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Abstract: 

In this paper some new exact path integral treatments are presented. These are the path 

integrals for the symmetric top, the "smooth step'', the Rosen-Morse- and the Manning­

Rosen-potential. Dy appropriate space-time transformations these path integral problems 

can he reduced to the path integral probleJ? of the POschl-Teller potential. 
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I. INTRODUCTION 

In the last ten years there has been remarkable progress in calculating path integrals 

explicitly. The starting shot was given by Duru and Kleinert [6] \vi.th their treatment of 

the hydrogen atom. The clue for solving this path integral problem successfully was to 

find simultaneously a coordinate- and time-transformation ("space-time transformation") to 

reformulate the hydrogen problem in terms of the harmonic oscillator which was a well-known 

and already solved problem. This idea of attacking path integral problems by performing 

space-time transformations has since been marvelously fruitful and much of the following 

work is based on that idea. 

Here we want to add some further examples. As we shall see, we must perform in three 

out of four cases a space~ time transformation and we need in all the examples the results of the 

path integrals of the (modified) POschl-Teller potentiaL Let us summarize in short the results 

of these two path integrals and the results of the technique of space-time transformations in 

path integrals: 

1) The POschl-Teller (PT) potential with some numbers,..._ and..\ is defined as 

vPT(x) ~ _1_ [*~I)+,\(>.- 1)]' 
2m stn x cos2 x 

(0 <X< i ). (I) 

This class of potentials was first discussed by POschl and Teller [26]. A detailed discussion can 

be e.g. found in ConstantinesC-U and Magyari [4] and Nieto [22]. The path integral solution 

for this potential can be achieved by means of the path integral over the SU(2) manifold, 

and it was successfully studied by Duru [7], Inomata and Kayed [17] and BOhm and Junker 

[3]. Alternatively, a simple form can be studied with the help of the rigid rotator [11,23]. 

Some care is needed in the path integral formulation for the POschl-Teller potential. Looking 

carefully at the lattice derivation [3,7] for the path integral we see that we must use a func­

tional measure formulation similar to the one used in the lattice formulation for the radial 

harmonic oscillator [11,25,29]. This has the consequence that the following interpretation 

s<"heme must be used, na1nely (we use units t1 = 1): 

KPT(:ru,x';T) 

J [·1'" (m ., n(n -I) .\(.\-I)) l = D:r(f)exp 1 ~x - - dt 
t' 2 2m sin2 x 2m eos2 x 

J (im j'" , ) := Dx(i)J-l>.,,.[sin:r,cosx]exp -2- t' X dt 

=lim ~ II{' d:r(j)IIJI>.,,.[sinxUl,cos:r<il]exp 
1
m(x(;)_:r(j-ll)2 , ( ) 

'f N-' ' N [. l 
N~oo 21l"U j=l Jo j=l 2f 

(2) 



where the functional measure J.L.\,,. is given by (we use the notation si118<iJ =sin B(i) sin e<i-l) 

etc.): 

N 

J.L>.,"[sin :r, cos:r] := ~im IJ /l>.,,.[sin :r(j), cos :r(j)J 
-><X> j=l 

( 2~m)N N -. -= lim -.- II sin:r(Jlcos:r<iJ 
N--+oo U j=l 

x exp -:-(sin2 ;r:U) + cosZ ;r(Jl) [)._! -:-sin2 ;r(J) 1 .. _ 1 -:-cos2 xU) . [m - - . l (m - . ) (m - ) 
U < U' 2 U 

(3) 

The first line in Eq.(2) has only the symbolical meaning that formally t.he potential appearing 
in the SchrOdinger equation translates into J Dxexp(i x Action). We want to emphasize 
that only the functional measure formulation has a well-defined lattice formulation. The 
usual expansion of the modified Bessel function I.,(z) ':::::: {27rz)-~ exp [z- "'

2

;:
14 ] [.:.- ----J oo, 

arg(z) f- 0] (or Eq.(3.15) in Ref.[18], respectively) seems very suggestive but gives in t-he 
lattice formulation the wrong boundary behaviour of the corresponding short-time kernels 
and wave-functions because the condition arg( z) f- 0 is violated. Instead of the correct 
behaviour we would get. a highly singular one. But it is not. the scope of this paper to discuss 
these features in detail; this will be done elsewhere [13]. 

The path integral solution for the POschl-Teller potential now reads: 

~ [ 'T l KPT(x",x';T) = ~exp - ;m ( .... +). + 2n) 2 w~T(x')W~T(x"), 

where 

n!r(K+A+n) ll w~r(x)= [2(,.+A+2n)r(,.+n+~)r(A+n+~) 

(4) 

.\. (K-! .\.-!) 2 x (sinx)"(cosx) P., '' ' (1- 2sin x). (5) 

Here the P~a,{3)(z) denote Jacobi-polynomials. 

