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Abstract:

We study two dimensional massless chiral QCD in a gauge invariant
formuletion. The Faddeev-Popov-procedure is used to obtaln a gauge
invariant effective action after bosonization which 1is then
guantlzed canonically using Dirac’s prescription for constrained
systems. The gauge current algebra is deduced and covariant current
conservation is shown by means of the equations of motion of the
bosonic matter fields. '
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1.) Introduction

Symmetries of a classical theory may be spolled at the quantum
level. In the case of gauge invariance this shows 1itself
dynamically in the fact that the gauge current J¥ is not conserved
covartantly:

Dqu“#O, (1.1)

which 1s a contradiction to the classical equations of motion.
Since the existence of internal symmetries is one of the
-motivations for considering gauge theories, it should be demanded
that they survive quantization. Furthermore, the existence of an
anomaly DuJ“ ¥# 0 1s suspected to spoil unitarity and
renormalizability {1] , which implies that the theory is
inconsistent and hence useless.

For the chiral Schwinger model [2-4] , which seems to be anomalous,
it has been shown that a consistent quantum theory is possible [5].
Integration in the path integral approach over equivalent gauge
field configurations {6-8] yields an effective action with a
Wess-Zumino-term [9] which renders the theory gauge invariant and
anomaly-free. In the abelian case [10,11] the effective action has
been quantized using Dirac’s prescription for constrained systems
[12-14]. It turned out that the current algebra is canonical, 1i.e.
there is no Schwinger term in the LJO,JO]—cbmmutator. In the
non-abelian case in the Hamiltonian formulation, however, there
has only been an approach using the gauge non-invariant formulation

[15].

In this paper we want to perform the canonical quantization in a
gauge invarlant framework. We consider the Lagrangean

‘ 5

_ 1 w = 1-y
o= teBu R v (13 - ek )Y (1.2)

of chiral QCD in two dimensions. We use the Faddeev-Popov-
procedure [16] to get rid of superfluous gauge field con-
-figurations in the path integral. After bosonization we obtain
& gauge 1nvarlant effective action which will be quantized using
Dirac’s prescription. The constraint algebra shows that the system



is first class, thus reflecting the gauge symmetry. We fix a gauge
to obtain a second class system and calculate the Dirac brackets,
which are turned into guantum commutators. The gauge currents are
determined, their algebra:: is deduced, and finally current
conservation is shown by means of the equations of motlon.

2.) The Chiral Model with Wess - Zﬁmlno - Term

We briefly review the chiral model to show how a Wess-Zumino-term
may be treated in the framework of cancnical quantization [17-19].
The action is given by '

S =5g + Syz = - [dx tr (wyet) «n [ tr o3, (2.1)
M Q
where
- -t - !
oy = h7i3h, h = exp (82 =12 ). - (2.2)

The ®2 parametrize an SU(N)-valued field h,the t® are normalized
hermitean generators of the SU(N) gauge group, and we assume that M
= 3 is the two dimensional Minkowski space (for additional

‘conventlons see appendices A,B).

In components, the action may be written as

M

here D is a local two form such that dD = tr m3.

5= Jax (L1430 3% « A Dyy 50t 3,03) = [dx2(x); (2.3)
M

Since the ®!(x) are independent configuratlon space variables,
canonical quantization may be carried-out by requiring that the
canonical momenta

32 4
P.’L ::W= p; * )\DiJ al‘bj' Py = gij aOQJ (2.4)

and the coordinates &J satisfy canonical commutation relations

[Pitx), @3y Jppe = - 1 834 8(x-7). (2.5)



1t is easy to see that

[Py (x), 303 (y) Jope = 1 854 3X8(Z-7), ‘

[Py 0, £0)y) Jape = - 1 3;£(8) 8(X-7). (2.6)

We will drop the 1index “ETIC” in the sequel. After some algebra
using (B.12) 1t is possible to prove that o

) 3 i - - )
[pi(x),pj(y)] = o 1 M gabe Wia © 4p mkc-81¢k s{x-y}, - (2.7) . !

~ this result is necessary to calculate the cufrentfalgebra.later on.

