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L INTRODUCTION

Two dimensional conformal muodels have hecone a major tool for the investiga-
tion of surface critical phenomena ;1.2.3] and in the construction of string theories
[4,5,6]. Adopting the point of view of couformal invariant quantum field theory
{QFT) on Minkowski space. we apply in the present paper methods of the algebraic
approach 1o loeal QFT 7-9 te classify such models.

Starting from certain specific ohservables. such ax the stress energy tensor, cur
rents ete.. whose commutation relations are explicitly known in 2-dimensional confor-
mal QFT, we want to determine all local quantui field theories in which these obhserv-
ables appear. The basic ingredient in our construction are the localized mozphisms!
of the given algebra of ohservables. We will make use of the fundamental fact that
the relevant information on the desired fields is encoded in these morphisms and can
be deciphered in & systematic manner [9].

It s the aim of the present paper to expound this method in the case of the
simplest class of such theories. They involve the chiral U(1)-current algebra {10,11]
and its QF T-extensions. We recall that conserved chiral currents have left- and right-
moving components which live on the circle, We classify the algebras of all ("right
movers’ or left movers’ ”) observables on the circle whose germ is the chiral current
algebra, We find their superselection sectors and associated fields that are relatively
local to the observables. From there we arrive at local 2-dimensional models by using
the principle of modular invariance. The application of this principle requires the
computation of characters of the associated algebras {or groups of their unitaries).
We will demonstrate that this can be achieved in an elementary way by an analysis
of the Gibbs equilibrium states with the help of the Kubo-Martin-Schwinger {(KMS)
condition {12].

Our Theorem 1 {Section 1A) states that the method of localized morphisms
is general in conformal QFT, and yields fields which intertwine arbitrary positive
energy representations of the algebra of observables. So they can generate the whole
Hilbert space of physical states from the vacuum. We hope to apply this method
in a forthcoming paper to the classification of QFT-representations of the Virasoro
algebra with central charge not restricted to the value c = 1.

For the convenience of the reader we give in the two subsequent sections of
this introduction an account of the algebraic approach to the construction of charged
fields and of some basic facts in conformal quantum field theory. The third subsection
contains a detailed smmmary of our results.

1A. OBSERVABRLES, FIELDS AND SUPERSELECTION SECTORS

In two dimensional conformal quantum field theory one starts from: Bose fields
- currents and/or the stress energy tensor - with explicitly knawn connnutation rela-
tions [13,14). One may regard these as local observables, they generate a *_algebra A.
The Hilbert space M of all physical states will in general decompose into subspaces
Hgy called superselection sectors 115] which carry inequivalent irreducible positive en-
ergy representations of A. Among them is the vacuum sector He whick contains the
vacuwmn {1

! A morphism of an algebra is & map of the algebra into itsell which preserves the algebraic relations,
cf. Section 1A.

The abservabies map each sector Hy into itsell. Qur problem is to construct
additional feld operators which are relatively local te the observables, and which
make transitions between superselection sectors such that the whole Hilbert space H
is generated from the vacuum ¢ Hy.

The construction of such fields helps to solve another problem. One may find
thiat one has started from an algebra of observables which is too small - because it
admits unacceptably many superselection sectors, for instance. One may then search
among the new fields for possible additional observables. They should be Bose felds,
i.e. commute at spacelike distances.

According to the construction principle of Doplicher, Haag and Roberts {9] the
iuformation about such fields is hidden in the algebra of local observables A, because
A deternmines its localized morphisms 5. and the fields are to he constructed from
such localized morphisms, The fields come in the form of a typical "bosonization
formula™

wol{r) = Algix)ly, if a0t € H,. (1.1a)
The factor I'y depends only on the quantum numbers g of the field, and all the space
time dependence is in the factor A(gix) which is a function of the observable fields
(e.g. currents).

We proceed now to a more precise description of the construction. Given the
collection of local algebras of observables A{€) C .4 which are generated by observ-
ables A that are loealized in bounded regions ¢ of Minkowski space M one must first
deterinine the localized morphisms v of 4. By definition, a morphism y of A which
is localized in (7 is a C-linear map A — A which obeys

(A1 4) = A {42}, (4]) = A),

(1.2)
y(4)=A for A € A{O"),

where € lies relatively spacelike to (0. It is known [9] that the desired outer mor-
phisms can in principle be obtained as limits of nner automorphisms of the algebra
A of local observables, which transport charge to infinity” in Minkowski space.

If 7y is the represeniation of the algebra of local observables A in the vacuum
sector, and ¥ is a localized morphism, then

my(A) = m(1{A)}) {1.3)

defines another representation of A whose unitary equivalence class depends only
on the equivalence class ¢ = [v] of the morphisn 4 modulo inner automorphisins.
The label g has the physical meaning of a collection of quantum numbers which dis-
tinguish various superselection sectors, i.e. inequivalent representations of A. It will
be called "charge” for short. Under general assumptions on the observable algebra
{DHR-duality)" there will exist morphisins in the same equivalence class which are
localized in arbitrary domains €7, and two morphisms 4 are equivalent moduto inner
automorphisins of A if and only if they generate equivalent representations m.,.

To every morphism 7 localized in some (7 one seeks a field operator ., which
implements the automorphism in the sense that

Ay =ty A) for all A € A (1.4)

I DHR-duality requires that the observable algebra is maximal in the sense that it is impossible
to add operators to mo(-A) which are also local and which map the vacuum sector Hg into itself.
DHR-duality is true for the I/{1}-current algebra 16 .
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Because there exist morphisms with arbitrary localization regions (O in the same
equivalence class ¢ = [vy], one can choose an operator Iy which lmplements some
representative of g, and write a “bosonization formula”

v, = A(Y)T, (1.1}

where A(v) is'a suitable observable. T’y depends only on the charge g while informa-
tion on the localization region of ¢, is in the factor A{y). The field algebras F(O)
which extend the algebras A(Q) are defined as the ~-algebras generated by operators
i, where 5 is localized in O, These fields are relatively local to the ohservables in
the sense that

Lo, AL = 0 3 g, © F(O), A AO), {1.5)

and Oy and O, are relatively spacelike to each other. Fields localized at a point
are constructed as limits, by choosing in (1,11} sequences of morphisms v whose
localization regions shrink to a point.

At this point we would like to note that in two space time dimensions it would
not be reasonable to assume from the oufset that the fields are also local relative to
themselves or 1o other charged fields. Firstly, there exist interesting field theoretic
models in which such nonlocal fields appear naturally, so the study of such ficlds is of
interest in its own right [17]. Secondly - and this is iinportant in the present context
- some algebras of observables in conformal QFT are obtained as products of two
commuting algebras living on i-dimensional compact manifolds (the circle $1). Then
the corresponding localized morphisms involve products of localized morphisms of
these 1-dimensional components. The fields on the circle obtained from them can be
used as building blocks of local 2-dimensional fields, although they may not be local
by themselves.

The general construction of the field algebra 7 as an extension of the algebra A of
observables by localized morphisms + of A was recently completed by Doplicher and
Roberts [8] for d > 2 dimensions. Their charge shift operators I'y in the bosonization
formula (1.1b) are elements of Cuntz algebras. Together with the fietd algebra F, a
gauge group (of the first kind) K is constructed. This is a symmetry gronp of the
quantum field theory which acts trivially on the abservables.

The restriction to d = 2 in the work of Doplicher and Roberts comes about as
follows. Besides the morphisms of the algebra 4 one needs to cousider intertwiners
¢ € A between morphisms v and #. They obey the relation

S(AVe = e (A}

for all 4 ¢ A Properties of these intertwiners are used in an essential way in the
general analysis. and these properties can be established from general principles of
quaniuwm field theory only in 4 - 2 dimensions ‘9. because in two dimensiens the
spacelike complement of a bounded region in Minkewski space is not conneeted.
For d = 2 the right substitute for the Cuntz algebras is not known yet - but sec
the lectures of 3. Frohlich and B. Schroer in 117758 {or interesting results that are
relevant here. Conformeal quantmn ficld theory in 2 dimensions lives on & space time
where the spacelike complement of a neighbourhood of a point is connected. Bul the
nomrivial topology of this space thue catses complicationg.

The Daplicher Haap Roberts method works also in the conformal fiekd theories
we are isterested in. althongh in two dimensions some praafz need ta Le reexamined,

and sone assertions do not continue to hold. It is known that by this constraction
one geis all those superselection sectors Hy which carry representations g of A that
are unitarily equivalent to my when restricted to observables localized in ¥, where
' is the spacelike complement of some bounded {and topologically trivial) domain
. Tt is a remarkable! fact that these are indeed ell sectors in conformal invariant
quantum field theory, in any number of dimensions d > 2, at least if the local algebras
of observables satisfy the natural condition that weak limits of observables are also
olservables.

THEOREM 1. In conformal invariant quantum field theory in d > 2 dimensions all
superselection sectors H, with pesitive energy are generated from the vacunm seclor
Hy by localized morphisms, assuming A{Q)) are von Neumann algebras and satisfy
DHR-duality.

REMARK: In algebraic field theory, the algebra of observables is regarded as defined
by its vacuum representation, so A[O) and w{A(O)} can be identified.

PROOF: The crucial fact behind this theorem is that conformal field theory lives on
& space time manifold M {a tube} whose spacelike surfaces are compact (spheres)
[18]. Tt contains Minkowski spaces M M which are determined by the point { at
their spacelike infinity. We admit bounded domains 0 C M contained in any one of
them and write

A=) Ao

AL

for the algebra of localized observables on . The spacelike complement O' of a
hounded region ¢ ©. M is itself a bounded domain in some Minkowski space. The
assertion follows then from the known fact that positive energy representations of
nets of von Neumann algebras are locally normal, i.e. when restricted to any A(0)
they are umnitarily equivalent {20]. g.e.d.

In the example of the current algebra discussed in our paper, the localized mor-
phisins are in: fact automorphisins, i.e. they have an inverse. This situation is some-
what simpler and was dealt with long ago [21]. From the general analysis one expects
that the physical Hilbert space has the form

H =Y H,, (1.6)
g

Le, it is a direct sum of inequivalent irreducible representation spaces Hy of A with
nltiplicity 1. The gauge group K is abelian. Mathematically speaking, the field
algebra T © F on Minkowski space is constructed as a eeniral extension of the
group of anfomorphisms 5 of the algebra of observables A by the circle group T
C. whereas its subalgebra A, is central extension of the group of its owu inner
automorphisms by T. (Locality implies that this exiension always exists [21]}. The
observables are precisely the A -invariant elements of the field algebra,

TI'he same device (1.3} could be used in the representation theory of compact connecled Lie groups.
with reflections as onter automorphisins. But this would vield representations of the same dimension,
<o there 1s po chance of getting all fronmy one. Fxample: The three s-dimensional representution. of

SOURY (spipor, conjugate spiner, and vecior] are related hy anter nutonwrphisms.
.| ; T
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1B. THE CONFORMAL CURRENT ALGEBRA ON THE CIRCLE

Inn the general case of a d-dimensional coutormal QFT the point of departure is
either a Minkowski (M) space theury with Wighiiman functions invariant under in-
finitesimal conformal (so{d.2)) transformations. or. cquivalently, a Euclidean theory
with Spin(d + 1,1) invariant Schwinger functions. Such a theory can be extended by
analytic continnation to a QFT on the universal cover A of compactified Minkowski
space. invariant under global fransformations in {the . sheeled universal cover of )
the Minkowski space conformal group 19 In d - 2 dimensions M is the cylinder
spave 891 R the "Einstein universe” singled out Ly 1. Segal {22; for its confornally
invariant global causal structure. We shall consider here a QFT on the 2-dimensional
evlinder M = 8% x R. although it is not simply connected. Doing this weans that
we restrict attention to half-integer “helicity™ fields; we recall that there is no proper
spin or helicity in 1+1 dimensions since there is no rotation group.

If & = 2% - 2" and £ = 2% + 2! are the light cone coordinates in Af then the
corresponding compact picture coordinates are

i Ry
. Li‘_z_ e P 2"5_ = ¢itetrohy (1.7)
1y 1 5é

where ¢y is the angle parametrizing space 8 and @y is the variable parametrizing
time R.

Free fields aud conserved chiral currents can be split into inutually commuting
right and left moving components which depend only on oue of these light cone
variables. For the symmetric traceless stress energy tensor O and the w{1)g x u(1)g
conserved current J" (satisfying &, J# = 0 = 8,e#*J,} these chiral components are
O = (0% 2 0)/2and Jy = (J° + JT)/2.

Upon variable transformation to z, 7 they become

4y’
T(z) = 2w i QL) {1.8)
ete. (1d€/d> = 4{1+=)72). In spite of the anemalous transformation law of the stress
energy tensor uunder general diffeomorphisms there is no extra term proportional to
1 because the coordinate transformation {1.7) is fractional linear.

General fields in conformal QFT live on the cylinder 8 x R as was mentioned.
However, for observable fields which depend only on one light cone variable, period-
icity in the angle o; which parametrizes space S implies periodicity in time R. As
a result, observables such as T'(z) and J{z} are indeed one-valued functions on the
cirele {|z1 =1}

Since Minkowski space M is a subset of the cvlinder specified by the point ¢ at
its spacelike infinity, the projections of the connccted and bounded subsets (0 ¢ M
on the circle {|z] == 1} are intervals

Ics', (el

Relatively spacelike demains 0 © M project onto disjoint intervals on the cirele.

Thus

relatively spacelike = disjoint

on the circle. Consequently, observable ficlds on S commmte at different points,

The Fourier-Laurent expansion of T(z) introduces the Virasoro generators L, =
L,
T(:):ZL,,:'"‘Z‘ neZ. (1.9)

"

The commutation relations of the stress tensor with itself follow from its tracelessness,
conservation, scale covariance, and association with the generators of translations in
two dimensions, and lead [13] 1o the cormnutation relations of the Virasoro algebra

._Ln-Lm: = (” - 1“}Ln-v m 1%”(]12 - 1)6nm (1-1())

Sinularly the commutation relations of the current J(:) are determined, they are
Heisenberg commutation relations for a free Bose field

[J(n), Hel = =8 2n2), (1.12)

where the z-picture é-function is defined by
dzy
6(z;2)‘l£(22)r = 'u(:'] ], (:12 =z - :2). (113)
g1 LT

Using the Fourier-Laurent expansion

Iz =3 Juz =, (1.14)

these commutation relations and those with the stress tensor read
[Jnrs Tn] = W0 8npma s [Jomy L] = M Tmgn. (1.15}

A siress tensor with correct commutation relations (with ¢ = 1) can be made out
of the current J by the Sugawara construction!

T(:) = 5 T = AT ()0) + T () (1.16)

b3

where the currents frequency parts are defined by

Ji(zy=Jd(=)- J-(z) = Z o=t

e

In particular this gives for the conformal Hamiltonian H = Ly

1., o
H= 3+ Jnda (1.17)
- =]

The conforimal Hamiltonian generates a time evolution automorphism

a{ A} = Hi g 1HL (1.18)

! For recent reviews see [23,24].



It acts on the currents aecordiug to

d (1.19)

1C. SUMMARY OF RESULTS

In this paper we start from the U(1})-curreni algebra (in 2 dimensions) as our
original algebra of local observables. We adjoin to it a conformal Hamiltonian which
is some {unspecified) function of the currents. The algebra factorizes into current
algebras on the circle, denoted by U, as explained in Section 1B. We regard U as the
germ of all algebras of abservables on the circle whieh extend it. As we shall see,
this extension problem is made meaningful and soluble by the requirement that the
Hamiltonian H which generates the time evolution autemorphism of these algebras
is a function of the original current .J.

