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The linear- and quadratic-in-spin contributions to the binding potential and gravitational-wave flux from
binary systems are derived to next-to-next-to-leading order in the post-Newtonian (PN) expansion of
general relativity, including finite-size and tail effects. The calculation is carried out through the worldline
effective field theory framework. We find agreement in the overlap with the available PN and self-force
literature. As a direct application, we complete the knowledge of spin effects in the evolution of the orbital
phase for aligned-spin circular orbits to fourth PN order. We estimate the impact in the number of
accumulated gravitational-wave cycles and find they make a significant contribution for next-generation
observatories. The results presented here will therefore play an important role in providing reliable physical
interpretation of gravitational-wave signals from spinning binaries with future gravitational-wave detectors
such as LISA and the Einstein Telescope.
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I. INTRODUCTION

The dynamical evolution of compact binaries has been
the main cause of the gravitational waves (GWs) detected by
the LIGO-Virgo-KAGRA interferometers [1–3], and will
continue to be one of the primary sources for future GW
observatories such as the Laser Interferometer Space
Antenna (LISA) [4] and the Einstein Telescope (ET) [5].
The GWs produced by the inspiral, merger, and ring-down
from the expected several two-body events will carry vast
amounts of information that can shed light on long-standing
problems in astrophysics, cosmology, and particle physics
[6–9]. In particular the spin of the constituents, which has
been found to be large in several recent detections [3], is not
only strongly correlated with different formation channels,
e.g., [3,10–15], also offers a window to physics beyond the
standard model, e.g., [16–24]. Therefore, high-precision
waveforms incorporating spin corrections are an essential
ingredient to exploit the discovery potential in GW
astronomy.
After a concerted effort involving both numerical

[25–28] as well as analytic techniques [29–31], GW
template banks have been successfully used to analyze
the GW data collected thus far [1–3]. However, while
current templates may be sufficient for detection, when it
comes to parameter estimation, the formidable empirical
reach of future experiments require higher levels of
accuracy, both for the post-Newtonian (PN) inspiral regime
as well as merger stages of the binary’s dynamics [32–35].
Presently, although partial results for the derivation of

the evolution of the orbital phase in the inspiral regime are
known at 4PN order for nonspinning bodies through

various computations [36–48], and even higher orders in
the conservative sector [49–56], spin contributions have not
been pushed so far to the same relative level of accuracy. In
particular, for radiative effects, while spin-orbit corrections
were obtained to next-to-next-to-leading order (N2LO)
[57,58], complete spin-spin effects are only known to
NLO [59–66]. In this paper we fill this gap and report
the completion of spin effects to N2LO in the PN expansion
and to quadratic order in the spins, corresponding to the
4PN order for rapidly rotating bodies.
The derivation involves several ingredients, which

we obtain using the worldline effective field theory
(EFT) framework in the PN regime [67,68] extended to
spinning bodies [59–64,69]. The EFT approach uses
powerful tools from particle physics resembling, for
instance, methodologies used in the calculation of binding
energies for heavy quark states [70]. The problem
of motion is thus reduced to a series of Feynman
diagrams, involving potential and radiation modes, which
are constructed by iteratively solving for the (classical)
gravitational field sourced by compact objects treated as
pointlike objects.
Utilizing the EFT formalism, we have compute the

gravitational potential and necessary radiative multipole
moments at linear and quadratic order in the spins entering
in the flux to N2LO, including finite-size effects. The
completion of spin contributions at 4PN entails also the so-
called tail effect, due to the scattering of the outgoing
radiation off of the background geometry, e.g., [42], which
we incorporate through the EFT approach. The values for
all of the intermediate (very lengthy) results are displayed
in the ancillary file, see also the supplemental material.
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Perfect agreement is found in the overlap with previous
results in the literature [57,58,71–79].
From the binding energy and radiated flux we derive the

imprint of spin effects in the orbital phase evolution for
aligned-spins circular orbits. As a measure of the impact of
the new terms, we estimate the accumulated GW cycles for
various paradigmatic astrophysical configurations as well as
detector-sensitivity curves. We find the N2LO spin terms
make a significant contribution both in ET and LISA
frequency bands. (The effect increases the larger the mass
ratio, which coincidentally is expected to correlatewith larger
spins [13].) This is partially driven by quadratic-in-spin terms
carrying information about the inner structure of the compact
objects. The results presented here will therefore play an
important role in elucidating the origin of binary black holes
as well as aiding future discoveries, such as new dark objects
[24] or clouds of putative ultralight particles induced by
superradiance [16–23], through GW precision data.