2) The modified POschl-Teller (mPT) pot.ent.ial with some numbers 1J and I/ is defined as 

ymPT(r) ~ _I_[''("- 1) _ v(v- 12] 
2m sinh2 r cosh2 r ' 

(r >OJ. (6) 

A classical study of this problem is due to Frank and Wolf [9], whereas t.he path integral 
treatment by means of the path integral over the SU (1, 1) manlfold is due to BOhm and 
Junker [2,3]. The special case v(ll- 1) = 0 ran be studied with the help of the path integral 
on the pseudosphere [12]. Again we must use a functional measure formulation similarly 
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to the previous one and the followiug interpretation scheme for the modified PClschl-Tellcr 
potential must. be used: 

mPT", J [·1'"(m., ry(ry-1) v(v-1)) l I< (r ,r;T)= Dr(t)exp 1 -r ---.-2 -+----,- dt 
t' 2 2m smh x 2m cosh :r 

. t" 

:= J Dr(f)J.L17 ,.,[sinhr,coshr]exp c~ 1. T2 dt) 
ts_ N-l = N . 

lim ( -"'-) ' II 1 dr·(j) II fl,~,,,[sinh r(il' cosh rUlj cxp r~~ ( r(j) -- r(j-l J )2
] ) (7) 

N~co 21TH" J=l o j=l 2e-

where the functional measure 11...,,., is given by 
N 

JL..,,..,[sinh r, cosh r] = Nlim II p.,,,.[sinh r(j), cosh r(j)] 
-= 

j=l 

(
2rrm)N N - -. lim ·-- n sinh r<Jlcosh r<J) 

N-= f 
j=1 

[ "'( ,-,.) ,-,.>)] ("' ,- ) (im ,-,.) x exp ---:- sinh r J -cosh r J I, _ _,_ -;--sinh r(j) Iv-l -cosh r J) • 
U , I > U l f 

(8) 

Of course, the same line of reasoning as before is aho valid for gmPT as far as the functional 
measure is concerned. Adopting the notation of Frank and \~..-olf the path integral solution 
reads [define 2.s = 17(11- 1), -2c = l/(v- 1) and introduce the numbers kt,k2 which are 
defined in terms of c and s as kt = ~(1 ± Jl74-=2~), k2 = ~(1 ± Jij4+.2s)]: 

NM 
J(mPT(r", r'; T) = L e-iTEn 1}1~k 1 ,~· 2 )(r' )IJ<~k 1 ,k 2 ) *(r") 

n=l 

+ 1cx;. dke--H:.~··lli'~k,,k,J(r').P~k,,A·,J*(r"). (9) 

Here N M denotes the maximal number of states with 0, 1, ... , 11 s; N.u < k1 - k2 - ~. The 
correct signs depend on the boundary conditions for r ----J 0 and r ----J -x, respecti\·ely. In 
particular one gets for .s = 0 an ew·n and an odd wave function corresponding to k1 

The bound states are explicitly given by: 

1}1~k 1 ,k,)( r) = .1\·~ k, ,k;d( sinh r )2k'- t (cosh r) - 2k,- ~ 

N~k,,l·,J 

x 2F1 (--k1 ~J.~2+K,-k1 -<-k2 - K+1;'2kz:-sinh2 r). 

' 
[

2n'(?k1 -l)r(?k-n-1)] 1 ' ·• • ~ - 1 (sinhr)2k'-1(coshr) 2"-zJr,.-"i 
r(2k2 _J_ n)f(2kt- ?.1.·2- n) 

x p[2kl-1.2(k,-k,-n)-l](l-sinh2r) 
" cosh2r' 

_I_ r~~k~ _ 1)f(J.·~ + k2 _ ")f(kl + ~..2 + .... _ l)Jl 
f(2k2) r(kt - b + ")r(kl - k1- K- IJ 

and£.,= _ . .L.(21'L -1)2 = -,!-!2(k1 - /.·2- n) -1:
2

. The continuous states read: 2n> ~me J 

3 
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(IDe i 



W~k,,1:3 )(r) = N~l:t.k 3 )(coshr)2k,-j(sinhr)2" 1 -j 

X 2F1(k1 + k2- K,k1 + k2 + K- 1;2k2;- sinh2 r), (lla) 

(I:"A:3 ) ___ 1_Jksinh1rk 
N, - 1<f(2k2 ) 2 

x [r(k, + k,- •)r(-k, + k, + •)f(k, + k, +. -1)r( -k, + k,-. + 1)];. (llb) 

1 ,, 
where K = 2(1 + ik) (k > 0) and E = lm. 

