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Abstract.

The fixed point resolution problem is solved for diagonal coset theories. The primary
fields into which the fixed points are resolved are described by submodules of the
branching spaces, obtained as eigenspaces of the automorphisms that implement
field identification. To compute the characters and the modular S-matrix we use
‘orbit Lie algebras’ and ‘twining characters’, which were introduced in a previous
paper [1]. The characters of the primary fields are expressed in terms branching
functions of twining characters. This allows us to express the modular S-matrix
through the S-matrices of the orbit Lie algebras associated to the identification
group. Our results can be extended to the larger class of ‘generalized diagonal
cosets’.
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1 Introduction

The coset construction has been proposed already a long time ago as an important tool to con-
struct two-dimensional conformal field theories. Surprisingly, however, several crucial problems
concerning the consistency of this construction have not been solved so far. In this paper we
present an answer to one of the key questions, the problem of field identification and of the
resolution of field identification fixed points, for an important class of coset theories, namely
those based on diagonal subalgebras. Our results show in particular that for these coset theories
the complete information needed in the coset construction is already encoded in the underlying
WZW theories. Our methods and results can in fact be easily extended to the larger class of
‘generalized diagonal” embeddings.

The main idea of the coset construction is the following. One starts with a finite-dimensional
Lie algebra g, which is the direct sum of simple and abelian subalgebras, i.e. a so-called reductive
Lie algebra. In addition, one chooses a subalgebra g’ of g which is reductive as well. Using the
loop space construction and incorporating central extensions, one obtains the corresponding
untwisted Kac-Moody algebras g and g, along with a natural embedding of g’ into g. Also,
performing the Sugawara construction, one obtains Virasoro generators L, for g and L/ for g’,
with central charges ¢ and ¢, respectively.

The crucial observation [2] underlying the coset construction is that the generators L, =
L, — L! satisfy again the commutation rules of the Virasoro algebra, this time with central
charge ¢ := ¢ — ¢/; they are referred to as the generators as the coset Virasoro algebra. In order
to be able to associate a conformal field theory to this Virasoro algebra one would like to find the
representation spaces on which this algebra acts. The hope is, of course, to express these spaces
in terms of representation spaces of g and g’, for this allows us to use the representation theory
of affine Lie algebras, which is by now a well-developed tool. In this article we will show that
this is in fact possible; however, in addition to the well-known concepts of the representation
theory of affine Lie algebras, such as characters and branching functions, one also has to use
aspects of the representation theory that were developed recently, namely the theory [1] of
twining characters and orbit Lie algebras.

A hint on what these representation spaces might be is given by the observation that the
generators L, commute with any element of the subalgebra g,

[L..J]=0 forall J'eg. (1.1)

This suggests the following ansatz for the representation spaces of the coset Virasoro algebra:
fix non-negative integral level for g and take any unitary highest weight module H, of g at
this level. Equation (1.1) suggests that one should regard all vectors of H, which differ only
by the action of some element of g’ as the same vector for the putative representation space of
the coset conformal field theory. We therefore decompose H, into modules Hys of g, Ha =
D Haa @ Ha o, and tentatively consider Hpar as part of the Hilbert space of the coset
conformal field theory. On the level of characters this corresponds to decomposing the character
X& of H, into characters Xil, of g', according to

X&(7) = baar(r) X5 (1) (1.2)
A/
and taking the branching functions by ar as the characters of the coset conformal field theory.

2



This guess, however, turns out to be too naive. Namely, first, several branching functions
vanish, and second, certain non-vanishing branching functions are identical, in particular the
putative vacuum primary field seems to be present several times [3,4,5]. The main reason for
a branching function to vanish are conjugacy class selection rules, arising from the embedding
g’ — g of finite-dimensional Lie algebras.

A convenient formalism to implement these two observations is provided by simple currents
(for a review see [6]). It can be shown [7] that there is a subgroup Giq of the group of integer spin
simple currents of the tensor product theory described by g & (g')*, the so-called identification
group, such that the group theoretical selection rules can be expressed by the condition that the
monodromy charges ()7 of any allowed branching function with respect to all simple currents
J in the identification group vanish. Moreover, S-matrix elements only change by phases on
simple current orbits,

Spoan = XM g (1.3)

where ‘x” denotes the fusion product (note that since .J is a simple current, the product J x A
contains just one primary field so that the notation in (1.3) makes sense). By standard simple
current arguments [6] these relations and the corresponding relations for the 7-matrix imply
that there is a modular invariant in which only allowed branching functions occur,

Z(r)= Y 1Gawl- | D2 buamn(n)]* (1.4)
AN

; JEGiq /Gy a1

Q=0

This formula is to be read as follows: the branching functions for which the monodromy charge
() with respect to all elements of (jq vanishes are organized into orbits by the action of the
group (Giq. The square bracket indicates that the first summation is over a representative for
each such orbit (A and A’ are integrable highest weights of g and g, respectively, at the relevant
levels). Now for any orbit we can define a stabilizer group Gy a+ which is the subgroup of Gig
consisting of those elements that leave (A; A’) invariant. In the complete square finally we have
a sum over the branching functions in the respective orbit.

Note that the stabilizer of the putative vacuum module, i.e. the one with highest weights
(A =0, A’ =0), is trivial, which implies that the vacuum would appear |Giq|* times, due to the
|Giiq|* terms in the complete square containing the identity. Therefore we would like to divide
the expression (1.4) by this factor. However, as was first pointed out in [4], this will inevitably
lead to problems such as fractional coefficients in the partition functions as soon as there are
orbits for which the stabilizer is non-trivial. Such orbits are termed fized points.

The factor |G| in front of the complete square in (1.4) suggests that any fixed point
should in fact correspond to |Gy a/| many rather than to a single primary field; this is called
the resolution of the fixed point. As far as representations of the modular group are concerned,
a solution of the problem of how to resolve fixed points was proposed in [7]; it prescribes a
modification of the elements of the modular matrix 5 that involve fixed points in terms of the
S-matrix of another (putative) conformal field theory, called the fized point theory. In this
description it seems as if some necessary information for the coset conformal field theory is
missing which cannot be obtained from data of g and g’ alone: it is unclear how the S-matrix
of the fixed point theory can be interpreted in terms of the underlying Kac-Moody algebras
g and g’. A closer analysis also reveals [7] that the branching functions have to be changed
as well in order to obtain the characters of the coset conformal field theory; this is known as



character modification. * In [7] it was checked that the prescription in terms of the fixed point
theory yields consistent results at the level of representations of the modular group SL(2,Z).

In this paper, we will use the action of certain outer automorphisms on the branching spaces
to implement field identification and fixed point resolution for diagonal cosets directly on the
candidate Hilbert space of the theory. The procedure of fixed point resolution is then explained
by the idea [5, 8] that the branching spaces which correspond to fixed points carry reducible
representations of the coset Virasoro algebra. These reducible representations can be split into
|Gia,a/| many irreducible representations.

The most important new insight of this paper is that this splitting is governed by natural
structures present in the Kac-Moody algebras g and g’, namely by the recently introduced [1]
twining characters and orbit Lie algebras. This implies in particular that the fixed point theories
which describe this splitting in fact do not constitute an independent input, but play the role
of summarizing various data that are already obtainable from the algebras g and g’. Using
the results of [1], we can show that at the level of representations of the modular group our
implementation of fixed point resolution is consistent with the results of [7]. In particular, we
can compute both the modifications of the S-matrix and the characters explicitly.

This paper is organized as follows. In section 2 briefly review the construction of diagonal
coset conformal field theories and generalized diagonal cosets and then introduce the auto-
morphisms relevant for field identification, the so-called diagram automorphisms. Section 3 is
devoted to the implementation of field identification and a closer characterization of the coset
chiral algebra. To this end branching spaces and branching functions are introduced and de-
scribed in subsection 3.1, and in subsection 3.2 it is also explained how each field identification
implies a conjugacy class selection rule as well as an invariance property of the coset Virasoro
algebra. Field identification is then described by the use of certain automorphisms of g which
have the special property that they give also rise to automorphisms of the subalgebra g’; we call
the latter property the factorization property. In section 4 we implement fixed point resolution
directly on the branching spaces. In particular, we derive explicit formule for the characters of
the primary fields into which the fixed points are resolved, as well as a formula for the S-matrix
of the coset conformal field theory. In section 5 we illustrate our formalism by applying it to
diagonal cosets describing Z, orbifolds of the free boson compactified on a circle. Finally, we
discuss how our results can be generalized to more general cosets.

In two appendices we present some additional information. In appendix A we derive some
properties of automorphisms in general cosets that fulfill the factorization property. Our proof
provides in particular additional insight into the uniqueness of modular anomalies of characters
and branching functions. In appendix B we show that the S-matrix which is obtained for the
coset theory is indeed a unitary, symmetric matrix, whose square is a conjugation of the primary
fields and which, together with a diagonal unitary T-matrix, generates a representation of the
group SL(2,Z).

Our results show that the fixed points of coset conformal field theories supply a surprisingly
rich structure. It would be interesting to compare our algebraic approach to the description of

I The terms ‘field identification’ and ‘character modification’ are actually misnomers. Not the fields are
to be identified, but rather, several distinct combinations of highest weights must be identified because they
describe one and the same field of the coset theory; and it is not the characters which get modified, but rather
the branching functions have to be modified in order that they coincide with the true characters of the coset
conformal field theory.



coset conformal field theories in terms of gauged WZW models so as to identify the analogous
structures in the geometric approach. A first step towards the geometric interpretation of
character modifications has been undertaken recently in [9].

