentum inte-
grals implied by the trace in (5.22) would not be ultraviolet finite. (Note that
lim, o % In Ry(x) = % In Z;. 4 275 diverges for large x!) This disease corresponds
to the usual fact that no well-behaving propagator can be derived from a gauge-
invariant action. The additional term @ cures this problem. The inverse propagator
Ff) = ff) + @ is now well behaved for large eigenvalues of x = Dt or = Ds since
it corresponds to a gauge-fixed propagator. More precisely, all eigenvalues of F;f)
are strictly positive for large x. For high eigenvalues the integral Tr%Rk(F(z))_l
is then exponentially suppressed in the ultraviolet due to the exponential decay of
Ri. We conclude that the momentum integrals in (5.22) are both ultraviolet and
infrared finite for k£ # 0. The evolution equation (5.22) is therefore well defined and
does not need a specification of the regularization of the theory.

For finite values of k the generalized gauge fixing contribution T'¥**° will in
general not remain of the simple form (6.7). We may nevertheless try some relatively

simple expansion

res = L L ate{a ) (0400,)°
g (k)agal — ( )(D,[Aa,)(D*[Aa”)
+Hy (k) F™ [Ala, + ..} (6.18)
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where a1, ,uz, Z,, and [, may be functions of invariants constructed from ¢ and A.

The k-dependence of "8 can directly be read off from (5.22) with a = A — A

a auge A a auge — A
ari g[g‘QvAvA] = ari g[c,o,a;A]

= e R A+ BA])
- %ka +a)(T g 0; A +al + Ri[A+a))™'} (6.19)

Corresponding evolution equations for functional derivatives of I'$*"&

with respect
to a (or A) obtain by performing the corresponding derivative on the r.h.s. of (6.19).

To conclude this section we emphasize that at this point we are not guaranteed
that the field equations, propagators and also the vertices can be extracted from
[, A] alone. In general, one needs in addition the dependence of T$*"#[p, A, A]
on the field @ = A — A. This field transforms as a Lorentz vector and as an adjoint
tensor with respect to gauge transformations. The additional field permits many
new invariants. Terms linear in @ (as for example the last term in (6.18)) give a
contribution to the relation between the sources and the first functional derivatives
of Ti[p, A], see eqs. (2.21) and (6.3). They therefore modify the field equations
which obtain for J = K = 0. Similarly, the propagators are given by the second
functional derivative of W} with respect to the sources. As a consequence the in-
verse propagators correspond to Ff) (¢, A, A) rather than to the second functional
derivatives of I'x[¢, A]. We observe that these complications are not particular to the
effective average action for k > 0. They are also present for the effective action I'[A]
of eq. (2.20). This is the price one has to pay for the definition of a gauge-invariant
effective action involving only one gauge field A,. Only the quantity T'[A, A] is sim-
ply related to field equations, propagators, and vertices by functional differentiation
with respect to A for fixed A. In a sense, the use of the functional with only one
gauge field becomes useful only if the contributions from I'8*"#¢ can be neglected or
are quantitatively understood. The discussion in sect. 3 suggests indeed that often
all relevant properties of the physical gauge bosons are encoded in I'[A]. A proof
under what circumstances this is the case would clearly be of great value.

As a comment we point out that the additional freedom related to the new field

%" should not only be considered as a negative complication. The new

a, in
invariants appearing in ['#"8¢ as for example the mass term ~ ,uz in (6.18), may
sometimes play a role for the nonabelian theory even in the limit £ — 0. In a pure

nonabelian gauge theory a mass term p2(k = 0) > 0 would provide an infrared
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cutoff and therefore set the scale for the theory. If it exists, it must therefore be
closely related to the confinement scale. It is difficult to construct a gauge-invariant
infrared cutoff in terms of one gauge field only, and such a term is typically nonlocal.
In terms of two gauge fields A and A local effective infrared cutoffs as simple as a
mass term are allowed, and the description in terms of I';[A, A] may actually become
much simpler than the one in terms of Iy[A]. It is interesting in this respect that
nonperturbative mass terms in the propagators of a gauge fixed theory have been
discussed earlier. An example is the treatment of the “transverse gauge boson
mass” in gauge theories at nonvanishing temperature by the approximate solution
of Schwinger-Dyson equations [16].

We finally remark that despite of appearance the many new possible invariants
in %[>, A, A] do not contain additional freedom. In fact, the dependence of Iy
on the background field A is fixed by identities which are spelled out in detail in
the appendix. These identities contain the information about the gauge invariance
of the original theory which will manifest itself in the form of Ward identities in the
limit £ — 0. A detailed discussion of these relations for the case of an abelian gauge

theory can be found in ref. [22].