The action S 1is invartant with respect to the global gauge
transformation

h—> h¥=9.h. (2.8)

By application of Noether’s theorem we obtain conserved currents_[zo]

3
Jh = . > Jya gy - where 35 =y, %t - (2.9)

‘Current :conservation au.J: =0 1s equivalent.to,the-equations of
motion. We note that

JOa = Py 'Eai: J]_a = gij alQi EBJ’ i (2.10)

so the algebra of the currents Jua may be calculated by using the
canonical commutation relations and the Killing equation (B.10):

) 1 3 -
[J0a(x). Jop(y)] = 75 abe (Joc () + 5 A 31c(x0)) sti-1),
. i ' - - - -
[doatx). 33pty) ] = 75 9abe J1c(X)8(X-F) + 1 8oy ¥8(3-7),

[31a(x), 316ty ] = 0. (2.11)



These commutators imply the algebra of the symﬁetrngenérating
currents Jya

t - “ o
[Joa(x).Jypiy) ] = 7= dabe Jo () 3(X-Y) -~ 31) 8ap, 3¥8(X-Y),
1 - 9 -
[Joalx),J1pty) ] = 75 Jabe J1c(X) B(X-Y) + 1145 22) sgp, F8(X-Y),
g -
[J1a(x). Ity ] = 1,,gabc( A2Jge(x)- 3ulc(x))s(x—y)
~ 34X 81 aXS(E—i}). . (2.12)

This current algebra coincides with the result of ref [19], egs.
(3.8), (3 ag). o : ~

3.) Chiral QCD in Two Dimensions

'Chiral coupling of fermions to gauge fields is realized in nature
in the weak interactlions. Since under gauge-transformétiohs only
one heliclity of the fermions is affected, the functional path
integral measure BY¥ BY is not gauge invariant [21]}. Hence anomalies
may appear spoiling renormalizability and unitarity of the theory
[1}J. In two dimensions it is possible to study these anomalies
explicitly since the fermlons can be integrated out in the path
integral leading to an effective action which can then be quantized_
cancnically. |

3.1.) The action of chiral QCD
The classical aétlop of_éhiral‘QCD is {15]

§ = Syn(A) + Se(¥,¥,A) = [ d%x 203 (x),
, M

Sym(A) = gdzx Lyp(A) = £ d2x [——f—:tr FwE )]

| 5
—_ —_ 1...
Se(2,¥,8) = [da2x2p(a)= [a2x [ ¥ (13 + e =) ¥ ). (3.1.1)
v |

M



The gauge field and the field strength tensor may be decomposed as
= = - - - a

Ay = Auat®, Fuy = 3A) - 3A, - te[A,A] = Fy ot2. (3.1.2)

The covariant derivative 1s'given by

DU = Bu - le AU' (3.1.3)

A short calculation yields

Lo (x) = -—i——tr(F )

v +¥13Y + ¥ eA Y0¥, (3.1.4)

showing that only the “-” - component (see (A.1)) of the gauge
field couples to the left-handed fermion helicity. The action is

invarlant under a gauge transformation 8(x), if

Y -1 _ 2 oot
Ay —>Aj =947, 8 3,8 971,

‘FR—'—> YR = ?R’
9
"PL_> TL»_; =8 WL’
_3_ H .
—_— = - v ,
DLl > Du au ie Au. _ (3.1.5)

3.2.) The Faddeev - Popov - procedure

It is a well known fact that naive canonical quantization of gauge
fields does no lead to a sensible quantum theory since the gauge
freedom makes the definition of a propagator' impossible. The
Faddeev-Popov-method solves this problem by eliminating
superfluous degrees of freedom in the path integral approach.
Therefore we consider the path integral

= 1S(¥,¥,A) 1S, (A . ¥,
Z= [ oAy e A = [oa &'y A gy gy 1Se (VTR 5



In principle there are now two possibilities to proceed. One could
express

= 1S¢(¥,¥,A)

1Sag¢(h,A)
[ev oy e eff

as J'ﬁh e {3.2.2}
as in [15] by simply integrating out the fermions, where S_g¢(h,A)
is an effective action expressed in terms of a Lie group valued
field h and the gauge field. It turns out, however, that this
effective action is no longer gauge invarlant. The reason for this
1s that the functional measure BY Y ts not gauge invariant,
yielding a non-trivial Jacoblan:

8y By + ayd pyd, (3.2.3)

Therefore the effective action does not possess the same symmetries
as the original one. In contrast, we will use the
Faddeev-Popov-procedure [16]. A clever unity

1= ata) fags(Fa9) ) (3.2.4)

is inserted into the path integral, where F is some gauge fixing
functional. The gauge invariance of A{A) may easily be shown by
means of the right invariance of the (functional) Haar measure. The
gauge field measure BA is gauge invariant, furthermore, we define.

