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understanding its parameter space is crucial. The latter is commonly split into CP-even and
CP-odd parts, but this classification is obscured by the fact that CP violation is actually
a collective effect that is best captured by considering flavor-invariant combinations of
Lagrangian parameters. First we show that fermion rephasing invariance imposes that
several coefficients associated to dimension-six operators can never interfere with operators
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such linear CP-odd invariants, and carefully examine their relationship to CP breaking
throughout the parameter space of coefficients of dimension < 4. Requiring that these
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1 Introduction

The predictions of the SU(3)c xSU(2)r, x U(1)y gauge-invariant operators of dimension four
or less built with the field content of the Standard Model, which we denote SM4, have been
remarkably confirmed by experiments. In particular, the observed pattern of CP-violation
(CPV) [1] remarkably confirms the Cabibbo-Kobayashi-Maskawa (CKM) description of
three fermionic generations of matter [2, 3]. Especially, two key aspects of CPV as we
know it, namely the facts that it is quite suppressed despite an O(1) phase and that it
demands the existence of at least three generations, are explained in the CKM formalism
by its collective origin: CPV arises in the SMy from the interplay between the gauge and
Yukawa sectors [4, 5]. In other words, CP is broken by the simultaneous presence of non-
vanishing physical parameters, which makes the breaking accidentally small in the SMy.
The notion of collective breaking has application beyond CPV, for instance in little Higgs
models [6-8].

The two notions of “simultaneous presence” and “physical parameter” in the previous
paragraph suggest that a measure of CPV should be carefully defined, in particular when
expressed in terms of Lagrangian parameters. An efficient way to do this is to use flavor-
invariants, namely quantities which do not depend on the precise labeling of each fermion
generation. As we will review below, a single quantity suffices to describe CPV in the
fermionic sector of the SMy,

3
Ji=Tm T [V, Y, v,v]]" = 3tmDet [v, v}, v,vf] . (1.1)

where Y, 4 are the 3 x 3 up and down quark Yukawa matrices in the SM, Lagrangian.
The quantity Jy goes under the name of Jarlskog invariant [9-11], and vanishes iff. CP
is conserved. The structure of Jy is such that it is not modified by unitary reshuffling of
the quark fields, which means that it corresponds to a physical quantity. In addition, its
expression shows that CPV in the SMy is not a feature of Y;, or Yy alone, but a feature of
the whole model which can only be assessed with the knowledge of both matrices (and in
particular, of the fact whether they can be simultaneously diagonalized). This “collective”
property of CPV, namely the fact that it depends on several Lagrangian parameters at
once, is a key property of the SMy, as well as of its extensions. This also holds for strong
CPV, whose order parameter is given by fqgcp —arg det (Y,,Yy), and resides simultaneously
within the f-term of QCD and within the quark Yukawa matrices (see appendix F for more
details).

While Jy is the only order parameter of CPV in the fermionic sector of the SMy,
additional ones need to be specified whenever the SMy is extended, see e.g. refs. [12-17] for
multi-Higgs doublet models, refs. [18-20] for the case of supersymmetric extensions of the
SMy, refs. [11, 21-23] for the case of additional generations of matter, refs. [24-32] for the
inclusion of neutrino masses, ref. [33] for vector-like extensions, ref. [34] for CP-violating
ALP EFTs or ref. [35] for models of spontaneous CP breaking. In this paper, we assume
that there are no new light degrees of freedom (d.o.f.) below, or close to, the weak scale,
but we remain agnostic about the presence of heavy states. In that case, the SMy should
be understood as the low-energy approximation of some fundamental UV dynamics, i.e. it



becomes necessary to extend it into an effective field theory (EFT). Under the assumption
that a decoupling limit can be consistently taken, the adequate description is the so-called
Standard Model Effective Field Theory (SMEFT) [36]. There, the dynamics of the SMy
d.o.f. are derived from the SM,4 Lagrangian supplemented by a tower of higher-dimensional
operators,

C;

where O; is a local operator of dimension d; > 4, C; a complex coefficient (sometimes called
Wilson coefficient) generically of order one (modulo possible selection rules and after taking
i dimensions into account) and A is a dimensionful scale associated to heavy new physics.
If large enough, A allows for a power expansion of any phenomenological prediction in
inverse powers of itself. Complete bases of operators up to dimension 8 can be found in
refs. [37-39)].

The coefficients C; are generically complex and introduce a large number of new sources
of CPV in SMEFT (see the counting in ref. [40] at dimension d; < 6). In this paper, we
are interested in CPV associated to flavorful Wilson coefficients, whose analysis requires
the careful extraction of basis-independent physical parameters, which account for the
collective properties of CPV. Therefore, the new CPV phases should be captured by CP-
odd flavor-invariants, similar to J4. We focus here on the CPV phases found in the fermionic
sector, since the bosonic sources of CPV in the dimension-six SMEFT are trivially flavor-
invariant.! Moreover, we focus on the limit of vanishing neutrino masses throughout the
whole work.

One could ask: why do we need invariant quantities? For instance, it is common
to associate a complex top-quark Yukawa coupling with a new source of CPV, without
referring to invariants. However a complex top Yukawa only signals CPV if one works in
a given flavor basis where the top is a mass eigenstate of real mass. One may wonder how
to describe CPV in SMEFT, without any specific reference to the IR physics, such as the
masses or the electroweak vacuum. This picture is for instance justified if one cares about
new sources of CPV which arise from the matching to a given UV model, which should
be analyzed at an energy scale above the electroweak vacuum expectation value (vev) and
should not depend on the details of the IR dynamics, such as specific flavor bases motivated
by low energy considerations. Flavor-invariants are well-suited to answer such questions,
as they allow one to capture physical and collective properties of the model, to parametrize
CP-odd observables in a basis-independent way, and also to make the matching with UV
models and their properties easier, by decorrelating the parametrization of CPV quantities
from flavor bases connected to the IR properties of SMy particles.

Let us use the aforementioned example of the top-quark complex Yukawa coupling to
offer a preview of the flavor-invariants considered in this paper. As said above, a top-Higgs
Lagrangian with a complex Yukawa coupling

—L D mtt_t + %t_(l{t + Zl%t’}/5)th == ’I’)’LtELtR + %'EL(I{I‘/ + ZI%t)tRh + h.c. 5 (13)

'For the 6 CP-odd bosonic operators appearing in the basis in ref. [37], indeed, the condition for CP
conservation is simply for their coefficient to vanish.



violates CP. It can originate in SMEFT from the dimension-four and six Yukawa cou-
plings,?

_ - Chy - ~
— L2 yQutrH + 5 QutrH|H* + h.c.. (1.4)

The above expression generalizes to three generations of matter in SMEFT upon replacing
Qr.tr:Yt,Citn — QL tRrj, Yuij, Cunij- Focusing on the diagonal entries of Cypy in a
basis where Y, is diagonal and real (with non-degenerate entries, as is experimentally
relevant), their three imaginary parts Im C,, 7 ;; violate CP. They can be captured by three
independent flavor-invariants, whose expressions read

Lyypy = ImTr(X)'C, Y (1.5)
where X, = YuYuT . In the basis where Y, = diag y,; is diagonal and real, one has Ly—1 23 =
yi{“fllm c, Hiio with an implicit sum over 7. Therefore, at fixed, non-vanishing and non-
degenerate 1, ;, the set of three Lj—_123 maps to that of three Cyp =123 in a bijective
fashion, hence those three invariants capture the three new sources of CPV associated to
up quark complex Yukawa couplings, as in eq. (1.3). In the generic case however, Cyf has
off-diagonal entries even in the basis where Y,, is diagonal, all of which can be complex,
such that one needs nine flavor-invariants to capture the nine new sources of CPV in Cyg.
Although there is no unique choice, one possible set of invariants reads

U

T (CogYy) T (X,X,Cop¥y) TmTr (X3X2C, V)

U

Lyt 9 =14 T (X,Cop) T (X,X,CopV)]) ImTr (X, X3X2C,;Y])

Im Tr (XdCu HYJ) Im Tr (nggou HYJ) Tm Tr (Xngxgcu HYJ)

(1.6)

where X, = YdeT 3
Naively, the number of new flavor-invariants should match that of the new sources of
CPV. However, observables in SMEFT are truncated at a given order in inverse powers of
A, according to the SMEFT power counting, and it happens that not all sources of CPV
contribute to physical observables at this given order as a result of non-interference. In this
paper, we illustrate this fact by discussing CPV observables truncated at the leading 1/A?

2At order 1/A? (and for one generation only) the correspondence between the different coefficients
reads [41, 42]

. Re Cig v?  Im Cig v?
), Kt +iRke =1+ ” P—i—z ” el

me

_ Yy 1Re Cirv?
\/§ 2 ytA2

provided we start in a basis where y; is already real.

3The careful reader may note that the former Ls in eq. (1.5) does not appear anymore in eq. (1.6). We
have removed L3 because it is not independent of the first two L’s when two up-type quark masses are
degenerate. This does not happen for any of the invariants in eq. (1.6), which are therefore preferred (see
the following sections for a systematic treatment).



order, to which several of the new sources of CPV at dimension-six cannot contribute.?
We therefore carefully differentiate between the power counting for observables, which
we truncate at order 1/A?, and that of SMEFT operators, which we only include up to
dimension-six, i.e. also up to order 1/A2%. As we will explain, not all associated SMEFT
coefficients can interfere with the SMy contribution to a given observable, and therefore they
cannot all contribute at leading 1/A? order to observables. We dub those which can primary
coefficients, while we refer to the others as secondary coefficients. We perform the counting
of the number of (both CP-even and CP-odd) SMEFT primary coefficients. Among those,
the CP-odd fermionic ones, whose number is 699, are captured by flavor-invariants linear
with respect to the dimension-six SMEFT coefficients, and an explicit and complete set of
such flavor invariants is built. Consequently, we present a necessary and sufficient set of
flavor-invariants, such that CP is conserved at O(1/A?) iff. they vanish, together with Jy,
the strong-CP phase, and the 6 CP-violating dimension-6 bosonic operators, so that they
form a set of 699(+1 + 1 + 6) order parameters of CPV.

