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Abstract

Nuclearity, Split-Property and Duality are established for the nets
of von Neumann algebras associated with the representations of dis-
tinguished states of the massive Klein-Gordon field propagating in
particular classes of curved spacetimes.

1 Introduction

In this letter we continue to investigate further the algebraic structure of the
Klein-Gordon field propagating in {certain) globally hyperbolic spacetimes
and to establish, for a distinguished class of states, most of the properties
known for this field theoretical model to hold in Minkowski spacetime. More
precisely, we prove the p—nuclearity (“Condition Ny” or, equivalently, “Con-
dition N1” in [8]) for the net of von Neumann algebras associated with the
cyclic representation of the canonical vacuum state on the Weyl-algebra of

*supported by the DFG
te-mail: i02ver@dhhdesyJ.bitnet

the free, neutral, massive Klein-Gordon field (KG-field, for short) propagat-
ing in an ultrastatic spacetime of dimension n > 2. Using this result in
combination with the Reeh-Schlieder theorem for such canonical vacua [26],
we obtain the split-property for the afforementioned net of von Neumann
algebras. For n = 4, we can strengthen this result in that we derive the split-
property for the nets of von Neumann algebras associated with quasifree
Hadamard states of the KG-field propagating in arbitrary globally hyper-
bolic spacetimes. Finally, for the ultrastatic situation we gain duality in all
irreducible representations of the quasilocal algebra of the KG-field which
are locally normal to the canonical vacuum representation.

These results show that the nets of von Neumann algebras associated with
the cyclic representations of the states of the said type of the KG-field have
“nice” properties which are desirable if the states are to describe reasonable
physics. This applies in particular to the nuclearity condition, which can
be interpreted as saying that the theory has a phase-space behaviour which
entails reasonable thermal properties and a particle interpretation (see the
articles [6-9] for further discussion). The nuclearity condition also entails the
split property which expresses a strong form of statistical independence. See
9] for further discussion on this point and also [24] for a review.

From our results about the ultrastatic vacuum & in sections 3 and 4
it follows that for regions O, C O with intOf # @ the maps an,,o., A
Alo/:AQ; (A € R5(0,)), where Ag, is the modular operator corresponding to
R(Oy), g, are p-nuclear for each p > 0 (see [5]). As remarked in [5,11), the
conditions of “modular nuclearity” (in terms of the maps Eho,,a..) appear to be
the appropriate generalizations of “energy nuclearity” (in terms of the maps
=p,0 introduced in section 3, respectively the maps 3 introduced in section 4) -
to nets of von Neumann algebras over generic spacetimes. It is worth noting
that, if the algebras R, (D), R.(Oy) are factors for quasifree Hadamard
states w of the Klein-Gordon field in arbitrary globally hyperbolic spacetimes,
then their split-inclusion implies that the map E?Dl.ob is compact. (The said
factoriality is proved for the ultrastatic situation [25]. It is conceivable but
not yet proved that it holds generaily.) We refer to {5,1I] for further discussion
on modular nuclearity.



2 The KG- ﬁeld in globally hyperbolic space-
times

Let (M, g) be a globally hyperbolic spacetime of dimension n > 2. If @ is a
subset of M, define J*(O) := set of all points p in M which can be reached
by future(+)/past(-) -directed causal curves .emanating from O, J(O) =
JT(O) U J~(0), D¥(O) := set of all points p € JE(O) such that every
past{+)/future(-) -inextendible curve sta.rtmg at p passes through O, and
D(O) .= D*O)U D (0). As (M,g) is globally hyperbolic, it possesses
a smooth foliation into Cauchy-surfaces. There are situations where such
a foliation admits a special form: Let (M,~) be a d-dimensional, complete
Riemannian manifold. If (M, g} can be realized as M = R x M and ¢ =
dt?* @ (—v) (i. e. for a coordinate chart (t,p) (t,z'(p)) on a coordinate
patch for M, the coordinate expression for ¢ is equal to .dt? — 4,;dz'dz/, then
(M,g) is called the n = d + 1 -dimensional ultrastatic spacetime foliated
by (M,), and the family M(t) := {t} x M, t € R, constitutes a smooth
foliation of M into Cauchy-surfaces, called the natural foliation (see [3,21)
for further discussion of spacetime geometry). The Klein-Gordon equation
(KG-eqn) on a globally hyperbolic spacetime takes the form

