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ABSTRACT

The path integral on the single-sheeted hyperboloid, i.e. in D-dimensional imaginary Lobachevsky
space, is evaluated. A potential problem which we call “Kepler-problem”, and the case of a con-
stant magnetic field are also discussed.
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1. Introduction.

Motion on spaces with constant curvature, positive as well as negative constant curvature, is of
particular interest and appears in several topics in theoretical physics. Let us e.g. mention string
theory where the perturbative expansion a la Polyakov [15] leads to the consideration of deter-
minants of Laplacians on Riemann surfaces of arbitrary genus, a theory where the underlying
space is the Poincaré, respectively Lobachevsky space, a space of constant negative curvature.

Another example is the Kepler problem in spaces of constant curvature [2, 18]. Here one is
interested in the comparison of the symmetry properties of this problem, where one e.g. finds
that the coordinate systems which separate the Kepler problem in spaces of constant curvature
are only two, namely the (pseudo-) spherical and the (pseudo-) conical, whereas in flat space
there are four [32].

The evaluations of propagators and its short-time behaviour, and Green functions are also
important in cosmological models. They appear in several models derived from the Wheeler-
DeWitt equation and quantum gravity, respectively, and lead in a natural way to models, re-
spectively spaces, with constant curvature. As the simplest case one can study the free motion
in these spaces. Here several models can appear in the case of constant negative curvature:
The single-sheeted and the two-sheeted hyperboloid. Most simply, they are studied in the two-
dimensional case. The two-sheeted hyperboloid is a particular realization of the Poincaré plane,
where only one sheet has been taken, whereas the single-sheeted has different properties and
has not been studied in such great detail as the former one. However, some contributions ex-
ist, mainly by Gel’fand, Graev and Vilenkin who call this space imaginary Lobachevsky space
[11, 12, 35] and have studied its geometrical structure and group theoretical properties. It has
the peculiarity that the distance r of two points defined by cosh kr (k is the curvature) may
be positive and imaginary because cosh kr € [0,00), i.e. it is a space-like set, in comparison to
the usual two-sheeted hyperboloid, also called “pseudosphere”, which is a time-like set. From
the point of view of special relativity, Lobachevskian models are of interest because the ve-
locity space, say, possess a constant negative curvature (equal to 1/¢?), and the single-sheeted
hyperboloid in particular corresponds to the unphysical region of the variables.

In this note I want to study the path integral on the (D-1)-dimensional single-sheeted hy-
perboloid, denoted in the following by H(_Dl) which is done in Section 2. This special system
was not subject to path integration until now. The path integral on the pseudosphere has been
intensively studied in Refs. [3, 18, 20, 24], with its higher dimensional generalizations in [22, 26].
In comparison to this usual pseudosphere we will find that in the case of H(_Dl) bound states can
appear, depending on the angular momentum number, which is not possible for the quantum
motion on the pseudosphere.

As we will see in Section 3, also a potential problem on the single-sheeted hyperboloid can
be discussed, which will be called “Kepler-problem” on the single-sheeted hyperboloid.

In Section 4, the case of a constant magnetic field on H(_Dl) will be discussed, Section 5 contains
some concluding remarks, and in the Appendix the path integral identity for the modified P&schl-
Teller potential is given.

2. The Path Integral.

For simplicity we first consider the simplest case, i.e. D = 3. We start with the equation for the
two-dimensional single-sheeted hyperboloid K% (1/k=R>0)

(Z,7) = af —af —a5 = —R* . (1)
We introduce pseudo-spherical polar coordinates on H(_Bl)

2o = Rsinh 7 | 21 = RcoshTsing |, 29 = Rcoshrcos¢ (2)



where 7 € (—00,00) and ¢ € [0,27). The addition theorem on the single-sheeted hyperboloid
H(_Sl) has the form (&, 7 € H(_31))

Ty Ty
coshkr = ——— 3
7l 1] W
= (sinh 7y sinh 75 — cosh 7y cosh 75 cos( ¢ — (/51)) . (4)

We find for the metric: (g,;) = R*diag(1, — cosh® 7), and therefore g = \/[det(gq,)| = R? cosh 7.
According to the canonical formalism [5, 9, 16, 25, 27] we construct the path integral on H_Bl as
follows (T'=t" — )