Our Theorem 1 (in Section 1A) asserts that there always exists a sufliciently large
class of localized morphisms of the algebra of observables A in a conformal QFT to
generate all superselection sectors (i.e. all inequivalent positive energy representations
of A} from the vacuum sector. For the algebra U we are able to exhibit them
explicitly. They look as follows:

J(2) A (=) = T(=) 4 pla)t (1.20)

where p is a smooth function on the circle, with zp(z) real. p(z) is called a charge
distribution. Note that these maps do not change the commautation relations (1.12)
and they commute with the *-operation (taking adjoints). Moreover, they have an
inverse, so they are automorphisms of the current algebra. These automorphisms
are localized in I if suppp C I. The eguivalence classes of such automorphisins of
U modulo inuer automorphisms are distinguished by the total charge

dz
g = f——':P(Z)' (1.21)

21

If the Bamilionian # is given by the Sugawara formmla (1.17} then the anto-
morphism correspording to a constant charge distribution with total charge g acts
on it according to

1
He— Howglod 50° (1.22)

This relates the energy spectruin in the vacuum representation and in the superse-
lection sector which contains a state of charge g.

We show that any Hilbert space of physical states H which can be generated
from the vacuum § by fields which are local refative to the currents is a mulliplicity
free sum of incguivalent irredneible representation spaces for U which are labeled by
the cliarge g g eguals the eigenvalue of the spatial integral @@ = Jg of the corrent J.
and the eharge speetrwm {g} mmst be of the form go + Q. where @ 35 an additive
stuligroup of the res! mumbers R

We examine the algebras generated by these felds which create H fram 0 1t

15 proven that the per of feld alwelwes for subgets T of e punetured cirele

n

is uniquely determined by the charge spectrum {g} of the theory, up to a Klein
transformation.! See Proposition 3.1 and Lemma 3.6,

It should be mentioned that the result asserting uniqueness of the field alge-
bra depends on an extra hypothesis which is natural in quantum field theory on
Minkowski space. In a quantum field theory on Minkowski space M in which the
Hilbert space H of all physical states is geuerated from the vacuum by local fields, the
vacuum cannot be annihilated by any field 3+ € F() which is localized in a bounded
domain €7 © M, and for any open 7 the ficlds ¢ € F(03) suffice to generate a dense
subset of H. This is the Reeli-Schlieder theorem {171, Our fields are local relatively
o the abservables, but not necessarily to themselves, therefore the theorem does not
apply. We adopt its assertion as a hypothesis. This is natural especially if we want
to use our fields as building blocks of local fields.

The field algebras are coustructed explicitly. They have the properties listed
above as expected for a theory with an abelian gange group. Explicit forms of the
bosonization formmlae (1.1) are derived, see Proposition 3.4. Fields at a point are
constructed as limits in Section 5A.

The global field algebra F has a very simple structure. It is spanned by its
unitary elements 1». They have the form

% = nW(u)T,. (1.23)

Such a field creates charge g. 7 is a complex phase factor, TV {u ) are the Weyl operators
depending on some real test function u,

dz
W{u} = exp (1‘ f %J(Z)u(z)) , {1.24)

and tliere appear in addition the unitary charge shift operators T'y which were men-
tioned in Section 1A. The multiplication law in F is given by the multiplication law
for Weyl operators, (¢f. Section 2, Eq. (2.6)) together with the relations

PQIF.’J?:I‘Q‘I'!Q2’ Ta=1
W)l = I W u)coio

where @iy = § w(z)dz/2miz.
The structure of the subalgebras F{I) which consist of fields localized on inter-

vals I of the punctured circle is more subtle, F{I) jucludes only fields ¢ such that
the antomorphisms 4 of U7 which they induce

Ao yfd) = o A (1.26)

are localized in I. However, if we were to include all v with this property in F(I) then
elements of the center of [ such as linear combinations of the elements ¢ would
be in all the F(7I). Such elements can annihilate the vacuum. so this would violate
the Reeh-Schlieder property, which we assumed. Another important coustraint on

VA Wlein transfoermation inulktiplies fivids oy of charge g with unitary elements ¥Y{g) of the venter of
H i il . . -

the observable slgebra, like ¢ 7Y 1t can chunge connmutation relations in general. but leaves the

cammmtatars of iwo fields witl the same quantum nambers g unalfected.
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the field algebras comes from the reguirement of tune translation covariance (sce
Definition in Section 3A)

CiH'l.J_-{I)t-ml}il C }—((;r”l

A net of field algebras with these properties - which is unique up to a Klein trans-
formation as was said above - is obtained by choosing suitable representatives y, of
the form {1.23). Such a choice of fields i, is described in Proposition 3.4 in Sectior
3B. 1i depends on the point { at spacelike infinity. This choice of fields ¥, has the
property that the group theoretical conunutator of two such fields {with the same ()
is 2 ¢-pumber.

These field algebras are attached to the punctured circle which is the projection
of a Minkowski space without points at infinity. Upon covering the whole circle with
such "Minkowski spaces” (charts) one needs transition functions which are in general
not c-numbers but involve mmultiplication of the fields by unitary elements of the
center of the observable algebra, i.e. a Klein transformaiion, except for observable
fields. One may speak of a "bundle of Minkowski space QFT's”.

Quantum fields 3"g{z) at a point can be constructed from the field operators
¢, by a limit procedure (Section 5). Their correlation functions follow from the
muitiplication law (1.28), (2.6} in the field algebra, and the formula {2.4) for vacuumn
expectation values wq (W (u}) of Weyl operators. The multiplication law in the field
algebra 7 embodies the information on operator product expansions for the quantum

fields yg(2).

It is amusing to change the point of view. Suppose that our experimental col-
leagues in the two-dimensional world were authorized to buy some new equipment
so that other guantities besides currents and energy became observable. What could
these larger algebras of observables be? This is exactly our problem of finding all
algebras of observables whose germ is the current algebra. We find a complete clas-
sification in Section 4. The classification follows from the observation that these
algebras have to be among the field algebras constructed before, and are singled out
by the fact that the fields must be relatively local to themselves.

The observable aigebras Ax extending [ are labeled by an integer ¥ = 1,2,...,
where N = %92 is given by the value of the smallest positive charge g that is created
by a field in .An. The algebras are maximal, i.e. cannot be further extended, if & is
a product of distinct primes

N =1,2,3,5,6,7,10,....

These new algebras of observables and their superselection sectors {positive energy
representations) and associated field algebras which make transitions between these
sectors are studied in Section 4. They provide further examples of the constructs
described in Section 1A with gauge groups Zo .

Among them is the su(2}-current algebra of level 1. In this case our findings agree
with known results [25]. There are two superselection sectors (including the vacuum
sector) and they are mapped into each other by (localized) outer automorphisms of

—

the su(2) current algebra and the asscciated loop group. In addition we obtain the
field operators which make transitions between tiie two sectors.

11

These results show that the celebrated vertex operators of conformal field theory
are special cases of the much more general constructs of algebraic field theory which
were recalled in Section 14.

To make effective use of these algebras of observables and fields one desires
their characters, They are determined by their restriction to the groups of unitaries
in these algebras. In Section 6 we describe an elementary way of computing such
characters by exploiting the KMS-condition for Gibbs states on algebras of fields or
observables. The characters of 4y are found. They are expressed in terms of Theta-
functions. They are related to the modular forms of weight % which were studied by
Serre and Stark [31].

There are 2N superselection sectors for Ay. We show that iis partition func
tions transform according to a 2N-dimeansional representation of the modular group
$L(2,2Z). This can be used to construct modular invariant partition functions for the
2-dimensional theory, and to construct local 2-dimensional fields from fields on the
circle which are only relatively local to the observables. This is briefly discussed in
Section 6, for more details see {32].

The paper concludes with an outlook which discusses possible generalizations.

IL. POSITIVE ENERGY REPRESENTATIONS OF THE CURRENT ALGEBRA
2A. EXPONENTIAL (WEYL) FORM OF [/

Consider the space § = ${8') of real test functions u on 8%,
u(z) =Y @z, AL =i (2.1)
We define the smeared current by
s = [ E gt = T (22)
=) T L =

which in view of the reality of v is a hermitean operator. Equation (1.19) gives rise
to an action of the time translations by automorphisms a; on the currents,

o {J(u)) = J(ug), where wuy(2) = ule™2). (2.3)
The current commutation relations {1.12) now take the form

dz
[T (u), J(v)] = / ‘)m_u'(:)r'(:) = A(u,v). (2.4)

It will be convenient to work with the exponentials of the smeared currents {Weyl
operators)
Wiu} = e, {2.5)

The conunutation relations {2.4) are equivalent to the composition law

W)W (0) = 240 (g 4 o), (2.6)

!The vertex operator construction has appeared in various guises [26,27). for early work «f. [28,29,30}.
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and the adjoints of the Weyl-operators are given by

Wiw) = A (. (2.7)

The Weyl operators thus generate a *-algebra of bounded operators with a dis-
tinguished action of the time translations

a(W{u)) = Wuy). fs) = ule M) {2.8)

By an abuse of notation we will denote this algebra hy . Throughout the remainder
of this article we will only make use of the structure incorporated in the relations

(2.6) to (2.8},

2B. POSITIVE ENERGY REPRESENTATIONS OF U

Since I’ describes a system with infinitely many degrees of freedom there exists
an abundance of representations and we have to select those which are of interest
here by some selection criterion.

The standard class of representations of I’ considered in the literature are rep-
resentations having a ground state (lowest weight representations). From a general
point of view it appears to be more natural only to demand that in the represen-
tations of interest there exists a generator H of the "time translations” which is
non-negative. The condition that H is bounded below means that we are dealing
with elementary systems, but there is no a priori reason to impose further conditions
on the spectrum of H (such as the existence of diserete eigenvalues). In the present
case of the dynamical system (l:",c\l) it turns out, however, that any representation
admitting a generator H > 0 of the time translations is a (direct sum of) ground
state representations.

Before giving the argument, we introduce some notation: We denote the repre-
sentations of U by {7, H). They consist of a representation {Hilbert-) space H and a
mapping 7 of U into B('H) (the algebra of all hounded operators on 1) which respects
the algebraic relations in I7,i.e. misa homomorphism. As already mentioned, we are
interested in those representations (w, H) for which there exists a positive selfadjgint
operator H ou some domain in M such that

ala (WY = e Hte(W)e 1, Wel. 12.9)

We call such representations “positive energy representations”. Note that relation
{2.9) does not completely fix the operator H, since oue may add to it any selfadjoint
operatar from the commutant w{U7) of 7(U7). without affecting this relation.

The ambiguitics involved in the choice of a Hamiltonian H implementing the
dynamies can e removed by the requirement that

e my {2.10)

and that 013 the lower boundary of the spectyan of H in cach subspace of H redueing
the representation w. H is a very general fact 133 rhat such a "winiwal generator™ H

TWWe recall 1hat the double copnmurant BY ol & *-algehira 8 of hounded pperators s equal 1o ils

weak clasure. Regarding i as an aleehra of olservables, relation (2300 may thns be understood as
the reguirenent that JE o= cbarrvable

0
o

always exists and i1 is uniquely fixed by these conditions. We will adopt this conven-
tion for the time being, but we want to point out already now that the ad hoe choice
of the lowest eigenvalue of H as the zero-point of energy in each subrepresentation
of (7, H) will turn oui to be inappropriate in the extension of the time transtations
to the charged fields. A more appropriate choice of the generator H will follow from
the requirement that the fields should transforin covariantly under time translations,
as will be discussed later.

After this disgression let us turn now to our problem, the determination of all
positive energy representations of U. We shall need the following elementary facts,

LEMMA 2.1, Every positive energy representation (x, H) of U can be decomposed
into a direct sum of ground staie representations. More precisely, there exists a
family of unit veetors Q; & H,1 € I (some index set} such that the subspaces H; =
M U)§Y; C H are mutually orthogonal, H = ¥, H;, and H(}; = 0 for all i € 1, where
H is the minimal generator of the time transiations.

Proo¥F: Since t — w(a,W(u)) is periodic with period 2w, every operator m{W),W €
U can be decomposed into a series of bounded operators

(i
™=

2w
Wn:mr’f dse "™x(a, (W), n
0

MOI'E:OVEI‘,
i i H—n)tprr
m, (l — el( ) 7 ,

hence W, transfers the energy n to all vectors. Now let A be any closed interval
contained in {-1,1) and assume ihat there exists some vector { # 0 in the spectral
subspace associated with the spectrum of H in A. Since H > 0 it follows that
V-V,,Q =01if n < 0. Hence the spectrum of H on the subspace W(D]..Q is contained in

|J (4 +n)

nENg

Now according to our convention, 0 is the lower boundary point of the spectrum of
H on each subspace which reduces 7. Thus 0 must be contained in A, showing that
0 is the only point within the interval (—1,1) which is in the spectrum of H. Hence
H(Y = 0. Proeeeding to the orthogonal complement of 7({7 32 in ‘H we can apply the
same arguments, so the statement follows by iteration. q.c.d.

Having thus reduced the problem of finding all positive energy representations
of U to that of determining all ground state representations, we are essentially done.
We recall that, by the GNS reconstruction theorem, it s sufficient to determine all
functionals

(W)= (2.7(WI0), Wel (2.11)

i.e. the ground states. In view of the composition law (2.6) one must in fact only
exhibit the generating functionals w(W(x)), v ¢ §. We will restrict here our attention
to those states w for which the functions

Al (Aw))., v d (2.12)

are continunous in A € R, These states determine exactly thase representations of the
Weyl eperators in which the enrrents can be defined as (unbounded) operators. Any
functional w satistying this centinuity requirement will be ealled repular.
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LEMMaA 2.2, i) Let o be a regular state on U generating a ground state represen-
tation. Then there exists some positive. normalized measure p on R such that for
T

. 1 L
w{W{u)) = jdy(g)exp(-tg-ug - Zn!un}z}. (2.13)
Conversely, given any posttive normalized measure g on R., then the functional w
fixed by (2.13) determines a ground state on U,

i) Let wy, g & R be the ground states given by

wy (W) = expligitg ~ . 3 nligl’). (2.14)
n=1

[ R

These states are pure. They Induce disjoint irreducible representations of U for
different values of g. Relation (2.13) thus gives the central decomposition of the
ground states w, {According to standard terminology, the pure ground states are
called lowest weight states and we will use this term in the following.)

In order to make this paper selfcontained we indicate the proof of this well known
fact [25] in Appendix A, where we also determine all Gibbs states for U.

I11. CHARGED STATES AND CHARGED FIELD OPERATORS
3A. THE STRUCTURE OF LOCALLY GENERATED RESENTATIONS OF I/

According to the results of the previous section all positive energy representa-
tions (7, H) of &/ can be decomposed into irreducible lowest weight representations
labeled by a "charge” g € R. Bui the requirement of energy positivity does not im-
pose any restrictions on the charge spectrum (i.e. on the values of g appearing in a
representation) or its multiplicity.

Such restrictions arise if one assumes that the representation space H is géner-
ated from a vacuum vector (ground state) £ with the help of field operators which
are local relative to the current. Since we want to comstruct such fields we must
identify first of all the appropriate representations of 7. This is done in an implicit
manner in the following definition (¢f. also the subsequent explanations).

DEFINITION., A positive energy representation {m,H) of [ is said fo be locally
generated by fields if there exists an irreducible set of (weakly closed) algebras
F(I) C B(H), assigned to the closed subsets I of the punctured circle 8* Y {-1},
such that:

i) The observables Jocalized in I are among the fields in F(I}, and all fields are
Iocal relative to the observables. In formulae

m(U{I)Y ¢ F(I) € =(0{I).

Here I:T(I) denotes the *-algebra generated by the Weyl operators W{u) withsuppu C
I and I' = S*\ I. x{U(I")) is the commutant of #(U(I')} in B('H).
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ii) There is a representation ‘8" of the tine transiations on H. satisfving the
conditions {2.9) and (2.10), such that for any clased set I} contained in the interior
of some I, and for all { in a sufficiently small neighbourhood of 0

eHEE(I) e Y C L)

The generator H > O has the simple eigenvalue 0. The corresponding eigenvector
will be called the ground state (1.

iii) The Held algehras have the Reeh-Schlieder property (cp. Section 1C), that is
the ground state is cyclic and separating for each F(I) if I has nonempty interior.
{("Cyelic” means that the set of vectors ¥§t,v € F(I) is dense in H for each I.
“Separating” means that ¥ = 0 is possible for v € F(I) only if ¢+ = 0.}

iv} The charge operator @ = #(Jy) has pure point spectruni.

