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Abstract: 

We study two dimensional massless chiral QCD in a gauge invariant 
formulation. The Faddeev-Popov-procedure is used to obtain a gauge 
invariant effective action after bosonization whi'ch is then 
quantized canonically using Dirac's prescription for constrained 
systems. The gauge current algebra is deduced and covariant current 
conservation is shown by means of the equations of motion of the 
bosonic matter fields. 
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1.) Introduction 

classical theor-y may be spoiled at the quantum 
case of gauge invar-iance this shows itself 

the fact that the gauge cur-r-ent J~ is not conser-ved 

Symmetr-ies of a 
level. In the 
dynamically in 
covar-iantly: 

D~ J~ * 0, ( 1. 1 ) 

which is a contr-adiction to the classical equations of motion. 
Since the existence of inter-nal symmetr-ies is one of the 
motivations for- consider-ing gauge theor-ies, it should be demanded 
that they sur-vive quantization. Fur-ther-mor-e, the existence of an 
anomaly D~J~ * 0 is suspected to spoil unitar-ity and 
r-enor-mallzabllity [1] which implies that the theor-y is 
inconsistent and hence useless. 

For- the chlr-al Schwinger- model [2-4] , which seems to be anomalous, 
it has been shown that a consistent quantum theor-y is possible [5]. 
Integr-ation in the path integr-al appr-oach over- equivalent gauge 
field configur-ations [6-8] yields an effective action with a 
Wess-Zumino-ter-m [9] which r-ender-s the theor-y gauge invar-iant and 
anomaly-fr-ee. In the abelian case [10,11] the effective action has 
been quantized using Dir-ac's pr-escr-iption for- constr-ained systems 
[12-14]. It tur-ned out that the cur-r-ent algebr-a is canonical, i.e. 
ther-e is no Schwinger- ter-m in the [J0 ,J0]-commutator-. In the 
non-abelian case in the Hamiltonian for-mulation, however-, ther-e 
has only been an appr-oach using the gauge non-invar-iant for-mulation 
[15]. 

In this paper- we want to per-for-m the canonical quantization in a 
gauge invar-iant fr-amewor-k. We consider- the Lagr-angean 

f. = _...!__ t F F~" 4 [" ~\) 
- ( 1-y5) 

+ 'I' 1.d' - eK -2- 'I' ( 1. 2) 

of chir-al QCD in 
pr-ocedur-e [16] to 

. figur-ations in the 

two 
get 
path 

dimensions. We use the Faddeev-Popov­
r-id of super-fluous gauge field con­
integr-al. After- bosonization we obtain 

a gauge invar-iant effective action which will be quantized using 
Dir-ac's pr-escr-iption. The constr-aint algebr-a shows that the system 
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I, 

is first class, thus reflecting the gauge symmetry. We fix a gauge 

to obtain a second class system and calculate the Dirac brackets, 

which are turned into quantum commutators. The gauge currents are 

determined, their algebra is deduced, and final+y current 

conservation is shown by means of the equations of motion. 

2. l The Chlral Model with Wess - Zumlno - Term 

We briefly review the chiral model to show how a Wess-Zumino-term 

may be treated in the framework of canonical quantization [17-19]. 

The action is given by 

s = s0 + Swz =- fdx tr ((o)11 (o)11) +A J tr (o)3, ( 2 .1) 

M Q 

where 

(2.2) 

The ~a parametrize an SU(N)-valued field h,the ta are normalized 

hermitean generators of the SU(N) gauge group, and we assume that M 

= dQ is the two dimensional Minkowski space (for additional 

conventions see appendices A, B). 

In components, the action may be written as 

s = f dx ( ~ gij a11~i a11~J+ A Dij a0~i a1 ~J) = f dx t(xl ( 2. 3) 

M M 
here D is a local two form such that dD = tr tol3. 

Since the ~i ( x) are independent configuration space variables, 

canonical quantization may be carried ·aut by requiring that the 

canonical momenta 

a :. J 
pi:: ilil ~1 =Pi + A Dij il1~J, Pi •= gij ilo~ 

0 
( 2. 4) 

and the coordinates ~j satisfy canonical commutation relations 

(2.5) 
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It is easy to see that 

[Pi (xJ ,a1 ~J(yJ JEre= i siJ axs(x-y>, 

[Pi(x),f(~)(yl]ETC =- i Clif(~) 8(x-y). 