3) Let us now discuss the general method for a space-time transformation [11]. It works as 

follows: One starts with the path integral 

K(x",x';T) = J Dx(t)exp {i {' [~z'- V(x)- v,.(•)]dt} (12) 

[Vqu = 
8
!,. (r2 + 2r') is a quantum potential due to a non-trivial metric, see below], where 

it is assumed that the effective potential V + V9 ,. is so complicated that a direct evaluation 

is not possible. One then defines a new "time" .s together with a coordinate transformation 

:z:(t) ---l q(s), s(t) = ft~(du/f[x(u)]) and x = F(q) with some well-defined positive functions f 
and F, where we further assume that the relation f(F(q)) = [F'(q)jl holds. Let Us consider 

the Legendre-transformed general one-dimensional Hamiltonian 

1 (d' d) HE=-- -, + r(x)- + V(x)- E 
2m dx dx 

(13) 

which is hermitian with respect to the inner product (/t,h) = J J;(x)h(x)J(x)dx, where 

J r(z)da: J9
t( ')d' 

J(x) = e . Let us define the quantities G(q) = r(F(q)), ..(9 = J(q) = e 9 9
, 

i'(q) = G(q)F'(q)- F 11 (q)jr(q) andpq = f[~ + tf'(q)], wherep9 is, of course, a momentum 

operator which is hermitian with respect to the scalar product (It, b)= J f;( q)h( q).J9{q)dq. 

With the constraint f(F(q)) = F 12 (q) we thus obtain the space-time transformed Hamil­

tonian fi =!HE: 

H(p,,q) = 2~P: + J(F(q))[v(F(q))- EJ + v,.(qJ (14) 

with the well-defined quantum correction 

- 1 [ (F"(q))' F"'(q) , l 
V,.(q) = Sm 3 F'(q) -2 F'(q) + (G(q)F'(q)) + 2G'(q)F'(q) . (15) 

Now assume that the constraint J/' dsf!F(q(s))] = T [s(t'1
) = .5

11
] has for all admissible paths 

a unique solution s11 
::::: 0. Of course, since T is fixed, the "time11 s 11 will be path-dependent. 
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\'re must incorporate the constraint into the path integral and define the energy-dependent 

Feynman-kernel G(x" ,x1
; E) (Green's function) via the Fourier transformation 

K(x 11 ,x';T) = ~ joo e-iTEG(x" ,:z:'; E)dE 
27rt _

00 

and obtain the transformation formula 

G(x 11 ,x';E) = i[f(x")f(x')P/4 100 

i<(q",q';s 11 )ds" 

(16) 

(17) 

which gives the energy-dependent kernel Gas a time integral over the transformed Feynman 

path integral k(q 11 ,q,s") =< q"je-i~"Hjq' >: 

K(q",q';,") = J Dq(,)exp (i {' { ~q'- f(F(q))[V(F(q))- E]- v,.(q) }d') (18) 

[q = dq(s)jds,q' = F- 1 (x1 ),q'1 = F- 1 (x'1 )]. Here the measure Dq(s) is defined in the 

same way as Dx(t) in the path integral (12). This technique of space-time transformation 

was orginally developed by Duru and Kleinert [6]. It was further developed by Steiner [28], 

Pak and SOkmen [24], Inomata [16], Kleinert [19] and Grosche and Steiner [11]. The lattice 

derivation of the equations (16-18) is far from beeing trivial but can be rigorously performed 

[e.g. by appropriate symmetrization rules and the well-known midpoint-prescription (which 

must be used in path integrals on curved manifolds)]. 

The further content of this paper reads as follows. In section II the path integral solution for 

the symmetric top is presented, a problem closely related to the SU(2) path integral. 

In section III the path integral solution for the "smooth step" function lr( x) = - F0 /( 1 + e"l R) 

(x E R, V0 ,R > O, constants) is calculated, a potential important in solid state physics. 

Section III contains finally the path integrals for the Rosen-Morse potential Y( x) =A tanh Ji­
B/cosh2 fl (x E R) and for the Manning-Rosen potentialll(r) = Acothi- B/sinh2 N 
(r > 0, A, B, R > 0 denote constants). 

Section V contains some summarizing remarks. 

