Nuclear Inst. and Methods in Physics Research, A
Particle-ray tracing through misaligned lattice elements in accelerators

Manuscript Number:
Article Type:
Section/Category:
Keywords:

Corresponding Author:

First Author:
Order of Authors:

Abstract:

Suggested Reviewers:

Opposed Reviewers:

--Manuscript Draft--

NIMA-D-22-00445R3

Technical note

Accelerators, Beam Handling and Targets

magnet misalignment; transfer map; single-particle dynamic

Marco Venturini
LBNL
Berkeley, CA UNITED STATES

Marco Venturini
Marco Venturini
Thorsten Hellert

Particle-ray tracing through misaligned lattice elements can be modeled by
sandwiching the transfer-map for the aligned element between two transformations,
one applied at the entrance and the other at the exit of the element. We derive the
explicit form of these transformations for an arbitrary misalignment using elementary
geometry.

David Sagan
david.sagan@cornell.edu

Yunhai Cai
yunhai@slac.stanford.edu

David Bruhwiler
bruhwiler@radiasoft.net

Powered by Editorial Manager® and ProduXion Manager® from Aries Systems Corporation



Manuscript Click here to view linked References =

Particle-ray tracing through misaligned lattice elements in
accelerators

Marco Venturini?, Thorsten Hellert?2

¢ Lawrence Berkeley National Laboratory, 1 Cyclotron Rd, Berkeley, 94720, California, United States
b Deutsches Elektronen-Synchrotron, Notkestrafie 85, 22607 Hamburg, Germany

Abstract

Particle-ray tracing through misaligned lattice elements can be modeled by sandwiching the transfer-map
for the aligned element between two transformations, one applied at the entrance and the other at the exit
of the element. We derive the explicit form of these two transformations for an arbitrary misalignment using

elementary geometry.

1 1. Introduction

2 An accelerator-lattice layout can be thought of as a sequence of geometric objects (the “LEGO blocks”
s in Forest’s pictorial description [1]), placed back-to-back along the design reference orbit. The blocks can
4 be straight or curved, each block enclosing a lattice element and carrying its own local coordinate system.
s A lattice element may represent a magnet or a drift (i.e. a field-free region); we assume that magnet blocks
s are interleaved between drift blocks.

7 By construction, in a lattice with no misalignments the interface between the blocks is a plane normal
s to the reference orbit. In the presence of misalignments the magnet block may separate from, or encroach
o into, the adjacent drift block creating positive or negative gaps. Assuming that the fringe-fields of the
10 misaligned element do not overlap with those of the neighbouring magnets, particle propagation through the
u  gap amounts to propagation in field-free space and can be done exactly. Propagation is forward/backward
12 depending on whether the gap is positive or negative.

13 The particle dynamic through the misaligned element can then be obtained by combining the transfer
1w maps through the gaps at each element end with that for the (aligned) element, leveraging our knowledge of
15 the latter. This is in contrast to the approach where the fields of the misaligned element would be represented
16 relative to, and then tracking would be done in, a non-local reference-frame (e.g. the reference frame of an
v adjacent element or the machine global reference frame). The latter approach may represent the only viable

18 option when the fields of adjacent magnets overlap but it is generally less convenient.
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While the maps associated with an arbitrary misalignment can be written elegantly in Lie-algebra form
[1], those who are not familiar with Lie methods (or perhaps find aspects of the Ref. [1] approach, like the
reduction of a thick lattice element to a ‘compressed’ thin element, not intuitive) may be interested in the
alternative but equivalent elementary derivation presented in this Note.

We restrict the analysis to the case of misaligned elements with the design orbit through the element
consisting of an arc of circumference or a line (but the description can be easily adjusted to include the more
general case where the design orbit through the element is an arbitrary curve). In Sec. 2 misalignments are
defined relative to the coordinate system of the drift upstream of the misaligned element. The maps into and
out of the misaligned element are worked out in Sec. 3 and 4. An alternate definition of misalignment, which
may be more suitable in practical applications, whereby a misalignment is defined relative to the coordinate
system with origin at the midpoint of the aligned element, is introduced in Sec. 5.

