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Abstra
t

We study the appli
ation of the 
lassi
al equations of motion (EOM) within the

framework of an e�e
tive low-energy Lagrangian treated at the loop level. Gauge-

�xing and ghost terms, whi
h enter naturally in the EOM, are found to lead to

no physi
al e�e
ts | neither through operator mixing nor in matrix elements.

Beyond �rst order in the e�e
tive intera
tions, 
onta
t terms have to be in
luded

when redu
ing the e�e
tive Lagrangian and we present an expli
it pro
edure to


onstru
t them. Applied to (hadroni
) rare B-de
ays, the EOM drasti
ally sim-

plify the e�e
tive Lagrangian and its mat
hing to the underlying theory, and


ertain 
an
ellations of large (logarithmi
) 
ontributions be
ome more transpar-

ent. Finally, we dis
uss details of the `mat
hing' of the e�e
tive Lagrangian,

whi
h may be helpful in in
orporating short distan
e QCD 
orre
tions in further

phenomenologi
al studies.
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1 Introdu
tion

Pro
esses in whi
h the external momenta and masses are mu
h smaller than the mass

s
ale of the parti
les that mediate the intera
tions, are most 
onveniently des
ribed in

the framework of an e�e
tive �eld theory [1℄. There, the heavy parti
les are integrated

out and their relevant e�e
ts are summarized in a 
on
ise way by lo
al operators in

an e�e
tive Lagrangian. Moreover, short-distan
e (QCD) 
orre
tions 
an be in
luded

in a systemati
 way by means of the renormalization group. Typi
al phenomenologi
al

appli
ations of e�e
tive theories are quantitative predi
tions for low-energy pro
esses

on the basis of a given theory (e.g. the standard model) or when experimental data is

analyzed in order to obtain bounds or hints for yet unknown `new physi
s' (e.g. through

anomalous gauge-boson 
ouplings).

The 
omplete set of linearly independent e�e
tive operators for 
ertain physi
al

pro
esses usually 
ontains many operators whi
h are formally related by the 
lassi
al

equations of motion (EOM). It is desirable to exploit these relations among the various

operators to simplify the expression for a given e�e
tive Lagrangian

1

and at any stage

of the 
al
ulation (e.g. after integrating out heavy parti
les and before performing the

renormalization group evolution). To this end, we investigate in this paper the expli
it

form of these relations and their preservation by renormalization e�e
ts.

Of 
ourse, at tree (i.e. 
lassi
al) level, on-shell matrix elements of an e�e
tive op-

erator may be simpli�ed by using the 
lassi
al EOM, whi
h in
lude the intera
tions

from the usual, e.g. QCD�QED, Lagrangian (to a

ount for the fa
t that internal lines

entering in the e�e
tive operator may a
tually be o� shell). When working at higher

order in the e�e
tive intera
tions, a more 
areful formulation of the EOM, whi
h will

also depend on the e�e
tive intera
tions themselves, is ne
essary. (Typi
ally, an e�e
tive

Lagrangian is applied only at �rst order, but one may think of pro
esses, like K

o

�

�

K

o

or B

o

�

�

B

o

mixing, whi
h arise only at se
ond order in the e�e
tive weak intera
tions.)

At the loop level also renormalization e�e
ts have to be taken into a

ount, and they

are, in fa
t, 
ru
ial for assessing the appli
ability of the EOM before the renormalization

group (RG) evolution. The renormalization of 
omposite operators is well-known and

has been studied in great detail [3, 4, 5, 6℄; however, in phenomenologi
al work the issue

of the EOM is usually either not dis
ussed in a 
oherent way or the general results are

1

i.e. a linear 
ombination of e�e
tive operators with �xed 
oeÆ
ients. Note the di�eren
e to the

question of simply redu
ing the set of operators to des
ribe general on-shell amplitudes. For instan
e, it

has been stressed [2℄ that operators 
ontaining 
ovariant derivatives, 6D	, D

�

G

��

, et
., 
an be dropped

from the 
omplete set of operators. However, the expli
it form of the relation between the operators

is not spe
i�ed; rather their 
oeÆ
ients are to be determined by a 
ompli
ated mat
hing pro
edure

where many additional 1PR graphs must be evaluated.
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not exploited.

A 
ompli
ation, whi
h is sometimes overlooked, arises from the fa
t that the appro-

priate Lagrangian for the quantized theory 
ontains gauge-�xing terms and Faddeev-

Popov ghosts. A priori, these terms are to be taken into a

ount in the EOM and they


an, in prin
iple, 
ontribute to physi
al pro
esses through mixing with physi
al opera-

tors and/or through non-vanishing matrix elements at the loop level. The 
ru
ial point

is that the additional gauge-�xing and ghost terms enter the EOM in a 
ombination,

whi
h is the BRS variation of some other operator; then, using standard arguments

[5, 7℄, we �nd that these additional terms do not a�e
t the matrix elements for phys-

i
al pro
esses. Throughout this paper we shall use the 
onvention that the `
lassi
al

EOM' in
lude possible gauge-�xing and ghost 
ontributions | in 
ontrast to the `naive


lassi
al EOM' without these terms.

While our dis
ussion of the EOM 
an be useful in various other phenomenologi
al

studies (for instan
e, of anomalous gauge-boson 
ouplings), we fo
us our attention in

the se
ond part of this paper on hadroni
 rare B-de
ays . In parti
ular, we 
onsider

here 
avour 
hanging neutral b! s 
urrents whi
h arise from loop diagrams, so 
alled

`penguins', with internal u, 
 or top quark. The 
orresponding tree diagrams | if at all

present | are highly CKM suppressed.

Penguin diagrams do not only indu
e interesting ex
lusive de
ays, like B ! K

�




[8℄, but also 
ontribute 
onsiderably to the in
lusive hadroni
 bran
hing ratio for b !

s+no 
harm (via b! sq�q, b! sgg, et
. [9℄), and they 
an generate CP violating asym-

metries in 
harged B-de
ays [10℄. In various of these pro
esses, one �nds a remarkable


an
ellation [11℄ of large | sin
e only weakly GIM suppressed | 
ontributions with

logarithmi
 dependen
e on the internal mass. We demonstrate how this 
an
ellation,

whi
h in fa
t has been missed in the pioneering works [9, 12℄, is made transparent by

the EOM.

The EOM are parti
ularly interesting for 
al
ulations of short-distan
e QCD e�e
ts

(whi
h lead to sizable 
orre
tions in the bran
hing ratios [13℄ and asymmetries [14, 15℄).

In the abundant literature on su
h 
al
ulations for K- and B-meson de
ays, essentially

two approa
hes are to be found: Many authors perform the RG evolution with an e�e
-

tive Lagrangian not redu
ed by the EOM (see for instan
e refs. [16, 17, 18℄). Of 
ourse,

this is a rather tedious pro
edure be
ause the 
orresponding anomalous dimension ma-

trix is large. In some 
ases it has been observed that the �nal result for the pro
ess


onsidered is independent of whether the EOM are applied before or after performing

the RG evolution. While in ref. [17℄ this fa
t has been interpreted as a nontrivial result

of the 
al
ulation, the authors of ref. [16℄ suspe
ted that this is not an a

idental fa
t,

but did not give a general argument.
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Other authors, for instan
e, Grinstein et al. [19℄ and Buras et al. [20℄, employ

the naive 
lassi
al EOM to simplify the operator basis right from the beginning. The

appli
ability of these EOM is either not dis
ussed expli
itly or assumed on the basis

of a formal proof by Politzer [21℄ (whi
h by a 
lose inspe
tion a
tually leads to the


lassi
al EOM in
luding the gauge-�xing and ghost terms). We shall 
larify this point

by demonstrating the appearan
e of the gauge-�xing and ghost 
ontributions in terms

of diagrams and by investigating their renormalization.

Finally, we would like to dis
uss some details 
on
erning the `mat
hing' of the full

theory with the e�e
tive Lagrangian (redu
ed by the EOM), and the re
overy of the

momentum dependent and absorptive parts of the amplitudes in the e�e
tive theory

at leading and next-to-leading log pre
ision. These issues are often somewhat obs
ured

in the literature by other te
hni
al details related to the a
tual 
al
ulation of the RG

evolution.

The remainder of this paper is organized as follows: In se
tion 2 we review the

proof of the EOM and verify the absen
e of physi
al e�e
ts from the gauge-�xing and

ghost terms. We then dis
uss the appropriate form of the EOM when working at

higher order in the e�e
tive Lagrangian. In se
tion 3 we exploit the EOM to redu
e

the e�e
tive penguin operators in b ! s transitions, thereby taking inventory of the


oeÆ
ients with logarithmi
 mass dependen
e, and we des
ribe the `mat
hing' of the

e�e
tive Lagrangian. The dis
ussion in se
tion 4 
ontains some 
larifying remarks, and

additional details, whi
h may be helpful for further appli
ations, are 
olle
ted in the

appendi
es.

2 Equations of motion

2.1 General framework

The Lagrangian of an e�e
tive theory [1℄ 
onsists of two parts:

L = L

o

+ L

e�

:

L

o

is renormalizable by power 
ounting and des
ribes those intera
tions of the parti
les

whi
h, in prin
iple, are to be taken into a

ount at arbitrary order in perturbation

theory. Of 
ourse, for a 
onsistent quantization L

o

has to in
lude terms for the gauge-

�xing and Faddeev-Popov ghosts. The e�e
tive Lagrangian, L

e�

, is a linear 
ombination

of higher dimensional lo
al operators representing the e�e
tive intera
tions. They have

dimensionful 
ouplings and are to be treated only up to a 
ertain order, usually the �rst

one. The e�e
tive intera
tions may be thought as being indu
ed by heavy parti
les of

an underlying more fundamental theory. A typi
al example is L

e�

arising from e�e
tive
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weak intera
tions (indu
ed by virtual W's and top quarks) with L

o

= L

QCD

being the

usual QCD Lagrangian (negle
ting QED intera
tions for simpli
ity).