2 Embeddings and diagram automorphisms

2.1 Diagonal embeddings

In this section we briefly recall the definition of diagonal cosets. We fix a simple Lie algebra
h; then we choose g as the direct sum of two copies of h, g = h @ h, and as a subalgebra g’
we take g’ 2 h embedded diagonally into g. As a general convention, quantities referring to
the subalgebra g’ will be denoted by the same symbol as the corresponding quantities for g,
but with a prime added. However, in order to keep the notation at a reasonable level, we will
suppress the prime whenever the context (such as primed indices) already makes it clear that
one is dealing with an object referring to g'.

The loop space construction provides an embedding of the corresponding untwisted Kac-Moo-
dy algebra g’ = h into g = h & h; it is given by

By = ERS + ES H,, = H,, + H),. - (2.1)

Moreover, one has to introduce two central extensions K1) and K (z) for the two ideals of g and
a central extension K’ for g', for which the embedding is

K = [X’(l) + [((2) . (2.2)

Diagonal cosets have been studied extensively in the literature. Many interesting conformal
field theories can be realized in terms of diagonal cosets: the Virasoro minimal series, the N =1
superconformal minimal series [2,10], and the rational Z, orbifolds of ¢ = 1 theories. It was also
in the framework of diagonal cosets that extensions of the chiral algebra have been discussed,
leading to realizations of W algebras in terms of affine Lie algebras (see [11] and references
cited there). Modular invariants for diagonal cosets have been studied in [12,13].

To study the implications of this situation for the representation theory, let us assume that
V' is a unitary highest weight module of g on which the central elements K(;) and K, act as
non-negative integer multiples k), k(2) of the identity. To obtain also an action of the Virasoro

algebra on V, we define L, := L) + L2),m, Where

dimh
Kabp arb
Lipym = — 0 e (2.3)
) a%::I 2 (k(p) +g ) 7;

is the Sugawara construction of the Virasoro generators of h at level k), i.e. the T} are the
generators of h, k,; is the Killing form of h, and the colons ‘: :” denote a normal ordering.
Due to the embedding g’ — g we can view V as a g’-module, on which the central element

K’ acts as a multiple £'1y of the identity where

E = k(l) + k(g) . (2.4)



To obtain a representation of the Virasoro algebra for g’ as well, we also perform the Sug-
awara construction for g'. * By direct computation [2] (compare also [14]), one checks that the
difference

Ly :=1L,—1I" (2.5)

of the two Virasoro algebras commutes with all elements of g’ and represents again a Virasoro
algebra, with central charge

ti=c—(, (2.6)

the coset Virasoro algebra.

Diagonal coset theories have the advantage that various properties of the embedding can
be checked in a straightforward manner. One property of diagonal cosets that can be seen
immediately is that the triangular decomposition

§=8, D8 Dg_ (2.7)

of g into the Cartan subalgebra g, and the Borel subalgebras g4 spanned by the step operators
of positive and negative roots, and the analogous decomposition

g =g, dg gl (2.8)

of g’ are compatible in the sense that
gy C 84 (2.9)
for #€{+,0,—}. By construction, we then have in fact

gy =8xNg, (2.10)

for #e€{+,0,—}.

The results we present in this paper can be generalized in several directions. First of all,
the algebra h we use to construct need not be simple; rather, it can be the direct sum of several
simple and abelian u(1) algebras. Moreover, one can also consider embeddings of more than
one copy of h into more than two copies of h. It is this class of cosets that we call ‘generalized
diagonal cosets’. However, to keep the presentation as simple as possible, we will concentrate
in this paper on diagonal cosets and assume that h is simple; the extension of our results to
the case of generalized diagonal cosets is straightforward.

2.2 Strictly outer automorphisms

Let us now introduce the class of automorphisms of the Kac-Moody algebra g which we will use
to solve the fixed point problem. A strictly outer automorphism (or diagram automorphism)
of an affine Lie algebra g is the automorphism w that is induced via

W(BL) = B, w(H) = ¥, (2.11)

? These Virasoro operators act in a well-defined way on V, because for any vector v € V there are only
finitely many positive roots of g’ for which EFv, with E the associated step operator, does not vanish. (Modules
with this property are known as ‘restricted modules’.) Note, however, that even though V is a unitary highest
weight module over g, it is typically not a highest weight module over g’ any more, but rather a (in general
infinite) direct sum of unitary highest weight modules.



by an automorphism of the Dynkin diagram of g, i.e. by a permutation w of the labels ¢ €
{0,1,...,7} of the nodes which leaves the Cartan matrix A invariant, A“**/ = A% Since the
number of nodes of the Dynkin diagram is finite, any strictly outer automorphism has finite
order, which we denote by N. As an example for such an automorphism consider the Dynkin
diagram of A(M: it is a regular n + 1-gon; any rotation with an angle a multiple of 27/(n + 1)
corresponds to the action of a simple current and is a symmetry of the Dynkin diagram.

By construction, any diagram automorphism respects the triangular decomposition of g, i.e.

w(g#) = 8u (2.12)

for #£ € {+,0,—}. Conversely, if w is some automorphism of an affine Lie algebra g which obeys
(2.12), then w is induced by a symmetry w of the Dynkin diagram. Namely, let E* be some step
operator corresponding to a positive root «, so that [h, F®] = a(h)E® for all h € g,. Applying
the map w to both sides of this equation, we learn that [w(h),w(E*)] = a(h)w(E*). Since
w(g,) = g, this shows that w(F®) is again a step operator, corresponding to a root w*(«),
which obeys w*(a)(w(h)) = a(h).

The same argument also shows that, in case the root space corresponding to the root «
has dimension larger than one, this mapping still provides a mapping of root spaces. Thus the
automorphism w induces a mapping w* of the root system; in fact, w* is even an automorphism
of the root system. Moreover, (2.12) implies that for o a positive root, w(F®) is in gy, and
hence w* is an automorphism of the root system which maps positive roots on positive roots.
The latter automorphisms are precisely the symmetries of the Dynkin diagram of g (compare
e.g. [15]).

The automorphism w* of the root (or weight) space of g acts on the simple g-roots a9 and
the fundamental g-weights Ay as

w*(oz(i)) = al¥) W(Aiy) = Awiy - (2.13)

Also, there is a unique extension of w to the semidirect sum of g with the Virasoro algebra,
namely via

W(Ln) = L = (Ao, Hon) + 5 (Awoy, Aeoy) dmo K (2.14)
and w(C') = C, where C is the central element of the Virasoro algebra. (For a more detailed
discussion of these matters we refer the reader to [1].)

In the case of coset theories, we are interested in a situation in which the strictly outer
automorphisms of an untwisted Kac-Moody algebra g and a subalgebra g’ are linked. Namely,
consider a strictly outer automorphism w of g and its restriction

W= w|g, (2.15)

to the subalgebra g’. Assume that &’ has the non-trivial property that it maps g’ to itself

/

oogl =gl (2.16)

for reasons that will become apparent soon, we will in this case say that w fulfills the factor-
tzation property.



For diagonal cosets the strictly outer automorphisms that fulfill the factorization property
can be described explicitly as follows:? fix any strictly outer automorphism wy, of h, then
w = wy, B wy is a strictly outer automorphism of g = h & h; this automorphism restricts to a
strictly outer automorphism w’ of g’ = h, which just coincides with wy,. In order to implement
field identification and fixed point resolution, we will use those strictly outer automorphisms
that correspond to simple currents; we remark that if wy, corresponds to a simple current of h,
then w and w’ correspond to the action of a simple current of g respectively g'.

Also note that any two diagram automorphisms wy and w, of g corresponding to simple
currents commute,

[wi,w2] =0. (2.17)

This holds because the action of w; and wy on all of g is already fully determined by their
action on the subalgebra g, spanned by step operators of positive roots, and hence by their
action on the generators corresponding to simple roots [1]; the latter actions, in turn, just
correspond to the actions of the automorphisms w; and ws of the Dynkin diagram of g which
commute. Analogous statements apply to g’ and hence, as we will see later, if w; and wy fulfill
the factorization property, to the action on the chiral algebra of the coset theory.

3 Branching spaces and selection rules

3.1 Branching spaces

From the fact (1.1) that the coset Virasoro algebra and the subalgebra g’ commute and from
the decomposition (1.2) of characters it is apparent that the objects of basic interest in the
coset construction are the spaces whose ‘characters’ are the branching functions. As we will
see, these spaces, known as branching spaces, are in fact the building blocks of the Hilbert space
of the coset theory. However, we emphasize that, in contrast to some claims in the literature,
in the presence of fixed points they do not provide the irreducible representation spaces of the
theory; rather, the construction of the Hilbert space also requires some of the tools developed
in [1]. More concretely, branching spaces can be introduced as follows.

Any irreducible highest weight module H, corresponding to a primary field of g decomposes
[16, §12.10] into (in general infinitely many) irreducible highest weight modules of g’. We write
this decomposition as

Ha =D Henr (3.1)
‘

Here we label the g'-modules in the decomposition by an integer ¢ = 1,2, ... and supply as
a (redundant) label of these modules their highest weight A’ = A’({) with respect to g'. All
highest weights A’ appearing in the decomposition have the same level.