The rest of this paper is organized as follows. In section 2, we review the collective na-
ture of CP breaking in the SMy (in particular the structure of the aforementioned Jarlskog
invariant), introducing concepts useful for the following, such as flavor bases and flavor
invariants. We additionally emphasize that collective effects also arise beyond the SMy,
in SMEFT in particular. In section 3, we refine the counting of dimension-six parameters
of SMEFT, taking into account the interplay between the SMEFT power counting and
the requirement of rephasing invariance of physical quantities. This reduces the relevant
parameters to the primary ones. Focusing on new sources of CPV, we then present our
strategy to capture them thanks to flavor-invariants linear in the SMEFT dimension-six
coefficients. That this can be achieved is shown explicitly in section 4, where we discuss
explicit sets of CP-odd invariants for SMEFT at dimension-six. We emphasize that they
need to be carefully chosen to capture all new sources of CPV for all parts of the SMy
parameter space, ignoring for conciseness the case of vanishing quark masses which is sub-
sequently treated in an appendix. We finally present conclusions and future directions
in section 5. Appendix A discusses flavor symmetries of the SMy in all relevant parts of
its parameter space, which is important to determine adequate sets of CP-odd invariants
as discussed in section 4. The case of vanishing quark masses is discussed at the end
of this appendix. In appendix B, we consider generic properties of flavor-invariants with
three generations, in particular algebraic relations between them which are consistent with
the counting of primary parameters. In appendix C, the counting of primary parameters,
performed in section 3 for three generations of matter, is generalized to any number of
generations. Appendices D and E then contain a full list of linear CP-odd invariants (for
operators respectively bilinear and quartic in fermion fields), which map to all independent
primary Lagrangian parameters. Finally, appendix I includes fqcp, which allows one to
build flavor-invariants with new algebraic structures, but does not suffice to increase the
number of primary coefficients.

4Such CP-odd observables are at most linear in the dimension-six SMEFT coefficients, and correspond
to the interference between the SM,4 and the leading SMEFT contributions to a given amplitude. A more
thorough characterization of the observables we consider can be found in section 3.1.



2 The collective nature of CP breaking in the SM(EFT)

In order to motivate why we define CP-odd invariants, it is useful to review first one impor-
tant and interesting aspect of CP breaking in SMEFT: it is collective. Indeed, it relies on
the simultaneous presence of several complex parameters in the Lagrangian, which cannot
all be made simultaneously real, even using the freedom to redefine fields (or equivalently,
to define appropriately the CP transformation). In this section we review CP violation in
SMy, in order to establish our conventions and present several of the claims related to CP
violation which will be repeatedly encountered in this paper.

2.1 CP-violation and complex parameters

The usual lore is that complex parameters in the Lagrangian violate CP. At the level
of the fermionic Lagrangian, this claim leaves implicit crucial subtleties related to field
redefinitions. The correct statement is instead that the Lagrangian is CP-symmetric iff.
one can redefine the fields so as to make all couplings real.® In the SMy, this explains why
only one phase out of the six naively contained in the CKM matrix is physical and breaks
CP. For instance, were the CKM matrix equal to the following unitary matrix

72-21i 4 12
325 13 13
_ 12 576+168i 49—168i
Vexu 13 1625 1625 ) (2.1)
_96—28i 57 _ 24i
325 65 65

it would not violate CP, although it is explicitly complex. Indeed, one can write

72—21i 4 123 3—44 3 4 12 4+3i
325 13 13 5 0 0 13 13 13 5 0 0
12 576+168i 49—168i | — 0 4=3i 12 24 7 0 3t4
13 1625 1625 5 13 65 65 5 ’
96—28i 57 _ 24i 3—4i 4 57 24 4-3i
325 65 65 0 0 5 13 65 65 0 0 5

(2.2)
and absorb all the factorized diagonal phases into the fermion fields, in order to obtain
a real orthogonal CKM matrix. Such a manipulation cannot be done for the following

matrix,
2172-5004i 17844432 _ 2427+5196i
8125 8125 8125
_ | _ 3747+3996i 33244912i  4772—1164i
Vokm 8125 8125 8125 : (2.3)
 308+144i _ 4389+2052i  1848+864i
1105 5525 5525

However, whether it yields a CPV SMy depends on the fermion spectrum. Indeed, were two
quark masses equal, the kinetic Lagrangian would have a U(2) flavor symmetry, allowing

5This is strictly speaking only true for models with continuous internal symmetries. When discrete
symmetries are present, there exists the possibility that the couplings are pseudo-real, namely related to
their complex conjugates via flavor transformations. Then one would get a CP-symmetric Lagrangian iff.
there exists a flavor transformation which sends all couplings to their complex conjugates at once. See
ref. [43] for an example, or the section 4.3 of ref. [44] for more details and references. In this text, we focus
on the bulk of the SM(EFT) parameter space where any discrete symmetry is embedded into a continuous
one (this is for instance automatic for non-degenerate spectra, see section 4.2 and appendix A).



for more general fermion field redefinitions. For instance, if m, = m., we can redefine
the first two flavors of up-type quarks in order to absorb the 2 x 2 unitary matrix which
appears at the top left of the first factor on the right-hand-side of the following equality:

2172-5004i _ 17844432 _ 242745196i _ 1764468 _9-12i 3 4 12
8125 8125 8125 625 25 3 13 13
_ 3747+3996i 33244912  4772—1164i | — 351-132i  16+12i 12 24 7
8125 8125 8125 625 25 13 6 65 |°
_3084+144i _ 438942052  1848+864i 0 0  T7+36i 4 57 24
1105 5525 5525 85 13 7 65 65
(2.4)

obtaining again a real orthogonal CKM matrix.

As is clear from these numerical examples, and as we will repeatedly illustrate, it is
more convenient to phrase the condition for CP-violation in a way which does not require
scanning over all possible field redefinitions. If the theory preserves CP, the following CP
transformation of the (non-degenerate) fermionic mass eigenstates 1 (together with those
of bosonic fields [4]) leaves the Lagrangian invariant in some field basis

(CPYY(t,&)(CP) ™ =~°CP (1, -), (2.5)

where C is the (antisymmetric) charge conjugation matrix such that y*C' = —C(y*)T. As
we anticipated, this implies that the Lagrangian couplings are real (in this field basis). For
instance, if we assume that there exists the following coupling in the theory,

LD ez (%“wz) (@1%%) +h.c., (2.6)

we learn from the invariance under the CP transformation in eq. (2.5) that cj919 is real.
However, the opposite statement is that the theory violates CP iff. the transformation in
eq. (2.5) is never a symmetry, whatever the field basis chosen. This is not equivalent to
saying that ci212 is complex in some basis, but that whatever the basis chosen, there exists
at least one Lagrangian parameter which is genuinely complexrS (which usually depends
on the basis). Therefore, the condition for CPV which we look for takes the following
schematic form

CPV <= Im (something independent of the field basis) # 0.

Such a basis-independent object precisely defines a CP-odd flavor invariant. Within
the framework of SMEFT, we can define flavor invariants order-by-order in the power
counting. At leading order, the condition for CPV reads:

CPV at O(1/A?%) <= Im (something of O(1/A?) independent of the field basis) # 0.

SFor pseudo-real couplings, the statement is rather that all complex couplings cannot be turned simul-
taneously into their conjugates via the same change of basis.



SU3)o | SUB)u | SUB)a | SUB)L | SUB).
Y, 3 3 1 1 1
Yy 3 1 3 1 1
Y, 1 1 1 3 3

Table 1. Flavor transformation properties of the Yukawa matrices treated as spurions.

2.2 Flavor transformations and flavor bases

As we just discussed, a meaningful statement about CP violation in the SM(EFT) must
account for the possibility of field redefinitions. In addition, the SM(EFT) Lagrangian is
naturally written in the unbroken electroweak phase, which does not differentiate between
the three fermionic generations. Therefore, it should be possible to characterize CP vi-
olation without referring to any specific flavor labeling, in particular without identifying
which combinations correspond to the mass eigenstates.

When the Lagrangian is written in terms of the gauge multiplets relevant in the unbro-
ken phase, the kinetic Lagrangian in the fermion sector (including the gauge couplings) is
invariant under a U(3)® = U(3)g, X U(3)u, X U(3)a, X U(3) 1, X U(3)e,, flavor group, where
each factor acts on the flavor indices of the associated fermion field (we drop the chirality
indices in what follows). This group is the largest under which all SMEFT coefficients
can be assigned a spurious transformation so as to leave the full SM(EFT) Lagrangian
unchanged.

Similarly to our conclusion in the previous section, the Lagrangian is CP-symmetric
iff. one can redefine the fields so as to make all couplings real. When redefining the fermion
fields by means of a U(3)% flavor transformation, the precise values of all flavored couplings
in SMEFT are mixed up, with the real and imaginary parts scrambled. Consequently,
any order parameter of CP breaking cannot correspond to the imaginary part of a given
coefficient, but instead should map to the imaginary part of a flavor-invariant combination
of coefficients.