BA = BA A(A) § ( F(A) ). | (3.2.5)

In the case of vector coupling of the fermions, the integration
over A factorizes if the integration variables of the fermions are
gauge shifted. An infinite constant may then be absorbed into an
overall normalization constant. Here, however, the chiral coupling
does not allow this shiff, so the Lie group valued field g survives
the Faddeev-Popov-procedure as a degree of freedom [6,7,8].



Using the gauge invariance of SymiA), we obtaln after a shift of

the integration variable A [22]

1

1S 1Se(¥,¥,A9 )

z=[BAnge ym!A) f ¥ o¥ e (3.2.6)

Thus we have restricted the integration in Z to those gauge fields
which are inequivalent with respect to gauge transformations.
3.3.) Bosonization

‘Now we use the well known fact [15,23,24] that the functional
integral

= ¥,¥,A
[ oy o¥ 1S Y A (3.3.1)
may be replaéed by an lntegral over a group valued field h
[ on o 1BIAR) + 1T(A) (3.3.2)

Here B possesses the cocycle property and [{A) has the form of a
mass term for the gauge field with an arbltrary parameter a ¢ R
which arises upon regularization of the fermionic determinant
[25,26]. Replacing g'1 by g and inserting the explicit
parametrizations

= ta) (3.3.3)

g = exp (Ga—L ta), h = exp (@a&.

12
we obtain the path integral

18
et£(A.g.h) (3.3.4)

Z=[BABgohe
where

Seff(A.g.h) = [ d%x 2(x),
M



2
R S AL YL .
X(x) = - -Fy Fg + 5— Ay Ag (3.3.5)

-

+

L IR 15 8]

1
12n

1 1% 1
+ (a-1)To—hyy 3,043 8J « Cy 43501368

' ﬁ 91 j8ay (302" + 319%) (Aoa - Ata)
' fz"in' hy 31y (208t ((a-1 )Aoa *Ata) ~3109 (Aga+ (a-1)Ag,)).

Here we have assumed that (g,ei,hlj,nai,aia) are the analogues of
(h,@i,gij,ﬁai,wia) in terms of the parameters el. of course,
locally there is a two-form C with dC = tr .

The effective action is invariant under the gauge transformation

g—>g¥=gsl,

h —> h¥ = h 871,

Y -1 _ -1

A—>AY = 9A 9 =38 971, (3.3.6)

3.4.) Quantization

We are going to quantize the theory canonically. First of all, we
define the momenta conjugate to Aua' ol and el: '

d L a
Hu 2 —_——= F
a aaoAua Ou; S0
Hg = 0 , which is a primary constraint, and
l _ _ .
Iy = 9A14 ~ 91A0a * © Ihca Aob Alcee

R S P [ S IO EIRN
PL 7 g0t Br 913 0 tzn 13 1T 7 Jgag Plat-ar



a X 1
- — = d ej +
9 = 53061 Bn "13°0

For convenience, we define

1
Pa = ka1 (P1* 57 Dij 3y93),
1
s = Mgy (91757 €13 3189),
and obtain

3% = &,y (8nD, - 72 A_,),

;‘i‘i‘ﬂak (8n G4 - 7Ze ((a-1) Agy+ Agy)),

30K
if we restrict ourselves to the case a+ 1.
Now we introduce the covariant derivative

b .. -
D& = 8ab 3y ~ € Jabe Auc

and finally obtain the Hamiltonian density

integration:

2 42
e a
Mg - Aoa Df bﬂi * ox a1 Matia

1 41 o .. a-1

.1 nt
1 = ~§~Ha

+ A PPy * 1o “la®la + a1 Ja9a * Tg- Blafla

'Jﬁeaa(AOa'Ala) 4—4 ﬁﬁa(AOa Ala)
_2e _

3,03 +F4 61a((8-1)Aga*A14)-

{3.4.1)

(3.4.2)

{3.4.3)

{3.4.4)

after a partial

e
7 da ((a1)Aga+Agy) * 5o Ola (Agg * (a-1)Ay,). (3.4.5)

The terms linear 1in 3001 and 309i have vanished,

furthermore it is

obvious that 2 can be written in terms of p,, g4 in a simple form
since these variables contain the contributions from the forms C

and D.