II. THE SYMMETRIC ToP 

A quantum mechanical treatment of the symmetric top (ST) is due to Dennison [5]. He 

used it for describing the spectra of molecules with rotational degrees of freedom. There 

is also a close relationship to the problem of an electron moving in the field of a magnetic 

monopole [30]. The simplest top is, of course, where all three principle momenta of inertia 

are equal. This, in fact, is the SU(2) problem [7]. Here we want to discuss the symmetric 

top, where only two principle momenta of inertia are equal. We introduce the Eulerian angles 

8, 1/>, ~ with 8 E [ 0, rr], 1/> E [ -· 27r, 27r] and <P E ! 0, 21f ]. The kinetic energy giving the rotational 

5 



energy (=classical Hamiltonian= classical Lagrangian) of a rigid body with the two principle 
momenta of inertia A and Bin these coordinates is then given by (e.g.[20]): 

A ·z . B . . Lc,~ 2(9 +sin2 9,P')+2(¢+cos9,P)2 

A •z 1 z z ·z B ·z · · ~ 2 o + 2(A sin 9+ B cos O),P + 
2

¢ + BcosO,p¢ (19) 

A •a ·b 
= 2gabq q ' 

where fj (a = 1,2,3) denote the three Eulerian angles and the metric tensor 9ab and its 
inverse gab are given by (.8 = B/A): 

(g.,)~ 0 0 0 ) sinz 6_ + iJ cosz (J iJ c~s 6 • 
BcosfJ B 

(g"') ~ c 0 
I 

sin 2 9 
cos (J 

- sin2 9 

_ cos6 0 ) 
1 

sinf 9 

B + cotz 6 

and the determinant g of gab reads: g = det(gab) = B sin2 fJ. The Hamiltonian reads as: 

1 [ 2 p~ (A 2 ) 2 cosO ] HCI = 2A Po+ sin:<: (J + Jj +cot (J P.p- 2 sin2 (JPI/JP<t> . 

(20) 

(21) 

To construct Hamiltonians in quantum mechanics we must respect the ordering ambiguity of 
position- and momentum-operators. Following our prescriptions given in [10,11] we start by 
considering the hermitian momenta p9 = 1(-£, + ~r 9 ) with r 9 = 89 In .;g. Thus 

1 (a 1 ) PB= i 
89 

+ 2cotfJ , 
1 a 

P.P = i 81/J' 
1 a 

N~ ia¢ 
For the Hamiltonian we can use the well-known Weyl-ordering prescription 

H = S~ [gabPaPb + 2pagabPb + PaPb9ab] + f:1 Vweyl 

with the well-defined quantum potential 

ll.Vwe111 = 8~ (ga"r arb+ 2(ga"r,),a + ga",a,], 

or, respectively, the "product-ordering" prescription [10] 

H = __!__hacp p hcb +~Vi + __!__(2hachbc _hac hl>c _hac h"" ) 2A a b Weyl 
8

A ,ab ,a ,b ,b ,a 

(22) 

(23) 

(24) 

(25) 

with the decomposition gab= ha"hcb. Due to the special nature of gab and 9ab, respectively, 
the quantum potentials turn out to be equal for both prescriptions and we find for the 
quantum Hamiltonian of the symmetric top: 

1 [a' a 1 a' (A , ) a' w,o a a] H = 2A 882 +cot IJ 86 + sin2 1J 8-!/;2 + B +cot f) 8rp2 - 2 sin2 8 8-¢ 81> 

1 [ 2 P~ (A 2 ) 2 cosO ] = 2A Po + sin2 8 + B + cot I) P.p - 2 sin2 eP.PPtP 
1 ( 1 ) -- 1 + --,- . 

SA sin fJ 

(26) 

6 

The path int("gral for the symmetric top can now be constructed in the usual way [10,11] and 
it reads in the "product~ form" definition [ ~q(j) = q(j) - qU -1), qU) = q( tUl) = q( t' + j f) (j = 
0, 1, ... ,N),, ~ T/N ~ (t"- t')/N (N ~ oo)]' 

K 5 T(O",O',,P",,p',¢",¢';T) ~ J y'gD9(t)D,P(t)D¢(t) 

{ 1,, [A ·2 1 2 2 • 2 B ·2 • · 1 ( 1 )] } xexp i -0 +-(Asin O+Bcos 0)¢ +-¢ +BcosO'I/;¢+- 1-t--.-
2
- dt t' 2 2 2 8A sm (} 

( 
A ) jN N-1 fA1' j'' 

1
,. = lim -.- n v B sin fJU) dO(j) d'lj;( J) d¢(j) 

N-= 21ru j=l B 0 -21r o 

{ 

N [A . 1 - - . B . xexp iL -~20(J)+-{Asin2 8Ul+Bcos2(JU))~ 2,P(J)+-~ 2 ¢(J) 2f 2f 2f j=l 

+ -cosOU)f:l.tj;(Jlf:1¢(J) +- 1 + -.--. . B - . . , ( 1 )] } 
f 8A sm2 (JCJ) 

(27) 

We mlculat.e this path integral by starting with a Fourier expansion: 

K 5T(fJ",O',t/J",,P',¢",¢';T) =' L L K{£(8",8';T)eiL(Q"-tP')eiM(.P"-.P') 
L=-ooM=-oo 

