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ABSTRACT: Methods of algebraic quantum field theory are used to classify all field­
and observable algebras, whose common gt'rm is the U( 1 )-current algebra. An 
elementary way is desribed to compute cha1·acters of such algebras. It. exploits the 
Knbo-Martin-Schwinger condition for Gibbs st.at.es. 
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I. IC>ITROD1TTJO:\ 

Two dimensional conformal models haYf' lwrunH' a major toul for the inn'stiga-

1-ion of surface critical phenomena :1.2.3-! and iu the construction of string theories 

j4,5,6J. Adopt-ing the point. of vie:,_, of -conformal invariant quantum field theory 

(QFT) on Minkowski space, '"e apply in tlw present paper methods of the algebraic 

approac-h f-o local QFT '7-9. to classify such modeh. 

Starting from certain sptTific obsernlhle~. such a:< the st.ress energy tensor, eur­

l·ents etc .. whose comrnut-ation relations are explicitly kno\Yll in 2-dimensional confor­

mal QFT. we want to determine alllo<al quantum field themies in which these observ­

ables appear. The basic ingredient in our construction arc the localized morphisms 1 

of the f!;iven alg('bra of observables. Vile will make use of tlw fundamental fact that 

the relevant information on the desired fields is encoded in these morphisms and can 

he deciphered in a systemati<' mann('r [9]. 

It. is the alm of the present paper t.o expound this method in the case of the 

simplest. class of such theories. They involve the chiral U(1)-current. algebra [10,11] 

and its QFT-ext('nsions. We recall that. conserved chiral currents have left- and right­

moving components whic-h live on the circle. We classify the algebras of all ("right 

movers' or left movers' ") observables on the c.irde whose germ is the chiral current. 

algebra. VVe find their superseledion sectors and associated fields that. are relatively 

local to the observables. From there we arrive at local 2-dimensional models hy using 

the principle of modular invariance. The applicat.ion of this principle requires the 

computation of charaders of the associated algebras {or groups of their unitaries). 

,/1/e will demonstrate that this can be achieved in an elementary way by an analysis 

of the Gibbs equilibrium st-ates with the help of the Kubo-Martin-Schwinger (KMS) 

condition !12]. 

Our Theorem 1 (Section lA) states that the method of lMalized morphisms 

is general in conformal QFT, and yields fields which intertwine arbitrary positive 

energy representations of the algebra of observables. So they can generate the whole 

Hilbert space of physical states from the vacuum. We hope to apply this method 

in a forthcoming paper to the classifi<ation of QFT-representations of the Virasoro 

algebra with central charge not restrided to the value c = 1. 

For the convenience of the reader we give in the two subsequent sedions of 

this introduction an account of the algebralc approach t.o the construction of charged 

fields and of some basic facts in conformal quantum field theory. The third subsection 

contains a detailed summary of our results. 

1A. 0ESERVABLES, FIELDS AND SUPERSELECTION SECTORS 

In two dimensional <onformal quantum field theory on<" starts from Bose fields 

-currents and/or the stress energy tensor- with explicitly known commutation rela­

tions [13,14]. One may regard these as lo<al observables, they generate a *-algebra A. 

The Hilbert space 11 of all physical states will in general decompose into subspaces 

'H9 called superseledion sedors [15] which carry inequivalent irreducible positive en­

ergy representations of A. Among t}wm is the vacuum sector 1-lo which \Ontalns the 

vannun n. 

1 A morphism of an algebra is a map of tht' a! g ... bra into itsdf which preserves tht' algt'braic relations, 

c f. Section 1 A. 

3 

Thf' cobsen<tbles map each ~t>clor 1-f. 9 int.o itself. Our problem is to construct 

odditional field operators whirh are rt'latively local to the ohsen·ables, and whirh 

make transitions between superselection sectors sud1 that the whole Hilbert space 'H 

is generated from the va,uum !l E 7-{ 0 . 

The construction of such fields helps t.o solve another problem. One may find 

!hot one has started from au algebra of observables which is too small- berause it 

odmits unacceptably many superselcction sectors, for instance. One may then search 

among t.he ne"· fields for possible additional observable~. They should be Bose fields, 

i.e. commnte cd spocelikf' distoncf's. 

According to the construction principle of Doplicher, Haag and Robel'ts [9] the 

information about such fields is hidden in the algebra of local observables A, because 

A detennincs its localized morphisms 1, and the fields are to be constructed from 

such lo<alized morphisms. The fields come in the form of a typical "bosonization 

formula'' 
"',(') ~ A(g;x)f9 , if ~·9 n E 1t9 • (l.la) 

The factor r Y depends only on the quantum numbers 9 of the field, and all the space 

time dependence is in the factor A(9;x) which is a function of the observable fields 

(e.g. currents). 

We proceed now to a more precise description of the construction. Given the 

collection of local algebras of observahles A(O) C A which are generated by obsen­

ables A that are lo<alized in bounded regions 0 of Minkowski space M one must. first 

determine the localized morphisms 1 of A. By definition, a morphism 1 of A which 

is localized in 0 is a C-linear map A >-t A which obeys 

-y(A1A,) ~ -y(AJ),(A,), 1(A;) ~ 1(AJ)', 

o(.4) ~A fm A E A(O'), 
(L2) 

where 0' lies relatively spacelike to 0. It. is known [9) that. the desired outer mor­

phisms can in principle be obtalned as limits of inner aut-omorphisms of the algebra 

A of lo(·al observables, which "transport charge to infinity" in Minkowski space. 

If ?To is the representation of the algebra of local observables A in the vacuum 

sedor, and 1 is a localized morphism, then 

~,(A)~ ~0 (1(A)) (L3) 

defines anot.h('r representation of A whose unitary equivalence class depends only 

on the equivalenc(' dass 9 = h] of th(' morphism 1' modulo inner automorphisms. 

The label 9 has th(' physical meaning of a collection of quantum numbers which dis­

tinguish various :mperselect.ion sectors, i.e. inequivalent representations of A. It will 

be called "charge'' for short.. Under general assumptions on the observable algebra 

(DHR-dualit.y) 1 t-here will exist morphisms in the same equivalence dass which are 

localized in arbitrary domalns 0, and two morphisms 1 are equivalent. modulo inner 

automorphisms of A if and only if they generate equivalent representations :rr"l. 

To every morphism 1' localized in some (') one seeks a field operator ~'"~ which 

implements the automorphism in the sense that 

A <Po ~ u·, -r( A I for all A E A. (1.4) 

1 OHR-duality requires that. the observable algt'bra is maximal in the gt'nse that it is impossiblt' 

to add opt'rators to 1r0 (A) which are also local and which map tht' vacuum sector 7--lo into itself. 

DHR-dualit.y is true for the f.'(l)-currenl. algt'bra _Hi 
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Because there exist lllOrphism~ with arbitrar~· lor<llization region,;, 0 in tbe same 

equivalence class g = [1], one can choose an operator f 9 which implements some 

representative of g, and writ.!C' a ''bosonization formula" 

"'; ~ .4(-y)I', (l.lb) 

whert' Ab) is a suitable oln;enable. r.q depends only on the dtarge g while informa­

tion on t.lte localization region of 1;1'-., is in the factor _4(1)· The field algebras F(O) 

which extend the algebras A(O) arc defined as the "-algebras generated by operators 

~··-r, where J is localized iu 0. These fields are rehltively local to the observahles in 

the sense that 

[~·· .. ,A;""' 0 if ~~,, c .:F( 0!), A c A( 02 ), (1.5) 

and 0 1 and 0 2 are relatively spacelike to each other. Fields localized at a point 

are constructed as limits, by dwosing in (l.lb) sequq1ces of morphisms 1 whose 

localization regions sh1·ink to a point. 

At this point we would like to not.e that in two space time dimensions it would 

not be reasonable to assume from the oujset that the fields are also local relative to 

themselves or to other ,harged fields. Firstly, there exist interesting field theoretic. 

models in which such nonlocal fields appear naturally, so the study of such fields is of 

intPrest in its own right [17]. Secondly- and this is import.ant in the present 'ontext 

some algebrtis of observables in conformal QFT are obtained as products of two 

commuting algebras living on 1-dinwnsional compact manifolds (the circle S 1 ). Then 

t.he corresponding localized morphisms involve products of localized morphisms of 

these !-dimensional components. The fields on the cirde obt.ained from them can be 

used as building blocks of local 2-dimensional fields, although they may not be local 

by themselves. 

The general construction of the field algebra .:F as an extension of the algebm A of 

observables by localized morphisms 1 of A was recently completed by Doplicher and 

Roberts [9] ford> 2 dimensions. Their charge shift. operators r 9 in the bosonization 

formula (Llb) are elements of Cunt.z algebras. Together with the field algcbra :F, a 

gauge group (of the first kind) l\. is constructed. This is a symmetry group of the 

quantum field theory whid1 acts triviall.v on the observable;;. 

The restriction to d 2 in thP work of Doplicher and Hol.wrts comes a bon f. as 

follows. Besides the morphi:o,nb of the alf!,ehra ..4 onf' needs to cousidPr int.ertwiners 

r C ..4 between morphisms "'( a11d (1. They o1Jey tlw rf'lation 

-~(A)f ~-=- w(.rl) 

for all A. (: .A.. Properties of tlwse intertwiner;; ar(' used in an esscntial way in tlw 

gpncrHl analysis. and these properties ran hc cstablishf'd from general principles of 

quantum field theory only in d 2 dimemi(ms :n .. lwnmse in two dimensions tlw 

spacdik(' complement. of H bnuuded ref'(ion in Alinkowski spacf' is not connected. 

For d = 2 the right suhstitutc for th(• Cuntz Hlg,rbras is not known yet. hut see 

the lectures of .1. Frfih]i,h and B. Schroer in 11-;".]1). for intc>resting results that are 

releYant hen·. Conjoi'JJW.l (jtHmtum field tl}{'or:1 ill:? dimensions Jiyes on a space time 

where t.he spacclik{' complement of H ncoi).'b1HntrlHHld nf 11 ]l<Jint is conue!·led. But tlw 

Jl(Jlltrivial topology of thi~: spa''' time Clilbf',., compliratiotJ~. 

Tlw D<,plidwr H"''P. Hulwrt,; !lldhod \\·or];,; ;t]~o iu tiw cmtfonniil flf'lcl theories 

\\·r· arc illten·~ted in. ;dthonvh in t.wo ditt!<'n~iou:-. -:ulJJ<')Jl'<l"f" llf'e!l to l•(' l't'<'X<'lllliii('rl, 

and f>OllW assertions do not continue to hold. It is known that by this construction 

oHe gets all those superselertion sectors 'H 9 whirl1 carry representations 1r9 of A that 

arc unitarily equivalent to 1r0 when restricted t.o observables localized in (')1
, where 

0 1 is the spacelike <"Olllplement of some bounded (and topologically trivial) domain 

0. It is a remarkable 1 fact that these are indeed all sectors in conformal invariant 

quantum field theory, in any numher of dimensions d _::. 2. at least if the lo,al algebras 

of observables satisfy the natural condition that weak limits of observables are also 

obsen·ables. 

THBOREM 1. I11 collformal im·ariant qulliJtum field tlJCory in d ._~ 2 dimensions all 

supen;e}ectiotl St'('tors 'Hg with positive energy art> gellerated from tlw ntcuum St'('l.or 

1-to by localizt'd morpbisms, assuming A(O) are von Neumann algebras and satis£v 

DHR-duttlity. 

REJ\IARK: In algebraic field theory, the algebra of observables is regarded as defined 

by its ,.a,uum representation, so A(O) and 7ro(A(CJ)) can be identified. 

PROOF: The crucial fact. behind this theorem is that. ('onformal field theory lives on 

a space time manifold 1~1 (a tube) whose spacelike surfaces are compact (spheres) 

[19]. It contains Minkowski spaces A! C "'J which are determined by the point (at. 

their spacelike infinity. We admit bounded domains 0 C 1H contained in any one of 

them and write 

A,~ U A(O) 
OCl\1 

for the algebra of localized observables on 11!. The spacelike complement CJ' of a 

bounded region 0 C. 111 is itself fl. bounded domain in some Minkowski spare. The 

assertion follows then from the known fact that positive energy represent.at.ions of 

net.s of von Neumann algebrRs are locally normal, i.e. when restricted to any A(O) 
they are unitarily equivalent ::w]. q.e.d. 

ln the example of the current algebra discussed in our paper, the localized mor­

phisms are in fact automorphisms, i.e. they have an inverse. This situation is some­

what simpler an'd was dealt 'vit.h long ago [21]. From the general analysis one cxped.s 

that the physical Hilbert space has the form 

H oo 2..: H,, 

' 
(L6) 

i.e. it is a dircd smn of iuequiYalent irreducible reprl'SPtJIHtiou spaces H 9 of A with 

multiplicity 1. The gang<' group I\ is aLeliau. ~1athematirally speaking, tlw fi.dd 

algeLra :F( F on )-liukowski space is nmstruct.ed as a C<'ntrHl extension of thf' 

group of aulomorphisms 1 of the algebra of obs(·nahles ..-t~ h~, the circle group T C 

C, whcreas its subalgebra A( is central extension of the group of its owu innel' 

aut.omorphisms hy T. (Locality implies that this cxlcnsion ahYays exists [21:1). The 

ohservables arc precisely the K-inYariant elemems of tl1c field algebra. 

1 The ~ame de\·icc ( l.3) could be used in the rcpre~entaiJOll theory of CO!ll\.)ad ronnc<"led Li<' !!,roup~. 

wit l1 rdi<"r ( it!ll:> a,., outer an tomorphisms. But t hi~ would Yield reprt'sent a I ion:. of 1 he same d!ll,('ll~ion. 

~o t]Jere i~ no chaiH'<' of gelling all from out'. Exam pit·· llw thr('<· ·"-dinwn~ional rt'JH<'~t<Htationo of 

S(ljk'l (~pinor. ('nujugate spinor, and ,·pet or] aH· rcialrd h~ <lill('f Hlll<lllLOrphi~nt~. 

G 



1D. Till: CO:'\FOH\LH <THHEYJ _-\L(,[BHA 0:\" Till: (']JH LJ: 

In the gl'IlC·r;d r<l~l" of a d-climell~ional ("(Jllfornwl QFT the point of departure is 
either a j\.finkowski (l\1) Spllce theory with ""i)l;hlwau functions innniant under in­
finitesinud <onformal (so(c/_2)) transformations, or. cqui\"aleutly, a Eudidean theory 
with Spin(d ' l, 1) im·arinu1 Sdn\"ing;t>r funrtiuns. Sm·h a theory c<tn hr r-.xteiHkd by 
analytic fOlltinnat.ion to a QFT on tlu' uniwrsal ro\'CT Jf of <"Olllpadified :\Iinkn\\"ski 
SJHI<"e. iuy;uiant- under global transformation~ in (thr .:x_ shcet.ed uniYer~al run·r of) 
tlw tllinkowski SJHH'<' <"ouformal group 19'. hl d 2 dimension<> J/ is the fylinder 
SJHH'P 5d 1 "'R, llw "Einst.<'in uniwr:;-.1·" siHgl~?d out by I. Sf'gal [22; for it;.; coufontwlly 
invariant global <"ausal stru~·t.ure. \'Ye sh<tll ~·onsider here a QFT 011 the 2-dimensiunnJ 
c,vliml.er JJ :-:.- 5 1 >-: R, although it is :ilol simply <"Oillwded. Doing this means that 
we rPstrid- at.t.cnti(m to half-intPgt"r "helicity" fie-lds: we retail that. there is 110 proper 
spin or helicit.y in 1.;-1 dimensions since t.here is no rotation group. 

If~ -:; ~· 0 x 1 and ( = J'() + ;~_· 1 are the light cone C"oordina.tes in AI then the 
C"orresponding compact pi<"t.ure coordinates arC' 

1 + H i(c"-c 1 ) -··.-· = r 
1 -· H Z-=-

1 + ~-( t(ao--:--c') 
- - ' ] - H (1.7) 

where O"j is the a.ngle parametrizing space S 1 and O"o is the yariable parametrizing 
timeR. 

Free fields and <"Otlserved chiral current.s can bl? split into mutually c,ommut.ing 
right and left moYing components which depend only on one of these light. cone 
variables. For t.he symmetric traceless stress energy tensor 0 1'., and the u(l)n x u(l)L 
eonserved current J 1' (satisfying DI'JP. = 0 = 811 e~--'" J,,) these chiral components are 
0± = (0u() ± 0 1

0 )/2 and J± = (JO:!: J 1 )/2. 

Upon variable transformation to .:, E t.hey become 

( d()' T(z) ~ 2~ id-; EJ+I((z)) (1.8) 

de. ( i d~j d:: = 4( 1 + :; ) - 2 ). In spit.e of the aJlomalous t.ransformation law of the sf ress 
energy tensor under general diffeomorphisms there is no extra term proportional to 
1 because the coordinate transformation ( 1. i) is frad.ional lineal'. 

General fields in eonformal QFT live on th('" cylinder 5 1 x R as was mentioned. 
However, for observablP fields whi<"h depend only on one light couP variable, period­
icity in the angle a 1 whith parametrizes spare S 1 implies periodkity in time R. As 
a result, observables suC"h as T( z) and J (.::) are indeed one-valued functions on the 
circle {I.:: I= 1}. 

Since Iviinlwwski space M is a subset. of t.he cyliJJdPr specified by t.he point. ( at 
its spacelike infinity\ t.he projections of the conn(·ded and bounded subset.s 0 C .M 
on the C"irde { 1.::- i = 1} are intervals 

1 c s'. (p. 

Relatively spacelike domains 0 C .H projed ont.o disjoint iut-enals on the c-ircle. 
Thus 

relalively spacelil.:e di.~joint 

con the rirdc. Consequent!~-. ohserYahle :fidds on 5 1 fomnmte at differeiJI points. 

The Fourier-Laurent expansion ofT(::) introducf>s the Yirasoro genet· a tors L, '--7 

I._, 
Tl-) ~ \L __ ,_, 

- L.......J <1- ' n E Z. I 1.9) 

The commutation rda tions of the stress tensor wit-h itself follow from its tratelessness, 
<"onservation, s<"aif' covarianC"e, and asso,iation with the geueraton; of translations in 
two dimensions, and }pad [13: in the C"ommut.a.tion relations of the Virasoro algebra 

L 11 .L.,· = (n -m)L,--tm ~ ~n(nl- 1)6 11 , - - 12 11.10) 

Similarly the C"ommutation relations of the C"urrent J(::) ar<' determined, they are 
Heisenberg mnunutation relations for a free Bose field 

\J(zJ), J{::z )] = -0'(::,2 ), 11.12) 

where the z-picture 0-function is defined by 

i dz2 o(z,)ulz,)-. ~ ulz,), 
S' 27rt 

(::12 -= ;:;] - ;;2 ). I 1.13) 

Using the Fourier-Laurent. expansion 

J(z) ~ L ],,-n-1' J~ = ]_,, (1.14) 

these mmmut.ation relations and those with the stress tensor read 

[Jm,Jn] = mOn+m,O 1 [Jm, L.,] = 111 Jm+n· ( 1.15) 

A stress tensor with corred. commutation relations (with c = 1) can be made out 
of the <"urrent. J by the Sugawara construct.ion1 

1 , 1 } T(z) = 2 'J(z) '~ :;{J+(z)Jiz) + llzlJ-Iz) IL16) 

where the C"urrents frequenC"y parts are defined by 

J+(z) ~ J(z)- J_lz) ~ L ]_,,"-'. 
n;-ol 

In partintlar this gives for the conformal Hamiltonian H = Lo 

1 2 ~~ 
H = ;:;lo + L J_,J,. 11.17) 

- tl-"'l 

The C"onformal Hamiltonian generates a time evolution automorphism 

at( A)"'- ciHt_4_t·-iHt 11.18) 

1 For recent reviews see [23,24]. 
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It aC"ts OIL tlte \lll"l'('llb itfC"ordi11g t(J 

1 C. SUMMARY OF RESVLTS 

c,((J(c)J 

,II, J(c)] 

,"J( " ' o), 

d 
de (cJ(cJ) 

(L19) 

In this papC'r we start. from the V(l)-current. algehra (in 2 dimensions) as our 

original algebra of local observables. \Ve adjoin to it a conformal Hamiltonian which 

is some (unspecified) function of the current;;. The algebra fac-torizes into c.urrent 

algebras on t.hf' r:irde, denoted by {J, as explained in Section lB. \:re regard if as the 

germ of ail algebras of obs£•rvables on the drrlf' which extend it. As we shall see, 

this extension problem is made meaningful and soluble by the requirement. that. the 

Hamiltonian H which generates the time evolution aut.omorphism of these algebras 

is a function of the original cmrent J. 