Denote by wv,.,, the highest weight vector of Hy,\/, and consider for any g'-weight A’ the
complex vector space

Han = spangivey | N(0) = A}, (3.2)

i.e. the span of those highest weight vectors v,,,, which have weight A" with respect to g’ (or,
equivalently, of those irreducible highest weight modules of g" appearing in (3.1) whose highest

3 For a discussion of the factorization property in a more general context, see appendix A.



weight is A’). The space Ha as is called the branching space that corresponds to the combination
(A; A') of highest weights. Using the branching spaces we can write the decomposition (3.1) in
the form

Hy = @H@;A/ & @H{LA/ & Har (3.3)

‘ A

where the summation is over all integrable highest weights of g’ at the relevant level. It must
be noted that this definition does not guarantee that a given branching space is non-empty.
We will see later that typically some branching spaces are empty; the main reason for this are
group theoretical selection rules.

To describe field identification, we need to describe maps on branching spaces. Our strategy
will be to construct these maps from maps on representation spaces of g and g'; let us therefore
describe in some detail these maps first. As was shown in [1], any strictly outer automorphism
w of g induces a map 7,: Ha — Ho+a. The action of this map on a highest weight module
can be described as follows: denote by vy the highest weight vector of Hjy and by v« the
highest weight vector of H,«x. Any vector of Hy is of the form Ry (x)va, where x is an element
of U(g-), the universal enveloping algebra of g_, i.e. @ is a linear combination of products of
lowering operators. Such a vector is mapped by 7, to the vector Ry« (w(@))vgxa in Hyxa. Note
that we have here w(x) acting on the highest weight vector of some other module; it can be
checked [1] that this prescription ensures that the map 7, is compatible with the null vector
structure of the corresponding irreducible highest weight module, i.e. 7, provides a one-to-one
correspondence between the respective null vectors.

From this definition it follows that 7, ‘w-twines’ the action of g in the sense that

Tu(Ra(2) - v) = Rysa(w(2)) - 70(v) (3.4)

for all x €g and all v€H,, i.e. that the diagram

HA 7EXL HA
o L (3.5)
Hoen E@M Hon

commutes. From now on we will for simplicity drop the symbol ‘R.” which indicates the rep-
resentation in which the various generators act, as usual (anyway, in the notations like xv, the
vector space of which v is an element already uniquely determines the representation of g that
acts on it).

Let us now turn to those automorphisms which fulfill the factorization property; then 7,
maps highest weight vectors with respect to g’ in the module Hy to highest weight vectors with
respect to g’ in the module H,«o. This holds since the factorization property w(g’) C g’ and
(2.10) imply that we also have w'(g} ) C g, so that the property g/ -v = 0 for some v € Hy
implies that also g/ -(7,(v)) = 7,(w(g})-v) = 7.(g}-v) = 0. Moreover, if vy and v, lie in one
and the same irreducible highest weight module of g, then so do 7,(v1) and 7,(vs). To see this,
we can assume that vy is a highest weight vector with respect to g'. Then vy = u-v; for some
uelU(g’ ), and hence 7,(vy) = 7,(u-v1) = w(u) - 7,(v1); because of w(u) € U(g’ ) this shows that
7,(v2) is an element of the Verma module with highest weight vector 7,(v1). Since the map 7,
respects the null vector structure of the modules, i.e. 7,,(v) is a null vector if and only if v is a
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null vector, 7,(v2) is in fact an element of the irreducible highest weight module with highest
weight vector 7,(v1).

Comparing the decomposition (3.1) with the analogous decomposition of 7,(Ha) = Hexa,
it then follows that the map 7, induces a mapping 7,,, of the same order IV, of the labels of the
g’-modules in (3.1),

(= 1,0, (3.6)

such that 7,(Hpar) = He s.renrs 1.€. the decomposition of H«x reads
HW*A ETW(HA) = @Tw HfA’ @HTwﬁw’*A" (37)
P

This implies that the action of the map 7, on an irreducible g-module H, can be described as
the combination of two maps: first, a map 7, acting on g’-submodules of H,, which maps any
irreducible g’-submodule of Ha to some g'-submodule of H,«p according to Hear — F,(Hea) =
Hs,prsnr = Tw(Hear) (or in terms of highest weight vectors, v,y = Tu(vyn) = s iipr)s 1o,
a map for which, roughly speaking, only the positions of the g'-modules Hyar and Hs ;. reps
in the respective g-modules matter; and second, a map 7, (defined via the automorphism w’
of g’ in the same way as 7, is defined via w), which describes how a specific vector in Hy.ar,
considered just as a g'-module, is mapped to a vector in the g'-module Hs , . It is this
observation which is the origin of the name factorization property that we chose to describe

the situation (2.16).

3.2 Branching functions

Since the generators L, of the coset Virasoro algebra commute with all elements of the subal-
gebra g, they act in a natural way on the branching spaces. We can therefore introduce the
branching functions by o as the traces

bao(7) = try, P01, (3.8)

over the branching spaces; here we have set as usual ¢ := exp(27ir). From equation (3.3)
and the relations Lo = Lo + L{ it is also apparent that the branching functions appear in the

decomposition
ZbA A7) Xar(T) (3.9)

of (Virasoro specialized * characters X(7) of g into (Virasoro specialized) characters Xas of g'.
The modular transformation properties of the characters of g and g’ imply that the branching
functions transform as
bAA’( Z SAMS /M/bMM’( ) (310)
MM
where the sum on M and M’ is over all integrable highest weights of g and g’, respectively, at
the relevant levels.

4 Results similar to the ones derived below hold for the full characters including Cartan angles, provided
that for the g-characters one includes only the exponentials of the specific linear combinations Hfl) n T Hfz) n

of the generators of the Cartan subalgebra g, .)
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It is easy to check that for diagonal cosets the relation

(Aoy H) = (Mg, Hiny) + (Mo, o Hizy) (3.11)

holds. (For generalized diagonal cosets one has to sum over the various ideals that make up g
and g, ; then the analogous relation takes the form 3, (A (0 Hiy) =, (A(W,O,)(p/) H(’p,)).) 5

The relation (3.11) has two important consequences: first, it leads to a conjugacy class
selection rule. This arises because ¢, := (/7\(@0), \) mod Z defines a conjugacy class of the g-
weight A; in conformal field theory terms, this class is the monodromy charge [17] of A with
respect to the simple current, and the identity (3.11) asserts that only those branching functions
can be non-zero which correspond to combinations of weights which have zero monodromy
charge with respect to all identification currents. Conversely, all selection rules in a diagonal
coset can be described by identification currents which are all of the form (.Jy, Jy; Jy), where
Jp, can be any simple current of h, because for diagonal cosets the conjugacy class selection
rules are precisely those which come from the conjugacy class selection rules for the tensor
products of h-representations. Therefore all selection rules can be implemented by strictly
outer automorphisms of g and g’ that fulfill the factorization property. Also note that the
selection rule is an identity for conformal weights only modulo integers, while the condition
(3.11) is valid exactly.

A second important consequence of the relation (3.11) which follows from the transformation
(2.14) of the Virasoro algebra under strictly outer automorphisms is that the coset Virasoro

(] . .
generators L,, = L,, — L/ are invariant under w:

. (3.12)

(L) = (L) = (L)
(]\ =0) (p)7 H(p)’m)] - [L;n o ZP'(AQWOI)(W)’ H(p’),m)] = Lm .

= [Ln

3.3 Identification of branching spaces and the coset chiral algebra

Together with the w-twining property (3.4) of 7., the invariance property (3.12) of the coset
Virasoro algebra implies that

b, =wl)t =1, (3.13)

i.e. the map 7, intertwines the action of the coset Virasoro algebra on the spaces Ha ar and
Hoxa wrin’s 1€ we have 7,0 Haar — Hyep e With

[t L] =0 (3.14)

for all m € Z. (At this point it is worth while recalling our general convention that we do not
display the representations R in which L., acts explicitly; thus equation (3.14) stands for the

% A relation of this type can actually be derived in a much more general setting for any automorphism that
fulfills the factorization property. The derivation, which is presented in appendix A, yields as a by-product the
assertion that the modular anomaly of branching functions is uniquely determined.
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commutative diagram

RA,A’([.Jm)
Hanr — Han
o d bt (3.15)
Rw*A,w’*A/([.’m)
HW*A,W’*A/ — HW*A,W’*A/

i.e. for 7, ORAA/([./m) = RW*A7W/*A/([./m) of,.) This shows in particular that Ha ar and H . mpr
carry isomorphic representations of the coset Virasoro algebra. Thus our result is a major step
towards implementing field identification directly on the representation spaces (up to now it was
only known that the Virasoro specialized characters of Hy ar and H .y ,xp7, 1., the branching
functions, are identical).

In order for the coset theory to be a fully consistent conformal field theory, the intertwining
property of %, must be valid not only for the coset Virasoro algebra, but for all of the (maximally
extended) chiral algebra W of the coset theory. The coset chiral algebra is commonly defined

as the commutant of g’ in some suitable extension U(g) of the universal enveloping algebra U(g)
of g; this extension must contain certain normal-ordered infinite sums of elements of U(g), like
those occurring in the Sugawara construction. Obviously, the automorphism w of g, which
extends to an automorphism of order N of the enveloping algebra U(g), should also extend to
an automorphism of O(g) of the same order. Such an extension of w must, of course, respect
the normal ordering prescription.