' 

(2.6) 

We will drop the index "ETC" in the sequel. After some algebra 
using (8.12) it is possible to prove that 

( 2. 7) 

this result is necessary to calculate the current•algebra.later on. 

The action S is invariant with respect to the global gauge 
transformation 

h -> h 3 =a· h. (2.8) 

By appl.l:cation of Noether' s theorem we obtain conserved currents [20] 

(2.9) 

Current ·conservation a11 J: = 0 is equivalent. to the equations of 
motion. We note that 

(2.10) 

so the algebra of the currents J 11a may be calculated by using the 
canonical commutation relations and the Killing equation (8.10): 

[Joa(xl,Job(yl] = ~ gabc (Joc(x) +~X Jic(xl) 8(x-yl, 

[ ] 
1 . ~~ ~~ Joa(x),j1b(y) = t2' gabc Jic(x)8(x-y) + i 8ab axsxx-y), 

[J!a(x),jlb(yl] = 0. (2.11) 

! . 
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These commutators ·imply the algebra· of the symmetry-generating 

currents Jlla: 

[ J 1 ~~ ~~ 
Joa(X),J!b(y) = ngabcJoc(x)o(x-y)- 31A Oab axo(x-y), 

[Joa(xl ,J1b(yl] = ~ gabcJ1c(xl o(x-yl + i(1+~ >. 2) oab axo(x-yl, 
· TL 4 

[J1a(x),J1b(yl] = ~gabc(-~ ).2Joc(x)-3).J1c(xl) o(x-y) 

(2.12) 

This current algebra coincides with the result of ref. [19], eqs. 

(3.8), (3.9). 

3. ) Chiral 00> in Two Dimensions 

Chiral coupling of fermions to gauge fields is realized in nature 

in the weak interactions. Since under gauge transformations only 

one helle! ty of the_ fermions is affected, the functional path 

integral measure f!'l' f!'l' is not gauge invar !ant [21]. Hence anomalies 

may appear spoiling renormalizability and unitarity of the theory 

(1]. In two dimensions it is possible to study these anomalies 

•xpllcitly since the fermlons can be integrated out in the path 

integral leading to an effective action which can then be quantized 

canonically. 

3 .1. ) The action of chiral 00> 

The classical action of chiral QCD is [15] 

S = SymLA.l + Sf('l', 'I' ,Al = f d 2x .tel (x), 
M 

- f 2 - f 2 [ 1 ( ll\1) J Sym(A) - d x .'tym(Al - d x -4 tr Fll\1 F , 
M M 

= J d 2x .'tf(A) = J d 2x [if (iZ + 

M M 

- 5 -

1-y5 
e}( --) 

2 
'1']. (3.1.1) 



The gauge field and the field strength tensor may be decomposed as 

(3.1.2) 

The covariant derivative is given by 

(3.1.3) 

A short calculation yields 

(3.1.4) 

showing that only the •-• - component (see (A.lll of the gauge 
field couples to the left-handed fermion helicity. The action is 
invariant under a gauge transformation a(x), if 

A -> Aa =a A a-1 - J....a a a-1 l.l l.l l.l e l.l 
.&, 

'fR-> '~'R. = '~'R· 

a· 
'fL-> '~'L:· = a '~'L• 

a' 
Dl.l-> Dl.l = al.l - ie Aft. (3.1.5) 

3. 2. ) The Faddeev - Popov - procedure 

It is a well known fact that naive canonical quantization of gauge 
fields does no lead to a sensible quantum theory since the gauge 
freedom makes the definition of a propagator impossible. The 
Faddeev-Popov-method solves this problem by eliminating 
superfluous degrees of freedom in the path integral approach. 
Therefore we consider the path integral 

Z f A "' - iS('f, '¥,AI f A iSym(A)J - iSf('f, 'I' ,Al = ~ ~ T ~qr e = f) e fl'f ~qr e . ( 3. 2. 1) 
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In principle there are now two possibilities to proceed. One could 

express 

(3.2.2) 

as in [15] by simply integrating out the fermions, where Seff(h,Al 
is an effective action expressed in terms of a Lie group valued 

field h and the gauge field. It turns out, however, that this 

effective action is no longer gauge in~riant. The reason for this 
is that the functional measure f!'¥ f!'¥ is not gauge invariant, 

yielding a non-trivial Jacobian: 