1 12' 1" Kf'£r(811 ,81 ;T) = g2 d'lj;" d¢"KsT(8''\0',-¢",-¢',4J",¢';T)t.-iL(t/>"-q!)-IM(.p"-.P'J. 
'lT -21r 0 

(28) 
This yields 

1 (iT) KfL(B",fJ';T) = S7r2 exp SA 

( A )jNN-11[;1' . . [· N (A . c )] X lim --. n - sinB{J)dfJ(J) exp 1 L -.6. 2fJ(J) + . 2 . N-= 27r1.f j=l B 0 j=l 2t 8A Sill (J(J) 

N j'' 12' { . [ x II d-¢Ul d¢Plexp .;- (Asin28'W+Bco;20U))~ 2 tb{j) +BQ. 2 6UJ 
j=I -21r 0 -f 

+ 2BcosOUlA-¢Ul.6.¢Ul]- iL~rpUJ- iM.6.1j,(i)} 

1 fA [ ( L' 1 )] 811' 2 VB exp - iT 2B - SA 

( 4 )NN-!1, . [ .V (4 )] x lim -·-. II sinfJ(llJfJUlexp iL .:.__.6, 2f}(j)..j__ ____ ';-
N-oo 2m~ J=l 0 j=l 2~ 8A Slll 8(J) 

Nj" ["A l X Q -21< dl!•(j) exp ~f sin2 (J{}lfl?j•(j) + i(Lco-;BiiJ- M)~lj.Cj) 

= .fi..(sinfJ'sinfJ")-~ ex [- iT(L2- .2__)]ksT(8" O'·T) (29) V B 8r.2 p 2B SA LM ' ' ' 

7 



where the kernel .kf£ is given by: 

kfi:I(O",e';T) ~ jne(t)exp [;1'" (:-4:e'- (M- L co,:)'- ~)dt] 
t' 2 2A sm 8 

(
A )'fN->1, . [ N (A . (M-Lco,eCil)'-l)] =lim --. IJ d9(1 )exp i" -b. 2

8(J)_f . 4 . N---+oc Z1ru . 0 ~ Zt ZA sin2 O()J J=l J=l 

(30) 

This potential problem related to the syrrnnetric top has also its own right as a path integral, 
especially if one analytically continues in L and M to, say, arbitrary real numbers. The path 
integral (30) can now be solved by a simple coordinate transformation by means of the POse hi­
Teller potential or SU(2) path integral (see also [7] for a similar calculation), respectively. 
We consider the Hamiltonian 

1 d2 ( M - L cos 8)2 
- i 

H~---+ 
2A d8 2 2A sin2 8 

(31) 

perform the transformation (1- cosO)= 2sin2 z, i.e. z = D/2, and arrive at the transformed 
Hamiltonian 

- 1 d' (M-L)'-~ (M+L)'-~ L' H~---+ + --. 8Adx2 8Asin2 :e 8Acos 2 z 2A 
(32) 

Thus we get the transformed path integral corresponding to the Hamiltonian fi: 

j(ST (fl' fl· T) = ! iTL1/2A k(x" :e'· T) LM ' ' - 2e ' ' 
, .. 

= ~eiTL 3 /ZA j Dz(t)JL)M-LI,)M+Lj[sinz,cos:e]exp (2iA l, X2dt) 

~ ~exp[ -iTCd+,:~n+ 1 )' _ ~~)Jw~r(x')w~r 1 ,") (33) 

Here we used the notation of Eq.(4), where m = 4A, If.= d +~.A= s +~wi-th d = IM- Ll 
and s = IM + Ll. Thus we get finally the path integral for the symmetric top: 

~ 

KST(()",fJ',·I//',1/J',¢",¢/;T) = L L f e-iTE!T "iJ!~T(8', 1j/, ¢')'If~T*(8", lf;", q/"), 
n=ll M=-oo L=-oo 

(34) 
where the wave-functions and the energy-spectrum are given by: 

. - IM-LI IM+LI Cl I ll "iJ!~T(O, 1/J,¢) = N!T e-•L<Pe-•M</>(1- cos o)-·-(1 +cosO)-,- pn M-L ,IM+L (cos 8) 

sr [(A (d+,+2n+1)n!r(d+,+n+1) ]' 
Nn ~ VB 8~'2'+•+•(jM ~· Lj + n)!(M + Ll + n)! (

3
S) 

EST_ 
n -

(n+~)z 1 

2A ' 
+ L' (~- ~)-

2 B A (36) 

8 

---~-~ 

\Ve can introduce the quantity J = n + d;~ = 0, 1, 2 .... and can interpret the energy as 

EST~ J(J +1) + L' (-1- ~)-
2A 2 B A 

For A= B we recover the SU(2)- and 50(3)-spectrum, respectively. Note that 

a~, 

2 
~IL ~ Mi ~~I£- Ml ~ JLI, 

==: !1111, 

I iLl;> IM) 

(:J.t; 2- 1£ ). 