Our Theorem 1 (in Section lA) asserts that there always exists a sufficiently large 

class of localized morphisms of the ;J..igebra of observables A in a conformal QFT t.o 

generate all supersel('dion sectors (i.e. all inequivalent. positive erwrgy representations 

of A) from the va('uttm sector. For tlw algebra {I we are able to exhibit them 

explir.itly. They look as follows: 

J(c) ~ 'l(J(c)) o J(c) + p(o)l (L20) 

where pis a smooth funct.ion on the cirdt>, with :.:p(.:) real. p(::) is called a charge 

distribution. Not.e that. these maps do not change the commutation relations (1.12) 

and they commute with the *-operntion (taking adjoints). 1VloreoYer, they have an 

inverse, so ther are aut.omorphisms of the cunent algebra. These automorphisms 

a1·e localized in I if supp p C I. The equivalence classes of such automorphisms of 

r) modulo inner automorphisms are distinguished by the total charge 

J d-
g ~ 0.Cop(z), 

·"' 
(L21) 

If the Hamilt.onian His given by the Sug.awarn formula (1.11) tl1en the auto­

morphism corre~ponding t.o a constant. chrng(' distribution \Yith tntal charg:e g acts 

on it according to 

H~H 1 ' gJ(I ..I 2.1} (L22) 

This rdates the C'llC'rgy spectrum i11 the Yonmm reJHf'se;Jtation and in thf' superse­

]('ction sect en· wl:ich contains a stale of chnrge g. 

\\"e show th<d any Hil\.wrt S]Hlf(' of physical stHtes }{which can lw genernted 

from the '"ii.Clllllll fl by fields which are local reJat.i\'C' tn the cnrrents is <t multiplicity 

fF·<" sum of inr·quiYal;nt. inC"dnribk repres<·ntatimJ ~-]Hl<'es for{;- \\"hich a.re labf'}('c\ lJ~' 
tbe charge _q: g c·quah the cigC'nvHhw of th(' sp;,tial iniC'f.!l"Ol Q ::-- In of the- current J. 

and tll(' dw.rJ?e SJH"flrlllll {_q} lllll.~t he of ilw fon11 .% Q. where Q i~. a.u additiYc 

:<11lrcro11p (,f thr rc<d llllmlwr~ R. 

\Yr· n::llllill(' tlw rd~'.eLr;1s p:cnf·rn1C'rl l1.\" these J1C'lds which create H fro1r1 !!. It 

1.-. pru\"f'll tl1<n !),· l:'t .,f f~<ld ;,]_:rcl'r!" .T(l; fnr ~1l1J~.cb I of t}w pm:'tlll·("d rirde 

,, 

is uniquely determinf'd by the charge sprctrum {g} of the theory, up to a Klein 

transformation. 1 Sf'f' Prupositi<,Il 3.1 and Lemma 3.U. 

It should be mentionf'd that the result. assert.ing uniqueness of the field alge­

bra depends on an extra hypothesis which is natural in quantum field theory on 

Minkmvski space. In a quant.un1 field theory on Minkowski space AI in ·which the 

Hilbert space H of all physical states is p;enerated from the vacuum by local fidds, t.he 

vacuum cannot be annihilated hy any fidd 1,"' ( F( 0) which is localized in a bounded 

domain (') := .M, and for any open (') the fields 1,'• E F( (')) sufticc to generate a dense 

subset of H. This is the Reeh-Schlieder theorem i17i. Our fie-his are local relatively 

to the observables, but. not necessarilr to themselves, therefore the theorem docs not. 

apply. We adopt its assertion as a hypothesis. This is natural especially if we want 

to use our fields as building blocks of local fields. 

The fidel algebras are const.ructed explicitly. They have t.he properties listed 

above as expected for a theory with an abelian gauge group. Explicit forms of the 

bosoniza.t.ion formulae (1.1) are derived, see Proposition 3.4. Fields at a point are 

c-onstructed as limits in Sedion SA. 

The global field algebra :F has a very simple structure. It. is spanned by its 

unitary elements 1j1. They have the form 

V' ~ ryW(u)r,, (L23) 

Such a field creates charge g. ry is a complex phase factor, 11'( u) are the \''eyl operators 

depending on some real test function 11, 

W(") ~ exp (; j do J(z)«(z)) 
2m 

(L24) 

and t.here appear in addition the unitary charge shift. operators r 
9 

which were men­

tioned in Section lA. The multiplic-ation law in F is given by the multiplication law 

for \Veyl operators, (cf. Section 2, Eq. (2.6)) togt>ther with the relations 

fg,fg7 = rm·!g,, fn = 1 
(1.25) 

H'(11)f9 = I'9Tl'(-<l)c' 9'io 

where iiu = f u(:::)d:::/21Ti:. 

The struct.ure oft he subalgebras F(J) which consist of fields localized on inkr· 

Ya.ls I of thf' pundnred circle is more subtle. _T(J) iudndes only fields ~!, such that 

the alltomorphisms AI of (T \Yhich they iudnce 

A"·) 1(.4) ·-= c~A.1.' (L26) 

are localizerl in J. Howf'\"er, if we were to includC' all v \Yith this property in _T(J) 1lw11 

elements of the rent.er of {J sucb as linear combinations of thf' elements ,; .• q wonld 

lw in all the F(I). Such elements can illlnihilate the \"annun. so this W011ld violate 

tlw fleelhSchlit><kr property, which "·e assunwd. Another importa.nt COlJstrHint m1 

1 A hkill trHJJSformatiou multiplies fj,,)ds r.·, of •·haJ~,;t· 9 with 1111itary clcm~nt~ }"{.q) ofth<" nntn of 

tl.t• ob~cn·ablt· <~lg{'hf". lih• ,iH<,'. It Cl!lt rlwnp,e t'OIIliHlitalion rd«li<>H~ i11 g."nnal. bntl<'a\"~S the 

Cf>lllll!Tlf,\oj, or l"·o fit•Jd• Wif)L t)l{' S~IJJt' <jll<tJII\1111 ll<llll)J<'I"~ _q Ullilfkctt•,). 

]() 



the fidd alJ.";ebra:; cullH'S fro ill tht• requirement nf tin1e translation conuialJCe (se-e 

Definition in St>dion 3AJ 

(il-H:F(l)t_.,Jlt C :F((''!), 

A net of field algebras with t.hest' properties - which is unique up to a Klein trans­
formation as was said aboYt'- is obtained by dwosin~ suitable representatives li'p of 
the form (1.23). Such a choi<'e of fields ~··Pis described in Proposition 3.4 in Section 
3B. It depends on the point ( at spacelike infinity. This choice of fields ~-P has the 
property that t.hc group theoretic-al conunut.ator of two such fields (with t-he same () 
is a c-number. 

These field algebras are attached to the punctured circle which is the projection 
of a Miukowski sJHICe without points at infinity. Upon covering the whole circle with 
such "Minkowski spaces'' (charts) one needs transition functions which are in general 
not. c-numbers but involve multiplication of the fields by unitary elements of the 
l.'enter of the obserYable algebra, i.e. a Klein transformation, except for observable 
fields. One may speak of a "bundle of Minkowski space QFT's''. 

Quantum fields 1/·9{::) at a point ran be construct<'d from the field operators 
~·P by a limit procedure (Section 5 ). Their correlation functions follow from the 
multiplil.'ation law (1.25), (2.6) in the field algebra, and the formula (2.4) for vacuum 
expectation values w0 (W( u)) of Weyl operators. The multiplic-ation law in the field 
algebra :F embodies the information au operator product. expansions for the quantum 
field, 4•9 (z). 

It is amusing to change the point of view. Suppose that our experimental col­
leagues in the two-dimensional world were authorized to buy some new equipment 
so that other quantities besides currents and energy became observable. What could 
these larger algebras of observables be? This is exactly our problem of finding all 
algebras of observablt>s whose germ is the current. algebra. We find a c.omplete clas­
sifiC-ation in Section 4. The classification follows from the observation that these 
algebras have t.o be among the field algebras constructed before, and are singled out 
by the fact. that. the fields must be relatively local t.o themselves. 

The observable algebras AK extending (J are labeled by an integer N = 1, 2, ... , 
where N = ~g 2 is given by the value oft.he smallest positive charge g that is created 
by a field in AN. The algebras are maximal, i.e. cannot be further extended, if N is 
a product of distinct primes 

N :c-:-1,2,3,5,6,i,10,. 

These new algebras of observables and their superselect.ion sectors (positive energy 
representations) and assoC-iated field algebras which make transitions between these 
sectors are studied in Section 4. They provide further examples of the constructs 
described in Section lA with gauge groups Z2N· 

Among them is t.he $02)-C-urrent algebra oflevel1. In this rase our findings agree 
with known results [25]. There are fwo supersclcction sectors (including the vacuum 
sedo~ud they are mapped into each other by (localized) outer automorphisms of 

the su(2) rurrent. algebra and the associat-ed loop group. In addition we obtain the 
field operators which make transitions between the two sectors. 

11 

Tlwsf' rt>stdf~ show that the cdebratE'd n•rtE'X opE'rators of conformal field tlwory 
cuT special cases of the much more general <onstrtH'b of algebraic field theory which 
were recalled in Section lA. 1 

To make effedive use of these algebras of observables and fields one desires 
their characters. They are determined by their restriction to the groups of unitaries 
iu these algebras. In Sedion 6 we desrrihe an elementary wa~' of computing such 
charaders bJ· exploiting the KMS-condition for Gibbs states on algebras of fields or 
obs:ervables. The characters of A.v are found. Tht>y art' expressed in terms of Theta­
functions. The~· are related to the modular forms: of weight t which were studied by 
Serrf' and Stark [31). 

There arc 2~ superselert.ion sectors for A,v. \\"e show t.hat its partition tUnc~ 
lions transform according t.o a 2N-dimensional representation of the modular group 
5L(2, Z). This can be used to construct modular invariant partition fundions for the 
2-climensional theory, and to construct local 2-dimcnsional fields from fields on the 
<'ircle which are onlr relatively local fo the ohservables. This is briefly discussed in 
Section 6, for more details see !32]. 

The paper concludes with an outlook which discusses possible generalizations. 

II. POSITIVE ENERGY REPRESENTATIONS OF THE CURRENT ALGEBRA 

2A. EXPONENTIAL (WEYL) FORM OF (! 

Consider the spaceS= S(S 1
) of real test functions u on S\ 

u(o) ~ L UnZ-n, -. -
ll,. = ·u-n. (2.1) 

n 

~7e define the smeared current by 

J(u) ~ j ?dz J(z)u(o) ~ :L "~J" 
~1rt n 

(2.2) 

which in view of the reality of u is a hermitean operator. Equation (1.19) gives rise 
to an action of the time translations by automorphisms a 1 on the currents, 

at(J(u)) = J(ut), where ut(.:) = u(c-i1
.:). (2.3) 

The current commutation relations (1.12) now take the form 

I I J dz , 
J(u),J(c) ~ -u (o)<'(o) oc A(u.c). 

2rn 
(2.4) 

It. will be convenient. to work with the exponentials of the smeared currents (Weyl 
operators) 

H~"(u) = <oJ(•d. (2.5) 

The commutation relations (2.4) are equiYalent. to t.he composition law 

l-F("u.)H."(u) = f-~A(u . .-lH"(u -1 P), (2.6) 

1 Tht- vertex operator construdion has appeared in l"arious guises [26,27]. for early work cf. [28.29.30]. 
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and the adjoint.s of the "'e;vl-operat.ors are given by 

W(")• ~ Tr(-"l· (2.7) 

The Weyl operators t.hus generate a *-algebra of bounded operators wit.h a dis­

tinguished ad.ion of the time translations 

o 1(W(u)) ~ H'(u,). 1/t(,:;) = 11( f--It.:;). (2.8) 

By an abuse of notation we will denote this algebra. h:-.· {.!.Throughout the remainder 

of this article Wf: will only make use of the structure incorporated in the relations 

(2.6) to (2.8). 

2B. POSITIVE ENERGY REPRESENTATIONS OF {r 

Since ir describes a system with infinitely many degrees of freedom there exists 

an abundance of represent.ations and we have to selec-t those which are of interest 

here by some selection criterion. 

The standard class of representations of {I considered in the literature are rep­
resentations having a ground state (lowest. weight. representations). From a general 

point. of view it appears to be more natural only to demand that in the represen­

tations of interest. there exists a generator H of the ''time translations" which is 

non-negative. The <"-ondition that H is bounded below means that. we are dealing 

with elementary systems, but. there is no a priori reason to impose further c-onditions 

on the spectrum of H (such as the existence of discretf: eigenvalues). In the present 

case of the dynamical system ( ['r, fit) it turns out, however, that any represent-ation 

admitting a generator H ? 0 of the time translations is a (direct. sum of) ground 

st.at.e representations. 

Before giving the argument, we introduce some notation: ¥/e denote the repre­

sentations of iJ by (n 1 'H.). Thf:y consist. of a rcpresmtatiou (Hilbert-) space 'Hand a 

mapping 1r of (J into B('H.) (the algebra of all hounded operators on 'H) which r("Spec-ts 

the algebraic relations in ir, i.e. 1r is a homomorphism. As already mentioned, we are 

inkrested in those representations (1r, 'H) for whieh there exists a positive selfat1jqiut 

operator H on some domaln in 'H. sud1 that 

n(ot(lr)) = (;Htn(l-F)r-illt' n-- E [r. (2.9) 

\\'e call such representations ''positive energy reprt:'st:'nt.atious". Note that relation 

(2.9) does not comp]Ft.el~- fix the operator H, since OilC mny add to it any selfadjoint 

operator from th(' <ommutant. n(O)' of 1r(il). ''"it.hnut affecting this relation. 

The ambiguities involw-.<1 in thP chmce of a Hamiltonian H implementing the 

dynamics c-a.n he rcmm·ed h~· the rPquircmnll tlJ;Jt 1 

(ill! ( r,(()" (2.10) 

a:Hi that 0 j;_; tlJe lmw·r bouudary of the spertrnw of 11 in c<Jcll :;ub.~pnre of H reducill.l! 

llw rq)rcs('nt.atiou 1r.l1 isH Yer~· g<'Jl(>ral fact "33 rlwt such ii ''miJJiiHal gcncndor" H 

1\Ye r<'C"all !hal tlw doubk CO!Illlllllitn! l~" of a ~_,,]!!<·bra l.; of h"IIH<kd op.-ra!or>- j,. ('<jllal toils 

'"''""k dosLII"<'- 1\,•~ardinj! ( liS illl nl~_ ... l,ra ,f oh·;<•f nd,J<'". r•'l>Jii<Jll (:! 101 lllH\" 1ltllS he unckrolood as 

1!w r<·quir<"UJ<"Ii1 1lra! If i~ (.],;.nn,l,]<-
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n.lwa:-.'s exists and it is uniquely fixed by these <"onditions. VVe will adopt this conven­

tiou for the time being, but we want t-o point out already now that the ad ho<" choice 

of the lowest eigenvalue of H as the zero-point. of energy in each subrepresent.ation 

of (IT, "H) will turn out to be inappropriate in the extension of the time translations 

to the charged fields. A more appropriate choice of t.he generator H will follow from 

the requirement that the fields should transform covariantly under time translations, 
as will be disc-ussed later. 

After this disgression let us turn now to our problem, the determination of all 

positive energy representations of (;. \Ve shall need the following elementary fads. 

LEMMA 2.1. Erery positive energy representatio11 (n, "H) of iJ can be decomposed 

into a diH'ct sum of groulJ(l stale repn·se11tations. Niore precisely, tlwre exists a 

family of unit vectors D; E 1i,i E I (some index set.) sucb tbat the subspaces 'H; = 

n(ii)D; C 1i are mutually ortlwgonal, H = 2:, H;, and HD; = 0 for all i E I, where 
H is tlle minimal generator of the time translations. 

PROOF: Since t 1-------t n(o 1 VV(u)) is periodic with period 2n, every operator n(W), WE 

U can be decomposed into a series of bounded operators 

r'" flrn = (211")-l Jo ds (-inan(o8(l'"V)), n E Z. 

Moreover, 
lf",cillt = ci(H-n)IJ.l.·n, 

hence li'n transfers the energy n to all vedors. Now let b. be any dosed interval 

contained in ( --1, 1) and assume that there exists some vector f!; f:: 0 in the spec-tral 

subspace associated with the spectrum of H in b.. Since H ~ 0 it follows that 

l.V,n = 0 if 11 < 0. Hence the spectrum of H on the subspace 1r(rf)O is contained in 

U (l> + n). 
nENo 

Now according to our convention, 0 is the lower boundary point. of the sp>?ctrum of 

H on each subspace which reduces 71". Thus 0 must be contained in 6., showing that 

0 is the only point ·wit-hin the interval ( -1,1) whi<"h is in the spectrum of H. Hence 

HO = 0. Proceeding to the orthogonal complement of IT( l))f!; in H we can apply the 
same arguments, so the statement follows by iteration. q.c.d. 

Having thus reduced the problem of finding all positive energy reprt:'sentations 

of[- to that of determining all ground sf.ate representations, we are essentially done. 

\'\"e recall that, by theGNS reconstruction theorem, it is suflkient. to determine all 

functionals 
w(lrj ~ (!1. rr(H.)rl). n· E {' (2.11) 

i.e. the ground states. In Yit:'w of the composition law (2.6) one must in fad only 

exhibit the generating fun<"tiouals w(lr( u )), 11 E:;- S. V\'e willr('strid herf: our attention 
to thos<' states w for which the functions 

), -) ..._•(lr(.\u }). u C S (2.12) 

ar(' t·ontiuuous in A(.: R. These states dct<'rmin(' exactly those repJTsentations of the 

"'('ylopcrator::; in which tlw currents can be dcfin<'d as (uubounrkd) npt:'rators. An~· 

fmH·tional _,_. sa.tis(ying this continuity rcquir('lllt'lll ''"ill be c-alled rq;ular. 

14 



LF:~fl\JA 2.2. i) Ld ..... bt> a tl"guh1r siMI:' oJJ [" generatin~ il .f!T<mJHI slllk n·prcsen­

tatioiJ. Tllf'll tlwre exists some positi\·c. nornw.lized lJlf'f!Sure J-1 on R sur:l1 tlwt for 

u E S 

J 
1 oc 

w(TV(u)) = d!J(g)exp(ig·i/ 0 -- Z .~ -n!U,I
2

). (2.13) 

CoJn"ersely, give11 any posit.ive normaliz!'d mea.surc 11 on R. thell the functional w 

fixed by (2.13) det.ermines a ground state 011 (r. 

ii) Let w 9 ,g t=: R be tlw grom1d statf>s given hy 

""'g(lV(II)) = I:'Xp(igiio-
I oc 

-;; L nlii,! 2
). (2.14) 

- n=l 

These states are purt'. Tl1ey iuduce disjoint irreducible represeutatious of ir for 

different values of 9· Relation (2.13) t.lms gives t.l1e ce11tral decomposit.ioJl of tlw 

ground states w. ( A<"cording to standard terminology, tl1e pure ground states are 

called lowest. weight states lwd we will ust' this term in the following.) 

In order to make this paper selfront.ained we indicate the proof of this well known 

fad [25] in Appendix A, where we also determine all Gibbs state-s for (]. 

III. CHARGED STATES AND CHARGED FIELD OPERATORS 

3A. THE STRUCTURE OF LOCALLY GENERATED RESENTATIONS OF (J 

According to the results of the previous sedion all positive energy representa­

tions (1r, H.) of(; ran be decomposed into irreducible lowest. weight representations 

labeled by a "charge" 9 E R. But the requirement of energy positivity does not im­

pose any restrictions on the charge spectrum (i.e. on the values of 9 appearing in a 

representation) or its multiplicity. 

Such restrirt.ions arise if one assumes that the representation space 1{ is gener­

at.ed from a vacuum ve<"tor (ground state) n with the help of field operators which 

are local relative to the current. Since we want to construct such fields we must. 

identify first. of all the appropriate representations of (J. This is done in an implicit 

manner in the following definition (cf. also the subsequent explanations). 

DEFINITION. A positive ent>rgy represeiJtation {1r, H) of(;- is said to be locally 

generated by fields if tl1ere exists a11· irreducible set of (weakly closed) algebras 

:F(I) C B(H.), assigned t.o the closed subsets I of tl1e pUJldured C"irclt• 8 1 \ { -1}, 

such that: 

iJ The observables localized ill I are amm1g ti1e fields in F(I), aild all fields are 

local relative to tlw observa.bles. In formulae 

~1u1m c Fill c ~IUII'iJ'. 

Here iT(I) dezwtes tilt' *-algebrageneratt'd by tlu·lt"eyl opemtors W( u) witl1 supp u C 

I, a11d I'= 8 1
\ I. 1r(U(JI))1 is tlle commuta.JJt of1r(rf(I1

)) in B(H.). 