H(a) P T, _ o (H® "ot 1,
A( )( 17$17$27$27$37$37T):A( _1)(7— 77—7¢ 7¢7T)

z1 ("=l zo(t" )=zl z3(t' )=zl

- / Dai(1) / Das(1) / Daa(t) exp [%/j (ﬁ—g’cg—@g)dtl (5)

xl(t’):x’l zot!)=x) xg,(t’):xg
1 mRZ N N-1 o) 2T
o (T [ o, [

i mRZ(A osh T A%, ) — K (1 _ ) 6
X exp hz 5 T, — cosh T; : SR + (6)

2
i cosh” 7;

T(t”)IT” ¢(f”)=¢”
1

VB / cosh 7D7(t) / Do(t)

(th)=r Bir)=4
i 4 m /s ) - hZ 1
X exp {ﬁ /t’ [ER (T — cosh™ 7¢ ) T 1+ e dty . (7)

Here are ¢ = T'/N, ¢; = q(t' + je), fz(qj) = f(¢;)f(g;—1) for any function of the coordinates 7
and ¢,and j =0,...,N, Ag; = ¢; — ¢j_1, and we interpret the limit N — oo as equivalent with
€ — 0, T fixed. Note that due to the indefinite metric the factors “i” in the “measure term”
cancel each other [3]. The corresponding short-time propagator is given by

() m
K (H—l)(Tj,Tj—h(bja(bj—l?G) = mcosh T

i |mR?/ , —2 h’ 1
Xexp{ﬁ [ 2e (A T; — cosh T]'A Qb]) — W(l + m) . (8)

Note that the pre-exponential factor does not depend on R. The ¢-path integration can be
separated [21] immediately and we obtain

o-inT/8mR? o Qll(s"=0") 0,

- -1 1" /'T 9
( — cosh 7/ cosh 777)1/2 = 2rR? L (r", 75 T) (9)

Ar(7-t(_31))(7_//7 7_/7 (b//v (b/; T) _
(3)) .
with le = (7", 7';T) given by
r(t'")=r"

H® it R 12-1/4
le ‘1)(7' 7 T) = / DT(t)eXp{%/t [%RZ%Z—I— —7/ ]dt} , (10)

: 2mR? cosh®r
T(t)="1'

which is a usual one-dimensional path integral. This path integral has the form of the special case
of the modified P6schl-Teller potential as sketched in the Appendix. Therefore we can write down



the solution of the path integral on the single-sheeted hyperboloid (n =0,1,..., Ny < [I| - 1)

T(tll):TII ¢(tll):¢ll
th/ dT e TE/M / cosh 7D7(t) / Do(t)

(= #(t)=g
i m . K2 1
X — —R*(+%— h?7¢?) — (1 ) dt
o {h /t’ [ 2 (7 = cosh™r¢") 8ImR? + cosh® 7
0o Q9" —¢")

= ( — cosh 7’/ cosh 7)~%/? Z

21
l=—00

Xﬁf QmRzE 1 |l|—|— QmRzE_I_ —|—|l|—|—
B2 B2 B2

><P|,| 2mR2E/h +1/4(t nh7'<)P|,| 2mR2E/h +1/4( tanh 5 )

1/2 1/2
o Glle"—¢)
—( _ h h " —-1/2 e
( — cosh 7' cosh ") ,:Z_:OO vy
" n—|l|+ n |l|+ "
y NE (n_ 0 }) P20l —n) Pyoypp” (tanh 7) By ), * (tanh 77)
— 2 n! —B*[(n— ||+ %)? - 1/4]/2mR2 -
1/00 dp psinh 7p Plll 1/2(tanhr )P, - 1/z(tanhr’) (12)
2J I*Lz(p2 +1/4)/2mR?* - F cos? Tl 4 sinh” 7p

Wave-functions and energy spectrum are easily read off from the spectral expansion (12). Note
that for [ # 0 there are bound states. The generalization to higher dimensions can be done in a
straightforward way, by replacing the circular wave-functions by the hyperspherical harmonics
S1(€), and the quantum number [ € Z by the corresponding principle quantum number [ € INg,
including the appropriate changes in the effective Lagrangian, and with the prefactor replaced by
R'~P. In order to to this we introduce the (pseudo-bispherical) coordinate system [3, 11, 12, 35]