These conditions require perhaps some comments. The first condition is clearly
satisfied if there exists on M an irreducible set of field operators which are local
relative to the current. These fields. smeared with test functions having support in
I, will then generate the “field algebras” F{I). We consider only subsets I of the
punctured circle since we do not want to asswne from the outset that the fields are
single-valued on S, We also do not anticipate any commutation relations of the fields
{other than that they should be relatively local to the observables).

The second condition relates to covanance properties of the fields and to the
existence of a unique ground state vector 2. Note that the generators H complying
with this condition will in general differ from the minimal ones considered in the
previous section. The familiar Reeh-Schlieder property iii) {15] was recalled in Section
1C.

The last condition amounts to a mild form of charge quantization. In principle
one could also allow for a continuous spectrum of @, but we do not investigate this
possibility here.

Having thus described the class of representations in which we are interested,
we can now give a much more explicit characterization.

ProposITION 3.1. Let (m,H) be a positive energy representation of U which is

locally generated by fields. Then:

i) There exists a gy € R such that the spectrum of the operator (@ — go1) is an
additive subgroup of R.

it} The restriction of T(U'} to any one of the spectral subspaces Hy C H eorre-
sponding to the eigenvalues g of Q is irreducible.

iii} Any locally generated representation (7, H) is uniquely fixed {up to unitary
equivalence} by the spectrum of Q. Moreover, the underlying system of field algebras
F(I), I < 8*\{-1} is unigue (up to Klein transformations).*

PROOF: The lengthy proof of this statement is obtainedby an adaptation of the
general arguments in [21] to the present model. The reader may omit it in a first
reading and proceed to Section 3B.

' For a discussion of Klein transformations cf. for example [15] and footnote to Section 1C. We recall
that a Klein transformation dees not change the commutation relations of fields carrying the same
charge, but it may change the commutation relations of fields carrying different charges.
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Since 0 is a simple eigenvalue of B and since ¢iHt 2 #(I7} it is clear that () must
be an eigenvector of @ correspending to some eigenvalue gq. From the discussion
in Section 2 we also know that there exists only one [up to unitary equivalence)
irreducible positive energy representation of I7 for a given charge go. Hence making
use a second time of the fact that e/ € #(U)" and that H has a simple cigenvalue on
the sector Hg, of charge go it is clear that the restriction of # to Hy, has multiplicity
one, thus ﬂ(U) is irreducible on this space.

Next we note that in view of the composition law (2.6} for the Weyl operators
and the properties of the field algebras F{I) given in the preceding definition we have

AT e Y o FL) JeR

whenever I; is contained in the interior of I3, Thus if 4 € F(I;) we find that all weak
limit points 15, ¢ € R of the bounded sequences

1 M N .
X/ dA e—”\ge'AQtﬁc_'AQ, A7 oo
]

are elements of F([I;), for which the following relation holds
d!gei/\Q - eil\(Q—g)U"g' (31)

Hence any nonzero operator ¥, changes the charge of the vectors in W by g. (We
will also say g "creates” or "carries” the charge g.) Now if g; is in the (discrete)
specirum of @, and if E,, is the projection onto the correspending spectral subspace
Mgy, , then Eg, F (11 )8 is dense in H,, because of the cyclicity of (). Thus the operators
1, generate from N a dense set in H,, if ¢ = g1 - go.

Let ¢y, ¢y € F(I) be operators as constructed above. Then ¥7¢, € F(I) com-
mutes with the charge operator @ and therefore maps H,, into itsell. Moreover 47¢,
commutes with all operators in #(U{I'}), s0 we can make use of the fact that in ev-
ery irreducible positive energy representation (mg, Hy, ) of U there holds the duality
relation [16]
' Mg {U(T))' = mgo (T(1)". (3.2)
{This relation can be established either by transferring the general argunent in [34)

to the present theory on the circle, or by explicit computation as in {35].) For the
case at hand it means that the restrictien of the operator e dy to Hy, coineides with

some operator W ¢ ﬂ(l}(I))”. But H,, contains the vector £2 which is separating for
F(I), and conseguently
by = W e x(I(T)"
_on the whole Hilbert space. Similarly one can show that ¢, € O
We can now proceed iu a standard manner. By polar decomposition of 1, 1.C.
g = Vglugug)t.
-we obtain (partial} isometries 1y € F(J) which change the charge of any vector by
g. Let us assume {or & moment that one can always ind operators vy & F(J} such

that the aperators Vg appearing in this decomnposition are isometries, i.e. 1';1"9 = 1.
The general case will be diseussed at thie end of ony argument.
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If 91,92 are in the spectrum of @ we pick isometries 3y . 3hgn € F(I} creating
the charges ¢" = gy — go and ¢" = g2 — go. Sinee ¥ .7 g vty = 114 is clear that
the vector g1y ) is not zero, showing that there exist vectors in H earrying the
charge gy + g2 — go. Observing that the operator 4, creates the charge —¢’, it is also
clear that the vector 97, Q (which is nonzero since @ is separating for F{I)) carties
the charge 295 — g1. Hence the spectrum of (@ — gol) is an additive subgroup of R,
as clatmmed.

Now let ¥ & H,, be any nonzero vector and let g, ¢y € F(I) be arbitrary
field operators creating the charge g' = gy ~ gg. Since ¢ "9 and e”“l/'g:e_‘ﬁ’(b;. {t

n

small) are elements of #(/}" we find that any vecior @ € H,, which is orthogenal
to {070 must satisfy )

(@.gge” o Ty =0

if ¢ is sufficiently small. Since H is a positive operator, this equation extends by
analyiicity to all # ¢ R. By taking a mean over ¢ we thus find (since the ground state
is unique} that

(B, )2, 45 T) = 0

for arbitrary 3¢, ¢ € F(I). Thisis only possible if # = 0 since the operators g, dg
generate from 2 a dense set of vectors in H,, . Hence the restriction of n{U) to H,,
is irreducible.

Let us now turn to the quesiion of the uniqueness of the representation {w, H} of
I and of the field algebras F(I)if the spectrum of @ is given. The uniqueness of the
representation is obvious: it is the direct sum of the disjoint irreducible representa-
tions {my, Hg) of charge g, where g runs through the spectrum of @. So let us assume
that there exist two systems of field algebras FONI),  FC!I) on M. Each of these
algebras is generated by fields ¢'1) and $'?), respectively, creating fixed charges g.
Picking any two such fields it is clear that ¢(®)'¢(1)* commutes with @ and with all
operators in W(I}(Ir)). Thus the restriction of P21 to any sector M, can be
represented by some operator W; € ﬂ{ﬁ([))” because of the duality relation (3.2),

Le.
l;,lf'l)d‘(l)* — Z E;W,;

where E; are the central projections onto H,, . Assuming that H) (2D are (sometries,
we can rewrite this equation in the form

2 (1
# = 5 E)

where l,"E” g FUNTY are fields carrying the same charge as /*). From this we

conclude that for all W € (I} and all i (since i,f':rnﬁ'tl'i_”l e m(U)

oy e E,y‘f”‘*’l";"':”‘_ (3.3)
We first choose operators IV € ﬂ(l:‘(I; )) where Iy O T and I has a nenempty interior.
Then t;'EHY’VL_'-:-”* and u“f”l'l'-r,"f“' are, hecause of duality, elemenis of ﬁ([’-’(]]]}”.
Hence multiplying relation (3.3} from the left and right with ¢* and ', respectively,
where v+ ¢ FUNIY Ty < Iy is anisometry carrying an arbitrary charge. we sec that
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relation (3.3) also holds if we replace the projections E, by Ey for arbitrary k. This
nuplies that
R R U | IR (3.4)

for operators W with the special localization propertics, Since the fields in FUNT,
i = 1.2 comumte with the eperators in =(L(7' 1. relation (3.4) also holds i we
replace T by sums of the forin ¥ W, where 117 - w{[:-'(h )y and W5 = W(i’(I']].
In view of the compnsition law (2.8) for the Wexl operators W{w) it is then clear

that relation {3.4) holds for all TV & m{ ). Fixing some | and setting Z = t,'-f“*z,"‘z)

we can rewrite this equation (bearing in mind that ! is an sometry) according to

Z"NZ = W,

From this we see in particular that Z*Z = 1, Setting W = ZZ* (recall that Z is an
element of w{I'}") it is also clear that ZZ* = 1, hence Z is a unitary element of the
center of w(LM)". From this it follows that

(2)

. ;
¥ (z)_t,‘lzh,u.,ﬁ Iz

=3
ie. any v?) € FCUI) is obtained by multiplying some operator in FUNI) with a
suitable element of the center of m(L7)". It has still to be shown that this central
element can be chosen to be the same for alt fields §2? carrying the same charge:
Let 2 ¢ F)(I} be any such fieid. Then we have (sinee %!? is an isometry)

BB = KB () 2211 7

with the same central element Z as before. Thus Z depends only on the charge
carried by the fields, which means that it induces a Klein transformation.

It remains to discuss the possibility that the operator V, appearing in the polar
decomposition of 3, € F(I) are only partial isometries, i.e. that V'V, = Fis a
nonzero projéction in ﬂ'(_ﬁ([))". As a consequence of the spectral properties of H
and the cyclicity of  any such projection can be represented in the form E = WW=,
where W is an isometry in an algebra #{I7(I))" corresponding to some possibly
slightly larger region I 2 1. (For a general argument cf. [36].) Heace one can always
proceed from a partial isometry V, to an isometry with the desired properties by right
multiplication with a suitable "observable” W. This, finally, completes the proof of
the proposition. g.e.d.

The reader will have noticed that only very little specific information about the
model under consideration was used in the derivation of this result. The essential
input was the information that the duality relation (3.2} holds in all charge sectors
of the current algebra. From the general analysis of the superselection structure of
quantum field theorv [9] we know that this feature is typical for theories with a global
abelian gauge group. Moreover, we are prepared to find that all superselection sectors
can be generated from the vacuum state with the help of localized automorphisms
of the algebra U. (In theories with a non-abelian global gauge group one would need
localized morphisms which are not invertable.) These automorphisms will be the key
to the coustruction of the charged fields.
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3B, FROM LOCALIZED AUTOMORPHISMS TO CHARGLD FIELDS

For the actual construction of the charged fields we proceed as follows. We
start from the “largest” represcutation (7. H) of T which is compatible with the
coustraints found in the preceding proposition: it is the direct sum of all irreducible
representations (w,. M) of charge g £ R. The representation space H of this universal
representation is nou-separable. but this will niot cause auy problems. The advantage
of working with this universal represention is that one can obtain any other locally
generated representation of U by projection. A concrete realization of {7, #) which
will be conveuicut in the following can be obtained as follows.

To Legin with. we intreduce a group of charge shift automorphisins 44, g € R
of the current algebra, setting

. d=
g W)y = "4 W (u), ity = f’u(:) —. {3.5)
; ‘2wtz
These automorphisms commute with o, and satisfy
Vo Yar = Yartes g = g {3.6)

Let wy be the vacuum state {considered as a linear functional on the current
algebra), i.e. the lowest weight state of charge g = 0. The lowest weight states
of charges g # 0 are obtained by composing wy with v5. The GNS representation
induced by wp will be denoted by (7, Ho) and the cyclic vector corresponding to
wp by 1. The space H of all charged states consists of vectors @ whose components
$y,6 € R are elements of Hy and are different {from zerc for an at most countable

number of g. The norm in H is given by

lel? = > 12,1]5, (3.7)

geR

where ;i.|io denotes the Hilbert norm in Hy. We define a representation of Uon M
by
(F(W)B), = Tolvg(W ),  for We T (3.8

(Sinee this representation is faithful we omit the symbol 7 in the following.}

On ‘H we iniroduce unitary charge carryving operators T, e € R, setting
(Te®)y = &y (3.9)
One easily verifies that

Fe,Te, =Teitee

R {3.10)

W =4.(W) for Wel.

We also introduce a continuous unitary representation { — U;(f) of the time trans-
lations by setting

(U1 (Y8 = Up(£)Py {3.11)

where 7y are the minimal time translations in Hy. The operators U;(?) commute

with the charge shifts,
U (I LH(6) 7 = o {3.12)

20



and act on the Weyl algebra according to
iV LL ) = ad T : (3.13}

We also note that Uj(1) = U, Hence [y is the minimal representation of the trans-
lations introduced in Section 2. We will later proceed from Uy to a represention UV

of the translations which complies with the condition of covariance of the charged
fields.

Let us now turn to the construction of eharged fields, i.e. charge carrying oper-
ators with specific localization properties relative to the currents.

We define an arhitrary charge distribution as & 1-form p{z}dz /27 on 8 with

zplz) © 8. Given any such p we can construct a localized automorphism 4, of i
setting _
vl W ()} = M I0). {3.14a)
where d
plul = f qm;p(z)u(:) R for u £ &, (3.14b)
2wl

Localized here refers to the property that (W (u)) = W(u}if p and « have disjoint
supports, since pju| vanishes in that case. Note that

Yer Ve = Tpi-pr- (314(‘)
Our aim would be to construct for any p a unitary field operator v, satisfying
Wi, = 7, 1F) . We . (3.152)

Such operators will create from the vacunm {2 states with total charge

dz .
g = plz)=p1, {3.15h}
2ri

and are relatively local to the current in the sense of the previous remark,

It follows from (3.14c) that the operators v, must satisty an equation of the
form

Cpntpn = Elnp2Ion g (3.16)

where Z belongs to the eenter of U” in the faithful representation under consideration,
{Note that the commutant U of U is equal to the center of U since the representation

of U is & direct st of disjoint irreducible representations. |

The assoeiativity of the multipliration law for the s implies that the Z-factors
in {3.16}) ohex the cuevele relation

Zipy, p)Zlpy ~papa) = 1A 2 pa eV Z Loy = ). {3.17)
The trivial solutions of this equation. the cobonnduries are
Bipyopat = Xtpy )i g iV e nilN i = ) : 13.1%)

where X1,y are arbitrary nuitaries in the center of U7,
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If the operators i, .1, correspond to densities p. ps with the smne total
charge. then ¢, ¢'7 is an observable tmore precisely. g1, ¢n 0 U Indeed. it follows

from Egqs. (3.14) that
q"Pl'H';zn'(u)Uﬂz ""r:; = ENpp[lli—m[u])“'(,u)l {3.19)

The vanishing of the total charge of p» - p; implies that it is the derivative (up to a
factor i) of some test function v € §:

p2lz) = pids) = 'z} (3.20)
It then follows from (2.6) and (2.4) that v, ¢} induces the sm]le'aummorphism of

[ as Wir). hence W(v)*ep, 4, is au element of the center of .

We shall now show that there exists a privileged choice of fields ¥+, so that
Z(p1,p2) is a complex number.

It is evident from the previous remark that such fields can e obtained by multi-
plving the constant charge shift operators I'y, ¢ = p[1} with a suitable element W{3)
of 7. We set

e = Wy, (3.21a)
where p must satisfy
d . -- g
SoAla) = ipl=) = =1 (3.21D)
Hence .
pz) =1 b, — +1 2
pl2) z%p ot i) {3.21¢)

where /{p) is some constant, The coeflicients j.,, are given by

A =D pwe T (e = L] = g). (3.22)

n

The functional [{p) has to be linear. as we shall see shortly. The field {3.21a ) indeed
induces the desired automorphism (3.14a), since

e W)y, = e APITIROR () s R ),

Here we have nsed {2.6). (3.5). (3.10 ). and the identity

] . d- L
Alpou)- ighg = f(p(:) - ‘?)u(:).;-_- +dqlig T oip o
O the other haud.

