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We present the nucleon axial and electromagnetic form factors using #f=2+1+1 ensembles of

twisted mass fermions with clover improvement and with masses tuned to their physical values.

Excited state effects are studied using several sink-source time separations in the range 0.8 fm -

1.6 fm, exponentially increasing statistics with the separation such that statistical errors remain

approximately constant. In addition, quark loop disconnected diagrams are included in order to

extract the isoscalar axial form factors and the proton and neutron electromagnetic form factors, as

well as their strange-quark contributions. The radii and moments are extracted by modelling the

&2 dependence, including using the so-called I-expansion. A preliminary assessment of lattice

cut-off effects is presented using two lattice spacings directly at the physical point.
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1. Introduction

Nucleon form factors are fundamental probes of its structure, mapping for instance the charge

distribution of its constituent quarks. In particular, the electromagnetic form factors determine

the nucleon magnetic moment and the electric and magnetic radii, while the axial form factors

probe chiral symmetry and test partial conservation of the axial current (PCAC). Electron scattering

experiments can provide a precise determination of the nucleon electromagnetic form factors.

Experiments, having been carried out since the fifties, are continuing at experimental facilities at

Mainz and JLab. In the limit of zero momentum transfer &2, the slope of the electric, �� (&2), and

magnetic,�" (&2), form factors is related to the electric and magnetic root mean square (rms) radii.

Their value at &2 = 0 yields the electric charge and magnetic moment, respectively. Furthermore,

the process a` + ? → `+ + = yields the axial form factor, ��(&2), while the induced pseudoscalar

form factor, �% (&2), is obtained via the longitudinal cross section in pion electro-production. The

nucleon axial charge, 6� = ��(0) is measured to high precision from V-decay experiments.

In this contribution, we present a calculation of the electromagnetic and axial form factors

of the nucleon using lattice QCD on three ensembles of twisted mass clover-improved fermion

ensembles with quark masses tuned to yield physical pion mass values (physical point). Two

ensembles are simulated with two degenerate light quarks (#f=2), lattice spacing 0=0.0937 fm and

three-dimensional volumes !3 ≃(4.5 fm)3 and !3 ≃(6 fm)3, while the third ensemble is simulated

with a strange and charm quark in addition (#f=2+1+1), 0=0.0801 fm and !3 ≃(5.1 fm)3. The

calculation of the disconnected quark loop contributions allows the extraction of the individual

proton and neutron form factors, as well as the strange form factors. Furthermore, preliminary

results are presented for the strange electromagnetic form factors on a physical point #f=2+1+1

ensemble with 0 ≃0.07 fm and !3 ≃(5.6 fm)3.

2. Lattice setup

2.1 Matrix elements

The form factors are obtained from the nucleon matrix elements:

〈# (?′, B′) |O-
` |# (?, B)〉 =

√

<2
#

�# ( ®?′)�# ( ®?) D̄# (?′, B′)Λ-
` (@2)D# (?, B)

with # (?, B) a nucleon state of momentum ? and spin B, �# ( ®?) = ?0 its energy and <# its

mass, D# a nucleon spinor and, @ = ?′ − ?, the momentum transfer from initial (?) to final (?′)
momentum, and O- either vector (- = +) or axial (- = �) current. The nucleon matrix element of

the vector current decomposes into the Dirac �1 and Pauli �2 form factors, while the corresponding

one of the axial current decomposes into the axial �� and induced pseudo-scalar � ? form factors,

given as

Λ
+
` (@2) = W`�1(@2) + 8f`a@

a

2<#

�2(@2), Λ
�
` (@2) = 8

2
W5W`��(@2) + @`W5

2<#

� ? (@2). (1)

The Dirac and Pauli form factors can also be expressed in terms of the nucleon electric ��

and magnetic �" Sachs form factors via �� (@2) = �1(@2) + @2

(2<# )2 �2(@2) and �" (@2) =

�1(@2) + �2(@2).
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2.2 Lattice extraction of form factors

On the lattice, the required matrix elements are obtained from combinations of two- and

three-point correlation functions,

� (Γ0, ®?; CB, C0)=
∑

®GB
Tr

[

Γ0〈�# (GB) �̄# (G0)〉
]

4−8 ( ®GB−®G0) · ®? and (2)