= Rsinht .,
x1 = RcoshTcosfp_

= Rcosh7sinfp_5cosfp_3 ,

Tp_o = RcoshTsinfp_,...cos,cos¢ ,

2p_1 = RcoshTsinfp_5...cos6;8in¢ (13)

where 7 € (—00,00), 0, = ¢ €[0,27),and 0, € [0,7),k = 2,..., D—2. The metric tensor on the
(D-1)-dimensional single-sheeted hyperboloid is given by: (g.;) = R*diag(1, — cosh® 7, — cosh® 7
x sin®Op_s,...,—cosh’7...sin”0y) (a,b=1,...,D —1). Therefore we obtain for the Hamilto-
nian on H(_Dl)

h? 0? 0
H = _QmRz{ [ﬁ + (D — 2)tanhrE]
1 82 o 1 82

- (D= 3)cothps | — .= a 14
cosh® 7 [30,23_2 *( ) coth fp 2301)_2] cosh?7 .. .sin? 6, 8(/5} (14)

1 9 1 9 1 2]
= - I AV(r, {6)) | 15
2mR2 [pT cosh? 7'p€D‘2 cosh’ 7. ..sin? 02p¢ + (7.16}) (15)



with the quantum potential

AV(rA8) = s | (D -2+ — 1

— e 16
8ImR? cosh” 7 cosh” 7 .. .sin% 6, (16)
[{6) denotes the set of variables 6 (k= 1,..., D — 2)]. Furthermore (g = det(ga;) = cosh”?

X [To=y (sin 6 )*=1)
k0 T, B dlog /g
= - ( ) e (17)

Pa 0q° + 2

Thus we obtain for the (Lagrangian) path integral on HPD) [ = (2g,...,2p_1)]
KA #:7) = KD 7 40 (0):7)
oy Ee(t=rl
k

im [t "
H / Dz (t) exp lﬁ/ (xg - Z a’vz)dt]
=0 B k=1
zx(t')=w)
T(t”):T” Q(t”):ﬂ” 1 o
— / cosh” = D7 (1) / DOQ(t) exp {ﬁ / [»CCI(T, 7,{0},{8}) — AV (r, {0})] }
t/

r(t)=7/ Q)=

-2y ,. 2\ T N-1 0
_ pl-D : mR*\ 2 imR*\ 2 / D-2 _ / '
=R J\ll_r»[(l)o (27ri€h) (27Th€) 111 i cosh ridr; [ d;

J=

X exp {%Z_; [ﬁgl(Tj—lvij {0;-13,{6;}) — AV(7;, {91})] } : (18)

Ly is the classical Lagrangian

Lo, 7,{0},{6}) =
and its counterpart on the lattice reads

Lo(Tj-1, 75, {0513, {6;})
RZ — —— e
= 7;:2 [Asz — cosh® 7;A*0p_5; — ... — (cosh” 7, .. .sin’ 027]')A2q§j] . (20)
dY = [T0=7(sin 85, )*~'d6, is the (D — 2)-dimensional surface element on the unit-sphere SP=2),
Note again that the pre-exponential factor in the short-time kernel does not depend on R.
Due to the very singular nature of AV (r,{6}) this path integral is at it stands not tractable.
However, we can use a path integral identity (based on a method developed in [13, 33]) already
derived in [25, 26] to simplify the path integration significantly and separate the angular variables
0p_o,...,¢ from the hyperbolic coordinate 7. I introduce the quantity (") defined by

2 . J

D-3 D-2 D-2
cos ") = cos @), _, cos @ _, + Z cos 8! cos @ H sin @, sin 6, + H sin @/, sin @) . (21)
m=1 n=m+41 n=1
which is actually the addition theorem on the §°~?)-sphere and cos (") = Q- Q”, where Q")
are unit vectors on the S(P~2)-sphere. Using the result of [25] the following path integral identity
can be achieved (replace R? = r# = — cosh® 7; in (2.27) in [25])

imR? —3 Ve .5
exp { — ”;671 cosh? T [A20D_27]» + .. 4 (sin® Op_oj.. .sin? 027]')A2q§j] }

: RZ —
M cosh? (1 — costhj_q1 ;)

=exp [—
€

PR (1 + TR ! )] (22)
8mR? cosh? T sin’ Op_s; T sin? Op_s;.. .sin? 0, '

4



Here I have used the symbol = - following DeWitt [5]- to denote “equivalence as far as use in
the path integral is concerned”. The highly singular terms are cancelling and I obtain

T(t”):T” Q(t”):ﬂ”

KD g0y A0 BTy = B2 [ cosh® 2 rpe() [ Do)

T(t)=7! Q)=

X exp {imR2 /t [7"2 — 2 cosh” 7(1 — cos 1&)] — M} . (23)

2h SmR?