(VVatm?)p =10 (1)

where V is the Levi-Civita connection of the metric ¢ and m > 0 is a fixed
constant. Notice that in the case where (M, g) is the ultrastatic spacetime
foliated by some complete Riemannian manifold (M, v), we have

62 .
VoVa = g — Ay 2)

where A, is the Laplace-Beltrami operator for (M,v) and ¢ is the “time-
parameter” of the natural foliation. '

If (M, g) is globally hyperbolic, then the Cauchy-problem for (1) is well-
posed and the set of solutions of (1) may be identified with the set of its
Cauchy-data on an arbitrarily given Cauchy-surface, C; in the simplest case,
the set of Cauchy-data D¢ on C may be taken as

Dc := C°(C,R) © C5°(C, R) 3)

and equipped with the symplectic form
c(to @ uy,vo B vy) 1= L(uovl — vouy } doc {4)

where dog¢ is the metric-induced measure on C.  One can form the Weyl-
algebra A[De, é¢] corresponding to Cauchy-data of solutions of (1), and ob-
serving that the propagation according to (1) of Cauchy-data from a Cauchy-
surface C; to another one, C3, is a symplectomorphism between the (Dc,, éc,) ,
¢ = 1,2, the Weyl-algebras associated with Cauchy-data on different Cauchy-
surfaces can be canonically identified. Therefore A[De, 8¢] with € an arbi-
trary Cauchy-surface, may be referred to as the Weyl-algebra of the (mass

-m) Klein-Gordon (KG) -field in (M, g), and denoted by Akq.

The most important thing for readers desiring to proceed is to digest the
following

Notational Conventions

nota 1. If C is a Cauchy-surface, then C,, Cy, Cy,... etc., will denote ar-
bitrary (nonvoid) open subsets of ¢ with compact closure, and Cba . etc.,
will stand for C\C,.

rote 2. In the notation of nota I, we write
O == int(D(Cy)), ete.;

and

Of = int(M\J(D,)), etc,;
notice that Of = int(D(C;)).

note 8. If w is a state on some C*-algebra A, then (fu,'n’w, w) w111 a.lways
denote the GNS-representation of w. For A(O) C A, we write

Ru(0) = 7.(A(0))".
If C is some Cauchy-surface for (M, g), one obtains the symplectic subspaces

(Dc,, bc,) of (D¢, éc) (nota I) by defining the objects carrying a b in the same
manner as those without a b. Bearing in mind the canonical identification
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of Weyl-algebras of Cauchy-data on different Cauchy-surfaces, one can show
that setting (nota 1,2) _
' A(Dy) := A[Dg,, 6} (5)

{and considering .A[Dg,, éc,] as a sub-Weyl-algebra of A[D¢, §c]) gives rise to
an isotonous, causal (or local) and primitively causal net © — A(®) C Axg
of C*-algebras indexed by the open, relatively compact subsets O of M (the
just sketched construction is carried out in detail, with all proofs, in [11]).

If (M, g) is the ultrastatic spacetime foliated by (M,~), with natural
foliation M(t), ¢ € R, we have the natural time-translations 7 : (¢,p) —
(t + t',p); they are isometries of the spacetime and hence induce symplec-
tomorphism-groups on the symplectic spaces (Das(s,), Sm(s)) for any o, and
whence give rise to an automorphism group oy on Age.

Given a complex Hilbert-space H, we introduce for each x € H the

~ unitary operator
WF(x) := expli(at(x) + alx))] (6)
on F,(H), the symmetric Fock-space over H; a* and a are the usual creation
and annihilation operators, respectively. For £ a real-linear subspace of X,
we shall write '
W(L) == {WF(x) Ix e £}". (7
Now let Ak be represented as A[Dg, 8] for some Cauchy-surface C in the
globally hyperbolic spacetime (M, g). A quasifree state w on A[Dg¢, 8] is
characterized by a one-particle Hilbert-space structure (k,H), where H is
a complex Hilbert-space and k : D¢ — H is a real-linear injective map
satisfying Im(ku, kv)s = 28:(u,v) for all u,v € D¢ and giving rise to an
assignment (nota 1,2)

D¢, = k(De,) =: L(O,) CH. (8
In terms of this assignment one finds that one obtains
Ru(O) = W(L(D))); (9)

in this notation one has that F, = F,(H) and @, = OF = Fock-vacuum
(see [1,19] and references cited in [19] for a more detailed discussion of these
constructions).

