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Abstract:

In this paper some new exact path integral treatments are presented. These are the path
integrals for the symimetric top, the “smooth step”, the Rosen-Morse- and the Manning-
Rosen-potential. By appropriate space-time transformations these path integral problems

can be reduced to the path integral problem of the Péschl-Teller potential.

* Supported by Deutsche Forschungsgemeinschaft under contrat no. DFG-Mu 757/2-3

LINTRODUCTION

In the last ten years there has been remarkable progress in calculating path integrals
explicitly. The starting shot was given by Duru and Kleinert [6] with their {reatment of
the hydrogen atom. The clue for solving this path integral problem successfully was to
find simultaneously a coordinate- and time-transformation (“space-time transformation”} to
reformulate the hydrogen problem in terms of the harmeonic oscillator which was & well-known
and already solved problem. This idea of attacking path integral problems by performing
space-time transformations has since been marvelously fruitful and much of the following

work is based on that idea.

Here we want to add some further examples. As we shall see, we must perform in three
out of four cases a space-time transformation and we need in all the examples the results of the
path integrals of the {modified} Poschl-Teller potential. Let us summarize in short the results
of these two path integrals and the results of the technique of space-time transformations in

path integrals:

1} The Poschl-Teller (PT) potential with some numbers & and A is defined as
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This class of potentials was first discussed by Poschl and Teller {26]. A detailed discussion can
be e.g. found in Constantinescn and Magyari [4] and Nieto [22]. The path integral solution
for this poteutial can be achieved by means of the path integral over the SU{2) manifold,
and it was successfully studied by Duru |7], Inomata and Kayed {17] and Bohm and Junker
[3]. Alternatively, a simple form can be studied with the help of the rigid rotator [11,23).

Some care is needed in the path integral formulation for the Péschl-Teller potential. Looking
carefully ai the lattice derivation [3,7] for the path integral we see that we must use a func-
tional measure formulation similar to the one used in the lattice formulation for the radial
harmonic oscillator [11,25,29]. This has the consequence that the following interpretation

scheme must be used, namely (we nse units h = 1):
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where the functional measure py « is given by (we use the notation sin? #4) = sin 809 5ip g7 -1}

ete.):

N
Haxlsing, cosz] = h}iiILHp-,\',{sin:t”’,cosz”)}
=1
2em A\
= lim ( - ) Hsinn:mccosz(”
N—oo i€

=1

X exp [g(sin’{;{j) + cos‘z;(j))] Iy (gsinﬁ‘j)) ? (Y (gcos:é:m). (3)
The first line in Eq.(2) has only the symbolical meaning that formally the potential appearing
in the Schrodinger equation translates into [ Drexp(i x Action). We want to emphasize
that only the functional measure formulation has a well-defined laitice formulation. The
usual expansion of the modified Bessel function I,.(z) ~ (2rz)~% exp [z - L;:—jﬁ} [z — oo,
arg(z} # 0] (or Eq.{3.15) in Ref[18], respectively) seems very suggestive but gives in the
lattice formulation the wrong boundary behaviour of the corresponding short-time kernels
and wave-functions because the condition arg(z} # 0 is violated. Instead of the correct
behaviour we would get a highly singular one. But it is not the scope of this paper to discuss
these features in detail; this will be done elsewhere [13).

The path integral solution for the Péschl-Teller potential now reads:
—~ iT
EPT(z",aT) =y exp [ - (kA 211)2] VPTG PT (), (4)

n=0

where

Ul (2) = 12(k + X+ 2n) (s + X+ n) J

I‘(::+n+%)l"()n+n+%)

x (sin £)*{cos x)* Pfln_%"\_%)(l — 2sin’z). (5)
Here the P,(,O"’B)(z) denote Jacobi-polynomials.
2) The modified Poschl-Teller {mPT) potential with some numbers 7 and » is defined as