In order to regularize UV divergen
es in 
al
ulations beyond the tree level we will

always assume dimensional regularization. The 
omposite operators, O

i

(y), in L

e�

are

de�ned [3, 7℄ by their Green's fun
tions hTO

i

(y)X(x

1

; : : :)i, where T indi
ates time-

ordering and the �elds are intera
ting with respe
t to L

o

. Physi
al matrix elements or

operator identities are obtained by LSZ redu
tion, and the Green's fun
tions themselves

are de�ned perturbatively by (regularized) Feynman graphs. In the following, X will

always denote a produ
t of elementary �elds at di�erent points

X(x

1

; : : :) � �(x

1

) : : :A

a

1

�

1

(x

k+1

) : : :

�

	(x

m

) : : :	(x

n

) : : : :

For �xed values of the regularization parameter � and of the renormalization s
ale

�, the renormalized e�e
tive theory is spe
i�ed by three elements: (i) The Lagrangian,

L(g; � � � ; �), as a fun
tion of the �elds and parameters (like 
ouplings and masses),

(ii) the values g

R

; : : : for these parameters, and (iii) the 
ounter term Lagrangian, L


t

| or, equivalently, a renormalization pres
ription to determine L


t

from L. We 
all

L

basi


(�) � L(�

�

g

R

; : : : ; �) the `basi
' part of the `renormalized' Lagrangian L

R

(�) �

L

basi


(�) + L


t

(�

�

g

R

; : : : ; �; �), where the usual powers of �

�

keep the dimensions of

the g

R

independent of �. In the following, we will always assume minimal (or ms)

subtra
tion for the renormalization pres
ription.

Renormalized Green's fun
tions are 
al
ulated by using L

R

and remain �nite for

� �! 0 due to suitable 
ounter terms in L


t

. While all 
ounter terms needed for

Green's fun
tions of elementary �elds are proportional to terms in L

o

(multipli
ative

renormalization of L

o

), the renormalization of insertions of 
omposite operators requires

additional subtra
tions proportional to other 
omposite operators. Sin
e L

e�

is to be

kept only up to a �nite order, only a �nite number of su
h 
ounterterms is needed;

in this sense L

o

+ L

e�

is renormalizable. To render the e�e
tive operators multipli
a-

tively renormalizable, one in
ludes a priori all intera
tions in L

e�

that may appear as


ounterterms.

The 
ouplings of L

e�

, i.e. the 
oeÆ
ient fun
tions of the operators, are determined

by `mat
hing' on-shell amplitudes either with a more fundamental theory or with ex-

perimental data. By this pro
edure no distin
tion is possible between e�e
tive theories

whi
h yield the same on-shell amplitudes. Hen
eforth, di�erent Lagrangians yielding

the same on-shell amplitudes will be 
alled `on-shell equivalent'. An `on-shell e�e
tive

theory' [1℄ 
an be viewed as a 
lass of on-shell equivalent e�e
tive theories.

If two (e�e
tive) theories, renormalized at any s
ale �, are on-shell equivalent, then

the 
orresponding `bare' theories

2

are also on-shell equivalent, and vi
e versa. Sin
e

2

with bare parameters, g

0

(�); : : :, whi
h are divergent fun
tions of �, su
h that the regularized bare
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the renormalization group des
ribes the relation between the parameters of the various

renormalized theories 
orresponding to the same bare theory but di�erent values of �,

the RG evolution preserves the on-shell equivalen
e of e�e
tive Lagrangians. Conse-

quently, one 
an simplify the expression for L

e�

already before the RG evolution by

repla
ing L

e�

by an on-shell equivalent `redu
ed' e�e
tive Lagrangian.

To study how the equations of motion 
an be exploited in order to obtain on-shell

equivalent e�e
tive Lagrangians, we 
onsider a generi
 e�e
tive operator O

EOM

, whi
h


ontains the �elds in a 
ombination that vanishes by the 
lassi
al EOM derived from

L

o

:

O

EOM

(z) = Q(z) �

 

ÆL

o

Æ�(z)

� �

�

ÆL

o

Æ�

�

�(z)

!

; (1)

where � represents one of the �elds from L

o

, and Q is a monomial in any of the �elds

and their derivatives (at the same point). Of 
ourse, we ex
lude the 
ase Q = �, sin
e

then O

EOM

would 
orrespond to an operator in L

o

and, in parti
ular, would 
ontain the

kineti
 energy term. For Green's fun
tions with an insertion of O

EOM

one �nds [3, 4℄

(after integration over z to avoid derivatives of Dira
 delta fun
tions)

Z

hTO

EOM

(z)O

1

(y

1

) : : :O

n

(y

n

)X(x

1

; : : :)idz =

i

Z

hT

X

�

�[Q(z)℄

Æ

Æ�[�(z)℄

�

O

1

(y

1

) : : : O

n

(y

n

)X(x

1

; : : :)

�

idz ;

(2)

where �[f ℄ � f; �

�

f; �

�

�

�

f; : : :, denotes the various derivatives (in
luding the �elds

themselves) that may enter in the 
omposite operators O

i

.

For bare Green's fun
tions eq. (2) is readily derived by inspe
tion of the 
ontributing

Feynman diagrams [see subse
tion 2.2 for an illustration℄. The r.h.s. of (2) 
onsists of


onta
t terms whi
h 
ontribute only when z 
oin
ides with one of the x

1

; : : : or y

1

; : : : ; y

n

.

They originate from diagrams where the inverse propagator in O

EOM


an
els either an

external line from one of the elementary �elds in X(x

1

; : : :), or an internal line ending

up in a vertex generated by one of the other 
omposite operators O

1

(y

1

) : : : O

n

(y

n

),

respe
tively.

Equation (2) is also valid for the renormalized Green's fun
tions; the derivatives

Æ=Æ� et
. in (1) and (2) are then to be taken with respe
t to the renormalized �elds

and L

o

refers only to the basi
 part of the Lagrangian. The renormalized version of (2)

is shown either in terms of diagrams [4℄, or using the multipli
ative renormalization of

the 
omposite operators by indu
tion in the number of loops and insertions.

Green's fun
tions, 
al
ulated from the bare Lagrangian L

bare

(�) � L(g

0

(�); : : : ; �), di�er from the

renormalized ones only by �eld-renormalization fa
tors.
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2.2 EOM at �rst order in L

e�

In many appli
ations of e�e
tive theories the intera
tions from the e�e
tive Lagrangian

are to be treated only at �rst order. Therefore, we restri
t ourselves with the ex
eption

of subse
tion 2.5 to this 
ase. We write

L

R

e�

= g

e�

X




i

O

i

+ 
ounterterms ; (3)

where g

e�


olle
tively denotes the dimensionful 
ouplings (for instan
e, g

e�

= G

F

in the


ase of e�e
tive weak intera
tions). All quantities to be 
onsidered are at most linear

in g

e�

or, equivalently, in the 
oeÆ
ient fun
tions 


i

.

In parti
ular, only Green's fun
tions with single insertions of the 
omposite operators

from L

e�

are needed, and (2) be
omes parti
ularly simple

R

hTO

EOM

(z) �(x

1

) : : :�(x

k

)

^

X(x

k+1

; : : :)idz =

i

k

X

j=1

hT�(x

1

) : : :�(x

j�1

) Q(x

j

) �(x

j+1

) : : :�(x

k

)

^

X(x

k+1

; : : :)i ;

(4)

where � denotes the �eld to whi
h the variation in (1) refers, and

^

X is a produ
t of

elementary �elds 
ontaining no �'s. The 
onta
t terms on the r.h.s. do not survive the

LSZ redu
tion and, therefore, do not 
ontribute to matrix elements of physi
al pro
esses

(see e.g. Joglekar in ref. [5℄, and [21℄ for a dis
ussion of this issue beyond the parton

level). Hen
e, any multiple of O

EOM


an simply be dropped from L

e�

.

Inspe
ting the reasoning by whi
h (4) is derived for the renormalized Green's fun
-

tions, one notes that the 
ounterterms for the renormalization of O

EOM

are themselves

proportional to operators whi
h vanish by the 
lassi
al EOM. Of 
ourse, the 
ountert-

erms are in general not proportional to O

EOM

itself, but in fa
t related to 
ounterterms

for Q. For instan
e, in �

3

theory, O

EOM

= �

3

(�

2

�+m

2

�+g�

2

=2) requires 
ounterterms

proportional to �

2

(�

2

� +m

2

� + g�

2

=2) et
.

The derivation of (2) or (4) in the path integral representation by a 
hange of vari-

ables is not very intuitive, and might have even been misleading in 
ases when ref. [21℄ is

quoted in order to justify the naive 
lassi
al EOM for the gluons (without gauge-�xing

and ghost terms). To illustrate the derivation in terms of the 
ontributing Feynman

diagrams we 
onsider here the EOM for the gauge-boson (gluon) �eld strength

D

�

G

��

a

�

�

�

�

Æ

ab

� g

s

f

ab


A




�

�

G

��

b

= (J

�qq

+ J

gf

+ J

FP

)

�

a

: (5)

While in the naive 
lassi
al EOM only the quark 
ontribution

(J

�qq

)

�

a

= �g

s

X

quarks

�q


�

�

a

2

q ; (6)
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is present, the two other terms on the r.h.s., J

gf

and J

FP

, arise in an unambiguous way

from the gauge-�xing and ghost terms in the Lagrangian.

In a 
ovariant gauge (for expressions in a ba
kground gauge see appendix A) the

gauge-�xing and Faddeev-Popov parts of the Lagrangian are given by

L

gf

= �

1

2�

(�A)

2

; and L

FP

= �(�

�

��

a

)D

�

ab

�

b

; (7)

respe
tively, and the resulting 
urrents on the r.h.s. of (5) are

(J

gf

)

�

a

= �

1

�

�

�

�

�

A

�

a

; and (J

FP

)

�

a

= �g

s

f

ab


(�

�

��

b

)�




: (8)

A generi
 operator vanishing by the 
lassi
al EOM (5) has the form

O

EOM

� Q �D

�

G

��

�O

�qq

�O

FP

�O

gf

; (9)

where Q denotes an arbitrary 
ombination of further �elds at the same point and O

�qq

�

Q � J

�qq

, et
. D

�

G

��


onsists of a one-, a two-, and a three-gluon pie
e. The one-gluon

pie
e, �

�

�

�

A

�

� �

�

�

�

A

�

, 
an be written in the form O

0

+J

gf

. Then, J

gf


an
els against

the last term on the r.h.s. of (9), and the remainder O

0

is proportional to the inverse

gluon propagator (q

2

g

��

�

��1

�

q

�

q

�

in momentum spa
e).

To illustrate (4) for O

EOM

of eq. (9), we investigate �rst the (regularized) diagrams

whi
h have a vertex from O

0

. The external legs of the diagrams are given by the

elementary �elds in (4) [with � � A

�

a

℄ whi
h are on shell for physi
al matrix elements.