Expanding now the exponential according to [14], p.980:

ercosv) - ( ) Z (I+ v)C7 (cos " N4, (2) (24)
1=0
where C7(2) is a Gegenbauer-polynomial, together with [7], Chapter XI
M
1 204D -2 b2 1
QNSHQ) = C = ¢ 25
Z:: Q(D) D _ 2 l (COS ¢ ) ( )

where the S/'(Q) are the real hyper-spherical harmonics of degree ! with unit vector Q on the
SP=L_gphere, | € Ny, Q(D) = 27P/2/T(D/2) is the volume of the D-dimensional unit-sphere
SP=V and p=1,...,M, M = (20l + D — 2)(I+ D — 3)!1/1Y(D — 3)!. Thus for v = 232 in (24),

ie.on §P-2)

D-—3

oo _op (Z) TS S Vipnms() (26)

=0 p=1

The angular variables in the path integral on the (D-1)-dimensional single-sheeted hyperboloid
H(_Dl) can be therefore separated in a straightforward way and we obtain

KOS (27 2 {0, {0 T) = 7
E ’ ' ( — cosh 7/ cosh 7/7)(P=2)/2
p vt inT (D) )
S st [ T of| Wy

=0 p=1

2D
and Ix,( -t )(T”,T/;T) is given by

r(t'")=r"

Y, i, RO+ PR) - 1/4
K, (", T) = / D7(t) exp {ﬁ/t [5}2272 + 5 2 . dty . (28)

p)
: cosh” 7
T(t)=7!

Therefore we obtain similarly as before (E = E — h*(D — 2)?/8mR?)

% /0 T eiTE/h]((H(_Ei))({O//}v {0/}7 7—//7 Tl; T)

1 1—-D 2[ ‘I‘ D
— _r73 D—1yp3-D (D=-2)/2 2= “
72 I'(Z=)R°™7( — cosh 7' cosh ")~ E —3

2
(\/—QmRZE/h . —) (\/—QmR2E/h Iy —)

x P m/h(tanhQ)P m/h( tanh 7, ) . (29)

1+(D—4)/2 1+(D—4)/2

///

C(D 2 (cos ")




Let us set D = 2d+4 with d = 0,1,.... Then (I+ £52)* - 1/4 = (I 4+ d)[(I 4+ d) + 1] and we see
that in this case the radial propagator on H(_Dl) yields the propagator of a reflectionless potential
[4]. Hence we can explicitly state for the propagator (N =1+ d)

KO8} 40,77 T)

Rl—D
= “ e Y
~ (= cosh 7/ cosh 7)(P~ 2)/22251 )ST()

=0 p=1

A ool (- - 5]

2N —n)!
X(N — n)%P" N(tanh )Py~ (tanh 7")

WD, (D=2
e )| Py'"(tanh tanh
-I-/ 2s1nh7rp P[ Ey—D (P + 1 )] P(tanh ') Py (an ™) ¢ (30)
— 1 2 1-D¢ m—(D-2)/2 21—" D (D-3)/2 '
= 27r I'(ZL)R'P( = cosh 7/ cosh 7)~ 120:7D 3 C (cosyp' /)

m mR? 15 ihT , (D —2)?
X{ 27rihTeXp[_2ihT(T - ] §ZI:QXP[2 R2<N ne T )]

(2N —n)!
n!

ihT . [mR?
erf( 5 2 (N—n)—(r"=1") QihT)

; 2
—I—erf( 1h—T(]\7—71)—|—(7'”—7") mR)

Pﬁ_N(tanh T')PJ@_N(tanh ")

2mR? ART

} ; (31)

where in the resummation use has been made of the integral representations [14], p.497, R3, Ry >

0,a>0:

©owdr g

/ oo ol sin ax
o 7

= _%eﬁv [2 sinhay + e ‘”erf(’y\/_ - 7_) - e‘”erf(’y\/ﬁ +

e dz —Ba?