15 

ii) Tlwr<:> i.s f! reprt'sentation fd-Jr of tht" tilllc lr<lllslatioJJs 011 'H. salis(>·iJ1g tl1e 

conditions (2.9) and (2.10), sud1 tl1af [or any dost>d sl:'t 11 cmJtained in tlw interior 

of somt> h a.nd for all f in a sufflcif'ntl.r ·small neiglJbourlwod of 0 

ciHtF(IJ)c-iHt C :F(I1). 

Tl1f' generator H 2: 0 bas tlw simpll:' eigein"alue 0. The corresponding eigenved.or 

will bt' callt>d tl1e groulld state ll. 

iii) Tilt' field Rigf'hta$ lun·e tlw Rf'elJ-SclJlieder property ( c:p. Section 1 C), tl1af is 

tlJf' ground state is cyrlic and separating for ead1 :F(l) if I l1as no11empty interior. 

('"Cyclic"' mt>am that tl1e st't of vectors "¢,f!, '1.,1' E :F(J) is denst> i11 1i for ead1 I. 

"Separating" mea11S that 1/-'f! = 0 is possible for'!/' E F{l) only if1.,'• = 0.) 

il-) Tl1e chargt> operator Q = 1r(l0 ) lias pure point spectrum. 

These conditions require perhaps some comments. The first eondition is clearly 

satisfied if there exists on 1t an irreducible set of field operators which are local 

relative to the current. These fields. smeared with test functions having support in 

I, will then generate the "field algebras" F(J). We cOnsider only subsets I of the 

puudured c.ircle since we do not want to assume from the outset that the fields are 

single-valued on 8 1 . We also do not anticipate any commutation relations of the fields 

(other than that they should be relatively local to the observables ). 

The second condition relates t.o covariance properties of the fields and to the 

existen<'e of a unique ground state vector fl. Note that the generators H complying 

with this condition wjll in general differ from the minimal ones considered in the 

previous section. The familiar Reeh-Schlieder property iii) [15] was recalled in Section 

!C. 

The last condition amounts to a mild form of charge quantization. In principle 

one could also allow for a continuous spectrum of Q, but we do not investigate this 

possibility here. 

Having thus described the class of representations in which we are interested, 

we can now give a much more expliC"it. characterization. 

PROPOSITION 3.1. Let (1r, H.) be a positiw e11ergy representatio11 of 0 wlli<"h is 

locally ge11erated by fields. Tl1en: 

i) There exists a 9o E R such that tl1e sped rum of tl1e operator ( Q - 9o 1) is lUi 

additive subgroup of R. 

ii) The restrjctim1 of 1r( l)) to a11y one of tbe spectral subspaces 1t9 C 1t corre­

spondiJJg to tl1e f'igenvalues 9 of Q is irreduC"ibk 

iii) A11y locally generated reprt>sentation (1r, H.) is UJJiquely fixed (up to unitary 

equivalence) by tile spectrum of Q . .Moreover, tlw underlying system of field algebras 

:F(I),I C S 1 \ {-1} is unique (up to Klein transformatio11S). 1 

PROOF: The lengthy proof of this statement. is obtainedby an adaptation of the 

general arguments in [21] to the present model. The reader may omit it in a first 

reading and proceed to Sedion 3B. 

1 For a discussion of Klein transformations cf. for examplt' !t5] and footnott' to Section IC. We recaJI 

that a Klein transformation does not change the commutation relations of fields carrying the same 

charge, but it. may change the commutation rdations of fields carrying different charges. 
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Since 0 is a simple eigenvalue of Hand since £'J-1 1 ~- Ir(ir) 11 it is clear that n must 

be an eigenvector of Q corresponding to some eigenvalue g0 • From the discussion 

in Section 2 we also know that. there exists only one (up to unitary equivalence) 

irreducible positive energy representation of {7 for a given charge 90· Hence making 

use a secotld time of the fact that eiHt E n( (J)" and that. H has a simple eigenvalue on 

the sector 'H90 of charge 9o it is clear that the restriction of 1r t.o 1-f90 has multiplicity 

one, t.hus n(V) is irreducible on this space. 

Next we note that in view of thf' composition law (2.6) for the Weyl operators 

and the properties of the field algebras :F(J) given in the preceding definition we have 

'iAQ F(l,)c -iAQ C F(I, ), >. cR 

whenever I 1 is contained in the interior of 12 • Thus if'lj• E :F(I1 ) we find that all weak 

limit points l/'9 ,9 E R of the bounded sequences 

~ d). e-i>.gei>.Q-,_pc-iAQ 11-' 
A o ' 

A/oo 

are elements of :F(h ), for which the following relation holds 

1/-,
9

ei>.Q = ci>.(Q-gJ 1.;,9
. (3.1 I 

Hence any nonzero operator ¢•9 changes t.he chargE' of the vectors in 'H by g. (We 

will also say 1/;9 ''creates'' or "carries" the charge g.) Now if 9 1 is in the (discrete) 

spectrum of Q, and if E 91 is the projec.t.ion onto the corresponding spectral subspace 

7-l9,, then E9 , F(I1 )0 is dense in H91 because of the cydicity of 0. Thus the operators 

1/!9 generate from n a dense set in 1{91 if 9 = 91 ... 90· 

Let. 1/•9 ,¢9 E F(J) be operators as const-ructed above. Then ?.f-•;¢9 E :F(I) com­

mutes with the charge operator Q and therefore maps 7-l90 into itself. J'vloreover tf-';¢9 

commutes with all operators in Ir(zf(I')), so we can make use of the fact that in ev­

ery irreducible positive energy representation ( 1r 90 'H 90 ) of U there holds the duality 

relation [ 16] 

7rgoCU(I'))' = 1rg0 C[r(I))". (3.2) 

(This relation can be established either by transferring the general argument in [34] 

to the present theory on the circle, or by explicit computation as in [35].) For the 

case at hand it. means that the restriction of t.lw operator 11·;69 to 1-igr, coincides with 

some operator WE Ir(lf(I))". But }{9~ contains the vedor D which is separating for 

:F(I), and const>quently 

~~·;69 = 11· ( 7r({'(J)I 11 

on the whole Hilbert space. Similarly Oll(' can show that <ji9 U•_; E n([.T(l)t. 

V\"e can now proceed iu a st-andard manner. By jl(Jl.flr dC"composit.ion of ~-· 9 , i.e. 

t1• =- ,. ( ~ .• t' ) ~. _q _q. g g 

we obtain (partial) isometries ~~ E~ :F(l) which ('hange the charge of <tJly w·ctor by 

g. L('t us assnnw for a monwnt tlwt one CHJI alw.fl~'S find operators tl'g ~~ :F(l) s11ch 

that t.lH" operator~ l~ nppearing in thi,; decoJllposition arf' isometries, i.e. l-~~F9 :-::: 1. 

Tht' general CltS(' willlw discussed at tlw eud of om· Hrp:ument-. 

l; 

If 9 1 , 9~ are in the spectrum of Q we pick isometrics ~·· 9 ,, ~'g" E :F(J) creating 

the charges g' =- 9 1 - 9o and g'' = 92 - 9o. Sime V·; .. ~;'•;, 'IJ.'g' 1./•9" = 1 it is clear that 

the vector 1/-'-• 9 •1/'g" 0 is not zero, showing that there exist. vectors in 7-l carrying the 

charge 9 1 + 92 -90 . Observing that. the operator 11·,;, creat.es the charge -9', it is also 

clear that. the vector 1/•;, n (which is nonzero since n is separating for :F( I)) carries 

the charge 290 -91 • Hence the spectrum of (Q- 90 1) is an additive subgroup of R, 
as claimed. 

Now let. 1J1 E 'H9 , bC' any nonzero vector and let l/'gr,d;J 9r E :F(l) be arbitrary 
field operators creating t.he charge 9' = 91 ... g 0 . Since ,.-iHt and ()llt'lj, 9

, e-iHtq;;, (t 

small) arC' elements of 11'(ir)" we find that any vector 1.> E 7-l91 which is orthogonal 

to 11'({i)"'i' must satisfy 

(4>,'1/'y•f--iHto;.'l') = o 

if t is sufficiently small. Since H is a positive operator, this equation extends by 

analyticity to all t E R. By taking a mean overt we t.hus find (since t.he ground state 

is unique) that 

(4>.,P,·!1)(!1,¢;.-¥1 ~ 0 

for arbitrary if-'g', ¢9• E :F(I). This is only possible if <I> = 0 since the operators 1f9,, ¢9• 

generate from n a dense set. of vedors in 1-i91 • Hence the restriction of 1!'(0) to 1-{91 

is irreducible. 

Let us now turn to the question of the uniqueness of the representation ( 1r, 7-l} of 

z:J and of the field algebras F(I) if the spectrum of Q is given. The uniqueness of the 

representation is obvious: it. is the direct sum of the disjoint irreducible representa­

tions ( 1r 9 , 1t9 ) of charge g, where g runs through the spectrum of Q. So let us assume 

that there exist t.wo systems of field algebras :F(ll(I), :F(2l(J) on 7-l. Each of these 

algebras is generated by fields 1/,0) and ¢i 2 l, respectively, creating fixed charges g. 

Picking any two such fields it is clear that. tjPltJ_,(l)• commutes wit.h Q and with all 

operators in 1r(V(P)). Thus the restriction of tj,{'lL¢,( 1)* to any sector 1-{
9

; can be 

represented by some operator l¥; E r.(if(I))" because of the duality relation (3.2}, 

I.e. 

~,,(2}1/,(1)* = L E;l-'V; 

where E; are the central projections onto 1-( 9 ,. Assuming that. ~t,(l), 1)•( 2 ) are isomet.ries, 

we ('an rewrite this equation in the form 

~.rn = L E;4•itJ 

\vhere (:li E :F( 1)(1) arc fields carrying the same charge as ~,('lJ. From this we 

conclude t.hat for all n· E: 1r(ir)" and all i (since if·i 11 H'u,i.1
J

1 

E Ir(/))") 

E;t.',i 2 Jll'~·i 2 l* = E,1f•i 1 JlVt1·~ 1 J~. (3.3) 

·wc first choose operators Tl' f 1r(l~(I1 )) \Vhcre It ::1 land I~ has a nonempt.y interior. 

Then ~ ... ;llWt'.; 11
* and v; 21 l-1"t·•: 11

* are. because of duality, elements of Ir({f(h))". 
Hence muHipl~·ing relation (3.3) from the left alHl right with t''* and t\ respe,t.ively, 

whe-re t" ( :Fi 11 (I~).l1 c:: I; i~ an ismndry carrying au arbitrary chnrge. we sec that 
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rdati<Hl (3.31 alsu lt<>lri:-, if we n·pl<tr•· thf" ]H"<>jh·ti<>ll~ E, hy £1, f,,r <trl>itrc:u-y h·. This 

iwplie,. thcd 
~..!nn·-vui~ l.; 

11 H v: li· [3.4) 

for Oj)('rators n· with tlw >-pf'"eiallo\alizotion propntic.~. Sinn· the fidrls in _r(i)(I), 

i = 1.2 \Ollllllutc wit.h the Ojlf"liill•l":--, in ;r(l"(J'il. relation (3.4) also holds if we 

repJiiC\' n· b~· Slllll!;, of tht' f()rul ~ l-\"1 lT"·:- \Yh\'1"(' ll-1 71(((11 )) aucJ H-2;.:: JT(C"(J1
)}. 

In view of thf' ('Oll1J>O~itiou law (2.6) for tlw \Yeyl opcrotors ll"(v) it is then dear 

that relation (3.4) hold:o for iill H',:: ;ru"-l". Fixing SCJ!Uf' i aud :-;dting Z..:: ~·~ 1 ~~~,,(2) 

we can rewrite this equation (hearing in mind thot r·,l~l is au ism1H"tr~·) according to 

Z'Jr Z c_ !r. 

From this we see in pnrtieular that. z• Z = 1. Setting VF = zz• (re,all that Z is an 

element of1r(U-,.)") it is also clear that zz· = 1, hence Z is a unitary element of the 

center ofn((r)'1
• From this it follows that 

~,(2) := 1; .• uJr.(2)•.1i':llz. 

i.e. any v·.(ZJ E F( 21 (J) is obtained by multiplying somf' operator in _r(ll(I) with a 

suit. able element of the center of 1r( i~ )", It has still to be shown that. this central 

element ran be chosen to bf' the same for all fields if·( 2l \arrying the same charge: 

Let -~·'( 2 ) E F( 21 (J) be any such field. Then we ha\'e (since 1/•( 2 ) is an isometry) 

ur.'(2) = ?}_,'(2)~,12)*tj,Pl = r·/(2\·',(2)*·~·-~llz 

with the samf:' \entral element Z as before. Thus Z depends only on t.he charge 

carried by the fields, which means that it induces a Klein transformation. 

It remains t.o clisruss the possibility that thf:' operator ~rg appearing in the polar 

decomposition of ~1' 9 E :F(I} are only partial isometries, i.e. that V9*~r9 = E is a 

nonzero projection in Jr(iT(I)t. As a consequence of the spectral properties of H 
and the cyclicity of !1 any such projection can be represented in the formE = VViV*, 

where J.Y is an isometry in an algebra n( if( f))" corresponding to some possibly 

slightly larger region i 2 I. (For a general argument. cf. [36].) Hence one can always 

proceed from a. partial isometry V9 to an isometry with the desired properties by right 

multiplication with a suitable "observable" YV. This, finally, romplet.f's the proof of 

the proposition. q.e.d. 

The reader will have not.ieed that 011ly very little specifi, information about the 

model under consideration :was used in t.he derivation of this result. Thf' f'ssent.ial 

input was the information that t.lw duality relat.iou (3.2) holds in all chargf:' sedors 

of t.he current algebra. From the general analysis of the superselection structure of 

quantum field theory [9] we know that. this feature is t.ypi,al for theories wit.h a global 

abelian gauge group. Morf'over, we are prf:'parf'd to find that all superseled.ion sectors 

\an be generated from the vacuum st.at.e with the help of localized aut.omorphisms 

of t.he algebra {I. (In theories with a. non-abelian global gauge group OIH' would need 

localized morphisms which are not invertable.) These aut.omorphisms will be the key 

t.o the construction of the d1arged fields. 
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3B. FROJ\"1 LOCALIZED AI""/ 0!.10RPH!5:"<JS TO C!lAH(;[[> FIELD<; 

For tlw aduiil const.ntrtiou of the rharp:ed fipjc\;. "\H' proceed as follows. V\'c 

stort frolll the ·:largf'st.'' repres('ntation (ir. it) of ( "·hirh is rompat.ibk ·with the 

romtraints found in the preceding proposition: it is the direct sum of all irreducible 

reprf'sent.ations ( TL_q .11 9 } of charge g f R. The represent.at.ion space if of this uniYersal 

rf'pro<>sentation is nou-separa ble. but this will not cause au~· prohiE'lllS. The advantage 

of working with this universal represent.iou is that one ran obtain any other locally 

gcneratcd represeuti"ltion of ( hy projed.ion. A roncrf't.e realization of (7T, it} which 

will bf' conYeuieut in the follmYing can be obtained as follows. 

To begin witl1. "\H' introdure a group of charge shift automorphisms 1 9 , g E R 

of thf' nu-rent alp;f:'bra, sf'tting 

1 9 (H'(t1}) =-=- {_,giioyr(u), _ f dz uo = u(.:)~.-. 
21l"lZ 

These automorphisms commute with o 1 and satisfy 

"tg,/g, = "(g,-'-92' 

_, 
1g = l-g· 

(3.5) 

(3.6) 

Let w 0 be thf' vacuum stat(' (considered as a linear functional on the current 

algebra}, i.e. the lowest weight state of chargf' g = 0. The lowest. weight states 

of charges g 1- 0 are obtained by composing wo with --y 9 . The GNS representation 

induced by w0 will be denoted by (11" 0 , H 0 ) and t.ht> cyclic vector corresponding to 

w0 by f!. The space if of all charged states consists of vectors il> whose components 

P9 ,g E R arf' elements of 'H 0 and are different from zero for an at most countable 

numbf'r of g. The norm in if is given by 

11<>11 2 ~ L II'P,IIi, (3. 7) 
gER 

"\Yhere .;.lio denotes the Hilbert. norm in 'H.o. VVe define a representation of U on it 
by 

(ii(W)'P), ~ ~,(o,(W))<I>, for WE .(r. 

(Since this r('prf'sentation is faithful we omit the symbol i in the following.} 

Ou it we introduce unitary chargf:' carrying operators r~, e E R, setting 

(f.'P), ~ <!>,_,. 

One easily verifies that 

re,rel = fe,+c, 

r;wr. ~ 1,[1V) fo, wEt-. 

(3.8) 

(3.9) 

(3.10) 

w(' also introduce a continuous unitary represent a.tion t r--7 ul ( t} of the time trans­

lations by setting 
(U,(t)<l>), ~ U0 (t)cf> 9 

(3.11) 

where Uo are the minimal t.ime translations in 'H.o. The operators U1 (t) \ommute 

with t.he dtarge shift.s, 
u,(t)r,c-,(11_, ~ r,. (3.12) 
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and act on the '\"cyl algebra acwrdiJJg u, 

L'J(t)ll'L'J(tJ 1 = o,(W). (3.13) 

'"e also note thllt. r:df).;:: {~".Hence['} is the minimal rt'']>l"CSf'Ufatiou of the trans­

lations introduced in Section 2. ,~·{· will later proceed from ~· 1 to a represention [' 
of the translations whiC"h compli('s with the conditiou of covariance of the charged 

fields. 

Let us now turn t.o tlte constrnrtiou of iharged fields. i.e. charge carrying opt>r­
ators with specific localization propntic, rclatin· to the currents. 

"··e ddl.m· an arbitrary charge distribution 11>- a 1-fonu p(::)d::/2r.i on S 1 with 

::p(::) ,~ S. Given any such p we can construct a localized automorphism 1p of iJ 
setting 

/p(l'V(u)) = t'P!"JW(u). (3.14al 

where 

f d' 
p[u) = ~:p(z)u(::) E R 

-~' 
t'orti(S. (3.14b) 

Localized here refers to the property that. 1 p( H'( 11)) = H"( u) if p and u have disjoint 

supports. since p[u] vanishes in that case. Note that 

/p,1p, = /p,-,-pz· (3.14c I 

Our aim would be to construct. for any p a unitary field operator ~"r> satisfying 

1;,;n·4,p ~- -,f'(lF) n· r t'. (3.15a) 

Such operators will create from the ''acuum n stat.e:-. with total charge 

g _-- ~fl(;:;) = p:f. J d-

2rrl 
(3.15b) 

and arf' relatively !oC"a! to the current in thf' st>nse of the previou;. remark. 

It fullows frolll (3.14.c) that. tlw operator>. c 1, mu,;t sntisfy au equation of thC' 

form 
~~·p,'l,"h Z(p1 .p!)t·,,,-,,,. (3.161 

\Yhere Z belong:; to thC' <"f'nter of [min the fnithful n·pn•seutcdion unrl<·r eousiderat.inn. 

( Xotf' that t }H' cnmmn t ant [·• of U is equ<ll to t lw crnkr of i '1 siucC' the rC'j>rf'Sf'll.t <l tion 

of r· is 1l direct Slllll of disjoiut irreduri]JJc rl'JHC,;('utatiou~.) 

Tlw associatiYity oftlw multiplicationbt\Y for the r··,; implies that the 2-f<lriOrs 

111 (3.1G) olw~· the cocycle relatiou 

Z(t'1,P"2)Z(pJ -p2.Jl.1l::. i-g,IZ!t'·c·J'.:).!Zipl·l'"2- {'::). \3.17) 

The triYi;d o.olutions of thi.~ equation. tl1c ruluuu11lu1"1r-,, nr•· 

B(Pl·{'~l Xir, 1 l-. 1 ,1.Y(t'!i'-Yr.l'l I' 2 I 
1 

13,] s) 

"·lwre .Y1.1 ;,H. itrllittili"\ nllitnrit·~ in tlw (THier ,,f l-". 
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If the operatoro- l"p,.<·,,:. rorrt•spnud to df'nsiti('s p 1. p;; with the s<mH' total 

charge. tht>n t· 1,, ~-~, is au obst>rvable I uwre precise!~·. ~'p, c;,, (").In de(' d. it follows 

from Eqs. (3.14) that 

4'p,L';~Tf"(u)v,...,v;, = {i<p,[u]-p,[u!Jn·(-u). (3.19) 

Tlw vanishinp: of the total charge of fl"2 P1 implies that it is the derivative (up toR 

factor i) of some test function t' ( S: 

pz(.:) -- pJ(;:;) = it· 1
(:). (3.20) 

It then follows from (2.6) and (2.4) t.hat ·r,.'p,1j·;, induces the same automorphism of 

[·as H"(t•). hence VV(1·)*'l,:'p,~:,; 2 is au element. of the center of(!". 