In order to build such invariants, it is useful to notice that the flavored SMEFT cou-
plings transform under the flavor group as spurions with transformation properties which
depend on the operator they couple to. For the Yukawa couplings at dimension-four,
the transformations are as listed in table 1, and each (anti)fundamental representation
has a charge (—)1 under the associated abelian group in the decomposition U(3)x =
SU(3)x x U(1)x, where X = Q,u,d,L,e.” Performing field redefinitions which belong
to the flavor group, this set of spurious charges allows one to easily compute the cou-
plings in the redefined theory, and to easily identify objects which are independent of such
redefinitions.

Using flavor transformations, one can reach flavor bases where the Yukawa matrices
have a specific form, and which we will sometimes use to explicitly evaluate invariants. For

"Out of the 5 U(1) factors only the gauged U(1)y and the combinations U(1)p_r, are conserved at the
quantum level, while the other are broken by anomalies.



instance, using the singular value decomposition, we can choose that

Yu - dlag(yU7 Ye, Z/t) ) Yd - VCKM . dia'g(ydv Ys, Z/b) ) }/6 == diag(yea yuv yT) P (27)

where all y’s are real and positive and Voky is the Cabibbo-Kobayashi-Maskawa (CKM)
matrix. We refer to this flavor basis as the up basis. Similarly, there exists a down basis
where

Y, = Vi - diag(yu, Yo, ), Ya = diag(ya, ys, ), Ye = diag(ye, yu, yr) - (2.8)

Fixing this shape for the Yukawa couplings exhausts all flavor transformations but some
diagonal ones.® If, in addition, a phase choice is made on the CKM matrix (for instance
imposing that all its phases are given in terms of a single one as in usual parameterizations),
no flavor freedom remains but the conserved baryon and lepton number symmetries U(1) g X
U(1)r. When we make such a choice below, we use the following parametrization of the
CKM matrix [45],

€12€13 C13512 s13€ "OCKM

_ s i
VekM = | —ca3812 — €12813523€"°CKM (19093 — $12513823€ 0CKM C13523 . (2.9)

16CKM 10CKM

512823 — C12€23513¢€ —C125823 — €23512513€ C13C23

where cx, sx = cos(fx), sin(fx).

2.3 The collective nature of CP breaking in the SM,4

We now review in some detail the (well known) collective nature of CP breaking in the
SMy, which is useful for our purpose.

The fact that CP breaking is collective in the SMy can be understood from the fact
that it preserves CP with up to two fermionic generations [2, 3], so that one needs the
simultaneous presence of three generations to be sensitive to CP violation. A question is
then: what is the order parameter of CP-breaking in the SM4?

In order to answer this question unambiguously, one needs to mod out the impact of
flavor transformations. Besides the use of invariants, a way to exhaust all flavor transfor-
mations is to work in a well-defined flavor basis, for instance in the up or down basis defined
previously. Using the remaining phase rotations allowed in such bases removes all complex
parameters but one, which fully specifies the flavor basis. The only leftover complex quan-
tity can be written in a way which is independent of the phase rotations [9-11, 21, 46, 47],

2 .
J =1Im (VCKMMSVCKM,CbVC*KM,ubVSKM,cs) = $12C12513C13523Co3 Sin(dcKm) , (2.10)

where the last equality uses eq. (2.9). It is straightforward to check that J = 0 for the
matrix in eq. (2.1).

8 Their precise form depends on the basis. In the down basis, they are of the form diag (e"aﬁf , eiok , em§<> ,

such that o/@ =a) a0l =al (RH up-quark phases are unconstrained).



As we saw in section 2.1, when two masses (of same-type quarks) are degenerate,
there is a larger degeneracy of up or down bases, and one can further remove the leftover
complex parameter from the SMy Lagrangian. Therefore, the genuine order parameter of
CP breaking in the SM, J4, is proportional to’

Ja oc (mif —mZ)(mi —my)(md —my)(mi; —m3)(my — mg)(mg —mg)J . (2.11)

One can show that there are no additional factors to Jy [9].

We have constructed Jy in a specific flavor basis, but it is useful to have expressions
valid in all bases. In that respect, instead of looking for complex quantities invariant under
mere phase rotations, one would rather consider invariants under the full flavor group. As
we anticipated in the introduction, Jy, which goes under the name of Jarlskog invariant,
then corresponds to [9]

_ tyyil’ = ty oyt
Jo=Tm T [v, Y, V,Y]]" = 31mDet [v, v}, v,vf] . (2.12)

Defined as above, Jj4 is independent of the choice of flavor basis, as can be checked from
the transformations in table 1. Evaluating eq. (2.12) for instance in the up or down basis,
the connection with eq. (2.11) is made obvious,

Jo =60y —y2) (Wi —va) W —vo) (i — v2) (s — va) (W2 — y3) T - (2.13)

It can be shown that the statement that CP is broken in the SMy is equivalent to saying
that J4 does not vanish [9], therefore it corresponds to the genuine order parameter for CP
breaking in the SMy.

2.4 The collective nature of CP breaking beyond the SMy4

The search for flavor-invariant order parameters for CP breaking beyond the SM is subject
to very similar discussions. As an example, let us consider the SMy with a single generation
of fermions, extended by a dimension-six Yukawa coupling for the up-type quark:

Cu .
L= L, + A—f|H|2QLuRH +he.. (2.14)

It is well known that such a coupling can generate a two-loop contribution to the electron
EDM, a CPV observable, which reads at O(1/A?) [48-50]

de 1 vmemy Im(Cypr) m?2
Qe _ _ Jol 2.1
e 4872 m2 A2 ! (m%’o (2.15)

where for conciseness we only kept the dominant contribution due to photons in the loop,
where mj, and v are the Higgs mass and vev, respectively, and where

(a,0) / dz » (o 1’) (2.16)

a—z(x—1)

9This expression depends on differences of squared masses and not, e.g., on m¢ — m,,. This is due to
the fact that only the modulus of a fermion mass is physical: any quark mass can be made complex by
an appropriate rephasing of the associated RH field without changing other SMy4 couplings, hence we must
consider the rephasing-invariant quantity mymy, = |m¢|2 for any fermion 1, which reduces to the mass
squared in field bases where the mass is real.



The result in eq. (2.15) may suggest that Im(C,p) acts as an order parameter of CP
breaking in this theory.! However, this imaginary part could be rotated away by a chiral
transformation of the up quark field (for instance by redefining ug — e *28(Cur)y ) so
one could wonder if there remains an observable electron EDM. The resolution to this
puzzle is due to the implicit assumption that the computation is performed in a basis
where the up quark has a real mass. In a generic flavor basis, the mass is complex,

UQCuHi U2C;H

V2A?

where we wrote the Lagrangian in the broken phase, and a careful evaluation of the two-loop

LD —myupup —myupuy + ururh, (2.17)

diagram (i.e. using propagators featuring complex fermion matrices) yields

d. 1 vmeIm(miCy) \mu\Q
— = — F; 0 2.18
e 4872 m? A2 w2 ) (2.18)

which matches eq. (2.15) when m,, is real, as it should. This expression allows us to identify
a more satisfactory order parameter of CP-breaking, Im(mC,;), which does not depend
on the phase convention for the up quark. Similarly to what was discussed for the SM,
previously, what matters here for CP breaking is not that the Yukawa coupling has an
imaginary part, but that there is an irreducible imaginary part due to the simultaneous
presence of both the coupling to the Higgs of the up quark and its non-zero mass. This
provides also a qualitative argument for why the result in eq. (2.15) had to be explicitly
proportional to my,.

The take-away message of this section is that real or imaginary parts of coefficients
are only meaningful with respect to CP breaking when the flavor basis is completely deter-
mined. In a general basis, what matters are the imaginary parts of invariant combinations
of coefficients.!! CP-odd invariants in SMEFT, especially with three flavors, are the subject
of this paper.

10T the SM4, the various contributions to the electron EDM are all proportional to 7, consistently with
the collective nature of CP breaking. Short-distance quark-level perturbative contributions arise at four-
loop order and allow one to identify the whole structure of Jy (see [51] for a parametric expression and [52]
for a recent appraisal identifying an additional mj factor), but the dominant source comes from long-
distance hadronic contributions sensitive to CPV four-fermion operators [53]. In addition, such hadronic
contributions often dominate CPV observables, e.g. in the case of paramagnetic systems (see [54] for the
identification of a new contribution which increases the previous result by 5 order of magnitude).

HExamples of this also exist in the SM4. The quantity e, which encodes indirect CP violation in kaon
decays, is sometimes written [1]

- 6iﬁ/4 Im(Mm)
‘T2 Am

where M, is associated to K° < KO mixing and Am is the mass difference between kaon mass eigenstates.

This formula actually assumes that A\, = V4V, is real. The expression which is valid independently of
the phase conventions reads [4]
e Im(Mip))
V2 Am A
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3 Characterizing CP violation at dimension six

In this section, we discuss the number of primary parameters in SMEFT, as well as the
parametrization of those which are CP-odd.

3.1 Primary parameters in the SMEFT

First, we count the number of flavorful primary SMEFT parameters. We remind that they
are defined to be the dimension-six SMEFT parameters which generate BSM amplitudes
which can interfere with SM, amplitudes (other parameters being called secondary). In-
deed, observables computed in SMEFT are subject to a power expansion, with respect
to which we focus on the leading BSM order, i.e. we include contributions to observables
up to order 1/A2. For instance, in cross-section computations, we only consider the SMy
amplitude squared and the interference with the leading BSM amplitude. Schematically,
we can express a generic amplitude as

A=A 4 A© 4 (3.1)

where A® is the leading order amplitude built with renormalizable operators, A©) g
the next-to-leading order one, accompanied by a 1/A? suppression, and the dots indicate
higher order terms that we ignore. Then, observables such as cross sections, which are
proportional to the amplitude squared, will receive contributions by

’A‘Q — ‘A(4)‘2 4+ 2Re (A(4)A(6)*) + ... (3.2)

Our goal in this section is then to determine the primary parameter space that characterizes
the first two terms in eq. (3.2).