Therefore the effective action does not possess the same 
as the original one. In contrast, we will 
Faddeev-Popov-procedure [16]. A clever unity 

(3.2.3) 

symmetries 
use the 

(3.2.4) 

is inserted into the path integral, where F is some gauge fixing 
functional. The gauge invariance of 6(A) may easily be shown by 
means of the right invariance of the (functional) Haar measure. The 
gauge field measure f!A is gauge invariant, furthermore, we define 

~A'= f!A 6(A) S ( F(AJ ). (3.2.5) 

In the case of vector coupling of the fermions, the integration 
over A factorizes if the integration variables of the fermions are 
gauge shifted. An infinite constant may then be absorbed into an 
overall normalization constant. Here, however, the chiral coupling 
does not allow this shift, so the Lie group valued field g survives 
the Faddeev-Popov-procedure as a degree of freedom [6, 7, 8]. 
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Using the gauge invariance of Sym(A), we obtain 
the integration variable A [22) 

- -1 

f ~ iSym(A) f - iSf('i', 'I' ,Ag l Z = flA flg e fl'l' fl'l' e 

after a shift of 

(3.2.6) 

Thus we have restricted the integration in Z to those gauge fields 
which are inequivalent with respect to gauge transformations. 

3.3.) Bosonlzatlon 

Now we use the well known fact [15, 23, 24) that the functional 
integral 

(3.3.1! 

may be replaced by an integral over a group valued field h 

f flh e -i!HA,hl + ii;(Al. 
(3.3.2) 

Here ~ possesses the cocycle property and I;(Al has the form of a 
mass term for the gauge field with an arbitrary parameter a E R 
which arises upon regularization of the fermionic determinant 
[25, 26). Replacing g-1 by g and insetting the explicit 
parametrizations 

we obtain the path integral 

z = f i;A flg flh eiSeff(A,g,h)' 

where 

Seff(A,g,hl = J d2x t(x), 
M 

(3.3.3) 

(3.3.4) 
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:t.(x) = _ _!_Fa Fll" + ae
2 

Aa All 
4 ll" a 81t 11 a 

(3.3.5) 

+ _1_ giJ a <J>i all<J>J - _1_ DiJ ao<J>i al<J>J 
161t l1 121t 

+ (a-u-
1
-hiJ a .. eia11eJ + -

1
-ciJa0eia1eJ 

161t ... 121t 

+ 12e41t gij ~aj (ao<J>i + a1 <J>i) (Aoa - At a) 

+ l'l.:1t hiJllaJ(a0ei((a-1lAoa+A1a)-a1eJ(Aoa+ (a-1lA1a)). 

Here we have assumed that (g,ei,hij•llai•eial are the analogues of 

(h,<J>i,gij•~ai•wial in terms of the parameters ei. Of course, 

locally there is a two-form C with dC = tr ~-

The effective action is invariant under the gauge transformation 

g -> g~ = g ~ -1 ' 

h -> h~ = h ~- 1 
' 

(3.3.6) 

3. 4. l Quantization 

We are going to quantize the theory canonically. First of all, we 

define the momenta conjugate to A11a, <J>i and ei: 

n~ = 0 , which is a primary constraint, and 

n~ = <loA1a - a 1 Aoa + e gbca Aob Ate• 

a:t. 1 1 e 
Pi '= aao<J>I = 81t giJ ao<J>J - 121t DiJ a1<J>J + /'l.41t wia A_a, 
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For convenience, we define 

P a '= ~a i (Pi+ 1 ~ 11 D i j a 1 ~j), 

qa '= l!ai (qi- 1~1t cij a1eJ), 

and obtain 

ilo~k = ~ak ( 81t Pa - .fi.e A_ a), 

Cloek = _1_l!ak (81t <ia- .fi.e (<a-1lAoa+ Ala)), 
a-1 

if we restrict ourselves to the case a* 1. 