V\"e shall now show that there exists a privileged choice of fields ·1!·,, so that. 

Z(p 1 ,p2 ) is a complex number. 

It is evident from the previous remark that. such fields can be obtained by multi­

plying t.he const.anf charge shift operators r9 ,g = p[1) with a suitable dement ll'(,O) 

of ['. \'Ve set 

where j) must satisfy 

Hence 

l'p = H'(ii)rg. 

d 
d~p(o) ;]plol-g] 

/i(c) ~;I>-,'" +l(pl 

" "'' 
where /(p) is some constant. Tht> coefficients j; .. " arc giwn by 

-.. n-·1 ( -I~\ p "' p - "-- (iiu ::- p~1] =g). 

(3.21al 

(3.21bl 

(3.21c I 

(3.22) 

The fumtioual l(p) has to be litwar. as we shall see shortly. Tlw field (3.21a) indeed 
induct's the desired automorphism (3.14a). siuce 

l.•;,11"(u)t-'p =· rA<P.uJ->gi<oTr(u)"' l;":":n·(ul. 

Here we have mnl (2.6). (3.5). (3.1() ). and the identity 

A.(ju1) -, i_qiiu = f(p(:) 
q do . _ 
:... ) /1 (: l -t 1(}/I{J 
: 2;:- . 

I{> II 

On the other haud. 

where 

t·,.,t·,,, -..: Tl"(,ii1 h-- 9 ,(Tl"fP~Jif,~< ·:J:· Zl,•l·fl:lt·r, ,., 

Zr1'1. !'! l Tl"(/, 1 )~1 _q,1Tl-r 1>:i)ll.lf't 1•:1 1 

.:t·r•, 1 dt1•zl -/11·• ' 1': 1 (l t"XJl( 
' 

')'"> 

J 
., At,,,.,.,.._' i_(}Jl\l'cl). 

(3.23a I 

I 3.:?31 ll 



Ht·ncr· .1:'\('l·/J~·) is o r<>JJ:'-Ialll p!Jo.,f· fori<.•l' if /, 1,1 j.-. lil,Chl ill('- wbirl1 we will a~~llllH' 

ireJl(TfortlJ. 

J\<:'xl we study the ambignitie~ in tlw definition of t'p· If{~·;,} is anY other 

eollf'ciion of unit.aril.'s inducinJl; tlw cmtomorphism (3.10) of l' it follow;_ from the 

prcYious ITllllHks that 
~-;. ~ X(,,Jvl, I 3.24) 

wlwrr .Y(p) m'~> nnit.aric;_ inllH' center of('~'. Thr->-P OJH'rHtors >:flti,fy <Ill equati011 of 

typt' (3.12) "·itl1 Z( 1)1. 1,1 ) rC'plH\ed lw 

Z'(tlJ,('~) ~-- .\"(f'J )')-g, (.\'(rz)).\(pJ P2)-
1 Z(pJ.f':i) (3.2G) 

wh('H' _(/] ::-:: Pl~l_i is t!J(' total dnng(' of Pl· H('H' \yt' hn.ve u~ed the fact. t.hat. r;/ ~~,,, ( 
('

1 (d. (3.21al). He1_1ce the wrydes Z and 2 1 difft'r by a coboundary in D'1
, cmd 

thu.s belong 1o tlw some eohomology dass. 

Tlw C'ondition tlwt the OJ)('rator Z(p 1 ,p2 ) in the composition law (3.12) is u c­

number is dearl:-' necessary if the Vft-cttum 0 is t.o be separa.t.ing for t.he field algebras 
genera.t('d by the opnators '~/'p (<'f. S('ction 3A). But, a.s is dear from the prect>ding 

discussiou, it does not yC't. fix t.hes(' fields uniquely. If { <!·~} is a.nother family of 

field opera.iors complying with t.his condition it follows from Eq. (3.25) i.hat. t.he 

corresponding tmit.ary operat-ors must satisfy 

X(p,)o_ 9 ,(X(p2 )1 cc ((p,,p 2 )X(p, c p2 ) (3.26) 

where~(.,.) is some ]Jhase fad or. The following lemma gives the (continuous) solution 

of this equation. 

LEMMA 3.2. Ally solution X(p) of Eq. (3.26) wit.h V[j}ue.s in t.lH' UJJil.ary operat.ors of 

t.he <'eJlt.er of fju, ·wl1irll is ront.iJwous wit.]J respect top in t.l1e S<'1lSC of dist.ributimJs 

hfls tl1e form 
X(p) = 1J(p)<_i>.<rl(,IY(g), g ~ p(l] (3.2i) 

wlwre 11(p) is an flrbitrnr~r phase fRctor, >.(p) is 11 real Jin(•flr contimwu.s f11ndiowtl of 

p, and l'(g),g E Rare unita1·y elements oft.he cenl.er of("' satisrying 

Y(g,)'y 9 ,(Y(gz)) -.l'(g, -t g2 ). 

11-lorem·er tlH' pb<1se fad or U ., . ) a.ppe<lriJJg in ( 3.26) is u-laled to the funrt.iolll:J >.(.) 

and plwse fac-t.or 11(.) by 

11(Pd1l(P2h(Pl-+ P2)-J(.-ig 1 .\
1pll "--' ((f)].pz). (3.28) 

The proof of this lemma is given in Appendix B. \'rhat. thi::; st.a.t.ement tells us 

is t.ha.t. our Ansa.t.z (3.21) for t.he fields is :mffi,iently general. Apart from the t.rivial 
modifications arising by multiplying t.he fields '4\• with au arbitrary phase fad.or 17, or 
wii.h cert.a.in <'ent.raJ elements Y which depend only on thC' total charge C'arried by 1./'p 
C'Klein t.ransforma.tions,'), the only fre{'domldt. is the ('hoice oft he fund.ional/(.) in 

our definit-ion (3.19) of t.hC' fields. Again it is not diffindt. t.o sC'e that/(.) cannot. be 
arbitrary if the vacuum n is t.o be separalinf!: for 1lw field algebras. The appropriate 
form of 1(.) will be established in the subseC]ll('Jlt section. 
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3C'. THE (';\'\0\"lf AL riLLD Bl:\"Dl.l:. Col\1!\!l--L\110\' HELA110\"S :\1\JJ COYAHIA!\t"L 

l'HOl'l~HTlf.S 

The rqH<>scnt.<dion (3.19) oft'·" allows io rompute the group th('orf'tir 'omnm­
tator of two surh fi('lds. According to (3.21). it is a comple-x phase fM·tm 

t''p,t'p,~:,;,,ll';, ~-- Z(,-'J·f11)Z(pz.pl( (3.201 

:::: t'xp(--A(i'l·fz) -- ii(91P~ .9ZPJ)). (3.30) 

Om nC'xt objt-dive i» t.n find o fnndional/ for \\·hid1 the phfl,q' fort.or in (3.30) 

simplifies wheneYer p 1 and p 2 haw support iu disjoint int.ernds 11 and 12 . Gi\'<'ll lwu 
sud1 int-C'n·als \\'<:'shoJI fir>,t cumpnte th(' \'aritllion of A(ri 1 , (t 2 ) when one of ihe dunge 

cle:nsities, say p 2 • C'banges within t.h(' re[.don ]z while the total chargf' g2 is kept fiHcl. 

To this end WC' dwo~w a point 

(=r'0'E:.S 1
• --tr~8(<1r 

in the complement of 11 and 12 , and df'fine ln<:: as the branch of the logarithm with 

a nJt. along (R 1 
ln<z = ln!::l -<- iO, o, :=::; 8 < 2tr + 0( ( 3.31) 

for-::= i::ic'0
• 

Let b..p2 bC' t.he C'.hange of p 2 • Sinee t.he support of b.p2 lies in the contractible 

region h and f l>pz(z)dz ~ 1. l>pz(z)dz ~ 0 (3.32) 

there exists a primitive K;; with support. in 12 such t.ha.t 

d-
dz l>p2 (z) cc il>pz(z). 

Sime p1 (::)Ef;;(::) "'- 0, Eq. (3.21b) implies that. for ( rf_ h 

_ - J ( g,)- dz A(p,,l>p2 ) ~ p,(z)-- l>p,(z) 2,; 

g, J- f dz = ----- D..p2(::)dln(:: "'.:: -g1 J ln,zb.p2(::)-~. 
2w 2wz 

(3.33) 

This tells us that the functional 

f dz. J T = -A(,OI,Pz)- -----.lglpz(z) ·- g2pJ(z) In(:: 
2w1 

(3.34) 

does not. depend on t.he precise choice of p 2 , provided that it. is localized in12 • Due t.o 
it.s skew symmetry in p1 ,p2 , Tis also ronstant und('r charge preserving deformations 
of p1 within 11 • It is then obvious that 7 is Also constant under continuous cbang·{·s 

of 11 ,12 and(. Thus T depends only on t.he rf'lat.iw lMat.ion of 1J,h, and(, i.e. it. is 
a topological invariant. This result. could have been established by general argume1ds 

as in [9]. But. in ront.rast to the situation in higher dimensions, wherC' 7 would bC" 0 
or i1r (BosE--Fermi a.ltemativc). this topological invari11nt has a much richer sped.rum 

in the present. c<lse. 
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LEMMA 3.3. Let. p1 aJld pz l1an· support. in disjoint inkrvals 11 and h 011 S1 . Tlwn 

the value of tl1e topological invariant 7 is 

7 = ±-i1r9J92 (3.35) 

where the sign is + if one passes from 11 t.o 12 t.hrougl1 ( i11 tlJe positive direction, 

and it is - otherwise. 

PRooF: 7 being a topological invariant- unaffected by mntinuous changes of the 

point(, the df'nsities PI and P2, and the intervals II and 12 (without changing their 

relative positions), one c.an reduce its computation t.o the special case of densities 

PI, p2 which are characteristic functions. We omit. the trivial calculations. The result. 

is as given in the lemma. q.e.d. 

The above analysis motivates the introduction of a 1-paramet.er family of unitary 

field operators. 

DEFINITION. Let. ( he an arbitrary complex number of absolute value 1. Then 

V'; ~ "'(p)W(p<)f9 , 9 ~ p[l] (3.36) 

where 

"<(P) ~ exp( -g '-p(z)ln,z) i f dz 
2 27r 

(3.37) 

is a phase factor.(which will turn out to be convenieJlf), a11d 

z" f dz P<(z) ~ iL,>-n- ~ -p(z)ln(z E S. 
n 2n 

n#O 

(3.38) 

In other words, we have chosen the functionall(p) in (3.21<-.) to be 

l<(p) ~ ~ __:p(z)ln, z. f d-

2r. 
(3.39) 

We note that Eq. (3.39) defines a real functional sinct> both z- 1 d;;; and ln,;;:: are pure 

imaginary on the unit. circle while zp(.::) is real. 

PROPOSITION 3.4. Tbe unitary fidd operators ~·~ defillcd by Eqs.(3.36) to (3.38) 

induce tlu· localized automorpl1isms ( 3.14a ). ami they have t.he properties 

j) There lwlds tl1e fusio11 rule 

~ 1,( ~,( = cT /2 . ~,,< 
'I Pl P: P1+p: 

(3.40) 

wl1ere Tis· an imagimny number (cf. relat.io11 (3.34)). 

ii) If tl1e charge densities p 1 aJl(l p 2 l1avc supports in disjoiJit ii1fervals J1 ,h 

S' \{(}then 

~-·;,1 (~, 

\\'llt>JT tlw sign is __: (­
(llCJ!,flfin•) direction. 

( :± i.QI 9:" t''~:- t'•~l (ga = fla[1], l! ~= 1,2) (3.41) 

if tlw path from I 1 to 12 through ( goes in tlw posifiw 

2& 

iii) For>. E R the unitaries -lj•iP satisfy 

·'·' ,,,, ~ v·' 
'fA,p't A1p- (A,+A~)p' (3.42) 

In particular (¥•&)* = 1/-•:P. 

This statement. follows from the definition of 1/·~, Eq. (3.36), and from the prop­

erties derived above, in particular from Lemma 3.3. The property (3.42) follows from 

the choire (3.37) of the phase factor as is verified by a direct. computation. 

We will now proceed to a study of the (-dependence of the 1/-•'s. To this end we 

calculate the "transition operators'' 'ljl~~(tj;~' )*. A straightforward compution gives 

the- following result. 

LEMMA 3.5. Let p have support in ail interval I C S1 \ {(t,(2 }, tl1en 

,p;2 ( tP;• )* = e -ui1r9 ~ f:21riyQ (3.43) 

where u takes the values 0, ±1 depending on the relative positions of the points ( 1 , ( 2 

and the interval] : u = 0 if the path from (I to (2 crossing I meet; -1, and u = ± 1 

if this path does not meet -1 and is positively respectively negatively orie11ted. 

Lemma 3.5 suggests that for fixed(, V•& (suppp C S 1 \{(})should be regarded 

as local sections of a "field bundle" over S 1 . The following statement. shows that the 

above choice of sectivm is essentially unique. 

LEMMA 3.6. Let ¢~, ( E S 1 ,supp p C S 1 \ {(}. be fields with the properties listed 

in Propositio11 3A :uul a.ssume that 4>&' = ¢~2 if tlJC support of p belongs to tlw 

component ofS1 
\ {(1,(2} containing the point z = -1. Then there exists a unil.ary 

operator V in the center of r/" ru1d a pl1ase factor 1J(p) satisfying the equation 

"(AJP)"(Azp) ~ "((A1 + Az)p) (3.45) 

for real >. sud1 tbat 
' ( QP = 1J(p)V'Ij•P y-1. (3.46) 

\Ve omit. the straightforward proof of this lemma which is essentially based on 

the information contained in Lemma 3.2. 

\Ve proceed to studying the covariance properties of the unitary charged field 

operators under time h·anslations. It follows from (3.12), (3.13) and (2.6) that 

( _, •J<(p) ( . f do[ ) , )] ) ,( 
U1(t)V• UJ(t) = --- exp -1Q , - p(::. - p (z ln,;;::. "1,0', 

P 1Jdp1 ) 21r P 

where f t---t p1 is the standard time translation law for <1 charge density 

n.nd 

"'-II'L 
1Jc( (II) 

pi(.::)= c-itp(c-•t:) 

( 
i f do. , . ) 

=exp 2_9('2;ip(.::)·-p(::.))n,;;::. . 

2G 

(3.47) 

(3.48) 

(3.49) 



For sufficiently small t for whic-h suppp1 
,- S 1 {(} wf' haw 

f do. , , 
?·!p(.::)- p (.:) 1/nc.:: = gf 
_n 

(3.50) 

so that 
L"J{t)1L·'UJ(t)-l = clg'tt _,gtQ~··' 

p p'" (3.51 I 

'Ve must. get rid of the charge operator appearing on the right hand side if the vacuum 

is to be separatiug for t.he local field algebras. A mvariant time evolution law for 

the charged fields complying with this requirement. can be obtained by redefining the 

time evolution operator according to 

U(l) ~ U1 (t)elQ'<. (3.52) 

Since 
(.1Q2trge-1Q2t = e-~g,t+;gqtrg 

we then have 
U(l)v·~U(t)- 1 ~ ,p;,. (3.53) 

'Ve can summarize our analysis by the following 

PROPOSITION 3.7. The map f f-+ U(t), where U(t) is deiined b,v (3.52) rutd (3.11). 

gives rise to a continuous m1itary representation of the time trru1slations on 1t such 

that 
U(t),P~U(W 1 ~ ,p;, 

if 'uppp, c 5 1
\ {0 for lrl:; t. (3.54) 

The selfadjoint operator H on if.. deiined from U(t) = eiHt has the spectrum 

1 2 
29 + z+ on H 9 , gER. 

1\tioreover, S1 is the unique ground state of H, and e•Ht E fJ". 

So we have established within our sett.ing the well known fact. that the "natural" 

energy of a lowest weight state of charge 9 is !92 • 

We also record the most general time evolution operator which allows for a c­

number phase factor in the covariance law (3.54) (which would be compatible with 

the requirement that fl is separating) for t.he fields. Setting 

we have 

U,(t) ~ U(t)e'"Q' 

Up(t)"lj,~Up(f.)-1 = e'pgt¢ .. ',. 
p 

(3.55) 

(3.56) 

11· corresponds to a "chemical potential" in the terminology of statistical mechanics. 

We note that there arises a further restriction on the ambiguities in the definition 

of the charged fields coming fr:om time translat.ion rovariance. If the fields r/J~ of 
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Lemma 3.6 are to satisfy the same covarianC'e law ! 3.54) as t··~ then the phase factor 

J](p) iu (3.46) must be translation invariant 

1)(/l = 1f(p). (3.57) 

The properties of 17 imply that the produd of fields 

~,,( lf',( l 1'( with ( -1- - 0 
c 1p'l e;p'2 • · ~np'n · 1 · <2 -t- · ·-+- Cn - (3.58) 

is independent of the choice of phase factors 7]. We shall profit from this fad in 

the next section where the Wightman functions of pointlike charged fields will be 

det.ermin('d from the algebrair properties of tf_,~· Because of relation (3.58) these 

function do not depend on arbitrary phase factors. 

Let us summarize the results of this section. Starting from the notion of locally 

generated representations we were led to consider the unive;sal representation of(; on 

the Hilbert space if. of all charged states. This space is big enough to implement. all 

local rharge shift. automorphisms 1p by unitary charged field operators '1/Jp· To put it 
another way: we have embedded the current algebra into a field algebra such that its 

outer automorphisms lp extend to the field algebra and become inner aut.omorphisms 

there. 

The ambiguities involved in the definition of the field operators 1f;p can be re­

moved by algebraic constraints following in particular from the requirement that. the 

vacuum 0 should be separating for the algebras :F(I), I c S 1
. That is, elements of 

the local field algebras :F(I) cannot annihilate the vacuum. We have seen that one 

can find such coherent families of fields '1/J& only for intervals I C S 1 
\ {(} of the 

punctured circle (since the transition functions in Lemma 3.5 are center-valued oper­

ators). This means that all charged field operators live on an infinite covering of S 1 . 

The situation changes, however, if one restricts fields corresponding to certain spe­

cific values of the charge to suitable subspaces of if.., as we will see in the subsequent 

section. 

We havt> also determined the form of the Hamiltonian from the requirement of 

covariance of the fields. The ·Hamiltonian was found to be unique up to a shift by 

multiples of the charge operator (inducing a global gauge transformation). 

We conclude this section by recalling Proposition 3.1, an'ording t.o which the 

algd~ras .F(J) of charged fields in a locally generated representation of (; are only 

unique up to a Klein transformation. In the present. universal representation it is 

not possible to perform such transformations which would change the commutation 

relations of t.he fields (cf. Lemma 3.6). This possibility arises, however, in certain 

subrepresent.ations of fj as will be discussed in the subsequent section. 

IV. EXTENDED ALGEBRAS OF LOCAL OBSERVABLES 

4A. LOCAL EXTENSIONS OF THE CURRENT ALGEBRA 

Having complete control on the universal locally generated representation of 

(; and the- corresponding algebras of charged fields we can now turn to the question 

of how the current. algebra can be embedded into various field theoretic settings .. 

Vt/(' will adopt. the point of view that. the ('Urrent algebra is only a subalgebra of 
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some larger (as yet unknown) algebra of observables. In particular we give up the 

(implicit) assumption that the charge Q is super selected. That the algebra fj must be 

regarded as an insufficient algebra of observables is quite obvious: Q is not quantized 

and accordingly the physical state space is non-separable. So what. we are looking 

for are extensions A of (; which may be regarded as more acceptable algebras of 

observables. 1 

In order to cast this idea into a well-posed problem we must fix the rules of the 

game. The extensions A of(; we are interested in should still live on the circle 5 1 in 
the sense that for each interval I C 5 1 there exi~ts a subalgebra A(I) C A containing 

U(I). The algebras A( I) should satisfy the obvious C-Ondition ofisotony 

A( I,)<;; A( I,) if It ~ lz 14.1) 

and they should be local in the sense that 

A(I1 ) <;; A(I,)' if !1 n I2 = 0. (4.2) 

(' denotes the commut.ant. as usual). It. should also be possible to extend the time 

evolution automorphism at of(; to the algebra A in such a way that it ads covariantly 

on A, i.e. 
a,(A(I)) ~A( cui), t E R (4.3) 

in an obvious notation. Furthermore there should exist a vacuum representation 

of .A in which the automorphisms at can be implemented by a continuous unitary 

representation t t-t e'Hf with a unique invariant ground state fl which is cycliC. and 

separating'l. for the algebras A( I). Finally we assume that eiHt is contained in the 

weak closure of(; in the vacuum representation, i.e. in passing from (; to A we do 
not want to change the dynamic.s. This assumption that. the Hamiltonian is "some 

function of the current" may be regarded as a weaker substitute for the Sugawara 

formula. 