II. WORLDLINE EFT APPROACH

The effective action is obtained in the weak-field regime
by solving for the metric perturbation in the (classical)
saddle-point approximation [59,67]. The bodies are
described by the Routhian,

R¼−
X
n¼1;2

�
mn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gμνv

μ
nvνn

q
þ1

2
ωab
μ Snabv

μ
n

−
CðnÞ
ES2

2mn

EabSacn Sncbffiffiffiffiffiffiffiffiffiffiffi
vμnvnμ

q þ 1

2mn
RdeabSabn Scdn venvncþ���

�
;

ð1Þ
which serves both as a Lagrangian for the position variables
ðxαn; vαnÞ and a Hamiltonian for the spin, projected onto a
locally-flat frame, Sabn ≡ eaμebνS

μν
n , and coupled to ωab

μ , the
Ricci rotation coefficients. The free parameters include the

masses, mn, as well as C
ðnÞ
ES2

, which accounts for finite-size
effects [59–62]. The latter couple to Eab, the electric
component of the Weyl tensor. The last term in (1),
involving the Riemann tensor, ensures the covariant
spin-supplementarity-condition, Sabvb ¼ 0, is preserved
upon evolution. However, for convenience, our results will
be presented in terms of (Newton-Wigner) precession-only
spin variables. The ellipses encapsulate higher orders in
spin and curvature, which are not relevant in this paper. See
[31] for more details.

III. GRAVITATIONAL POTENTIAL
AND BINDING ENERGY

The derivation of the potential follows by computing
the “vacuum-to-vacuum” amplitude in the presence of
external sources, by integrating out the off-shell
quasi-instantaneous modes of the gravitational field.
The associated Feynman diagrams needed to N2LO are

depicted in Fig. 1. The worldline couplings, depicted as a
black disc, include the mass as well as the linear and
quadratic spin terms shown in (1). The dashed lines
represent the potential modes of the gravitational field
responsible for the binding of the two-body system.
Hence, the Green’s function (a.k.a. propagator) must be
PN expanded [67]

i
ðk0Þ2 − k2

¼ −
i
k2

�
1þ ðk0Þ2

k2
þ � � �

�
; ð2Þ

with each factor of ðk0Þ2 scaling as v2. From the gravita-
tional potential, and after transforming to conserved-norm
spins, we derive the equations of motion including the spin
precession,which are displayed in full glory in the ancillary
file. The binding energy becomes
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for the spin-orbit terms, and
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for spin-spin contribution. The value for the eij PN
coefficients are given in the Supplemental Material [80]
and ancillary file. We useM ≡m1 þm2 for the total mass,
ν≡m1m2=M2 for the symmetric-mass-ratio and r≡ jx1 −
x2j the relative distance, respectively.We use the parameter

δ≡ ðm1 −m2Þ=M, and κ� ≡ Cð1Þ
ES2 � Cð2Þ

ES2 . For the spin
variables we use the standard, e.g., [29],

S≡ S1 þ S2;

Σ≡M

�
S2
m2

−
S1
m1

�
: ð5Þ

IV. RADIATED FLUX

The emitted power is obtained by matching the one-
point function to a long-distance worldline effective
theory for the binary system treated as a pointlike object
endowed with multipole moments. The action includes, in

FIG. 1. Topologies needed for the N2LO potential (see text).
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addition to the (Bondi) mass-energy monopole term,
−MB

R
dτ, a series of symmetric-trace-free (STF) source

mass, IL, and current, JL, time-dependent multipoles, with
L≡ fi1 � � � iLg, [68]

X
l¼2

�
1

l!
ILSTF∇L−2Ēil−1il −

2l
ð2lþ 1Þ! J

L
STF∇L−2B̄il−1il

�
;

ð6Þ

which couple to (covariant) derivatives of Ēij and B̄kl, the
electric and magnetic components of the Weyl tensor
involving only the background radiation field. The relevant
topologies are shown in Fig. 2. Thewavy line represents the
on-shell radiation, which couples both to the constituents of
the binary as well as the binding modes. From the source
multipoles we compute the energy flux by squaring the
emission amplitude [68],
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ð7Þ

to the desired order. The time derivatives are computedwithin
the adiabatic approximation, by using the conservative
equations of motion. We find for the spin-orbit flux,

F SO
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whereas, for the spin-spin terms we arrive at
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The value of the fij coefficients are displayed in the
Supplemental Material [80] and ancillary file.
In order to complete the derivation of the total flux we

must also include the tail effect, depicted in Fig. 3, where
the radiated field interacts with the background geometry
around the binary system, sourced by the monopole term.
This is often packaged in terms of radiative multipole
moments, which can then be used to compute the total
power using (7). The (leading) tail term yields

F tail ¼ −G2MBπ
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× p3q4signðqÞe−iðpþqÞtdpdq; ð10Þ

where ILðpÞ is the Fourier transform. In the above
expression the MB includes not only the total mass of
the binary but also the kinetic energy and binding potential
to a given PN order.