- 10 -



As mentioned above, H% is not an independent dynamical variable
and has to be treated as a primary constraint

0y, =09 %0 | (3.4.6)

in the sense of Dirac [13] . To obtaln a consistent quantum theory
which is not 111 from the very beginning, one has to use Dirac’s
prescription for quantizing constrained systems, since canonical
commutators might lead to contradictions. The basic Poisson

brackets are
i el - - -o_-c
{o (x),pj(y)} 5yq 8(X-Y),
1 - - - -o_-o
{olx). a5} = 8y 8(x-y),
{Aga (%), M0 (71} = 8., 8(xX-7)
Oa LAy VY ab Y,
A2, 8L} = 8, 8(x-y), (3.4.7)
the other brackets vanish.

By careful use of identities involving derivatives of
$-distributions and of (B.12) one obtains the useful Poisson
brackets

[

ey —_ -+ - - X - —
{01000, Pp (Y} = 7= gapc01c3(X-Y) + 3ap3 8(x-¥),
— - —_— g 1 —— 1 - -5
[pa(X)-pb(Y)}:=7§'9abc(pc'"§;wlc)S(Xfy)'

- _— - _ 1 - = X - -
{o1a(%),ap(¥1} = = gapce1cd(X-Y) + 3qpd 8(x-Y),

. - — - 1 —_ 1
{qa(")'qb(y)}=T§"9abc(qc+g;51c) §({x~-y). (3.4.8)

Following Dirac, we have to look for further constraints which
arise as consistency conditions

30y % 0. (3.4.9)

- 11 -



Since
{01231, 01511} = 0, | (3.4.10)
th;s is équivalent to |
Oz[olati),ﬂ}={01a-(§),fd§:(§)}, ' \ (3.4.11)
which leads.to

ab_1

- e — e ’
0y, = Dy My, + 12ePg * 75,— W1a * 1224, " Zax Sla ~‘°~ (3.4.12) 1

Q7. 1s a secondary constraint corresponding to Gauss’ law.
Additional Polsson brackets are R

[Qla(;)'QZb(i’.)} = O,
{05 (3), 0,5 (¥1]) = € gape Opc (X) 8(X-7). . (3.4.13)

Now we claim that there are no further conétraints. A lengthy
calculation ylelds

305,(x) = {0y, (X),H} = e gape Opp(X) Agalx) ¥ 0, (3410

since Qp;, ® 0. Therefore the consistency relation 9pQ; ®~ O can be
expressed in terms of the constraints which are already known.

The matrix

{040 (), Qg (1)}

is not invertible, so we are dealing with a first class system.
Dirac proves that £irst class constraints are generators of
symmetries of the theory. In our particular case the gauge symmefry
of the effective action is reflected. Furtheérmore, Q, fulfills the
correct algebraic relation (3.4.13) for generators of symmetries.

_12_



There are now two possibilities to obtain a sensible gquantum
theory.

a) We may assume canonical commutation relations equivalent to the
‘Poisson brackets. The constraint equations @y, {1¥> = 0 are
fulfilled for physical states {¥> only. To obtain further
information, we would have to use the restricted physical Hilbert
space which is the kernel of the constraints Q,.

b) We can extract information from the operators and their algebra
without considering states if we could assume the constralints to be
strong operator equations for all states. This may be achleved by
using further constraints which force the system to be second
class.

We will proceed as 1indicated 1in (b). Wé have to determine
constraints which restrict the symmetry of the theory, so we have
to fix a gauge.

3.5.) Gauge fixing and Dirac brackets

Werwill work in the unitary gauge g = 1, since in this gauge the
Wess-Zumino-term which leads to the gauge invariance of the theory
is gauged away. Then it is possible to compare the results with

those obtained in the gauge non-invariant formulatlon.