The appendices report Mathematica [2] functions! implementing the exact, fully nonlinear maps (Ap-
pendix A) and their linear approximation (Appendix B). The codes assume the ultra-relativistic approxi-

mation, no deliberate element tilt, and the misalignment specification as described in Sec. 2.

2. Description of element misalignment

Let the Cartesian coordinate system xyz with origin O be defined on the exit face of the drift immediately
upstream of the misaligned element; 2 is the unit vector along the longitudinal axis in the direction of the
beam motion, & points outward in the horizontal plane, and § points upwards in the vertical plane. See
Fig. 1. In our description the fiducial of the misaligned element is a point P on the element block entry face
and is chosen as the origin of the Cartesian coordinate system XY Z. In the absence of misalignments the
two frames zyz and XY Z overlap.

A misalignment relative to zyz is defined by the error-displacement vector O? and the error-rotation R

such that
X=Rz, Y=Ry, Z=R:2 (1)

where X , Y/, and Z are the unit vectors along the XY Z coordinate axes. We specify ﬁ in terms of the

coordinate vector d = (ds, dy, d) representing its coordinates in the xyz coordinate system

(O—}>))myz = CZ (2)

1The codes are written for clarity rather than efficiency.
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Figure 1: Left: the misalignment of a lattice element (here a bending element, green block) is defined relative to the zyz
coordinate system attached to the exit face the upstream drift (the beam travels left to right). In this example the Y axis
remains parallel to the y axis, both pointing points towards the reader. Right: the misalignment rotation angles about the

coordinate axes are positive in the direction indicated (right-hand rule).

w and similarly we specify R in terms of the matrix? R,, in the same coordinate system with parametrization

COS vy COS — COS Qyy Sin sin ay,
R, = sin o, sin o, Cos &, + COS Qi Sin @, COS (yp COS Qv — Sin Qg Sin Qv sina,  — sin a, cos ay, , (3)

Sin a; Sin @, — COS Qi SIN (Qy COS A COS Oy SIN vy, SIN (v, + SIN Q; COS A, COS QU COS

ss  the result of the ordered sequence R, = R, (a;)R,(ay)R. () of roll (o), yaw () and pitch () rotations

s around the z, y, and x axes respectively:

cosay, 0 sinay, 1 0 0 cosa, —sina, 0
R, = 0 1 0 , R,=1] 0 cosa, —sinay |, R.:=| sina, cosa, 0
—sinay, 0 cosay 0 sinay COS Qg 0 0 1

a Mnemonic for the signs: if an observer stands upright with his head pointing toward the direction of

s positive y and looking forward in the direction of positive z, then the x axis cuts through the observer’s ears

w0 and:

50 e positive pitch (o, > 0) corresponds to moving the nose down;

51 e positive yaw (ay, > 0) corresponds to turning the head to the left;
52 e positive roll (o, > 0) corresponds to tilting the head to the right.

2The subscript “u” emphasizes that the coordinate system of reference is that of the upstream drift.
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Figure 2: Left: in the coordinate system zyz at the exit of the upstream drift a particle has position and momentum 7 and p.
Propagation to the entrance of the misaligned element entails finding the particle position and momentum components R and
P expressed in the coordinate system XY Z and applying a drift map to determine éf and I3f. Right: propagation out of the

misaligned element to the entrance of the downstream drift. In this example the drift map involves backward propagation.

An alternate and possibly more practical description is to define the misalignment relative to a coordinate
system attached not to the exit face of the upstream drift but to the nominal position of the aligned element.

This alternate description is discussed in Sec. 5.