(37) 

(38) 

This suggests that J, L and }.1 may be interpreted as representing angular momentum and 
it can be in fact shown that, e.g. the total angular momentum P can be described by p 2 ""' 

J ( J + 1 ). For a detailed discussion of these features see )5]. 

As a final result we consider the kernel fif{1 , interpret the numbers L and llf as, say) 
arbitrary real numbers and obtain the path integral identity: 

J [·1'" (A., (M- L co> B)'-~) l DO(t)exp 2 --;;0 - . 
2 dt 

t' - 2A sm (} 

= ~exp [- ~:c2n+d;s+l)
2 

-L2 )]w~r(cosO')'l1~7(cos.9 11 ) (39) 

in the notation of Eqs.(4,5,34). In Eq.(39) a functional measure formulation must be used if 
needed. 

Ill. THE SMOOTH STEP 

Let us consider now the path integral for the "smooth step" potential (:r E R) l'(x) = 
- Vo/(1 + e•IR )' 

•" l } K(x",x';T)=JDx(t)exp{i1 [~±2 + Fo ,!;_ dt. 
t' 2 l+cx 

(40) 

Potentials like this are important in solid state physics. They can smear out the potential 
step at melal-Yacuum interfaces. Following our prescription for a general space-time trans­
formation in path integrals we start by considering the Legendre-transformed Hamiltonian 
HE: 

1 (f2 
HE=-2mdx2 

1' 
. -" ;:-·-E. 
1 + c1i 

(41) 

\i\'e perform the transformation (1 + e~ )- 1 = t.anl? -r, introduce the momentum operator 
Pr = ~·(~ + ~f") [rr = 1/(sinhrcoshr)] and define a new ''time" shy dt ""f[q(s)]ds, with 

9 



J(r) = 4R2 coth2
r. Thus we have .6.V = - 8~(3/cosh

2 r + 1/sinh2
r) and arrive at the 

space-time transformed Hamiltonian H = f(r)fiE: 

- p2 
2 8mR2 E + ~ 3 

H~--"--4R(E+V,)- 2 ----~, • 
2m 2m sinh r 8m cosh r 

(42) 

Therefore the space-time transformed path integra] K reads [v -~, ~; 11 ~± 
.j 8mR2EJ, 

k(r",r';s")=ei•"oiRl(E+Vo) J Dr(s)p.,,,.,[sinhr,coshr]exp (i; 1~" r2ds) (43) 

This path integral is a special case of the modified POschl-Teller potential as discussed in the 

introduction. Equations (9) and (11) give immediately the solution yielding (there are no 

bound states) 

K-( II '· ")- i•"4R~(E+Vo)],=dk - 0/'k2,T,(kt,kl)( ')•T•(J.,,k2)*( ") r ,r ,s - e e "' ork r -r 1 r , 

' 
Due to the boundary conditions 'l'~kt.k2 ) ~ 0 for r --+ 0 we get k1 0 and k2 

J -8mR2 E). Performing the s" -integration gives therefore 

G(z",z';E) = !.""' dk IJistep(z')'l'Step(x") 

0 8~~2- Vo-E . 

(44) 

W+ 

(45) 

The energy-spectrum reads E,. = 8.!;~l - Vo and has a constant shift V0 . The wave functions 

are given by [y =(I+ ei)-', p = .j2mER2 , k = J2mR'(E + V,)]' 

>l'so.p(x) ~ Ny'P(I - y)",F, [i(p + k),i(p + k) + 1; 1 + 2ip; y] 

[ 
k mnh.-hinh2.-p ]l 

N~ s,..Rsinh.-(p+k)sinh,.(p-k) . 

(46) 

This is the coned solution [4]. 

IV. THE ROSEN-MORSE AND MANNING-ROSEN POTENTIAL 

1)" Let us first consider the path integral for the Rosen-Morse (RM) pot.ential VRM(x) 

A tanh~ - Bf cosh2 i• (z E R, A,B,R positive constants): 

KRM(x",z,;T) ~ jvz(t)exp [• ['"("';,'-A tanh~+ +)dt]. (47) 
}t' 2 R cosh 1i 

The potential yRM was introduced by Rosen and Morse [27] to discuss the spectra of poly­

atomic molecules. With this potential one can also study the penetration of electrons through 
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a potential barrier [8]. The Rosen-Morse potential has a discrete and continuous spectrum 

and thus a "hidden'' SU(1, 1) symmetry. There is already a pat.h integral solution for VMR 

by Junker and Inomata [18], but their treatment is based on the SU(2) path integral instead 

of the SU( 1, 1) path integral. Therefore these authors did not get the continuous part of the 

spectrum. 