If the gluon �eld in O

0

is 
ontra
ted with an external gluon, the diagram 
ontributes to

the 
onta
t terms on the r.h.s. of (4). The inverse propagator in O

0

a
ts on the external

leg and yields zero for on-shell matrix elements. Possible diagrams in whi
h the gluon

�eld in O

0

is 
ontra
ted with a gluon in Q at the same point vanish in dimensional

regularization

3

. In all other diagrams with a vertex from O

0

(working at �rst order in

L

e�

!), the gluon propagator atta
hed to O

0

ends in an usual QCD-vertex, V , and is

e�e
tively 
an
eled by the inverse propagator in O

0

.

These diagrams, with a vertex from O

0

next to a QCD-vertex V , are in one-to-one


orresponden
e to diagrams with one of the remaining verti
es from O

EOM

: A diagram

with V being a three- or a four-gluon vertex 
an
els with the 
orresponding diagram


ontaining the two- or the three-gluon pie
e of D

�

G

��

, respe
tively (see �g. 1). Finally,

if V is a quark-gluon or a ghost-gluon vertex, then the diagram is 
an
eled by the


orresponding one with a vertex from O

�qq

or O

FP

, respe
tively.

3

The vanishing of these `tadpole'-like diagrams is a 
ru
ial property of dimensional regularization

needed here; otherwise, additional va
uum subtra
tions are ne
essary.

8



Similar 
onsiderations 
an be readily 
arried out for an operator whi
h vanishes by

the 
lassi
al EOM for the fermions (quarks),

i 6D	 � i

 

6� � ig

s

6A

a

�

a

2

!

	 = m	 ; (10)

or for the 
ase of s
alars (see also [7℄) and ghosts.

The main te
hni
al 
ompli
ation in proving the renormalized version of (2) or (4)

by means of diagrams arises from the fa
t that bare graphs whi
h are in one-to-one


orresponden
e (in the sense that they 
an
el ea
h other) 
an have a di�erent 1PI

stru
ture. Thus, their `forests', whi
h pres
ribe the renormalization, are not in one-

to-one 
orresponden
e, and it has to be shown that one 
an remove re
ursively those

forests whi
h are not in one-to-one 
orresponden
e [4℄.

2.3 Terms from gauge-�xing and ghosts

To study the relevan
e of the terms J

gf

+ J

FP

in the EOM for the gauge-boson �eld

strength [see the r.h.s. of eq (9)℄, it is 
onvenient to de�ne two sets of operators:

O

E

: Linear 
ombinations of operators whi
h vanish by the 
lassi
al EOM derived from

(the basi
 part of) L

o

. Of 
ourse, terms from gauge-�xing and ghosts in L

o

, and the

EOM for the ghosts themselves [see (A.4)℄ are to be taken into a

ount as well.

O

B

: Linear 
ombinations of operators whi
h are the BRS variation of some other oper-

ator.

The key observation for the dis
ussion of the gauge-�xing and ghost terms is the fa
t

that O

gf

+O

FP

belongs to O

B

provided that Q

a

�

varies under BRS transformations as

ÆQ

a

�

= g

s

f

ab


Q

b

�

�




; (11)

(with the shorthand notation Æ � Æ

BRS

=Æ!, where Æ! is the in�nitesimal parameter of

the transformation). Then,

O

FP

+O

gf

= Æ(�Q

a

�

�

�

��

a

) : (12)

Obviously, eq. (11) holds if Q

a

�

D

�

G

��

a

is gauge-invariant and 
ontains no ghosts.

Typi
al examples for dimension six operators are Q

a

�

= D

�

G

a

��

or Q

a

�

=

�

	


�

�

a

	,

where 	 may be left- or right-handed and a ve
tor in 
avour spa
e. After applying the

EOM twi
e to (D

�

G

a

��

)(D

�

G

��

a

) one arrives at Q

a

�


ontaining ghosts in the 
ombination

Q

a

�

= (J

gf

+ J

FP

)

a

�

. In this 
ase an operator from O

E

, whi
h vanishes by the EOM for

the ghosts, has to be added on the r.h.s. of (11) and (12).

To see that an O

BRS

2 O

B

does not 
ontribute to physi
al (on shell) matrix elements,

one writes O

BRS

= Æ

^

O and re
alls (e.g. [7℄)

hTÆ

^

O(y)X(x

1

; : : :)i = �hT

^

O(y)ÆX(x

1

; : : :)i :

9



The r.h.s. vanishes after LSZ redu
tion, be
ause ÆX 
ontains 
omposite �elds whi
h do

not lead to a physi
al parti
le pole.

It is illustrating to 
ompare the physi
al matrix elements of O

gf

, for instan
e for

Q

a

�

= 	


�

T

a

	, with those of J

�a

gf

. The fa
t that matrix elements of J

�a

gf

[= Æ(�

�

��

a

) 2 O

B

℄

are zero is just the familiar 
urrent 
onservation: The amplitude for \g

�

! physi
al on-

shell parti
les" vanishes when one substitutes the polarization ve
tor of the gluon g

�

by

its momentum (whi
h 
an be on or o� shell). On the other hand, O

gf

alone, whi
h is

not in O

B

, has non-vanishing matrix elements. This is readily understood for diagrams

in whi
h the outgoing gluon line g

�

from J

gf


loses a loop (e.g. in �g. 2a): At the

Ogf-vertex the gluon propagator is indeed 
ontra
ted by its momentum; however, the

diagram 
orresponds to an amplitude where the g

�

`de
ays' into an o�-shell parti
le

that again enters the O

gf

-vertex. The overall 
ontribution of these diagrams is 
an
eled

by the matrix element of O

FP

in �g. 2b (this 
an be veri�ed dire
tly by manipulation

of the 
orresponding diagrams [22℄).

As to the renormalization of operators from O

B

, one 
onsiders an O

BRS

� Æ

^

O 2 O

B

and 
ounterterms

^

C, whi
h render all Green's fun
tions of

^

O with elementary �elds

�nite. Then, the Green's fun
tions

hT (O

BRS

+ Æ

^

C)(y) �X(x

1

; : : :)i

R

o

= �hT (

^

O +

^

C)(y) � ÆX(x

1

; : : :)i

R

o

;

where R

o

indi
ates 
ounterterms from L

o

, 
an only be divergent if y 
oin
ides with one

of the x

i

(related with a 
omposite �eld in ÆX). Hen
e, only some operators from O

E

,

together with Æ

^

C 2 O

B

, are ne
essary as 
ounterterms for O

BRS

.

2.4 Redu
tion and RG evolution at �rst order in L

e�

The stability of O

E

(respe
tively O

E

� O

B

) under renormalization, together with the

fa
t that these operators have vanishing on-shell matrix elements, implies that one may

use the (naive) 
lassi
al EOM to redu
e the basi
 part of an e�e
tive Lagrangian already

before the RG evolution: If the basi
 parts of two Lagrangians, renormalized at some

s
ale �, di�er only by operators whi
h are in O

E

(O

E

� O

B

), then the 
orresponding

renormalized theories are on-shell equivalent, and this property is preserved by the RG

evolution to any other s
ale.

To demonstrate this in a more expli
it way, we study the renormalization of L

e�

.

We assume that (3) in
ludes all linearly independent operators whi
h are allowed by

global symmetries (Lorentz invarian
e, 
avour quantum numbers et
.) and by their

(
anoni
al) mass dimension. Sin
e Green's fun
tions with single insertions of 
omposite

operators require only 
ounterterms with at most the dimension of the inserted operator,

L

e�


an be renormalized multipli
atively by rewriting the e�e
tive Lagrangian in terms

10



of renormalized operators

4

O

R

k

= Z

kl

O

l

: (13)

Operator mixing arises when Z is not a diagonal matrix, and we say that an operator

(or a set of operators) O

k

`mixes into' O

l

if Z

kl

6= 0, i.e. if O

k

requires 
ounterterms

proportional to O

l

.

Sin
e O

E

mixes only into O

E

, and sin
e O

B

mixes only into O

B

�O

E

, Z and 
onse-

quently the anomalous dimension matrix


 = Z

d

d�

�

Z

�1

�

; (14)

have blo
k-triangular form, when written in a suitable basis of O

E

� O

B

and the re-

maining operators. Therefore, after the RG evolution

5




i

(�

2

) =

"

exp

Z

g

s

(�

2

)

g

s

(�

1

)




T

(g)

�(g)

dg

#

ij




j

(�

1

) ; (15)

the 
oeÆ
ients 


i

(�

2

) of all O

i

62 O

E

� O

B

do indeed not depend on the initial values

for the 
oeÆ
ients of the operators from O

E

�O

B

.

Finally, we note the useful result by Joglekar and Lee [5℄ that gauge invariant op-

erators mix only among themselves and into O

E

� O

B

. Therefore, the operator basis

for L

e�


an be restri
ted to operators whi
h are linearly independent of O

E

� O

B

and

gauge-invariant. Of 
ourse, `unphysi
al' operators whi
h are not gauge-invariant and

whi
h are not 
ontained in O

E

� O

B


an mix into physi
al operators. However, sin
e

the latter do not mix into these unphysi
al operators, their 
oeÆ
ients remain zero if

the initial values vanish before the RG evolution. This is also illustrated by a re
ent

RG 
al
ulation of Grinstein and Cho [23℄ where O

FP

was in
luded \for 
ompleteness":

O

FP

is not in O

E

�O

B

and indeed mixes into gauge-invariant operators.

2.5 Equivalent e�e
tive Lagrangians at higher order

When working beyond the linear approximation in the e�e
tive intera
tions one obvi-

ously has to in
lude the e�e
tive intera
tions themselves in the adequate EOM (and one

immediately wonders whether to use L

o

+ L

e�

or L

o

+ L

e�

�O

EOM

in the derivation).

However, simply removing an operator whi
h vanishes by the 
lassi
al EOM, does not

in general lead to a `redu
ed'

6

e�e
tive Lagrangian whi
h is on-shell equivalent to L

e�

.

4

Alternatively, the 
ounterterms 
an be viewed as a renormalization of the 
ouplings 


i

; this ap-

proa
h is more 
onvenient when working at higher order in L

e�

(see appendix B).

5

The exponential is g-ordered.

6

Of 
ourse, one 
an always determine a `redu
ed' e�e
tive Lagrangian L

red

, whi
h is on-shell

equivalent to L

e�

, by performing again the lengthy `mat
hing' pro
edure with on-shell amplitudes to

�x all 
oeÆ
ients for a redu
ed (e.g. \
anoni
al" [2℄) set of operators.

11



Green's fun
tions with multiple insertions of O

EOM

(and L

e�

) have `non-trivial' 
onta
t

terms whi
h | in 
ontrast to those in (4) | do not vanish by LSZ redu
tion.