This counting does not lead to a mere repetition of that of ref. [40], which counts
primary and secondary parameters indifferently and whose results are reviewed in the first
double column of table 2, due to the fact that several of the dimension-six parameters are
charged under lepton numbers, unlike SMy parameters. Given that physical observables
cannot be charged, such parameters can only interfere with themselves (or other charged
BSM parameters) to form a neutral object, and are therefore secondary according to our
classification.

More precisely, the free fermionic Lagrangian in the broken phase of the SMEFT and
in the mass basis has abelian flavor symmetries U(1)y, 4, 1,, acting on each mass eigenstate
independently. By definition, those do not affect the spectrum of asymptotic states and
therefore do not affect physical predictions. They simply correspond to irreducible flavor
ambiguities in a basis where mass matrices are diagonal and real, which must be fixed by
further specifications (for instance, phase prescriptions in the CKM matrix). A consequence
is that any observable must be expressed in terms of quantities which are invariant under
these U(1) phase rotations,'? and therefore, any coefficient which is not invariant on its

12This is a slightly different statement than the one that CP violation should be characterized in a
flavor-invariant way. Although they are restricted by flavor-invariant statements, amplitudes squared with
flavored external states are not flavor-invariant, but they are always invariant under phase rotations.
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inv. under U(1), —U(1)z,

Type of op. # of ops | # real # im. # real # im.
% Yukawa 3 27 27 21 21
'g Dipoles 8 72 72 60 60
2 current-current | 8 51 30 42 21
all bilinears 19 150 129 123 102
LLLL 5 171 126 99 54
E RRRR 7 255 195 186 126
E LLRR 8 360 288 246 174
= LRRL 1 81 81 27 27
LRLR 4 324 324 216 216
all 4-Fermi 25 1191 1014 774 297
all 1341 1143 897 699

Table 2. Number of flavorful real and imaginary parameters in SMEFT at dimension-six (see
tables 7 and 8 for the explicit forms of the operators). The first double column counts the number
of physical parameters, the second one (highlighted in gray) counts those which are also primary
(see the text).

own must enter observables multiplied by another U(1)-charged coefficient in order to form
a neutral object. This story is known to readers familiar with the notion of rephasing-
invariants of the CKM matrix [55]: Voka,i; being charged under U(1)4, — U(1),,, physical
predictions can only depend on the moduli and quartets,'?

* *
s Vorig Vorm e Verm i Verm kj - (3.3)

‘VCKM,ij

For the SMEFT at leading order, that implies that U(1)-charged dimension-six coefficients
must multiply U(1)-charged dimension-four coefficients. In the quark sector, the CKM
matrix is the only such object, and there does not exist any in the lepton sector, since
U(1)r, is a symmetry of the SMy Lagrangian for each ¢ (remember that we work in the
limit of vanishing neutrino masses). Therefore, all “off-diagonal” lepton coefficients in
the first double column of table 2, i.e. those which are charged under U(1)r, — U(1)r,
correspond to secondary parameters. This requirement reduces the number of parameters
to the ones in the second double column of table 2.

A similar reasoning explains why adequate entries of the CKM matrix must multiply
dimension-six coefficients charged under U(1),, and/or U(1)4,. Those coefficients must
therefore contribute to observables with an additional suppression due to the smallness of

13Notice that sextets and monomial with more entries of the CKM matrix can be expressed in terms of
moduli and quartets using the unitarity of Vokwm.
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the off-diagonal CKM entries. For instance, Cyp,13 (expressed in the up basis) can only
enter observables as

VékKM,HVCKM,:SlCuB,l?; or VékKM,IQVCKM,?;QCuB,l?H (3.4)
where the unitarity of the CKM matrix allows us to not consider Vigy 13Vexm 33Cun 13-
Due to the gauge anomalies of the abelian symmetries U(1), 4,.1,, the §-angles of the
different gauge factors of the SM are also charged parameters, which can interfere (non-
perturbatively) with appropriate SMEFT coefficients (see appendix F for a discussion of
fqcp). Nevertheless, U(1)r, — U(1)r; is anomaly-free in the SM, therefore the state-
ments made previously about SMEFT coefficients in the lepton sector also hold non-
perturbatively.

In this discussion, we ignored the specific cases of observables in the neutrino sector
since we work in the limit of vanishing neutrino masses. Examples of observables which we
allow include electric dipole moments (EDMs) [42, 49, 50, 56] or the CPV parameters ek
and € in kaon physics [57-59]. We also assume that the leading BSM contribution indeed
corresponds to the interference at O(1/A?), and not to a dimension-six contribution squared
(or the interference between the SMy and a dimension-eight coefficient, etc) due to some
accidental suppression of the O(1/A?) term. Below, we will also study the SMy parameter
space as a whole (i.e., beyond values relevant for phenomenology), which includes points
where several entries of the CKM matrix become unphysical and can be redefined away,
turning additional dimension-six coefficients in the quark sector into secondary ones. This
would for instance happen if all down-type quarks were massless: barring observables
which are ill-defined when my — 0 within our leading order observables, we find a further
reduction of the relevant dimension-six coefficients (see table 6 in appendix A.2). Ref. [60]
performs a similar counting of primary parameters (focusing on the kinematic situation
where all fermions masses, but the top and bottom quark, are neglected).

3.2 CP conservation at leading order and minimal sets of CP-odd invariants

We now turn to the characterization of CP violation in SMEFT at leading order using
flavor-invariants. Specifically, in the spirit of the discussion which leads to the introduction
of Jy, we ask

which flavor invariants vanish iff. CP is conserved at leading order in
SMEFT? We call such a set of CP-odd invariants of minimal cardinality
a minimal set.

The notion of minimal cardinality implies that there are no redundancy: the vanishing
of each invariant in a minimal set provides an independent condition. The number of
invariants in a minimal set must be larger or equal than the number of new primary
sources of CPV.! In the case of the SMEFT at O(1/A?), we find the non-trivial result
that the two numbers agree for all operators (see below).

141t may need to be larger: as we detail below, we count an invariant as independent if there exists at least
one point in parameter space (in terms of fermion masses or CKM entries) where it cannot be expressed in
terms of other invariants of the set.
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Before going further, let us discuss one subtlety associated to our definition of a minimal
set of CP-odd flavor-invariants, which has to do with the parameter space considered. In
the way our definition is stated, it suggests that one aims at characterizing CP-conserving
points for all possible choices of parameters, i.e. quark masses as well as mixing angles
and the CKM phase dckn. However, one could also try to characterize CP-conserving
points within a given parameter subspace, for instance for values of the quark masses which
are non-vanishing. This is the choice we make in the main body of this paper: we build
flavor invariants which vanish iff. CP is conserved at leading order in SMEFT wunder the
assumption that quark masses are non-vanishing. Our methods also allow one to identify
minimal sets of flavor-invariants when one considers vanishing quark masses, but since the
expression of the required invariants is more intricate than for the simpler case of non-
vanishing quark masses, we leave the resolution of this question to appendix A. One could
finally restrict to characterizing CP-conservation for a smaller set of parameters, e.g. fixing
the values of the quark masses or taking them non-degenerate. Our sets of invariants work
in such restricted cases, but there usually exist simpler ones (which do not correspond to
minimal sets on larger sets of parameters). We will encounter explicit examples in the next
section.

Due to the SMEFT power counting, the conservation of CP at zeroth order first de-
mands that Jy = 0, so that the Jy is part of any minimal set. Then, in order to build the
rest of the minimal set, we look for invariants which are linear with respect to the SMEFT
dimension-siz coefficients, consistently with the goal of characterizing CPV in observables
up to the first non-leading order, i.e. up to the O(1/A?) interference term in the r.h.s.
of eq. (3.2). This linearity is also valuable to check that we indeed have a necessary and
sufficient condition for CP conservation, as it does not suffer from subtleties associated to
non-linear invariants, found e.g. in neutrino physics [28]. Indeed, the question of whether
vanishing invariants really implies vanishing CP phases is trivially answered here. We
found that there does exist a minimal set of invariants linear with respect to the SMEFT
dimension-six coefficients. This set is presented in subsequent sections, and represents our
main result.

The linearity implies that the minimal sets are decomposed in minimal sets of invariants
T.(C©), defined for each SMEFT dimension-six operator O and its associated matrix-
valued coefficient C'(6) independently, and where the index a labels the new primary sources
of CPV present in C'(®). Therefore, we can define the notion of minimal set at the level of
each SMEFT operator independently. The invariants have the following form:

Z,(C®) = Im (ﬂavor—invariant linear in C(G)) =T1h (Re C(6)> +TL (Im C(G)>' = 7;1»856) ,
(3.5)
where the last equality describes the result of evaluating the invariant in a given flavor
basis. Here we define
(6) — (6) (6) (6)
9 = ((ReC ) (Rec®) . (mc®) ) (3.6)

7

as the vector in flavor space composed by the vectors Re /Im C (), not necessarily of same
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length, while the transfer matrix 7,; is defined to take the block form
T = (TR Tf) | (3.7)

By linearity, T2 is the imaginary part of a linear combination of products of entries of
dimension-four Yukawas (which are the only flavored objects at dimension-four), while
TaIi is the real part of a similar, albeit generically different, combination. Those matrices
TE and T! depend explicitly on the operator O considered. A very convenient feature
of such invariants is that they automatically project out any secondary coefficient, which
cannot be arranged into invariants in a linear fashion by definition.

Showing that the set of invariants is minimal can be phrased as a condition on the
matrices 77/

a set of flavor invariants is a minimal set iff. the rank of the transfer
matrix 7 equals the number of new primary sources of CPV in C(®)
when J4 = 0 and never does for all sets with strictly smaller cardinality.