Now consider a d-dimensional complete Riemannian manifold (M,~) with
Laplace-Beltrami operator A, and metric-induced measure v, then for fixed
m > 0 the operator

— Ayt m? s CE(M, C) — La(M, ) (10)
is essentially selfadjoint [10] and we denote its closure by A. Let (M, g) be
the ultrastatic spacetime foliated by (M,~) and M(t), ¢ € R the canonical
foliation. For each ¢ € R, define a quasifree state w' on A[Dyps, bpr(y] by
setting its one-particle Hilbert-space structure (kf, H*) to be H* := LL(M, v,)
and

K (o @ 1) = \%(A‘lﬂuo Ay (11)

for all up @ u1 € Dpy. One can show that w' is pure and invariant under
the time-translations ay on Akg; in fact, it is the unique quasifree state on
Axc which is a ground state for the time-translations [17,18], so we may
actually drop the {—dependence and denote w' (¢ arbitrary) simply by &
and refer to it as the canonical vacuum state on the Weyl-algebra of the
(mass m) KG-field in the ultrastatic spacetime (M, g). Notice that ay is
in the GNS-representation of & implemented by a unitary group Up = e*'#
where the Hamiltonian H = dI'(5) is the second quantization of the one-
particle Hamiltonian n = AY2. There is a distinguished conjugation J on
the one-particle Hilbert-space L%(M,r,) which commutes with 5, namely

(Jf)(q) = f(q).

. Having summarized the necessary material about the KG-field in curved
spacetimes, we turn to the discussion of the nuclearity condition.

3 Nuclearity

In order to formulate the nuclearity condition (p—nuclearity), suppose that
we are given a theory.in the form of an isotonous, causal net of von Neumann
algebras O + R{O) acting on some Hilbert-space F indexed by open, rel-
atively compact regions O of some (n—dimensional) spacetime (M, g), and
that H is the Hamiltonian of the theory. Further suppose that 2 € F is the
unique vector representing the vacuum, and consider for § > 0 the maps
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defined by ,
: Eﬁ'o(X) = e_'GHXET*ﬂH VXe R(O) : (13)

The condition of p—nuclearity in this situation is

Condition N* (cf. [8]). The maps Zg,0 are p—nuclear for all p > 0 and any
open, relatively compact region O for suﬁiczently large B > 0 (which may
depend on © and p).

Recall tha.t. a linear map ¢ : E — F between Banach-spaces is called p-
nuclear if there exist sequences ¢; € E*, F; € F such that
o=

in the sense of strong convergence and
0l = inf (S lledPlEF) < oo (15)
t

where the infimum is taken over all pairs of e;, F; complying with (14).
Two things should be realized. (1) If a map is p—nuclear for some p > 0
then it is p'—nuclear for every p’ > p. (2) If 550 is p—nuclear, then = Epg i
p—nuclear for all regions @ C O. So when proving Condition V!, it suffices
to check the p—nuclearity of the maps 250 where the Os are taken from
a family of spacetime regiong exhaustmg every compact subregion of the

spacetime.
Now let @ be the ca.nomcal vacuum state on the Weyl- algebra Agq of the

KG-field in the n = d+ 1 —dimensional ultrastatic spacetime (M, g) foliated
by the d-—dimensional complete Riemannian manifold (M, ).

Proposition 1. The p-nuclearity condition NV holds for the canonical vac-
wum @. This means that, if H = d[(AY?) is. the generator of the time-
translations in Fz, and O an open, relatively compact subset of M, there is
for each p > 0.a B > 0 such that the map

. EpoiRg(0) — B(F;)
Epo(X) =e X PH | ¥ X € R:(O)

7

is p-nuclear.