V. ALIGNED-SPIN CIRCULAR ORBITS

As a direct application of our results we consider the
phenomenologically relevant case of (planar) circular orbits
with the (conserved-norm) spins being either aligned or
antialigned with the angular momentum. In what follow we
quote the results using the following projected (dimension-
less) spin variables

Ŝl ≡ l · S
GM2

; Σl ≡ l · Σ
GM2

; ð11Þ

with l the unit vector in the direction of the angular
momentum. Garnering the pieces together we find

FIG. 2. Topologies needed to match the multipole moments
entering the radiated flux to NNLO (see text).

FIG. 3. Tail coupling between the binary’s mass monopole and
other source moments.

GRAVITATIONAL RADIATION FROM INSPIRALLING COMPACT … PHYS. REV. D 106, L101501 (2022)

L101501-3



Espin ¼ −
Mνx
2

�
x3=2

�
14

3
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ð−2 − κþÞŜ2l þ ½κ− þ δð−2 − κþÞ�ŜlΣ̂l
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for the spin-dependent linear- and bilinear-in-spin binding energy as a function of the orbital frequency, x≡ ðGMΩÞ2=3,
which agrees with the derivations in [72]. On the other hand, the newly computed energy flux becomes
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As a consistency check, this result agrees to the given PN
order with the GW flux for a nonspinning test body orbiting
around a Kerr black hole, as well as for a body with spin
aligned to the angular momentum in a Schwarzschild
background to first order in the mass-ratio, computed in
[78,79] respectively.

We then combine these results to derive the evolution of
the orbital frequency, from which we infer the change in the
orbital phase, ϕ ¼ R

ΩðtÞdt, using the TaylorT2 approx-
imant, e.g., [32], yielding
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included in the ancillary file for the reader’s convenience.
We find perfect agreement in the overlap at linear order in
the spin to 3.5PN of [58,71], whereas spin-spin effects
including finite-size corrections, both at 3.5PN and 4PN
orders, are reported here for the first time.

VI. CONCLUSIONS AND OUTLOOK

We have completed the knowledge of spin effects in the
orbital phase evolution of compact binary systems to N2LO
in the PN expansion of general relativity and quadratic

order in the spins, corresponding to an overall 4PN order
for rapidly rotating bodies, including both finite-size as
well as tail effects. The various ingredients for the full
derivation, such as the gravitational potential and multipole
moments, were obtained through the worldline EFT frame-
work for spinning compact objects [31], which system-
atizes the two-body problem into a series of Feynman
diagrams involving potential and radiation modes.
Agreement is found in the overlap with previous deriva-
tions in the conservative [72–77] and radiation sectors
[57,58,71,78,79]. Our results here then demonstrate how
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the EFT formalism can be pushed to high PN orders,
reaching the very state-of-the-art not only in the
conservative [45,46,49,50] but also in the radiative regime.
In order to estimate the potential impact of the new spin-
dependent terms in the GW phase evolution, we used the
leading quadrupolar approximation (ϕGW ≃ 2ϕ) to com-
pute the effect of the different PN terms on the number of

GW cycles in future detector’s bands operating at design-
sensitivity.1 The results, particularized to LISA (0.1 mHz to
min(fISCO, 1 Hz)) and ET (1 Hz to fISCO, with the
frequency of the innermost stable circular orbit given by
fISCO ¼ 1

63=2πGM
), are summarized in the following table

(see e.g., Table 4 in sec. 11.3 in [29])2:

Although generically relevant for comparable masses,
spin effects become more important for binaries with
unequal masses, which are also expected to exhibit larger
spins [13]. Moreover, terms depending on the inner
structure of compact bodies and nearby surroundings
through the κ� couplings [17,18] account for a large
portion of the GW cycles for third-generation detectors.
We thus expect that N2LO spin terms will play an important
role in providing accurate waveform models and reliable
interpretation of future GW signals from rotating compact

binaries. The results presented here thus motivate further
in-depth studies, e.g., extending the effective-one-body
analysis in [81] (which included only conservative spin
terms [72]), to fully characterize their impact for next-
generation GW experiments.
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