Let us denote by W}, the subspace of O(g) which contains all elements that commute with
g C O(g) This subspace is in fact a subalgebra of O(g) which contains the coset Virasoro
algebra. All elements of W, |, have a well-defined action on branching spaces. Moreover, the
factorization property of w implies that w(W&h) C Wgp for any automorphism w that we
need for the description of field identification; by an analogous argument as in the case of
the endomorphism ' (2.16), w therefore induces an automorphism of order N of W, . Thus
we can decompose W |, into eigenspaces with respect to all automorphisms w that fulfill the
factorization property.

The eigenspace Wéo& of Wgp, that is left invariant under all these automorphisms plays a
particularly important role. It is a subalgebra of W, , which according to (2.14) contains the
coset Virasoro algebra. It contains all elements of Wy j, that are intertwined by %,. Hence, the

implementation of field identification by the maps 7, implies that Wéo& rather than W j, is the
coset chiral algebra We

Wesh = W (3.16)

Note that this imposes additional constraints on a consistent coset chiral algebra, which have
not been realized in the literature so far. In the next section we will see that precisely these
constraints enforce a consistent prescription for the resolution of field identification fixed points.

4 Fixed point characters and S-matrices

We are now in a position to discuss the resolution of field identification fixed points in general-
ized diagonal coset conformal field theories. To this end we first recall that Giq, the identification
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group, is the abelian group generated by all combinations of simple currents of g and g’ that de-
scribe selection rules of the theory. Recall that for generalized diagonal cosets all of them stem
from strictly outer automorphisms that fulfill the factorization property (2.16). A non-empty
branching space is called a fized point if the relevant highest weights A and A’ satisfy

A=A, WA= A (4.1)

For diagonal cosets the fixed points are described by a combination of three weights of h that
are fixed under a simple current automorphism wy, of h.

4.1 Twining branching functions

Recall that for any w € Gig there is a linear map
7.—(,0 : HA,A’ — HW*A,W’*A/ ) (42)

in case A, A’ corresponds to a fixed point of w, the map %, is even an endomorphism, and we
can define the twining branching function bkj]A, as the trace

bk}’]A/(T) = try, T qio_é/24 : (4.3)
In other words, the twining branching function can be seen as the generating functional of the
trace of 7, on the subspaces having definite grade with respect to the coset Virasoro algebra.
They are thus generalized character-valued indices.

These twining branching functions turn out to be key ingredients in the description of fixed
point resolution. In this section, we will therefore derive some of their properties using the
theory of twining characters of WZW theories [1]. The twining character Xk}] of the irreducible
highest weight module H, of g with respect to the strictly outer automorphism w is defined
as [1]

Xk}](h) 1= tryy, T e?mifia(h) (4.4)

In the present context we are mainly interested in the Virasoro specialized (and anomaly-
modified) twining character which for simplicity we denote by the same symbol, i.e.

[«]

XA (7_) _ tr'HATw e??riﬂ'(Lo—c/24))7 (45)

and as usual we simply write Lo in place of Rx(Lo). (In [1] only the case when g is simple
has been described explicitly; in the general case, one has to take a suitable product of twining
characters of the various summands of g.) For notational convenience we define formally the
twining branching function bkj]A, to be zero if (A; A’) is not a fixed point of w.

The main result of [1] was that the twining character coincides with the character of another
Kac-Moody algebra g, the so-called orbit Lie algebra. The orbit Lie algebra corresponding to
g and its diagram automorphism w is obtained by a simple prescription which corresponds to
folding the Dynkin diagram of g according to the action of w. Namely, the nodes of the Dynkin
diagram of the orbit Lie algebra g correspond to the orbits of w on the Dynkin diagram of
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g; the relative length of the corresponding simple roots is given by the relative length of the
orbits. More precisely, the Cartan matrix A of the orbit Lie algebra g is given by the formula

oot N, N1
A[Z]v[J] =5 — N Z Aw 2,] (46)

=0

where
N;—1

si=1— > A“"li’i, (4.7)
=1
N is the order of w and N; the length of the w-orbit through ¢, and where [¢], [j] take values
in the set of W-orbits (or, alternatively, in a label set which contains one chosen representative
for each w-orbit). All diagram automorphisms of affine Lie algebras satisfy s; € {1, 2} for all ¢,
except for the automorphism of order N of g = Ag\lf)_l that rotates the Dynkin diagram, which
has s = 0 and leads to a trivial twining character [1].

Except for a special class of theories, for which the orbit Lie algebras are twisted Kac-Moo-
dy algebras, these orbit Lie algebras correspond precisely to the fixed point theories introduced
in [7]. It is a highly non-trivial property of the twining characters that, in case w is a diagram
automorphism that corresponds to a simple current of g, the twining characters form (up to a
shift in the modular anomaly) a unitary representation of the twofold covering SI(2,Z) of the
modular group.

To be able to apply these results to the description of twining branching functions, we will
show that bA A,( ) arises in the decomposition of the twining characters of g with respect to
the automorphlsm 7., into twining characters of g’ with respect to 7./, i.e. they obey

ZbA A XA/ ), (4.8)

which also justifies the name ‘twining branching function’.
To prove (4.8), we first note that (with the convention that the ‘trace’ is zero if 7, maps

Hﬁ;w/*A/ to Hm;w’*A’ with m 7£ ﬁ)

Xk}](T) = trpy, T o= ZtrHZ;A/(z)Tw ng—C//24qio—é/24 7 (4.9)
7

because the coset Virasoro algebra commutes with L. Owing to the fact that 7,, and the coset
Virasoro algebra commute (3.14), this can be recast in the form

ZU’H gL=C" /2y (Lo=C/24 (4.10)

or, rewriting the summation indices and using the fact that non-vanishing contributions to the
right hand side can only arise for #,0 = (, as

S Yty O gl
! £
A= (4.11)

=3ty (g BmC'2y g (1, gl
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By the defining relations of the twining characters (4.5) and the twining branching functions
(4.3), this is nothing but (4.8).

The formula (4.8) means in particular that, analogously to the case of ordinary branching
functions, the twining branching functions bkj]A, are computable from the twining characters
Xk}] and Xk}//]. Since the latter are equivalent to the characters of the orbit Lie algebras, the
twining branching functions can be computed as the ordinary branching function

bl = by (4.12)

of the coset h & F]/ﬁ, where h is the orbit Lie algebra of h with respect to wy.

Moreover, just as for the ordinary branching functions, the twining branching functions bkj]A,
have nice modular transformation properties. Given the modular transformation properties of
the twining characters of g,

=3 sV by, (4.13)
n
and of the twining characters of g’,
(- Z St b (4.14)
we find that
AA' T Z Sk (M), () (7') (4.15)
(k3n")
Here we introduced . SORY
Sty = o (S3 )™ (4.16)

where Sgwi respectively Sgu,}:i, stands for the product of the corresponding S-matrices of the
twining characters for all the ideals of g respectively g’. It would be rather difficult to compute
the matrix elements Sgwi and Sgu,}:i, from the definition (4.5) of the twining characters. However,
using the results of [1] these matrices can be easily computed as the S-matrices of the respective
orbit Lie algebras. Also, the matrix 71 which describes the behaviour of the twining branching
functions under 7 — 7 + 1 is the diagonal unitary matrix obtained as the restriction of the
ordinary (untwined) T-matrix 7 to the fixed points. This matrix is defined as the restriction
to orbits of non-vanishing branching functions of the product 7% @ (78')* of T-matrices for the
characters of g and g'.

We can summarize that the twining branching functions are a set of functions which can be
described as the branching functions (4.12) of the diagonal coset of the orbit Lie algebra h of
h. In particular they have nice modular transformation properties; the corresponding S- and
T-matrices are given by the product of the S- and T-matrices of the orbit Lie algebras.

4.2 Identities for twining branching functions and S-matrices

Before describing the implementation of fixed point resolution, we still need two more relations.
Namely, it can happen that a fixed point is left fixed only by part of the identification group,
while the rest of the identification group induces field identifications. We would like to identify
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the corresponding twining branching functions and their S-matrix elements also in this situ-
ation. In the present section we will derive relations for the twining branching functions (cf.
(4.21)) and their S-matrix (cf. (4.20)) which show that this is indeed possible.

The first important observation we can make is that when performing the field identification
required for some simple current .J;, the simple current of g with highest weight J, := k() Au,0)
gives rise to a simple current of the orbit Lie algebra g. Namely, simple currents correspond
to so-called cominimal fundamental weights A(,0) of g (except for the isolated simple current
of Es at level two), i.e. the associated Coxeter label has the value ag,0 = 1. Because of the
identity [1] ag) = a;/s;, it follows that for the wi-orbit [w,0] we have G, = 1 as well, which
proves the observation. Note, however, that the simple current Jy of g on which J; is projected
can be trivial, i.e. the identity primary field, as is definitely the case for the orbit of the current
Jp itself. Furthermore, the converse of the statement does not hold, i.e. it is not true that any
simple current of g arises in this way. Namely, in case there is an orbit with s; = 2, it can
give rise to an additional simple current of g (as an example, take g = 02(711)4-1 and its unique
non-trivial simple current, which leads to the orbit Lie algebra g = C{1: the non-trivial simple
current of g arises precisely from the unique orbit of g that has s; = 2).