3. Propagation into the misaligned element.

3.1. Ezact map

Let t = (x, Pz, Y, Dy, £, 0) be the phase-space coordinates’ vector of a particle exiting the drift upstream of
the misaligned element, where p, and p, are the transverse components of the canonical momentum divided
by po, the reference-particle design physical momentum; ¢ = ct is the scaled time of flight; § = (E— Ep)/(poc)
the scaled relative energy deviation, with E being the particle (total) energy and Ey = \/W the
reference-particle design energy. Incidentally, notice that the proper canonical pair is (¢, —9) if £ and —§
are to be interpreted as the configuration-space and canonical-momentum dynamical variables respectively;
¢ acquires the meaning of the orbit path length in the ultrarelativistic limit, where § ~ (E — Eq)/Ey.

The first task is to find T = (X,P,,Y,P,,¢,0), the particle phase-space coordinates at the exit of the
upstream drift expressed in the XY Z coordinates system attached to the entry face of the misaligned element,
see Fig. 2, left image. For this purpose we introduce the 3D vectors 7 = (z,y,0) and § = (ps, py, p.) made
of the particle position and momentum components in the xyz frame. The transverse coordinates of T

are derived from the components the two vectors B = (X,Y,Z) and P = (P, Py, P,) resulting from the
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n with R = _R,u7 as in (3)
7 Propagation through the gap from T to T} = (Xy, Py, Yy, Pys, Ly, 05) is accomplished by the drift map
1 (see eg. [1])

Xy = X+FTL, P,y =Py,
Yf = Y-i-?yL, ny—Py,
1 )
PP L (6)
P,
7 where
P. = \J1+28/py+02 - P2 - P, (7)

» and the drift length (a function of the x,y coordinates) is defined by L = —Z, with Z being the third

% component of the R vector in (4).

n 3.2. Linearized map

78 Linearization of (6) yields
Tt = Lint + 1o, (8)
o with
Rao Ro2Lp Rio Ri2Lp 0 0
Rss R3; Rss Ry
0 Ri 0 Ry 0 o
_ Ry R Lp Ry R Lp 0 0
LG — R3s R§3 R33 R§3 7 (9)
0 Rz 0 Ry 0 Tl
__Ris RisLp __ _Ros RasLp 1 — Lp
BoRss BoR3, BoRss BoR3, Y383 Ras
0 0 0 0 0 1
s where g is the relativistic factor;
Lp = Ri3d; + Rosdy + R3sd;, (10)
s and
- dy Ry — dy Rao dyRoy — dy Ry Lp
to=( -2 R Y R3a, ———,0 ) . 11
0 ( R33 s 4131, R33 » 4132, BOR33 ) ( )
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4. Propagation out of the misaligned element

4.1. Ezxact map

Consider a bending element with bending angle 6p, possibly tilted by an angle 6r. Let the Cartesian
coordinate system X'Y’Z’ with origin P’ be defined at the entry face of the downstream drift element and let
the Cartesian coordinate system z'y’z’ with origin O’ be defined at the exit face of the misaligned element,
see the right image of Fig. 2. The task of this section is to determine the map - T} between the 6D
coordinate vectors t = (', 0y ', pyy, €/, 0") and T;’c = (X}, Py, Y}, Py 4, 0,6%). We do so by recognizing
that we can reduce the calculation to that of the previous section by applying suitable transformations.

Introduce the matrix

cosOpr —sinfr 0 cosfp 0 —sinfp
Rp=| sinfyr cosfr O 0 1 0 ) (12)
0 0 1 sinfgp 0 cosfp

which in the coordinate system xyz represents the orthogonal transformation R p that maps the unit vector

Z, 9, and Z to
X'=Rpiz, Y =Rpy, 2 =Rpg3 (13)

The sign convention for 65 is the same as in MAD [3] (positive-angle bending is towards negative x for
a particle travelling in the direction of positive z). It should be obvious that 2/ = RX’, §/ = RY’, and

3’ = RZ', where R is the error rotation, or equivalently
X' =RY, YV =RYy, 2/ =R"%. (14)