1 [gin—1) wlr-1)
2m | sinh®r cosh? »

vrPTie) = . >0 (6)
A classical study of this problem is due to Frank and Wolf 8], whereas the path integral
treatment by means of the path integral over the SI’{1,1) manifold is due to Béhm and
Junker {2,3]. The special case v{v — 1) = 0 can be studied with the help of the path integral

on the pseudosphere [12]. Again we must use a functional measure formulation similarly
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to the previous one and the following interpretation scheme for the modified Poschl-Teller

potential must be used:
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where the furctional measure u,,, is given by
N
fnolsinhr coshr] = lim H ftyofsinh 79 cosh r!7)]
N—oo

i=1
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=1
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Of course, the same line of reasoning as before is also valid for K™F7 as far as the functional
measure is concerned. Adopting the notation of Frank and Wolf the path integral solution
reads [define 25 = n{n — 1), —2¢ = (v - 1) and introduce the numbers kq1,ks which are
defined in terms of e and s as ky = (1 + /1/4 — 2¢), kp = 11+ /174 £ 28y
Ny
EmET (" T)= Z e—"TE“‘I!L"""’)(r')\IJLk"i"”'(r”]

n=1
+/ R L e T T
o

Here Nps denotes the maximal number of states with 0,1,...,n < Nag < ky ~ kg — % The
correct signs depend on the boundary conditions for r — 0 and » — =, respectively. In
o3

i

particular one gets for s = 0 an even and an odd wave function corresponding to &y = §,

The bound states are explicitly given by:
wihkad () = ik kalginh ry2%2~ T(eosh ry =g
X o Fy(-ky =k + 5, —ky + kg = 5+ 1; 2k — sinh? r), {10a)
Y2k, — 1)D{2ky —n - 1)1}
Ti2ky + n)D(28y — 2k; — n)

(sinh r)“z’% (coshr)?7 =2k =3

12
% PlRr=latky-ky—n)-) (—»1 ~ sinh T). (10b)
" cosh®r /}’
ptbsksy _ 1 [{2ky = 1Tk + ko — x)T(ky + e + 5= 1)] 7 (10¢]
" [{2k,) Dlky — by + &)PRy — by —x~ 1)
and E, = —:_-!-:-_;!-(2!{ -1 = — ﬁiz{kl —ky - m) - 1j2. The continuous states read:



‘I’Lk"h)(r) = N,(:h'k’)(cosh P 2 (sinh 7} -3

x e Fy(ky + k2 — 5, k1 + K2 +.r:——1;2kg;fsinh2 ), (11a)
NlEED 1 ksinhwk
k 1rl"(2k2) 2

X P(kl + ky — N)P(*k] + k2 + K.)I‘(k] + ko + 81— 1)11(—"}\!] + ks~ 6+ 1)] s (llb)

where x = 1(1 +ik) (k > 0) and E = ..

3) Let us now discuss the general method for a space-time transformation [11]. It works as
follows: One starts with the path integral

+

K(z",2";T) = /Dz(t)exp {1]

g

[%52 ~V(z)— un(z)] dt} (12)

[Vau = g(I* + 2I') is a quantum potential due to a non-trivial metric, see below], where
it is assumed that the effective potential ¥ 4+ V,, is so complicated that a direct evaluation
is not possible. One then defines a new “time” s together with a coordinate transformation
z(t) — g(s), s(t) = Lt,(dcr/f[z(a')]) and x = F(q) with some well-defined positive functions f
and F, where we further assume that the relation f(¥{g)) = [F'(g)]® holds. Let us consider

the Legendre-transformed general one-dimensional Hamiltonian

2
HE=—L (J—i— +Y‘(a:)%)+V(z)—E (13)
which is hermitian with respect to the inner product {f1, f2) = [ fi(z) fo{2)J(z)dz, where
J(z) = e TEME Lot us define the quantities G{g) = T(F(q)}), 5 = J{g) = erf{ql)d"‘,
T(g) = G(g)F'(g)— F"(q)/F'{q) and py = %{% + %f‘(q)], where pg is, of course, a momentum
operator which is hermitian with respect to the scalar preduct (fy, f2) = f f7(9)f2(q) Valg)dg.
With the constraint f{F(g)) = F?{g) we thus obtain the space-time transformed Hamil-
tonian & = fHg:

H(ppy0) = 57 + HF@)[VIFl@) -~ E} 1 Viula) (14)

" with the well-defined quantum correction

7, 1 F"(Q) : Fm(‘l) t 2 ' 4
o) = o 2 (D) -2+ C@FW) € @FE| 09

Now assume that the constraint f;” dsf|F(g(s))] = T [s(t") = "] has for all admissible paths

a unique solution s” > 0. Of course, since T is fixed, the “time” s" will be path-dependent.
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We must incorporate the constraint into the path integral and define the energy-dependent

Feynman-kernel G{z",z'; E} (Green’s function) via the Fourier transforination

K(z",2';T) = ZLj e TEG(2" o' E)E (16)
i S oo

and obtain the transformation formula
6", '3 B) = iffe i@ [ R a's5)s" (17)
o

which gives the energy-dependent kernel G as a time integral over the transformed Feynman

path integral K{¢",q,s") =< q"}e""“’qlq' =F

K(q",q¢s") = /D‘?(S)EXP (1.[0

l¢ = dg(s)/ds,q = F(z'),q¢" = F~}(z")]. Here the measure Dg(s) is defined in the
same way as Dxz(f) in the path integral (12). This technique of space-time {ransformation
was orginally developed by Duru and Kleinert [6]. It was further developed by Steiner [28],
Pak and S8kmen [24], Inomata [16], Kleinert [19] and Grosche and Steiner [11]. The lattice

derivation of the equations (16-18) is far from beeing trivial but can be rigorously performed

"

{3 - 1w [verw) - 2] - ffqu(q)}ds) (8)

[e.g. by appropriate symmetrization rules and the well-known midpoint-prescription (which
must be used in path integrals on curved manifolds)].

The further content of this paper reads as follows. In section II the path integral solution for
the symmnetric top is presented, a problem closely related to the SU(2) path integral.

Ir section I11 the path integral solution for the “smooth step” function ¥V(z) = —V5/(1+ ¥/ ®)
(z € R, V3, R > 0, constants) is calculated, a potential important in solid state physics.
Section IIT contains finally the path integrals for the Rosen-Morse potential V{z)= A tanh -
B/fcosh® £ (z € R) and for the Manning-Rosen potential V(r) = Acoth § — B/sinh® %
{(r » 0, A, B, R > 0 denote constants).

Section V contains some summarizing remarks.

I1.THE SYMMETRIC Top

A quantum mechanical treatment of the symmnietric top (ST} is due to Dennison [5]. He
used it for describing the spectra of molecules with rotational degrees of freedom. There
is also a close relationship to the problem of an electron moving in the field of a magnetic
monopele [30]. The simplest top is, of course, where all three principle momenta of inertia
are equal. This, in fact, is the SU(2) problem [7]. Here we want to discuss the symmetric
top, where only two principle momenta of inertia are equal. We introduce the Eulerian angles

8,7, ¢ with 8 ¢ [0, 7], ¥ € [-2m,2x] and ¢ € |0, 2x]. The kinetic energy giving the rotational
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energy (= classical Hamiltonian = classical Lagrangian) of a rigid body with the {wo principle
momenta of inertia A and B in these coordinates is then given by (e.g.[20]):
A . B . .
Lo = 5(92 + sin? 9#)2) + E(qﬁ + ::v:)slh,[))2
A 1 - 2 202, Bia i\
:EH +§(A sin® @ + B cos® 8)¢ +—5¢ + B cosf i (18)

A L
= Eganaqb:
where ¢° (@ = 1,2,3) denote the three Eulerian angles and the metric tensor 9ab and its

inverse y** are given by (B = B/A):