We proceed similarly to the previous section. Let us start with the Legendre transformed 

Hamiltonian Hs: 
1 d' X B 

HE=------+ A tanh----- -E. 
2m dx 2 R cosh2 Ji (48) 

We perform the transformation !(1 +tanh Ji) = tanh 2 r, introduce the momentum operator 

Pr = H 1,: + ! r r) with r r = 1 /(sinh T cosh r ). We define a "time" s t~gether with the coordi­

nate transformation :r(t)-+ r(s) with F(r) = R a.rtanh(2tanh2 r- 1), f(r) = R2 coth2 rand 

6. V =-
8

!._ (3/ cosh2 r + 1/ sinh2 r). Thus we get the space-time transformed Hamiltonian 

if~ f(r)HE' 

_ p 2 2mR2 (A +E)+ i 8mBR2 + 1 2 
H ~ --"- - , - 2 + R (A- E) 

2m 2m sinh r 2m cosh r 
(49) 

and the space-time transformed path integral f< reads [11 ! ± J 2mR2 (A +E), v 

~ ± .ji + SmBR' I' 
k(r",r';s") 

;~"R' A-E · , lm .2 (
. •" 

= e ( l J Dr(s)~-t.,,.,[smhr,coshrjeXp 2 1 r ds) 
NM 

= L e;~"((E-A)R'-E,.] w~k,,A:,)(r' )'.l'~kt,k,) •(r") 

n=O 

+ 1oo dkei~"[(E-A)R'-~Jilt~k,,k,)(r')'l'"~kt,k,)•(r") (50) 

in the notation of Eq.(9). Performing the s"-integration [c.f.Eq.(17)] and respecting the 

correct boundary conditions for :r -+ ±oo yields: 

" '· - N,_, 'Jt~M(:r')llt~M~(:r") ],"" . 'I'"fM(x')lltfM (:r") 
G(:r,x,E)-L RlH_E + dk k 2 . 

n=o En o A + 2mR2 - E 
(51) 

The wave-functions and the energy spectrum are given by [s = Jl--+- 8mBRi. 0, ll ... , n :5 

N !( - 1) - ~AIR' '· - !(1 + ) !• - !Cl + !( -? - 1)- 2mAR' I -M< 2 s yml ...... !.u-,~~:t- 2 s, 2- 2 L 2 s ~n ,_ 2 n_ 1 ,u~ 

l(l +tanh i), note k2 - ~ > 0]: 

N(k,,k,J 
'JtRM = -"--uk,- ~(1 - -u) j•-·l·2-"2Ft( ~n, s- n; 2k2; u) 

n .jii 
(52a) 
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W!M = [R28 

sn!r(s-n) ll 
2n-'r(2k2 - n)r('- 2k2 - n +I) 

X (1 - tanh ~) ~ •-k2-n (1 +tanh~) k,- ~ P! •-Zk2-'ln,Zk,-l) (tanh li) (52b) 

E?;M=_[(s-2n-1)
2 + 2mA

2
R

2 l 
8mR2 (s-2n-1)2 · (53) 

The wave-functions and the energy spectrum of the continuous states are given by [kz 
!(! + ik), k = v2mR'(A + Ek) > o], 

N(k,,k,) i ;- - - -
>!!fM(x) ~ 'yR {1- u)-•'u•'2F,{H1 +' +i(k- k)], HI-'+ i(k- k)]; I+ ik;u) 

k' 
E,. =A+ 2mRz· (54) 

2) Second we discuss the Manning-Rosen (MR) potential yM R( x) = B / sinh2 li- A coth li• 
(x > 0, A,B,R positive constants). yMR was introduced by Manning and Rosen [21] to 
study vibrations of diatomic molecules. It can furthermore be used for describing the Kepler 
problem in a space of constant negative curvature [15]. The path integral for the Kepler 
problem in a space of constant positive curvature was discussed by Barut, lnomata and 
Junker [1]. The path integral for yMR reads: 

KMR(x" ,x';T) = JD.x(t)exp [i (' (~:i: 2 + Acoth ~- ~)dt]. (55) }t' 2 R smh R 
Again we consider the Legendre~transfonned Hamiltonian Hs: 

1 d' X B 
HE~----Aooth-+----E. (56) 2m dx 2 R sinh2 i 

Performing the transformation !(1- coth i) = -1/ sinh2 r yields: 

- 2 2mR2 (E- A)+!_ 8mBR2 + ~ H~ ]',:_+ 
2 '+ . 2 '-(E+A)R'. (57) 2m 2m cosh r 2m stnh r 