We will call an algebra A with these specific properties a local extension of rf 
Given such a local extension one can always produce other ones simply by passing 

to suitable subalgebni.s of A. So an obYious question is: What. are the maxima/local 

extensions of (; ? 

It is clear that t.he vacuum 1·epresentation of any local extension A of (; gives 

rise to a locally generated representation of (; in the sense of the definit.ion given 

in Section 3A. Hence a('('ording to Proposit.ion 3.1 any such A can be realized as a 

subalgebra of the algebra of all (possibly Klein-transformed) charged fields 'ljJ~ on a 

suitable subspace of the universal space it. 
Vl/e must therefore determine those fields ~·~ ( ( fixed _for the moment.) ,._,hid1 are 

suited to generate local extensions of (T. As was discussed in Section 3B, all fields 

1 More precisely: we are looking for extensions of quotients of(; with respect to ideals Z generated 

by suitable subalgebras of the eeuter of(!. In the subsequ<"ut diseussion (i is to be understood as 

some sueh quotient 

1If n is cydie it is of eoursf' separating for tl1e vacuum rcpr<.'scutation of th<" alg<"bras A(I) because 

of lo<::ality. So what we exclude by this assumptiou i.o; the possibility that the local al!!;('bras contain 

a two-sided ideal which is aunihilat('d br D. PhrasNl difl'~r~C"ntly. w<.> requir(' that til<' vacuum repre­

s<.>ntation is locally faithful. it may thus h<.> regard(•(! a" tht' definiu!': rcprt'sentation of th<.> algebra 

of ohs<.'nab!(''-· 
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are relatively local to the ('urrent, so we will first. examine which of these fields are 

relatively local with respect to themselves. (Recall that a Klein transformation does 

not change the commutation relations of fields carrying the same charge.) 

Let g E R be fixed and let p 1 , P2 be any two c.harge densities with support in 

disjoint intervals It ,12 of 5 1 \ { (} and pJ[1 J = p2 [1] = g. According to Proposition 

3.4 we have the commutation relations 

tP' '1,( = c±ig21r1/,( V-·' 
PI P7 P2 PI 

1/•'*¢' = e~ig'frv·' tP'* 
PI P2 Pl PI 

( 4.4) 

where the sign in the exponent depends on t-he relative location of I 1 , 12 , and(. 

Hence the fields of a given charge are local (on the punctured circle) if and only if 

9 2 = 2N, NEN. 

Since we are interested in maximal local extensions of (; we next ask ourselves 

whether the. fields of charge g with 92 = 2N can be complemented by fields of c.harge 

l with g'2 = 2N', N' E N such that the resulting algebra still cc;mtains only local 

fields. By taking products there will appear in this algebra fields carrying the charge 

g + g', and if these fields are also to be local with respect to themselves we must 

have that 99 1 EN. From this it follows that NN' = (N")2 for some N" EN) and 

assuming without loss of generality that N' < N we conclude that N contains as a 

factor the square of some natural number M. (Since N > N', the number N must 

contain in its dewmposition into primes some factor which is not contained inN'.) 

Under these circumstances the fields ?.Pi:t-tp with p[l] = 9 are indeed local, and since 

there holds the "fusion rule" 
(.;,( )M ~ .;,( 
~·M-tp 'fp (4.5) 

( cf. Proposition 3.4) they generate the fields of charge g. The existence of such extra 

local fields implies that our algebra of observables was not maximal yet.. Thus the 

fields generating maximal local extensions of(; carry charges 9 for which N = ~l 
contains in its decomposition into primes each prime factor at most once, 

N = 1,2,3,5,6,7,10, ... (4.6) 

Up t.o now we have only considered the fields generating local extensions of iJ on 

the pun('tured circle. \Ve will now remove this defed by proceeding t-o a quotient of 

(; wit.h respect. t.o the ideal generated by a certain specific subalgebra of the center 

of f)_ To this end let us have a look at the t-ransition operators 

oi·''u'•''* = c-uir.g
2 

,uz7figQ 
~ p ' {' (4.7) 

considered in Lemma 3.5. If 9 2 = '2N, N a natural number, the phase factor on 

the right. hand side disappears. Morf'owr, if we take the quotient of t.he *-algebra 

generated by all fields v··~, ( E 5 1 and p[l] = 9: with respect to the t.wo sided 

ideal generated by [chigQ ~ 1], the right hand side of (4.7) simply bf'comes the unit 

operator in that quotient.. (Equivalently we ma,v restrict the field operators and the 

('Ul'H'nt algebra to the subspace of if where the right hand side of (4.7) is equal to 

1. d. the subsequent subsection.) This quotient algeba dearly lives on the circle S 1 

and not on it.s covering. 
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'Ve have thus read1ed our goal: gin·n an~- 11atural numht'r S we considC'r tl1C' 

''-algelna on if generated by all fields of charge g = (2Jf)t and proce('d to tlw 

quotient algebra with respect to the ideal 2:,: generated by [-1 1 exp(27ri(2.'V)~Q)1-
We then define for eac-h int.enal I c 5 1 

A.r·di) = *-algebra {ll·fl: suppp C_ I, (1~1] = (2.V)~ }, (4.8a) 

where 1/', denotes the dass of 1/'~ with ( ~ I. Tlw algebra A_,..,. is defined as the smallest. 

algebra containing all local algebras AJ\·(1). It is spanned by its unitary elements 1/·'. 

These are of the form 

11', = 17W(11)r9 • g E \_r2-_Yz (4.8b) 

where 11 is a mmplex phase factor, lV( 11) is a \i\leyl operator, and r 9 are the charge 

shift operators, cp. Eqs. (3.19)f, (3.21a). 

The time evolution on AN ads on the generating elements 1.bp by 

a,(,Pp) ~ V'p'. (4.9) 

Since we have taken in the above c.onstrudion a quotient. with respeet. t.o iN, 
the algebra Aw is an extension of UN= U /ZN- It is obviously also a local extension 

of {; N as may be seen from the discussion in the preceding sedion. In partic-ular 

the algebras Aw have a vacuum representation with the desired properties which is 

induced by the vector 0 E it. 

It remains to discuss the question in which sense the algebras AN are maximal 

loc.al extensions of UN if N c.ont.ains each prime as a factor at most once. So given such 

N, let. BN be another local extension of UN such that BN(I) ~ Aw(I), I C S 1 . It is 

then dear that in the vacuum representation of B N there will exist states with charge 

g = (2N)~. Moreover, by the above discussion there cannot exist. states carrying 

charges g' tf_ gZ because one cannot ac,eomodate fields carrying such incommensurable 

charges in a system of local algebras. Thus the algebras AN and B N generate from 

the vac.uum the same representation of iJ . It then follows from the third part of 

Proposition 3.1 that. the weak closures of the algebras AN(!) and Bw(I),I C S 1 , 

in the vacuum represent.~tion are related by a Klein transformation; tlms they must 

be equal since Bw(I) ~ AN(!). Hence AN and Bw generate the same system of 

local algebras in the (loc,ally faithful) vac.uum representation, and in this sense AN 

is maximal. 

PROPOSITION 4.1. The local extensJ'ons of the current algebra can be distinguished 

by the smallest nonzero eigenvalue of ~Q2 in their respective vacuum representation. 

Any such eigenvalue is a natural number N, and the corresponding exi.ension is 

generated by the dynamical system (Aw,at). AN is tl1e *-algebra spam1ed by tl1e 

fields '1/Jp of charge 9 E ../2NZ of Proposition 3.4 a.s described in Eqs. (4.8), and tlle 

6me evolution automorphism is given by Eq. (4.9), viz. o. 1 (~'p) = 1/Jp•. 

If N contains each primefactor at most otJce then this extension is maximal. 

We conclude t.his subsedion with two remarks. Firstly we note that we could 

proc,eed further with the above construction and consider fermionic (half-integer spin) 

extensions of the current. algebra c.orresponding to charges g for which g 2 is an odd 

integer, etc .. But these algebras will appear anyway in our discussion of the superse­

lection structure of the algebras AN in t.he subsequent. section. 
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Sf'condly we would like to point out that thf'n' exists an abundance of local 

exknsions of thP current algebra if one relaxes the assumption that the Hamiltonian 

His a function of the currents (in the sense made prec-ise at. the beginning of this 

sed ion). It is then no longer reasonable to look for the most general extension. 

To give a triYial example: the tensor product. of U with the algebra generated by 

the fields in an nrbitrary lo('al quantum field theory on the cirde would then appear 

as a local extension of(}. Less trivial examples are obtained by embedding U into 

certain hac-Moody algebras for groups of rank 1. On the other hand, for the 

Kac-Moody algebra corresponding to the simply laced Lie group SU(2) there holds a 

Sugawara formula fort he energy density which involves only the U( 1 )-c.urrent .. Hence 

the latter example provides a proper local extension of the current algebra. We will 

return to t.his example in Section 5. 

4B. SUPER SELECTION STRUCTURE OF LOCAL EXTENSIONS 

We were led to the dynamical systems (AJ\',or) by searching for extensions of 

the current algebra which can be regarded as algebras of local observables in some 

quantum field theory. In accord with this view we discuss now the superselection 

structure of (AN,o-1 ), i.e. we analyze all its locally generated representations (in 

analogy to the corresponding problem for iT) and the fields which make transitions 

between these representation spaces ( = superselection sedors for AN). 

We begin by noting that the algebra Aw still has a c.enter. It is generated by 

the Z2w-charge 
V ~ exp(2~iQ(2N)-l). (4.10) 

(Recall that V 2
N = exp(27riQ(2N)~) = 1 in AN-) As we will see shortly, there exist 

locally generated representations of AN which can be distinguished by this (multi­

plicative) charge. In fact, the eigenvalues of V distinguish all superselection sectors 

of the theory. Thus, since V commutes with all observables, it generates a gauge 

group Z2N of the theory and different superselect.ion sectors transform according to 

different representations of this gauge group. 

Since UN CAN and since in the (locally faithful) vacum:n representation of AN 

the dynamics O:t c.an be implemented by time translations in the weak closure of 

fJ N any locally generated representation of AN gives also rise to a loc.ally generated 

representation of iJ in which the *-algebra :iN generated by [-1 + exp(21l'i(2N)1Q)] 

is represented by 0. Thus we can rely once again on Proposition 3.1 t.elling us that 

each locally generat.ed representation of AN can be realized on some subspace of 

our universal representation of U. Since the operator exp(27ri(2N)tQ) must be 

represented by 1 t.he maximal representation space for AN is t.hus the subspaee of 

it on which Q has the spectrum (2N)-~Z. Bearing in mind that the algebra AN 

contains operators which change the charge of a state by ±(2N) ~ we conclude that 

there exist exactly 2N superselect.ion sectors for AN (including the vacuum sector) 

which can be distinguished by the eigenvalues 

ei,..nfN , 

of the operator V defined in (4.10). 

n = o, 1, ... , 2N- 1 (4.11) 

It. remains to show that these sectors are locally generated, i.e. we have to exhibit 

field operators carrying the "elementary~' charge (2N)- ~ which are relatively local 
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to the fields generating the algebras As. lt is clear from the commutation relations 
(3.41) that. t.lw fields v';,, with p]1] = (21f)' ~ in our canonical field bundle do not 
l1avc this property. But if we perform a Klein transformation and de£ne 

d( _ ,,-Q(2N)- ~ t,( 
){I- ( 'I{ f'' p[l] ~ (211") l (4.12) 

it is easily seen that the~e IH'W fields are rf"latiwly local to the fields generating A.'\'· 
This proves that the ahoY<' representations are locally generated. \iVe remark that 
conjugation wit.h these fields yields outer automorphisms of the algebras AN, and 
t.ht> fields could be re<'oYer('d from these outomorphisms in tllt' manner described in 
Sed.ion lB. 

The c.ommut.at.ion rdalions of £elds </1~ of the same charge p)] are unaffeded 
by the Klein transformation and are tl1erefore t.he same as those of the original fields 
'lj•;. Thus if p!(1] = p2 [1] = (2N) .. ~ a11d f't,P 2 have disjoint support on S 1 \{(}we 
have 

q/ q/ ""'- C±;n/2N q)< q/ 
{'I f'2 P2 {II 

if/*q/ =c~n/2Nif/ q/* 
f't P~ P2 f'l 

(4.13) 

where the sign in the exponent depends on the relative location of t.he. supports of 
Pt ,pz a.nd of(. 

It. is also uot.eworthy that, using the time translations U(t) defined in (3.52), 
(3.11), one can ext.eud the fields ¢~ to the 4N-fold co,•ering of S 1 by set.t.ing for 
arbitrary 1. E R 

<l>e(il ~ o,(<l>e) = U(t),P~U(t)- 1 • (4.14) 

According t.o Lemma 3.5 this definition of d1p does not. depend on (. Moreover it 
follows from that lemma that. 

( ~ ) -i>/11-fj. A 
Ozn 'l~p = c '+'r•• (4.15) 

where Vis the Z2 N-charge defined in (4.10). From t.his relation we see in particular 
t.hat the unh·alence automorphism 0211 is generated hy 

2,-;H inQ' c ""'(_ . (4.16) 

Of course this operator can also be expressed as a lit1ear combination of the operators 
vt·.h· ~-1, ... 2.\· which gc·neratc t.hc centcr of A 1,,. 

\Ve conclude this section with the rema-rk that thC' aJgPlnos A.v corrPspondillg t.o 
eYeB ]1,' admit. an alkrn<Jtive int.crpretatim1 as evC'n part of a fC'rmionic (half.intC'ger 
spin) £eld alg_ebro :Tx. Indeed, if N/'2 is odd 'H' can define :F./\· <Js the *-olgcbra 

gencnted by tlw canonical fields'!}'~, p:lJ :. (X/7)~ o~ Scdion 3 wl1ich live on a 
two-fold co\"ering of 5 1 . The lowest weight si atcs (~round st atcs) of .A.r-.· concspouding 
to the values of (;.,,,f.'\', n = 0.1, .. X- ] of the nmliiplindiw· clunge theu indue(' 
incquiYalen1. rcprcsPni.aliom; nf the £dd nlfsbr<J .T"·. Jn rcprf'scnt <~lions conespolJ(ling 
to PY('ll 11 th(' uniYal<·nce cm1-omorphism n~r: mop!> l'1, iJJto · Vr, (''X('V('U Schwurz 
s<>dors .. ) whcJ·cos in rrprC'.<:Pnta1ions corresponding to odd n this outomorplJism ads 
iJi\·ially (''Ronwud sect on;"). It distiur,nislw.~ lJC'IWN'lJ ~:pill stmdure:-; !31]. 
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\'. Ql. ANTDI FIELDS AFFILIATED WITH THE EXTENDED ALGEBRAS 

5A. CONSTRUCTION' OF QUANTlTM FlCLDS 

The algebraic approach t.o quantum field theory is based on the insight. that 
for the physical interpretation of a t.heorr it is not really necessa.ry to ha\•e any a 
priori information about. the physical signi£cance of individual local operat-ors (fields, 
cunents, stress energy tensor et.<-. ). All this information is already encoded in the map 
assigning to the regions of configuration span· cert.aln speci£c "local" suhalgehras of 
the algebra of all observables, and in the ad.ion of the dynamic.s. 

So from this point of view we have. alre<Jdy achieved a complete classi£cation 
of quantum £eld theories which are related to the current. algebr~: Given the local 
observables in such a themy in the vacuum representation one simply has to deter­
mine the lowest nonzero eigenvalue of Q2 /2, which is some natural number N. The 
associated map 

1 ~AN( I) 

which fixes the corresponding system oflocal algebras, is then given by relation (4.8), 
and the dynamics by the relation (4.9). 

Yet in order to make c,ontad. with the more conventional t-reatments of local 
quantum £cld theory which are based on quantum fields localized at. a point. we want. 
t.o dis<'-USS now how suc.h fields appear in the present setting. The basic idea is very 
simple: start.ing from the unitary charged field operators "1/•~ of Section 3 we will go 
to the limit of charge densities p which have support at a point. h1 doing so we 
must of course pay tribute t.o the fact. that t.here do not. exist bounded field operators 
whic.h are localized at a point. \Ve must t-herefore ''renormalizeY the operators 1j1~ by 
a factor Rp ·which t.ends to infinif)', and the limits can then be de£ned as operator­
valued distributions. (This procedure is of course not. new, cp. for instance [38] and 
references quoted there.) 

\Ve proceed as follows. First we put (-= -1 and choose a sequence of fundions 
0>. E S localized in an itrt.erval of length ). about. 1 E 5 1 , which goes in the limit 
). '\, 0 t.o t.he Dirac measure 0(;;;- 1). In order to simplify the notation we set for 
given charge g E H 

</;g.>.(i) = R9 ,AO:t(-if';~-l ), IE R (5.1) 

where R9 .:.. is a renormaliud.ion constant which we £x by the condition 

(r,n.~,.,(o)!1) = 1. (5.2) 

Here r 9 are t.l1e charge shift operators introduced in Section 3. An easy calculation, 
based on tlw rdHt.ion {3.10) and LC'mma 2.2 gives 

(
g' oc I - 2 J do . ) R 9 .>. ~ ce<p -.,-!2:; -](o,),' ·- ;;-cl;.(o)lno] . 
- 111 ~-7'.1 

m=l 

(5.3) 

Since (j.\)m ('O;'I'erges to 1 if f.>. approache.<: i'i(: .. 1) this expnssion de<n-ly divugo:'s 
if), tends to 0. 

\\"f' co:~ld PO\>" go on to show tkll for any t.nt fli;JrtioJJ h tlw liwit 

CJ 9 (h) =-l~.~:;,j di h(f)(>y .. \(t) (&.4) 
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exists on <1 snit.nble domain in 1-i 'and detme:-, an operator-valued distributiml c,
9

(.). 

It it: howc,·er mon· instructive to cmnpute the Y<Jcnum <"C1rrelatinn functions of the 

fields 0 9 (.). and then appeaJ to the GKS-construdion for the re<"onst.rn<"tiou of the 

fidel opt'r<ltors. 

Let us fix charges g1 ..•. g, E. Rand caJculat(' 

H'.>,(g 1 .l1; ... :g,.f,J ~- (fLOg 1 • ..\(t 1 ) ... og,. .. \it,)n) (5.5) 

for non-coinciding arguments t, , -1r f, 1r. 1 1 ..... n. For f hese special 

configurat.iom the limit .\ '~ 0 exists in the sense of equimntit~tous fund.ions: the 

result can then be f":xtended to arbit.rary points a.s a tempered distribution by analytic 

continuation. making use of energy positivity. 

From the definition of the charged fields v·,~, the composition la'v of the \Veyl 

operators, and the- action of the group of char~e shift operators f 9 
on the- Weyl 

operators H'(f) it. is obvious that. 

4;g,,>,(fJ)•••Iflgn.>.Un) =<II Rgj,>.W(g16~' + •••-+ g,6~n)rg1 + --+gnl 15.61 
. j=l 

where f. is some phase factor. The actuaJ calculation of f. simplifies if one assumes 

that. 91 + · · + g, = 0 (otherwise, }V>. vanishes anyway) and that A is so small that 

the densities h~ ,j = 1 ... n have disjoint supports. l'nder the latter assumption we 

can apply Lemma 3.3 which, together with relation (3.50) yields 

A( rti ~~ _ · · . · 
c>>.,c>..\ --I11'Slgnt1k+1fjk 15.71 

where we have put 
t]k = t.J -1~ .. 

After these preparations it. is straightforward to establish by induction in n the form 

of(' 

( ~ exp (i~ LYi9k'ignljk·) 
j<k 

15.81 

By taking matrix elements of the expressions in relation (5.6) in the vacuum state 

we thus find that 

n ( 1 - ) 
W>,(gl,tl; ... ;gn,fn) = n Rgj,..\ exp i~ L9j9~-signtjl,- 211LgjDiW ' 

J=l )<~· J 

where the square of the norm is given hy (cf. Lemma 2.2) 

lj •2 ""' 00 1 - 2 
IIL9J~>.I! :=. L..,_9j9k· L -l{li>.)ml msmtj~-­

m 
j J,k m=l 

Plugging the specific form of the renormalization constants 

(5.9) we ran now proceed to the limit.).'-.,. 0, giving 

Wo(gJ,fl; . . ;g,,t,) = 

( ~ n ""'roemt,,) 
exp ""\. ...... g 9k· [i --sign t -~- - 2 ) ---.-1 

L 1 2 1 ........., m • 
J<. ~· m"-l 
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(5.9) 

(5.10) 

R9 ,>.. into relation 

(5.111 

Summing up the series of C"osines iu ( 5.11) 

oc 

2 L ~.:'_.SnlT 

m=l n1 

we art:> finally led to the result 

l'\-'o(gJ.fJ: ... :g,,fn) = 

. 2 T 
-ln(4sm "2 ). 