Cpotn = Wy (W, 0 Zhinpiity, ., (3.232)

where

Zignopa) = Wipyyy o W0 MW - pod

SHp e lipg) gt - . ;
el ltpg - dipy e Y ey ,j.iun.mi iyl 13,230
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Bence Z(py.pa)is a constant phase facior i {i p1 s Hiear in oo which we will axsne
hrenceforth,

Next we study the ambiguities in the definition of . If {10} is anv other
eollection of unitaries inducing the awtomorphism (3.10} of L7, it follows [ram the

previous remarks that
'

U= Xiphe, 13.24)

where X (p) are unitaries in the center of UY. These opernfors satisfv an eguation of
type 13.12) with Z(py. 2 ) replaced by

Zp1.p2) = Nipy oo, 1N o2 ) Xy - PR ATIN S {3.25)

where g1 = piiliis the total charge of p;. Here we have used the fact that I'; v, €
U7 (¢, {3.214)). Bence the cocyeles Z and Z' differ by a coboundary in 0", and
thus belong to the same cohomology class.

The condition that the operajor Z(p;,p2) in the composition Jaw (3.12) is a ¢-
number is clearly necessary if the vacuum 2 is to be separating for the field algebras
zenerated by the operators ¢, {¢f. Section 3A). Bui, as is clear from the preceding
discussion, it does not yet fix these fields uniquely. If {#} is another family of
field operators complying with this condilion it follows from Eq. (3.25) that the
corresponding unitary operators must satisfy

Xt - {i&(p2)) = . p2) X (p1 = p2) {3.26)

where (., .} iz some phase factor. The following lemma gives the (continuous) solution
of this equation.

LEMMA 3.2, Any solufion X(p) of BEq. (3.26) with values in the unitary operators of
the center of U, which is continuous with respeel 1o p in the sense of distributions
has the form

Xip) = nlp) MY (), g = pl1] (3.27)

where () is an arbitrary phase factor, Ap) is a real lincar continuous functional of
p, and Y{g),g € R are unitary elements of the center of U" satisfving

Yo ) y-g (Y{ge) = Yigs + g2).

Moreover the phase factor £(.,.) appearing in (3.26) is related to the functional A(.)
and phase factor 7{.} by

nle m(pe mlor + pa) te” e sty ). (3.28)

The proof of this lemima is given in Appendix B. What this stateinent tells us
is that our Ansatz {3.21) for the fields is sufficiently general. Apart from the trivial
modifications arising by multiplying the fields ¢, witls au arbitrary phase factor 5, or
with certain central elements 7 which depend only on the total charge carried by v,
("Klein transformations”), ihe only freedom left is the choice of the functional I(.) in
our definition (3.19) of the fields. Again it is not difficult to see that (.} cannot be
arbitrary if the vacuum £ is to be separating for the field algebras. The appropriate
form of I{.) will be established in the subsequent section.
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3C, THE CANONICAL FIELD BUNDLL, COMMUTATION RELATIONS AND COVARIANCE
PROPLERTIES

The representation (3.19) of ¢, allows fo compute the group {heoretic commu-
tator of two such fields, According to (3.21). it is a complex phase factor

Cpy Vo, ¥n, = Z{mpziZipz.m )’ {3.28)
= exp(—A(pr.p2) - ez - 9201} {3.30)

Our next objective is to find a functional I for which the phase factor in {3.30)
simplifies whenever py and py have support iu disjoint intervals I and I.. Given two
such intervals we shall first compute the variation of A(p1,p2) when one of the charge
densities, say pz. changes within the region I, while the total charge gy is kept fixed.
To this end we choose a point

(=% e st L

in the complement of I; and T2, and define In: as the branch of the logarithin with
a cut along (R,
Inez = Iniz| + 18, <@ <om+ 8 {3.31)
for z = jzjc'%
Let Apg be the change of ps. Since the support of Apy lies in the contractible
region {p and

prQ(z)dz = / Appiz)dz = 0 (2.32)

I
there exists a primitive A‘;;z with support in I; such that

4 &) = idm(z)

Since pi{z)Apsiz) = 0, Bg. (3.21b) implies that for ( ¢ T

. dz

555 = [ (oate) - 2) Bmaiery

@ [ — dz
il /Apg(:)dhz(: = —g;f!ngzﬂ.pg(;)gi—. (3.33)

This tells us that the functional
L d:
T =-A(ps, ) — ¢ 573 lgrp2(z) - gzp](z)]l?]‘(:’ (3.34)

does not depend on the precise choice of py, provided that it is localized in J,. Due to
its skew symumetry in p;, pz, 7 is also constant under charge preserving deformations
of py within I,. It is then obvious that 7 is also constant under continuous changes
of I, I and ¢. Thus 7 depends only on the relative location of Iy, Iz, and ,i.e. it is
a topological invariant. This result could have heen established by general arguments
as in [¢]. But in contrast to the situation in higher dimensions, where 7 would be 0
or in (Bose-Fermi alternative), this topological invariant has a much richer spectrum
in the present case.



LEMMA 3.3. Let p; and p; have support in disjoint intervals Iy and I on S, Then
the value of the topological invariant T is

T = 4ing192 {3.35)

where the sign is + if one passes from I to I, throwgh ( in the posiiive direction,
and it is — otherwise.

ProoF: T being a topological invariant unaffected by continuous changes of the
point ¢, the densities py and p;, and the intervals I, and I» {without changing their
relative positions), one can reduce its computaiion to the special case of densiiies
p1. pz which are characteristic functions. We omit the trivial calculations. The result
is as given in the lemma. g.e.d.

The above analysis motivates the introduction of a 1-parameter family of unitary
field operators.

DEFINITION. Let ¢ be an arhitrary complex number of absolute value 1. Then

b = ne(pIW(p )Ty, 9=l {3.36)
where ; de
wclo) = exp (9 f Goolline:) (3.37)
is a phase factor (which will turn out to be convenient), and
. 2" dz
pelz) = znz#op_n? ~ f gp(z)lngz €d. (3.38)

In other words, we have chosen the functional I(p) in (3.21c) to be
dz
l{p) = — f ‘)—p(:)lngz. {3.39)
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We note that Eq. (3.39) defines a real functional since both :='dz and In¢z are pure
imaginary on the unit circle while zp(z) is real,

PROPOSITION 3.4. The unitary field operators 1;";-', defined by Eqs.(3.36) to (3.38)
induce the localized automorphisms {3.14a). and they have the properties
i) There holds the fusion rule

T2
! 'l"'f’ﬁp: (3'40)

AP
where T is an imaginary number (cf. relation (3.34)).
i} If ihe charge densities py and py have supports in disjoint infervals Iy, I, C

ST\ {(} then

P P digygam nC a¢ — — 3
"“’;cq*-;? o timaTyl (ga = pall]l, a=1,2 {3.41)

where the sign is < (- ) if the path from I) to I through ( goes in the posifive

{negative} direction,

1i) For A € R the unitaries 'z,l"ip satisfy

¢l g
eV = Yirntanip (3.42)

¢

In particular (y’*f,)’" =42,

This statement follows from the definition of 4¢, Eq. (3.36), and from the prop-
erties derived above, in particular from Lemma 3.3. The property (3.42) follows from
the choice (3.37) of the phase factor as is verified by a direct computation.

We wilt now proceed to a study of the {-dependence of the #’s. To this end we
calculate the "transition operators” z,bf,‘(q[:f,‘ ). A straightforward compution gives
the following result.

LEMMA 3.5. Let p have support in an interval I C 8\ {(1,(2}, then
ﬂbff(‘»bf,‘ )* _ e-—airgﬂezn-igq (3.43)

where ¢ takes the values 0, £1 depending on the relative positions of the points {3, (2
and the interval I : ¢ = 0 if the path from {; to (; crossing I meets ~1, and 0 = £1
if this path does not meet —1 and is positively respectively negatively oriented.

Lemma 3.5 suggests that for fixed (, ¢ (suppp C 8%\ {(}) should be regarded
as local sections of a "field bundle” over 8*. The following statemnent shows that the
above choice of sections is essentially unique.

LEMMA 3.6, Let r;‘)f,, ¢ e 8 suppp C ST\ {{}. be fields with the properties listed
in Proposition 3.4 and assume that ¢§ = q’:f,’ if the support of p belongs to the
component of 81 \ {¢1,(2} containing the point = = —1. Then there exists a unitary
operator V in the center of [7'" and a phase factor n(p) satisfying the equation

2 1p)n(A2p) = nl((A1 + A2)p) {3.45)

for real A such that
95 = nl)V gV, (3.46)
We omit the straightforward proof of this lemma which is essentially based on
the information contained in Lemma 3.2.
We proceed to studying the covariance properties of the unitary charged field

operators under time translations. It follows from (3.12), (3.13) and (2.6) that

nlp)
n¢lpt)

' dz
Uity ()" = exp (7'1‘Qfgip(;) - p‘(z)]lncz) 1:5 (3.47)

where { — pt is the standard time translation law for 2 charge density

plz) = f_i'p(r_'l:) (3.48)

and ) ) p
‘?]c p . 1 . :: N e R
g—;—):exl)(égfﬂip(w)v p'(h)fznp). (3.49)
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For sufficiently smali 1 for which suppp’ -2 8% * {(} we have
. d: A P .
ooleta) = pizlitnge = gt {3.50)
so that
1 7 :
Uyt Sl (1)) = c37 TRl (3.51)

We must get rid of the charge operator appearing on the right hand side if the vacuun
is to be separating for the local field algebras. A covaziant time evolution law for
the charged fields complying with this requiremnent can he obtained by redefining the
tine evolution operator according to

Uy = Uy (t)e27, (3.52)

Since ) ) ]
E-%inpge*';Q’i P L L0
we then have
DU = . (3.53)
We can summarize our analysis by the following
PRrROPOSITION 3.7. The map ¢ — U(t), where U(?) is defined by (3.52) and (3.11},

gives rise to a continuous unitary representation of the time translations on ‘H such
that

ST = o,
if suppp, C S*\{{} for |r| <t (3.54)

The selfadjoint operator H on H defined from U(t) = ¢'#* has the spectrum

1
5g2+z+ on He, g€ R.

Moreover, § is the unique ground state of H, and 'Ht ¢ "
So we have established within our setting the well known fact that the "natural”

energy of a lowest weight state of charge g is %gz.

We also record the most general time evolution operator which allows for a c-
number phase factor in the covariance law (3.54) (which would be compatible with
the requirement that ! is separating) for the fields. Setting

U,(8) = U(1)e @ {3.55)

we have
Up(#)pSUu(8) " = ™o yf,. (3.56)
g corresponds to a "chemical potential” in the terminology of statistical mnechanies.

We note that there arises a further restriction on the ambiguities in the definition
of the charged fields coming from time translation covariance. I the fields rﬁf, of

7

Lenuma 3.6 are to satisfy the same covanance law {3.54) as 1-“5 then the phase factor
nip)in (3.46) must be translation invariant

7ip') = nip). (3.57)
The properties of 7 imply that the product of fields

T T 2 (3.58)
is independent of the choice of phase factors n. We shall profit from this fact in
the next section where the Wightman functions of pointlike charged fields will be
determined from the algebraic properties of ?J!g. Because of relation (3.58) these
function do not depend on arbitrary phase factors.

Let us summarize the results of this section. Starting frem the notion of locally
generated representations we were led to consider the universal representation of Uon
the Hilbert space H of all charged states. This space is big enough to implement all
local charge shift antomorphisms -y, by unitary charged field operators 4,. To put it
another way: we have embedded the current algebra into a field algebra such that its
outer automorphisms v, extend to the field algebra and become inner automorphisins
there,

The ambiguities involved in the definition of the field operators ¢, can be re-
moved by algebraic constraints following in particular from the requirement that the
vacuum §? should be separating for the algebras F(I),I < S. That is, elements of
the local field algebras F(I} cannot annihilate the vacuum. We have seen that one
can find such coherent families of fields d)g only for intervals 7 C 8\ {{} of the
punctured circle (since the transition functions in Lemma 3.5 are center-valued oper-
ators). This means that all charged field operators live on an infinite covering of 8.
The situation changes, however, if one restricts fields corresponding to certain spe-
cific values of the charge to suitable subspaces of H, as we will see in the subsequent
section.

We have also determined the form of the Hamiltonian from the requirement of
covariance of the fields. The Hamiltonian was found io be unique up to a shift by
multiples of the charge operator (inducing a global gauge transformation).

We conclude this section by recalling Proposition 3.1, according to which the
algebras F{I) of charged fields in a locally generated representation of {7 are only
unique up to a Klein transformation. In the present universal representation it is
not possible to perform such transformations which would change the commutation
relations of the fields {cf. Lemma 3.6). This possibility arises, however, in certain

subrepresentations of U as will be discussed in the subsequent section.
P

IV. EXTENDED ALGEBRAS OF LOCAL OBSERVABLES
4A, LOCAL EXTENSIONS OF THE CURRENT ALGEBRA

Having complete control on the universal locally generated representation of
U and the corresponding aigebras of charged fields we can now turn to the question
of how the current algebra can be embedded into various field theoretic settings.
We will adopt the point of view that the current algebra is only a subalgebra of
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some larger (as yet unknown) algebra of observables. In particular we give up the
(implicit) assumption that the charge @ is superselected. That the algebra 7 muust be
regarded as an insufficient algebra of observables is quite obvious: @ is not quantized
and accordingly the physical state space is non-separable. So what we are looking
for are extensions A of U which may be regarded as more acceptable algebras of
observables.!

In order to cast this idea into a well-posed problem we must fix the rules of the
game. The extensions A of [ we are interested in should still live on the circie §* in
the sense that for each interval I C 8" there exists a subalgebra A{I) C A containing
U(I}. The algebras A(I) should satisfy the obvious condition of isotony

A(L) CA(LL) L, CI (4.1)
and they should be local in the sense that
A1) C ALY Lt =0. {4.2)

{* denotes the commutant as usual). It should also be possible to extend the time
evolution automorphism o of U to the algebra A in such a way that it acts covariantly
on A, ie.

ad A1) = A(eT),  tcR (4.3)

in an obvious notation. Furthermore there should exist a vacuum representation
of A in which the automorphisms a, can be implemented by a continuous unitary
representation { — "% with a unique invariant ground state {2 which is cyclic and
separating® for the algebras .A(I). Finally we assume that e'Ht is contained in the
weak closure of U in the vacuum representation, i.e. in passing from U to A we do
not want to change the dynamics. This assumption that the Hamillonian is "some
function of the current” may be reparded as a weaker substitute for the Sugawara
formula.

We will call an algebra A with these specific properties a local extension of .
Given such a local extension one can always produce other ones simply by passing
to suitable subalgebras of A. So an obvious question is: What are the mazimal local
extensions of U ?

It is clear that the vacuum representation of any local exiension A of U gives
rise to a locally generated representation of 7 in the sense of the definition given
in Section 3A. Hence acecording to Proposition 3.1 any such A can be realized as a
subalgebra of the algebra of all (possibly Klein-transformed} charged fields d)z on a

suitable subspace of the universal space H.

We must therefore determine those fields rl'f, (¢ fixed for the moment) which are

suited to generate local extensions of U. As was discussed iu Section 3B, all fields

IMore precisely: we are Jooking for exiensions of quotients of i with respect 1o ideals £ generated
by suitable subalgebras of the center of {7. In the subsequent discussion {7 is to be understood as
some such quotient.

11f §1 is cyclic it is of course separating for the vacuum represcutation of the algebras A{J) because
of locality. Se what we exclude by this assumption is the possibility that the local algebras contain
a two-sided ideal which is aunihilated by f). Phrased differently. we require that the vacuwm repre-
sentalion is locally faithful. It may thus be regarded as the defining representation of the algebra
of ohservables.
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are relatively local to the current, so we will first examine which of these fields are
relatively local with respect to themselves. (Recall that a Klein transformation does
not change the commutation relations of fields carrying the same charge.)