/ We cos axr
o 7

= T oo [2 cosh ay — e“”erf(’y\/ﬁ - %ﬁ) - e‘”erf(’y\/ﬁ +

47

73]

)]

For the radial Green’s function, respectively, I obtain

L B @ 1 V=2mR?E
%/ dTelTE/hKl(H_l)(T”,T’;T) == —% exp (— |T//—T/|77;: )

1 g )(2N — n)' n—N n—N "
5 Z:: —h (N —n)tj2mE? - —P (tanh 7") Py~ (tanh 7)
(N —n) b V—2mR*E



Here use has been made of the Laplace-Fourier transformations [8], p.177:

* L (amp)t 1 (8 _ exp(=vaB — pP)
/0 dte( )erfc (\/E+§\/;)— \/ﬁ(\/ﬁ—l—\/&) . (33)

Equation (30) represents the spectral expansion, where wave-functions and energy spectra can

be read off.

3. The “Kepler-Problem”.

In the path integral (28) the following potential on H(_Dl) is easily incorporated:

r

v = 5 (F) - o

= —%tanhr , (35)

where 72 = Y"1 22 > R?. For D = 4 (34) has the structure of a Kepler-problem in a space

of constant curvature [2, 18]. In our case of the single-sheeted hyperboloid we want to keep

this notion for every dimension D, and we will see that a similar structure familiar from the

usual Coulomb-problem in the energy spectrum will in fact arise, however with some significant

different features. Furthermore, the potential (35) is not singular for any value of 7 € IR.
Implementing the potential (35) in the radial path integral (28) yields

K,(qQ)(T”, ™:T)
r(t'")=7"

i m YOI+ 232 —1/4 ¢
= Dr(t — —R*7? 2 —tanht|dt; .
/ r(t)exp {h /t/ [ 2 R 2mR? cosh” 7 * R (36)

T(t)="1'

Equation (36) has the form of the path integral for the Rosen-Morse potential

B x
V(e)= ——— 4 Atanh = | 37
(2) cosh? z/R A tan R (37)

(A, B, R constants, z € IR) which has been discussed in [17, 31] by means of the path integral
of the modified Péschl-Teller potential, c.f. the Appendix. Identifying

q2 B:h2(l+%)2_i

=R T omRr

T =

E ’ (38)

gives the path integral solution

r(t'")=r"

i : i " m (14 2=2)2 1 2
— [ dTeTEh / Dr(t —/ R+ B ——2——4 4 —tanh 7| dt
h/o ¢ () exp I |2 S 2mR? cosh® T + R

T(t)=7!
~ mR* T(my — Lg)I'(Lp+mi+1)
B hz F(ml + ms + 1)F(m1 — My + 1)

X (1 —tanh7' 1-— tanhr“) B (1 + tanhr 14 tanhr”) g
2 2 2 5
1+ tanh 7
XzFl(‘LB s, L Ay +1;m1+mz+1;f>)



1 —tanhr
><2F1<—LB—I—ml,LB—I—ml—I—l;ml—mz—l—l;%) (39)
Num (4) (4) (4)* (42) 7

v \IJ T
Sy B [t e ()
= EY o 3

Here are Lp = [+ 22 m, , = \/m/QR(\/ /R —FE+\/¢*/R — E)/h and 7. 5 the smaller/
larger of 7/, 7", respectlvely. The wave-functions and the energy-spectrum are given by [5 =
204D -3, n=0,..., Ny <1+ % — /R/a with a = h*/mg¢?* the Bohr radius, k, = (1 +s),
ko =31+ (s —2n—1)— 228 T 4 = L(1 + tanh 7), note ky — 1 > 0]:

h(s—2n—1)
\11(42)(7-) _ [(i 4 dmg? ) (s = 2ky —2n)n!I'(s — n) ]1/22n+(1_s)/2
! R hi(s—2n—1)2) (s +1—n—2k)(2ks + n)
% (1 _ tanh T)%s—kQ—n(l + tanh T)kz—%Pr(ls—zkz—Zn,ZkQ—l)(tanh7_) : (41)
2 [+ 252 —n)? mq*
E(q ) _ h2( 2 ) 49
[ Y O )

The wave-functions and the energy-spectrum of the continuous states are given by [kz = %(1—|—iﬁ)

= %(1 +ip), p= \/QmRz(—qu/R + thz/QmRz)/h > 0]:

W) = NPl

R {1+ s+i(p—p), 5[l —s+i(p—pl1+ipu} ,  (43)

1 sinh 7
(b1,kb2) p p _ _
Nk B F(ka) 272 [F(kl T kz H)F( kl + kz + H)
1/2
X T(ky + ka5 = DI~k + by =+ 1] (44)
h2p2 qz
Bt = um TR )

In the limit ¢*> = 0 the case of (30) is easily recovered. Note that for the entire problem the
additional “zero-energy” shift E{”) = h*(D — 2)?/8mR? has to be taken into account, c.f. (27).
We see that the energy spectrum (42) of the “Kepler-problem” on the single-sheeted hyperboloid
has in fact a form familar from the usual Coulomb-problem in flat space, and in spaces of (positive
and negative) constant curvature [2, 18], respectively. However, in the present example the flat
space limit (R — o0) does not make any sense, and the corresponding Hilbert space does not
exist.