Now we introduce the covariant derivative 

(3.4.2) 

(3.4.3) 

(3.4.4) 

and finally obtain the Hamiltonian density after a partial 
integration: 

-.fi.eP"a(Aoa -Ala)- d
411 

wla(Aoa- Ala) 

.fi.e _ ( ) e ( ) - a-l qa (a-llAoa+A1a +,l241t 61a Aoa+ (a-l)A1a · (3.4.5) 

The terms linear in Clo~i and Cloei have vanished, furthermore it is 
obvious that 1 can be written in terms of Pa, <ia in a simple form 
since these variables contain the contributions from the forms C 
and D. 
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As mentioned above, n~ is not an independent dynamical variable 

and has to be treated as a primary constraint 

o1 == no ~ o a a 
(3.4.6) 

in the sense of Dirac [13] . To obtain a consistent quantum theory 

which is not ill from the very beginning, one has to use Dirac's 

prescription for quantizing constrained systems, since canonical 

commutators might lead to contradictions. The basic Poisson 

brackets are 

{ ~ o~} ~~ 
Aoa (X ) 'nb ( y) = Sab s (X -y) ' 

the other brackets .vanish. 

By careful use of 
&-distributions and of 
brackets 

identities 
( 8.12 J one 

(3.4.7J 

involving derivatives of 
obtains the useful Poisson 

(3.4.8) 

Following Dirac, we have to look for further constraints which 

arise as consistency conditions 

(3.4.9) 
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Since 

(3.4.10) 

this is equivalent to 

(3.4.11) 

which leads to 

(3.4.12) 

02a is a seconda~y const~aint co~~esponding to Gauss' law. 
Additional Poisson b~ackets a~e 

(3.4.13) 

Now we claim that the~e a~e no fu~the~ const~aints. A lengthy 
calculation yields 

(3.4.14) 

since 02b ~ 0. The~efo~e the consistency ~elation aon2 ~ 0 can be 
exp~essed in te~ms of the const~aints which a~e al~eady known. 

The mat~ix 

is not inve~tible, so we a~e dealing with a fi~st class syste~. 

Di~ac p~oves that fi~st ciass const~aints a~e gene~ato~s of 
symmet~ies of the theo~y. In ou~ pa~ticula~ case the gauge symmet~y 
of the effective action is ~eflected. F'urthe~mo~e. n 2 fulfills the 
co~~ect algeb~aic ~elation (3.4.13) fo~ gene~ato~s of symmet~ies. 

- 12 -
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Ther-e ar-e now two possibilities to obtain a sensible quantum 

theor-y. 

a) We may assume canonical commutation r-elations equivalent to the 

Poisson br-ackets. The constr-aint equations O~a IV) = 0 ar-e 

fulfilled for- physical states IV) only. To obtain fur-ther­

infor-mation, we would have to use the r-estr-icted physical Hilber-t 

space which is the ker-nel of the constr-aints O~a· 

b) We can extr-act infor-mation fr-om the oper-ator-s and their- algebr-a 

without consider-ing states if we could assume the constr-aints to be 

str-ong oper-ator- equations for- all states. This may be achieved by 

using fur-ther- constr-aints which for-ce the system to be second 
class. 

We will pr-oceed as indicated in (b). We have to deter-mine 

constr-aints which r-estr-ict the symmetr-y of the theor-y, so we have 

to fix a gauge. 

3. 5. l Gauge fixing and Dirac brackets 

We will wor-k in the unitar-y gauge g = 1, since in this gauge the 

Wess-Zumino-ter-m which leads to the gauge invar-iance of the theor-y 

is gauged away. Then it is possible to compar-e the r-esults with 

those obtained in the gauge non-invar-iant for-mulation. 

In or-der- to inver-t the antisymmetr-ic constr-aint matr-ix 

we have to add an even number- of constr-aints. We expr-ess ei = 0, 

which implies g = 1, as a0ei = a1e1 = 0 [10]. To simplify 

calculations, we use as gauge fixing constr-aints 

e 
:=-- e11 ~ 0 

/24Tt a ' 
e2 

:=.fie Cia-- (<a-llAoa 
4Tt 

(3.5.1) 
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We remark that 

(3.5.2) 

The matrix 

may easily be calculated by using (3.4.7),(3.4.8), the result is 

{o1a<xJ,o3b<yl} = o, 
2 

{o1a<xJ ,o4b<yJ} = :n <a-1lSabS<x-yJ, 

e2 .... .... e 2 x ... -{oza(x),03b(yl} = l'l4n gabcellco(x-y)+ 41t saba o(x-y), 

{oza<xJ,o4b!yl} = gabc (1Ze 2Cic- ::Ate )s<x-yl, 

{o3a<xJ,o3b<¥J} = o, 

{ 0 3a ( x) '04b ( Y)} 

{ 04a ( x l '04b ( Y l} (3.5.3) 