Let ¢ € R be fixed and let py,p2 be any two charge densities with support in
disjoint intervals Iy, [; of 81\ {¢} and pi[1] = pz[1] = g. According to Proposition
3.4 we have the commutation relations

I T2 LE Y Y
Yidi = Vet (4.4)
TGN . L Y Y )
me’bm =e'™ 1"’9:"'{’91

where the sign in the exponent depends on the relative location of I;, I, and (.
Hence the fields of a given charge are local {on the punctured circle} if and only if

g’ = 2N, N e N,

Since we are interested in maximal local extensions of ¥ we next ask ourseives
whether the fields of charge g with ¢ = 2N ean be complemented by fields of charge
g' with ¢'* = 2N', N’ € N such that the resulting algebra still contains only local
fields. By taking products there will appear in this algebra fields carrying the charge
g + g', and if these fields are also to be local with respect to themselves we must
have that g¢' € N. From this it follows that NN' = (N")? for some N" ¢ N, and
assuming without loss of generality that N' < N we conclude that N contains as a
factor the square of some natural number M. (Since N > N', the number N must
contain in its decomposition into primes some factor which is not contained in N'.)
Under these circumstances the fields 745;'-\4-1,, with p[l] = g are indeed local, and since
there holds the "fusion rule”

(P10 = 45 (4.5}

(cf. Proposition 3.4} they generate the fields of charge g. The existence of such extra
local fields implies that our algebra of observables was not maximal yet. Thus the
fields generating maximal local extensions of U carry charges g for which N = %gz
contains in its decomposition inte primes each prime factor at most once,

N =1,2,35,6,7,10,.. (4.6)

Up to now we have ouly considered the fields generating local extensions of U an
the punctured circle. We will now reinove this defect by proceeding to a quotient of
U with respect to the ideal generated by a certain specific subalgebra of the center
of U. To this end let us have a look at the transition operators

; s law —aing? i -
v'f)]wrc’z — TOme (_02 igQ (4.,)

considered in Lemmma 3.5, If ¢ = 2N, N a natural number, the phase factor on
the right hand side disappears. Moreover, if we take the quotient of the *-algebra
gencrated by all fields 1,:"5, ¢ € S* and pl|1] = g¢. with respect to the two sided
ideat generated by [¢2799%9 — 1], the right hand side of (4.7) simply becomes the unit
operator in that quotient. (Equivalently we may restrict the field operators and the
current algebra to the subspace of H where 1he right hand side of (4.7} is equal to
1, ef. the subsequent subsection.) This quotient algeba clearly lives on the circle §1
and not on its covering,.

30



We have thus reached onr goal: given any natural number N we consider the
*.algebra on H generated by all fields of charge ¢ = (2X)3 and proceed fa the
quotient algebra with respect to the ideal Zx generated by {-1 + exp(2mi(2N )3 Q).

We then define for each interval I < 8!
An(T) == *-algebra {4, :suppp 1, pl1] = (2N)%}, (-4.821)

where g, denotes the class of ¢'§ with ¢ § . The algebra Ax is defined as the smallest
algebra containing all local algebras Ap{I). It is spanned by its unitary elements .
These are of the formn e

P = aW(u)l,. ge\2NZ (4.8b)

where 5 is a complex phase factor, W{u) is a Weyl operator, and 'y are the charge
shift operators, cp. Egs. (3.19)f, (3.21a).

The time evolution on Ay acts on the generating elements ¥, by

e{tp) = P (4.9)

Since we have taken in the above construction a quotient with respect to Zn,
the algebra Ay is an extension of Un = [7/Zx. It is obviously also a local extension
of Uy as may be seen from the diseussion in the preceding section, In particular
the algebras A have a vacuum representation with the desired properties which is
induced by the vector {1 € H.

It remains to discuss the question in which sense the algebras Ay are maximal
local extensions of Uy if N contains each prime as a factor al most once. So given such
N, let By be another local extension of U such that By(I) D An(I), T <S8 1Iiis
then clear that in the vacuum representation of By there will exist states with charge
g = (2]\’)%. Moreover, by the above discussion there cannot exist states carrying
charges ¢' ¢ g7 because one cannot accomodate fields carrying such incommensurable
charges in a system of local algebras. Thus the algebras Ax and By generate from
the vacuurn the same representation of I7 . Ii then follows from the third part of
Proposition 3.1 that the weak closures of the algebras Axn{I) and Bn(I),1 C st
in the vacuumn representation are related by a Klein transformation; thus they must
be equal since By(7) D An(I). Hence Ay and By generate the same system of
local algebras in the {locally faithful) vacuum representation, and in this sense Ay
is maximal.

PROPOSITION 4.1. The local extensions of the current algebra can be distinguished
by the smallest nonzero eigenvalue of %Qz in their respective vacuuwm representation.
Any such eigenvalue is a natural number N, and the corresponding extension is
generated by the dynamical system {An,0,). Ap is the *-algebra spanned by the
fields v, of charge g € V2NZ of Proposition 3.4 as described in Eqs. (4.8}, and the
time evolution automorphism is given by Eq. (4.9), viz. a,(¥,) = ¥p.

If N conteins each primefactor at most once then this extension is maximal.

We conclude this subsection with two remarks. Firstly we note that we could
proceed further with the above construction and consider fermionic (half-integer spin)
extensions of the current algebra corresponding to charges g for which g2 is an odd
integer, etc. But these algebras will appear anyway in our discussion of the superse-
lection structure of the algebras Ay in the subsequent section.
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Secondly we would like to point out that there exists an abundance of local
extensions of the current algebra if one relaxes the assumption that the Hamiltonian
H is a function of the currents {in the sense made precise at the beginning of this
section). It is then ne longer reasonable to look for the most general extension,

Ta give a trivial example: the tensar product of 7 with the algebra generated by
the fields in an erbitrary local quanium field theory on the circle would then appear
as a local extension of L. Less trivial examples are obtained by embedding U into
certain Kac-Maody algebras for groups of rank 1. On the other hand, for the
Kac-Moody algebra corresponding to the simply laced Lie group SU{2) there holds &
Sugawara formula for the energy density which involves only the U{1}-current. Hence
the latter example provides a proper local extension of the current algebra. We will
return to this exampie in Section 5.

4B, SUPERSELECTION STRUCTURE OF LOCAL EXTENSIONS

We were led to the dynamical systems (A, oy} by searching for exiensions of
the current algebra which can be regarded as algebras of Jocal observables in some
quantum field theory. In accord with this view we discuss now the superselection
structure of {An,a.), i.e. we analyze all its locally generated representations {in
analogy to the corresponding problem for [7) and the fields which make transitions
between these representation spaces (= superselection sectors for An).

We begin by noting that the algebra Ay still has a center. It is generated by
the Z,n-charge
V = exp{2miQ(2N)" 7). {4.10)

{Recall that V2V = exp(21riQ(2N)%) =11in Ay.) As we will see shortly, there exist
locally generated representations of Ay which can be distinguished by this (multi-
plicative) charge. In fact, the eigenvalues of V distinguish all superselection sectors
of the theory. Thus, since V commutes with all observables, it generaies a gauge
group Ty of the theory and different superselection sectors transform according to
different representations of this gauge group.

Since Un C Apn and since in the (loeally faithful) vacuum representation of Ap
the dynamics a; can be implemented by time translations in the weak closure of
Up any locally generated representation of AN gives also rise to a locally genemted
representation of U in which the *-algebra Zn generated by [-1 + exp(2mi(2N)3Q)|
is represented by 0. Thus we can rely once again on Proposition 3.1 telling us that
each locally generated representation of Ay can he realized on some subspace of
our universal representation of U. Since the operator exp(2mi(2N)3 Q)] must be
represenfed by 1 the maximal representatlon space for Ap is thus the snbspace of
H on which @ has the spectrum {2N)~ $Z. Bearing in mind thaf the algebra Ay
contains operators which change the charge of a state by +(2N)# we conclude that
there exist exactly 2N superselection sectors for Ay (including the vacuum sector)
which can be distinguished by the eigenvalues

f™N . p=0,1,...,2N -1 (4.11)

of the operator V defined in (4.10).

It remains to show that these sectors are locally generated, i.e. we have to exhibit
field operators carrying the "elementary” charge (2N}~ 3 which are reiatively local
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to the fields generating the algebras .Ax. 1t is clear from the commutation relations
{3.41) that the fields @/’f,, with pj1) = (2N)  in our canonical field bundle do not
have this property. But if we perform a Klein transformation and define

d’g, — T@ENY ,:’t.ﬁ_‘ P§1] — (2]\')"% (4.12)

it is easily seen that these new fields are relatively local to the fields generating An.
This proves that the above representations are locally generated, We remark that
conjugation with these fields yields outer automorphisms of the algebras Ay, and
the fields could be recovered from these automorphisms in the manner described in
Seetion 1B.

The commutation relations of fields ¢$ of the same charge p{1] are unaffected
by the Kiein transformation and are therefore the same as those of the original fields
$8. Thus if pi[1] = py[1] = {2N)" % and py, py have disjoint support on 814 {¢} we

have imf2N
95,95, = <IN 6,

- N *
ondh, = NG

where the sign in the exponent depends on the relative location of the supports of
/1, p2 and of (.

(4.13)

It is also noteworthy that, using the time translations U(f) defined in (3.52),
(3.11), one can extend the fields gﬁg to the 4N-fold covering of 81 by setting for
arbitrary 1 € R

de(t) = addp) = U)BSU(1) . (4.14)

According io Lemma 3.5 this definition of ¢, does not depend on . Moreover it
follows from that lemma that

aze(dp) = NV, (4.15)

where ¥V is the Zyn-charge defined in (4.10). From this relation we see in particular
that the univalence automorphism a2, is generated by

EFH AT, (4.16)

Of course this operator can also be expressed as a linear combination of the operators
VE k= 1,...2N which generate the center of Ap.

We conclude this section with the remark that the algebras Ay corresponding to
even N adinit an alternative interpretation as even part of a fermionic (hall-integer
spin) field algebra Fp. Indeed, if N/2 is odd we can define Fa as the *-algebra
generated by the canonical fields ¥4, p1] = (N/2): of Section 3 which live on a
“{wo-fold covering of 81, The lowest weight siates (ground siates) of An correspouding
1o the values of ¢/~ n = 0,1, ... N - 1 of the multiplicative chiarge theu induce
inequivalent represeniations of the ficld algebra Fn. In representations corresponding
to even n the wnivalence antomorphism cu, maps O, inta - v, ("Neveu Schwarz
seetors” ) whereas in representations corresponding 1o add » this automorphism acts

trivially {"Ramond sectors™ ). It distinguishes hetween epin struetvres {37].

(2]
[

V. QUANTUM FIELDS AFFILIATED WITH THE EXTENDED ALGEBRAS
5A. CONSTRUCTION OF QUANTUM FILLDS

The algebraic approach to quantum field theory is based on the insight that
for the physical interpretation of a theory it is not really necessary to have any a
priori information about the physical significance of individual local operators (fields,
currents, stress energy tensor etc.). All this information is already encoded in the map
assigning to the regions of configuration space certain specific *local” subalgebras of
the algebra of all observables, and in the action of the dynamics.

So from this point of view we have already achieved a complete classification
of gquantum field theories which are related to the current zlgebra: Given the local
observables in such a theory in the vacuuwmn representation one simply has to deter-
mine the lowest nongero eigenvalue of @*/2, which is some natural number N. The
associated map

I Ax(I)

which fixes the corresponding system of local algebras, is then given by relation (4.8),
and the dynamics by the relation (4.9).

Yet in order to make contact with the more conventional treatrents of local
gquantum field theory which are based on quantum fields localized at a point we want
to discuss now how such fields appear in the present setting. The basic idea is very
simple: starting from the unitary charged field operators 'q['g of Section 3 we will go
to the limit of charge densities p which have support at a point. In doing so we
must of course pay tribute to the fact that there do not exist bounded field operators
which are localized at & point. We must therefore "renormalize” the operators TJ’S by
a factor R, which tends to infinity, and the limits can then be defined as operator-
valued distributions. (This procedure is of course not new, ¢p. for instance [38] and
references quoted there.)

‘We proceed as foliows, First we put { == —1 and choose a sequence of functions

&y € S localized in an iuterval of length 4 about 1 £ S, which goes in the limit

A ™ 0 to the Dirac measure é§(z — 1). In order to simplify the notation we set for
given charge g ¢ K

$oalt) = Ropaelvls "),  1eR (5.1)

where Ry 3 15 a renormalization constant which we fix by the condition
(T80, dgr (032} = 1. (5.2)

Here I'y are the charge shift operators introduced in Section 3. An easy calculation,
based on the relation {3.10) and Lemma 2.2 gives

T EL . ] d= . )
RQ«’- = CAp (gf[z ;;'(61 )m}z - / ?.ﬂi(‘"\(:}ln 3]) - (53)

ni=1

Since (5,\],,, converges to 1 if &y approaches &(z - 1} this expression clearly diverges
if A tends 1o 0.

We could now go on 1o show that for aay test funrtion b the lhnit

[
I

arg{h) = lim / di {1 oy ali) {

A=l
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exists on a sumitable domain in M ‘and detines an operator-valued distribution og(.).
1t ic however more instructive to compute the vacuum correlation functions of the
fields ¢,4(.). and then appeal to the GNS-construction for the reconstruction of the
field operators.

Let us fix charges g). ... gn € R and calenlate
Wialgr-ti: .. PGnadn) = (, Og1.,\(f1 . C"’g,,.,\“n)ﬂ) (5-5)

for non-coinciding arguments f,, —n 7 f; < W, i 2= 1....,n. For these special
configurations the limit A -, 0 exists in the sense of equicontitfuous functions; the
result can then be extended to arbitrary points as a tempered distribution by analytic
continnatien. making use of energy positivity.

From the definition of the charged fields "gbﬁ, the composition law of the Weyl
operators, and the action of the group of charge shift operators I'y on the Weyl
operators W(f} it is obvious that

—

ngl‘/\(f] ) v ‘Pg..«\(f'n) =¢£ H jo..\‘}l'?(gl 6;’ + -4 ‘Q'né;n )P91+~--+gﬂ: (5-6]
. e
where ¢ is some phase factor. The actnal calculation of { simplifies if one assumes
that g1 + -+ + gn = 0 (otherwise, W, vanishes anyway) and that A is so small that
the densities éi\“ ,i = 1...n have disjoint supports. Under the latter assumption we
can apply Lemma 3.3 which, together with relation {3.50) yields

A 8% = —imsignt +itp (5.7)
where we have put
i =1 — 1.

After these preparations it is straightforward to establish by induction in n the form
of £

T .
£ = exp iy Z g9k signtsy |- (5.8)
J<k

By taking matrix elements of the expressions in relation (5.6 in the vacuum state
we thus find that

”n
. . 1 o
W,\(!h\h:---;gn,fn):Hjo_,\ exp a—?: E gjg;\.s:gnfjkféﬂ E g]'é)‘”2 ,
i

3=1 i<k
(5.9)
where the square of the norm is given by (cf. Lemma 3.9)
- <01 -
i Zg_,é;; = ; 3igk Z} ;I(ﬁx)mlz cos M. (5.10)
J ik m=

Plugging the specific formn of the renormalization constants Rg s into relation
(5.9} we can now proceed to the limit A ™, 0, giving

Wolgi,ts - i gnatn) =

o

E“‘\ T — cosmijp . {5.11)
exXp g:9% [?551[-';“ fin — 2 \ —TT‘I .

J-ik me ]
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Sununing up the series of cosines in (5.11)

€OSTRT T
2y = = —In{4sin® 7). 5.12
Z - n(4sin 2) { )
m=1
we are finally led to the resuit
. ol — 6 g2
Wolgs.fri oo ignitn) = [ (—asin® 25— )" (5.13)

ok
Here we have added —7¢ to the time differences, thereby defining the integration rules
for coinciding arguments in accord with energy positivity.

The expectation values of fields in lowest weight states {2, of charge ¢ can be
obtained from (5.13) with the help of the action of the automorphism

I‘:d)g{i)r\e = (ficgfﬁbg(t) (5.14)

and the formula 2, = T' ..

Since @q(1)* = ¢_g(1), as can be seen from relation (5.1) and {3.42) we thus have
completed our computation of the n-point functions of the charged quantum fields
which were generated by the unitary field operators of Section 3.