IJ ( -4 sin2 tJ~·- i~ )9i9KJ2 

i·· ~- 2 . 

(5.12) 

15.131 

Here we ha.Ye added -if t.o the time differences. thereby defining the integration rules 

for coinciding arguments in ac:cord with energ~· positivity. 

The exped.ation values of fields in lowest weight. states !l., of charge e can be 

obtained from (5.13) with the help of the aetion of the automorphism 

r;¢,(tlr, ~ c''''¢,(tl (5.141 

and the formula n., = r efl. 

Sin<"e ¢ 9 (t )* = ¢-9 {1 ), as can be seen from relation ( 5.1) and (3.42) we thus have 

completed our computation of the n-point. functions of the charged quantum fields 

which were generated by t.he unitary field operators of Sedion 3. 

The expert will recognize that. we have rec.overed the known explicit formula 

for then-point. functions of the U(l)-vert.ex operators that generalize then-point. 

functions of the Thirring model t.o systems with an arbitrary number of different. 

charges. A better known version of (5.13) is obtained by int.roducing the ''z-picture 

£elds" 
¥·,1•1 ~ e-ig'>l'¢,(t), 

The n-point. functions of these fields are given by 

( !1, 1•,, I'' I·· · >/>,.( On)!1) ~ 

z =cit 

II 79;9• 
-j~· ' 

)<~· 

(5.15al 

l5.15bl 

where Zj~· = z1 - Zk and the rules for approaching the singularities are summarized 

by 
Jo, I > Jo,J > · · · > Jon I· (5.161 

Of rourse, the operators 1f'9 (z) and their expectation values are to be understood 

as multivalued fundions of:.:. We also note that the adjoints of the .>pid.ure fields 

are given by 
,.1,•(-1 = _-g' ,·, I __ , I 
-r-g- - 'f-g- ' (5.171 

It follows from tl1ese results that. 1/.•9 is a primary field with resped. t.o both the 

Vira~oro and the rurrent algebra, with all its well known c.onsequenres (d. for example 

!39]). We have thus rediscovered the structure which one normally antic.ipat.es in the 

investigation of conformal quantum field theories. It. appears in the. present setting 

as a byproduct. of our systematic. inve'st.igat.ion of all locally generated representations 

of the current algebra. 

Besides the above quant.um fields 1,1'9 (.:::), furt.her ones c.an be r.onstruct.ed in 

a s;vst.ematic fashion. For instance, the current J(:.:) is limit. of the renormalized 
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expression R[eiJ(" l- 1 ]=R[W( u)- 1_, in an obvious way, and so 011. The mult.ipli<'ation 
law (3.40) in t.he algebra will determine the operator produrt. expansions for the 
quantum fields, for instance 

>/•9 (zi)</•-g(z,) ~ z;;' {1 + gz,J(z) + ... ), z ~ ~-

Operator product. expansions do not converge as operators, but. only when applied 
to the va<'utlln. Therefore they are not really a multiplication law of an algebra 
in manifest form (although they determine it. indirect.ly, because they determine all 
Wightman functions [40]). In this respect the multiplication law in :F is superior. 

5B. EXAMPLES 

\Ve conclude our discussion of quantum fields by considering a few examples of 
models giving rise to spt'cific local extensions AN of the current. algebra. 

N=l: Our first. example, already mentioned! is the su(2) Kac-Moody algebra 
with Kac-Moody <'entral charge 1 ("levell"): 

[J.(z,),J,(z2 )] ~ ;,.,J,(z,)b(z,)- ~o.,!'(z,) 
2 

where a, b, c = 1, 2, 3. With the identification 

J(z) ~ hJ,(z) 

(5.18) 

(5.19) 

we see that this algebra is an extension of (;. It is in fad a loc,al extension fitting 
into our sett.ing since the stress energy tensor T(::) <'an be expressed in terms of J(z) 

T(z) ~ l: J(z); (5.20) 

It is eas~' to st'e that this algebra generates A 1 • V•le must only show that the smallest 
nonzero eigenvalue of Q 2 /2 is 1. But this is dear from t.ht' isospin commutation 
relations of the charges Qa which are obtained by integrating the currents la(z). 

In the present case one sees also diredly that Ute isospin currents la(z) generat.e 
A 1 : setting 

u•(z) ~ J,(z) + iJ,(z) (5.21) 

it follows from the commutat.ion relations (5.18) that. tj: is a loral field carrying the 
charge g = ·/2. One can thus construct. from ~", U·*, and J the system of local algebras 
making up A 1 . 

From the discussion in Sed.ion 4 we know t.hat. in t.l~e present model there does 
C"xist besides the va<"uum sec:t.or anof.ht'r superselection sector in which the multi­
plicative charge ch•Q!-Ji takes the value ·· 1. This is of course the set. of states with 
half-integer isospin whirb can be genC"rat.ed from t.hC" vacuum by the (Klein trans­
formed) quantum field L1"t;v0(;:;) constructed in the prt>reding subsed.ion. 

N =2: The theory of a free complex Fermi fip}d <·is pC"rha.ps the simplest example 
providing an extension of the current algebra: from its field-current commut.at.ion 
relations 

:J(c,j.,·(c,): ~( __: J:! )-~"( ;:;l ) (5.22) 
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one sees that the even polynomials in the sm_eared Fermi fields II', Ji·* create from the 
vacuum st.at-es with charges in 2Z. Hence they generate the local extension A 2 • 

According to the dis<'ussion in Section 4 there exist 4 different superseledion sec­
tors for A 2 which may be distinguished by the eigenvalues ± 1, ±i of the multiplicative 
charge ei""Q. Of special interest are the sedors corresponding to the imaginary eigen­
values. It is well known 1 and also clear from our results, that these states <'an be 
creat.ed from the vacuum with the help of a field of charge ~ (conformal weight ij- Land 
they induce representations of the Fermi algebra in whi<'h the fields are single-valued 
on the circle (Ramond sedor). 

N=3: The algebra A 3 appears for example in the Z4 -parafermion current al­
gebra analyzed by Zamolodchikov and Fateev [41 J. This model ·is generated by a 
complex primary field 1/• of weight- t which obeys anticommut.ation relations with the 
<'urrent 

[J(z,),,P(z2 )]+ ~ ylj!(z,)v•(z,)', (5.23) 

and there holds a Sugawara formula for the stress tensor involving only J. By applying 
all even polynomials in the smeared fields "1/Y, 1/;* to the vacuum we thus obtain a 
representation of the current algebra which is locally generated. From (5.23) we see 
furthermore that- the spedrum of the charge operator Q in this· representation is 
.JSz. Hen<'e the even polynomials in 1/•, 1r generate the local extension A 3 of the 
current algebra. 

It. is noteworthy that- the fields V• in this model can also be accomodated in the 
present setting by applying to the basic fields ('.onstructed in Section 3A a generalized 
Klein transformation1• Denot.ing by C = c• = c-t the charge conjugation operator 
which acts on the Weyl operators W(u) and the basic. fields 1/•9 according to 

cHr(u)C- 1 = W( -u), C1/•9C- 1 = '1/•-g, (5.24) 

one can represent. the Zamolodchikov-Fateev-field 1/• by 

1 
V' ~ h(v,, + ;.p_,)c, FA· (5.25) 

From this equation one easily recovers the Z 4 symmetry of the model by first nOting 
that there exlsts a unitary operator 1' (in the vacuum representation of 1/•±9 ) such 
that 

v 1L'·:~_ 9cv-l = ±~.i''±9 c. (5.26) 

It. is then obvious that. 
VC'lf'·CV- 1 = i1!•, (5.27) 

hence the map 1 ( ~··) = i ~· defin<'s an automorphism of the *-algebra generated by the 
field 1./'. Sinre 1 4 is the identity, this automorphism induces t-lw symmetry group Z4. 

N=4: The algebra A4 is the first example of a local extension of the current 
algebra which is not maximal. It. can be identified with a subalgebra of the algebra 

A 1 • In the conrret.e example of the s~) Kac-Moody algebra discussed above it. is 
the algebra generated by all eYen polynomials of the currents J 1 • h, which in view 
of tlw commut.at.ion relations 

[J,(c,),J,(c,)! ~ il(c,)J3 (c,) (5.28) 

1 \\'{' owl.' this remark to R. Paunm-. 
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prc,y)d,, nl-.,u a lucal r·xte11~iuu (If 1lw rnrrf'lll ahr>]n;,. 

Acc•,nlillF to o)UJ" r;r_encnd result~ 1]wn· o·xi.q E-; supPr>'~kctirm se<"tors for this 

al~ebra '\"hich con lw hdwled l1y tlu· cigem·aluesrd' r ,,.q. \/2. Tlms for A 4 t.lwrc exist 

besid<·s thc supersekction sectors "·ith I half·) integer isospin also sectors in which 

the cumponent (h of the isos-~~1 lws tllt:' eigem·alues ~. ~. etc. {~iving rise to t.he 

,.;o-e!l!kd '"twisted sectm'" of su(:?) 1{ ). This fMt ran be unrle1·stoud if (JJH' notices 

that. tlw algchro .4.J rou;.,ists of the fiXPll pnillls in .4 1 under rotcdions b;v ;r around 

t.lu• 3-axis in i::.ospin "JHl<"e. 

At. this point we t.c•rminate our discussicm of c·xamples since we think it has 

become dear now how our results can be used for a quick sm·vc-y of the local algebraic 

struc-ture and t.he super.select.ion ruh·s in conrn·t.e models. 

We would like to point. out that. all extensions A,'\' can be realizt>d in a unified 

manner [32]: they appear as coset space models (in the sense- of Goddard, Kent. and 

Olive [42]) for the homogeneous spares S0(4JV)Jj S0(2Nh. where the subscript 

indicat-es the Kac-Moody level. For other approaches to the- classification of c == 1 

models d. [43,44.45]. So from the point of view of ''model building" we have disrov­

er('d nothing ne"; (see also [46:). But we have seen how tlwse algehrai<" structures 

emerge in a syst('matic manner from the underlying genn: the current algebra. 

VI. CHARACTERS OF LOWEST WEIGHT REPRESENTATJONSAND THE KMS­

CONDITJON 

A popular way of merging rhiral (right. or left. moving) field theories on the 

circle t.o a 2-dimensional field theory is based on the principle of modular inva.ri­

ance. Roughly speaking, this principle amounts to t.he requirement. that the re­

sulting (Euclid<>an) field theory, which lives on a torus, should be invariant. under 

reparametrizations. As a consequence, the corresponding (Minkowski) quantum field 

theory is local. 

For the actual application of this met.hod one needs to know the charad.ers of 

t.he underlying chiral t.hl':ories. These rharaders are then combined into a partition 

function Z(T), T being the ratio of the periods of the latti're defining the torus of 

the Euclidean theory, which is invariant. under modular transformations. The lat.t.er 

constraint restricts the admissible weight factors of ilw various characters contribut­

ing to the partition function and t.hus fixes the Hilbert spares of the 2-dimensional 

theories. (For an alternative approach to the ron~truction of 2-dimensioual theories 

from one-dimensional constituents see t.he recent work of FrOhlich, and Schroer and 

Reluen [17,18].) 

In this section we want t.o point out. how the charac-ter of the <"hiral theories can 

easily be computed within our algebraic setting. \Ve shall exploit the correspondence 

between finite size Euclidean theories (in the imaginary time direction) and finite 

temperature Minkowski spare quantum field theories, to write down 

i 
T = -J 

2• 
(6.1) 

where (3 is t.he inverse temperature (which will ult.imat.ely be treated as a complex 

variable with a positive real part). This leads us to consider Gibbs-states (KlviS­

stat.e-s) on t.he alg<'bras which we have const.rurted. 
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GA. El\lS-STATES 0.'\ ...l.\: 

Given a rPprt•senhdion of the ulgeLra A ou B Hilbert space'}-{ a Gibbs states of 

inverse temperature 3 is given by tlH' following formula (if it makes sense) 

'"'"'3(_4) = z-· 1Tr'H( ... JHA., AcA (G.2) 

wht>re His the Hamilt-onian. Z is the partitiu11 function, and the trace has t.o be t.akeu 

over the representation space H. It is of interest. here that for the ad.ual compui.a.t.ion 

of the state wp it is not necessary to determine the spectral properties of the operator 

t ·-!3H and then to evaluate the trace. The crucial observation [33] is t.hat t.he Gibbs 

states can also be characterized by the Kuho-Martin-Schwinger (KMS) condition: it 

says that for all A,B E: A t.he functions w13(Ao. 1(B)) and wp(o-t(B)A) t E Rare 

boundary Yalues at the lower and upper rim of the strip 

s, ~ {: '0 S hm S ll), 

respectively, of a. function F.4 s which is analytic in the interior of that strip and 

continuous at the boundaries. In a somewhat sloppy but suggestive notation we thus 

have that 
wJ(Aa,+,,(B)) ~ w,(adB)A). (6.3) 

This eondit.ion is an immediate consequence of the relation (6.2) since His bounded 

below and the trace is cyclic. Not.e that. it also makes sense in situations where the 

individual terms on the right hand side of relation (6.2) are ill-defined (i.e. if the 

operator e-f3H is not trace class). 

Relation (6.3) can be used for the calc,ulat.ion of the possible finite temperature 

st.at.es w13 if the algebraic structure of A is sufficiently simple, as is the case for the 

Kar-Moody algebras and t.he Virasoro algebra, for instance. The basic strategy is as 

follows. 

Assume that there is a simple algebraic relation bet.ween the operators at(B)A 

and Aa:t{B). To give an example: let the commutator of these operators be a multiple 

of the identity C(t)l, as is t.he case for the currents in the present model. Then one 

rewrites relation (6.3) according to 

"'' (Au,+;p(B)) ~ "''(la,(B), AI) + wdAa,(B)) 

~ C(t)+w,(Aa,(B)). 
(6.4) 

Here we havt> used t.he fad that. w13(l) = 1. So one obtains an inhomogeneous 

functional equation for the function t f--l w.3(Aa 1(B)), and this equation ran be solved 

by Fourier transformation. 

In the c.ase of the Kac-Moody algebras ot· t.he Virasoro algebra the <"ommutat.or 

of the basic fields is not a c.-number, but it. is linear in these fields. So the fir.st 

equation in (6.4) provides a recursive relation between then-point functions and the 

(n-1)-point. functions which can likewise be solved in these models. 

This method of computation is well known in statistical mechanics [47]. We 

apply it here t.o the algebras AN and begin by determining t.he KMS-st.at.es of (]. 

Since we are dealing with t.he exponentials of t.he currents we will use as our starting 
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point a multipli<"ativc Ycrsion of (6.4): if A and B arc \\"eyl operators, then it follows 
from the composition la-w (2.6) that 

o,(B)A ~ >;(t)Aa,(B) (6.5) 

where J}(i) is some explicitly known phase fador. Hence the multiplicat.ive analogue 
of relation (6.4) is 

"'"(A<><+i,,(B)) ~ •J(f).·,,(Ao,(B)). (6.6) 

\\~e will determine in Appendix A the solut-ions of this equation. The result. is the 
following <'ount.erpart of Lemma 2.2. 

LEMMA 6.1. Let WJ3 be a rcgula1· KMS-st.at.e on ( (r, o 1) ll.f. inverse f.emperaf.ure fJ > 0. 

Tlj('Jl t.l1ere f'xists some posit-ive normalized mf'asure a on R sud1 tlla.t for u E S (wit.li 
Fourier <'011l]J01lf'JJts 1i,) 

J , ( , I = n(J ') w_a(lF(u)) = do-(g) exp ig ii.o- 2 ?;_ ncoth 21U,I (6.7a) 

Conversely, gil'cn any positil'e normalized measure a on R, t.ben tbe fundional "''i3 

fixed by Eq. (6.7a) ddermilles a KMS-state on U. 

For future use we re<"ord 

COROLLARY. Let. u±(z) = :L;:-"= 1 11-:r,z±". Tbe11 wa(VJ!(u_)H'(u+)) is tJwsamefor 

all K~MS-sta.tes of inverse temperature f3 on [r and is given by 

«>p(W(u_)W("+)) ~ exp (- J;, ;:;;~"--!"-"'''"') (6.7b) 

As in the C.B.Sf' of gwund states we can read off relation (6.7a) 1he <'ent.ral de­
<"omposition of the st.at.es Wfi into states with a definite value g' of the charge Q. (Of 

course these latter sf.at.cs are no longer pure states on [r -if /f < oo). 

We "·ill use this result for the eomputation of all KMS-st.ates on i.lw algebra AN­
To this end let us show that. these st-at.es arc ''gauge invariant'": let ~'\' E .A.v be any 
un-itary field operator1 with charge g = p[l] f 0, and let ,.,~_: 13 be any 1\::i\'lS-stat.e on 

A,y. Since the operators c'>.Q (being elements of the <'enter of l)) are invariant. under 
time translations O.t and sin<'e 

<i>.Q~\, = c;>.9 ~'p<'>.Q (6.8) 

we obta,in from the KMS-<'ondition (6.3) thP rf'lnti<m 

... ·,3( ~:·r/>.Q) = WJ3(( ;>.Q l!·p) :-:- <'>.9'-'-'.?( ~''p( i,\Q) (6.9) 

for arbitnu-y), C R. Dut .lJ f- 0, so we seP find for small),!, 0 the lef1 Jumd side of 

E<l· (6.9) must vanish. Heme, h~· wntinuity in ,\ 

"'-'rdt"l,) = 0 if _q l 0. (6.10) 

I \\-e will work again wi!h llw uni1ary field <'JH'ra1rn~ sim·,. W<" do 1101 wan1 1o worn· -.ho111 d(>lllilin 

J>l<,hkm~. Tlw rnmpt;1a1ioll~ HIT as simpk a--: v,jj]l 1h<' \OIIhmmcl<'d quanll\Jll fh·ld· ill '' poin1 

~] 

The gauge innriant (zero charge) OIH"rat.ors in AN are just the element-s of(-. so the 
ntlculatiou of the KMS-st.cdes on A.".' boils down to the determination of the measure 
dO"(g) in relation (6.7). 

Let. us now remember that AN has a nontrivial center whose unitary elements 

are powers of ll = ch;Qtv'2'N. They form the group Zu,'· A general KMS-stat.e on 
Aiv is a <"onvex <"ombination of '"primary" states which transform according to an 
irreduc:'ible representation of Z2N· viz. 

Wt3(c21r:iQN"iR A)= (2:tt-ie/v'2!\'wr3(A). (6.10a) 

Tlw represf'nfations of z2N are labeled by 

£ = nj\h}\7 , n = O,l, ... ,2N ~ 1. 

It. suffkes thus to consider the primary states which obey Eq. (6.10a). Vile will <"all 
them "st.at.es of charge c" for short. The existen<'-e of such a central dec.omposition 
into primary states <"an be derived purely from the KMS-condition, similarly as in 
Section 4B. If we assume t-hat the KMS-state is given by t.he trace formula (6.2) 
then the decomposition amounts to a decomposition of}{ into subspaces which carry 
irreducible representations of AN. 

The covarian<'e property (6.10a) for a state of chargee is <"onsistent. wit.h repre­
sentat.ion (6.7a) of this state only if the measure da(g') has the form 

da(g') = L w,O(g'- ng- e)d.g'. g~ ·h'N. (6.!0b) 

So it. remains t.o determine the relative weights 'W 11 in t-his sum. 

To this end it suflkes to exploit the KMS-<"ondition for the operators 1/';o.tf~'p), 
p[l~ =g. From the definition (3.36) of the operat.ors 1/;p and of the dynamics o- 1 in 
( 3.52) we obtain 

~';o.r(~·',p) = cigQt+ig2t/2T.Y(Pfat(W(p)) 

o.t(~',p)!f''; = cigQt-•g2t/2at(W(,J))W(p)*. 
(6.11) 

The nucial observation is that the operators H-'(Prot(l-F(f))) and a 1(l·F(PJ)W(f))"' 
('0lllll1Ut-e with f he dtarge shift operator r_,,. This is true because t.he exponentials of 
Q in the two v;eyl operators just. ('amd since the time tramlat.ions ad trivially on 
the <'en fer of (. Heuce if wr3 is any Kl\-15-stat.e on A.-'\-· we have in view of Lemma 6.1 
t.hat 

w11 (v·~a,(••p)) ~ ,)g''i' F(l)w,;(ll'(ji)'a,(W(ji)) 

wa(o,(V•p)t'·~) .o ,-ig''i' F(l)w1J(o,(Tl'(ji))ll'(pi') 

where we have put. 