Proof. Let tg € R arbitrary and set C := M(t;), then it suffices to prove the
p—nuclearity, for suitable # > 0, for all the maps Sg,0, (nota 1,2). Here we
have the situation that (cf. (9)) Rz(0,) = W(L£(0,)). Denote by £, and L,
the closures of the complez linear hulls of (1 4+ J)L(O,) and (1 — J)L(©),),
respectively, and by E, and E, their corresponding orthogonal projectors in
Li(M,v,). Then deﬁne the operators

Sw = E@A-]Me_(ﬁ/z)Aln 3 S?r = El‘qr/‘1-]"Me_(ﬁ/z“l”2 (16)

Now we are in the posmon to make use of a cnterlon derived by Buchholz

. and Porrmann:

Lemma 2. (cf. Lemma 3.4 in [8]) If S, and Sy are p-nuclear for some
0 <p <1 and some 8 > 0, then there exists a §' > 0 such that Zg o, is
p-nuclear.

So.by the Lemma it suffices to show that for all 8. > 0, S, and §, are
p—nuclear. We present the arguments showing this for S, those for 5, are
strictly analogous. S, is p—nuclear (p > 0) iff |S,|? is trace-class. The aim
is therefore to prove t.ha.t S, can be written as a product of arbitrarily many
Hilbert-Schmidt operators, and hence as a product of arbitrarily many trace-
class operators, entailing p—nuclearity for all p > 0. It is a tedious but fairly
straightforward task to prove that given x € C(M (to) C) and k € N, we
have

145 Ge)llze < CliA*||1a _ (17)

for-all ¥ € dom(A*) and some siuitably chosen € > 0. - This entails in
particular that A*yA=* and A~*yA* are bounded. Also for each § >0
and s € R, xA® maps C§?(M(t), C) into C°(supp(x), C), and yAe=p4'"*
maps LZ(M(to),v,) into C§°(supp(x), C) (cf. [27]). Now let # € N and an
arbitrary set of positive integers ry,...,r, be given. Then we may write

So = EgATAXATMRATXATIR - AT x AT ATeem AR 14y

where x and ¥ are arbitrary smooth, positive fuhctions on M (o) with com-
pact support and such that x =1 on C,, and X = 1 on supp(x). To see this,
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observe that from the definition of £, one obtains that on dom( AY%)
E«p = EvA—ll*lXaAl/‘! )
for any positive number s. So we have (assuming s > 1)

B, A" MemGIAE o g-1fa (G
E,A VA s N e—‘(éjz)Allﬂ
= B ATV AT R ATy e 1A

since A™ maps CP(supp(x), C) into itself. Proceeding in this manner with
the insertion of unit operators of the form A7 A" and adjusting the choice
of s to s = 1, we obtain the equation (18). A~ is bounded for all A > 0,
so in order to show that S, can be written as a product of arbitrarily many
Hilbert-Schmidt operators, we need only show that given an integer r; > 0,
the operator A% y A~7+1¥ is Hilbert-Schmidt if the integer ;41 is sufficiently
larger than r;, and that for 8 > 0, r,,.> 0 arbitrary, Amee (Al DAY s bounded.
The latter is obvious from the positivity of A. Since A"y A™"/ is bounded as
remarked above, it suffices to show that A=*% is Hilbert-Schmidt for p > 0
large enough and ¥ € Cg°(M (%), [0, oo)) This in turn amounts to showing
that ¥A~2¢¥ is trace-class. As argued in section IV of [27], it can be seen
from the Hadamard-expansion of the heat kernel A P r>0 that A~ % s
given by an everywhere continuous integral kernel provided that p > 0is large
enough. (One needs p > d, the dimension of M.) Then the positive operator
$A~%% is given by a continuous integral kernel with compact support and
hence is of trace-class, by a generalization of Merder s theorem (see section
10.3 in [16]). This completes the proof. O

4 Split Property

Consider for the canonical vacuum state & and for a fixed region O, as before
the maps
05(X) :=ePHXQ; (B>0) : (19)

taking elements of R5(0,) = W(L((})) to elements of the GNS- Hilbertspace
Fo = F(LE(M,v,)), where H = dI'(A}/?), as above. These maps satisfy a

trace-norm bound, i. e. (with |{.||, denoting the trace-norm (15))
l65]1x < /™" (8> 0) (20)
for some positive Bo, k, if the maps
Ty(B) = Ege 4", 7,(8) = Ere A" (21)
satisly some trace-norm bound of the form . ' |
7B < CB7™ (6>0) (22)

for some suitable constants C\,, £, > 0, and similarly for ¢ — #: This follows
from the results of [6]. Using the same methods which in the last section led
to the p-nuclearity of the maps S, and S, it is easily shown that there are a
fixed trace-class operator J,, on LC(M {to), ) a.nd bounded opera.tors B,(B)

with _
w(ﬁ):. «Bo(0) (ﬁ>0) ' (23)

such that, with some &, > 0

ITu(B)]h < Hrollsl|Bo(B)] < QI A%~ (24)

for all 8 > 0. This entails the estimate (22). Replacing ¢ by x we find a
similar estimate. Thus we have the trace-norm bound (20).
Recall the time-translations in our ultrastatic spacetime M = R x M,