�` (Γa , ®?, ®?′; CB, Cins, C0)=
∑

®Gins, ®GB
48 ( ®Gins−®G0) · ®@4−8 ( ®GB−®G0) · ®? ′

Tr
[

Γa 〈�# (GB) 9` (Gins) �̄# (G0)〉
]

(3)

respectively, with � the interpolating field of the nucleon, G0 = (C0, ®G0) the source, 9` the electro-

magnetic or axial current, Gins = (Cins, ®Gins) the insertion, and GB = (CB, ®GB) the sink. Γa is a projector

acting on spin indices, with Γ0=
1
2
(1+W0) and Γ:=Γ08W5W: .

We form a ratio of three- to two-point functions [1] so as to cancel unknown overlaps and

energy exponentials and, after taking the large time limit, yields the nucleon ground state matrix

element, Π` (Γa; ®?, ®?′), namely '` (Γa; ®?, ®?′; CB; Cins)
CB−Cins≫−−−−−−→
Cins≫

Π` (Γa; ®?, ®?′). Since statistical

errors increase exponentially with time separation, we cannot take Cins and CB arbitrarily large and,

therefore, we evaluate the convergence to the ground state using the following methods:

• Plateau method: We identify a time-independent window (plateau) as a function of Cins and fit to

extract the plate value. We seek convergence of the plateau value as we increase CB to extract the

desired matrix element.

• Two-state fit method: We fit the two- and three-point functions considering contributions up to

the first excited state, i.e. using the expressions

� ( ®?, CB) =
1
∑

8=0

28 ( ®?)4−�8 ( ®?)CB and (4)

�` (Γa , ®?, ®?′, CB, Cins) =
1
∑

8, 9=0

�
`

8 9
(Γa , ®?, ®?′)4−�8 ( ®? ′) (CB−Cins)−� 9 ( ®?)Cins , (5)

where �
`

8 9
are proportional to the matrix element 〈8 |$` | 9〉, with |0〉 and |1〉 denoting the ground

and first exited state and �0 and �1 their energies, respectively. The desired matrix element is

obtained via Π` (Γa; ®?, ®?′) = �
`

00
(Γa , ®? ′, ®?)√

20 ( ®? ′)20 ( ®?)
.

• Summation method: we sum the ratio over Cins, [2, 3] which for large CB yields: 'sum
` (Γa; ®?, ®?′; CB) =

∑

Cins
'` (Γa; ®?, ®?′; CB; Cins)

CB≫−−−→ 2 + CBΠ` (Γa; ®?, ®?′). We carry out a linear fit with CB in order to

extract the desired matrix element. We will also use the derivative summation method, obtained

by taking the finite difference of 'sum
` and fitting to a constant.

For the connected three-point functions, we use sequential inversions through the sink fixing

the sink momentum ®?′ to zero, which constrains ®? = −®@. Having Π` (Γ; ®@), different combinations

of current insertion directions (`) and projections Γ` yield different form factors. Using Π+ to
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denote electromagnetic and Π
� for axial matrix elements, we have:

Π
+
0 (Γ0; ®@) =C �# + <#

2<#

�� (&2), Π
�
8 (Γ: ; ®@) = 8C

4<#

[ @:@8
2<#

� ? (&2) − (�# + <# )X8:��(&2)],

Π
+
8 (Γ: ; ®@) =C n8 9:@ 9

2<#

�" (&2), Π
�
0 (Γ: ; ®@) =� −@:

2<#

[��(&2) + �% (&2)<# − �#

2<#

], and

Π
+
8 (Γ0; ®@) =C @8

2<#

�� (&2), (6)

where &2
= −@2, C =

√

2<2
#

�# (�# +<# ) , and the projectors Γ0 =
1+W0

4
and Γ: = 8W5W:Γ0, with

8, : = 1, 2, 3. For the disconnected contributions, finite values of the sink momentum ®?′ ≠ 0 are

used to increase statistics, with details of the setup provided in Refs. [4, 5].

2.3 Lattice setup

We use two #f=2 ensembles simulated using twisted mass clover-improved fermions and two

lattice volumes as indicated in Table 1. Simulation details for these ensembles can be found in

Refs. [6, 7]. Two more recent ensembles at the physical point, using #f=2+1+1 twisted mass

clover-improved fermions have also been analyzed and are shown in Table 1, with details on their

simulation provided in Ref. [7].