In pra
ti
e, the e�e
tive 
ouplings, 
olle
tively denoted by g

e�

, are to be taken into

a

ount up to a 
ertain order M and the e�e
tive Lagrangian has the form L

e�

�

g

e�

� L

(1)

e�

+ : : :+ g

e�

M

� L

(M)

e�

. If L

e�


ontains an operator O

(m)

EOM

, whi
h is of order g

m

e�

,

and whi
h vanishes by the 
lassi
al EOM derived from L

o

, the `redu
tion' of the e�e
tive

Lagrangian by the EOM amounts essentially to the following task: Starting from O

(m)

EOM

,


onstru
t a `redu
ed' e�e
tive Lagrangian,

L

red

= L

e�

�O

(m)

EOM

+O(g

m+1

e�

) ;

whi
h is on-shell equivalent to L

e�

up to order g

M

e�

.

In the linear 
ase, M = 1, and for m = M one simply has to remove O

(m)

EOM

from

L

e�

. Otherwise, the �rst step in 
onstru
ting L

red

is to extend O

(m)

EOM

re
ursively to an

operator O

0

EOM

whi
h vanishes by the EOM derived form L

o

+ L

0

e�

. Thereby, L

0

e�

is

de�ned iteratively by rewriting L

e�

as

L

e�

= L

0

e�

+O

0

EOM

: (16)

The iteration starts with

L

0

e�

= L

e�

�O

(m)

EOM

�O(g

m+1

e�

) ;

O

0

EOM

= O

(m)

EOM

+O

(m+1)

EOM

+O(g

m+2

e�

) ;

su
h that O

(m)

EOM

+ O

(m+1)

EOM

vanishes by the EOM from L

o

+ L

0

e�

(keeping in L

0

e�

only

terms of order g

e�

).

We may assume that O

(m)

EOM


ontains inverse propagators only through powers of

Æ

E

L

o

, where Æ

E

� Æ=Æ� � �

�

Æ=Æ(�

�

�). Then, O

0

EOM


an be 
hosen to 
ontain inverse

propagators only through powers of Æ

E

(L

o

+L

0

e�

). For instan
e, for O

(m)

EOM

= Q � (Æ

E

L

o

)

2

one would set O

(m+1)

EOM

= 2Q � Æ

E

L

o

� Æ

E

L

(1)

e�

, et
.

Before removingO

0

EOM

we have to take into a

ount its on-shell 
ontributions through

non-trivial 
onta
t terms on the r.h.s. of (2) [or its iteration in the 
ase that O

0

EOM


on-

tains higher powers of Æ

E

(L

o

+ L

0

e�

)℄. The amplitudes are evaluated from the �rst M

terms of the Gell-Mann-Low series

hT exp

n

i

Z

L

e�

(y) dy

o

X(x

1

; : : :)i =

M

X

n=1

i

n

n!

Z

dy

1

: : : dy

n

hTL

e�

(y

1

) : : :L

e�

(y

n

)X(x

1

; : : :)i

+ O(g

M+1

e�

) ; (17)

and all on-shell 
ontributions of O

0

EOM

remaining on the total r.h.s. of (17) 
orrespond

to (sub-)diagrams with the following properties: (a) All internal lines are 
an
eled by

12



inverse propagators in the O

0

EOM

and there is at least one internal line, (b) none of the

inverse propagators in the O

0

EOM

a
ts on an external line from X(x

1

; : : :), and (
) all

verti
es from L

o

+L

0

e�

have at least two lines, whi
h are 
an
eled by inverse propagators

from O

0

EOM

.

Obviously, one 
an just 
hoose suitable subdiagrams with property (a). If (b) were

not true, the diagram would not survive LSZ redu
tion; and (
) is a 
onsequen
e of

(a) and the assumption that O

0

EOM


ontains inverse propagators only through powers of

Æ

E

(L

o

+ L

0

e�

).

Sub-diagrams with property (a) 
orrespond to lo
al verti
es whi
h are obtained by

shrinking the internal lines to a point. In this way one 
an represent the 
ontribution

of ea
h 
onta
t term by a lo
al operator, and we denote the sum of all these `
onta
t

operators' by C[O

0

EOM

℄. More pre
isely, C[O

0

EOM

℄ = C

2

+ C

3

+ � � �, where the C

n

are

determined by

ihTC

n

(y

1

)X(x

1

; : : :)i

n

Y

�=2

iÆ(y

1

� y

n

)

!

=

i

n

n!

hTO

0

EOM

(y

1

) : : : O

0

EOM

(y

n

) exp

n

i

R

L

0

e�

(y) dy

o

X(x

1

; : : :)i

�

�

�

(a)�(
)

;

(18)

for arbitrary elementary �elds, X(x

1

; : : :), but with the r.h.s. restri
ted to the 
ontribu-

tions of maximal 
onne
ted diagrams satisfying (a){(
). Working up to order g

M

e�

, only

a �nite number of 
onta
t operators appears in C[O

0

EOM

℄.

Finally, the `redu
ed' e�e
tive Lagrangian is obtained by repla
ing O

0

EOM

by its


onta
t operators

L

red

� L

0

e�

+ C[O

0

EOM

℄ : (19)

Note that C[O

0

EOM

℄ depends in a non-linear way on O

0

EOM

(or its 
oeÆ
ient, whi
h we

have absorbed in O

0

EOM

). If L

e�

= L

0

e�

+ �O

0

EOM

, then L

red

= L

0

e�

+ C[�O

0

EOM

℄, whi
h

is given in terms of the 
onta
t operators from (18) by C[�O

0

EOM

℄ = �

2

C

2

+ �

3

C

3

+ � � �.

To illustrate the pro
edure, we 
onsider a simple example: L

o

=�

1

2

�(�

2

+m

2

)�

+	6�	 des
ribes a massive s
alar and a massless fermion, and L

e�

= g

e�

		�

2

� are

their (e�e
tive) intera
tions. On-shell amplitudes at order g

e�

(e.g. one s
alar de
aying

into two fermions) are obviously re
overed by L

(1)

red

= �g

e�

		m

2

� = L

e�

� O

(1)

EOM

,

where O

(1)

EOM

� g

e�

		(�

2

+ m

2

)�. At se
ond order in g

e�

, L

e�

and L

(1)

red

are not on-

shell equivalent. In parti
ular, L

o

+ L

(1)

red

does not yield the 
orre
t amplitude for the

two-fermion s
attering, A = �ig

2

e�

s

2

s�m

2

+ (s $ t), where s and t are the Mandelstam

variables. Following the above pro
edure, we set

O

0

EOM

= O

(1)

EOM

+

ÆL

e�

Æ�

= g

e�

		(�

2

+m

2

)� + g

2

e�

				m

2

;

and from (18), we �nd C[O

0

EOM

℄ = g

2

e�

=2		(�

2

+m

2

)(		). One readily veri�es that

L

red

� L

e�

�O

0

EOM

+ C[O

0

EOM

℄ indeed yields the same physi
al amplitudes as L

e�

. In

13



the parti
ular example at hand, this is the 
ase even at arbitrary order in g

e�

, be
ause

O

0

EOM

vanishes identi
ally by the EOM derived from L

o

+L

e�

�O

0

EOM

and there are no

further 
onta
t terms at higher orders.

When working at the loop level, the above redu
tion pro
edure remains essentially

the same: All expressions are to be understood as referring to the basi
 part of the

renormalized (e�e
tive) Lagrangian, and C[O

0

EOM

℄ is still given by the tree result be
ause

loop diagrams with property (a) vanish in dimensional regularization. Sin
e renormal-

ized Green's fun
tions of O

0

EOM

obey the same relations (derived from the basi
 part

of the Lagrangian) as the bare ones, L

R

red

is again on-shell equivalent to L

R

e�

; and the

RG evolution preserves this equivalen
e. In 
ontrast to the linear approximation in g

e�

,

it would be hard to demonstrate this in an expli
it way be
ause the redu
tion by the

EOM, and the RG evolution (see, for instan
e, ref. [6℄) are non-linear operations on L

e�

.

For the 
al
ulation of amplitudes at higher order in g

e�

, the Green's fun
tions with

multiple insertions of L

e�

are a
tually needed only after integration over the positions of

the e�e
tive operators [see (17)℄ and not in their general form. Therefore, it is suÆ
ient

and in fa
t more 
onvenient to view the 
ounterterms for L

e�

as a renormalization of

the e�e
tive 
ouplings (see appendix B for more details), rather than of the operators

as in (13).

3 E�e
tive treatment of rare B-de
ays

We apply now the results of the previous se
tion to rare B-de
ays; in parti
ular, we


onsider hadroni
 (and in less detail also radiative) b! s transitions. (The analogous

b! d modes follow simply from repla
ing V

ts

by V

td

.) Sin
e the momenta and masses of

the external parti
les are at most of the order of the B-mass (and therefore mu
h smaller

than the mass s
ales governing the propagation of virtual t-quarks or W -bosons), it is

possible to treat these pro
esses in the framework of an e�e
tive low energy theory [1℄.

The phenomenologi
al pro
edure in this framework 
onsists of three steps: The deriva-

tion of the adequate e�e
tive Lagrangian, the RG evolution and �nally, the evaluation

of the hadroni
 matrix elements of the e�e
tive operators.

In step one, the heavy parti
les are integrated out. The resulting e�e
tive a
tion


ontains only the �elds of the light parti
les, however, possibly in a non-lo
al way. In

order to obtain a lo
al e�e
tive Lagrangian one has to perform an operator produ
t

expansion [24℄ in the e�e
tive a
tion. If strong (and higher order ele
troweak) intera
-

tions are absent, this simply 
orresponds to a Taylor expansion in the external momenta.

Otherwise, the 
oeÆ
ient fun
tions of the lo
al operators in the e�e
tive Lagrangian are

determined by a `mat
hing' 
ondition: Appropriate amplitudes 
al
ulated in the e�e
-
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tive theory are equated with those of the full theory. As soon as divergent loop diagrams

of e�e
tive operators are involved a renormalization s
heme has to be spe
i�ed. The


oeÆ
ients will then depend on this s
heme and, in parti
ular, on the renormalization

s
ale �. A natural 
hoi
e for � to perform the `mat
hing' is of the order of the heavy

masses, M

W

in our 
ase. A s
ale of this size allows to take into a

ount (short-distan
e)

QCD e�e
ts perturbatively and minimizes logarithmi
 
orre
tions from higher order

loops with heavy parti
les.