1 0 1] 1 0 0
(gab)={ 0 sin®@+ Bcos’@ Beosd |, ) =10 — fosf (20)
0 Beost B 0 - fmf %+cot29

and the determinant g of g, reads: g = det(gq) = Bsin® 8. The Hamiltonian reads as:

A os
L] . 2
He = 2A{pﬂ+ 6+(B+€°t )P¢ 28 (21)

To construct Hamiltonians in quantum mechanics we must respect the ordering ambiguity of

position- and momentum-operators. Following our prescriptions given in [10,11] we start by

considering the hermitian momenta p, = 1( 8% +3T) with Ty = 8, In /. Thus

O los), gp-12 L._12 .
po=-{ o+ 500 T BT e {22)

For the Hamiltonian we can use the well-known Weyl-ordering prescription

1 . :
Yy [9°°Paps + 2pag®ps + Papsg®] + AVipey (23)

with the well-defined quantum potential

1
AVchl = a[

or, respeciively, the “product-ordering” prescription [10
P Y, P g P

9" Tals + 2(g°Th) o + g™ ], (24)

1
H= ﬂh“papbhd’ + AVWeyl + a(zhﬂchbc‘ab _ hae‘nhbc’b _ hac‘b hbc!a) (25)

with the decomposition g2% = h2°A°®, Due to the special nature of g% and g.;, respectively,
the quantum potentials turn out to be equal for both prescriptions and we find for the
quantum Hamiltonian of the symmetric top:

71 3+ tﬂa 1 52 A+t632 2c05833
T2alaer " et GuTeaer T O F ) et T “gnt e 09 68

1[, P (_4 . ) . . cosf } 1 ( 1 )
= —lpit =2 (2 4 cot28)pd 2 — .
24 [p" sinfg  \B T T P2 agPuPs) — g1 oy

{26}

The path integral for the symmetric top can now be constructed in the usual way [10,11] and
it reads in the “product-form” definition [Agl?) = ¢9 —gU ™ o) = q(1D) = ot +je) (j =
0,1,....N), e=T/N = (" -~ ')/N (N — oo)}:

KST(BH,9!’¢rl,¢r,¢n,¢'; M= /ﬁﬂﬂ(t)D¢(t)D¢(t)

e
X exp {1[ [éﬂz + 1(A sin® § 4 B cos® 9)1,!;2 + gq§2+8cosﬂqf;qt‘i+ L (1 + %)]dﬁ}
I sin

84
INN-1
— j (3} gg(3} (1) (7)
Nl_r.noc(ch) \/'f sin 1740 ,/ d¥ / dé

X exp{ Z [ AU 4 Z(A sin? §03) + Bcoﬁu))awﬁ) + §A2¢U)

5 gco;-ﬁ-(j)Ay’)U}Aéu) + 5(1 bt )} } (27)

sin® g9

We calculate this path integral by starting with a Fourier expansion:

KT 0 9" 4, 4", 6" T) = YN KIL(8.6,T)e e ) My )
L=—co M=o
2 2x
ngd(ﬂu,ﬂr;T) _ é{/ d-?f)”f dqﬁ"KST(g",9',¢",’¢)’,¢",cﬁ';T}E‘H’w”_¢r}7;M(¢”""b’).
—2r 0
(28)
This yields

o 1 T
KST (8,6, T) = o7 ep(;A)

N
. A €
1 3} gptd) (1)
x limn (271'16) I I Vs j sin 847 df'4 exp El % ZATA YENRTT

N 2
x Hj du’:(j)/ dgld) exp{ [(Asm 61 + B cos? H(J))A #) 4 BAZ)
el

+ 2Bco;—§(f)ﬂ.1,b(j]A¢m] - iLAGT - z'MA@bU)}
1[4 F S|
:ﬁ\/ﬁexP[_zT(oB SA)J
NN A I3
: (3 19(9) ()
Xhllinw("me) H j sin @149 exp[ Z(Z Azl .LSASin";H\’J))J