Here we have introduced the momentum operator Pro = 1(f,. + tr r) [r" = -1/(sinhr cosh r)] 
together with the time transformation dt = f(r)ds, where f(r) = R2 tanh2 r. With ~ V = 
8
!,.(1/cosh2 r + 3/sinh2 r) we thus arrive at the space-time transformed path integral 
["~~±vi+ BmBR', v ~ ~ ± ~R'(E- A)]' 

k(r 11 ,r,;s11
) 

= e'~"(E+A)R' j Dr(s)l-trJ,.,[sinhr,coshr]exp (i 1~" ~f2 ds) 
NM 

= 2.: e;~"!(E+A)R'-E,Jw~k,,k,)(r')'lt~kt,k2 ) .. (r") 
n=O r= , + lo dk ei~"[(E+A)R1 - f.;.J W~kt ,k2) ( r' )\II~kl,kl) • ( rn ), 
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(58) 

again with the notation of Eq.(9). Performing the s 11 -integration [c.f.Eq.(17)] yields: 

II '· - NM w~R(:z:')'l'~R(:z:/1) ' rr;x, wfR(:z:')Wt1R•(xll) 
G( X 'x 'E) - L EM R - E T Jn dk 1:' . 

n=O n 0 2mR' - A - E 
(59) 

Respecting the correct boundary conditions for :z: -> 0 and :z: -+ oo gives k1 = t [(1 + tC s+ 2n + 
1) + ;_;2~!'1 J and k2 = tC1 + /1 + 8mBR2 ) ::= H1 + s). The wave-functions and the energy­
spectrum of the bound states read [0, 1, ... ,n ::.; .NM < VmAR2- !(s+ 1), u = ~(1-coth -fl:), 
note n + t - k1 < OJ: 

N(,,,,,) ( 1 ) W~R(x) = ~ (u -1)~-k,+nukt-l-~$-nzFt - n,2kl- n -l;s + 1; 
1 

_ u 

[ 
(2k,-l)n!r(2k,-n-1) ll 

Rr(n+,+l)r(2k, ' n I) 

X (l + e-z,)k'e-2z(k 1 -~$-n-1)p~2k 1 -2n-s-2,~)(l- 2e-2") (GO) 

E~M =-[(s+2n+1)
2 + 2mA

2
R

2 l 
8mR2 (s+2n+l)' · (61) 

The wave~functions and the energy~spectrum of the continuous states are given by [k1 = 
HJ + ik), k"' v2mR2 (E,- A)> OJ' 

~J~rR(x)- Nkk\,kd - ...(ii u-I"'(u- l)ifik-(l+~Jl 

F (l+,+i(k-k) 1+,-i(k+k) 1 ) 
Xz 1 2 , 2 ;s+1;1-u {62) 

k' and Ek = ZmRl - A. 

V.SU"II.IMARY 

In this paper several further examples of exact path integral treatments have been pre­
sented. These have been the path integral for the "smooth step", the Rosen-Morse-, the 
Manning-Rosen potential and the symmetric top. All examples have a dose relation to the 
usual POschl-Teller potential (for a pure discrete spectrum as for the top) or to the modi­
fied POschl-Teller potential (if the spectrum is also continuous). As already noted these two 
path integrals are derived by means of the path integrals of free motion over the SU(2) and 
SU(1, 1) manifolds, respectively. This establishes a close relationship behveen free motion on 
curved manifolds and potential problems. But, following Duru [7], "it is well-known that all 
of the special functions which appear as solutions of problems in theoretical physics are the 
matrix clements of some Lie group. Because of this fact, if one parametrizes the problems 
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suitably with their symmetries, it may be possible to relate their path integrals to the ones 

writ.ten for the motions on the appropriate group spaces." 

We have also discussed the problem of the correct functional measure to be used in the 

path integral of the the POsch!-Teller and modified POschl-Teller case, respectively. The 

usual expansion of the modified Bessel function seems very suggestive but gives in the lat­

tice formulation the wrong boundary behaviour of the corresponding short-time kernels and 

wave-functions. This is very analogous to the radial path integral which has been discussed 

in great detail in Refs.[11,29J. 

The examples solved in this paper suggest that the two POschl-Teller path integrals play an 

analogous important role for applications as the path integral for the radial harmonic os­

cillator [25]. In a forthcoming publication we use these three path integrals (POsch!-Teller, 

modified POschl-Teller and radial harmonic oscillator) to give a classification scheme (simi­

lar to the classical fact.oriz';ltion method of SchrOdinger on the operator level as reviewed by 

Infeld and Hull [14]) of the known path integral solutions [13]. 

Acknowledgement: I thank F.Steiner for reading the manuscript. I also thank F.Steiner 

and W.Nachtmann for drawing my attention to the "smooth step" potential problem. 
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