Note that the last part of this characterization is automatic when the number of
invariants, the number of primary sources of CPV and the rank are all equal. We use this
condition below to check that the sets of invariants we present below are indeed minimal.
We stress that the meaning of “when J; = 0” encompasses a large subset of the whole
parameter space spanned by the masses and the mixing angles, as seen from the expression
in eq. (2.11): it is achieved when 6;; = 0 or 7/2, or when m,; = m,; or mq; = mq;,
for any pair 4,j. In addition, setting Jy = 0 via one of these choices still leaves a large
freedom for the remaining parameters. For instance, one may have 0;; = 0 and my, = My
for some i,j,k,l =1,...,3. A set of flavor invariants is a minimal set only if the rank of
its transfer matrix corresponds to the number of new sources of CPV within the whole
parameter space where Jy = 0 (up to the restriction of non-vanishing quark masses which
we adopt in the main text of this paper and relax in appendix A). We will come back to
this point in section 4.

The transfer matrix 7 acts on the flavor-space vector made out of real and imaginary
entries of C'6) (the precise order in the labeling as well as the order between real and imag-
inary part is unimportant). Note that the rank does not change under the action of flavor
transformations (which reshuffle real and imaginary parts, as well as the entries of T#/1),

4 Minimal set of CP-odd invariants

In this section, we present the minimal set of leading order CP-odd invariants in SMEFT
at dimension-six, under the aforementioned assumption that all fermion masses are non-
vanishing, which has an impact on how many sources of CPV are expected and which
invariants correctly capture them. We treat the cases of vanishing masses in appendix A.

4.1 Examples

Let us present some parts of our minimal set of invariants for SMEFT at dimension-
six. As we explained previously, the linearity with respect to the Wilson coefficients of
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the dimension-six CP-odd observables allows one to treat the different SMEFT operators
independently. The study of all SMEFT operators proceeds along identical lines, and the
full set of invariants is presented in appendices D and E.

We begin by considering SMEFT operators which are bilinear in fermion fields and
hermitian, and therefore have the simplest non-trivial flavor structure. Invariants under
unitary groups with bi-fundamental representations must feature the invariant tensor oy,
therefore they correspond to linear combinations of traces of products of matrices, arranged
so that indices of a given fundamental representation and its conjugate are contracted in
the trace, as seen for instance in egs. (1.5)—(1.6). In addition, there are relations between
powers of 3 x 3 matrices, and/or between their traces, derived from the Cayley-Hamilton
theorem, which reduce the candidate invariants to a finite set. We explicitly present such
properties in appendix B. For convenience we define: X, = Y, Yl and Xy = YdYJ . The
relevant single-trace invariants linear with respect to a SMEFT coefficient C, for a fermion
bilinear operator, take the universal form'?

Laped(C) = ImTr(XﬁXﬁXSXﬁC’) , with a,b,¢,d =0,1,2 and a # ¢,b # d, (4.1)

where C' = C, C’Y;:u de OT YfC'YJ:r , depending on the chiral structure of the operator under
study (see below for explicit formulae). We first choose C' = Cp,, for definiteness, and we
find that the following property holds:

L= £5M4 + % (ZI{Jr D#H) ui,R’YMuj,R
preserves CP at O(1/A?) iff.

Ji = L1100 (YUCHUYJ ) — Lo (YUCHHYJ ) — Ly12 (YUCHHYJ ) —0. (4.2

Indeed, Jy = 0 is necessary so that the leading order SMy contribution to any CP-odd
observable vanishes. Once enforced, this makes the SMy Lagrangian CP-symmetric, and
there remains generically three new primary sources of CPV in Cyy,. Indeed, Cy, isa (3x3)
hermitian matrix (which transforms as a 3 ® 3 representation of U(3),). Therefore, the
minimal set for C'y,, should at least contain three invariants. As we explained in section 3.2,
in order to show that the three invariants in eq. (4.2) capture the three necessary conditions,
it is sufficient to compute the transfer matrix 7 such that,

Re Cru11

Re Cry,12
L1100
Lazoo | = (TR TI) T Cuts | (4.3)
Li122 I Cr 15

Im Cpyy 23

15 As we will see, those structures are also the only ones needed for 4-Fermi operators.
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and show that it has rank 3. Parametrically, and in some basis, the generic case corresponds
to taking dcxy — 0 in eq. (2.9) while holding all mixing angles different from 0, 7/2 and
all quark masses non-denegerate, which is what we assume in the current section (we treat
more general cases below). Then, T’ B — 0346 and the determinant of T is found to be non-
Vanishing. Therefore, L1100 = L2200 == L1122 =0 implies that Im CHu,ij = 0 in the basis
of eq. (2.9) (or any other basis where the Yukawa matrices are real), i.e. CP is conserved.
Conversely, the conservation of CP, or equivalently Im Cp, ;; = 0, implies that all L’s
vanish since 7% = 0. This proves the equivalence announced above.

One may be surprised by the fact that some simple invariants, in the sense that they
feature low powers of the Yukawa matrices, are not parts of the set in eq. (4.2). For
instance, for C,, the set formed by

L1100 (YUCHUYD , L1200 (YUCHUYJ> » L2100 (YUCHUYJ) (4.4)

would pass the test performed in this section, namely the associated transfer matrix would
generically have rank 3. Such invariants have been studied beyond SMEFT, and exist
generally for any set of three hermitian matrices in the same adjoint representation, as
explained in ref. [19]. However, they would not be a valid choice of invariants, since they
would not correspond to sufficient conditions whatever the values of the fermion masses
and the CKM matrix. For instance, m; = m, is another way to get Jy = 0 other than
that discussed above. In this situation, there remains three conditions necessary for CP
to be conserved (see section 4.2 for details). Therefore, imposing that a given minimal
set vanishes should be equivalent to three independent conditions also when m; = me..
However (when m; = m.) we find that

(mz +m?2) L1100 = Laioo , (4.5)
where the mass-dependent factor can be expressed in terms of invariant quantities,

; _ 18det X, —3(TrX,)” + 7Tr X, Tr X2
¢ 6Tr X2 —2(Tr X,,)? '

m2 +m (4.6)
Therefore, imposing that the set in eq. (4.4) vanishes only amounts to two conditions.
Instead, one can check that the vanishing of the set in eq. (4.2) yields three independent

16 even when m; = m.. We expand on what happens however J; = 0 is taken

conditions,
in section 4.2, and show that the set in eq. (4.2) above yields a satisfactory minimal set in
all cases (as long as all quark masses are non-vanishing).

Similar reasoning applies to all SMEFT operators. Let us present the results in two
more cases with slightly more complicated flavor structures, the non-hermitian bilinear
operator O, g and the hermitian symmetric 4-Fermi operator O,,. The Wilson coefficient
Cyup contains nine new primary sources of CPV, since it is an arbitrary (3 x 3) com-

plex matrix (which transforms as a (3, 3) representation of U(3)g x U(3)). Cyy contains

16The interplay between degenerate cases and flavor-invariants has also been studied in ref. [29] for
massive Majorana neutrinos.

17 -



=C

eighteen new CPV parameters (C . jilk

wuigk 18 “hermitian”, ie. Cj
Cunijit = Cuukiij» and it transforms in the (3 ® 3)% of U(3),).

For O, g, we find that

wijkl symmetric,

L= Loy, + C“H” =, L Hu, g H|? + h.c.
preserves CP at O(1/A?) iff.
Ji= Loooo (Curr Vi) = Liooo (CurrVd) = Loroo (Curr¥y)
= Lu1oo (Cur V) = Lot (Curr Vi) = Lozoo (CuV) (4.7)
= Logo (CurYy) = Lizoo (Cunr Vi) = Lowas (Cu V) = 0.

We now turn to O,,,. For 4-Fermi operators, we generically define

Try (M(1)7M(2)7C> = M](il)Ml(k?)Cijkl? Trp (M(l),M(z)aC> = Ml(z‘l)Mj(z)Cijkh (4.8)

e AZed (C) = Tm Tra (XgX5XEXY], XeX[X0X],C) 1o
B4 (C) = Im Trp (nggngg,ngjngg,C) . (49)

We further define
Chaunijkl = Z w,im un] Comnkl (4.10)

and similarly for Cgyua, Cuaiu, Cuvaa, Cﬁﬁﬁ{z, and for the down quark versions. We then
find that

Cuu 52,
]kl
L= Lsm, + A2 U R U5 R U RYuULR

preserves CP at O(1/A?) iff

Ji ZA??SS (Cuuiia) = A1700 (Caaaa) = A%10o (Caaaa)
= A2900 (Cuwiia) = Atigo (Caaaa) = A%300 (Caaaa)
— A (Cusa) = AR (Cus) = ALSS (o) -
= 1995 (Caaaa) = A% (Caaan) = Apiss (Caaaa) ‘
= A3300 (Caaaa) = BYoo (Cuaau) = Biioo (Caaaa)
= B3700 (Caaaa) = A11%) (Caaaa) = Bigo (Caaaa) = 0

The proofs of these equivalences follow from the same logic as for Cry: compute T
and check that it has maximal rank, which means that the origin in invariant space is
uniquely mapped to the origin in imaginary-coefficient space. Therefore, the vanishing of
the invariants is equivalent to the conservation of CP (at leading order).