The expert will recognize that we have recovered the known explicit formula
for the n-point functions of the I/(1}-vertex operators that generalize the n-point
functions of the Thirring model to systems with an arbitrary number of different

charges. A betier known version of (5.13) is obtained by introducing the *z-picture
fields” L )
Yglz) = e (1),  z=e (5.15a)
The n-point functions of these fieids are given by
(g, (21) - Pa () = [] 257, (5.15b)

i<k

where zj; = z; — 24 and the rules for approaching the singularities are summarized
by
lzy] > 2zl > - 2 {2l (5.16)

of course, the operators t,(z) and their expectation values are to be understood

as multivalued functions of z. We also note that the adjoints of the z-picture fields
are given by

- 2 . — -

By(e) = =gz ) (517)

It follows from these results that 1y is a primary field with respect to both the
Virasoro and the current algebra, with all its well known consequences {cf. for example
|39]). We have thus rediscovered the structure which one normally anticipates in the
investigation of conformal quantum field theories. It appears in the present setting
as a byproduet of our systematic investigation of all locally generated representations
of the current algebra.

Besides the above quantum fields v4{z), further ones can be constructed in
a systematic fashion. For instance, the current J{:) is lizmt of the renormalized
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eXPression R[E'-J(“)ﬁ 1l=R|W(u)-1;in an obvious way, and so on. The multiplication

law (3.40) in the algebra will deterimine the operator product expansions for the
quantum fields, for instance

thy(z1 ) _glz2) = 3;2"“7{1 +gzaJiz)+ ..}, 2= Van.

Operator product expansions do not converge as operators, but only when applied
to the vacuwm. Therefore they are not really a multiplication law of an algebra
in manifest form (although they determine it indirectly, because they determine all
Wightman functions [40]). In this respect the mulfiplication law in F is superior.

5B. EXAMPLES

We conclude our discussion of quantum fields by considering a few examples of
models giving rise to specific local extensions Ay of the current algebra.

N=1: Our first example, already mentioned, is the s:l‘(é) Kac-Moody algebra
with Kac-Moody central charge 1 ("level 17):

. 1 p
{Ja(z]], -]b(?'z” = d€ape S (21)8(212) — ;5.,55 (212) (5.18)
where a,b,¢ = 1,2,3. With the identification
J(2) = V2J5(z) (5.19)

we see that this algebra is an extension of 0. 1t is in fact a local extension fitting
into our setting since the stress energy tensor T'(s) can be expressed in terms of J(z)

T(z)=1:J(2) ;. _ (5.20)

It is easy to see that this algebra generates .4;. We must only show that the smallest
nonzero eigenvalue of @2/2 is 1. But this is clear from the isospin commutation
relations of the charges @, which are obtained by integrating the currents Jo(z).

In the present case one sees also directly that the isospin currents J,(z) generate
Ajp o setting
(z) = Jy(z) + 1d2(2) (5.21)

it follows from the commutation relations (5.18) that ¢ is a local field carrying the
charge g = +/2. One can thus construct from ¢, ¢~ and J the system of local algebras
making up A;.

From the discussion in Section 4 we know that in the present model there daes
exist besides the vacuum sector another superselection sector in which the multi-
plicative charge ¢27@/V? takes the value 1. This is of course the set of states with
half-integer isospin which can be generated from the vacuwn by the (Klein trans-
formed) quantum field 1.."][,\/5(:) constructed in the preceding subsection.

IN=2: The theory of a frec comipiex Fermi field (- is perhaps the simplest example
providing an extension of the current algebra: from its field-current conmmutation
relations

Wzr)w(a) — o helz) ) (5.22)

one sees that the even polynomials in the smeared Fermi fields 4+, v+* create from the
vacuum states with charges in 2Z. Hence they generate the local extension A;.

According to the discussion in Section 4 there exist 4 different superselection sec-
tors for .4; which may be distinguished by the eigenvalues £1, +7 of the multiplicative
charge '™, Of special interest are the sectors corresponding to the imaginary eigen-
values. It is well known, and also clear from our results, that these states can be
created from the vacusm with the help of a field of charge } {conformal weight %),and
they induce representations of the Fermi algebra in which the fields are single-valued
on the circle {Ramond sector).

N=3: The algebra A; appears for example in the Z,-parafermion current al-
gebra analyzed by Zamolodchikov and Fateev [41}. This model is generated by a
complex primary field ¢ of weight % which obeys anticommutation relations with the
current

[T(2)9(=2)], = VE8(z2)9(21 ), (5.23)

and there holds a Sugawara formula for the stress tensor involving only J. By applying
all even polynomials in the smeared fields 1,4y~ to the vacuum we thus obtain a
representation of the current algebra which is locally generated. From (5.23) we see
furthermore that the spectrum of the charge operator @ in this representation is
v/6Z. Hence the even polynomials in %, 1" generate the local extension A; of the
current algebra.

It is noteworthy that the fields ¥ in this model can also be accomodated in the
present setting by applying to the basic fields constructed in Section 3A a generalized
Klein transformation’. Denoting by € = C* = C~! the charge conjugation operator
which acts on the Weyl operators W{u) and the basic fields ¢, according to

CW(u)C™! = W(—u), Cyr, O = ¢y, (5.24)

one can represent the Zamolodchikov-Fateev-field ¥+ by

1 . 3
P = ﬁ(d}y +ig_g)C, g :\[}' (5.25)

From this equation one easily recovers the Z4 symmetry of the model by first noting
that there exists a unitary operator V (in the vacuum representation of vy, ) such
that

Vi OV = Sy, C. (5.26)
It 1s then obvious that
Vopov—! = e, (5.27)

hence the map 4(y*) = iy defines an antomorphism of the *-algebra generated by ihe
field . Since 4% is the identity, this automorphism induces the symmetry group Zq.

MN=4: The algebra .4, is the first example of a local extension of the current
algebra which is not maximal. It can be identified with a subalgebra of the algebra
Ai. In the concrete example of the sm} Kac-Moody algebra discussed above it is
the algebra generated by all even polynomials of the currents Jy.Jz, which in view
of the commntation relations

[Jﬂ:l%-}z(:z)j’ = idl212)T5(z1) 15.28}

"We owe this remark 10 R. Paunos.
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provide also a local extension of the carrent aleebra.

Accurding to our general results there exist & superselection sectors for this
algelira which can be labeled by the eigenvaluesof ¢ =@, v Thus for Ay there exist
besides the superselection sectors with thall-) integer jsospin also sectors in which
the component €y of the isospin has the eigenvalues ;g ete. {giving rise to the
so-called “twisted sector” of su(?) 14,1, This fact can be understood if one notices
that the algebra 4, cousists of the fixed points in A, under rotations by 7 around
the 3-axis in isospin space.

At this poini we terminate our discussion of examples since we think it has
become clear now liow vur results can be used for a quick survey of the local algebraic
structure and the superselection rules in concrete models.

We would like to point out that all extensions Ax can be realized in a unified
manner [32); they appear as coset space madels (in the sense of Goddard, Kent and
Olive [42]) for the homogeneous spaces SO(4N ),/ SO(2N),, where the subscript
indicates the Kac-Moody level. For other approaches to the classifieation of ¢ = 1
models of. [43,44.45). So from the point of view of "model building” we have discov-
ered nothing new (see also [46°). But we have seen how these algebraic structures
emerge in a systematic manner from the underlying germ: the current algebra.

V1, CHARACTERS OF LOWEST WEIGHT REPRESENTATIONSAND THE KMS-
CONDITION

A popular way of merging chiral (right or left moving) field theories on the
circle to a 2-dimensional field theory is based on the principle of modular invari-
ance. Roughly speaking, this principle amounts to the requirement that the re-
sulting {Euclidean) field theory, whieh lives on a torus, should be invariant under
reparametrizations. As a consequence, the corresponding (Minkowski) quantum field
theory is local.

For the actual application of this method one needs to know the characters of
the underlying chiral theories. These characters are then combined into a partition
function Z{r), T being the ratio of the periods of the lattice defining the torus of
the Euclidean theory, which is invariant under modular transformations. The latter
constraint restricts the admissible weight factors of the various characters contribut-
ing to the partition function and thus fixes the Hilbert spaces of the 2-dimensional
theories. (For an alternative approach to the construction of 2-dimensional theories
from one-dimensional constituents see the recent work of Fréhlich, and Schroer and
Rehren (17,18].)

In this section we want o point out how the character of the chiral theories can
easily be computed within our algebraic setting. We shall exploit the correspondence
between finite size Euclidean theories (in the imaginary time direction) and finite
temperature Minkowski space quantum field theories, to write down

53 (6.1)

where /3 is the inverse temperature (which will ultiniately be treated as a complex
variable with a positive real part). This leads us to consider Gibbs-states (KMS-
states) on the algebras which we have constructed.
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GA. KMS-STATES ON Ax

Given a representation of the algebra A4 on & Hilbert space H a Gibbs states of
inverse temperature 3 is given by the following formula (if it makes sense)

wald) = Z 7 1 Trge 3 4, 4e A {6.2)

where H is the Hamiltonian. Z is the partition function, and the trace has io be taken
aver the representation space M. It is of interest here that for the actual compulation
of the state wy it is not necessary to determine the speciral properties of the operator
¢"BH and then to evaluaie the trace. The crucial observation [33] is that the Gibbs
states can also be eharacterized by the Kubo-Martin-Schwinger (KMS) condition: it
says that for all 4, B € A the functions wg(Ae,{B)} and wy (m(B)A) t &« R are
boundary values 2t the lower and upper rim of the strip
$a=1{z:0<Tmz < B},

respectively, of a function F4p which is analytic in the interior of that strip and
continuous at the boundaries. In a somewhat sloppy but suggestive notation we thus
have that

wa(Aaryp(B)) = waleu B)A4). (6.3)

This condition is an immediate consequence of the relaiion (6.2) since H is bounded
below and the trace is cyclic. Note that it also makes sense in situations where the
individual terms on the right hand side of relation {6.2) are ill-defined (i.e. if the
operator e BH i5 not trace class).

Relation (6.3) can be used for the calculation of the possible finite temperature
states wg i the algebraic structure of A is sufficiently simple, as is the case for the
Kac-Moody algebras and the Virasoro algebra, for instance. The basic strategy is as
follows.

Assume that there is a simple algebraic relation between the operators a.(B)4
and Aa.( B). To give an example: let the commutator of these aperators be a multiple
of the identity C(t)1, as is the case for the currents in the present model. Then one
rewrites relation (6.3} according to

= wp(lau(B), 4]) + wp(Aw(B))
C(t) + wa{de (B)).

uJ,@(A&HiB(B)) (6-4)

Here we have used the fact that wp(1) = 1. So one obtains an inhomogeneous
functional equation for the function { v w3 {Aa,{ B)), and this equation can be solved
by Fourier transformation.

In the case of the Kac-Moody algebras or the Virasoro algebra the commutator
of the basic fields is not a c-number, but it is linear in these fields. So the first
equation in (6.4) provides a recursive relation between the n-paint functions and the
(u-1)-point functions which can likewise be solved in these models,

This methed of computation is well known in statistical mechanics [47]. We
apply it here to the algebras Ax and begin by determining the KMS-states of IV,
Since we are dealing with the exponentials of the currents we will use as our starting
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point a multiplicative version of (6.4) : if A and B arc Weyl operators, then it {follows
from the compostion law (2.6} that

a[BYA = n(#)Aa,(B) (65)

where 77(1) 1s some explicitly known phase factor. Hence the multiplicative analogue
of relation (6.4) is

wg(Aagyig{B)) = n(flws(dea(B)). (6.6)
We will defermine in Appendix A the solutions of this equation. The result is the
{ollowing counterpart of Lemma 2.2.

LEMMA 6.1. Let ws be a regular KMS-state on (U7, 0,) at jnverse temperature § = 0,
Then there exists some positive normalized ineasure ¢ on R such that for v € § (with
Fourier compenents iy)

wa{W(u)) = fda'(g') exp (ig'z?.o — % Z n coth nfhl,,tz) . (6.72)

n=1

Conversely, given any positive normalized measure ¢ on R, then the functional «wp
fixed by Eq. (6.7a) determines a KMS-state on U.

For future use we record

COROLLARY. Let ug{z) = 377 dtgaz®". Then wa(W(u_)W{uy}) is the same for
all KMS-states of inverse temperature 3 on U and is given by

o0
wal Wiu_)W(ui)) = exp ( Z -C:‘T:l—l--ﬂ.m,,,ﬂ.,,,) . (6.7h)

m=1

As in the case of ground states we can read off relation (6.7a) the central de-
compaosition of the states wyg into states with a definile value g' of the charge Q. (Of

course these latter states are no longer pure states on Uild< oG ),

We will use this resuit for the computation of all KMS-states on the algebra Ap.
To this eud let us show thal these states are "gauge invariant™ let 4, € Axn be any
unitary field operator! with charge ¢ = p[1] # 0, and lel w3 be any KMS-state on
Ax. Sinece 1he operators ¢*? (being elements of the center of U} are invariant under
time translations a, and since

(AQy o (Mg (AR (6.8)

we obtain from the KMS-condition (6.3) the relation
_‘:5(;:"1(:'“?) - w,j(fi,\QLJ"p) _ (Mgw_i(uﬂ.pcir\(!) {6.9)

i

for arbitrary A ¢ R. Buf g # 0, so we see that fur small A # 0 the left hand side of
Eq. (6.9) must vanish. Bence, by continaity in A

walty) =0 g+ 0 (6.10)

TWe will work again wifh the unitary field operators since we do nad want to worry alout domain

probilenss. The comgnitations are as sbnple a< with the unhounded quantum ficlds at » point.
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The gange invariant (zero charge) operators in Ay are just the elements of [, so the
caleulation of the KMS-states an Ax boils down to the determination of the measure
da(g} in relation (6.7).

Let us now remember that Ay has a nontrivial center whose unitary elements
are powers of V = AMQIVEN, They form the group Zsn. A general KMS-state on
A is a convex combination of "primary” states which transform according to an
irreducible representation of Zpyw. viz.

wal ETUNER gy _ 2mie/VIN gy (6.102)

The representations of Zyy are izbeled by
€ = n/Jﬁ, n=0,1,...,2N ~ 1,

It suffices thus to consider the primary states which obey Eq. (6.10a). We will call
them "states of charge ¢” for short. The existence of such a central decomposition
into primary states can be derived purely from the KMS-condition, similarly as in
Section 4B, If we assume that the KMS-state is given by the trace formula (6.2)
then the decomposition amounts to a decomposition of H into subspaces which carry
irreducible representations of Ap.

The covariance property (6.10a) for a state of charge e is consistent with repre-
sentation (6.7a) of this state ouly if the measure do(g') has the form

do(g') = Ewné(g' —ng — €)dg’. g=VIN. (6.10b)

n

So it remains to determine the relative weights w, in this sum.

To this end it suffices to exploit the KMS-condition for the operators ] ay(v,),
p(11 = g. From the definition (3.36) of the operators ¥, and of the dynamics o, in
(3.52) we obtain

1
i

Jrailp,) = CIUHTUIW (5100, (W (5))

s (6.11)
addppliy = PV R0y (W)W ()

The crucial ehservation is that the operators W(g) a (W(p)) and a (W (p})W(5)*
cosmmute with the charge shift operator I'pr. This is true because the exponentials of
@ in the two Weyl operators just cancel since the time translations act trivially on
the center of I7. Hence if wy is any KMS-state on A4 we have in view of Lemma 6.1
that .

wplwiarnl) = P (s (I 15) al(W(5))

walagap)in) = e YR g (o V(5 (5))

where we have pul

16.11a)

Fit) = wal 9} = /”’a(g’)(*-@'ﬂ’. (6.12)

From the assumption that wy satisfies the KAS-condition on Ay and the fact
that the analyiic continuation of the function 1 — wa{W(H)"a,(W(5)] vanishes
uowhere on the strip Sz (as can be seen {rom relation (6.7a)) it thus follows that Fi}
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can be analvtically continued to 53, Morcover. from the KMS-houndary condition

we see that ..
Fii —id)y= ¢ 79 7982 Py, : (6.13)

Proceeding to the Fourier transformation of this equation {in the sense of distribu-
tions) and plugging in the specific form of the measure o, Eq. (6.10b), we find that
the weights @, in this measure must satisfy the recursion relation

e o Blgint ey
Wyt = Wit # * 9.