To proceed, we define linear: combinations of the constraints: 

(3.5.4) 

Then it is easy to see that the matrix 

is invertible. Therefore, the system is now second class, and we 
may write down Dirac brackets 

{A,B}n = {A,B}- 2:Jdxdy{A,x:<Xa(xl}C';},~b(x,yl {x:~b(yl,B} (3.5.5) 
<X, a 
~,b 
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which are turned into quantum commutators by the prescription 

It is a tedious bit of algebra to do the calculation, so we simply 

state the result here. Some commutators are simplified by using the 
fact that constraints are now strong operator equations. 

+[Aoa(xJ,wlb(yJ] 

+[Aoa(xJ,pb(yJ] 

~ [ Aoa ( x J , q b ( Y J J 
i . 

+[Ala(xJ,qb(yJ] 

1 [ 1 - J l lla (x) ,qb(yJ 

+[wla(xJ,pb(yJ] 

+[wla(xJ,qb(yJ] 

+ [P a ( x J , P b ( Y J J 
+[Pa(xJ,qb(yJ] 

1 ( 4'Jt ~ ~ .fl. 4'Jt X ~ ~ ) 
=- a-1 -;-gabcwlcS(x-yJ+-e-Saba S(x-yJ ' 

1 ( 4'Jt - ~ ~ 1 X ~ ~ ) 
=- a-l -;-gabc PcS(x-yJ+ .fl.esaba S(x-yJ, 

1 ~~ 1 1 X~~ 
=-.fl. gabcAocS(x-yJ + a-l.fl.e Saba S(x-yJ, 

~ ~ 

Sab S ( x -y J , 

1( ~~ x~~) 
=- l'l.e egabc Ale S(x-yJ -Saba S(x-yJ.' 

1 1 ~ ~ 
= -.fl. gabc ll C S (X -y ) ' 

1 .... .... X ....... 
= .fl. gabc W 1 C S (X -y) + Sab a S (X -y ) ' 

1 X ........ 
+ -- saba s ( x -y J , 

a-1 
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(3.5.6) 

where the last three comutators will prove to be useful to 
calculate the current algebra. 

3.6. l The current algebra 

. We define the gauge currents by 

(3.6.1) 

An explicit calculation yields 

(3.6.2) 

where in the second step the constraint equations have been used. 

The commutators (3.5.6) involving covariant derivatives allow the 
determination of the current algebra, we express the result in 
terms of the currents (3.6.1) and the gauge field: 

(3.6.3) 
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We note that the [JO,JO]-commutator is canonical, no Schwinger term 
arises, as required for a consistent quantum theory, as already 
observed in [22]. We want to make some remarks concerning the gauge 
non-invariant formulation. If the Faddeev-Popov-method is not 
used, the field g is absent and the effective action is not gauge 
invariant. Then Dirac's prescription leads directly to a second 
class system since no gauge symmetry is present. Dirac brack.ets and 
current commutators may be calculated, too, and it turns out that 
they coincide with the results we have given above if the 
constraint equations are used. Therefore we have found a gauge 
(namely a gauge, which eliminates the field g that ·is not contained 
in the gauge non-invariant formulation) which reproduces the 
result obtained in the non-invariant formulation. 

3. 7. l Equations of motion and current conservation 

Finally, we want to show that the gauge current is covariantly 
conserved: 

Dab JV. = 0 . ( 3. 7 1 ) v. b . . 

This condition has to be fulfilled, because the equation of motion 
Dv,FV.V = J" for the gauge field implies DvDv, pV.V = DvJ" = 0. 

A straightforward, but tedious calculation using the Lagrangean 
formalism starting from (3.3.5) yields the equation of motion of 
the matter fields ~i and ei: 
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/2'~~~ ~~'Jb a2 eJ 

= - e)z~:ll Tlbi ( 2<1rhis-a i hrs)( <loeraoes-a1 era! es)- Belt gdbf ~~'rd~~'sfaoeraoes 
e2 

+ /2'411 gabe~~'re[ <~oer ( ( a-llAoa +Ala) + Cl1 er( -Aoa- ( a-1 lA1a)] 

e2 
- 411 (<a-ua0Aob + a0A1b- a1Aob- (a-ua1A1b)· (3. 7.2l 

A simple calculation gives 

11 e 2 
Cl11Jb = /2'41t gabe [wre[ao~r(Aoa-Alal + a1~r(Aoa-A1a)J (3.7.3) 

+ore [ a0er( ( a-1lAoa +A1a) + <11 er( -Aoa- ( a-1 l A1a)J], 

where the equations of motion (3.7.2) of ~i and ei have been used. 