N
A .
x H/ dvc‘”exp{ sin G(J)Az; & H(Lcoseh‘ .M)Aub(")}

—~, . . 1
A (sin# sinf"): onf L2 '
= Ew)—exp[fﬂ"(ﬁ )JKLMW",B;T)» (29)
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where the kernel ng; is given by:

- A, (M—Lcosﬂ)z—l) ]
ST gt gl gy _ 1 Y L A Y P
Kiy(8",8,,7T) jDG(t)exp [1 j:' (2 24 5o

NN-1 ,x N (inz _ 1
. A2 5 ] A sy (M - LcosgUhy 4)]
= —ATE - . (30
1,}‘_’?100(21'.{6) I]]: _/,:, 487 exp IJ_E] 2e ¢ 24 sin? §3) (30}
= =

This potential problem related to the symmetric top has also its own right as a path integral,

especially if one analytically continues in L and M to, say, arbitrary real numbers. The path
integral (30} can now be solved by & simple coordinate transformation by means of the Pdschl-
Teller potential or SU(2) path integral (see also [7] for a similar calculation), respectively.
We consider the Hamiltonian

1 & (M- Lecost)? -1

S T it A | 31
H sader T 2A sin* 8 ! (31)

perform the transformation (1 — cos#) = 2sin’ 2, i.e. x == 6/2, and arrive at the transformed

Hamiltonian
o 1P MoIp-3 (MiIp -t op 52)
T 84 da? 8Asin®z 8Acos?x 24"
Thus we get the transformed path integral corresponding to the Hamiltonian H:
~ 1. .
Kfﬂ(ﬂ",ﬁ';T) = §e’TI’2/2‘AK(z",m‘;T)
o
= %e"TL”MjD;c(t)p|M,L|,JM+L|[sin;c,cos:v] exp (ZiAf i2dt)
o
ad f{dts+2m+1PE L2
— Zexp [ - QT((-I‘—SS_‘I'RM;} _ ﬁ q’fT{lj)qJ,}:T(;t”). (33)

n=0

Here we used the notation of Eq.(4}, where m = 44, x = d + %, A=s+ % with d = |M — L)
and s = [M + L|. Thus we get finally the path integral for the symmetric top:
oo -] o0 ) .
KST{GH,3’,1[)",’4)',@",(}5’;1’): Z Z Z e“‘TEn ‘I’fT(BJ,‘yﬁr,qﬁ'}‘PiT*(B”,tﬁ",qb")?
n=0 M=—oo L= —0ca
{34)

where the wave-functions and the energy-spectrum are given by:

I

\IJ,SZT(B,gb,g;&) = NfTe"iL¢e_iM¢(1 —cos#) M {1+ cos8) ! Pi!M7L1’|M+LI)(cos L]

ast | jA (d+s+nt Unil{dtstn+1) ]; {35)
® (Y Baxtad st (M T Li + n){M + L + n)
(n+ 422?11 L?(l 1)

24 2\B a4

E3T = (36)

8

— ——— e ——

We can introduce the quantity J = n + 5;—" =0,1,2,... and can interpret the ENeTEY &8
JJ+1) L2711
EST - 2 37
24 T2 \B 4 (37)

For A = B we recover the SU(2)- and S0(3)-spectrum, respectively. Note that

d . .
—2=1|L+M;+%M7M|=!L|, (iL] = 1ar)

2 2 (38)

If

Ml (M=),

This suggests that J,L and M may be interpreted as representing angular momentum and
it can be in fact shown that, e.g. the total angular momentum P can be described by P? =

J{J 4+ 1). For z detailed discussion of these features see 5].

As a final result we consider the kernel I;f:{;, interpret the numbers L and Af as, say,

arbitrary real numbers and obtain the path integral identity:

“ A, (M-Lcosop -2
. 2 1
/Dﬂ(t)exp [1 /:' (Eﬂ — —-——2A T )df]

- T ((2n+d+s+41)?
= Zexp [f ;j(u-—:iu - Lg)} P57 (cos 9’)‘1’5%(‘059") (39)
n=0

in the notation of Eqs.(4,5,34). In Eq.(39) a functional measure formulation must be used if
needed.