Its solution is _ .
Wy :—wot‘_’j("g‘")'/'ﬁ (6.14}

and w? is determined by the requirement that the measure 5 is normalized. viz.

S wa =1, (6.10¢)

n

Having determined the measure ¢ one can now compute the expectation values of
arbitrary products of the unitary field operators in the state wy. The result is zero
unless the sum of the charges of the fields is 0. For zero charge the product 15 equal
to a Weyl operator by the multiplication law in Apx. The explicit form of the KMS-
state on Weyl operators can then be used. As in the case of lowest weight states
one can obtain the correlation functions of the quanium fields (fields at a point) by
proceeding to charge densities which are localized at a point. For the purpose of
this calculation it is convenient to determine the above mentioned Weyl operator
by making repeaied use of the relation (6.11). We omit the trivial details of the
calculation.

Let us briefly discuss how these results have to be modified if one changes the dy-
namics o by composing it with a gange transformation parametrized by a ”chemical
potential” u. This new dynamics o is given by

af () = M a(yy). (6.15)

In the relations corresponding to (6.11) and (6.11a) there appears then on the right
hand side an additional factor ¢'*#9, Its only effect is that in the weights w, of the
measure ¢ characterizing the KMS-states for the dynamies & one must replace e by

e + p. We summarize these results in

PROFPOSITION 6.2, Any KMS-state on the dynamical system (Ax,al) for inverse
temperature 3 and charge ¢ = n/v2N, = =0,1,...,2N —1 is gauge invariant, i.e.
vanishes on operators with nonzero total charge. Its restriction to the gauge invariant
part U of Ap (the "zero charge operators”) is determined by Eq. {6.7a}, where the

mieasure is given by (g = V2N ).

do(g') = w® S e B 26(g' — ng -« — p) (6.16)

"

w' heing a normalization constant.

We mention as an aside that one can also find the KMS-states wg associated with
cur universal representation of I/ by the above method. In this case the individual
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terms on the right hand side of relation (6,21 make no sense {since the representation
space 15 nol separable). But the KMS-coudition can be evaluated as hefore and the
KMS-states are again fixed by relation (6.7a). where the measure o is now given by

dolg') = /B/ame B T8 g0 (6.17)

» being the chemical potentizl. These states appear in fact in the string theoretic
interpretation of 2-dimensionl models. where @ is viewed as the center of mass meo-
mentum which for an uncompactified dimension has a continuous spectrum.

GB. PARTITICN FUNCTIONS

Next we wish to compute the partition function in the presence of a chemical
potential y. As we know, the irreducible representations of An can be labeled by
the charge e = n/g, g = VAN ,n=0,...,2N — 1. Let us denote the corresponding
representation spaces by H,,. The corresponding partition function is

Zn(ﬁap} = tT'HnC‘B{H*—”Q;' (6'18)

Assuming that the trace exists, the logarithmic derivative of Z,, must be expectation
value of H4+pQ in a KMS state wg , of inverse temperature 3, with cheinical potential
#t and charge ¢. The one and only such KMS-state was found in the last section. {For
a discussion of how the existence of the trace can be deduced from the KMS-condition
see end of Appendix A.) Thus

a
75;3-1112,1{5,,& = wpu(H + pQ). (6.20)
To compute this quantity, we must have H as a concrete element of our algebra of
observables. We asswne the Sugawara formula

H= Z Jomdm + 1Q? (6.21)

m>1

{which can be established in our setting by showing that the right hand side of (6.21)
induces the time translations given in relation (3.53)). For later convenience, the
contribution involving the charge ¢ = Jy has been singled out. Thus

wsalH 4 Q) = wpu(50 440V + Y waul-odn) (6.22)

n>l

The KMS-state wg, on Ay is also a KMS state on [7. Since the Weyl operators
W{u) = exp(i 3] Juti—p) determine J,, we see from the Corollary to Lemma 6.1 that
the expectation value of J.nJy, for m > 1 is the same for any KMS-state of inverse
temperature 3 on i’, and is given by

m a —Bm N
wg el J—mIm) = Am 1 %111(1 —eTEM (m > 1) (6.23)
So the sum in (6.22) yields
0 ad _pm
N waplJomdm) = 5310 [T-e?m. (6.24)
mZ2l - m=13
44



The remaining terms can be writien as

1 18 9y
wanl 30+ 1Q) = (=55 — ingy ) Flt/a)ec (6.25)

where F(t) is the function defined in Eq. (6.12). According to the results of Section
6A, F(1) has a Fourier expansion F(I) = Lm Wy e 1) whoce coefficients wiy
are given by Eq. (6.14), with ¢ + ; substiluted for ¢ in the presence of a chemical

potential g, Thus

1 1
waul 5Q° + #Q) = D wmlS(mg + €)* + ulmg + €] {6.26)

m

with
(,——,8(:7a_q+e+_u)?/2

Y‘n e—Blmgtetp)?jz’

Wm =
The sum in {6.26) can thus be rewritten in the form

8 p
—Z In e~ Plmgte) /2€—Bnlnty+e)_
a5 2
m
. and putting these results together we obtain the derivative of In Z,, with respect to
A. This shows that

e—Almg+e) /2 ~Butmgte)
m
& -
[Thea(l ¢ Bm)

up to a possible normalization factor A'(u}. We show that the normalization factor
is 1 by examining the asymptotic behaviour as 8 — ¢ of the right hand side of
(6.27) and of the trace defining Z,. In this limit the asymptotic behaviour of the
sum in (6.27) is dominated by those terms where %(mg + €)? + p(mg + €) assumes
its minimum. On the other hand, the trace in Eq. (6.18} is dominated by the ground

3
Zn(B,p) = =

(6.27)

states of those irreducible representations for I with charge g' where Egy + pg' is
minimal. But the ground state energy E, equals %(gf )? as we know, and the possible
values of ¢’ are ng + €, n € Z. As a result, both sides of {6.27) agree asymptotically
for 3 — .

The result (6.27) for the partition function is proportienal to a ratio of a classical
O-function and a Dedekind n-function. see helow.

6C. MODULAR PROPERTIES OF CHARACTERS OF Apn

The characters of the algebras Ay are the analytic continuations of the partition
functions Zxn to imaginary 3. For their analysis it is convenient to introduce the new
variables

Ez-nif _ c—l.i- 2w

C G

S

We also note that the functions appearing in the pumerator and denominator of Eq.
(6.27) are well known.

o
nir) = (me".“l H (1- '_ZHfrn))

m=1

15

is the Dedekind #-function and

. - 2
Gt,g?(TsCa"] — (Zmu Z em-r(ngrUlg) (\2m([’gm+l,"2‘g)
meZ

is the classical @-function. Recalling that g7 = 2N we thus can rewrite the partition
function in the form (using the new variables)

1

_ 2wir/24
Bolfoie) =

6211,21\"(75{;*0)'

The factor ¢2"7/2% can be eliminated by changing the zero point of energy H by

a constant — ﬁ so that the vacuum has energy —513. This appears naturally if we

regard the stress tensor not as a function of z but of the angle 8, ¢® = 2. In the
notation of Section 1B

d 2
7(6) =27 (%) 0st60:01 - S1e.0)

where ¢ is the central charge {i.e. ¢ = 1 in the present case), and {£,8} is the Schwarz

derivative R
{”l 3 {f”
Yy = — — - | — =
-5 3(%)

[N S

Its mode expansion reads

¢ — ‘
T(#)=Ly— o+ L™t
( ) 0 24 n
n#0
The characters of Ax in the new convention
vacuum energy = — ;713
are denoted by K ,(7,(,N). The results of the above discussion can be summarized
11

PRoOPOSITION 6.3. The characters of An are given by

Ku(r,((N)= Ti"f,\,;"ezm‘wHJrCQ3

6.28
= ‘_:'l‘"‘OZn,)N(TEC:U) ( )
7{7)

where the trace runs aver the irreducible representation space of Ax whose stafes
have charge € modulo g, ¢ = n/g, 1g° = N,

We note that the characters obey the periodicity condition
Koqen = Ko (6.29)
This property reflects the fact that the representation space H,, is determined by the
representation of the center Zyn of Ax. i.e. by » modulo 2N, kt can also be verified

from the explicit formula for &v,,. We praceed to show
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PROPOSITION B.4. The 2N characters No,on = 1 - N, N (umlplied with *™)
span a 2N-dimensional representation of the modular group SL(2,Z). which acis on
the variables (7.¢.ul in Eg. {6.26) according fo

(TG u) = [Tg (g tg)
ar + b i e 1 (_'C'Z {G.30)

Tg = ———=. {g= —me. Uy o U - T .
T er § 7 er o d ; 2er4d

g7V is the 2 = 2 matrix with integer entries a.boo,d € Z.ad — be = 1.

The group law T, T,, = T, for the operators T,0(7.{ u) = O(7g, (g, uy)
can be verified (see Appendix C). It is then sufficient to study the transformation
properties of K, for the two generators of SL(2,2).

T:7rs71441, S: 17— —. (6.31)
T
We have from the result (6.28) for K,
K 1,8 N) = e D) ko 6.32
w7+ 1,(; } = exp ‘”rz,\'; - E (7, (3 ) ( . -)
and, according to Appendix C
1 ¢ l
it e 0 S ATy - N
c Ka(~ 2, 2iN) N Supkylr, (i N) {6.33)
p=1-N
where ]
e 2 minp 1N 7
Spp = \,/;?TJ-\"C , n,p=1—-N,. .. N {6.34)
so that the 2N x 2N matrix § = (5,,p) satisfies
§*=C= 8", c? = (6.35)

Here € is the Zyx-charge conjugation matrix characterized by (ep. (C.9))

N
3 CopEpm GN) = E_nlr. G V). (6.36)

p=1=-N

GD. MODULAR INVARIANT PARTITION FUNCTIONS, LOCAL 2-DIMENSIONAL QUAN-
TUM FIELD THEORY MODELS

Let A be a maximal algebra of local right moving observables, and let Ay be its
left maving counterpart. We shall identify the left movers’ modular parameters with
-7 and —{ so that the corresponding characters will appear as complex conjugate
ta those of the right movers. We shall jook for pariition functions of 2-dimensional

conformal models of the form

Z=2Z(r,;N) = }_: I G (6.37)

n.f
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An expression Z of this form will be the frace of q”szjH}jQ over a Hilbert space
which is direct sumn of tensor products H, % H; of representation spaces for the
left- and right movers’ algebras Ay if the coeflicients m,, 7 are non-negative integers.
(g=¢™". y= €271y The vacuum vector has charge 0 and appears only in My ® Hg.
So it has mulliplicity 1 if mg 3 = 1. We therefore seek solutions Z of this particular
form which in addition are modular invariant.

CONDITION:

{a) the coefficients m,, ; are non-negative integers, and mgg = 1.

(1) the function Z is modular invariant,

The partition function carries information about the operator content of the 2-
dimensional theory {c¢f. [3]). Its modular invariance guarantees the crossing symmetry
of the carrelation functions of all 2-dimensional primary fields (although the chiral
fields of Section 4B with charges ¢ = n/g are not local among themselves). We note
that the permutation group §3, the crossing symmetry group of the 4-point function,
appears as & factor group of the modular group (see [24]).

The results of Di Francesco, Saleur and Zuber [48] allow to establish the following

PROPOSITION 6.5. Suppose that N is a produci of distinct primes (so that Ay is
maximal). Then the nuinber of independent modular invariant partition functions is

N 2 for N=1 (6.28)
] 9 for N=p1...p0k. .

In more detail, to each splitting N = pp' of N into a product of fwo coprimes
there is a pair of partition functions satisfying the conditions {a) and {b)}). They are
given by

N
ZoR = N KpgnKan (6.39)

n=1-N

where ng = no(p,p') Is & positive infeger whick is uniquely determined by the re-
guirement that the following irequality is satisfied for a pair of integers (ro, ) with
{rop' — s0p)? =1

1< mg=mp +sop = pp'(=N). {6.40)

REMARK: For { = 0, the case considered in ‘48], ', = K _,,, so that the two invarn-
ants coincide.

SKETGH OF PROOF: The existence of a pair of integers (rq, 83 ) satisfying rop' — sop =
+1 is a consequence of the assumption that p and p' are coprimes. Such & pair is
constructed by the Euclid algorithm and is determined up to adding to it (mp,mp').
The inequalities {6.40) for ng = rop' + spp fix it uniquely. The modular invariance of
the partition function (8.39) is a straightforward cousequence of (6.32)-(6.34}, (C.8)
and of the identity

Korp = Ko for n2 — 1 = drgse N (6.41)

which follows from the periodicity condition (6.29). The number of splittings of &

abjects into two sets of I and k — objects being 2€77, we obtain the number (6.38} of
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modular invariant partition functions. The proof that there are no other hermitean
forms of type (6.37) satisfyving (a) and (b) follows arguments of [49] and [50].

VII. OUTLOOK AND DISCUSSION

7A. ON THE CONSTRUCTION OF "QUARK FIELDS” FOR NON-ABELIAN CURRENT
ALGEBRAS

The construction of fields from outer automorphisms can alse be carried out in
the case of non-abelian current algebras. We shall briefly discuss the procedure for
the case of a Kac-Moody current algebra 4G, or its associated loop group LG, where
G is a simple simply connected compact Lie group with a finite (nonempty) center Z.
The center Z of @@ acts trivially on the observables. {This can be taken as a defining
property, we conjecture that it is autematic if the observable algebra A is defined
as & maximal local extension of d@ for a fixed level &.) It will therefore give rise to
a superselection rule. In the vacuum sector £ is represented trivially. In analogy
with Section 3 one should like to find localized outer automorphisms of dG which
intertwine between different superselection sectors. Such automorphisins are known
[25]. In loop group language they are given by conjugation with elements in the
adjoint loop group LG/ Z which correspond to non-contractible loops v : 81 G/Z.
This defines automorphisms, also denoted by v, of the loop group LG which lift to
its central extension LG.

An automorphism v is called localized on I, if it acts trivially on loops u : 8* — G
with u{z) = 1 € G for z ¢ I. One verifies that the above automorphisms are localized
onTify(z)=1¢cGfZforz¢ I

It is known that these automoerphisms suffice to intertwine all the positive energy
representations (superselection sectors) for simply laced G and level 1. The resulting
field algebras appear in the mathematical literature {[25], Proposition 4.6.9).

The localized outer automorphisms are equivalent to constant outer automor-
phisms v, of LG {the counterpart of the sutomorphisms of U with constant charge
distribution). They are labeled by elements g € Z (because the fundamental group
of G/Z is Z) and form a representation of Z. Following the general construction
principle of Seclion 1A, one associates unitary charge shift operators I'y with these
constant automorphisms. They change the representation of the center of A. One
then constructs a field algebra F as in the abelian case. Its unitary elements are

y = pWTy, We LG
and the multiplication law is given by
F.’h FQZ = PQ:'*‘S‘:: Io=1
WT, = Tgne (W)

Here n can be complex phase factors, and + is group mul{iplication in Z.

There are, in general, several “natural choices” of 74 and the associated in-
tertwining map I'y between the vacuum sector and a sector of “charge” g. They
correspend, typically, 1o the different components of a field which transforms co-
variantly under & “fundamentsl representation” of G (in which the center of & 15
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represented nontrivially). We shall illustrate the situation with the example of the
level 1 representation of su{2) which already appeared as the local extension A; of
the U{1}-current algebra.

—_——

According to the discussion in Section 5B the su(2} current algebra is reproduced
from the algebra .4, which is characterized by the fact that the minimal charge ¢
carried by a field is given by %gz = N = 1. The charged currents are gquantum fields
(fields &t a point) with components

T ROED S (7.1)

Their Fourier transforms satisfy the comnmtation relations

iJna'l}T’m,i] = :t\/E'J)m+n‘i,

S (7.2)
[’d’n,-}:‘d’m‘f] = \/éjn+m + n6n+m.0 .
The charge shift operators
Ty=T415 (T-=TI}= r. (7.3)

are used to construct charged fields of charge %\/5. They induce the automorphisms

1
Jpr DI T =T, —8,
" vz (7.4)

Yzt Tlpn ol = Yngy s

and similarly for I'y. It is a simple exercise to verify that the map (7.4) does re-
spect the current commutation relations (7.2). The pair of fields ¢ ; 5{z) span the

defining representation of SU(2).