Finally, let us consider the leptonic case. As we argued in section 3.1, the fact that
the SM4 Lagrangian is symmetric under the lepton numbers U(1), makes several SMEFT
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dimension-six coefficients in the lepton sector secondary. For the specific example of C.py,
this means that all off-diagonal entries are secondary, since they are charged under U(1)r, —
U(1), for suitable 4,j. Therefore, although all imaginary parts of the nine entries of
C.p violate CP when the full SMEFT expansion is considered, the only ones which can
contribute to CP-odd observables at O(1/ AQ) are the diagonal ones. The same reasoning
applies to Cye, which therefore does not violate CP at O(1/A?). Consequently, a minimal
set for Cepy contains three invariants, and is empty for Cg.. Indeed, we find that (defining
X, =Y.¥})

L= Lsm, + % (ZHT D#H> ei.rY"ej R + < Zzﬂj LipHejr|H? + h-0->

preserves CP at O(1/A?) iff.
Ji=TmTr (Cop V) = mTr (X,Cop V) = Tr (X205 v1) =0, (412)

Let us end this preview by saying that the above invariant sets are not unique: there
are different sets of invariants which would equally well capture the necessary and sufficient
conditions for CP-conservations at order 1/A2. Our construction of the above sets requires
that the invariants have the lowest possible degree with respect to Yukawa matrices, and
that they be as large as possible when the observed values of the fermion masses and CKM
entries are plugged in.

4.2 Expected ranks when J4 = 0

We now discuss the rank of the transfer matrices, related to the validity of the minimal sets
presented above, in non-generic cases, namely when some fermion masses are degenerate
and/or when there are texture zeros in the CKM matrix (which happens when some mixing
angles take special values).

To apply consistently the definition of minimal sets from section 3.2, we need to care-
fully determine how many new primary sources of CPV there are when Jy = 0, or equiv-
alently what is the expected rank of the transfer matrix 7, irrespective of how we take
Js — 0. In our generic situation of the previous section, J;s — 0 meant dcxym — 0 in
eq. (2.9) while holding all mixing angles different from 0,7/2 and the quark masses non-
degenerate. This ensures that there are no texture zeros in the CKM matrix, so that the
number of CP-breaking quantities were identified with the number of imaginary parts (in
the quark sector). However, that is not the only situation captured by the ambiguous
“Jy = 07 condition, as we anticipated in section 3.2. Indeed, mass degeneracies and/or
texture zeros in the CKM matrix may lead to a conserved flavor symmetry of the SMy
Lagrangian larger than U(1)p, which has an impact on the number of CP-odd quantities
at order 1/A2.

The reason is identical to that discussed in section 3.1: observables should be invariant
under any symmetry of the spectrum of asymptotic states. Consequently, at order 1/A2,
SMEFT coefficients must combine with SM, parameters to form invariant objects, and in
particular, when the SMy Lagrangian has a flavor symmetry (which is therefore part of
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the symmetry group of the spectrum), only SMEFT coefficients invariant under this flavor
symmetry can generate amplitudes which interfere with SMy ones.

In the generic case of a CP-preserving SMy Lagrangian (i.e. taking dcxym — 0 in
eq. (2.9) with generic values of mixing angles and quark masses, or said differently for a real
CKM matrix without texture zeros), there is no flavor symmetry beyond the baryon and
lepton numbers U(1)p x U(1)r,. Therefore, any additional B- and L;-preserving SMEFT
coupling in the Lagrangian is primary, and its imaginary part is a primary source of CPV.
We leave to appendix A the systematic discussion of all flavor symmetries of the SM4 and
their relation to mass degeneracies and/or texture zeros in the CKM matrix, but, for the
sake of illustration, we discuss here two specific cases.

In the first one, the CKM matrix is non-generic and has texture zeros:

* 0 %
Vekm = [ 00 | . (4.13)

* 0 *

This texture can be achieved from eq. (2.9) by taking so3 = s12 = 0 (in particular, J; =0
for such a texture). The flavor symmetry of the dimension-four action is now enlarged to
U(1)2, corresponding to two independent abelian transformations of (Q1, @3, u1,us, d1,d3)
and (Q2,ug, d2) respectively (in the up or down basis), acting as follows:

Ui R — €i§qi Ui R, (4.14)

with &, = &4, and similarly for other quarks.

The second example is that of a degenerate fermion spectrum. We take for definiteness
m¢ = m, (which again implies Jy = 0). With this degeneracy, the symmetry of the mass
terms becomes non-abelian, while the phase in the CKM matrix, as well as one mixing
angle, is no longer physical. Indeed, we can perform a flavor transformation (here in the

up basis),
1 0 0 1 0 0
Qr— 10 ca3 s23|Qr, ur— |0 ca3 s23 | ug, (4.15)
0 —s93 Co3 0 —s23 ca3
such that
c13 0 s13 c12 812 0
Vekm — 0 10 —s12¢c12 0| . (4.16)

—513 0 c13 0 01

Therefore, the values of o3 and dckn have no physical impact. For generic values of 619
and 613, the CKM matrix in eq. (4.16) has no texture zeros, and the flavor symmetry of
the SMy Lagrangian in the quark sector still corresponds to the baryon number.

All possible cases are treated similarly, and the full discussion is presented in ap-
pendix A. The summary of this analysis (assuming no vanishing mass, see appendix A for
the more general case) is presented in table 3 where, for each non-generic case of interest,
we present the flavor symmetry group. The discussion in the lepton sector is similar, but
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Flavor symmetries of
Parameter values K
the SMy Lagrangian

Generic Vg U(l)p
S |‘VCK'M,if.)jg‘ = 1, VexM,ijo = VokM,igs = 0 U2
i # 0, J # Jo

Mg 7 Mg 7 My

for i17éi27éi3

| CKM,nJl‘ | CKM,zz]z‘ | CKI\/I,Z&]S‘ () jl % j2 7é j3 U(l)d

Vokm,ij = 0 elsewhere

Generic Vogm  (see eq. (4.16)) U(1)5
My # Me =My L‘S}?a’i(ﬁi =1, Voraijo = Vernioj =0 U(1)?
mq 7é ms 7é my 0,7 7 Jo

iy # i # i3
Vermii | = |V =V =1 f
| CKI\I,H]I‘ | CKM,zzjz‘ | CKM,zggg‘ or i # o ?é is U(1)3

Vokm,i; = 0 elsewhere

My # Me £ My

Same as the previous case with V/ P 74
KM KM
mg = mg 7 my, c ¢

Generic Voxm U2
My # Me = My [Vexai1) = [Vexmze| = [Vexmas| = 1 oy
Ma = ms 7 My Voxm,i; = 0 elsewhere

LZ:;(NIIIJIS‘::O Lffﬁiii‘e: Ve =1 U@) x U(1)

ma # ms # my U3
e e ma = my #my U(2) x U(1)

mg = ms=my UG

My 7 Me 7# My U)?
mg = Ms = My My, 7 Me = My U(2) x U(1)

My = Me = My ve)

Table 3. Flavor symmetry of the SMy Lagrangian as a function of special values for quark masses
(assumed to be non-vanishing, see appendix A for the general case) and entries of the CKM matrix.
Conditions on the right are understood to be imposed on top of those on their left. Here only
some of the possible combinations of mass degeneracies are treated. The other mass degeneracies
lead to the same flavor symmetries provided the corresponding non-generic Vg are multiplied by
appropriate matrices exchanging flavor labels (see footnote 18).

features at least a U(1)3 flavor freedom in the SMy, since the PMNS matrix is given by the
identity. When two or three charged lepton masses are degenerate, this U(1)? increases to
U(2) x U(1) and U(3), respectively.

This discussion allows us to work out the number of new primary sources of CPV at
order O(1/A?%), in each (non-)generic case for the CKM matrix. Let us focus again on the
two previous examples, which generalize easily to all.

When the baryon or lepton numbers are the only flavor symmetries at dimension-four
(in the up or down basis), all imaginary parts of the Wilson coefficients at dimension-six
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Bilinears 4-Fermi
CuH
Cua 1,3
Cu Cra
uW c CLS
Cenr | C, . | Chp gl | T | Fua
Flavour symmetries o B C}iz HR | o p QQ c 18 CLedq is
Cew | Can Cy Cre | ¢ Lu 1 Cou | 15 Couga
of the quark sector of the SM Cu U Cee “ o Cp
CeB CdG € CHd C eu 1,8 eQu
dd | Coa
Caw Ld
Cap Cea
CHud
U(l)p 3 9 0 3 0 3 18 9 36 27 81
U(1)? 3 5 0 1 0 3 5 3 12 15 33
U(1)? 3 3 0 0 0 3 0 0 3 9 15
U(2) x U(1) 3 2 0 0 0 3 0 1 6 7
U(3) 3 1 0 0 0 3 0 0 0 3 2
Two degenerate electron-type leptons | x é x1 x1 X § x1 X é x1 X é x1
All electron-type leptons degenerate X % x1 x1 X % x1 X % x1 X % x1

Table 4. Numbers of new primary sources of CPV contained in each dimension-six SMEFT
coefficient, for each of the possible flavor groups of the quark sector of the SMy at dimension-4
(restricting to situations where fermion masses are non-vanishing). The last two rows indicate
which multiplicative coefficient should be applied to all numbers of the same column for special
values of the electron-type lepton masses.

in the quark sector (and in the lepton sector, all imaginary parts which are not charged
under the lepton numbers) can interfere with the SMy. Instead, when the flavor symme-
try increases to U(1)?, several SMEFT coefficients become secondary. For instance, Cly,,
transforms as (in the up or down bases)

CHU,ij — ei(qu —La; ) CHu,ij , (4.17)

where &, = &;, and arbitrary &;, for the texture of eq. (4.13), and similarly for other
textures. Therefore, for the texture of eq. (4.13), only Cpy 13 is primary and Cg, only
provides one primary source of CPV, Im CHU’13.17 Thus, in this case, a single invariant in
the minimal set for C,, is sufficient.