On the other hand, the matrix elements of the e�e
tive operators involve logarithms

of the ratio of � to the typi
al mass s
ale of the low-energy pro
ess, whi
h is of orderm

b

in

our 
ase. These large logarithms 
ertainly distort a simple perturbative treatment of the

matrix elements and are removed by the RG evolution in step two: The physi
al 
ontents

of the e�e
tive Lagrangian, `mat
hed' at � � M

W

, is translated to an e�e
tive theory

with a renormalization s
ale � � m

b

. Thereby, the RG evolution of the 
oeÆ
ients [see

(15)℄ allows to improve the (perturbative) treatment of short-distan
e QCD 
orre
tions

by summing up all powers of �

s

`n

�

2

M

2

W

.

The RG evolution is straightforward in prin
iple, however, the expli
it 
al
ulation

is rather tedious and involves subtle te
hni
al details. There are numerous important


ontributions (see, for instan
e, ref. [25℄ and [17{20℄) and we refer to Buras et al. [20℄

and Misiak [26℄ for the most re
ent and 
omplete results. Here, we rather dis
uss

some details of the derivation and `mat
hing' of the e�e
tive Lagrangian. This provides

the starting point for further phenomenologi
al studies that intend to in
lude the RG

improvement.

The third step, the evaluation of the matrix elements of the e�e
tive operators

with realisti
 hadron states is, of 
ourse, the most diÆ
ult task be
ause it requires

genuine non-perturbative methods (or drasti
ally simplifying assumptions about the

quark and gluon 
ontents of the hadrons together with some model to des
ribe their

binding e�e
ts). We shall 
ompletely ignore non-perturbative e�e
ts and stay on the

parton level throughout.

3.1 E�e
tive verti
es from penguin loops

In this subse
tion, we des
ribe one 
ontribution to the e�e
tive Lagrangian: E�e
tive

verti
es resulting from one-parti
le-irredu
ible (1PI) loop diagrams with internal top

quark. The appli
ation of the EOM already at this stage drasti
ally simpli�es further


al
ulations (e.g. of the `full' amplitudes required for the mat
hing). The `mat
hing'

pro
edure to properly de�ne the 
omplete e�e
tive Lagrangian is postponed to the next

subse
tion; only then, the e�e
tive operators 
orresponding to W -ex
hange diagrams

involving only light quarks, like b! su�u and s
�
, will be introdu
ed (and renormalized).
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At leading order in 1=M

2

W

the loop diagrams to be 
onsidered are `penguins' with

up to three gluons emitted from the t-line inside the loop (diagrams with photons

and leptons will be dis
ussed below). They are renormalized within the full theory by


ounterterms in the original ele
troweak Lagrangian (whi
h in fa
t 
an
el by the GIM

me
hanism). As long as the penguins do not appear as subdiagrams in two- (or more-)

loop amplitudes, the external momenta are bound by m

b

(� m

t

or M

W

); and we 
an

negle
t any momentum dependen
e whi
h is higher order in m

2

b

=(m

2

t

or M

2

W

). Then,

the 1PI diagrams are equivalent to (lo
al) e�e
tive verti
es and 
an be summarized in

terms of a `penguin' Lagrangian

L

P

= �4

G

F

p

2

V

tb

V

�

ts

X

i




0

i

P

i

: (20)

We 
hoose the following set of gauge-invariant operators of dimension up to six (see

appendix C for additional details)

P

1

=

g

s

16�

2

� �s


�

L

�

a

2

b � (D

�

G

��

)

a

;

P

2

=

g

s

16�

2

� �s�

��

(m

b

R+m

s

L)

�

a

2

b G

��

a

(� O

g

) ;

P

3

=

g

s

16�

2

� �s

n

i 6D ; �

��

G

��

a

�

a

2

o

Lb ;

P

4

=

g

s

16�

2

� �s

h

i 6D ; �

��

G

��

a

�

a

2

i

Lb ;

P

5

=

1

16�

2

� �si 6D 6D 6DLb ;

P

6

=

1

16�

2

� �s 6D 6D (m

b

R +m

s

L) b ;

P

7(L;R)

=

1

16�

2

� �si 6DM

2

W

(L;R)b ;

P

8(L;R)

=

1

16�

2

� �sM

2

W

(m

s

L;m

b

R)b ;

(21)

where b and �s denote the quark �elds, and the 
ovariant derivatives are de�ned in (5)

and (10).

The 
oeÆ
ients 


0

i

are fun
tions of the variable x =

m

2

t

M

2

W

(see appendix C), and 


0

7L;R

and 


0

8L;R

depend also on the renormalization s
heme of the full theory. Sin
e the b- and

s-momenta enter P

4

in an antisymmetri
 way, 


0

4

is suppressed by an additional fa
tor

of the order m

2

b

=M

2

W

and 
an be negle
ted. We also note that only 


0

1

has a logarithmi


term, 


0

1

� �

2

3

`nx + O(x), whi
h would dominate for x �! 0. All other 
oeÆ
ients

approa
h a 
onstant value in this (unrealisti
) limit.

All 
oeÆ
ient fun
tions 


0

i

are uniquely determined by the (o�-shell) digrams for

the �sbg vertex and the �sb self energy; a 
al
ulation of the 1PI diagrams for b ! sgg

and b ! sggg is not ne
essary. In turn, L

P

provides the 1PI verti
es for all b ! s

transitions involving up to three gluons (e�e
tive operators for more than three gluons

have dimension higher than six and are suppressed by powers of 1=M

2

W

or 1=m

2

t

). This is

simply a 
onsequen
e of gauge invarian
e whi
h is in
orporated inL

P

by using manifestly

gauge invariant operators. In momentum spa
e the 
orresponding relations among the

16



various e�e
tive verti
es are mu
h less transparent and the �rst 
omplete treatments

of b! sgg [11℄ exploited lengthy Slavnov-Taylor identities or a generalization of Low's

low energy theorem.

When L

P

enters only at �rst order, we 
an take advantage of the EOM (5) and

(10), and 
onsiderably redu
e L

P

: P

5

, P

6

and P

7L;R

be
ome proportional to the 
avour

o�-diagonal mass terms P

8L;R

with 
oeÆ
ients that 
an
el when the full theory is renor-

malized on shell

7

. Applying the EOM to P

1

, one obtains the four-quark operator

O

P

= �s


�

L

�

a

2

b

X

quarks

�q


�

�

a

2

q

(plus additional operators from gauge-�xing and ghosts, whi
h may be dropped a
-


ording to the dis
ussion of se
tion 2). Finally, P

3

and P

4

yield 
olor-magneti
 dipole

operators equal to P

2

(P

4

yields a
tually a di�erent 
hiral stru
ture if m

s

is not ne-

gle
ted).

After this redu
tion with the help of the EOM, P

2

� O

g

is the only operator whi
h


ontains a gluon �eld; and O

P

and O

g

are the only two operators remaining in L

P

.

Their 
oeÆ
ients




0

P

= �

g

2

s

16�

2




0

1

= �

g

2

s

16�

2

�

F

1

(x) +

1

9

�

;




0

g

= 


0

2

+ 


0

3

= �

1

2

�

F

2

(x)�

2

3

�

; (22)


an be expressed in terms of Inami-Lim fun
tions [27℄ from the �sbg-vertex [F

1

and F

2

, as

de�ned in appendix D, have no 
onstant terms for x! 0; hen
e the expli
it 
onstants

in (22), whi
h is irrelevant in all physi
al appli
ations be
ause of the GIM me
hanism℄.

Radiative de
ays require additional penguin diagrams with one, two or three photons


oupling to theW and to the unphysi
al Higgs inside the loop. (By 
hoosing a nonlinear

gauge for the ele
troweak se
tor on 
an avoid diagrams with a photon-W -Higgs 
oupling.

Otherwise, these give rise to additional operators [11℄ whi
h either vanish on shell, or

have 
oeÆ
ients that are independent of the internal quark mass and, therefore, 
an
el

by to the GIM me
hanism.) The resulting e�e
tive verti
es 
orrespond to four new

operators,

~

P

1

: : :

~

P

4

, whi
h are obtained from P

1

: : : P

4

by the repla
ements G

a

��

! F

��

,

�

a

2

! 1 and g

s

! e. Among their 
oeÆ
ients, only ~


0

1

has a logarithmi
 behavior,

~


0

1

�! �

4

9

`nx, while all others be
ome 
onstant for x �! 0. By applying the EOM to

~

P

1

: : :

~

P

4

(and to P

3

: : : P

7(L;R)

, whose 
ovariant derivatives in
lude, of 
ourse, also the

photon �eld) all lo
al verti
es for b ! g
 or b ! s

 are removed; the only operator

7

The on-shell renormalization 
onditions are equivalent to the requirement that all 
avour o�-

diagonal mass terms vanish already when the EOM are applied either only to �s or only to b.
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ontaining a photon �eld is O




�

~

P

2

and its 
oeÆ
ient is an other well-known Inami-Lim

fun
tion




0




= ~


0

2

+ ~


0

3

= �

1

2

(

~

F

2

(x)�

23

18

) : (23)

At order � �G

F

, additional penguin diagrams with Z-bosons (de
aying into leptons),

and W -box-diagrams arise. The resulting e�e
tive four-Fermi verti
es 
ouple �sb to

neutrinos, and to the ve
tor and axial 
urrent of the 
harged leptons. 


0




and the


oeÆ
ients of these semi-leptoni
 operators depend on the gauge that is 
hosen in the

ele
troweak se
tor. Of 
ourse, all (four-Fermi) operators that remain after applying the

EOM to

~

P

1

, have gauge-independent 
oeÆ
ients (see also refs. [27, 28℄).

L

P

turns out to be useful even for the treatment of diagrams with light internal

quarks. Negle
ting terms of order

q

2

M

2

W

� 1, where q

2


olle
tively denotes the external

momenta, one 
an always split the amplitude for a penguin diagram with an internal

quark i = u, 
, t into two pie
es:

A

(i)

=

X

k




0

k

(

m

2

i

M

2

W

) � hf jP

k

jbi

tree

+�A(

q

2

m

2

i

) : (24)

For the heavy internal top quark, only the �rst term, arising from the e�e
tive verti
es in

L

P

, is relevant. �A vanishes with powers of q

2

=m

2

i

for momenta small 
ompared to the

internal quark mass. For light internal quarks the 
oeÆ
ients in the �rst (lo
al) term are

evaluated at the appropriate value of m

2

i

, while the remaining momentum dependen
e

of the amplitude is 
ontained in �A (in
luding, for instan
e, threshold singularities in

q

2

=m

2

i

).