7 Running gauge coupling in arbitrary dimensions

The exact evolution equation (5.22) for the scale dependence of the effective average
action is a nonlinear differential equation for a function of infinitely many variables.
There seems to be little hope for finding a general solution. The successful use of
this equation therefore depends crucially on the existence of an appropriate approx-
imation scheme. This will consist in a truncation of the infinitely many invariants
characterizing I'y to a finite number. The truncation has to reflect the dominant
aspects of the particular model or physical situation.

In this section we demonstrate the practical use of our equation by computing
approximately the running of the nonabelian gauge coupling in arbitrary dimension
d. For d =4 this should reproduce for small couplings the well-known perturbative
B-function. The result for d = 3 is an important ingredient for an understanding of
nonabelian gauge theories at high temperature [1].

We consider the pure Yang-Mills theory with gauge group SU(N). From (5.22)
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with (5.23) and (5.19) we obtain in this case

0 1 0 52 - !
arkm A = —T{ Rk(wr [A,A]+Rk) }

—Tr { (%Rk(DS)) (Ds + Rk(DS))‘l} (7.1)

Both traces on the r.h.s of (7.1) are over coordinate and (adjoint) group labels; the
first one involves an additional trace over Lorentz indices. The infrared cutofl R}
depends on the background field A and is given by (4.6), with Z, = Zg}, (see below)
for the first term (4.2) and Zj, = 1 for the second term (4.8).

In order to approximate the solution I';[A, A] of (7.1) by a functional with at

most second derivatives, we make the ansatz

nA A = [d :1;{ L2 (A)F(A) + %[DM[A](A“ _ A“)]z} (7.2)

We want to determine the running of Zp; from the flow equation. Referring back to
the decomposition T'y[A, A] = T'y[A] + T§*°[A, A] of eq. (6.9), we see that the first
term of the r.h.s. of (7.2) corresponds to I';[A] and the second one to ['§™#°[A, A].
The truncation (7.2) leads to

82Tx[A, A]
5AZ(:1;)5A§(:1;’)

= Z{ Dl + DDA = D LADIA)} (') (13)

A

In the following we neglect the running of ay and restrict our discussion to aj = 1.
According to (4.2) the infrared cutoff Ry in the first trace in (7.1) depends then only
on Dr. Furthermore, (7.3) yields

52
s HA, Al|._, = ZrDr(A) (7.4)

Hence the evolution equation reads for A = A:

0 B aZFk d “uv
T4, 4] = /d i F

— lT {(aatRk(DT)) (ZFkDT+Rk(DT))_1}

—Tr { (aatRk(DS)) (Ds + Rk(DS))‘l} (7.5)

Here Dy and Ds depend on A, now. In order to determine 075 /0t it is sufficient

to evaluate the traces for the simplest possible field configuration A7 (x) which gives
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a nonzero value to the invariant £, “F*” . We choose a covariantly constant color-

magnetic field of the form
Al(z) =n"Au(x) (7.6)

whereby n* is a constant unit vector in color space, and A, is an abelian vector
potential whose field strength amounts to a constant magnetic field of strength B.
Therefore we get F,, I, = 2B* and we have to evaluate the traces in (7.5) in
linear order in B?. For this background the spectra of Dy and Ds can be found by
elementary methods [23]. Taking the degeneracy of the eigenvalues correctly into

account, one finds for the trace of any function H(Dr)

nion) - 0y BEY [

'{(d - Q)H(q + (2n + 1)91/@B)
(¢* + (2n + 3)gwe B)
(q2 + (2n — 1)guB)} (7.7)

The numbers vy, = 1... N* — 1, are the eigenvalues of the matrix n*7T, with the

dd2

+H
+H

generators T7 in the adjoint representation and @ = [d?z. Here the (d — 2)-
component vector ¢* is the momentum in the directions which are not affected by

the “background field”. Writing ¢* = = we get

N2-1 0 o 4
NP = Y220 3 guB Y. [ de ot
T =1 n=0"0
A(d—-2)H(x 4+ 2n+ 1)gveB)
+H(x+ (2n + 3)guB)

+H(x+ (2n — 1)guB)} (7.8)

-1
with vy = [Qd"'lﬂ'd/zf(d/Z)] . For our purposes it is sufficient to extract from (7.8)

the term which is quadratic in B. Using the Fuler-McLaurin formula

S H(r+ (20 + VgnB) = QaveB)™ [ dyH(x +9) + g BnH(x) + 0(B)

n=0 12 dx
(7.9)
it is easy to show that for lim,_., dH/dx = 0 the quadratic piece is given by
d Vi— 2 d
T [H(Dr)],,0 = —2N(1 = 522 (gB)0 / de ¥ H(2).  (1.10)