This exercise can be performed for all non-generic cases for the CKM matrix and for
all Wilson coefficients. This results in a set of conditions for CP conservation at leading
order, whose number is in one-to-one correspondence to the number of independent CP-odd
invariants in a minimal set. As we just saw, those numbers depend on the flavor symmetry
of the SMy Lagrangian, and are given for all SMEFT operators in table 4.

We can now come back to the statement that the set of invariants in eq. (4.4) is not
a satisfying one for C'i,,. As seen in table 4, all its off-diagonal entries are primary when
m¢ = m,, and all their imaginary parts violate CP (in an appropriate basis), hence we need
three independent invariants to capture the conditions for CP conservation.

7One can construct non-linear invariant quantities from CHu,12/23, an example being Cry,12C, 23- At
leading order, however, C,,,12/23 cannot contribute linearly to observables.
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Let us stress again at this point that the fact that we found a set of invariants of
minimal size (i.e. three invariants for the case of Cp,,) which captures the necessary and
sufficient conditions for CP conservation in all non-generic cases listed in table 3 is a non-
trivial result. Nevertheless, it turns out that it can be done for all SMEFT coefficients at

dimension-six, as we explicitly showed.

5 Conclusions and future directions

In this paper, we have investigated the collective properties of SMEFT at dimension-six.
Their first implication which we have discussed is that only a subset of Lagrangian param-
eters (dubbed primary parameters) can contribute linearly to observables upon interfering
with the dimension-four SMy4 amplitude. This is due to the existence of flavor transforma-
tions which leave the SM spectrum and thus any observable invariant, thereby demanding
that covariant Lagrangian parameters combine to form invariant objects. This applies for
instance to field-rephasings associated to mass-eigenstates, implying that Lagrangian co-
efficients must combine into rephasing-invariant objects. Associated to the SMEFT power
counting, this implies that several coefficients related to dimension-six SMEFT operators
cannot contribute to observables at order 1/A% since they are charged under individual
lepton numbers unlike all SMy parameters (in the limit of zero neutrino mass). We there-
fore refined the usual counting of dimension-six SMEFT parameters so as to include this
effect, which resulted in the counting of primary parameters in table 2.

Then, we focused on collective effects related to new sources of CP violation in the
dimension-six SMEFT, both of which are captured thanks to CP-odd flavor-invariants.
To respect the SMEFT power counting, we restricted to invariants linear in dimension-six
coefficients, and we presented minimal sets of invariants which map in a one-to-one basis to
all new primary sources of CPV. We proved this by showing that the points in parameter
space where CP is conserved (at leading BSM order) are exactly the points where our new
invariants vanish. This holds for all parts of the SM, parameter space, including degenerate
cases. A complete list of CP-odd linear invariants can be found in appendices D and E.
We remind the reader that this list is not unique.

There are several directions along which our work can be extended [61]. The first
one concerns parameterizations of leading order CP-odd observables. Indeed, although our
characterization of new primary sources of CPV is complete, it does not necessarily describe
all the relevant parameter space of those observables. The reason is that, CP being broken
at dimension-four already, the source of its breaking in the SM, can interfere with CP-
even dimension-six parameters of SMEFT. On the other hand, remembering that physics
should not depend on a specific field basis, a CPV observable can always be expressed
in terms of CPV flavor-invariants. Taking all this into account suggests that one should
study larger sets of CP-odd invariants than our minimal ones. In such sets, only a subset
of invariants capture new primary sources of CPV, but each invariant captures a new,
independent primary dimension-six quantity which corresponds to, or can interfere with, a
source of CPV. We call such a set a mazimal set. Given an invariant Z in such a set, one
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can always write

1= Z ciLi + J4i, (5.1)

(2

where {Z;}; forms a minimal set in the sense described in this paper, and 7 is a CP-even
expression built as a ratio of polynomial flavor-invariants. Indeed, given our definition of
minimal sets, all CPV observables (in particular Z) must vanish at order O(1/A%) when
Jy = Z; = 0. Nevertheless, one can check that all (CP-odd or -even) primary parameters
can be captured by CP-odd invariants, thanks to a rank analysis similar to that presented
in section 3.2, and consistent with the fact that all primary parameters can contribute to
CPV observables, either directly or via interference with the SM4 CP phase.

Relatedly, one can numerically evaluate the invariants, which encode collective effects
and the suppression they induce, using the observed values of the SM, parameters. This
illustrates how accidentally small the absolute strength of each new source of CPV is, or if
there are hierarchies among them, etc. This in turn explains (part of) the suppression in
CPV observables [62—65]. One can also similarly probe the effects of specific UV hypotheses
on the SMEFT coefficients, such as textures derived from flavor symmetries. A given UV
model may have its own CP-odd flavor invariants, and these can be matched onto our IR
invariants, inducing possible correlations amongst the IR invariants. In other directions, it
would be interesting to consider other operator bases than the Warsaw basis we use in this
work, and to check which expressions our invariants map to, given that the overall number
of independent sources of CPV must be conserved. One could also extend our construc-
tion beyond O(1/A?), e.g. to capture squared dimension-six or interfering dimension-eight
SMEFT contributions. Finally, one could consider the RG evolution of invariants [31].
We anticipate that flavor invariants, at dimension-six and beyond, are essential tools for
illuminating the rich CP structure of SMEFT.
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A Flavor symmetries of the SM,

In this appendix, we present the details behind table 3, and identify the possible flavor
symmetries of the SM, Lagrangian in terms of textures in the CKM matrix. We remind
that the flavor symmetries acts on the quark fields as follows:

ur — Uyur, (Al)
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where U, € U(3),, and similarly for all other fermionic fields d, @, L,e. Which matrices
U lead to genuine symmetries of the SMy Lagrangian depends on the values of the masses
and of the entries of the CKM matrix. In all cases of non-trivial flavor symmetries, we find
that J4 = 0, so that there exists at least one combination of CP and flavor symmetries
which yield a symmetry of the SMy Lagrangian in any basis.

In what follows, we work for definiteness in the up basis of eq. (2.7).

A.1 Non-vanishing quark masses

The condition for the flavor invariance of Y, and Y, reads
Y, =ULY,U,, Y,=ULY,U,. (A.2)

For non-vanishing quark masses, the Yukawa matrices are full rank and one can use
eq. (A.2) to solve for U, q as a function of Ug and the Yukawa matrices:

U, =Y, 'UyY,, U;=Y;'UyY,. (A.3)

Therefore, only one matrix determines the two others, and the flavor symmetry group is
at most U(3). Imposing that UlU, = U;Ud = 1 implies (in the up basis) that

[UQamumL] = [VCTKMUQVCKM’mde =0, (A.4)

where m, /g = diag(m,, /di)' In the up basis, quark masses are positive and real, therefore

Ugsma) = [VdiewUg Ve ma) = 0 (A.5)
and (using the explicit expression of the Yukawa matrices in the up basis)
U,=Ug, Uy=ViuUgVoxm - (A.6)

The commutation relations in eq. (A.5) are additional constraints to fulfil which depend
on the spectrum, as we now explore.

A.1.1 Non-degenerate quark masses

If all up-type quarks are non-degenerate, the first condition in eq. (A.5) implies that Ug =
diag (ei&) and the second that Ug, = Vi) diag (ei&') VCTKM, therefore

— ei(fi—fj)

Verig Vekmij -

Consequently, all £’s are equal and equal to the &’s (i.e. the flavor symmetry is given by the
baryon number U(1)p) unless the CKM matrix has some vanishing entries. For instance,
one finds a U(1)? flavor symmetry when the CKM matrix has the following texture:

*00
Vekm = |0 % % | (A.7)

0 * *
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corresponding to the constraints & = &3 = & = &3, for arbitrary & = &;. More generally,
a U(1)? flavor symmetry is obtained for any texture such that, given two integers (ig, jo),
\VekM,iogol = 1 and Vokwmj = 0 for i@ = ig or j = jo. By comparing with the explicit
parametrization in eq. (2.9), one finds that a mixing angle has to be equal to 0 or 7/2 in
all those cases, hence Jy = 0 and there exists a basis where all SMy couplings are real.

A flavor symmetry U(1)? is obtained for all textures of Vg such that there is a single
number of unit modulus in each row and column, such as e.g. Voxy = 1 or

*00
Vekm =100 % | . (A.8)
0x0

A.1.2 Degenerate quark masses
In cases with quark mass degeneracies, Jy = 0 automatically and there exists a basis where

all SMy couplings are real.

m¢ = m.. Let us start with the case of two degenerate quarks of the same type, which
we take to be m; = m,. for definiteness, all other masses being non-degenerate.'®
The first relation in eq. (A.5) implies that
et 0
Ug = with U?) € U(2), (A.9)
(2)
0 Uu

while the second implies that Ug = VCKMeigi VgKM, therefore

et 0 ) ’s
Vo = @ | Vok - diag (671&) . (A.10)
0 Uy

Upon solving this equation, one finds that, similarly to the case of non-degenerate masses,
one can only obtain the flavor groups U(1)z, U(1)2, and U(1)3. Flavor symmetries beyond

8The equivalent case where down quark masses are degenerate is treated identically after the exchange
Ve < VéKM. We also consider the specific case m¢ = m. (and ms = mq in the case of down quarks later
on), since the formulae are simpler given our parametrization of Voxm. Nevertheless, the discussion (and
the parametrization) can be adapted to any other quark mass degeneracy. In particular, the remarkable
textures VC(JIEI)W leading to a given flavor symmetry when m.; = my,,7 < j are related to those when
me = Me by

VC(IJKll)\/I = Ri2Rj3V(§i(cl)\/[ )

where R,y is the matrix which exchanges rows (or columns) a and b. Similarly, textures obtained when
Ma; = Ma,;,1 < j are related to those when ms = mgq by