Further, since the group of simple currents is abelian so that any two diagram automor-
phisms commute (see (2.17)), the action of J, on the primary fields of g reproduces the action
of J; on Ji-orbits of primary fields of g. To describe coset theories, we have to combine the
corresponding statements for g and g’; in the case of fixed points, the pair (A; A’) of weights of
g and g’ that characterizes a branching function gets projected down to a pair (/v\, /v\’) of weights
of g and g'.

To analyze the situation for the identification current (.Jy, Jy; Jy), we can assume that the
orbit Lie algebra h is again an untwisted affine Lie algebra and that there is again a coset
conformal field theory associated to the embedding (4.17). In the cases (compare e.g. section
5) for which the orbit Lie algebra is a twisted affine algebra, the simple current has order 2 and
the stabilizer is either trivial or the whole identification group. It is therefore natural to look
at the diagonal embedding

h—h@h, (4.17)

where h is the orbit Lie algebra of h with respect to the simple current J,,. We claim that the
fixed points of g/g’ which are allowed by the selection rules are in one-to-one correspondence
to the branching functions allowed by the selection rules of the embedding (4.17).

To compute the monodromy charge

v

Q2((A; A1) = Rgiy = hgpuisin + hy, mod Z (4.18)

of the field labeled by (/v\, /v\’) with respect to the simple current jz, we note that in the transition
from g to g the conformal weights are shifted by a constant that does not depend on the
branching function [1], so that we have

v

QQ((A, /‘“\,)) = h(A;A’) — hJQ*(A;A/) + ilj2 modZ = ;/Lj2 modZ . (419)
Here in the last equality, we use that .J; is an identification current, which implies that fiz;a) —

hgyeasary € Z. According to the relation (4.19), the monodromy charge of all allowed fixed
points is a constant that does not depend on the specific fixed point. Since the simple current
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J, describes a selection rule for the embedding (4.17), it has spin 0. © It follows that the right
hand side of (4.19) vanishes. Thus we have derived that the monodromy charges of the projected
fixed points with respect to the projected simple currents are zero; in other words, selection
rules get projected down to selection rules.

Two immediate consequences of this statement are the following. First, using (1.3) we have

%

[wi] 3 [wi]
Sw;(A;A/),(M;M/) = Sjﬁ(i\;iv),(M;M/) - 5(7\;7\/),(]\“4;]\“4/) - S(A;A'),(M;M’) J (4.20)

ie. S([EJX'),(M;M') does not depend on the choice of representative of the wy-orbit. Second, from
the identity (4.20) we conclude further that

b[mz]\ w’*A’ F Z Sw* AsA7), (M MY) bg\uﬂw(ﬂ
(M; M)

] . (4.21)
Z S (MM leM’( )= bAA’( T)-

(M;M7)

In other words, just as ordinary branching functions, the twining branching functions are iden-
tified as well.

4.3 Resolution of fixed points

As seen in section 3, field identification requires that all elements of the coset chiral algebra
Wg/h have to commute with the map 7, for all automorphisms w € Giq. If a branching space
Ha ar with branching function by s has a non-trivial stabilizer group

Gaa ={w € Gia | WA = A, WA = A}, (4.22)

then the corresponding mappings 7, constitute endomorphisms of Ha as. The fact that the
action of the coset algebra and the mappings 7, commute then implies immediately that H 4/
carries a reducible representation of the coset chiral algebra Wy p,, since already the eigenspaces
with respect to 7, form modules over Wy p,. This way the implementation of field identification
by the maps 7, enforces fixed point resolution: one has to split the branching spaces Hx as into
the eigenspaces with respect to the action of the stabilizer G ar.

More precisely, let us consider any fixed branching space Hja as, with branching function
ba,a and stabilizer group Gy ar € Gig. Any character

vy - GA,A’ — C (423)

of the stabilizer group Gy as gives rise to an eigenspace HXD)V of Ha, s on which 7, has eigenvalue
U(w), i.e. acts like U(w) times the identity map. Just as the branching functions for the spaces
Haa are denoted by bp o/, we denote the (Virasoro specialized) character of the eigenspace

HXD)V by b&qjl)v. By construction, we have

baa(r)= S B(r), (4.24)
veay

6 Note that in the case when h is a twisted affine Lie algebra the identification current has order two so that
fixed points with different stabilizer do not exist.
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(¥)

where G} ), is the group of characters of (G5 ar. Since the coefficients in the expansion of by ;.
in powers of ¢ = exp(27iT) count the number of eigenstates at the relevant grade, they are
manifestly non-negative integers, and hence they are natural candidates for the characters of
the resolved fixed points.

Since 7, acts on HXD)V as the multiplication with W(w), it follows that

= 3t TP = 3 )i (4.25)
‘IIEGX N AN ‘IIEGA A

The orthogonality relation
D Ui(w) Ua(w) = |Ganl by, g, (4.26)

weG s a1

of the characters of Gy a» then implies that

v 1
bs&,[)xl — |GA A/| Z \I] AA/ (4.27)

weG, A

Now recall that bkj]A, is zero whenever w ¢ Gy ar. 1t is therefore consistent to extend ¥ € G73
to a function on the full identification group Giq by setting W(w) = 0 for w ¢ Gy . (This
extended function is not a character of Giig.) With this convention, which will simplify various
formulee later on, we can rewrite (4.27) as

(q;
|GA o > U AA,. (4.28)

w€eGq

At this point the following comments concerning field identification are in order. As already
seen in (2.17), diagram automorphisms corresponding to simple currents commute (the group
of simple currents is abelian); this implies that the maps 7, and 7, induced by any two simple
current automorphisms w; and wy; commute as well. Suppose now that wy & G'a o so that wy
induces a field identification. We then have

GA7A/ = GW*A Jwh A (429)

i.e. the stabilizers of all branching functions that have to be 1dent1ﬁed are identical. Moreover,

T., respects the decomposition into eigenspaces. Namely, if v € HA Ars 1€ T v = U(wp) v for all
w1 € G v, then also

T (Tuy©) = Ty Ty 0 = W(wy) 7,0 . (4.30)
This shows that 7., implements in fact the field identification between HXD)V and HE}{;A WIEAT
and the corresponding characters coincide. The characters of resolved fixed points of the coset
theory are therefore

(V) | _ 1 [wi]
XA A = |G1d| Z bw*A W FA T |Gid|'|GA,A/| Z \I/ ( )b *A w'*A” (431)

w€Giq w1,w2 €Giq

or, inserting the identity (4.21),

‘XI(X A/ — |GA A/| Z \I} AA/ — ng I)V . (432)

w€eGq

Thus the true characters of diagonal coset conformal field theories can be expressed entirely in
terms of branching functions and twining branching functions.
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4.4 Computation of the S-matrix

With the above results we are now also in a position to compute the S-matrix S explicitly.
To this end we denote by the pair [A; A’] of highest weights in square brackets the orbit of
(A; A') with respect to the identification group Giq. Then we find

(W) 1y _ I [wi1] 1
N (=7 = oy 2 V)b al=7)

w1,w2 €Giq

_ 1 wl] [w1]
= Gl o] |, 2, MZM, V(@) Siosnwgnn iy ar) bagdawpoan (7)
eGld

_ 1 wi]
REHEENEET Z Z U (wr) w*Aw’*A’) (WM ! * M)
) ) w17ué27W3 [M;M1]
S id

X3 W(wn) B ()

*
LIJEGM M!

w1 T W
= oo o X 2 V@) SRy P B (7)

[M;M] ‘IJGG* , w1,w3€Giq

Gi ~ J
- |GA7A!|~|EJ|M7M,| Z Z [ Z () AA/)(MM/)\I’(WI)]XSM(T)-

[M;M] q;eg* / w1 €Gg

(4.33)
From this formula we read off that the actual S-matrix for a coset conformal field theory with
fixed points is

S

|Ghal o] .
G- [Gorar] 2 V) Shinngarann V() (430)

(1], 0) (MM, 0)
Note that here W € G} 5, and Ue Gy 80 that according to our conventions, the summation
is effectively only over the subgroup G a O Garar of Gig.

In appendix B we will check that the matrix (4.34) is symmetric and unitary and that its
square gives a permutation of order two on the primary fields of the coset conformal field theory.
Moreover, as already mentioned we obtain a diagonal unitary matrix 7 by using the conformal
weights of the branching functions. Thus the different fields into which a fixed point is resolved
have the same T-matrix elements (although due to the character modifications their conformal
weights might differ by integers):

Taa o), (v, i) = Oasa s 0w g Tiasa) - (4.35)

In the appendix we will also check & and T generate a unitary representation of SL(2,Z).
Furthermore, in all cases we have checked explicitly, the matrix & gives rise via the Verlinde
formula to non-negative integral fusion coefficients.

As an illustration, consider the case where the identification group Giq is isomorphic to the
cyclic group Zy with N prime. Then the identification group Giq has N characters U = Wy,
kE=0,1,...,N — 1, acting on n€Zy as

Wi(n) = ¢, (1.36)
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where o
( :=exp (%)

is a primitive Nth root of unity. Then for any automorphism w # id in Giq the matrix S is
the same for all n =1,2,... ,N — 1,

(4.37)

S([(/A\};/\]’),(u;u') = 3‘(/\;/\/)7(#;#') (438)

for n # 0, while of course

[«] _ — *
S(A;A’%(u;u’) = Spuv e = (S ) (4.39)

is the S-matrix describing the modular behavior of the ordinary branching functions.