Table 1: Bottom: details of the #f=2 [6] and #f=2+1+1 [7]

ensembles used. Right: Statistics used for each sink-source

separation for the case of the cB211.64 ensemble.

#f Ens. ID Vol. 0 [fm]

2 cA2.48 483×96 0.0937

2 cA2.64 643×128 0.0937

2+1+1 cB211.64 643×128 0.0801

2+1+1 cC211.80 803×160 0.070

CB/0
#src × #conf

cB211.64

12 4×750

14 6×750

16 16×750

18 48×750

20 64×750

2-point 264×750

For the connected three-point functions, for which we use the fixed sink sequential inversion

approach, we increase statistics with increasing sink-source separations, as shown in Table 1 for the

case of the cB211.64 ensemble. The multiple separations allow an analysis of excited states with

the methods of Sec. 2.2 as demonstrated for an indicative example in Fig. 1.

For the disconnected quark loops, we use a combination of eigenvalue deflation [8], hierarchi-

cal probing [9], and spin and color dilution [10], as explained in Refs. [4, 5, 11]. For the connected

electromagnetic form factors, we use the conserved vector current, which does not require renor-

malization, while for the disconnected case, we use the local vector current. The renormalization for

the local vector current is carried out non-perturbatively in the RI’-MOM scheme [12] employing

momentum sources, following the procedures described in Refs. [13, 14]. For the axial current,

both singlet and non-singlet, are computed. For the case of the disconnected contributions, we

increase statistics using additional two-point functions as indicated in the last row of the right panel

of Table 1. Details regarding the methods used for obtaining the disconnected contributions can be

found in Refs. [11] and [4]. For the #f=2 ensembles, details for the separations and statistics used

can be found in Refs. [15, 16].
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Figure 6: Isovector axial (left) and induced pseudoscalar (right) form factors of the nucleon from the

cB211.64 (red circles), cA2.48 (blue triangles), and cA2.64 (green down-pointing triangles) ensembles.

Figure 7: The induced pseudoscalar form factor, �D−3
%

(&2),
obtained using the lattice data for �D−3

�
(&2) and PPD (open

circles) as well as using two two-state fit approaches to obtain

�D−3
%

(&2), namely using "1 (crosses) in which we fit the

temporal component of the axial current, i.e. Π�
0

in Eq. 6,

and use the same fit parameter for �1 in the two- and three-

point function, and "2 (filled circles) in which we fit the same

component but allowing �1 to be different in two- and three-

point function.

For the isoscalar case, we plot the connected and disconnected contributions separately in addition

to their sum, and observe that the disconnected contributions are negative, lowering the values

obtained from the connected contributions, and significant, in contrast to the electromagnetic case.

The strange axial form factor at zero momentum transfer yields the strange axial charge, for which

we find 6B
�
=�B

�
(&2=0)= − 0.044(8), and is of phenomenological significance since it yields the

contribution of the strange quark intrinsic spin to the nucleon spin. The bands show fits to the I-

expansion, as well as to the dipole form, �B
�
(&2)=�B

�
(0)/[1+ &2

(<B
�
)2 ]2. The radius is obtained from

the dipole mass via 〈A2
�
〉B = 12/(<B

�
)2. With the isoscalar, isovector, and strange quark contributions

to the axial form factors at hand, we can construct the phenomenologically interesting SU(3) singlet

D+3+B and octet D+3−2B combinations. The disconnected contributions to these combinations are

shown in Fig. 9. We find that both combinations, for both axial and induced pseudoscalar form

factors, are non-zero and negative. We note that in the SU(3) flavor symmetric limit, the octet

combination should be zero, and therefore any deviation signals SU(3) flavor symmetry breaking.

The singlet and octet combinations of the nucleon axial form factor are shown in Fig. 10.

The inclusion of disconnected contributions and physical point simulations is carried out for the

first time for these quantities. We fit to both dipole and I-expansion forms to obtain the radii and

moments. In Table 2 we tabulate results for the radii. Among I-expansion and dipole fits and the

different momentum transfer cuts, we obtain consistent results within the statistical uncertainties.
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