The additional term in the covariant derivative is easily seen to 
be 

(3.7.4) 

so that indeed 

(3.7.5) 

the gauge current Jll is covariantly conserved. 

So it turns out that the dynamics of the Wess-Zumino-field g 
ensures current conservation [22]. Of course, it is possible to try 
a similar calculation in the gauge non-invariant formulation. Then 
it turns out, however, that the equations of motion do not suffice 
to prove covariant current conservation. We suppose that in this 
case, as in the abel ian case [10]. the complete and explicit 
solutions of the equations of motion are necessary. Since they are 
not known in the non-abelian case, the use of a gauge invariant 
effective action seems to be the only possibility to prove gauge 
current conservation. 
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4. ) Summary and Conclusions 

We have studied chir:al QCD in two dimensions in a gauge invariant 
formulation. Using the Faddeev-Popov-pr:ocedur:e we obtained a gauge 

invariant effective action after: bosonization. The calculation of 
the constraint algebr:a showed that we wer:e dealing with a fir:st 

class system. As Dir:ac has shown, fir:st class constraints ar:e 
gener:ator:s of symmetries which leave physical obser:vables 
invariant. In our: particular: case, the constraints gener:ate local 
gauge tr:ansfor:mations. Gauge fixing leads to a second class system. 

Quantization is possible by calculation of Dir:ac br:ackets of the 
dynamical variables which ar:e then tur:ned into quantum 
commutators. We defined gauge cur:r:ents and determined the cur:r:ent 
algebr:a. The [JO,JO]-commutator: tur:ned out to be canonical 
reflecting the fact that JO is a generator: of a symmetry. No 
Schwinger: ter:m is pr:esent as r:equir:ed for: the consistency of the 
theor:y. 
Finally we pr:oved covariant cur:r:ent conservation by means of the 
equations of motion of the bosonic matter: fields. 
The additional rna t_ter: field sur:v i v ing the Faddeev-Popov-pr:ocedur:e 
tur:ned out to be essential for: the two main features of this 
formulation, namely gauge invar:iance and the possibility of 
pr:oving covariant cur:r:ent conservation explicitly. 
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Appendix A: Conventions and Notation 

We use 2-dlmensional Mlnkowski space M = aQ with metr:ic g = 

diag(1,-1) and Levi-Civita-symbol EQ1 = 1. Lightcone variables ar:e 
defined by 

CA.ll 
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The y-matrices in the chiral representation read 

(A. 2 J 

Projection operators onto left- and right-handed components of the 
fetmions. are defined by 

1-y5 
}, =-­.2 

Appendix B: Differential Geometry of SU(Nl 

(A. 3) 

Let G be a Lie group [27, 28] SU(N) with hermitean, normalized 
generators ta, 

( 8 0 1) 

and totally antisymmetric structure constants gabc• where 

(8.2) 

Each h £ G may be parametrized by 

(B. 3 J 

The Maurer-Cartan-form 

(8.4) 

is a canonical left-invariant 1-form on G. 

On G, there is a left-invariant metric 

(8.5) 

We define~ to be the inverse of. the matrix w, 

( 8 0 6) 

and we note that the ~ai are the components of left-invariant 
vector fields 
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(B. 7l 

The structure equation 

[ ~ ~b] 1 ~ xa X =-- g b xc ' 12 a c (8.8) 

may be expressed in components as 

1 
~ai aj~bj - ~bi ai~aj = - 12 gabc ~cj• (B. 9 l 

a 
whe!?e ai denotes a411 . 

A very useful relation is Killing's equation 

( B .10 J 

Let tr w3 be a three-form on G which is a """-product with resect to 
1-forms, the matrix product and the trace are taken with respect to 
Lie algebra matrices. 

It is easy to see that tr w3 is a closed form, so locally there is a 
two-form D with tr w3 = dD. We may expand D as 

and note that 

(8.12) 
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