If either (A;A") or (M;M') is not a fixed point, the sum in (4.34) has only one term,
corresponding to the identity element of (jq, and the S-matrix is a multiple of the ordinary
S-matrix element for the corresponding branching functions. More interesting is the case when
both branching functions are fixed points; then we have

N-—

—

N-—

—

S (uaslvy = N 7;) (1) SEby ey Vi) = 7;) ¢ S G
=<5 S0 (o .Nz_:lgn(l—k)
N S0a ) F NOON )+ 2 (4.40)
B % Sty T (1 — %) §(A;A’)7(u;u’) for I =k,
% SOy (u) ~ % §(A;A')7(u;u’) for I k.

This is precisely the expression for the S-matrix that has been conjectured in [7].

5 The diagonal B, embeddings

To illustrate our results presented in the previous sections we study now the diagonal coset
theories based on

g= (B, @ (B, =B, (5.1)
in some detail. In these cosets, we have the identification current (.J,.J;.J), where J denotes
the unique non-trivial simple current of B{Y.

The coset theories (5.1) have Virasoro central charge ¢ = 1, so that we can determine their
characters also via a different route, namely by constructing them out of a free boson. The
¢ = 1 conformal field theories have been classified, and looking at the spectrum, it turns out
that the series SO(N); & SO(N)1/SO(N)y can be identified with Zy orbifolds of the U(1)
theory with 4N primary fields. The comparison of the known character formule for the latter
theories to the character modifications implied by our prescription provides us with a rather
non-trivial consistency check. The coset description of these theories has fixed point problems

only for odd N, and in (5.1) we have set N = 2n + 3.
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An analysis of these cosets has already been presented in [7]. The main results of that
work can be summarized as follows. The set of conformal weights of the branching functions
was shown to be equal to the set of conformal weights of the non-unitary minimal Virasoro
models with (p, ¢) = (2, N). Hence, according to the conjecture formulated in [7], the characters
of those models are natural candidates for the character modifications. This conjecture was
verified explicitly by computing the relevant orbifold characters, and showing that the difference
between certain pairs of them is indeed equal to the minimal model characters.

Our new results improve the description of these coset theories in two important ways:

1. We can derive the character modifications, rather than conjecturing them.

2. We can extend the analysis in principle to the entire series

Bn+1,k1):= (Bél_lzl)k & (Bé?l)l/(BS_gl)kH, for arbitrary & and [.

The reason why the procedure of [7] was limited to & = [ = 1 is that except for k =1 =1
the fixed point conformal weights could not be identified with the spectrum of any known
conformal field theory. Now according to the results of [1] the orbit Lie algebra of (Bél_lzl)k is
given by the twisted affine Lie algebra (Bff))k The results of the present paper then imply
that the character modifications for B(n + 1, k,[) must be equal to branching functions of 7
(B®), @ (Bff))l/(éf))k_l_l =: B(n, k,1). While this is true for arbitrary k and [, it is only for
k =1=1 that we have an explicit check.

The coset theories B(n + 1, k,[) have an identification current (.J,.J;.J) which satisfies the
factorization property. For k = [ = 1 the fixed points are the combinations (s, s;r), where s
and r € {1,2,...,n 4+ 1} denote the primary fields that carry the fundamental spinor repre-
sentation of B, and the antisymmetric tensor representations, respectively. As was shown
in [7], after fixed point resolution the combination (s, s;r) is resolved into two primary fields of
the orbifold conformal field theory. Each of these two representations corresponds in its turn
to two representations of the U(1) theory. This can be described diagrammatically as follows:

v D qg=N—2r,
lg| =N —2r H{QZ—N—I-QT,
FP
(s,851) — (5.2)
_ D qg=N+2r,
lg| = N +2r H{q:—N—ZT

Here the first step represents fixed point resolution of the coset theory, whereas the second
step represents the extension of the orbifold chiral algebra by a spin-1 simple current, which
becomes the U(1)-current of the theory on the circle. The primary fields of the U(1) theory are
uniquely identified by their U(1)-charge ¢. The orbifold procedure identifies opposite charges
and projects out the U(1) current, but in the untwisted sector the absolute value of the charge
can still be used to label the fields. Since opposite charges are identified in orbifolding, it follows
that in the inverse process of extending the orbifold chiral algebra the corresponding fields are
fixed points of the spin-1 simple current.

7 Although the notation used here is the same as the one we employ for coset conformal field theories, we
are not proposing here a definition of coset theories of twisted affine algebras, but only of branching functions
for the embedding of the algebras.
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It is extremely important to be aware of the difference between the two steps in the diagram
(5.2). The first step represents fixed point resolution in a coset theory, and hence involves
character modifications, while the second represents fixed point resolution in a ‘D-type’ modular
invariant, which does not involve any character modification. Hence we have

bs,s;r = X?\I;E.ZT + X?\I;EI)—.ZT (53)
and
Xorb. _ Xcirc. _ Xcirc. Xorb. _ Xcirc. _ Xcirc. 5.4
N-=2r — AN=2r — N=N42r> N42r — AMNA42r — M—N-2r> ( . )
where X;’rb' and X;irc' are the Virasoro specialized characters of the orbifold and of the U(1)

theory, respectively; the latter are just ratios of #-functions for the circle theory and the -
function. The character modification can thus be written as

B = X5 = XS, (55)
where the overall sign was chosen in such a way that all A’s are positive. We have now expressed
the character modifications in terms of known functions, which are ratios of 8- and n-functions.
It was shown in [7] that A, = Xf:{v, where X0 denotes a character of a Virasoro minimal
model.

Now we turn to the description of these character modifications in terms of branching
functions of twisted Kac-Moody algebras. A fixed point of the simple current of Bél_lzl has
Dynkin labels (ag, a1, a2, ..., a,41) with ag = a1, where the first label refers to the extended
simple root. The twining character of the simple current automorphism was shown in [1] to be
equal to the Bff)—character for the highest weight with Dynkin labels (a1, as, ..., dn41), where
the first label corresponds to the longest simple root and the last one to the shortest. The
unique fixed point s of Bél_lzl at level 1 has highest weight (0,0,0,...,0,1); it is thus related to

the Bff)—representation with Dynkin labels (0,...,0,1), which we will denote by 5. At level 2
of Bél_lzl there are n + 1 fixed points, which we denote by r € {1,2,...,n + 1}, with highest
weight (1,1,0,...,0) for r = 1, (0,0,0,...,0,1,0,...,0) (with a,41 = 1) for 1 < r < n, and
(0,0,...,0,2) for r = n + 1. They are mapped respectively to the Bff)—representations with
highest weights (1,0,...,0), (0,...,0,1,0,...,0) and (0,...,0,2), to which we will refer by r.
The identity we wish to check is then

5(2) n+tl 5(2)
[X§n71]2 = Z As,s;r XanQ ‘ (56)
r=1

The characters for B(") and Bﬁf) can be written down explicitly by choosing an orthonormal

basis €j,..., €, in the weight space of the horizontal B,, Lie algebra. In this basis the roots
of B, are £e; £ ¢; with 1 < < j < m and Fe¢; with 1 < ¢ < m. The simple roots of the
horizontal algebra are e; — ey, €2 — €3, ..., €,_1 — €, and e,,, and the extended simple root

1s —eq — ey for BT(r}) and —2¢; for Bﬁf) The Weyl-Kac character formula yields in this basis

N, k)
L = S(wk) N0 )
Xw,k q 2(07 0) b (5-7)

where ¢ is the ‘modular anomaly’ (which equals h — ¢/24 in a conformal field theory), and

1 VA2 (o -
YW, k) = Z () Z H sin ([wZ + pi + ni(k + gv)]er(i)) qi(k"'g )+ (iT47)-7 (5.8)
Znizg mod 2
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for B,, ;. Here i is a highest weight of the Lie algebra, w; are its components in the orthonormal
basis, k is the level, j the Weyl vector (whose components in the horizontal basis read p' =
(24,228 1)) and ¢¥ the dual Coxeter number, ¢¥ = 2m — 1. The variables 6; correspond
to the generators of the Cartan subalgebra of B(). As we are only interested in Virasoro

characters here, we will eventually set them to zero, but this can only be done after canceling
common factors between the denominator and the numerator of the character formula. The
branching function is in fact independent of the variables 8.

For the twisted affine Lie algebra (B(?); almost the same formula as (5.8) holds, namely

i@x@::}:em)gj[hm(m,+m+nxk+@ﬂ&@»qiﬁfmqwﬁw, (5.9)
TESm n; €L
the only modifications being that now ¢" = 2m 4 1 and that the second sum is over all integer-
valued vectors .. The vector @ is obtained in this case by writing the Bﬁf) Dynkin labels as
(bo,b1...,by) and regarding by, ..., b, as B, Dynkin labels. (To apply the formula (5.9), the
resulting highest weight of B,, must then be converted to the orthogonal basis.)
The modular anomaly for B{!) is

LA+200)5 1 m(2m+ Dk
(i k) = 2220 ) 1 m(@m F Dk
Ft2m—1 21 kt2m—1

(5.10)

For Bg) we find
LA +2p,A 1 2m — 1)k k
55( k) = 2020 N 1 mGm = Dk ke
k4+2m+1 24 k42m+1 12
Using these results one may check that for any fixed point the branching functions of B(n +

1, k, 1) have the same modular anomaly as the corresponding ones of B(n, k,1). This implies

(5.11)

that for any fixed point the branching function and the character modifications have the same
modular anomaly, so that all characters receive corrections to their leading term. It also implies
that we may drop the modular anomaly terms when checking (5.6), since they cancel.