We hope to return to a more systematic study of the conformal QFT models
based on a non-abelian current algebra in a separate publication. For simply laced Lie
groups @ and level 1 a straightforward generalization of the approach of this paper
is possible, because a stress tensor can be constructed from currents associated with
the maximal torus T of G. Therefore the non-abelian current algebra d@ is a local
extension of the abelian current algebra dT in the terminology of this paper.

7TB. VIRASORO ALGEBRA AS A GERM OF A LOCAL FIELD THEORY. CONCLUDING
REMARKS

The results of this paper (summed up in Section 1C) suggest the following more
general program.

Consider the minimal algebra of right movers’ observables in a 2-dimensional
conformal QFT, the Virasoro algebra Vir of the stress energy tensor (or, rather,
the algebra generated by exponentials of the smeared field T{f) for real f). The
problem is to find all (maximal) local extensions of Vir, for a given central charge
¢, and their QFT-representations, i.e. their positive energy representations and fields
that jntertwine them. We kuow of one superselected “charge” for all such theories,
the unitary operator exp({2niLy) which is in the center of the algebra and generates
the univalence antomorphisn: az,. According to our Theorem 1 one should therefore
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he able to find localized morphisms of ¥Vir which change the eigenvalues of this
univalence generator.

One moral of the present investigation is the uncovering of the role of the max-
imal local extension of the given “germ” of the (chiral) algebra of ohservables. Only
by studying the extended algebras A~ we came 1o a charge quantization, and, as a
result, to a class of rational conformel guanium ficld theories. cf. [45].

It may be desirable 1o generalize the notion of local extension to include algebras
generated by locally anticommuting Ferini fields. The separate introduction of such
algebras was not needed when the germ of the algebra of observables was taken to
be the chiral curreni algebra U7, since the canonical Fermi fields of charge g, with g3
odd are contained in the QFT-representation of the bosonic algebra A%g; for g = 2g,

(see Section 4B). If Vir is substituted for U, it may be necessary or convenient to
introduce fermionic local extensions in their own right. This is suggested by a study
of the critical Ising model [51] (corresponding to ¢ = 1) whose right moving part is
most naturally constructed as a QFT-representation of the algebra of canoniecal anti-
commutation relations; both double and single-valued representations are admitted.
It was further noted in {51)] that in all unitary “minimal theories” [14,51,42] with
Virasoro central charge

cm =1 — m=12,...

(m+2)(m +3)’
there exists a (unique) primary field ¥, of canonical (integer or haif-integer) dimen-
sion (or spin)

1
Sm = Em(m + 1).

The algebra generated by ¢, (which includes Vir) seems to be a good candidate for
such a local field algebra whose single- and double-valued QFT-representa- tions give
rise to the cp,-models (classified in [49]). We hope to come back to these problems
in a later paper.

APPENDIX A. GROUND STATES AND KXMS-STATES OF U

In this appendix we want to determine all regular ground states and KMS-
states on the current aigebra I, We will outline the caleulation for the KMS-states
at inverse temperature . The form of the ground states can be determined by the
same method, or simply by going fo the it & — oc in the subsequent expressions
for the KMS-states.

We recall that a linear functional w on the Weyl algebra U is a state if it is
normalized, i.e. w{1) = 1, and if it satisfies the posifivity condition

n

E Fooyw (W, Wi = 0 (A.1)
ij=1
for any finite sequence of functions v, ...u, & & and coeflicients ¢;, ...¢, € C.

Note that in view of the compasition law (2.6) any state w on U is completely fixed
by specifying all expectation values w(W(u)), € 5. A state is called quasifree if

w (Wia)) = Rl e 8 {A.2)
where g(.} is a real linear functional and ||.{] a suitable Hilbert seminorm on the real
space &. From the positivity condition {A.2) one can deduce that ||| must satisly
the inequality [53!

Huil* + e lI” + 14w, 0) > 0 (A.3)

for arbitrary u,v € &§. Conversely, if this inequality is satisfied, then the functional
w in (A2} extends to a state on U. We recall that the n-point correlation functions
of the current J in a quasifree state can easily be recovered from the generating
functional w{W(w)) : they are sums and producis of the (truncated} 1-point and
2-point functions given by

< I[u +1v] >,= glw) +ig(v)

A4
< Jlu — )" J[u + 1) »o= el + o] + A, ). (44)

Hence condition (A.3) amounts to the familiar positivity condition for the correlation
functions. The relevance of the notion of guasifree states for the present investigation
contes from the fact that all KMS- and ground states on {7 are convex combinations
of guasifree states.

In our calculation of KMS-states on I/ we follow the argumentation in |54].

Let wg be any regular KMS state on U at inverse temperature 3 > 0 and consider
the function

Fi) =wa (Wiv)e(W(u}}), teR. (A.5)

According to the KMS-condition, f can be analytically continued into the strip Sz =
{z:0 < Imz < 3} and it is confinuous at the boundary. Moreover, f satisfies the
boundary condition

Fli+i8) = wlog(W()W(2)}, icR. (A.6)
Making use of the fact that according to the composition law (2.6)
oy (W) W (o) = A0 W (0)a, (W () (A7)
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we thus obtain for § the equation

f(1+48) = F(t)exp (zj: g;iu;(:)u(;)) : (A.8)

Note that if there exists a solution fy of this equation which is analytic in the interior
of Sg. continuous at the boundary, and nowhere zero, i.e. inf {{fo(z}} : 2 € S5} > 0,
then g(z) = f(z)/ fa{z} 1s analytic and bounded on S5 and satifies g(f + {3) = g{1}.
So g must be a constant function by Liouvilles theorem, i.e. the solution of (A.8) is
unique up to a constant factor.

By taking the logarithm on both sides of Eq. (A.8) and performing a Fourier
transformation it is easy to exhibit a function fp with the required properties:

" -

folzy = exp | = S n———lin |z € Sa (4.9)
C
n#

It thus follows after an elementary computation that

wa{W (g + 0)} = wa (W (u)W(f))erAtres)

A.10
— O, e el (A-19)

where C(u,v) does not depend on £, and we have introduced the seminorm on §

oo 1 N
|1 = choth(gnﬂ)htn\z. {A.11)

n=}

It remains to determine the form of the factor C'(u, ) in (A.10). From the first
and the third member in (A.10) we see that C(u,v) can only depend on .+ 2, but it
must not depend on ¢. Hence putiing v = ~u + g1, g€ R and 1(z) = 1 we obtain

wag{Wilu, —u+gly) = Cr(g]a”*%H"”"H; (A.12)

where C”(g) is independent of u. Setting in (A.l'.!) u = 0 we obtain

C'{g) = wag(W(gl)) = ]do(g')ciyg'. (A.13)

The existence of the normalized measure ¢ in the second inequality follows from
Hochners theorem. since wj is a regular state for the unitary representation g =
W{g1) of R. Noticing that the sct of functions u, — v, v € § exhausts the set of
all functions ¥ € S whose Fourier component ity vaunishes. we have thus established
by relation {A.12) and (A.13) the form of the functionsl wz given in Lemma 6.1
Proceeding 1o the Limit 3 — 20 we also obtain the form of {he ground states on 7 as
given in Lemma 2.2,

If wp is a primary state’ then

wg (W) = (g = el (A.14}

TA primary stale ou b is & state which Jeads fo & factoriel represestation of I" in which the center

conaists of muliiztos of the identity,

for some "charge” g £ R. i.e. the measure ¢ in relation (A.13) is concentrated at a
point. Since the seminorm |l.l{z satisfies the condition {A.3) we see that Eq. (A.14)
defines a quasifree KMS-state for any ¢ ¢ R. But convex combinations of KMS-states
of the same temperature are again KMS-states, hence any normalized measure ¢ in
{A.13) gives rise 1o a particular KMS-state on o

If one goes in relation (A.14) to the limit # — ~c one oblains a ground state w
of charge g which is a pure state {giving rise to an irreducible representation of I})
This follows, as in the standard framework of guantum field theory [15], from the
fact that the state w 15 weakly clustering, i.e.

Tr—oo

T
lim -21? dtw{W{u)o(Wie))) = w(W(u))w{W(v)}, (A.15)
=T

as can be shown by explicit computation.

We conclude this appendix with some remarks concerning the relation between
the representations induced by KMS-states for different temperatures and charge
spectra. 1t is clear from the above discussion that two KMS-states will lead fo disjeint
representations of U if the corresponding measures o in (A.13) (giving the central
decomposition) are disjoint. For example the quasifree states in relation (A 14) give
rise to disjoint representations for different values of the charge g. On the other hand,
if for two KMS-states the measures o coincide {or, more generally, belong to the same
measure class) then oue can show that the corresponding representations of U are
quasi-equivalent {equivalent up to multiplicity ). This result remains true also if these
states have different temperatures, or if one of them is a ground state. (A proof of
this assertion can be obtained e.g. by applying the general result in [55].) So, roughly
speaking, one can distinguish the {quasi-} equivalence classes of representations of
{7 by the charge specirum. As expected for theories living on a compact space, the
temperature is not a superselection rule.

From the latter fact it follows for example that the (primary) KMS-states of
charge g can be represented in the form

wa(W) = %TT t_'BH-rr(U'},

where the trace is 1o be taken over ihe vepresentation space of the (irreducible) rep-
resentation (7, H) induced by the ground siate of charge g, and H is the Bamiltonian
in that representation. Hence ose can rediscover the well known fact that 27 is
a trace class operator in all lowest weight representations of U by an analysis of the
relations between the varions KMS-states, which we have computed here by making
use of the KMS-condition.

APPENDIX B. SOLUTION OF & COCYCLE EQUATION

We give here the preof of Lemma 3.2, i.e. we deterimne all continvous solutions
of the equation

Xipihr—gt ¥ (e)) = €psoma )X oy + ) (B.4}
where £ is some phase factor aud X(p) are unitary operators in the center of U
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We hegin by noting that ((p) = wef X (p)) is & phase factor (since wy 18 a pure
state), so by multiplving N {p) with {(p) 1 we eay assume without loss of generality
what we(X(p)} = 1 for all p. Let uvs now consider Eq. (B.1) far (he cases where
py1iem gy = 0 de.

NipadXip) == Llpo, p)X{p = pal. f’u{] - 0. (B.2)
Taking matrix elements of this equation in the state wg we thus see that

Elpaap) =] if Pnjl = 0. (B.3;

Moreaver, setting ¥ (g} = X(f), where p{z} = g/z,9 = pliand Ap = p—p we obtain
from (B.2) and (B.3). since Ap1] =0

Xip)= X(Ap)Y(q). (B.4}
Plugging this into (B.1} we get

V(g g (Y (@2)) (g5 + 92077 = Elpa, p2) X {8p1) 0o, (X(Ap2)) ' X(Apy 4 Bp2)

and making use of the fact that X (Apy 4 Aps) == X (A )X (Ap;) which also follows
from (B.2) and (B.3) we arrive at

Y{gi -6 (Y(92))V (91 4 2)7" = €y, p2) X (Dp2)71- 0, (X(Dp2)) . (B.5}

The left hand side of this equation does not depend on the particular choice of
2. 2 (for fixed g1,g92). Hence setting py = f;,p2 = p2 and taking into account that
X(0) = 1 we see that for ¢1,92 € R

Y91 1y-g (Y (22))¥ (g0 + 52377 = n{01,02)1 (B.6)

where 7n{.,.) is a phase factor. It is then clear that 1(g),gz) satifies the 2-cocycle
equation
g1, 92)0(g1 + 92,95) = (91,92 + ga!nigz. 93)- (B.7)

As is well known, all (continuous) solutions of this equation are of the form

g, g2) = C91)(g2) {gs + g2)7"

where ((.} is a phase factor. Hence multiplying ¥(g) with ((g)™? we may assume
without restriction of generality that 2{g1,¢2) = 1,1.e. that ¥'(.] satisfies the equation
given in the statement of the lemma. We are thus left with the equation

o o X{Ap)) = alg, Ap)X(Ap) i Ap[ll =0, (B.8)

where o(.,.) 18 again some phase factor.
From the composition law 4y, ¥4, = “g,4 4, and from the fact that

X(ApX(Ap") = X(Ap+ Ap') it follows that o{.,.) must satisfy

a{g1, Aplelge. Ap) = alg + g2, 4p)

) . {B.9)
alg,Apla(g. Ap') = olg, bp 4 Ap').

Hh

Ticaring in wind the anticipated continuity preperties of X (p) it is then clear that
o(g, Ap) = AN, (B.10)

where 1{.) is a real functional. An obvious special solution of ihe resulting equation
for X{.). viz.
v ol X(Ap)) = ¢ AN (Ap) (B.a1)

is Xo[Apy = ¢/1(3P9 Expressing the general solution in the form

XiAp) = X(Ap)Xo(Ap) we see that A {Ap) must be a fixed point under the action
of 4.4 ¢ R, But apart from muitiples of the identity there is no such fixed point
{the autoworphisms 4.9 € R act ergodically on the center of I;”'}, hence X,(Ap)
must be & multiple of the identity. So we conclude that X(p} = X{Ap)Y (g) has the
specific form given in the statement, and plugging this information into (B.1) we also

get the structure of the phase factor £(.,.) in this Jemma. ¢.¢.d.

APPENDIX C. MODULAR PROPERTIES OF ©@-FUNCTIONS AND CHARACTERS K.

First we verify that Eq. {(6.30) does define a group law. The only non-obvious
point is checking the superpasition rule {or the third variable, which follows from the
equation

c2 ey

=+ - =

37 1 d.z ((?27' 4 O’Q)HC]OQ + d]Cg]T -+ C]bg + G’}d-‘\j
c1ay + dyey

" {creg + dica)7 + rby + dyds
valid for ayds — e2by = 1.

The basic tool in deriving the transformation law (6.33) for the An-characters
under modular inversion is the Poisson formula

e 72T £l dir, (C.1)

Zf(m}:Zf(m) for f(y) = /_w

2t} m b

It is valid whenever both f and its Fourier transform f are absclutely integrable,

It is applied to (Im7 > 0)

flx) =exp (I'.'ri‘r(:cg + g)z + 27if(wg + 2))

3 1 Snm 1 1 (€2)
fomy = F e (7 e 00))
with the result
e o i\i‘ txnp /N 1 ¢ 1£ ‘e
oV —1T®0a2n(T,{,0) = p::'%j}\’ € Byp2ml— i Ton ) (C.3)

We have used the identity

N
Z f(m] = Z Z f(?Nm +p)

m p=1-N m

56



in which the sum over p can be replaced by a sum over any other interval of length
2N. Using the identity

a(-77) = (ir)in(r) (C4)
which also follows from the Poisson formula applied to the ©@-series expansion
plr) = Z(_nmf““%(wé)’ {C.5)
of the Dedekind n-function, we find
. il 1 ¢
Ka(r (i) = O %0 SLE (==, 25 N) (C.6)
p=1-N
where 1
55, = ——ze PN, C.7.
np \/2—1\7 ( )
This proves Eqgs. {6.33), (6,36) since
1 e
o S TN g (c:8)
p=1-N

The property (6.35), (6.36) of S is then obtained by a repeated application of (6.33),
which gives for C = 52

N

Y. CupEplr, i N) = Ealr,—G N)

p=1-N (C.9)
= K. a(r,(;N).

We note that the representations of 5L(2; Z) thus constructed are never faithful. For
any given N the infinite subgroup

Ton = {(: 3) € SL(2,Z); (‘; 3) - (; (1’) mod(24N)} (C.10)

of SL(2,Z) is represented trivially.

Indeed, @y 42(7, ¢, %) are modular forms of weight 1 with respect to the subgroup
I'344: for any positive integer g%. It is a deep result of Serre and Stark [31] that these
©-functions actually span the space of all modular forms of weight 1. For related
work see [56,57,58].
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