Inspection of Eq. (14) and comparison with Eq. (1) show that for the map out of the misaligned element
the operator RY plays the same role played by R for propagation into the misaligned element: the latter
represents the rotation that brings the exit face xy of the upstream drift to the entry face XY of the
misaligned element while R” represents the rotation of the exit face z’y’ of the misaligned element to
the entry face X'Y” of the downstream drift. To proceed we need to express RT as a matrix in the 2'y/z’

coordinate system (below we will denote this matrix as R’) from knowledge of the orthogonal transformation
T:(2,9,2) = @ ,9,2)=(Tz, Ty, T?2) (15)

that maps the coordinate-axis unit vectors of the zyz frame to those of z'y’z’. The form of T is deduced by

combining (14) and (13):

¥ =RX =RRpz, § =RY =RRgj, #=RZ =RRxg2, (16)
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yielding 7 = RRp. In general, if the basis vectors transform according to the orthogonal transformation

T, the matrix A representing a linear operator A transforms according to
A =TT AT, (17)

where T is the matrix representation of 7. Therefore, the matrix representation of R’ in the z'y/z’
coordinates is
R' = RLR! R, (18)

having identified A = Rz and T = R,Rp

A moment’s thought should now convince us that we can simply apply the expressions in Sec. 3 upon
the substitutions (z,y,2) — (2,y,%), (X,Y,Z) = (X',Y',Z'), R > R, L — L', and d — d’ (where
d = (W}m/y/z/ is the vector of the three components of W in the x'y’z" coordinate system) to obtain
the desired transfer map out of the misaligned element = f}

To write this map in an explicit form define the 3D vectors r’ = (2,9, 2") and P = (P, P%) containing
the particle position and momentum components at the exit of the misaligned element in the z'y’2’ coordinate

system. The transformed vectors
R = (XY Z)=RT@ -d), (19)
P = (P,P),P)=R"p. (20)

yield the components of the particle 6D phase-space coordinates’ vector T = (X', P, Y', Py, t',¢") in the
X'Y'Z’' coordinate system. Propagation through the gap from T to f} results from applying the drift map

”
Xp = X4 gl Pl=F
Y, = Y’+£§L’, =P
0 = z’+1/5]g,+5L', 5=, (21)
!
where
Pl = \J1+20/50+ 67— P12~ P2 (22)

The drift length is defined by L' = —Z’, with Z' being the third component of the F vector in (19).
The remaining task now is to work out the expression for displacement vector d. Recalling that under
a coordinate transformation as in (15) a coordinate vector transforms according to the transpose of the

transformation matrix (T' = R, Rp) and in view of (16), we can write the displacement vector as

- e
d/ = (O/P/)x/y/z/
T ! D/
= (RuRp)" (O'P)ay:
T / 1
— (R,Rp)"(OP —00"),,., (23)
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where in the zyz frame the vectors O?’ and OO’ read (with R. = Lp/0p being the bending element radius

of curvature):

cosr —sinfr 0 R.coslp — R,
(O?/)xyz = sinfr cosfr 0 0 ; (24)
0 0 1 R.sinfp
Py P 7
(00")zy. = Ru(OP)yy. +d, (25)

where d is as in (2). The matrix R, appearing in (23) and (25) is as in (3).
Finally, the case of a misaligned, straight (non-bending) element of length L is obtained in the limit

0 — 0, in which case Rp is the identity and
(OP')ay- = (0,0, Ly). (26)

4.2. Linearized map
The linearized form of (21) is
f} = Loutt_; + t_()a (27)

where L,,; has the same form of L;, in Eq. (9) but with the entries of the matrix R replaced by those of
the matrix R’ defined in (18); Lp is replaced by

Lp = Rigd;, + Road, + Ryyd, (28)
with &’ as defined in (23), and
O I Y Y TR o)
0 Rg?’ » V31 R/33 ’ 327BOR§33 .