2 (to, p) m (to + ', )

Given £y € R and setting C = M(to) as above, one easily finds that for any
two Gy, Cy (nota 1) with G, C C; and nonvoid Cf there is some § > 0 such that

(nota 2) Tu(Oy) C Oy for [¢'] < é. For av, the action on Akg induced by v,
we then get .

w(AO) CAG) (H1<8). . - (25)
It Uy is the unitary group implementing ay in the GNS-representatmn of &,
we thus have .

VRO € Re(O)) (It] < 6). (2)

This means, since we have the trace-norm bound (20), and since the GNS-
vacuum {3 is cyclic and separating for algebras of the type R(Os) (cf. [26])
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that we can apply Thm. 17.1.4 in [2] (the original references are [4] and [9])
to obtain that there is a type I -factor N acting on the GNS-Hilbert-space
of & such that we have split-inclusion, :

R5(Os) CN CR(Oy). (27)
Therefore, we have proved the following .

Proposition 3. Let M(t), t € R, be the canonical foliation of then ='d+1 -
dimensional ultrastatic spacetime (M, g) foliated by the d-dimensional com-
plete Riemannian manifold (M,7). For C = M(to) (to € R arbditrary), let
C, CCyand Cf # B. Then there is a type [ -factor N acting on &’s GNS-
Hilbert-space such that we have the split-inclusion .

Ro(Oy) CN C R (D). o (28) -

If the spacetime-dimension is n = 4, we have that all quasifree Hadamard
states (see [19] for a definition) induce cyclic representations of Axg which
are locally quasiequivalent to 73 (cf. [25]). Whence we have the split-property
(28) also if we replace & by any quasifree Hadamard state w.

Below, we shall generalize this result to quasifree Hadamard stales of the
(massive) KG-field in arbitrary, not necessarily ultrastatic, globally hyper-
bolic spacetimes (of dimension n = 4). Before doing that, we exploit the
results hitherto obtained a little further. If O is “regularly shaped”, by
which we mean that the boundary of Cy is contained in the union of finitely
many smooth, d — 1 -dimensional submanifolds of M(%o), then we have in
the situation of Proposition 3 that R..(C) is a factor, and for all p € M,
Nosp Ru(©) = C1 by the results of sections 4 and 6 and Appendix E in [25]).
(These results do not depend on the dimension d.) If it were true that & has

a scaling Jimit at every spacetime point in the sense of [28] or section 16.2.4 in

[2}, then theorem 16.2.18 in [2], or the results of [28], imply that Ru(Oy) are
type I11, -factors provided that Oy is small enough. It then follows from the
split-property that the algebras R, (Oy) are hyperfinite and thus isomorphic
to the unique hyperfinite type I1I; -factor.

We are unaware of a proof that & has a scaling limit at every space-
time point in arbitrary spacetime dimension. But if the spacetime-dimension
n =d+1 is equal to 4, @ is even an Hadamard state, as proved in [14,19].
We thus have the following result:’

11

Corollary 4. In the notation of Proposition 3, let n = d+ 1 = 4. For
every quasifree Hadamard state w (resp., any state which is locally normal to
@) and sufficiently small, regularly shaped Oy, R.(O}) is isomorphic to the
unique hyperfinite type 111, -factor. O '

(It should be possible to establish this result along the lines indicated in
arbitrary spacetime dimensions.) ' '

Next, we shall generalize the split-property for quasifree Hadamard states .
to the case of an arbitrary globally hyperbolic spacetime.

" Proposition 5. Let (M, g) be a four-dimensional globally hyperbolic space-

time, C a Cauchy-surface for (M,g), and (nota 1) C, C Cy with Cj # 0. If
w is any quasifree Hadamard state on the Weyl-algebra Axg of the massive
KG-field in (M, g), then we have the split-inclusion

Ru(0y) CN CRUAOY) (29)
with a suitable type I -factor N acting on the GNS-Hilbert-space of w.