F(f) =--:: ><hd('gQt) / da(g')(ig'gt. 

(G. !Ia) 

(6.1~) 

fromtlH' ns:;umption that'"''·-~ sntisfi('s the K:t\IS-mndition on Ax and the fad 
that the analytic continuation of t.he fumt.ion f , _ __, w,3(Tl'((!}~ot(ll"(,Jl) vnni.~her-. 

JHndwre ou the strip S.3 (as <'all he SC'ell fromrdntion (6.7a)) it thusfollmn: th<>t F(t) 
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can lw annl~·ticall:• ('(Jiltiuued I<~ S.-1- ::vloH'O\"eL from tlw KI\15-bouJHlar_y condition 

we see thnt 
F(f Tid)= (-·•y'l;g','l·~F(t). (6.13 I 

Proceeding t-o the Fourier transformat-ion of this equation (in the snlsf" of distribu­

tions) and plugging in t.he spetific form of the measure a, Eq. (6.10b), we find that 

the weights u·, in this measure must satisfy the rPnlTsion relation 

Wn-tl :_:: u·.,f-J3(g;n-t~'+<·)g 

Its solution is 
l!'n ==- Wot.-!-H»g-d' n (6.14) 

and w 0 is d<'t('rmined br the requirement that the measure- rr is normalized, Yiz. 

2.>·" ~ 1. (6.lo, 1 

Having determined the measure a one can now compute the expectation values of 

arbitrary pmducts of the unitary field operators in the state w13 • The result is zero 

unless t.he sum of the charges of the fields is 0. For zero charge the produc-t. is equal 

to a \i\l{'yl operator by the multiplication law in AN- The explicit form of the KMS­
state on \Veyl operators can then be used. As in the case of lowest weight states 

one can obtain the correlation functions of the quantum fields (fields at a point) by 

proceeding to chatg(' densities whic.h are localized at. a point. For the purpose of 

this calculation it is convenient to determine the above mentioned Vleyl operator 

by making repeated use of the relation (6.11). We omit. the trivial details of the 

calc.ulation. 

Let us briefly discuss how these results have to be modified if one changes the dy­

namics O:t by composing it with a gauge transformation parametrized by a ''chemical 

potential" Jl· This new dynamics 0:r is given by 

O:i{'l/,p) = citMat(4·p)- (6.15) 

In the relations corresponding tO (6.11) and (6.lla) there appears then on the right 

hand side an additional factor citpg. Its only effect. is that in the weights ll'n of the 

meal':ure a characterizing the KMS-states for the- dynamics 0::' one must re-place c by 

c + I'· 'Ve summarize these result.s in 

PROPOSITION 6.2. Any KMS-state on tbe dynamical system (A,v,af) for inverse 

temperature j] and rllll.rge c = nj-.../2N, n = 0, L .... '21\' -1 is gauge inva,n"allt, i.e. 

...-anislJes 011 operators with nm1zero tot.al charge. Its restriction to tht> gauge invaria11t 

part if of AN (tl1e "zero charge operators") is dctermint'd b:r Eq. (6.7a), wllere tlw 

measure is given by (g = J2N ). 

I 0 ~ f3 
12

/2 ' da(g)=-w Lc- 9 /l(g -ng·-f-f-1) (6.161 

w 0 being a IlOrmalization constant. 

VJe mention as an aside that. one can also find the KMS-st.at.es w8 associated with 

our uniYt'rsal representation of ir by t.he above method. In this C"ase the individual 
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terms 011 the right haud ~ide- of 1·elation ~6.~) make no sense (since thf' representation 

spate is not separable). But the K1!S-roudition tan he evaluated as before aud the 

1\:]\JS-st:.tes are again fixed by relation (6.7a). where the measure a is now given by 

du(g') = \.r3j'2ru-/3(g'+p)', 2 dg 1
, (6.171 

!' being the chemical potentiaL These states appear in fart in the string tlworetir 

ii1terpre-tation of 2-dimensionl modds. where q is viewed as the center of mass mo­

lll('ntum whid1 for an uncompactitit'd dimension has a continuous spedrum. 

GB. PARTITION Fl'!'IC"TIONS 

~ext wr \vish to compute t.ht> partition function in the presence of a chemical 

potential Ji. As we know, t.he irreducible representations of AN r.an be labeled by 

the c.harge c = 11jg, g = .J2N,n = 0, ... ,2N -1. Let us denote the corresponding 

representation spaces by 1i..,. The corresponding partition fundion is 

Zn(t3,Jl) = tr1-1n c-,9jH+pQl_ (6.18) 

Assuming that the trace exists, the logarithmic derivative of Zn must be expectation 

value of H +pQ in a KMS state W{J,J-1 of inverse temperature {3, with chemical potential 

J1 and charge c. The one and only such KMS-state was found in the last section. (For 

a discussion of how the existence of the t.race can be deduced from the KMS-condition 

see end of Appendix A.) Thus 

a 
- Bp lnZ"(/l,pl ~ W{J,,(H + p.QI. (6.20) 

To compute this quantity, we must. have H as a concrete element of our algebra of 

observables. We assume the Sugawara formula 

H ~ L j_mjm + jQ2 (6.211 
m;:::l 

(which can be established in our setting by showing that the right hand side of ( 6.21) 

induces the time trans,lations given in relation (3.53)). For later convenience, the 

contribution involving the charge Q = J 0 has been singled out. Thus 

1 2 " wa.1,(H + ~QI ~ w~,,,I:;Q + pQ) + ~w",,(J-"J"I. (6.22) 

n?l 

The KMS-stat.e wp,1, on AN is also a KMS st.at.e on [r. Sin<"e the Weyl operators 

W( 11) = exp(i 2::: J,.,ii _.,) determine ln we see from the Corollary to Lemma 6.1 that. 

the expectation value of J_mlm form~ 1 is the same for any KMS-state of inverse 

temperature .B on f1, and is given by 

m 8 P 
W{3 1,(l-mlm) ~ -,-- ~ 

81
ln(1- f.-"'), {m > 1). 

' e'"'"' - 1 t -

So the sum in (6.'2'2) yields 

L W", 1,(J-mlml ~ 
m;?::l 

8 
~-In 
8;3 
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II (1- ,-ilml. 
mo=-l 

(6.231 

(6.241 



The remaining t.erms ran be written as 

1, (182 .8) 
wa,"( 2Q + p.Q) ~ -2 Bt' - 'W5i F(tfg)(,~o (6.25) 

where F(t) is the function defined in Eq. (6.1~). According to the results of Section 
GA, F(t) has a Fourier expansion F(t) = :[, w,fitg(mg+r) ·whose coefficients w,., 
ar<' given by Eq. (6.14), with f' + Jl subst.ihtt.ed for c in t.he presence of a chemical 

potential f-L· Thus 

wit.h 

1 2 " ,1 2 w13,1,(2Q +Ji-Q)= .L..ttvmlz(mg+c) +Jl(mg+c)] 

"' 

c-i3(mg+e+J-<) 2 /2 

"' "' 2::,.,. e /3(mg+e+J.<l'/2 · 

The sum in (6.26) ran thus be rewrit.t.en in the form 

a 1 " -.8(mg+e)
2

/2 -.8J.<(mg+e) - ap n ~ c e . 
rn 

(6.26) 

. and putting t.hese results together we obtajn the derivative of ln Zn with respect to 
8. This shows t.hat 

)' c-.8(mg+e)
2

/2e-.8J.<(mg+c) 

Zn(f3,J.L) = "--'"' n:""
1

( 1 _ e .Bm) (6.27) 

up to a possible normalization factor /\/(Jl ). \Ve show that the normalization factor 
is 1 by examining the asymptotic behaviour as f3 .......} oo of the right hand side of 
(6.27) and of the t.race defining Zn. In this limit the asymptotic behaviour of the 
sum in (6.27) is dominated by those terms where i(mg + c) 2 + Jl(mg--!- e) assumes 
its minimum. On the other hand, the trace in Eq. (6.18) is dominated by the ground 

states of those irreducible representations for [: with charge g' where E 9 , + Jl91 is 
minimaL But the ground state energy £ 9 , equals ~ (g' )2 as we know, and the possible 
values of g' are 119 + c, n E Z. As a result., both sides of (6.~7) agree asymptotically 

for J.......} oo. 

The result ( 6.27) for tl1e partition function is proportional to a ratio of a classical 
0-function and a Dedekind 7]-funct.ion. see helo·w. 

6C. l\'lODllLAR PROPERTIES OF CHARACTERS Of ..4iY 

The characte-rs of t.he algebras AN are t.he analytic continuations of the part.ition 
functions Z.l\' to imaginary .a. For their analysis it is com·enient to introduce the new 

Yariables 
(Z7fiT (-(1 ( ~"'( = c .. .:!1,. 

\'Ve also nntr that t.he functions appearing in the nunwrator and denominator of Eq. 
(6.27) are well knmn1. 

1)(7") = (}7f!r':l4 n (1- ,.lr.lrm) 

m-1 

4" 

is the Dedekind 11-fundion and 

eJ,g2(T,(,1t) = (21fiu L e"'rjgm+l/2g)
2 

l.2"•((gm+lf2g) 

mE'Z 

is the classical 0-function. Recalling that g 2 = 2N we thus can rewrite the partition 
fundi on in the form (using the new Yariables) 

Z (8 I - ,2>i•f24 1 0 ·( . 0) 
,., 1 f.L - ( - 2u.21\· T,~, · 

1/(T) 

The fadot· fhir/ 24 can be eliminated by changing the zero point. of energy H by 
a constant - -fi so that the vacuum has energy - -h_. This appears naturally if we 

regard the stress t.ensor not as a fundion of :: but of the angle 8, e;9 = ::. In the 
notation of Section 1B 

T(8) ~ 2n - 0+(((z))- _'C{(,8) ( d()' 
d8 12 

where cis the central charge (i.e. c = 1 in t.he present case). and {~,8} is the Schwarz 
derivative 

Its mode expansion reads 

{(,8} ~ <'". 
(' 

~('"')' ~1 
2 e 2 

T(8) ~ L _ .'.. + '\- L -·ine 0 
24 

.L..t nC • 

"'" 
The characters of A1'-' in the new convention 

vacuum energy = - -fi 
are denoted by K, ( T, (, N ). The results of the above discussion can be summarized 

"' 
PROPOSITIOI' 6.3. Tllf' characters of A:v are given by 

f{,(T,(,N) =- TT?-f,.C21ri(TH+(Q) 

~ ;/t;je,,,,N(r.(,O) (6.28) 

ll·llcre tl1e tn1ce runs oYer tl1e ineducihle repre.w:11tation space of As n-lJOse st.afes 
lww· cliargP f modulo g, ( "'"'n lg, ~gz = .Y. 

\i\'e not.P that. the characters obey the- periodicity condition 

]{,+2.'\' = ]\',. (6.29) 

This pt·opc-rty reflects the fact that the representation space 'H., is determined by the 
re-presentation of the center Z2 ;'\ of A_.., .. i.e. by 11 modulo ~.V. It. can also be verified 
from t.he explicit formula for 1~·,. \\'e proceed to ~how 
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PHOI'OSITIO:\ G.--l. TlH· '2.\· dJRIRclcr.~ ]\·,. 11 ~ l - _\', ... _\' (nmlripli<'d "·itlJ ( 1""') 

-~Jll!.ll 8 2N-dimensionnl J'C]Ht>Sf'JJffllion of rl1c modul<tr group SL('2, Z ). 11'1Jich CJCI" on 

rlH· rRriablc.c; (T.(.tl) in Eq. (6.26) flllording to 

(IT--'- /J 
Tq ,._ 

. CT- d 

( T. (. II ) f-----cl ( T g. ( 9 • II 9) 

. ( 
(g = -· . 

CT -- d 
'llg 

c( 
" - :? CT --1- d 

g 1 is tJJc:? :? nwt1·ix witl1 iJJtf'gt'r f'Jllrie." o.b.c.d;::: Z.ad --be 1. 

I G.30I 

The group law T_9,T9 , = T_9 ,g,. for tlw op('raton T90(T,(.t1) = 0(T9 ,(9 ,u 9 ) 

ran be Yerified (~et• App('ndix C). It is theu sufficient to study the transformation 

properti('s of J\, for the two generators of SL('2,Z). 

T:T·-~T·11, 5: T ---------1 

T 

'We haw from the result (6.28) for A.n 

( 
n' 

b:,(T ---j 1,(;JV) = exp irr~y- ~) K,(T,(;JV) 

and, according to Appendix C 

where 

c-1fi(,i-r]{ (-~- f·JV)= 
n • ' 

N 

I: Snpl\p( T, (; N I 

Snp"' 

T T 

1 -mp ;.=C ' 
"' 21'\ 

p-=1-N 

n,p=1--N, ... N 

so that. t.he 2.N x 2N matrix 5 = (S,p) satisfies 

s 2 = c = S* 2
, C 2 

:-:- 1. 

Here Cis the Z2 N-cha.rge conjugation matrix characterized by (cp. (C.9)) 

N 

L c..,PKJ,(T,(;N) = H_,(T.(;}\'). 
p=-·J-l\' 

(6.31 I 

(6.321 

(6.33) 

(6.341 

(6.35) 

(6.361 

GD. I\..JODllLAR IN\'AHIANT PARTITION 1-'UNC'TIONS. LOCAL '2 DIMENSIONAL QUAN­

TllM f'IELD THEORY MODELS 

Let A,'\' be a maximal algebra ofloral right moving observables, and Jet. AN be its 
lt"ft moving counterpart.. -~le shall identify t.he left moYers' modular parameters with 
--7 and -( so that t.he corresponding characters will appear as complex conjugate 
to those of the right. movers. \Ve shall look for partition functions of 2-dimensional 
conformal models of the form 

Z :o::: Z(T,(;N) = 2..: m,,-,K.,ftn. (6.371 

"·" 
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An expression Z of this form will be t.hf' 1roce of q11 yQ iji-1 gQ owr a Hilbert space 
which is direC"t snm of tensor products H, ;: 'H;, of representation spaces for thC' 
left- and right movers: algebras A,v if the coefficients m,_r, arc non-negative integers. 

( q = t 2"'''. y = chi(). Thf' vacuum vect.or has charge 0 and appears only in 7io ®11.u. 

So it has multiplicity 1 if mo,O = 1. \:Ve therefore seek solutiollS Z of this particular 
form which in addition are modular invariant. 

COJ'\DITION: 

(a) the roeffirient.s m,,n are non-negative integers, and m 0 ,o = 1. 

(b) the function Z is modular invariant. 

The partition function carries information about the operator content of the 2-

dimensional tlu·ory ( cf. [3] ). Its modular invariance guarantees the crossing symmetry 
of the correlation functions of all 2-dimensional primary fields (although the chiral 
fields of Sedion 4B with charges c = n/g are not local among themselves). VVe note 
that the permutation group 53 , the crossing symmetry group of the 4-point function, 
appears as a factor group of t.he modular group (see [24]). 

The results of DiFrancesco, Saleur and Zuber [48] allow t.o establish the following 

PROPOSITION 6.5. Suppose tl1at N is n product of distiiH·t primes (so tlltti AN is 
maximal). Tl1e1J tl1e JJumber of i11dependent modular inrariant partitiotJ fuJJrtioJJS is 

J(NI ~ {:, 
for N = 1 

for N = P1 ... Pk · 
(6.381 

In more detail, to ead1 splitting N = pp1 of N into ll product of f.wo r::oprimes 

tll{'re is a pair ofpllrtitioiJ functioiJS sntisfyi11g the conditions (a) and (b). They are 

givf'n by 
N 

Z (no,±l "" ]{ f{± 
~ n 0 n n 

n=l-N 

(6.39) 

wl1ere n 0 = n 0 (p,p 1
) is a posit-ive int-eger wl1ich is uniquely determit1ed by tlJC re­

quirement t.lwt tl!e following inequnlit.y is slll.isfied for a pair ofi11t.egers (r 01 s 0 ) witl1 

( rop' - sop )2 = 1 
1:::; no= rop' +sop:::;: pp

1(= N). (6.401 

REMARK: For ( = 0, the rase considered in [48], K.., = J{_..,, so that. t.he t.wo invari­

ants coincide. 

SKETCH OF PROOF: The existence of a pair of integers ( r 0 , s 0 ) satisfying Top'- s0p = 
±1 is a consequence of the assumption that p and p' are coprimes. Suc.h a pair is 
const.rud.ed by the Eudid algorithm and is determined up t.o adding to it (mp,mp'). 

The inequalities (6.40) for n 0 = r0 p1 + s 0 p fix it uniquely. The modular invarianr.e of 
the partition fund.ion (6.39) is a straightforward consequence of (6.32)-(6.34), (C.8) 
and of the identity 

!\,~, E, for n~- 1 = 4r0 soN ( 6.41 I 

which follows from t.he periodicity condition (6.29). The number of splittings of 1.., 

objects into t.wo sets of} and 1..·-} objects being 2k~J, we obtain the number (6.38) of 
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modular invariant partition functions. The proof that there are no other hennitean 

forms of type (6.3i) satisfying (a) and (b) follows arguments of [49] and [50]. 

VII. OUTLOOK AND DISCUSSION 

7 A. ON THE CONSTRl.lCTION OF "QUARK FIELDS" FOR NON-ABELIAN CURRENT 

ALGEBRAS 

The construction of fields from outer aut.omorphisms ca11 also be carried out. in 

the case of non-abelian current algebras. 'We shall briefly discuss the procedure for 

the case of a Kac-Moody current algebra dG, or its associated loop group LG, where 

G is a simple simply connecf.ed compact Lie group with a finite ( nonempty) center Z. 

The center Z of G acts trivially on the observables. {This can be taken as a defining 

property, we conjecture that it is automatic if the observable algebra A is defined 

as a maximal local extension of dG for a fixed level k·.) It- will therefore give rise to 

a superselection rule. In the vacuum sector Z is represented trivially. In analogy 

with Section 3 one should like t.o find localized outer automorphisms of dG which 

intertwine between different. superselect.ion sectors. Such aut.omorphisms are known 

[25]. In loop group language they are given by conjugat.iou with elements in the 

adjoint loop group LG I Z which correspond to non-contractible loops')' : S 1 
1----1 G / Z. 

This defines aut.omorphisms, also denoted by/, of the loop group LG which lift t.o 

its c.entral extension LG. 
An automorphism 1 is called localized on I, if it acts trivially on loops 11 : S 1 

1----1 G 
with u( z) = 1 E G for z fj_ I. One verifies that the above automorphisms are localized 

on I ;1 'Y(z) =IE G/Z fm z ~I. 

It. is known that these automorphisms suffice to intert.wine all the positive energy 

representations (superselect.ion sectors) for simply laced G and levell. The resulting 

field algebras appear in t.he mathemat.icalliterahue ([25], Proposition 4.6.9). 

The localized outer aut.omorphisms are equivalent. t.o constant. outer automor­

phisms /g of iG (the counterpart. of the automorphisms of l) with constant charge 

distribution). They are labeled by elements 9 E Z (because the fundamental group 

of G 1 Z is Z) and form a representation of Z. Following the general construction 

principle of Sedion 1A. one assoc.iat.es unitary charge shift operators r 9 with these 

constant automorphisms. They change the representation of the center of A. One 

then constructs a field algebra :F a.s in the abelian case. lis unitary elements are 

~,~, = 771vr 
9

, 11' ,, LG 

and the nmlt.iplicat.ion law is given by 

r9,r92 = fg,+92' fo = 1 

liT,~ r,,,(w) 

HPr(' 11 can bP complex phase factors, and+ is group multiplication in Z. 

There are, in general, sew·ral ''natural choices" of ~, 9 and the associated in­

tertwining milp f
9 

between the vacuum sector and a sector of "charge'' g. They 

corrf'spmHL typically. to thf' different components of a field which transforms co­

Yariauth uud('r a ''fundament<ll representation" of G {in which the <'enter of G is 

"g 

represented nontriviallyJ. We shall illustrate the situation with the example of the 

level 1 representation of .s;(Z) which already appeared as the loc.al extension A 1 of 

the lf(l)-current algebra. 