In the last step we used Zévjl_l vovy = N which follows from n* =1 and Tr(7,7.) =

Né,.. This formula holds for d > 2 whereas for d = 2 the momentum integration in
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(7.7) is absent and (7.10) is replaced by

N dH

Tr [H(DT)]quad == 12 T

(7.11)

Inserting (7.10), and a similar formula [1] for Ds in eq. (7.5) we find for d > 2

d iz ,d  ORi(x)
—Zpp = —2N[1 - — / dp o582 TR

Ud 2 2/ d 2 i atRk( ) :,Qb kd_4:— 7 192
rx d:z;ix—l-]%k( )—9 d = —npZFk (7.12)

(The second contribution is due to the trace containing Ds with 7, = 1 in Ry (x).)

Introducing the dimensionless, renormalized gauge coupling [1]
g'(k) = k" Z5 9" (7.13)

the associated beta function reads

6
Bpe=—=g*(k) = (d—4)¢g* + nrg® = (d — 4)g* — bag™. (7.14)
For d = 4 the result for the running of ¢*(k) becomes universal, i.e. by is independent
of the precise form of the cut-off function Rj(x) - only its behaviour for # — 0
enters in (7.12). One obtains, with lim,_q R, = Zpik* for the first term in (7.12)

and lim,_oR), = k? for the second term

(11 = 5pp) (7.15)

In lowest order in g? we can neglect ng on the r.h.s. of (7.15) and obtain the standard

perturbative one-loop f-function. More generally, one finds for nz the equation

nE = —g°ba(nr) (7.16)
which has, for d = 4, the solution
1IN 5N
— 1 — H-t 1
r= =559 (L= 5—597) (7.17)

The resulting 3-function can be expanded for small ¢*

6572 =

1IN BN N\
— 1 — 2)
24727 ( 24727
22N gt 220 ., ¢°

= T3 62 9 (e (7.18)
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Comparing with the standard perturbative two-loop expression

2) 22N g 204 ., ¢°

D= ~ TN
% "3 1672 9 (16m2)2

(7.19)

we find a surprisingly good agreement even for the two-loop coefficient. The missing
7 % in the coefficient of the g®-term in §,2 should be due to our truncations.

In arbitrary dimension d we define as in ref. [1] the constants [%, by

44 20
bd = ngdl?\;A — ?Nvdl?\fAnnF (720)

X

Pla) =+ 771 S 21
()=t 2R = ) T T e —(/R) 2
they read for d > 2
1
d _ 4-d d_p ¢ @
oo = —z5(26—d)(d—2)k / dr o3 dx = < inp
26 —d)(d—2
_ | 4)4( ) i (7.22)
1 oo d d P—x
d e _ oy\p.4—d d_y &
INagy = 10 (24 —d)(d —2)k ; dx x -
(24— d)(d=2) 4,
= [ 2
-2y (7.23)
It is remarkable [24] that the S-function for the coupling ¢4 = ¢*k*~? vanishes

precisely in the critical string dimension d = 267 . The integrals appearing in (7.22),
(7.23) are discussed in ref. [13]. One has

[i=2 =T (d;—Q) (7.24)

_ 1 4 0 dP/dx
W = S IN{0) = k[T e 2t 2T
= —/ dy y2 eVl —y—e (1 —eY)E>0 (7.25)

The evolution equation for the running dimensionless renormalized gauge cou-

pling ¢ in arbitrary dimension

20N

dg? 44N -t
99" _ _vdz;lwf) (7.26)

5 = By =(d—14)g* — Tvdlﬁlmgél (1 -

“In ref. [25] this result was related to the o/ — 0-limit of one-loop string amplitudes.
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has the general solution (for d # 4)

g° (k) k)
=C|— 7.27
ey = (i 20
with
al _ 4:4:Nvdl§l\7A
3(4—d)
0N,
oy = d1 — TvleAn
v o= ai/ag (7.28)
and 2}
¢ 9lk) (7.29)

(1 + a2g?(ko))”
The nonabelian Yang-Mills theory is asymptotically free for d < 4 with a “confine-
(d)

2
ment scale” A .,

where 3,2 diverges
1
A= (i) (730
(a1 —az)!