Proof. Given (M, g) and C, it will be shown below that there is a glob-
ally hyperbolic spactime (M, §) with the following properties:

(i) A n_gighbdurhood UofC in M is isometrically isomorphic to a neighbour-
hood U of a Cauchy-surface C in M, and the isometry is also an isometry
between C and C. ' :

(ii) (M,§) coincides to the past of a Cauchy-surface § in M with the-
(—o0,7) x C -part (for some 7 < 0) of the ultrastatic spacetime foliated

by some complete Riemannian 3-manifold (é, 7).

(iii) Let G,, 4 C € be the isometric images of C,, Cy, and denote by €(t),
t € (—oo,7) the natural foliation of the ultrastatic part of (M, 7). Writing

Co, = int(J(G)) nE(2)
G o= int(DEN) NED),

12



we find:some t < 7 s_uch that -

(Notice that the order of the indices reﬂe'cts the different definitions.)

Now by (i}, w mduces ca.nomcal]y a qua.SJfree Hadamard state & on the
Weyl-algebra Axq of the KG-field in (M, g) which is canonically identified
with Age. So the by (i) the split-inclusion is proved if we can show tha.t we
ha.ve the split-inclusion

5 (AD)) C N C vr‘~(ﬁ(6u))"

(where, of course, O;, int(D(G,)), and same for b — ). Writing for  as in

(30) Oy := int(D(Cy)), and defining &y, similarly, we have by (ii) and (iii) -

that
m(A(B)" € 75(A(Ow))" C N C ny(A(Dyy)" C m( ()"

with some suitable type I -factor N on the GNS5-Hilbert-space of &. The
existence of N is a consequence of Proposition 3 (and the remarks following
it), in view of relation (30).

So we are left with having to construct the spacetime (M, g) with the
properties (i)-(iii). This can be done by using the method of Appendix C
in [14], as follows. Choose a neighbourhood V of C contained in a normal
neighbourhood of € such that C is also a Cauchy-surface for V. Then choose

" some Cauchy-surface T in V lying to the past of C (Z € int J~(C,V}) such
that J—(C,) N J*(E) C int(D~(C;)) N JH(Z). (As a consequence of global
hyperbolicity, such a choice of I is always possible.) V is, by the normal
exponential map ¢ for C, diffeomorphic to an open neighbourhood Y, in
RxC,of C= {0} x C = ¢(C). Using Gaussian normal coordinates (t,z")
around a point of C, the metric ¢.g on V takes the form

dt2 - 'y;j(t,_m)dx‘da:j . (31)

Write G, := ¢(G), £ := $(X) etc., and C(t) = {t} x C for t € R. Now choose
some ¢ < 0 such that (in (V, d.g))

)N D™ (G) C JH(E)

13

Co C Gy (30),

(which is possible by compactness of C;). This implies (in (¥, .9))
' I~ (&) NE(t) C int(D~(G)) NE(2). (32)

Next choose some 7 € (t,0), a neighbourheod I of ¢ with &/ C V n
int J*HC ?(r1)) and a function f € C*(RxC,R) with0 < f <1, f =0
on U, and f = 1 outside of the closure of V. Now let ¥ 7 be a complete Rie-
mannian metric for €, and B € C=(R x C,(0,00)) a function equal to unity
on i and on (—oo, r;) x C. Define a Lorentzian metric § on R x C by setting,
in coordinates as used for (31), the coordinate expression of § equal to

Blt 2)de — (1 = F(t, )5t 0) + £(t,2)0i(@)) dade?  (33)

By making § sufficiently small outside of the region where it is demanded to
be equal to 1, we can ensure that (M := R x C,§) is globally hyperbolic,
and also that (32) remains valid when J and D are defined with respect to
the new metric § (implying (30)). So if we.set U := ¢~1(U), C := C and

8 := C(r) for some ¢t < T < 71, we have all the objects with the required

properties (i)-(iii). O

5 Haag-Duality

Finally, we show that Haag-duality holds also in certain situations where
the spacetime is non-flat. Let (M,g) be the n = d + I-dimensional ultra-
static spacetime foliated by the complete d-dimensional Riemannian manifold
(M,v), and C = M(to) for an arbitrary to € R. Then define A C A[D¢, &]
as the C*-inductive limit of all the A(Q,) (nota 1,2). A is the algebra of
quasilocal observables of the (massive) KG-field in (M, g); it is independent
of the choice of the Cauchy-surface and in general a proper sub-algebra of
Ak unless M is compact. However, if 7 is a regular representation of Axa,
then we have n(A)” = n{Agg)". The GNS-representations of quasifree states

on Axg are regular.. Given some @,, we define A(Of) as the C*-inductive
limit of all the A(®) with Gy C C7.