Although we have no general proof of the identity (5.6), the character formulee are explicit
enough to allow partial verification. In particular we have checked that for n = 1 and n = 2
the first 40 terms in the expansion in ¢ agree, and we have verified the identity for all n in
leading and next-to-leading order in g. The leading order check is straightforward. Note that
the BX) character formula has as its leading term the dimension of the representation of the
horizontal B, algebra (as it does for the untwisted algebra). Since on the left-hand side of (5.6)
the ground state is a spinor and on the right-hand side they are antisymmetric tensors of rank
r — 1, the leading order of (5.6) amounts to the condition

P =y (2n * 1) , (5.12)

r=0 r

which is indeed satisfied.

6 Summary and outlook

In this article, we have solved the problem of resolving field identification fixed points of diagonal
coset conformal field theories, and of fixed points in the even larger class of generalized diagonal
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cosets. To this end we have implemented both field identification and fixed point resolution
directly on the branching spaces. Technically, this was achieved by the use of automorphisms of
the Dynkin diagram which fulfill the factorization property (2.16). They give rise to w-twining
maps 7, on the branching spaces.

One important insight that we gain from this construction is that the coset chiral algebra
Wy, is not the commutant of the subalgebra g’ in (some closure of) the universal enveloping
algebra of U(g), but rather a subalgebra of it, namely the subalgebra that is fixed by all simple
current automorphisms of the Dynkin diagram that fulfill the factorization property.

We have seen that precisely this property enforces fixed point resolution: on the fixed
points, i.e. those branching spaces on which the identification group acts non-freely, the action
of the chiral algebra cannot change the eigenvalue of eigenvectors with respect to the action
of the stabilizer. Therefore we must split these branching spaces into the various eigenspaces
with respect to that action. The recently developed theory of twining characters and orbit Lie
algebras shows that this splitting is governed by a natural mathematical structure which allows
for explicit calculations. In particular, we have derived expressions for both the characters and
the S-matrix of the coset theory in terms of the corresponding data of the orbit Lie algebras and
of group characters of the identification group. Finally, we have made this resolution procedure
explicit for a specific example of cosets describing the Zs orbifolds of a compactified free boson.

Our results can be extended in several directions. First of all, one would also like to describe
more general cosets than the generalized diagonal ones. However, we do not know any other
examples of coset conformal field theories where the factorization property holds. This implies
that in the general case, one cannot restrict oneself to strictly outer automorphisms w,w’ on
g and g’. Rather one has to allow for more general outer automorphisms of g and g’, which
are the product of a strictly outer automorphism and some compensating inner automorphism
corresponding to an element of the Weyl group. A candidate for such automorphisms is the
spectral flow described in [4]. However, we expect that most features we encountered in the case
of generalized diagonal cosets will also be present in the general case of arbitrary embeddings
g’ — g; in particular, we conjecture that the formula (4.34) for the S-matrix of the coset
conformal field theory will still be valid.

Taking into account inner automorphisms will definitely be necessary for the description
of those identification currents which act non-trivially only in the subalgebra g'; these ‘(1;.J)-
currents’ are expected to present particular problems. In this context, it is interesting to remark
that the so-called maverick cosets [18], i.e. those cosets which possess further selection rules in
addition to the conjugacy class selection rules, always have such identification currents, and
that these currents have fixed points. There are, however, examples of coset conformal field
theories which also fulfill these criteria, but which are nevertheless not maverick.

As a side remark, we mention that in addition to the maverick cosets found in [19], there
is at least one other maverick coset, given by g = Fg and g’ = A; @ Fr, with all algebras at
level 2. ® (The analogous embedding at level 1 is a conformal embedding, just as for the other
maverick cosets). It has as an identification current (1;.J,.J), where J stands for the unique
non-trivial simple current of Ay respectively K7; this identification current has fixed points.
The branching rules for this coset (see [20, §4.3, example (j)]) show that there is an additional
non-vanishing branching function, corresponding to (A(z); Aoy + A1y, A(r)), that has conformal

8 Thus the A-D-E classification of maverick cosets that was conjectured in [19] is not complete.
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weight zero and therefore should be identified with the vacuum of the (putative) coset theory.
However, the weights involved are not on any simple current orbit of the vacuum.

Finally, we want to point out that there are still more open conceptual problems in the
description of the coset construction, which are largely independent of the problem of field
identification and fixed point resolution. First of all, one should show that there is a suitable
extension U(g) of the universal enveloping algebra U(g) such that the candidate coset chiral
algebra Wy, fullills all requirements for a chiral algebra of a conformal field theory. Moreover,
in order to prove that W, , is indeed the — maximally extended — chiral algebra of the coset
theory, one must, in the absence of field identification fixed points, also show that the branching
spaces are trreducible modules of Wy, and that each isomorphism class of irreducible modules
appears precisely once. (Note that for ¢ > 1 the branching spaces are highly reducible as
modules over the coset Virasoro algebra.) In the presence of field identification fixed points,

one has to prove the same statements for the eigenspaces of the maps 7.
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A The factorization property and the uniqueness of
modular anomalies

In this appendix we drop the assumption that the embedding g’ — g describes a generalized
diagonal coset. Whenever the embedding g’ < g preserves the triangular decomposition, the
restriction w’ of a strictly outer automorphism of g which satisfies the factorization property is
again a strictly outer automorphism of g’. Namely, first, as a restriction of a homomorphism,
w' is a homomorphism of g'. Second, from w™ = id it follows that also w'” = id; this implies
that w' is surjective and injective, and hence an automorphism of g’; moreover, the order N’
of w’ divides the order N of w. Since both the embedding g’ — g and the automorphism w
(2.12) respect the.triallqgtlﬂar defomposition of.g, we have w'(g}) = w(gy) C w.(g#) C gy for
#/E/{—I—, o,—}, V\:hlle /w (gx) Cg by/ t.he faCt.OI’IZELtIOH property of W', Tog(/ether it follows that
w'(gy) CguNg =gy, and hence ' is a strictly outer automorphism of g'.

It can also be shown that any strictly outer automorphism satisfying the factorization
property leads to a selection rule of the form (3.11) and leaves the generators of the coset
Virasoro algebra invariant. The proof of this assertion has some interesting by-products; it
proceeds as follows. From the definition (3.8) of the branching function it is apparent that (up
to an overall prefactor ¢"s~"s=¢/24 \where h denotes the conformal weight) the coefficient d,,
of the power ¢" of the branching function counts how many highest weight vectors of g’ with
highest weight A’ occur at grade n in the g-module with highest weight A. Now the highest
weight vectors of g’ in ‘H, with highest weight A’ are in one-to-one correspondence to highest
weight vectors of g’ in H,«x with highest weight w*(A) at the same grade of the module. This
implies that the associated branching functions are related by

bw*A,w’*A'(T) = ezﬂidAvA/TbAA/(T) 5 (Al)

where dp pr 1= hysa — ha — hywpnr + hao In particular, byxp o«ar vanishes if and only if by s/
vanishes. Also, from (3.10) we learn that

bw*A,w*’A’(_%) = Z SW*A,MS:Z*/A/7M/ bM7M/(T) . (AQ)

M, M!

On the other hand, using (A.1), we see that

bw*A,w*’A’(_%) — o 2midy pi/7 Z SA,MSX/,M’ bM,M’(T)- (AS)

MM’

Let us assume that by o» does not vanish; then by comparing the two results we obtain the
identity

e—2midy ar/T MM SW*AvMS:Z*’A’,M’bM7M'(T) (A4)

2oM MY SA,MSX/,M/Z?M,M'(T)

between two functions on the complex upper half plane Hy (Im7 > 0).

Since both g and g’ have only a finite number of primary fields, we can define M as the
smallest common denominator of the conformal weights of all branching functions and rewrite
(A.4) in terms of the variable x:= e*™7/M_ Branching functions are holomorphic functions on
Hy [20, §1.6], and hence the right hand side of (A.4) converges to a meromorphic function on
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H,. Manifestly, we can also interpret it as a meromorphic function in x for |z| < 1. After
multiplying both numerator and denominator of the right hand side with an appropriate power
of z to get rid of negative powers of = which stem from terms of the form ¢=%?* in the characters,
we can assume that both contain only positive powers of x.

The left hand side of (A.4) is a priori defined not on z-space, but rather on an infinite
covering of it. If both sides of (A.4) are identical, then also this side has to give rise to a
function in  and we do not have to worry about branch cuts any more. Since the left hand
side of (A.4) tends to 1 for Im7 — oo, = 0 has to be a regular point for both sides, and hence
also the derivatives of the left side with respect to x have to exist at + = 0. However, the first
derivative of the left side diverges for @ — 1, unless dp o+ vanishes.

Thus we have dy o = 0. From (A.1) we then learn that

b wenr = bar (A.5)
for all pairs (A, A’) of integrable highest weights. In other words, the eigenvalue equation
Lovy = hvy, where vy is an element of any weight space in any irreducible module, implies that
[.JOTWUA = hT1,vy as well.

The argument we just presented also gives some further important insight. Suppose one is
given a set of functions of the modular parameter 7 which transform under the transformation
7 +— —1/7 to linear combinations of these same functions, like e.g. the characters of some
rational conformal field theory or, as in the case of our interest, the branching functions. Our
argument then shows that, whenever two such functions differ only by a factor which is some
power of ¢, they must in fact be identical. In the case of a rational conformal field theory, this
implies that if the modules of two primary fields have the same number of states at any degree,
then the two primary fields must have the same conformal weight.