5. Alternate description of the element misalignment

Let us introduce the zgygzo coordinate system shown in Fig. 3 with origin Op at the midpoint of the
chord subtended by the design-trajectory arc in the aligned bend magnet. The longitudinal axis Z; is in the
direction of the chord. (The coordinate system X(YpZy with origin P is attached to the misaligned bend.)
In this section the misalignment is defined relative to the element nominal (i.e. without misalignment)
position and is specified by the displacement-error vector cfa = (dg0,dy0,d-0) and the rotation errors’ matrix
R, in the xzyozo coordinate system; R, is parametrized as in Eq. (3) but now in terms of the angles ayy,
a0, and a,o, for rotations about the xg, yo, and zy axes respectively. Denote with R the abstract linear

operator corresponding to the matrix R, .
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upstream drift

Figure 3: It may be more practical to define a misalignment relative to the xoyozo coordinate system attached to the aligned
magnet rather than the zyz coordinate system attached to the upstream drift (as done in Sec. 2). The origin Og of the zoyozo
system is chosen to be the midpoint of the chord subtended by the design-trajectory arc in the aligned magnet (for straight
magnets this is simply the the midpoint along the longitudinal axis). The longitudinal axis z¢ is in the direction of the chord.
The coordinate system attached to the misaligned bend element is XoYoZp with origin in Py. For completeness, the coordinate
systems X'Y’Z’ at the exit of the aligned element (and entrance of the downstream drift) and z’y’z’ at the exit of the misaligned

bend are also shown.

To take advantage of the results from the two previous sections, we want to relate the pair (d_;, R,) to the
pairs (cz R) for the into-the-element and (c? , R') for the out-of-the-element map. We start by recognizing
that

2o = Rp2Z, Yo =Rp/y, 20 =RpZ, (30)

with R /2 being the operator associated with the matrix of the form defined in (12) in the xyz coordinate
system but with 6p/2 replacing 0. Consider the inverse of (30), i.e. the transformation T : (2o, ¥o, Z0) —
(Z,9,2) = (TZo, T o, T20) from the coordinates system z(yozo to the coordinate system xyz, with T =
Rg /2- By applying Eq. (17), we find the matrix R representing the error-rotation R when expressed in the
xyz coordinate:

R= Rp;sR.Rp (31)
this is the matrix relevant for propagation into the misaligned element. Similarly, from Eq. (18) we can write
the rotation matrix relevant for propagation out of the misaligned element:

R = RLR"Rp=Rp(Rp;sR.RY),) Rp
= (RRRp;)R](RL,Rp) = RE R, Ry, (32)

where in the second equality we made use of (31). As for the displacement vector relevant for the into-the-

element map, we have

0= (0P)ay. = (000)ays + (OP)ays + (PoP)uye, (33)
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where

—

(000)ay: = Resin(05/2) (20)ays = Resin (05/2) Rp /3(2)aye, (34)
— — =

(OOPO)xyz = TT(OOPO)IQZ/()ZO = RB/Qd(lv (35)
(PoP)ay: = —Resin(05/2)(Zo)ay: = —Resin (05/2) R(20)ay:

= —R.sin(05/2) RRp/5(%)uys- (36)

Again, R, is the bend-magnet radius of curvature. In the above expressions, (2)y. = (0,0, 1). Similarly, for

the displacement vector relevant for the out-the-element map, see Eq. (23),

CZ; - (O/P/) Tyl ot
- x'y'z
T / 7
= (RRp)T(OP —00'),,.
T 7 7 7
= (RRp) [(OP)sy. — R(OP)sy. — dj, (37)

- P -
where for OO’ we made use of Eq. (25); OP’ is defined as in (24) and d as in (33). The matrix R appearing
in (36) and (37) is as in (31).

6. Conclusions

In this Note we have worked out the exact nonlinear maps bridging the gaps at the two ends of a misaligned
element in their exact nonlinear form. Typical usage of these maps entails small rotation angles but the
expressions reported here remain valid for —7/2 < a; < 7/2, i = x,y, z; however, if the misalignment is
extreme and the canonical momenta large one may run into problems with square roots of negative numbers.
There may be applications where using the exact nonlinear map may be important but in high-energy
machines the linear approximation is generally adequate. The linear approximation does not suffer from the
square-root of negative-number problem but, of course, will become inaccurate if the misalignments are too
large.