Iil. THE SMOOTH STEP

Let us consider now the path integral for the “smooth step” potential (z € R) V(z) =
-Vo/(1 + /Ry

"or, _ . ¢ m.q Vo
K{z",2",T) = | Da(t)exp {i —z" + = | di >, (40)
" 2 1+ ¢k

Potentials like this are important in solid state physies. They can smear out the potential
step at mefal-vacuum interfaces. Following our prescription for a general space-time trans-

formation in path integrals we start by censidering the Legendre-transformed Hamiltonian

Hg:

1 d? 1%
Hp= - —— 2 . _F. 41
¥ mdz? 1 4cr 1)
We perform the transformation (1 4 e®}71 = tanl®r, introduce the momentum operatar
=ML+ irar,. = 1/(sinhr coshr}] and define a new “time” s by df = flg(s)}ds, with

9



flr) = 4R?coth®r. Thus we have AV = - (3/ cosh®r + 1/sinh® ) and arrive at the

8m

space-time transformed Hamiltonian H = flr)Ag:

2 2 1
- P, 2 8mR°E + 1 3
=P 4R B ) - - . 42
2m ( ) 2msink’® r 8m cosh® r 42)
Therefore the space-time transformed path integral K reads [v = - 3,3, 53 = } &

V—8mARE):

E(r",r'; 8" :ei"'4RZ(E+V°)jDr(s)y.,,,,[sinhr,coshr] exp (%/ fzds) (43}
o

This path integral is a special case of the modified Poschl-Teller potential as discussed in the
introduction. Equations (9) and (11) give immediately the solution yielding (there are no

bound states)

I{"(‘r",r';sn) — IR B+ V) jw dk 87%P\I’&khh)(r')q":“h)*(r"). (44)
]

Due to the boundary conditions ‘I’S‘h’k’) —+ 0forr —+ 0 we get ky = 0 and k; = %(1 +

v/ —8mR*E). Performing the s"-integration gives therefore
oo W . ] ‘P' Jt

G(z",a" E} = j dk4~——-—-ﬂ£(m) Sip(#"),

Q

(45)
BmRE Vu -E

The energy-spectrum reads £} = % — V; and has & constant shift ¥y. The wave functions

are given by [y =(1+er) Y, p=VIZmER? k= \/2mR(E + W)
T seeplz) = Ny®(1 — y) 2 Fy[i(p + k),i(p + k) -+ 1;1 + 2ip; y]

_[ k sinh & sinh 27p 3 (46)
" [8prRsinha{p + k)sinha(p — k)]

This is the correct solution [4].

IV. THE ROSEN-MORSE AND MANNKING-ROSEN POTENTIAL
1) Let us first consider the path integral for the Rosen-Morse {RM) potential V#M(z) =

Atanh § — B/ cosh® £, (z € R, A, B, R positive constants):

o
KBM(z" z,;T) = jDz[i)cxp [z/ (T—;-a:z — Atemh% + B )dt]. {47)

2z
cosh® &

The potential VEM was introduced by Rosen and Morse (27 to discuss the spectra of poly-

atomic molecules. With this potential one can also study the penetration of electrons through

ie

a potential barrier {8]. The Rosen-Morse potential has a discrete and continuous spectrum
and thus a “hidden” SU(1,1) symmetry. There is already a path integral solution for VMR
by Junker and Inomata 18], but their treatment is based on the SU(2) path integral instead
of the SU/(1,1) path integral. Therefore these authors did not get the continuous part of the
spectrum.