4. The Constant Magnetic Field.
Let us introduce on H(_Sl) the vector-potential A
A= (A,,A,) =iBsinh7(0,1) . (46)

The magnetic field is thus calculated to read as dB = (0, Ay, —0gA; )dT ANdp = 1B cosh TdT ANd¢p =
B \/det(g,;) which has the form constant x volume- form and can therefore be interpreted as



a constant field on H(_Bl) Note the imaginary unit involved in A which is due to the indefinite
metric of ). The path integral with the vector potential A then has the form (b = eB/hc)

KW(—‘”’*”(r“,r’,qﬁ" ¢:7)
N N-1 -
R2 A (27“;3) COSh Tdej/O do;

X i mRZ( osh 7, A%, ) — ihbsinhr; Ad ol (1 - )
ex T7; — cosh 7; ) —1ihbsinhT; — _
P ]:1 J J § J f SmR2 cosh? 7

(47)

T(t”)IT” ¢(f”)=¢”
1

= / cosh 7D7(t) / Do(t)
T(tl):Tl ¢(t//):¢//

i 959\ g ; hz( 1)
Xexp{h/ﬂ [QR (T — cosh T(b)—lhbsmhrqb—ngz 1+ 3 dt p . (48)

cosh” r
We perform a Fourier expansion according to

s 1 ~1/2
KHELD) (7", 7', ¢, ¢ T) = = RZ(—COShT/COShTH)
hT 1 > o " 7 )
X exp [— 21 i <b2+ Z)] S el g oy (49)
m

l=—0c0
,(H(_al)yb) 1 (3)
KTy = / dg! e = ROCLI (0 1 7 g Ty (50)

HE
We therefore obtain that the radial kernel Ix,( - )(T) is given by

@
I(I(H‘“b)(r”, ™ T)

r(t'")=r"

i m K2 P40 —1/4 tanh 7
= Dr(t — —R*7? ( 2ilb ) dt 1
/ r(t)exp { h /t/ [ 2 R 2mR? cosh” 7 A T » (51)

T(t)=7!

which is the path integral of a barrier tunneling potential V (z) = (A°/2m)(A+ B tanh z/ cosh z 4
C'tanh” z) as discussed in [23] (compare [34] for a detailed study of reflection and scattering
properties) and belongs to a class of potentials called Scarf-like potentials [6]. We perform the
coordinate transformation (1 4 isinh7)/2 = cosh” z and obtain (M = 4m)

z2(t")y=z"

KO / i/f” [M.z R’ (C—iB C+iB)]
K -T Dzt — -7 o - d
¢ (7", T) — 2( )eXp{h y 9 o 2M \sinh? 2  cosh?z i

z2(t)=2'

1 N LD ) g HD b
— 5 Ze—lTE /h\pn -1 (Z/)\Iln -1 (Z//)

n=0

o AR ) B )
_I_/ dpe—lTEp /FLWZ()H—IVI]) (Z/)W;H—le)(Z//)} , (52)

We do not worry about the fact that this is a complex coordinate transformation (compare also
[2] in the treatment of the Kepler problem in a space of constant positive curvature, where an even
more complicated coordinate transformation has been made, accompanied by an additional time-
transformation). Due to the specific nature of the vector potential we have chosen, the latter path



integral is a usual one- dimensional path integral with a real potential [e.g. C'£iB = (I£b)* - 1].
Here k&, = 1—|—\/C—|—1B—|—1 1—|—|l—|—b|) ko = %(1—|— |l — b]) in the notation of the
Appendix (the correct signs of the square roots follow from the vanishing of the bound state
wave-functions for + — +00). Therefore we obtain for the energy spectrum for the motion H(_?’l)
with a constant magnetic field

Emg@ BYOT1
" 2mR?