We carried out numerical tests to validate the formulas, including the trivial example of a misaligned
drift, and verified that the exact nonlinear maps converge to the linearized maps in the small-amplitude

limit.
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Appendix A. Mathematica code: exact map (ultrarelativistic limit)

misalign[x_, px_, y_, py_, ell_, delta_, (* particle phase-space coordinates *)

ax_, ay_, az_,
dx_, dy_, dz_,

thetaB_, lenB_,

face_

(* rotation misalignment angles *)
(* translation misalignment *)

(* misaligned-element bend-angle and length *)

(x face=1 => element entry; face=2 => element exit *)

] := Modulel[{},

(* An element with bend-angle smaller than "smallAngle" is treated as straight *)

smallAngle = 107-12;

(* displacement-error vector in the xyz coordinate system *)

0P = {dx, dy, dz};

(* rotational-error matrix in the xyz coordinate system *)

cx = Cosl[ax]; sx

cy = Coslayl; sy

cz = Coslaz]; sz

RX = {{
{ cz sx sy

{-cx cz sy

If[ (* case face=1:

+

+

face == 1, R =

(x case face=2:

If [Abs[thetaB] < smallAngle,

Sin[ax];
Sin[ay];
Sin[az];

cy cz,

- cy sz, syl,

CX sz, CX Cz - SX Sy sz, —Cy Sx},

SX Sz, CZ SX + CX Sy Sz, CX Cy}t};

*)
RX; 4 = 0P,
*)

OPp = {0, 0, lenB},

0Pp = {lenB/thetaB*(Cos[thetaB] - 1), 0, lenB*Sin[thetaB]/thetaB} 1;

RB = {{Cos[thetaB], O,

{

0, 1,

{Sin[thetaB], O,

RBT = Transpose[RB];

-Sin[thetaB]l},

0},

Cos[thetaBl}};
RXT = Transpose[RX];

R = RBT.RXT.RB; (* rotational-error matrix in the x’y’z’ coord. system *)

00p = RX.0Pp + OP; (* object in the xyz coord. system *)

OpPp = (OPp - 00p); (* object in the xyz coord. system *)

d = RBT.RXT.OpPp

RT = Transpose[R];

(* object in the x’y’z’ coord. system *) ];

11



208 pz = Sqrt[ (1 + delta)™2 - px"2 - py~2 1;
209 r = {x, Vs 0%}; p= {PX: Py, pZ};

210 rr = RT.(r - d); pp = RT.p; L = -rr[[3]1];
211

212 Xf

rr[[1]1] + L*xppl[[1]11/pp[[3]]; Pxf = ppl[1]1];
rr[[2]] + L*ppl[[2]11/pp[[3]1]; Pyf = ppl[2]]1;
214 ellf = ell + Lx(1 + delta)/ppl[[3]]; deltaf = delta;

213 Yf

215
2 {Xf , Pxf , Yf , Pyf, ellf, deltaf} ]
217

28 Appendix B. Mathematica code: linear approximation (ultrarelativistic limit)

20 misalignLinear[x_, px_, y_, py_, ell_, delta_, (x particle phase-space coordinates x*)

220 ax_, ay_, az_, (* rotation misalignment angles *)

221 dx_, dy_, dz_, (* translation misalignment *)

2 thetaB_, lenB_, (* misaligned-element bend-angle and length *)

223 face_ (* face=1 => element entry; face=2 => element exit *)
22 ] := Modulel[{},

225 (* An element with bend-angle smaller than "smallAngle" is treated as straight *)
226 smallAngle = 107-12;

27 (% particle initial coordinates *)

2t = {x, px, y, py, ell, delta};

29 (* displacement-error vector in the xyz coordinate system *)

20 0P = {dx, dy, dz};

231 (* rotational-error matrix in the xyz coordinate system *)