We proceed similarly to the previous section. Let us start with the Legendre transformed
Hamiltonian Hg:

(45)

We perform the transformation Z(1 + tanh £) = tanh? 7, introduce the momentum operator
=X ;7 + 1T,) with [, = 1/(sinhr coshr). We define a “time” s together with the coordi-
nate transformation z(1) — r{s) with F(r) = Rartanh({2tanh®r — 1), f(r) = B? coth® r and

AV = —g(3/ cosh? r+ 1/ sinh® r). Thus we get the space-time transformed Hamiltonian
H = f(r)Hg:
. 2 2mR¥A+ EY+ ) 8mBR'+3
g BT EIL "4 L R4 E) (49)
2 Zmsinh” r 2m cosh” r

and the space-time transformed path integral K reads [n = % + /-2mR¥ A+ E), v =
%i\/1+8mBB7]: ’

I((T‘" , r!; 3" )

i

~ 4
= e"'”R?(“FmjDr(s),u,,,,[sinhr,coshr}exp (%n—j :"zds)
0

Nas
_ Z e:‘n"[(E—A)Rz-En] \I;L'fl .kz)(r*)qy(nklvkn) ‘(1."}

n={

o
+[ dke"'"NE-A)R’—%}‘pg"“**’(r’)\pg““*”‘(r") (50)
0

in the notation of Eq.(9). Performing the s"-integration [c.fEq.(17}] and respecting the

correct boundary conditions for £ — too yields:

N o RMy g RM = _u oo RM 1\ RM [ _#

P Mg (="} f TIM( )E Y (")
Gz", 2} E _E o dh—b5 .k = 51
(:E T ) = E'ISM - E A A+ sz:;p _E ( )

The wave-functions and the energy spectrum are given by [s = 1 + SmBRZ, 0,1,...,n <

Nar < Lo —1) — /mIATRE, Ry = (1 +s) b = E[1+4(s —20 - 1) — ImARL) g o
1(1 + tanh %), note kg — 2> 00

N(khkz) ) L
M_ 8 u""i{lf'u)?""'k’—"gFl(-n,s—n;2k2;u) (52a)

‘I’R
" \/E
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GRM _ snll(s —n) ¥
s R20=nI0{2k; — n)(s — 2ky —n + 1)

% (1 —tanh & £): 2rke "(1+Eanh%)kr%Pr':,'*u*_z"‘“‘—l)(tanh 2) (52b)

ERM 7{(3 —2n—1)? 2mAR? J (53)

8mR? + {(s—2n—1)2}
The wave-functions and the energy spectrum of the continuous states are given by ks =

11 +ik), k= /2mRH A + B > 0]:

Gk . . i, "
M (g} = \/_ A -w)y Rk R {1 s ik - k)], 11— s (R - RY)i1 4 ikyu}
kz
B, =4+ SR {54)

2) Second we discuss the Manning-Rosen (MR) potential VME(z) = B/ sinh? E—Acoth &,
{z > 0, 4, B, R positive constants). V™ was introduced by Manning and Rosen [21] to
study vibrations of diatomic molecules. It can furthermore be used for describing the Kepler
problem in a space of constant negative curvature [15]. The path integral for the Kepler
problem in a space of constant positive curvature was discussed by Barut, Inomata and
Junker {1}. The path integral for VME reads: .
o
EMB(o" o) = /D:c(t)exp [zf (T—ﬂ:i:2 + Acoth = — #)dt}. {55)
o 2 R sinh 5

Again we consider the Legendre-transformed Hamiltonian Hg:

1 4 B
Hg = — Acoth= 4 — 0 _ E. 56
ET T omdet R * sinh? 7 (56)
Performing the transformation %(1 —coth £) = —1/ sink? » yields:
2 2 3 2, 3

. P 2mR(E—- A)+ 7  SmBR* 4] 2
H=_ "+ —{E + A}R*. 57
2m 2 cosh® » 2m sinh?r ( ) (57)
Here we have introduced the momentum operator p, = (£ + 302} [Tr = —1/{sinhr cosh7)]

together with the time transformation dt = f(r}ds, where f(r) = R®tanh’®r, With AV =
=(1/ cosh® r + 3/ sinh® r) we thus arrive at the space-time transformed path integral
Bm

n=3+VI+8mBR®, v =+ ./ 3mR(E - 4)}
K" T

i

= g"’”(‘E"’A)R:]Dr(s)yn,u[sinhr, coshr] exp (zj %n?‘?ds)
0

Nar .
_ Ze” [(B+A1R —E”]lIJLk“k")(T')‘I'Sf“h}'(7‘”)
n=0

+f die " IE+ MR- g g Rk g lkndkad ey )
0
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again with the notation of Eq.(9). Performing the s"-integration {c£.Eq.(17)] yields:

Nu mMR: i\ MR (¢ MR MBRag 1t

T2 ) e R (=) / LGk T G
Glz", 2" E) = E B AL Nl dk————~———. 59
( ) n=0 E.‘Q’m ~E v 0 2mR’ — A - E ( )

Respecting the correct boundary conditions for z — 0 and z — oo gives ky = %[(1-}- %(s+2n+
1+ fl"zﬁi:} and ky = 1(14++/1+ 8mBR?) = 1(1 +5). The wave-fanctions and the energy-
o S Ny < VmAR - M+ 1), u = 3(1—coth £},

2

spectrum of the bound states read [0,1,..
note n+ § — ky < 0}

N,“;k‘ vk3)

VR
[ (2% - 1IT(2k ~n 1) )3
_[Rr(nﬁ-s{»l)F(Zkl—s—'nfl)}

1
‘Il,‘;vm(z) = (u—1}%"’“1*“1;*1‘]_%’_“25'1(-—n,2k—1 —-nfl;s-q‘-l;l )

—u

% (1 + e—2z)kze—22(k,—%a-—n‘])P’SEkl —‘Zn—s—z.s)(l _ 28—22) (60)

ERM__[(erfn-{-l)z 2mAIR? J

6
8m Rt (s +2n+1)2 (61)

The wave-functions and the energy-spectrum of the continuouns states are given by [k =

H1+4k), k= 2mR(E; — A) > 0]:

N(knkz) . .
‘I,,r:fR(x) = kwu_ik(u — 1)5['k_(1+"”
1 (h—k) t+s—s(ktk 1
sz,( +S+21( ), +s ;( + );5+1;1_E) {62)

and £ = ZmR?

V.SUMMARY

In this paper several further examples of exact path integral treaiments have been pre-
sented. These have been the path integral for the “smooth step”, the Rosen-Morse-, the
Manning-Rosen potential and the symmetric top. All examples have a close relation to the
usual Péschl-Teller potential (for a pure discrete spectrum as for the top) or to the modi-
fied Péschl-Teller potential (if the spectrum is also continuous). As already noted these two
path integrals are derived by means of the path integrals of free motion over the SU(2) and
SU(1,1} manifolds, respectively. This establishes a close relationship between free motion on
curved manifolds and potential problems. But, following Duru [7], “it is well-known that all
of the special functions which appear as solutions of problems in theoretical physics are the

matrix clements of some Lie group. Because of this fact, if one parametrizes the problems
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suitably with their symmetries, it may be possible to relaie their path integrals to the ones
written for the motions on the appropriate group spaces.”

We have also discussed the problem of the correct functional measure to be used in the
path integral of the the P&schl-Teller and modified Poschl-Teller case, respectively. The
usual expansion of the modified Bessel function seems very suggestive but gives in the lat-
tice formulation the wrong boundary behaviour of the correspending short-time kernels and
wave-functions, This is very analogous to the radial path integral which has been discussed
in great detail in Refs.[11,20].

The examples solved in this paper suggest that the two Péschl-Teller path integrals play an
analogous important role for applications as the path integral for the radial harmonic os-
cillator [25]. In a forthcoming publication we use these three path integrals (Poschl-Teller,
modified Pdschl-Teller and radial harmonic oscillator) to give a classification scheme (simi-
lar to the classical faciorization method of Schridinger on the operator level as reviewed by
Infeld and Hull [14]) of the known path integral solations [13].

Acknowledgement: I thank F.Steiner for reading the manuscript. I also thank F.Steiner
and W.Nachtmann for drawing my attention to the “smooth step” potential problem.
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