According to the disc.ussion in Section 5B the su(2) current. algebra is reproduced 

from the algebra A 1 which is characterized by the fact that. the minimal charge 9 
carried by a field is given by ~ 92 = N = 1. The charged currents are quantum fields 

(fields at a point) with components 

V'±J(2)(z) ~ I>J.n,±,-n-' (7.1) 

Their Fourier transforms satisfy the commutation relations 

[Jn,,j;m,±] = ±J2,j;m+n.±, 

[,bn,+, i>rn,-] = V2 Jn+m + n 6n+rn,O · 
(7.2) 

The charge shift operators 

r±=r±1v'2, (r _ ~ r~ ~ r:;:') (7.3) 

are used to construct charged fields of charge ~ J2. They induce the automorphisms 

• I F Jn I--I f_J .. f_ = J,.- J2 nO 
(7.4) 

1/ln,± f·-t r:_l{•n,±r- = 1/Jn'f-1,± 

and similarly for r +. It. is a simple exercise to verify that the map ( 7.4) does re­

spect t-he current commutation relations (7.2). The pair of fields 1/'±.!,;2(=) span the 

defining representation of SU(2). ' 

We hope to return to a more systematic study of the conformal QFT models 

based on a non-abelian current algebra in a separate publication. For simply laced Lie 

groups G and level 1 a straightforward generalization of the approach of this paper 

is possible, because a stress tensor c.an be constructed from currents associated with 

the maximal torus T of G. Therefore t.he non-abelian current. algebra d6 is a local 

extension of the abelian current. algebra d'i in t.he terminology of this paper. 

7B. VIRASORO ALGEBRA AS A GERM OF A LOCAL FIELD THEORY. CONCLUDING 

REMARKS 

The results of this paper (summed up in Section 1 C) suggest the following more 

general program. 

Consider the minimal algebra of right movers' observables in a 2.dimensional 

conformal QFT, the Virasoro algebra Vi1· of the stress f'Hergy tensor (or, rather, 

the algebra generated by exponent.ials of the smeared field T(f) for real f). The 

problem is to find all {maximal) local extensions of Vir, for a given Cf'nfral charge 

c, and their QFT-reprcscntations, i.e. their positive euergy representations and fields 

t.hat int.C'rlwine them. \\ie know of one superselected .. charge'' for all such theories, 

the unitary operator exp(2JTiL 0 ) which is in the center of the alg;ebra and generat.cs 

t.he nnivalence automorphism o 2 ,.,.. According to our Thcorem1 one should thcrefore 
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be alJ}r to find localized murphism~ of l-'i1 whirh chauge the eigenYalueo. of this 
univalcnce ~enerator. 

One moral of the present im,estigation i:. the uncm;ering of the role of the max­
imal local extension of the giYen "germ" of the (<"hiral) algebra of observables. Only 
by st.udring the extended algebras A:v we C'allw to a charge quantization, and, as a 
result, to a class of rational confm·malquanfurn field them·ies. cf. :45]. 

It. may be desirable to generalize f. he notim1 of local extension to include algebras 
generated by lo,ally anti\ommut.ing Fermi fields. Tlw f'.eparate introduction of such 
algebras was not needed when tbc germ of the algebra of observables was taken to 
be the d1iral C'urrent algebra [r, since the C'anoni<"al Fermi fields of charge g1 with gf 
odd are contained in the QFT-representat.ion oft.hc bosonic algebra A~ 9 1 for 9 = 2g1 

(see Section 4B). If Vir is substituted for iT, it may be nec.essary or C'onvenient to 
introduce fermionic local extensions in their own right.. This is suggested by a study 
of the critical Ising model [51] (corresponding t.o c =~)whose right moving part is 
m.ost naturally c.onst.ructed as a QFT -representation of the algebra of canonical anti­
wmmutat.ion relations: both double and single-valued representations are admitted. 
It was further noted in [51] that in all unitary ''minimal theories" [14,51,42] with 
Virasoro <"entral charge 

6 
c m ~ I - ~( m~+-2:C)7( m~+-3:-c) ' rn=1,2, ... 

there exists a (unique) primary field ,Pm of C'anoni<"al (integer or half-integer) dimen­
sion (or spin) 

I 
Sm = 4m(m + 1). 

The algebra generated by 'ifm (which includes Vir) seems t.o be a good candidate for 
such a lo\.al field algebra whose single- and double-valued QFT-represent.a- t.ions give 
rise t.o the em-models (classified in [49]). We hope t.o come back to t.hese problems 
in a later paper. 
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APPE:\DIX A. GRot'ND STATES A~D K!\-1S-STATES OFt~ 

In this appendix we want to determine all regular ground states and KtvlS­
s1ates on the current. algebra f;. V\'e will outline the calculation for the KMS-st.at.es 
at inverse temperature B. The form of the ground st.at.es can be determined by the 
same method, or simply by going to the limit B -----> ex_, in the subsequent. expressions 
for the K1IS-st at.ef>. 

YVc recall that a linear functional w on the Weyl algebra {r 1s a state if it. is 
normalized, i.e. w( 1) = 1, and if it. satisfies the positivity '~ndition 

L i',c;..v(ll'(u,)"lF(u;)) 
i,j'""' 1 

0 (A.!) 

for any finite sequence of fundions 'U 1, •.. u n E. S and <"oeffi,ient.s C1, .. Cn E C. 
Note that in view of the <"Vlnposit.ion law (2.6) any state won(; is <"omplet.ely fixed 
by specifying all expectatiou \'alues w(T'l'(-u)ku E S. A state is called quaJifree if 

w(lV{u)) = cig(u)-}liullz, u E S (A.2) 

where g(.) is a real linear functional and 11.11 a suitable Hilbert seminorm on the f'e.al 
spaceS. From the pnf-.itiYitr condition I A.2) one can deduc.e that II-II mu;,t. ~>atisfy 
the inequality [~31 

lluil' -i- il,•ll' +;A(u,,•) '> 0 (A.3) 

for arbitrary u, v E S. Conversely, if this inequality is satisfied, then the- functional 
win (A.2) extends to a state on U. V\re recall that. then-point correlation fundlons 
of the current J in a quasifree stat.e can easily be recovered from t.he generating 
fundional w(W(u)) :they are sums and products of the (trunrated) 1-point and 
2-point fund.ions given by 

< Jju + ;,] >.= g(u) + ig(v) 

< J[u- h•J' J[u + ;,] >.= I lull'+ llvll' + ;A(u, v ). 
(A.4) 

Hence condition (A.3) amounts to the familiar positivity condition for the correlation 
functions. The relevance of the notion of quasi free states for the present. investigation 
c.omes from the fad that all KMS- and ground states on {J are convex combinations 
of quasifree states. 

In our ealculat.ion of KMS-stat.es on U we follow the argumentation in /54]. 

Let. WJ3 be any regular KMS state on {; at. inverse temperature !3 > 0 and consider 
the function 

f(t)~wo(W(<')a,(W(u))), IER. (A.5) 

Acmrding to the KMS-condit.ion, f can be analyti,ally eontinued into the strip S13 = 
{ z : 0 s; I m;; s; ,8} and it is continuous at the boundary. Moreover, f satisfies the 
boundary condition 

f(l + ;p) ~ w(a,(W(u))W(v)), t E R. (A.6) 

Making use of the fact that. ac.cording to t.lw composition law (2.6) 

a, (W(u)) W(<•) ~ c-A<"""'W(,•)a, (W(u )) (A.7) 
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we thus obtain for f the equation 

. (·fd'' l) f(! + >/3) ~ f(!)exp ' ' 2~ u,(o)v(o (A.S) 

Note that if there exists a solution .fo of this equatiotl which is analytic in the interior 
of S 13 , continuous at the boundary, and nowhere zero, i.e. inf {l.fo(z)l::: E $ 13} > 0, 
t.hen g(:::) = f(:::)jj0 (z) is analytic and bounded on Sa and satifies g(t + ij3) = g(i). 
So g must be a c.onsfant furH·.tion by Liouvilles tht>orem, i.e. the solution of (A.S) is 
unique up to a constant. fad.or. 

By taking the logarit.bm on both sides of Eq. (A.S) and performing a Fourier 
transformation it is easy to exhibit a function fo with t.he required properties: 

( ,-'"' ) 
!o(z) = exp - L nc,f3 _

1 
v~u, 

n;fll 

0 E S13. 

It. thus follows after an elementary computation that 

wa(W("' + >')) ~ wa(W(u,)WIJ))clA("""' 

= C(u,l•)e-~llut+•·ll~ 

(A.9) 

(A.10) 

where C( u, v) does not depend on t, and we have introduced the seminorm on S 

= 1 
llt1ll~ = L ncoth(2n$)lii,,

2
. (A.ll) 

n=l 

It remains to determine the form of the factor C(u.t•) in (A.lO). From the first 
and the third member in (A.lO) we see t.hat. C(u, l') can only depend on -ur + 1.', but. it 
must not depend on t. Hence putting l' =- u __;___ gl, g E Rand l(z) = 1 we obtain 

W,B {VV(~t- 1 - u + gl)) = C'(g )c- ~ llu, -ull~ (A.12) 

where C'(g) is independent of 11. Seit.ing in (A.l2) u = 0 we obtain 

C'(g) ~ "'e(H"(g1)) ~ j da(g')c'''. (A.13) 

The existence of t.he normalized measure a in the se-cond inE"qnality follows from 
Bochners theorem. since wa is a regular state for the unitary representation g >·-·) 

iT{gl) of R. Notidng that the sd of functions Ut- u, u E S exhausts the s<_>f of 
all functions u E S -whose Fourier component ii 0 vauislws. we have thus established 
by relation {A.12) and (A.13) the form of the fund.iomd wa giv<_>n in Lemma G.l. 

Proceeding to tile limit. ;3 -+X> we also obtain t.he form of ihe- ground st.af-('s on i.~ as 

giv('n in Lemma 2.2. 

If w13 is a primary siat(' 1 ilwn 

...,.,t(H"(u)), rigi•,-?::u!:~ (A.14) 

1 .!\ primary ,._!nh· (,u i i~ a 5\al(' which If-ad,; loa factorid Tf'JHC'>l"liltJ1ion of ( i11 which \lie <:<"Iller 
ron_o.i-.h of nwll;,,!:~ .-.f ~ '"· id1·nlil\. 

S3 

for some "charge" g E R. i.e. the mea1mre 0' in relation (A.l3) is concentrated at a 

point. Sin('e the seminorm il.!ia satisfies the c.ondit.ion (A.3) we see that Eq. (A.14) 
defines a quasifree KMS-stat.e for any g E R. But convex combinations of KMS-states 
of the same temperature are again KMS-statcs, hence any normalized measure cr in 
(A.l3) gives rise to a particular KMS-state on [r. 

If one goes in relation (A.l4) to the limit t3- 'Xl one obtains a ground state w 

of charge g which is a pure state (giving rise t.o an irreducible representation of (j ). 
This follows, as in the standard framework of quantum field theory [15]) from the 
fad that the state w is weakly dustering, i.e. 

1 JT Em - dtw(W(u)a,(W(v))) ~ w(W(u))w(W(<•)), 
T,_.oo 2T -T 

(A.15) 

as can be shown by explicit computation. 

Vile conclude this appendix with some remarks concerning the relation between 
the representat.ions induced by KMS-states for different temperatures a11d charge 
spedra. It is dear from t.he above discussion that. two KMS-states will lead io disjoint 
representations of(; if the corresponding measures(}' in (A.l3) (giving the central 
decomposition) are disjoint. For example the quasifrce states in relation (A.l4) gi,,e 
rise to disjoint representations for different values of the charge g. On the other hand, 
iffor two KMS-statcs the measures(}' coincide (or, more generally, belong to the same 
measure class) then one can show that the corresponding representations of (; are 
quasi-equivalent. (equivalent up t.o multiplicity). This result. remains true also if these 
states have different i.emperat.ures, or if one of them is a ground state. (A proof of 
this assertion can be obtained e.g. by applying the general result in [55].) So, roughly 
speaking, one c.an distinguish lhe (quasi-) equivalence dasses of representations of 

(; by the charge spectrum. As expected for theories living on a compact. spaee, the 
temperature is not a superseledion rule. 

From the lat.ter fad it. follows for example that. the (primary} KMS-st.aks uf 
charge g can be represented in the form 

"'a(W) ~ irrc-eH~(Jl'). 

where the trace is to be t.11ken over the J:CpresE"nt.at.ion spa'e of t.he (irreducible) rep­
resentation (1f, }-() indu,ed by t.he [',ronnel state- of charge g, and His the Hamilt.ouian 
in that representat-ion. Hence one um rediscover ihe well kno\\·n fact. that e-f3H is 
a trace class operator iu all lowest weight representations of {r by an analysis of t.he 
relat-ions bPtween t.h<' various I\1\IS-staks, which we- han· cCJlnput.ed here by making 
use of t.he KMS-condit.ion. 

APPEJ\DIX B. SOLllTION OF A COCYC'LE EQl'ATION 

\''e give here t.he proof of Lt>mnHl 3.2. i.e. Wf' dckrmim' all coufitmons solutioJ1S 
of the equation 

X(Pth-g,(X(r:tl) =-= ~(PJ·I'2)-Y(Pl 1 11<) (B.l) 

whcr(' E. is SO!ll(' phase- factor aud X(tJ) ar<_> uuitar_,. opera<c,rs in ilw c-->llc!· uf (:". 
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\Ye lwgin hy notill~ tl,at (l.i'l ... •0{_\(e)J i~ R pl1R>.:e fl1<"1or (since ... ·0 i~ R Jmn· 

~1<-~tc), sob_,. multiplyiue _\(e) will1 (((') 1 we uwy a.~sllllH' wi11Jont )p.--.. ~ of )!Cllerality 

thRt "''o(X(p)) ] fnr oil f'· Let us llO\\' consider Eq. (B.J J for tlw cases whne 

1111! -, .rJJ -- 0. i.e. 

_\'((luLYt/)) '~ (((Jo.p)_\'(1)-' f'ti}- fi(I!J 0. m.21 

Takin~ matrix elcnwnts of thi>- cqutJt.ion in ilw ~tak ><'o \\T tl111s sH· th<.t 

((eo,Pl' if flo. 1 ::.. 0. (ll.3) 

\Joreover, ~Ptting Y( q) ::..:· X(p), wlwre p(:.:) "' g/:.:, g = p 1! and 6p '"' ('-- p we obtain 
from (B.2) and (B.3). since .6-p'J] =: 0 

X(p) c Xi6p)Y(q). (B.4) 

Plugging this ini.o (B.1) we get 

l'(g, h-,, (Y(g, ))l'(g, + g,)'' ~ ((p, ,p1 )Xi6p, )-•,_,, (X(tip2 W 'Xi tip, +tip,) 

and making use of the fad that X(~p 1 --1 ~p2 )::..:: X(6('J )X(~p 2 ) which also follows 

from (B.2) and (B.3) we arrive at 

Y(g,)1,,,iYig2 ))Yig, + g2 )-' c (ip,,p2 )Xitip2 h.-.,iX(tip,)) ' iB.5) 

The ll:"ft hand side of this equation does not depend on the particular c.hoice of 

Pl, ('?. (for fixed 91 ,gz ). Hence setting p1 = fiJ, pz = Pz and taking into account. that 

X(O) ""- 1 we see t.hllt. for 91>9?. E R 

l'i9>h-- 9 ,(Y(g2 ))Yig, +g2 )-' ~ '1ig,,g2 )1 (B.6) 

where ry(.,.) is fl- phase factor. It. is then clear t.hat 17(91,92) sa.t.i£es the 2-rocycle 

l:"quat.ion 

1](91 '92 )17(91 + 92,93) = 1J(9J, 92 + 93 )1J(92' 93 ). iB.7) 

As is well known, all (continuous) solutions of this equation are of the fonn 

'lig,,g,) ~ (ig,)(ig,)((g, +g,)_, 

where((.) is a phasl:" factor. Hence mult.iplying Y(9) with ((g)-J we may assuml:" 

without. restridion of generality that 17(_q 1 , _q 2 ) = 1, i.e. tha.t. Y (.) sat.is£es the equation 

given in thl:" statement. cif the lemma. \Ve an· thus left with the eqtwtion 

)-g(.Y(tip)) ~ nig,tip)Xi6p) ;1 tip]l ~ 0, 

where u(., .) is again some pha.st:> ftJdor. 

From t.he composition law /g, --y91 "-' ~r9 , --1 9 , and from the fact that 

X(6p)X(~p') = X(~p --t- ~p') it follow" that u(., .) must sat.isfy 

CT(gJ,6p)a(gz.6p) = a(_ql --t· 92,6.p) 

a(g,~p)a(g,l:!.p') = o(,q,~p+ ~r'). 

tJ~, 

iB.8) 

iB.9) 

BC'Rring in mind thC' anticipated continuity propC'rlies of X(e) it is thC'n di:"Hr t.l111t 

a(9, ~p) = ( --•;111-">pl. (B.JO) 

\Yhere /(.) is H re<d func-tional. An obYious SJwcial solution of i-ll~:" resulting C<pwt.ion 

for X(.). ''iz. 
1- g(X(~p)) = (--iglt-">'''X(L~p) iB.ll I 

is Xa(,__\fl) =- ril(~fllQ, Expressing the general solution i11 the form 

X(~p) =- XJ(.;_j.e)X0 (~p) we see that XJ(~p) must be a fixed point under the ad ion 

of /g· g c: R. Bnt ap11.rf from mult.iples of the identity there is no such fixed point 

(the automorphisms 19,g ( R H<'t. ergodic-all~' on the center of('"), hcnee XJ(.6.p) 

must be a multiple of the identit-y. So we- condude that X(p) = X(~p)Y(g) has the 

specific form giYen in the statement, and plugging this information into (B.l) we also 

get thl:" structure of the phase fad.or ~(-,.)in this ll:"mma. q.r.d. 

APPENDIX C. MODllLAR PROPERTIES OF 0-FUNCTJONS AJ\'D CHARACTERS J\.·n· 

First. we Yerify that Eq. (6.30) does define a group law. The onlr non-obvious 

point is c-he-cking the superposition rule for the third variable, which follows from the 

equation 
C2 <1 

,-,-T --1-d; + -(c-,T-+ d;)[(cta-,-+-d-:,'--,-,);-T-+---c1
b2 + dJd2-j 

CJ02 + d1 <2 -------
(cla-2 + d1c2)T + clb2 + d1d2 

valid for azdz - czb2 = 1. 

The basic t.ool in deriving the transformation law (6.33) for the AN characters 

under modular inversion is t.he Poisson formula 

Lf(m) ~:[Jim) for f(y) ~ ;= ,-"'''f(x)d.x. 

"' "' -oo 

(C.l I 

It. is valid whenever both f and it.s Fourier transform j arl:" absolutely integrable. 

It. is applied t.o (Im T > 0) 

( 
n n ) f(x) = exp 1riT(.1~9 +- )2 + :hi((:r9 +-) 
g g 

(C.2) 
· 1 ( 2rnn 1 n ) Jim)~ ,~- exp irr]--- -((-- )2

] 
gv·-IT g2 T _q 

with the result 

g\f::____j:;::e2n,2N(T,(,0) = 
N 

\.''""" c'"'"'P!Ne i-~ f -~ ( L_.; 2p,2N , 1 - ). 

p:=-1-I\' 7 T 2T 

(C.3) 

\iVe have used t.he identit.y 

N 

:[Jim)~ L :[f(2Nm+p) 
p=l-l\' "' 
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in which the sum over p can be replaced by a sum oYer any other interval of length 
2N. Using the identity 

~(-r-') ~ (-ir)l~(r) 

which also follows from the Poisson formula applied to the 0-series expansion 

1](7) = 2:(-1)mf2,..;T~(n+~)2 

of the Dedekind 1]-funct.ion, we find 

where 

N 

K,(T,(;N) :=-; (.--(
2
/2r ' s· ,. 1 < £.-t np·n--p(--,···;N) 

s~p = 

p=l-N 
7 

'T 

1 
;;::-,-e'"npfN 

v2N · 

This proves Eqs. (6.33L (6,36) sim.e 
N 

""' ;7r(n-k)p/N _ {y 
ZN L-t e - kn· 

p=l-N 

1 

(C.4) 

(C.5) 

(C.6) 

(C.7.) 

(C.8) 

The property (6.35), (6.36) of Sis then obtained by a repeated application of (6.33), 
whith gives for C = 5 2 

N 

L C,pli.p(r,(;N) ~ li.n(r,-(;N) 
p:;ol-N (C.9) 

~ Ii..n(r,(;N). 

We note that the representations of S L(2; Z) thus constructed are never faithful. For 
any given N the infinite subgroup 

r 24 N ~ { (: ~) E SL(2,Z); (: ! ) ~ 0 n mod(24N)} (C.10) 

of SL(Z,Z) is represented trivially. 

Indeed, 8 1,91 ( T, (, u) are modular forms of weight ~ with respect. to the subgroup 
r 2492 for any positive int.eger g2 • It is a deep result of Serre and St. ark [31 J that. these 
8-fundions act.ually span t.he spate of all modular forms of weight. ~. For related 
work see [56,57,58]. 
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