22 cx = Cos[ax]; sx = Sin[ax];

23 cy = Coslayl; sy = Sinl[ay];
2w cz = Cosl[az]; sz = Sin[az];
s RX = {{ cy cz, -Cy sz, sy},
236 { cz sx sy + cx sz, «c¢x cz - sx sy sz, —Cy sx},
237 {-cx cz sy + sx sz, cz sx + CX Sy Sz, CX Cy}};

23 RXT = Transpose[RX];
239

240 If[ (x face=1 *)

12
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face == 1, R = RX; d = {dx, dy, dz},
(x face=2 x)
RB = {{Cos[thetaB], 0, -Sin[thetaB]l},

{ 0, 1, 0},

{Sin[thetaB], 0, Cos[thetaBl}};
RBT = Transpose[RB];
R = RBT.RXT.RB; (* rotational-error matrix in the x’y’z’ coordinate system *)
If[ Abs[thetaB] < smallAngle, O0OPp = {0, O, lenB},

0Pp = {lenB/thetaB*(Cos[thetaB] - 1), O, lenB*Sin[thetaB]/thetaB} ];

00p = RX.0Pp + 0OP;
OpPp = (OPp - 00p);
d = RBT.RXT.OpPp; 1;

di = d[[1]]; d2 = d[[2]]; d3 = d[[31];

R11 = R[[1,1]]; R12 = R[[1,2]1]; R13 = R[I[1,3]];
R21 = R[[2,1]1]; R22 = R[[2,2]1]; R23 = R[[2,3]];
R[[3,2]]1; R33 = R[[3,3]];
LD = R13*d1 + R23%d2 + R33%d3;

R31 = R[[3,1]]; R32

t0 = {(d2*R12 - d1*R22)/R33, R31, (d1*R21 - d2xR11)/R33, R32, LD/R33, 0};
LinMat = {{ R22/R33, LD*R22/R33"2, -R12/R33,-LD*R12/R33°2, O, 0%},
{ 0, R11, 0, R21, 0, R31},
{-R21/R33,-LD*R21/R33"2, R11/R33, LD*R11/R33°2, O, 0%},
{ 0, R12, 0, R22, 0, R32},
{-R13/R33,-LD*R13/R33"2, -R23/R33,-LD*R23/R33°2, 1, 0},
{ 0, 0, 0, 0, 0, 1}};

tf = LinMat.t + tO;

{t£[[11], t£[[21], t£[[31]1, t£[[411, t£[[511, t£C[611} 1
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Response to Reviewers &/or Editor

Response to Reviewer #2.

Q: Line 83: "... possibly tilted by an angle $\theta_T$." $\theta_T$ of Eq. (12) and
$\alpha_z$ of Eq. (3) seem to be equivalent. If so, the relevant matrix is being multiplied
twice at line 107 and related transformations. Please clarify this.

A: The error rotation and the R_B rotation are conceptually different. R_B can be thought of
as the map relating the momentum vector of the reference trajectory at the entrance to
that at the exit of the element in its aligned position; it represents a geometric
transformation used to express the rotation error in the correct coordinate frame at the
exit of the element. Although the two matrices that make up R_B (a tilt about the z axis
and a rotation about the y axis) are similar in form to the matrices representing the
rotational misalignment-errors about the same axes, they have different meaning; there
is no "double counting".

Q: Line 93: "It should be obvious that ..."

The rotation matrix of Eq. (3) is first being used to move the particle from the upstream
drift into the misaligned element (Sec. 2 and 3), then, from the end point of the
misaligned element to the entry face of the downstream drift (Sec. 4.) This assumes that
passing through the drift and then the bending section is equivalent to passing through
the bending section and then the drift.

1) Under what conditions are these two configurations commutative?

2) Please state the amount of the error with this assumption. Note that it will
accumulate at every revolution.

3) Can quadrupoles and sextupoles also be treated like this?