L +§—§|z+b|+§|z—b|)2] . (53)

We have n = 0,1,2,..., Ny < $(|l4 b — |l = b] — 1). For the bound state wave functions we get
(reinserting z — )

(HE) b (Jl+b] =l =b] —n—1)n!I'(Jl + b] -
n,l (T) =
(u+m—u—m—n>W—m+n+1
y (isinhr — 1) 3(3HI=0D) (1 sinh7 4+ 1 3~
2 2

L(3-1143])
) PU=I=IHED (G ginh 1) . (54)

and the P(**)(2), » € C, are Jacobi polynomials.
Rescaling the parameter p according to p — 2p in the p-integral for the continuous states we
get for the continuous spectrum

HDy R (2 ) 1)
E = b 4 =
» s\ P T ) (55)

and the wave functions have the form

v/psinh 27p

(1) )

Pl (T) 7TF(1—|—|l—b| ‘ 2 + | |+ 1+ |) ip]l’ [2( + | — |+ |) ]‘
CQMT+12“Wb”immT_1Mﬁ®wwn
X| —m—m e
2 ) ( 2 )

><2F1[ (L+|l=0]+1|l+0])—ip,

1 isinht —1
S b =8 — i+ = b [ (50)

TisinhT + 1

5. Summary and Discussion.

In this note I have studied path integration on the (D-1)-dimensional single-sheeted hyperboloid
in a conveniently chosen coordinate system of (1, D — 1)-dimensional pseudo-bispherical polar
coordinates: first the two-dimensional, second its higher-dimensional generalization, third a
potential problem, and finally the case of a constant magnetic field. In all cases the propagators,
the Green functions, and the corresponding wave-functions and energy spectra could be easily
determined by the formalism. We found that in comparison to the (two-sheeted) pseudosphere
bound states are allowed already for the free motion on the single-sheeted hyperboloid, where
the number of bound stated is determined by the angular momentum number. Similarly as
in the case of the pseudosphere [26], the hyperbolic plane with magnetic fields [19], and other
hyperbolic spaces [22], a “zero-energy” shift EéD) = h*(D — 2)?/8mR? appeared in the energy
spectra. We also found that in even dimensions D the corresponding “radial” propagator for
the free motion has the form of a reflectionless potential propagator, a property which allows
simplifications in the explicit form of the radial propagator.
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The potential problem on H(_Dl) which was studied, we called “Kepler-problem” on H(_Dl) due
to its general structure in terms of the coordinates of the embedding space. The corresponding
path integral could be reduced to a known path integral solution, namely of the path integral for
the Rosen-Morse potential. However, as we saw, it cannot be interpreted as a genuine Coulomb-
problem as known from the other spaces of constant curvature because it is not singular, it is
the solution of the homogeneous Laplace equation (and not of the inhomogeneous one), and the
flat space limit does not make sense.

In the forth Section we discussed the case of constant magnetic field on the two-dimensional
single-sheeted hyperboloid. Here another path integral identity came into play, i.e. the path
integral solution from a specific form of a Scarf-like potential, respectively a hyperbolic barrier
potential.

In all our problems, free motion, “Kepler-problem”, and the constant magnetic field, we could
observe a nice interplay between motion in spaces of constant curvature on the one side, and
potential problems emerging from them by separating the angular variables on the other. This
feature is well-known also from other realizations of (real) Lobachevskian spaces [19, 20, 22].
It has its origin in the underlying group structure of the space in question, respectively the
corresponding dynamical group of the potential problem [28, 29], where the most known example
is the Hydrogen atom in flat with its O(4) symmetry. The pseudo-bispherical coordinates coming
from the SO(1, D — 1) group structure of H(_Dl) allow the separation of the angular variables due
to SO(m,n) O SO(m) X SO(n), and the remaining path radial- (i.e. 7-) path integration can be
transformed into a SU(1, 1) path integration.

;From the present model no quantum mechanical discussion seems to have been made until
now, an operator approach as well as a path integral approach. The solution of path integration
on H(_Dl), together with the potential problem and the case of a magnetic field, has in comparison
to an operator approach the advantage of presenting a global picture of the quantum theory in
question, whereas the Schrodinger approach allows only a local one, and the explicit form of
the Feynman kernel gives the complete solution in terms of the wave-functions and the energy-
spectrum, respectively. The examples demonstrate once more the consistency as well as the
universal utility and feasibility of the Feynman path integral and of our general method developed
in [25].
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I would like to thank E.Rabinovici for drawing my attention to the problem of the single-sheeted
hyperboloid.