�A being the di�eren
e of the amplitudes at di�erent external momenta is worked

out most 
onveniently by using the four-Fermi approximation instead of the full W -

propagator; no UV divergen
e arises in �A and no renormalization is ne
essary. For

b! sq�q

8

�A(

q

2

m

2

i

) = �F

1

(

q

2

m

2

i

) � hsq�qjO

P

jbi

tree

(25)

di�ers from the lo
al part just by a momentum dependent form fa
tor �F

1

(see ap-

pendix D). In general, �A 
onsists of matrix elements of lo
al operators, some of whi
h

may have dimensions higher than six, multiplied by momentumdependent form fa
tors.

The de
omposition (24) is very 
onvenient for pro
esses like b ! sgg et
., where

the momentum dependen
e �A 
ontributes signi�
antly in large regions of phase spa
e

and, hen
e, 
an not be negle
ted. In the e�e
tive theory the momentum dependent

part �A is re
overed by loop-level matrix elements of e�e
tive four-Fermi operators.

8

Eqs. (24) and (25) should be 
ontrasted to the more 
ompli
ated result of ref. [29℄, whi
h keeps

terms of order q

2

=M

2

W

, but is not appli
able for large m

i

>

�M

W

. In (24) the Inami-Lim fun
tion from




0

P

gives always the 
orre
t mass dependen
e.
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However, due to their renormalization, the 
orresponden
e is not straightforward and

has to be 
lari�ed in order to in
orporate 
orre
tion fa
tors from short-distan
e QCD in

a systemati
 way. To this end, we take a 
loser look at the `mat
hing' 
onditions that

de�ne the 
oeÆ
ients of the operators in the e�e
tive Lagrangian.

3.2 Mat
hing of the e�e
tive Lagrangian

In addition to the verti
es from L

P

we 
onsider now the e�e
tive operators for the usual

W -ex
hange. Writing the e�e
tive Lagrangian as

L

e�

= 4

G

F

p

2

(V


b

V

�


s

L




+ V

ub

V

�

us

L

u

) ; (26)

we need to dis
uss only L




=

P

k




k

O

R

k

in the following; L

u

is simply obtained from L




by

repla
ing the 
harm �eld (and mass) everywhere in O

k

(and 


k

). In fa
t, sin
e V

ub

V

�

us

�

V


b

V

�


s

, one may negle
t L

u

in most phenomenologi
al appli
ations not 
on
erned with

CP violation. Note that all terms proportional to V

tb

V

�

ts

(from internal t-quarks) are

distributed to L




and L

u

via the unitarity of the CKM matrix.

The lo
al four-Fermi limit of the usual tree-level W -ex
hange, O

2

= �s

�




�

L


�

�

�


�




�

Lb

�

, mixes with the operator O

1

= �s

�




�

L


�

� �


�




�

Lb

�

with reversed 
olor stru
ture.

Both mix into further four-quark operators, O

3

: : : O

6

, whi
h 
arry various 
olor and 
hi-

ral stru
tures

9

, and are related to the penguin operator O

P

=

1

2

[O

4

+O

6

�

1

N

(O

3

+O

5

)℄.

At the two-loop level the four-quark operators mix into the 
olor-magneti
 moment

operator O

g

[19, 26℄.

A

ording to the dis
ussion of se
tion 2, all operators whi
h vanish by the EOM or


an be written as BRS variations are irrelevant in the present physi
al appli
ation (�rst

order in L

e�

!). In this sense, O

1

: : :O

6

and O

g

form a 
omplete set of the dimension-�ve

or -six operators for hadroni
 b! s transitions. In addition, O




, and the semi-leptoni


four-Fermi operators, and ele
tromagneti
 analogs of O

3

: : : O

6

have to be in
luded in

order to des
ribe radiative and semi-leptoni
 de
ays, or to take into a

ount mixing at

order �

QED

.

To obtain a systemati
 treatment of QCD 
orre
tions, the (yet unknown) 
oeÆ
ients

at � = M

W

are expanded in powers of g

2

s




i

(M

W

) � 


(0)

i

+ g

2

s




(1)

i

+ � � � :

Ele
tromagneti
 
ouplings are in
luded by rewriting e = g

s

�

e

g

s

and treating

e

g

s

as an

independent (running) parameter.

9

We are here not interested in the expli
it expressions for these operators; they 
an be found in

e.g. [20℄. Note, however, that the Fierz ordering of the operators should be kept �xed throughout all


al
ulations in d 6= 4 dimensions.
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If the operators are de�ned with appropriate fa
tors of 1=g

2

s

[26℄ they do not mix at

zeroth order and the expansion of the anomalous dimension matrix starts at order g

2

s




kl

� g

2

s

� 


(1)

kl

+ g

4

s

� 


(2)

kl

+ � � � :

The RG evolution (15) 
an be written as




i

(�) =

�

E

(LL)

ij

(�) + g

2

s

� E

(NLL)

ij

(�) + � � �

�




j

(M

W

) ;

where the evolution matri
es E sum up all orders of the produ
t �

s

� log(M

2

W

=�

2

). Sin
e

the logarithm may be large, this produ
t is not expanded in g

s

, but rather treated as

an independent parameter.

In leading-log (LL) approximation allO(g

2

s

) 
orre
tions are negle
ted, and the 


(0)

i

(M

W

)

are determined by the mat
hing 
ondition

A

full

(b! f)

!

= 


(0)

i

(M

W

) � hf jO

R

i

jbi

(0)

+ O(g

2

s

) : (27)

were the amplitude in the full theory, A

full

, and the matrix elements, hf jO

R

i

jbi

(0)

, have

to be evaluated to order g

0

s

(or to order g

s

if A

full

= O(g

s

), like for b! sg).

Using appropriate �nal states, (27) yields




(0)

2

= �1 ;




(0)

g

= 


0

g

(

m

2

t

M

2

W

)� 


0

g

(

m

2




M

2

W

) = �

1

2

F

2

(

m

2

t

M

2

W

) +O(

m

2




M

2

W

) ;




(0)




= 


0




(

m

2

t

M

2

W

)� 


0




(

m

2




M

2

W

) = �

1

2

~

F

2

(

m

2

t

M

2

W

) +O(

m

2




M

2

W

) ;

(28)

while all other 
oeÆ
ients are zero at � =M

W

.

Penguin 
ontributions are order �

s

in the full theory, and do in LL approximation

not enter the e�e
tive theory at � = M

W

. However, when evolving to � < M

W

, O

2

mixes into O

3

: : : O

6

(


(1)

23

= �

1

2N

2

3

1

8�

2

et
.), and if one expands their 
oeÆ
ients to

leading order in �

s

, they 
ombine to O

P

with the 
oeÆ
ient




P

(�) =

�

s

(�)

4�

�

2

3

`n

�

�

2

M

2

W

�

� 


(0)

2

(M

W

) + �

s

�O(1) +O(�

2

s

) : (29)

For three-body de
ays like b! sgg et
., and for CP-violating asymmetries in 
harged

B-de
ays, one-loop matrix elements of the e�e
tive operators are of basi
 interest be-


ause they give rise to signi�
ant momentum dependent 
ontributions [11℄ and to the


ru
ial absorptive phase of the amplitudes [10, 12, 30℄. As an example, we 
onsider the

matrix element

hsd

�

djO

R

2

jbi

(1)

= �

�

s

(�)

4�

"

�F

1

�

q

2

m

2




�

�

2

3

�

�

R

+ `n

m

2




�

2

�

#

� hsd

�

djO

P

jbi

(0)

; (30)
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whi
h 
orresponds to a penguin diagram with an internal 
-quark in the full theory.

Here, q

2

is the invariant mass of the d

�

d-pair and �

R

= 1 for naive dimensional regular-

ization with ms subtra
tion. The one-loop matrix element (30) di�ers from the pure

momentum dependen
e �F

1

of the full amplitude [see (25)℄ by additional terms, whi
h

originate from the renormalization. Eqs. (29) and (30) demonstrate how the RG evo-

lution from � = M

W

to � � m

b

moves the large logarithms from the matrix elements

into the 
oeÆ
ient fun
tions.

If the e�e
tive theory is mat
hed only with O(g

s

) pre
ision and if the RG evolution

is performed only in LL approximation, one 
an not expe
t that higher order e�e
ts, like

the O(�

s

) matrix element in (30), exa
tly reprodu
e the full theory. The appearan
e

of �

R


learly indi
ates some arbitrariness, be
ause it depends on the details of the

renormalization s
heme. On the other hand, the logarithmi
 mass dependen
e and the

proper momentum dependen
e is re
overed already at this stage: Combining (29) and

(30) yields for b! sd

�

d

A

e�

�

�

s

4�

"

O(1) �

2

3

`n

m

2




M

2

W

+�F

1

�

q

2

m

2




�

#

� hsd

�

djO

P

jbi

(0)

+ 


(0)

g

� hsd

�

djO

g

jbi ; (31)

whi
h is to be 
ompared with the full theory [see (24)℄

A

full

�

�

s

4�

"

F

1

�

m

2




M

2

W

�

� F

1

�

m

2

t

M

2

W

�

+�F

1

�

q

2

m

2




�

#

� hsd

�

djO

P

jbi

(0)

+ 


(0)

g

� hsd

�

djO

g

jbi : (32)

Re
alling F

1

(x) = �

2

3

`nx +O(x), the two expressions agree

10

within \logarithmi
 pre-


ision"; they di�er only by non-logarithmi
 terms of order �

s

� 1 and, of 
ourse, exhibit

the same momentum dependen
e.

To go beyond this pre
ision, one has to in
lude the O(g

2

s

) 
orre
tions in the initial

values of the 
oeÆ
ients and the RG evolution has to be performed in next-to-leading-

log (NLL) approximation. To this end, the 


(2)

kl

are needed to evaluate the evolution

matrix E

(NLL)

, and the 


(1)

i

(M

W

) are obtained by solving

A

full

(b! f)

!

= 


(0)

i

�

�

hf jO

R

i

jbi

(0)

+ g

2

s

� hf jO

R

i

jbi

(1)

�

+ g

2

s




(1)

i

�hf jO

R

i

jbi

(0)

+ O(g

4

s

) ; (33)

where A

full

and the matrix elements hf jO

R

i

jbi � hf jO

R

i

jbi

(0)

+ g

2

s

� hf jO

R

i

jbi

(1)

+ O(g

4

s

)

are needed to order g

2

s

[g

3

s

for A

full

= O(g

s

)℄.