A: The referee's phrasing does not quite capture what is going on here: there is no issue
with the commutativity (or lack thereof) between drift and non-drift mappings. Let’s see if
a more descriptive explanation helps. Consider the case represented by the right image
in Fig. 2 (map out of the misaligned element); having arrived at this point, we know the
particle coordinates at the location where the particle exits the misaligned element. Call
this point A. Now, forget how the particle arrived here and remove the misaligned bend
from this picture. The idea of the method is to find the putative coordinates at the
entrance of the downstream drift (call this point B) such that if the misaligned magnet
were not present the particle orbit originating from B would reach A. Looking at the figure
we see that point B can be found by backward propagation in free space over the drift
length L'. Now, having succeeded in finding B, we are in business because the particle
coordinates at the end of the downstream drift (call them point C), which ultimately are
what we need to proceed further with tracking down the lattice, are simply obtained by
applying the full downstream-drift transfer map to B. Note that C is the correct physical
result even if point A, the starting point for tracking through the downstream drift, is only
a "putative” initial condition and is not where the physical particle actually entered the
downstream drift. This trick works regardless of the nature (curved, straight) of the
misaligned element.

Q: Eq (34): The linear distance between $0$ and $O_0$ is expressed by $R_c
\sin(\theta_B/2)$. This is half of the arc-length of the bending section, which is slightly
larger than what is intended. This difference may be small for one turn. But after many



turns (in many cases billions), the error can accumulate. Please state the amount of the
numerical error regarding this assumption. Same with Eq. (36.).

A: As a matter of fact, Rc*sin(thetaB/2) is half the chord not half the bend arclength; it is
exactly the intended quantity. There is no "cumulative error" involved.

Q: Eq (35): The definition of $\vec d_a$ is not given.

A:\vec d_ais defined on line 137.

Q: Lines 166-168: A short section should be provided to show the level of discrepancy
between those analytical solutions (or Lie algebra based solutions as mentioned at line
20) and the two methods described here, as a function of number of passages. This will
help the reader understand the term "appropriate limit" w.r.t. the misalignment
parameters at line 168.

A: The results presented here are meant to be (and are) numerically equivalent to those
obtained by Lie methods. The approximation alluded to in the Conclusion is the
approximation between the fully non-linear maps and their linearization. We verified that,
as expected, the numerical error we make by using the linearized maps vanishes and
scales as a power-law as the amplitude of the particle motion goes to zero.

The revised manuscript fixes a typo (line 62, t->\ell ) and contains a couple of minor stylistic
changes (commas added, etc). The conclusions have been slightly modified for clarity.



Response to Reviewers &/or Editor

9/12/2022
Further response to Reviewer#2

Reviewer #2: The comment regarding Eq's. 34 and 36 is not addressed. Those equations are
inconsistent with Fig. 3, and the definition of R_c.

The comment by the Referee with regard to Eq. (34) and (36) was addressed (so, the issue is why the
response is not satisfactory); see below:

Q: Eq (34): The linear distance between $0$ and $O_0$ is expressed by $R_c
\sin(\theta_B/2)$. This is half of the arc-length of the bending section, which is slightly
larger than what is intended. This difference may be small for one turn. But after many
turns (in many cases billions), the error can accumulate. Please state the amount of the
numerical error regarding this assumption. Same with Eqg. (36.).

A: As a matter of fact, Rc*sin(thetaB/2) is half the chord not half the bend arclength; it is
exactly the intended quantity. There is no "cumulative error" involved.

Since the referee incorrectly referred to the length of the chord as an "arc-length", in our response we
alluded to the distinction between "chord" and "arc", guessing that this was perhaps the source of the
misunderstanding but, apparently, we did not catch the sense of the Referee’s objection. To make
progress from here, we would like to ask the Referee to clarify his/her thinking. The Referee said that
the distance between $0OS$ and $O_0S was larger than what was intended. It’d be helpful if the Referee
could indicate what he/she thinks the "intended" quantity should be and specifically how Eq. (34) is
inconsistent with Fig. 3.
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