With the help of the relation (A.5) the promised results are recovered as follows. Taking into
account the transformation (2.14) of the Virasoro algebra under strictly outer automorphisms
and its analogue for g’, we can make the most general ansatz

w_l([.fo) = [.,0 — (v, Ho) + pr[((p) (A.6)

for w‘l(lojo), where K are the central elements for the various ideals of g and the sum is over
these ideals. Using the w-twining property (3.4) of 7, we then see that for any vector vy with
weight A in any highest weight module of g we have

hva/\ = [.JOva/\ = Tww_l(l.fo)vA = Tw(I.JO — (U, Ho) + Zp fp[((p)) V)
= (h - (vv )‘) + Zp fpk(p)) TwUX -

Since this equation has to be valid at any combinations of levels k(,) and for any weight A, it
follows that all the coeflicients ¢, vanish and that also v = 0. This implies that

(A7)

2 (Morgy Hip) = 2 (Ao, Hign) (A8)

p p’

which is the desired generalization of (3.11). The sums in (A.8) are over the ideals of g and g/,
respectively. From this result both the conjugacy class selection rules and the invariance of the
coset Virasoro algebra follow in the same manner as in the case of diagonal cosets.
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B Properties of the S-matrix of the coset theory

In this appendix we describe several checks which show that the S-matrix for the coset conformal
field theory, i.e.

— |Gial * [w] \I
SAAL0)(MMD) = Gy [ 1Garar] GZC; V(@) Sxianpran Y(w) (B.1)
w id

as defined in equation (4.34) is a unitary symmetric matrix, that its square gives a permutation
of order 2 which leaves the vacuum fixed, and that together with the T-matrix T of (4.35) it
obeys (ST)? = 82, i.e. that it possesses all the properties required for a proper S-matrix.

As a first step we derive some identities for the S-matrices of twining branching functions
which will be helpful in proving these assertions. Let us first derive some consequences of the
unitarity of the tensor product S8 @ (Sg/)* of the S-matrix of g and the complex conjugate of
the S-matrix of g’.? If (A; A), (N; N’) are the labels of two non-vanishing branching functions,
then when summing over all elements of the identification group Giq and over all combinations
(M; M') of integrable weights of g and g’, the fact that 5& @ (S&)* is unitary implies that

Do 2 Sy Sirary vy = D durann, (v = [Gaarl - Spaan vy . (B2)

w€Giq (M;M") weliq

where the last Kronecker delta refers to Gjq-orbits. On the other hand, we can compute this
sum also as

Z Z Sur(Ah),(M:M?) S(*M;M’),(N;N’)

w€eGq (M;M')
— Z Z ezrle((M;M))S(A;A/),(M§M/)S(*M;M/),(N;N/)
w€Gia (M;M")
=Gl >0 Sy S (v (B.3)
(M;M)
Q(M;M"))=0
_ Z (|;Gid|2 S[A'A/] [MM']SWM’] [N:N1] -
L o] 1001 Sorart o
Q((M;M")=0

Here in the first line we used (1.3); then we performed the summation over the identification
group; and finally we wrote the result in terms of a sum over orbits of non-vanishing branching
functions that have to be identified. The notation Q([M; M']) = 0 indicates that the mon-
odromy charge with respect to all simple currents in the identification group Giq vanishes. The
S-matrix elements corresponding to orbits [A; Al and [M; M'] of pairs (A; A’) and (M; M") ap-
pearing in the final form are well-defined because the original S-matrix elements are constant
on the orbits provided that their monodromy charges vanish.
Comparison of the two results yields the identity

Gi 2 *
> S S = [Gandl - Spanv (B4)
(A M] ’
Q((M;M'))=0

 Note, however, that this tensor product matrix does not describe the behavior of the branching functions
under 7 — —1/7. This follows e.g. from the observation that this matrix has non-vanishing matrix elements
between vanishing and non-vanishing branching functions.
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Next we note that charge conjugation acts in a natural way on simple current orbits, so
that we are given a matrix Ciz;a [am;m Which describes a permutation of order two of the orbits
of non-vanishing branching functions. Performing a similar computation as above, one derives
the identity

Gial?
> IJJMdJL/I - Stsan vy S v = [Gaar| - Cian v - (B.5)
(M;M'] ’
Q((M;M"))=0
analogous to (B.4).
Furthermore, recall that we defined a T-matrix 7 as the restriction to orbits of non-vanishing
branching functions of the product T8 @ T8 of T-matrices of g and g’; a similar computation
as above leads to the relation

|Gial _ _
> 1o Smanmean Toreg Spraen vy = Ty Sy vy Tivivy - (B-6)
nrar M
QUMM)=0

Finally, in the derivation of the identities (B.4) — (B.6) one can substitute Spa.an an by
S[[XJA'],[M;M'] and Tparar by 711[\(*4}];]\4’]’ thereby obtaining analogous relations for the matrices Sl
and 7 where the sum is now over all fields in the fixed point theory for which the monodromy
charge with respect to to all simple currents in the fixed point theory vanishes, Q((/v\, /v\’)) = 0.
However, as we have seen after equation (4.19), this monodromy charge vanishes precisely if the
corresponding monodromy charge before projection vanishes. Thus the formulae (B.4) remains
true if only S is replaced by S, As for the analogue of equation (B.6) we remark that, since
the conformal weights of the fields into which a fixed point is resolved differ only by integers, one
has in fact 7{5\“}];]\4,] = Tivm)- Also, one checks by inspection that for all diagram automorphisms

of affine Lie algebras C[[XgA'],[N;N'] = Claan,[v;nq s independent of w, too. Therefore, we have

formulee analogous to (B.4) — (B.6) in which only S is replaced by S,
We now combine the equations (B.4), (B.5) and (B.6) and their analogues for S©! instead
of § with the following two identities for the characters of an abelian group. First,

Y. W(w) = |Gan] - bue s (B.7)

*
LIJEGA,A/

where e denotes the unit element of the group Gy ar C Gig. Second, for any W e GX,A/ and any
Ve Gy one has

Z \I/*(w) \il(w) = Z \I/*(w) \il(w) = |GA,A’ N GM,M’| . 5‘37@ . (BS)

WeGid WGGA,AIOGM,M/

To show that the S-matrix is symmetric, we take the transpose of (B.1). Observing that w
and w™! yield the same orbit Lie algebra so that

w™?! w
S([A;A/]),(M;M/) = S([A],A/),(M,M/) L] (Bg)
and that this is a symmetric matrix, we get
— |Gidl I * [w™!]
SQUML0) M) = Gy T 1Gar ] EZG: U (@) Siaa sy Y(w) - (B.10)
w id



Using the property W(w™') = U*(w) of group characters, the symmetry property then follows
by summing over w™! instead of over w.

To show that the S-matrix (4.34) is unitary, we calculate

> S Sqaanw ) (M) (SN0 ) (NN 8s))

[M;M] ‘1’2€GMM,
- |Gial? 3 3 Sll (S[w] )
- |G A a1 G ap a2 G oy v [AA][M MNP [M ML IN N
[M; M1 ’ ’ ’ Wo EG’;/LM, w1,w2 EGHq
X Wi (wn ) Wa(wy ) Wa(wa) W5 (wy)
|Gial? [w1] [w1] . o -1
Z ENNEETE Z S[A;A’],[M;M’](S[M;M'],[N;N’]) U (wn) W5 (w )
[MM/ ’ ’ ’ wleGid
|G i > o ving ¥ (wr) Ws(wy)
NN WleGld

= O[AsA, (NN 0w,y 0, -

(B.11)
Here we used the analogue of the relation (B.4); a parallel computation using (B.5) shows that
D2 S e Sauar ) (8iv)ws) = Cln v dus s - (B12)

[M; M 92€GY,

Here Cya;an,[(v;n7) is the charge conjugation matrix of the coset theory; the matrix C is mani-
festly a permutation of order two of the primary fields which leaves the identity primary field

[0; 0] fixed. Thus charge conjugation acts in a trivial way on the labels which describe the fixed
point resolution.

Our final check concerns the relation (ST)* = S?, or equivalently, STS = 7'ST . Using
(B.6) we have

Yoo D Sqaa ) () T S (MM, (NN, W)

[M;M7] U2€G%,

S |Gida|* T

- AN /2' !
i T PGl o

<3 S pran T St pvavy Ui (@) Wa(w) W (ws) Ws(w,)

w1,w2 €Giq

_ |Gial? [w1]
= D, Ien A/|'|GMC1\4/|'|GNN/| 3y SA an o T Sty vy Y (wn) Ws(ws)
[M;M"] ' ' ’ w1 €Giq

|G
- |GAA/|~|%}NN,| Z TAA’ AA’ ),(N;NY) (Nle)q’ (w1)Ws(wr)

= Tiaunr S([A;A/],%),([N;Nq,%) (ViNT -
(B.13)
In summary, for any coset conformal field theory in which the identification group Gig
possesses the factorization property we obtain a unitary representation of SL(2,Z), with S
symmetric and T diagonal.
Let us also mention that we do not yet have a general proof that inserting the formula (B.1)
into the Verlinde formula yields non-negative integral fusion coefficients. However, we have
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checked in many examples that this further condition for the consistency of the coset conformal

field theory is indeed fulfilled.
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