At this scale our truncation gives no quantitatively reliable results any more since
nr diverges and the choice Zy = Zpj in Rj, becomes inconvenient. Indeed, Zp; may
vanish for some scale k.; > 0, whereas Z;, should always remain strictly positive. A
possible smoother definition in the region of rapidly varying Zp; could be Z) = Zpp
for k = A, and 9,7y = —np(l + %)~ Zg for k < A. This modification does not
influence the one and two loop f-function. It guarantees, however, that Z; remains
always strictly positive. Now the § function does not diverge for any finite value
of ¢ and the confinement scale can always be associated with the scale where ¢*
diverges or Zpy vanishes. This scale is slightly lower than (7.30). The “one-loop”

confinement scale [1] obtains from (7.30) for I%,, — 0, as — ay, vy — 1

44 Nvyld 44 Nvyld -1
A | ZEVYENA 2y [ 22 TAINA 2 k 31

(d)

conf

(7.30) is always higher than the “one-loop” result (7.31) (for given ko and ¢?(ko)).

and corresponds as usual to a diverging gauge coupling. We observe that A

We therefore consider the scale (7.31) as a lower bound for the confinement scale.
For 4 < d < 24 the 3 function (7.26) has an ultraviolet stable fixpoint separating
the confinement phase for strong coupling (with a confinement scale given by the
analog of (7.30) for negative a; and ay) from the infrared free weak coupling phase.

We note that there is no confinement phase for d > 26.
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8 Discussion

We propose in this paper a new nonperturbative evolution equation for gauge the-
ories. It is valid for Yang-Mills theories and simplifies for abelian gauge theories.
(The latter will be dealt with in detail in a related publication [22].) Our evolution
equation (5.22) is an exact differential equation relating the scale dependence of
the effective average action to its second functional derivative with respect to the
fields. A solution of this equation amounts to a complete solution for all 1PI Green
functions of the theory. Obviously, an exact solution must be very complicated
and is in most cases very unlikely to be found. It is therefore crucial to find an
appropriate truncation of the most general form of the effective average action to
a few invariants which should contain all important physics. This will allow one to
reduce the exact evolution equation to a system of a few ordinary coupled nonlinear
differential equation. An approximate solution, either by analytical or numerical
methods, becomes then feasible.

In this paper we have demonstrated the practical use of our equation by comput-
ing the running of the gauge coupling of a nonabelian theory in arbitrary dimension.
Even though we use a very simple truncation we reproduce in four dimensions cor-
rectly the one-loop -function and also the coefficient of the two-loop term with an
accuracy of about 7 %. This seems rather remarkable. The running of the gauge
coupling in three dimensions is crucial in order to understand gauge theories at high
temperatures. This applies to QCD as well as to the electroweak theory in the sym-
metric phase or near the phase transition. The problem is notoriously difficult to
tackle by other methods, mainly due to the strong infrared divergences appearing
in standard perturbation theory for the one-loop quantum correction to the gauge
coupling. We compute explicitly the g-function and the runnning of the coupling in

a three-dimensional theory. Using the formulae of sect. 7 with

ny' = 1.2942
B, = 0.6765
Roay = 0.9305 (8.1)

we can compute the three-dimensional confinement scale where the gauge coupling
becomes strong. The scale where the effective three-dimensional running starts is

proportional to the temperature 17" and we use here

ko = 27T (8.2)
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(Previous work on scalar theories at high temperature suggests a more accurate
value of ko ~ 5T[12].) Using for the initial value of the three-dimensional gauge
coupling

k) = Arallo) o (.3)

with a(ko) the appropriate four-dimensional fine structure constant we find for the

3)

cons and temperature in the

ratio between the three-dimensional confinement scale A

electroweak theory (Oéw(ko) = 31_0)

3)

%”f = 0.227 (0.104) (8.4)

Here the second value in brackets corresponds to (7.31), whereas the first is given
by (7.30). Three-dimensional confinement is a crucial feature for the electroweak
phase transition [1]. We observe that Agﬁ is larger than the estimated value of the
transversal gauge boson mass M, ~ 2, T [16] by about a factor of 2-5. This puts
severe questions on the applicability of high temperature perturbation theory in the
symmetric phase or near the phase transition.

For QCD the three-dimensional confinement scale obtains from (7.31) as

A 10.4T as(27T) 8 (8.5)
(1 4+ 0.280,(27T)) ¢
to be compared with the “one-loop” result (7.30)

ol = (14 0.750,(277))

Using the usual expression for a(277") in terms of the (one-loop) four-dimensional

(4)

confinement scale A,/ f

27
11 In(277/AY )

as(27T) = (8.7)