Appendix.

In this Appendix we cite an important path integral identity important for the discussion in the
text. Let us consider quantum mechanical models related to the modified Péschl-Teller (mPT)
potential

= ) 7
2m \sinh“7 cosh” Tt

2 2 1 2 1
V<mPT>(r)—h—(77 i ! 4), r>0, (57)

which has a (hidden) SU(1,1) symmetry. The path integral solution is due to [3, 30] and has
the form (we use the notation of Ref. [10] for the bound and continuous states, respectively,
ki = 2(1+v), ks = (1 £ n), for the explicit form of the Green function compare [23, 31])

r(t')=r"

I i i m Rt 21
- dT 1TE/R / Dr(t _/ a2 _( 4 4) dt
h /0 ¢ r(t) exp h Ju 2 " 2m \sinh®r  cosh®r

r(t)=r’
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_m I'(my, — L,)I'(L, —|—m1—|—1)
T RET(my + ma + DI (my — msy + 1)

X (cosh 7' cosh ')~ (ml mQ)(tanhr’tanhr”)m1+m2+1/2

1
X2F1<_Ly+mlvl/l/+m1+1;m1_m2+1;7)

2
cosh” r.

><2F1<—L,,—|—m1,L,,—|—m1—|—1;m1—|—m2—|—1;tanh2r>) (58)

N
Mg (kaka) * \I;(kl 2) // P (k1 k2) \Il(kl ko) (0t
N | [ W

: 59
E,-FE Rp?/2m — E (59)

n=0

(mys = $(ntv—-2mE/h, L, = £(1 —v). The correct signs depend on the boundary conditions

for r — 0 and r — oo, respectively. Here we have introduced the Green function

1

G E / dT 1(E+15)T/7i] T < "
(¢".q; e T =\

/) (60)

(H the Hamiltonian) where a small positive imaginary part (€ > 0) has been added to the energy
E. (We shall not explicitly write the ie, but will tacitly assume that the various expressions
are regularized according to this rule). The bound state wave-functions are e.g. given by (k =

k‘l—k‘z—n)

W)

1 [2(25 — D)D(ky + ks — 0)D(ky + ey + 1 — 1)]Y/?
F(Qk‘z) F(k‘l — k‘z + H)F(k‘l — k‘z — K+ 1)

X (sinh )22 3 (cosh 7) =2k +3/2

XoFy (=ky + ko + Ry =k + ko — k4 1; 2ks; — sinh® T) , (61)
2

hz[(zﬁ ks —m)—1| . (62)

E,
2m

Hereisn =0,1,...,N,, < ky — ko — 1/2, with Nj; the maximum number of bound states. The
continuous states have the form [k = £(1 4 ip)]

Wz()kl,k?)(T) _ Nékl’h)(cosh T)K_ZkQ_l/z(SiIlh 7_)2k2—1/2
><2F1(k1—|—k2—H,kz—kl—m—l—l;ka;tanhzr) , (63)
N(kukz) o — = pSinh - [F(lﬁ + ks — H)F(_lﬁ + ks + H)
P F(Qk‘z) 272
1/2
XT(ky 4 ks + 5 = DI~k + k= s+ D] (64)

and E, = h*p?/2m. Here the functions ,F(a,b;c; 2) (# € C) denote hypergeometric functions.
Of particular importance is the following special case, where a path integral solution accord-
ing to [1, 20, 31] has the form (n=0,1,..., Ny <l—$,1>0,2 € R)
z(t')=z'

i /f” (m.2+ R 12—t )dt
— —
R Jy 2 2m cosh” x

m 1 1 1 1

h2 h h
XPI:\l//—ZZmE/ﬁ(tanh$<)PI—_\1//—22W/E(_tanhx>) (65)

z(t")=z"

%/ dT el TE/M / Dax(t)exp
0
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" n i i
Z]\f (n—l——) (20 —n) P_ 1/2 (tanhx) " 1/; (tanh 2’)
nt _hz( —l+3)/2m—-E

3

/ dp psinhmp Pl 1/2(tanhx) - 1/2(tanhx )
o BPp?/2m — K cos? l 4 sinh” 7p '

Here P!(z) are Legendre functions of the first kind.
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