In order to invert the antisymmetric constraint matrix

{Qaa'QBb]
we have to add an even number of constrailnts. We express el = o,
which implies g = 1, as 8081 = 8191 = 0 [10]. To simplify

calculations, we use as gauge fixing constralints

e
M2 Ty a2 ¥ O
' 2
Qua = {Ze E{a-%((a—UAo&'«Ala)wO. {3.5.1)

_13_



We remark that

- e k "ff4‘lt k
= = — In0" . (3.5.2)
Q34 T4 Bka®19", Qg ela-1) Cka ©0

The matrix

C:= {roa , QBb}

may easily be calculated by using (3.4.7),(3.4.8), the result is

{0,000, 03,090} = 0,

. - -+ ez - -
{01200, 04031} = T amD) 8 (X -y),
- - ez - - ez X - -
{QZa(x),Q3b(y)] =mgabcﬁlc5(x"¥)* —Gsaba d(x-yl,

3
p— e - -
Jabc ({ﬁ'ezqc " am Me )S(X_Y)'

{0,003), 04,9}

{0340, 03,70} = 0,
2 2
- - e - e X - -
{03505, 04 (7)) = J5ax Jabc O1c3(X¥) ¢ o= 5gpd 8(X-7),
- - 2 — 1 - -
[Q4a(xl,-ﬂ4b(y)}=-/§e gabc(qc+§;eslc)5(x-y). : (3.5.3)

To proceed, we define linear combinations of the constraints:

Xg =Q3, X2 =Qp, x3 =Qq, x4 7 Q - Q5. (3.5.4)
Then it is easy to see that the matrix

CUx,¥) = {xgalX) ., xpp (V)]

is invertible. Therefore, the system is now second class, and we
may write down Dirac brackets

{a.8)p = {a.B} - > fax ay A xaa GO}t o .9 [xgp (90,8} (3.5.5)
o,a
B.b

- 14 -



which are turned into quantum commutators by the prescription

(Ch—10 ]

It is a tedious bit of algebra to do the calculation, so we simply
state the result here. Some commutators are simplified by using the
fact that constraints are now strong operator equations.

1 1 4n -
7 [Roatx) Aop(v)] = 7Tz o abc (Arc = (a=1)Boc)8ti~),

1 1 4n - - X o« =

T [Roat) A )] = - = (e gapc A 3R -¥) - 8553 8(x-y)),

1 | 1 1 4n 1 T
T[AOa(X)'nb(Y)] T T a- 1( Jabc ¢ +Sab)5(x_yl'

1 1 4n 124n X, - -
T [Roatx). 010} = -7 (T gapc w1 8 -¥)+ 8ap2 3(X-Y)),

4%

(—e—gabc pCS(x y)+r aba 5 (X )),

1 |
e

—i—[AOa(x),ab(y)] = -

1 _ 1 P I -
T [20ax1. 30 ] = - 7= Gabc Rocd (X -¥) + =7 =—ap, 3 8(%-y),

= 8,1 8(X-y),

AL (). T (1)

T[Ala(x),q_b(y)]

l - - X - -
T e (egabc Ajo dlx-y)r-38,, 9 Stx——y)),

1 1 - 1 1 - -
T[Ha(x),qb(y)] = —Egabc . 8(x-yJ,

1 - 1 - X - -
T[wia(X)'Pb(Y)] zﬁgabc“’lc“x_yh dap 0 d(x-vy),

l J— l - - b4 —+ -+
T[mla(x),qb(y)] = -(Egabcmlcﬂx—y) + 88 B(X-Y)),

1 — — 1 — 1 RN
T[pa(")-pb(y)] =ﬁgabc(pc"§;"’1c)8(x_yj'

1 _— —_— 1 [— - — l X - -
T[pa(x),qb(y)] '({_ggabc pCB(x~y)+—é;8aba 8(x-y)),

1 - e 1 -+ =
___[qa(x),qb(y)] -%((a—l)hocﬁ\ic) ‘= 553 $(X-7),

“‘“[Dac ¢ Agp(y)] = - l_lgabc(med“;*ehc)B(x -Y)

X -
Sapd 3(%-7),

a-1

- 15 -



1 - - X - -
—[13""‘c (%), Ay (y) ] = @ gapcAye8(R-F) -8y, 3 8(%-7),

1 bd 1 1 - e
< [ofneix),pr % ] = egabcofen 3(X-7), (3.5.6)

where the last three comutators will prove to be useful to
calculate the current algebra.