3)

con

(4)

we can express A o

s in terms of A, 7, and T'. There is a characteristic temperature
T., where the three-dimensional confinement scale becomes larger than the (one-

loop) four-dimensional confinement scale. We find for the “one-loop” expression

(7.30)
2T, 3 22 2T,
TLech — —7T 1 + — In —ﬂ— h (88)
Agi;f 9.48 3 Agiif

which gives T, close to Agiif/%'. For T' < T}, the three-dimensional running would

start below Aii)lf where the description of physics in terms of gluonic degrees of
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(4)

freedom is not meaningful.® For temperature larger than A, ; and even possibly as
low as about Aii)lf/%' the three-dimensional running of the gauge coupling at non-
vanishing temperature affects the nonperturbative mass scale of QCD. We expect
that all spacelike correlation functions and magnetic condensates change quantita-
tively for T' > T.,. Their characteristic mass scale at high temperatures is given by

A(3)

cons ~ ' rather than by the scale AW s relevant for low temperatures. This does

not necessarily imply an important qualitative change in the spacelike correlation
functions at T' ~ T.;. The qualitative similarity between three-dimensional confine-
ment and four-dimensional confinement rather suggests a smooth change in these

correlations.

Acknowledgement: We would like to thank M. Bonini, M. Liischer, C. Schubert,
and N. Tetradis for helpful discussions.

Appendix: Background field dependence

In this section we study more quantitatively the dependence of I'y[w, A, A] on the
background field A. We are interested in the quantity «[A, A], which generalizes
(6.13) for A # A:

IQ[A,A] _ o], A, A :5Fk[<p,a;A] ba

SA |A da |46 A |4
5Fk[997 EL; A]
Lt B Al
TTSA . (A1)

For convenience we combine the gauge-fixing terms, Faddeev-Popov determinants

and the infrared cutoff

AS[X,CL;A] = ApSs+ ALSq
1 v A ATNZ
o [ @ e (DLAD A a

—Indet(—D"[A]D,[A + a]) — In Ei[A] (A.2)

The dependence on the background field arises through the dependence of AS on
A. Our starting point are the definitions (5.8) and (5.14) and the functional integral

8Qur description in terms of T.;, is only a rough approximation. To account for the temperature
effects more precisely one should use the formalism of ref. [12] instead of an abrupt change from a
four-dimensional to a three-dimensional description. The 7" # 0 confinement scale Aggf 1s always
larger than AN ForT & T.p the difference is small, whereas for T' > T, one has AT A

conf" con f conf"
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representation (5.1) for Wy. Inserting (5.9) for the first term in (A.1) and observing
(5.8), (5.14)

§ALS[p, @ A .
Ao @Al _ e (A.3)
oa
5T, W,
ok _ _OWk A4
O0A |pa O0A UK (A4)
one finds 6T Mg ai Al 6W
k - 11— k0P, 4 k
Ok Ala — i o A
oA Rl 5A A i (4.5)

In order to evaluate §W, /8§ A we define

expWi[J, K; A, 4] = exp Wi[J, K; A+ a
:/DxDanp—{S[X,A—I—&—I—a]—I—AS[X,CL;A—I—&]—Jx—Ka} (A.6)

o that oW, SWilJ, K; A, a)
k kS, 10 A a N
" = =0 AT
O0A Ik A oa |J.K A (a ) (A7)
We shift the variable a,
a =a+a (A.8)

and obtain

5—% = Wk_l[J,K;A]/DxDa’eXp—{S[X,A—I—a’]—Jx—Ka’}
O0A UK
) . _
57 €XP —{AS[y,d —a; A+ a] + Ka}|a=o
a
S _
= —K— <5A AS[x,a —a; A + @lja=o) (A.9)
a

The contributions AgS and S,y are quadratic in @ and y, and one finds

<55&Ak5|a:0> = —Ri[A] a+ %<g%a> (A.10)
§ R
(=87 fa=0) = —(D*[AD"[A])...a
! v d AT DPTANNY W
_£<“y5;1i(Dv[A]D [A]),,a5) (A.11)

Here we have used the notation of sect. 3, o = (x,a), and we employ for simplicity
the same notation Rj for matrices acting on gauge fields and scalars or acting on
gauge fields alone, with an obvious meaning for §R/§A. On the other hand, the

contributions from the determinants have a more complicated functional dependence
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on a. They are best expressed in terms of ghost correlators (££), cf. (2.11). Com-
bining these results, the dependence of T’y on the background field A is described
by

or 1 SRi[A -1
8Tk _ _Tr{ A pe 4 gy }

6AZ 2 6AZ
gz S+ S (A12)
with
Sgetla, A,a) = —Indet(—D"[A+ a]D,[A + a))
—In Ey[A + & (A.13)

We observe the similarity of the first term in (A.12) with (5.22). The second term
simplifies considerably for an abelian gauge theory where it reads éa“apdp. A few

consequences of this simple form are discussed in detail in ref. [22].
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