For the penguin operators, O

3

: : : O

6

, whi
h arise at � = M

W

only in the 
ombination

O

P

, the NLL mat
hing 
ondition (33), 
ombined with (28) and (32), yields




(1)

P

(M

W

) =

�

s

(M

W

)

4�

"

F

1

(

m

2




M

2

W

)� F

1

(

m

2

t

M

2

W

) +

2

3

 

�

R

+ `n

m

2




M

2

W

!#

: (34)

10

m

2

t

=M

2

W

and 
onsequently `n m

2

t

=M

2

W

are 
onsidered as O(1); this is 
onsistent with the approx-

imation that the top and the W are integrated out at the same s
ale.
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Similarly, one determines the (s
heme dependent) O(�

s

) 
orre
tions to the 
oeÆ
ients

of O

1;2

(see ref. [20℄). Note that the logarithms in (30) and (34) 
ombine with �F

1

�

q

2

m

2

i

�

and F

1

�

m

2

i

M

2

W

�

, respe
tively (i = u; 
). Therefore, hsq�qjO

R

2

jbi

(1)

and 


(1)

P

(M

W

) remain

�nite in the limit of negligible internal quark masses (m

i

! 0).

Sin
e O

g

and O




do not mix into the four-quark operators O

1

: : :O

6

, one 
an 
on-

sistently restri
t a NLL analysis to this subset [20℄. At � 6= M

W

, the O(�

s

� 1) s
heme

dependen
e entering via the initial values of the 
oeÆ
ients [due to the renormalization

of the one-loop matrix elements hf jO

R

i

jbi

(1)

in (33)℄ is 
an
eled by the 
orresponding

s
heme dependen
e in E

(NLL)

(see Buras et al. [20℄ for a detailed analysis of this issue).

In de
ay modes, like b! sg; s
; sgg; sg
, et
., where tree-level and one-loop matrix

elements 
ontribute at the same (leading) order in g

s

, all divergen
ies in the one-loop

matrix elements of the four-Fermi operators 
an
el

11

, and therefore, no renormalization

s
heme dependen
e remains even in LL approximation. However, a NLL analysis would

be helpful to redu
e the �-dependen
e

12

of the physi
al results, whi
h is the more

pronoun
ed the larger the QCD 
orre
tions are relatively to the un
orre
ted results at

� = M

W

(e.g. in b! s
 [31℄). For the operators O

g

and O




, the O(g

3

s

) mat
hing (33)

requires the �nite parts of all 
orresponding two-loop graphs in the full theory, and the




(2)

kl

for k = 1 : : : 6 and l = g; 
 have to be determined from tree-loop diagrams. So

far, su
h a 
al
ulation has not yet been attempted and the mixing of the four-quark

operators into O

g

(O




) is 
arried out only with LL times g

s

(e) pre
ision [26℄.

4 Dis
ussion

In this paper we have studied the validity of the equations of motion within the frame-

work of an e�e
tive �eld theory des
ribed by a Lagrangian L

o

+ L

e�

, where the inter-

a
tions from L

o

(e.g. QCD or QED) are to be treated at arbitrary order and at the

loop level. We 
on
lude that, in fa
t, L

e�


an be rewritten by freely using the naive


lassi
al EOM (i.e. without gauge-�xing and ghost terms) derived from L

o

, provided

one 
onsiders only on-shell matrix elements at �rst order in L

e�

. In parti
ular, the

e�e
tive Lagrangian may be redu
ed by the EOM before (RG improved) short-distan
e

QCD 
orre
tions are evaluated.

Although this result is not surprising, the reasoning involves non-trivial ingredients,

11

In fa
t, this is readily seen with the help of the EOM: The 
ounterterms for e.g. hsggjO

2

jbi

(1)

are

proportional to the operator P

1

; the latter is equivalent to O

P

by the EOM and 
ontributes just to the

renormalization of matrix elements like (30).

12

By 
onstru
tion of the RG evolution, the �-dependen
e must 
an
el order by order in �

s

. However,

the RG evolution of the 
oeÆ
ients in
ludes all orders of �

s

times log, while the matrix elements are

evaluated only to order g

s

(g

3

s

) in LL (NLL) approximation.
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whi
h are in prin
iple well-known in a general 
ontext [5, 7℄. The essential steps have

been 
arried out expli
itly here: Besides renormalization e�e
ts for operators whi
h

vanish by the 
lassi
al EOM, we have investigated the relevan
e of the additional terms

in the 
orre
t EOM whi
h arise from the gauge-�xing and ghosts. The possibility of

dropping these terms is due to the fa
t that they appear in a 
ombination whi
h is the

BRS variation of some other operator; su
h operators do not mix into physi
al operators

during the RG evolution and their physi
al matrix elements vanish identi
ally.

On the other hand, when the e�e
tive intera
tions from L

e�

are to be used at higher

order, operators whi
h vanish by the 
lassi
al EOM do indeed lead to physi
al e�e
ts.

We have des
ribed an expli
it pro
edure to derive a redu
ed e�e
tive Lagrangian whi
h

is on-shell equivalent to the original one also beyond the linear order in L

e�

. In this

pro
edure an operator O

EOM

, whi
h vanishes by the 
lassi
al EOM, is repla
ed by suit-

able (physi
al) operators whi
h a

ount for all non-vanishing 
onta
t terms in Green's

fun
tions with multiple insertions of O

EOM

.

Sin
e the renormalization group evolution preserves the relations due to the EOM,

we note that, it is not ne
essary for the de�nition of an (`on-shell') e�e
tive theory

to spe
ify a \
anoni
al form" [2℄ of the set of operators: Although the mat
hing with

on-shell amplitudes determines only a 
lass of on-shell equivalent e�e
tive Lagrangians,

ea
h of them will yield the same physi
al results after the RG evolution to any other

s
ale.

The ghost operator, O

FP

, has also been dis
ussed by Grigjanis et al. [17℄. However,

there, O

FP

did not arise through the EOM but was introdu
ed by repla
ing the `penguin'

operator P

1

(� O

7

in the notation of ref. [17℄) through a 
ombination of P

1

and O

FP

.

This ad ho
 step was justi�ed by gauge invarian
e arguments [17, 32℄: Transversality

is demanded for the sum of the one-loop diagrams that renormalize O

7

, and O

FP

is

added in order to 
ompensate for a diagram where the two gluons from O

7


lose a loop

by emitting one (external) gluon via the three-gluon vertex of QCD. This reasoning

is not really 
ompelling sin
e only the 
ombination O

gf

+ O

FP

is BRS invariant (see

appendix A); in fa
t, the non-transversal terms in ref. [32℄ 
an be 
ompensated by


ounterterms whi
h 
ontain no ghosts but rather vanish by the EOM for the quarks.

Our dis
ussion shows that O

FP

arises in a natural way after the use of EOM (10) |

however, always in 
ombination with O

gf

.

The operator O

gf

was investigated by Eeg and Pi
ek [33℄. They 
laim that the 6qq

�

pie
e of the penguin subdiagram gives rise to double-log terms in the mixing of O

2

into O




, whereas su
h terms are not reprodu
ed in the e�e
tive Lagrangian approa
h

[19, 17℄. We re
all that the 6qq

�

pie
e 
orresponds to the operator O

gf

and note that

there exist no two-loop diagrams for b ! s
 where O

FP


ontributes. Thus, our result
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on
erning the absen
e of physi
al e�e
ts fromO

gf

+O

FP

implies that the 6qq

�

pie
es, and

the double-logs, in fa
t 
an
el for the sum of all diagrams at hand, see �g. 4. (Indeed,

this 
an be readily veri�ed by standard Ward-Takahashi identities for the gluon-quark

vertex.)

Besides the striking advantage of the EOM for 
al
ulations of short-distan
e QCD


orre
tions, we �nd the EOM to be parti
ularly useful to keep tra
k of the e�e
tive

(penguin indu
ed) 
ouplings that depend logarithmi
ally on the internal quark masses.

(Re
all that the weak GIM suppression of su
h terms is, for instan
e, responsible for

the amazing fa
t that a three-body de
ay like b ! sq�q has a larger bran
hing ratio

than the related two-body de
ay b ! sg.) In the e�e
tive 'penguin' Lagrangian, L

P

,

logarithmi
 
oeÆ
ients appear only for the operators P

1

and

~

P

1

, whi
h 
ontain the gluon

or photon �eld in the 
ombination D

�

G

��

a

or �

�

F

��

, respe
tively; via the EOM they

are equivalent to four-Fermi operators. Consequently, working at lowest order in G

F

and �

s

, the amplitudes for any b ! s transition, 
an re
eive `nx-terms (x = m

2

i

=M

2

W

)

only through 
ontributions from the lo
al four-Fermi operators �s


�

L

�

a

2

b � �q


�

�

a

2

q or

�s


�

Lb �

�

`


�

`. From this point of view, the 
ru
ial | but easily missed | 
an
ellations

of the `nx-terms in b! sgg et
. [11℄ be
ome rather obvious.

The distin
tion between lo
al and momentum dependent parts of the amplitudes,

whi
h is 
onvenient for purely 
al
ulational reasons in the full theory, arises in a natural

way in the e�e
tive theory: There, the two parts originate from tree-level and one-

loop matrix elements of the e�e
tive Lagrangian, respe
tively, and re
eive in general

di�erent 
orre
tions when short-distan
e QCD e�e
ts are in
luded. Some pro
esses,

like b! sq�q, have 
ontributions from O(1) tree-level matrix elements (of lo
al penguin

operators) and from O(�

s

) one-loop matrix elements (of usual four-Fermi operators).