3.6.) The current algebra

- We define the gauge currents by

wo_ 9%y _ _ 1 _a _uw
Ja 1= aAua '.where y = I,Ym + :'I' I.Ym = _TFqua . (3.6.1)

An explicit calculation ylelds

0 ae2

- 1 _ i_5 gl
Ja = 5 Boa f4 0o 3p21+3,01) + F4 61a((a-1)3501-2,0%)

ab 1

= =Dy Iy,
1 aez 1 !
Jo = -5 Aa F4 0 4(300t+a 01)+ @4 sia(aoe -{a-1)3,06%)

1 2
Df‘b My, + = —(Aga = Ara). (3.6.2)

where in the second step the constraint equations have been used.

The commutators (3.5.6) involving covarlant derivatives allow the
determination of the current algebra, we express the result in
terms of the currents (3.6.1) and the gauge field:

0 0 0 - -
[Ja(x), Tp(y1] = -1 gape Jo 8(X-7), (3.6.3)
0 1 1 0 aZe? v -
[Ja(x),Jb(y)] = i[egabc("m Jea +;I4_TL’A1C)8(X_Y)
a2 o2

X - -
*H“ aba 8(x—y)],

o 2 2 ..
[Jat0,dhty ] = 1egabc[:+i 3+{;“2%(Alc-(a-l)AOc)]s(x—y).

- 16 -



We note that the [JO,JO]—commutator 1s canonical, no Schwinger term
arises, as required for a consistent quantum theory, as already
observed in [22}. We want to make some remarks concerning the gauge
non-invariant formulation. If the Faddeev—Popov—method' is not
used, the field g 1s absent and the effective action is not gauge
invariant. Then Dirac’s prescription leads directly to a second
class system since no gauge symmetry is present. Dirac brackets and
current commutators may be calculated, too, and it turns out that
they coincide with the results we have glven above 1If the
constraint equations are used. Therefore we have found a gauge
(namely & gauge, which eliminates the field g that is not contained
in the gauge non-invariant formulation) which reproduces the
result obtained in the non-invariant formulation.

3.7.) Equations of motion and current conservation

Finally, we want to show fhat the gauge current Is covariantly
conserved:

&g = o. | (3.7.1)

This condition has to be fulfilled, because the equation of motion
DUFU“ = JV for the gauge field implies D“DPF“” = D,JV = 0.

A stralghtforward, but tedious calculation using the Lagrangean
formalism starting from (3.3.5) yields the equation of motion of
the matter fields @l and ol.

e ‘ 2 3
&47[ (.Ojba 0]
c— by (28,945 - 3195 ) (3T 3p®S -3, BT 3, 85 ) - — | 35T 3, @S
{fengbi r91s ™ %195 /\°0% €0 1% 0% ) T gg Ibef Yre¥sf°0™ 9

2 . :

e ) .
+4§¢Kgabewre[aoﬁr(AOa'Ala)*alﬁr(AOa'Ala)].

o2 - |
™ (30A0p = 3121 * Ao = 31Agp )i

_1.7_



e a2 eJ

124x b
- e{a-1) 23.h )(a era 98 a era GS)_i 3; era es
= '"ﬁé;—“bi( ehi1s731hes 8087300731073, 0% )~ gdpf erd s £909" %0
2 - |
e~
*57m Jabetre[ 308" ((a-1)Aga +A1g) + 3187 (-Aga- (a-1)A,) ]
2
‘:—,{ (ta-1)3gAgp, + 30A1p - 3jAgp = (a-1)3jA4p ). (3.7.2)

Alsimple calculation gives
u__e? r r A ‘
BuJb = J34x Jabe [mre[30° (AOa"Aia) + 9@ (AOa'Ala)] (3.7.3)

*“re[aoer((a“l)AOa+A1a)"aler("AOa'(a_l)Aia)]]'
where the equations of motion (3.7.2) of @1 and 6! have been used.