Proposition 6. Let & be the canonical vecuum state oﬁ Axg, and © an
irreducible representation of A, locally normal to ;. Then we have duality

form, i e
T(AMO}))" = n(A(D))
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provided that the boundary of C, is contained in the union of finitely many
smooth, d — 1-dimensional submanifolds of C.

Remark. For n = 4, the GNS-representations of pure quasifree Hadamard
states w fulfil the assumptions of Prop. 6 ({25]), and thus duality holds for
T = M,

Proof. We introduce the following definitions:

A(O%) : mll il

Oycof

Y _
Ro(O)° = Rz (D) NA;

¥ we can show that

(a) Ag(Op)" = ’R,A(Ob)’ for all O, with the boundary of C, as in the statement
of the Proposition, i. e. if Haag-duality holds in the representation 7, and
(b) for all Oy, Oy with O, C Oy, there is Oy, with Op; C Oy such that

Ri(Oh)° N R(On) C (AS(OF) N R (Or))”

then the results of [12] and [23] irﬁply, since we have Proposition 3, the
assertion of Prop. 6. So let us check that (a) holds. Let (k,X) = (k%, H')
* be the one-particle Hilbert-space structure of . If £ is a real-linear subspace
of H, we set L¥ := {4 € H | Im{yp, x} = 0 Vx € L£}. Then it holds that (cf.
(")

W(L) = w(L). (34)

(This has been proved by several authors [1,13,20] through a variety of meth-
ods. The first proof is apparently the one by Araki). Since As(Of)” =
W(L(0y)), it is not difficult to deduce from (34) that

Az(O0)" = WL(OY)) = W(L(O))") = R5(O) (35)

holds exactly if £{C¥) is dense in £(,)", and the latter is the case if and
only if L(OF) +i£(0,) is dense in H. (See [15] for further details. One may
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also use directly the results of [22] to derive such a criterion for duality.)
Equipped with this criterion, we note that under our assumptions on 6C|,,
the boundary of G,

L(OF) +iL(O,) = AV4H(CE(C\OG, R)) + i A~VHC(C\C,, R))

is dense in H = LL(C,v,). This follows from section 6 and Appendix E
in [25]. (The argument given there is for n = 4, but can be seen to be
independent of n.) So we have (a).

It remains to be shown that (b) is satisfied. It is obvious that (b) is
obtained if we can show that for given O, and Oy; with @, C Oy there is
Oyz with Oy C Oy such that

R5(O5) N R;(On) € R(O5 N Op)
and this amounts to demonstrating that (cf. Thm. 1 (4) in [1])
LO)NL(Oy) € £L(O; N Op). (36)

So let O, C Oy and Oy C Op, and let ¢ € £(O5)n E( 1)- Then there are
two sequences, ul) Dcf and v e De,, such that

k(u®) = % (414§ + ia=4)

and k(v\)) — 4. Choose some smooth, real-valued function x compactly

supported in Cy and with x =1 on (. Set yu®) := xu{’) @ xu(’) and define
xv) analogously. We have xv9 = v so k(xv)) — %. But we also have
k(x (a9 — vi)) — 0, for we have

Ik(x(u® = v@))|[z2 < const. [[k(u® — v)||L
This follows since

()l = 5 (114 w02 + /| A~ *u1]25)

| =

and, for p € (—1,1), one has
(A*(xf)llzz < Cx[|A*fllzs VY f € C5°(M) @7
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with suitable C; > 0. (For the proof of the latter assertion note that it
holds for p = 1. Thus AxA™! is continuous in LL(M,v,), and so is A7y A.

Hence the continuity of A?xA™* for —1 < p < 1 can be proved by interpola-

tion.) Therefore ¥ is approached by k(xu')) € k(D¢ene,,) and hence lies in
L(@n0m). O
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