A systemati
 and unambiguous treatment of both kinds of matrix elements requires

the use of the next-to-leading results for the QCD-
orre
tions. If only leading-log QCD


orre
tions are in
luded, the real parts of the amplitudes 
an be re
overed only up

to renormalization s
heme dependent 
onstants (whi
h, of 
ourse, do not a�e
t the

imaginary parts). A
tually, taking the `leading-log' approximation literally, one 
an (or

should) drop the one-loop matrix elements for b ! sq�q entirely, and 
onsequently, all

CP asymmetries be
ome zero [15℄. In other de
ay modes, like b ! s
; sg; sg
, et
.,

no renormalization s
heme dependen
e remains even in LL approximation, but a NLL

analysis would be desirable to redu
e the �-dependen
e of the results.
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Appendi
es

Appendix A: Gauge-�xing and ghosts

In the ba
kground �eld formalism, the gauge �eld is de
omposed into a ba
kground �eld

B

a

�

and the `quantum �eld' A

a

�

. The Lagrangian derives from the usual Yang-Mills and

matter Lagrangian by repla
ing the gauge-�eld by B

a

�

+A

a

�

. To �x the gauge, one adds

L

gf

= �

1

2�

(D

ab

�

[B℄A

�

b

)

2

; (A.1)

where we de�ne, for general V

a

�

and �

a

,

D

ab

�

[V ℄ �

b

� �

�

�

a

+ gf

ab


V

b

�

�




:

The resulting ghost Lagrangian is

L

FP

= ��

a

D

ab

�

[B℄D

�

b


[B +A℄ �




; (A.2)

and the 
orresponding 
urrents on the r.h.s. of (5) be
ome

(J

gf

)

�

a

= �

1

�

D

�

ab

[B℄D

�

b


[B℄A




�

; and (J

FP

)

�

a

= �g

s

f

ab


(D

�

bd

[B℄ ��

d

)�




:

The theory is invariant under the following BRS transformations

ÆA

a

�

= D

ab

�

[B +A℄ �

b

;

ÆB

a

�

= 0 ;

Æ�

a

=

g

2

f

ab


�

b

�




;

Æ��

a

= �

1

�

D

�

ab

[B℄A

b

�

; (A.3)

Æ	 = ig

�

a

2

	 �

a

;

Æ	 = �ig	

�

a

2

�

a

:

For any Q

a

�

, whi
h transforms as ÆQ

a

�

= gf

ab


Q

b

�

�




, the operator Q

a

�

� (J

gf

+ J

FP

)

�

a


an

be written as a BRS variation

Q

�

a

� (J

gf

+ J

FP

)

a

�

= Æ

�

�Q

�

a

�D

ab

�

[B℄ ��

b

�

:

Sin
e the 
urrents transform as

Æ (J

FP

)

�

a

= gf

ab


(J

gf

+ J

FP

)

�

b

�




;

Æ (J

gf

)

�

a

= �

1

�

D

�

ab

[B℄D

�

b


[B℄D


d

�

[B +A℄ �

d

;
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the BRS variation of Q

a

�

� (J

gf

+ J

FP

)

�

a

(and of J

gf

) vanishes upon using the EOM for

the ghosts

D

�

ab

[B℄D

b


�

[B +A℄ �




= 0 : (A.4)

To obtain the 
orresponding expressions in a usual 
ovariant gauge, one simply sets

B

a

�

= 0 everywhere in the above formulae.

Appendix B: Renormalization at higher order in L

e�

The non-linear sour
e renormalization (see ref. [6℄ for more details) provides a 
on
eptu-

ally simple method for the renormalization of Green's fun
tions with multiple insertions

of 
omposite operators. The generating fun
tional

W = `og

Z

D� exp i

Z

(L

o

+ J

B

0

� + J

B

i

O

i

)dx ;

in
ludes sour
es for the elementary �elds and for all 
omposite operators (in
luding

the unity-operator). The bare sour
es, J

B

i

� S

i

[J

R

1

; : : :℄, are general fun
tions of the

renormalized sour
es, J

R

i

(x), and their derivatives. Renormalized (respe
tively bare)

Green's fun
tions with insertions of the O

i

are given by fun
tional derivatives of W

with respe
t to the renormalized (bare) sour
es.

The bare sour
es have an expansion

S

i

[J

R

1

; : : :℄ =

�

J

R

l

+ L

jkl

mn

�

m

J

R

j

�

n

J

R

k

+O

�

(J

R

)

3

�� h

�

�D

^

Z

i

li

; (B.1)

where the L

jkl

mn

are power series of poles in � with residues that depend on the 
ouplings

of L

o

only; and �

m

is a 
ondensed notation for possible 
oordinate derivatives, e.g.

�

0

= 1, �

�

1

�

2

= �

2

=�x

�

1

�x

�

2

, et
. The diagonal matrix �

�D


ontains powers of �

�

whi
h are needed to leave the mass dimensions of the J

R

i

�-independent and to keep

^

Z

dimensionless. The matrix of renormalization 
onstants, Z � �

�D

^

Z, is the same as in

(13) and provides only the renormalization of Green's fun
tions with a single insertion

of an O

i

.

To evaluate amplitudes at higher order in L

e�

�

P

g

B

i

O

i

, only Green's fun
tions

integrated over the 
oordinates of the insertions of L

e�

are needed. Therefore, the g

B

i


an be viewed as additional 
ouplings in the a
tion and their (bare) values follow from

(B.1):

g

B

i

� G

i

(g

R

1

; : : : ; �) = S

i

[g

R

1

; : : :℄ :

Sin
e the g

R

i

are 
oordinate independent, only the non-derivative terms (m = n = 0)

from eq. (B.1) 
ontribute in G

i

. The �-dependen
e of the g

R

i

is governed by the beta

fun
tions

�

i

� �

dg

R

i

d�

�

�

�

�

�

g

B

j

=
onst:

= �

"

�G

�g

R

#

�1

ij

�

�G

j

��

:
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On the other hand, the RG equation for the (generating fun
tional of) the Green's

fun
tions

 

�

�

��

+ �

�

�g

R

o

+ 
J

R

0

Æ

ÆJ

R

0

+ 


i

[J

R

1

; : : :℄

Æ

ÆJ

R

i

!

W = 0 ;

requires also the knowledge of the derivative terms of eq. (B.1) for the `anomalous

dimension fun
tions'




i

[J

R

1

(x); : : :℄ � �

d

d�

S

i

[J

R

1

(x); : : :℄ :

Of 
ourse, at �rst order in the g

R

i

, the beta fun
tions of the e�e
tive 
ouplings are

related to the anomalous dimension matrix (14),

�

i

= �


ij

g

R

j

+O

�

(g

R

)

2

�

;

and the �-dependen
e of the \
oeÆ
ients fun
tions", 


i

(�), of eq. (15) is equivalent

to the running of the e�e
tive 
ouplings, �g

i

= 


i

(�) + O

�

(g

R

)

2

�

, governed by the RG

equation

 

�

�

��

+ �

�

�g

R

o

+ �

i

�

�g

R

i

!

�g

j

(�; g

R

o

; g

R

1

; : : :) = 0 :

Appendix C: Penguin operators

The operators P

1

: : : P

8L

, as de�ned in (21), are linearly independent when ignoring

relations due to the EOM. In fa
t, together with the analogous operators having opposite


hirality and with the various four-quark operators, they form a 
omplete set of gauge

invariant dimension �ve and six operators for hadroni
 b! s transitions.

The linear independen
e is readily veri�ed from the Feynman-rules, whi
h we shall

list here for the b(k) ! s(k) self-energy, written as

i

4�

2

G

F

p

2

�(k), and for the 1PI vertex

for b(p) ! s(p

0

) + g(�

�

a

; q), whi
h we write as

ig

s

4�

2

G

F

p

2

�

�

(p; p

0

; q)

�

a

2

�

�

a

. The 
ontributions

to � and �

�

from the various operators are:

P

i

�(k) �

�

(p; p

0

; q)

P

1

0 (�q

2




�

+ 6qq

�

)L

P

2

0 �2i�

��

q

�

(m

b

R +m

s

L)

P

3

0 2

h

(p

2

+ p

02

) 


�

� 6pp

�

� 6pp

0

�

� 6p

0

p

�

� 6p

0

p

0

�

+ 2 6p

0




�

6p

i

L

P

4

0 2

h

(�p

2

+ p

02

) 


�

+ 6pp

�

+ 6pp

0

�

� 6p

0

p

�

� 6p

0

p

0

�

i

L

P

5

�k

2

6kL (�p

2




�

� p

02




�

� 6p

0




�

6p)L

P

6

�k

2

(m

b

R +m

s

L) (�


�

6p � 6p

0




�

) (m

b

R+m

s

L)

P

7R

M

2

W

6kR M

2

W




�

R

P

8R

M

2

W

m

b

R 0
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The form fa
tors, whi
h enter in a general de
omposition of � and �

�

,

�(k) =

�




0

M

2

W

+ 


1

k

2

�

m

s

L+

�

d

0

M

2

W

+ d

1

k

2

�

m

b

R

+

�

e

0

M

2

W

+ e

1

k

2

�

6kL+

�

f

0

M

2

W

+ f

1

k

2

�

6kR ; (C.1)

�

�

(p; p

0

; q) =

h�

g

00

M

2

W

+ g

01

q

2

+ g

02

p

2

+ g

03

p

02

�




�

+ g

1

6pp

�

+ g

2

6pp

0

�

+ g

3

6p

0

p

�

+ g

4

6p

0

p

0

�

+ g

5

6p

0




�

6p

i

� L

+

�

g

6




�

6p+ g

7

6p

0




�

+ g

8

p

�

+ g
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an be found in ref. [11℄. They satisfy relations due to Ward-Takahashi identities,
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and due to the symmetry in p and p

0

(up to order m
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The remaining form fa
tors are in one-to-one 
orresponden
e with the 
oeÆ
ient fun
-

tions 
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The relations for photoni
 operators are similar: The 1PI vertex for b(p) ! s(p

0

) +


(�

�

; q), written in the form

ie

4�
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G

F
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are obtained by repla
ing 
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g

j

in (C.4) by ~


0

i

and ~g

j

, where the latter are also given in [11℄.

Appendix D: Inami-Lim fun
tions

For on-shell quarks (but o�-shell gluon) the �sbg-vertex has only two independent form

fa
tors, the Inami-Lim fun
tions F

1

and F

2

[27℄:
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After applying the EOM to the e�e
tive verti
es in L

P

, all 
oeÆ
ients 
an be expressed

in terms of F

1

and F

2

; their expli
it expressions and the limits for x �! 0 and x �! 1
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are as follows (� �
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For the �sb
-vertex F
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in (D.1). The magneti
 moment,
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depends on the gauge in the ele
troweak se
tor, but 
ombines| via the EOM| with

the 
oeÆ
ients of the semi-leptoni
 four-Fermi operators to a gauge-invariant expression

[27, 28℄.

The form fa
tor of the momentum dependent part of the amplitude for b! sq�q [see

(25), (30)℄ is given by

�F

1

(z) = �4

Z

1

0

u(1� u)`n [1 � zu(1� u)℄ du

=

2

3

�

5

3

+

4

z

+ (1 +

2

z

)R(z)

�

; (D.5)

where, setting r �

q

j1� 4=zj,
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Figure Captions

Fig. 1: Subdiagrams with insertions of O

EOM

of (9). The 
rossed blob 
 denotes O

0

,

and the hat
hed ones represent the two- and three-gluon pie
es of D

�

G

��

. The dots

indi
ate further �elds in Q.

Fig. 2: Diagrams whi
h, in prin
iple, may generate one-loop mixing of O

gf

+O

FP

into

four-quark operators, or to �nite 
ontributions to the matrix element for b! sq�q.

Fig. 3: Diagrams for the mixing of O

gf

� 6qq

�

into O




. The 
ross � indi
ates the

various pla
es where the gluon from O

gf

has to be atta
hed to.
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