The additional term in the covariant derivative is easily seen to
be

e gpac Auc Ja = b (3.7.4)

so that indeed

ab u | |
Dy Jp =0, | (3.7.5)

the gauge current J¥ is covariantly conserved.

So it turns out that the dynamics of the Wess-Zumino-field g
ensures current conservation [22]. Of course, it is possible to try
a similar calculation in the gauge non-invariant formulation. Then
it turns out, however, that the equations of motion do not suffice
to prove covaritant current conservation. We suppose that in this
case, as 1in the abelian case [10], the complete and explicit
solutions of the equations of motion are necessary. Since they are
not known in the non-abelian case, the use of a gauge invariant
effective action seems to be the only possibility to prove gauge
current conservation.
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4.) Summary and Conclusions

We have studied chiral QCD in two dimensions in a gauge invariant
formulation. Using the Faddeev-Popov-procedure we obtained a gauge
‘invariant effective action after bosonization. The calculation of
the constraint algebra showed that we were dealing with a flrst
class system. As Dirac has shown, first class constralnts are
generators of symmetries which 1leave physical observables
invariant. In our particular case, the constraints generate local
gauge transformations. Gauge fixing leads to a second class system.
Quantization 1s possible by calculation of Dirac brackets of the
dynamical variables which are then turned into quantum
commutators. We defined gauge currents and determined the current
algebra. The [JO,Jo]—commutator turned out to be canonical
reflecting the fact that J° is a generator of a symmetry. No
Schwinger term is present as required for the consistency of the
theory.

Finally we proved covariant current conservation by means of the
equations of motion of the bosonlic matter fields.

The additional matter field surviving the Faddeev-Popov-procedure
turned out to be essential for the two main features of this
formulation, namely gauge invariance and the possibility of
proving covariant current conservatlon explicitly.
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Appendix A: Conventlons and Notation

We use 2-dimensional Minkowskl space M = 3Q with metric g =
diag(1l,-1) and Levi-Clvita-symbol g5y = 1. Lightcone variables are

defined by

A, =AY =Apt Ay, 3, =3 =35+ 3. (A.1)



The y-matrices in the chiral representation read
YO =ol, vt =162, ¥ = vOy! = d1ag (1,-1). (A.2)

Projection operators onto left~ and right-handed componeﬁts of the
fermions. are defined by

. TL':A‘{’, IFR=3‘F. (A.3)

Appendix B: Differential Geometry of SU(N)

Let G be a Lie group [27,28] SU{(N) with hermitean, normalized
generators t28,

tr t8tb = sab +r ta - o, (B.1)

and totally antisymmetric structure constants dapc. ¥Where

[ta,tP] = 1 ggp. tC. | (B.2)

‘Each h € G may be parametrized by

h = exp (02 = ta). o (B.3)
72

The Maurer-Cartan-form

w = h™idh = o —-—ta del - (B.4)

is a canonical left-invariant i-form on G.

On G, there is a left-ihvariant metric

9 =915 deleded giy=-2tr (wyuy) = w0y, | (B.5)

We define to be the inverse of the matrix w,

©1a Eay = 815, (B.6)

and we note that the a1 are the components of left-invariant
vector flelds
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a ~ o )
2 =By 51 9(X2,XP) = 53b. (B.7)
The structure equation
[xa XP] = - = g pc X© (B.8)

may be expressed in components as

1
fa1 aJEbJ ~ Bpy iEaj 7 9abc Ecj (B.9)
3 :
wvhere 9, denotes-;ar.
A very useful relation is Killing’s equation
Eay 339Kk1 * 91§ kbay * Ikj 218ay =0 | (B.10),

Let tr @3 be a three-form on G which is a ”"a”-product with resect to
i-forms, the matrix product and the trace are taken with respect to
Lie algebra matrices

It Is easy to see that tr w3 1s a closed:form, so locally there is a
two-form D with tr QB = dD. We may expand D as

D=->Dyyde!sded, Dyy=-Dy;, | (B.11)
and note that

3 L
aiDJk - aJDik + akDiJ = 2_‘/'_é—gabc Wi 4 wjb Wy e (BIZ)
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