V(gggw = Vc<‘;<d1\>/[R¢1Rj2~
For instance, the texture which leads to a flavor symmetry U(2) x U(1) (see below) for m.,; = mu,,i < j
and mg, = maq,,k <lis
00 =
Vokm = RioRjs3- | 0 % 0 | - Rk Rz .
* 00
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baryon numbers are obtained for the textures discussed above, but the generic case for the
CKM matrix when m; = m, is given in eq. (4.16) and does not have a specific texture.

m¢ = m. and mg = my. Let us now turn to the case where m; = m, and mys = my, all
other masses being non-degenerate. The relations in eq. (A.5) imply that

Ug = o =Vau | 4 | Vi with UP U eu@), (A1)
0 U 0 eibs
hence
elfl 0 U(§2)Jr 0
Vorkm = @] Ve - ] (A.12)
O U’U 0 6_163

Starting from the CKM matrix in eq. (4.16), which is generic when m; = m., we can
further rotate 612 away by performing

c12 —812 0
dR—> s12 ci2 O dR. (Al?))
0 0 1

Recall that we work in the up basis, where Vokym appears in Yy and can be affected by
right-handed down-quark flavor transformations which commute with the down-quark mass
matrices. We then obtain

c13 0 s13 * 0 *
Vekm — | 0 1 0 |, ie. witha texture [0 %0 . (A.14)
=13 0 c13 * 0 *

Therefore, the generic CKM matrix for the present case has a texture which allows for a
flavor symmetry at least as large as U(1)2. Possible larger flavor symmetries are U(1)? or

U(2) x U(1), obtained for the following respective textures,'’
* 00 00 *
00| and |[Ox0] . (A.15)
00 * *00

19Tet us present some details regarding the second case to illustrate the derivation. With such a texture,
one can phase-rotate the fields so as to get

001
Vekm=1010{,
100

- ouPouPt o
0 61(51*53) 7

). Therefore, one obtains Uf) = OULQ)O, €3 = & and no further constraint, hence the group

and one finds from eq. (A.12) that
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If in addition to the values in table 3: | Add to the flavor group the factor:
My =0 U(1)uy

my =mg =0 U1y x U(1)a,

my, =me =0 U(Q)UR

My =Me =My = U2)ur x U(1)ap

My = Me = Mg = Mg = U2)up X U(2)ap

My =me=m; =0 UB)ur

My =me=my =mg =0 U@3)up x U1)d,

My = Me =M =mg =mg =10 U(3)up x U(2)4,

My =Me =Mt =Mg =ms =myp =0 U(3)up x U(3)dy

Table 5. Additional factor to the flavor symmetry of the SMy Lagrangian when quark masses
vanish.

my = me = m¢. When the degeneracy is maximal, the CKM matrix can be fully ab-
sorbed by a redefinition of the RH up-quarks:

UR — VCKMuRa VCKM — 1. (Alﬁ)

The flavor symmetry is therefore at least as large as U(1)3. With such a CKM matrix, one
gets that Ug = U, = Uy and the flavor group is determined by the relations in eq. (A.5):
the flavor symmetry group is U(1)3, U(2) x U(1), or U(3), respectively when no, two, or
three down-quark masses are degenerate.

A.2 Vanishing masses at dimension-four

When some masses vanish at dimension-four, the flavor symmetry can contain axial phases.
This case complicates the power-counting, since dimension-six Yukawa couplings now yield
the leading contribution to the masses, but it can be treated as suggested in section 3.1 for
the case of neutrino masses or vanishing Y.

Whenever a quark mass goes to zero, the flavor symmetry is enlarged since the LH
and RH components now describe independent particles. A flavor symmetry U(1)p would
then be ugraded to U(1)p X U(1)y,, when m, — 0, all other parameters being kept fixed.
For non-degenerate quark masses, the flavor symmetry is always abelian, and taking one
mass to zero simply adds a RH U(1) factor to the flavor symmetry, as discussed just above.
On the other hand, when two or three masses are degenerate, taking them to zero together
adds a RH factor U(2) or U(3) to the flavor symmetry (even if it was abelian for non-zero
masses due to some structure in the CKM matrix which distinguishes the different flavors
of LH quarks). We list in table 5 the relevant cases, and present in table 6 the associated
numbers of new primary sources of CPV.?? Those new sources of CPV can still be captured

20The counting is performed as in section 4.2, i.e. one counts how many complex linear invariants (under
the SMy flavor symmetry) there are. Let us give some examples. In the case of a symmetry U(1)? x U(3)4,,
and focussing on C'y,, one finds that the only linear invariant reads 5% CHu,i; (summed over i, j). However,
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Bilinears 4-Fermi
Cun
Cuc
Flavour symmetries Cert Cus ol Clig CLL Caa cqr C:lil ClLedq 1
of the quark sector of the SM Cew o Cire Ciiu o | O Cuu CL" Cau oL CGuau
Cep Cac ¢ Cia Cua eu s LeQu

Caw Ca o

Cun Cud

CHua
U(1)g 3 9 0 3 0 3 18 9 36 27 81
U(1)p x U(1)u, 3 61,96 0 3,1,3 0 3 18,5, 18 9?2,32,9% 182,36 27, 18 54
U() g x ULy x U(1)gy, 3 68,4 0 3,12 0 3 18,62 92,31 8,182 182 36
U()p x U2y 3 31913 0 3,0,3 0 3 18,0, 18 92,02,9% 62,36 27,9 27
U(1) % U2)up % U(L)ay 3 346%,2 0 3,0, 1 0 3 18,0, 6 92,02, 32 2,6,18 18,9 18
u()? 3 5 0 1 0 3 5 3 12 15 33
U(1)% x U(1)uy 3 (Bor4)t,5* 30rd 0 |1L,00rl, 1| 0 3 |5 00055 3% (0or3)? 3 (5 or 8), 12 15,9 or 12 21 or 24
U(1)2 % U(1)up x U(1)a, 3 (3or4)%, 20r4 0 |1, (0or1)2| 0 3 |5 (0or5)?| 3, (0or3) |[lor3or8 (50r8)2?| 9orl2 |120r13or 16
U(1)? x U(2)uy 3 (Lor2)! 5 1or2 0 1,0,1 0 3 5,0,5 32,0232 22,12 15,3 0r 6 12
U(1)? % U(2)up, % U(L)gy 3 [ (or2)!, Bord)*, 0orlor2| 0 |1,0,00rl]| 0 3 50,0005 |3%0% (0or3)> | Oor2250r8 9or12,3 8
U(1)? x U2)ug x U(2)ap 3 (Lor2)% 0orl 0 1,0 0 3 5, 02 32,01 0, 2? 3or6 4
u()? 3 3 0 0 0 3 0 0 3 9 15
U(1)? x U(L)up 3 24,342 0 0 0 3 0 0 12,3 9,6 10
U(1)% % U(1)up % U(1)gy 3 25, 1or2 0 0 0 3 0 0 0or1,12 6 Tors
U(1)? x U(2)uy 3 14,341 0 0 0 3 0 0 0%,3 9,3 5
U(1)? x U2)up x U(L)gy, 3 14,28 0or 1 0 0 0 3 0 0 02,1 6,3 3ord
U(1)% % U2)up x U2y 3 18, 00r1 0 0 0 3 0 0 0 3 2
U(1)? X U(3)uy 3 0%,340 0 0 0 3 0 0 02,3 9,0 0
U(1)? x UB)up x U(1)ap 3 04,240 0 0 0 3 0 0 0%,1 6,0 0
U(2) x U(1) 3 2 0 0 0 3 0 0 1 6 7
U(2) x U(1) x U(1)uy, 3 14241 0 0 0 3 0 0 0?1 6,3 4
U(2) % U(1) x U(L)up % U(L)ay 3 1 0 0 0 3 0 0 0 3 1or2
U(2) x U(1) x U(2)u, 3 14241 0 0 0 3 0 0 0?1 6,3 3
U(2) x U(L) % U2)up x ULy 3 15,0 0 0 0 3 0 0 0 3 2
U(2) x U(L) x U2)up x U(2)ay 3 1 0 0 0 3 0 0 0 3 1
U(2) x U(1) x U(3)uy 3 01240 0 0 0 3 0 0 02,1 6,0 0
U(2) x U(1) x U(3)up x U(1)a, 3 0140 0 0 0 3 0 0 0 3,0 0
U(2) x U(1) x UB)ug x U(2)a 3 04,140 0 0 0 3 0 0 0 3,0 0
u(3) 3 1 0 0 0 3 0 0 0 3 2
U3) x UB)up 3 04,140 0 0 0 3 0 0 0 3,0 0
UEB) x UB)up x U(3)ay 3 0 0 0 0 3 0 0 0 0 0
Two degenerate electron-type leptons | x2 x1 x1 x2 x1 x2 x1 x2 x1
All electron-type leptons degenerate | x4 x1 x1 x% x1 x% x1 x3 x1
One vanishing electron-type mass x2 x1 x1 X3 x1 x1 x1 x2 x1
Two vanishing electron-type masses x3 x1 x1 0 x1 x2 x1 x1 x1
All electron-type masses vanishing 0 x1 x1 0 x1 x% x1 0 x1

Table 6. Numbers of new primary sources of CPV contained in each dimension-six SMEFT
coefficient. When a single number appears, it applies to all operators at the top of the concerned

column. When several numbers are needed, they appear as a list, where the integer power refers

to the multiplicity of a given number.
details of the flavor charges. The last five rows indicate which multiplicative coefficient should be
applied to all numbers of the same column for remarkable values of the electron-type lepton masses.
The situation where my = 0, relevant for approximations in high-energy observables, generically
corresponds to the line U(1)3 x U(3),,, after a suitable replacement u <+ d (note that there is a
single Or.cqq operator in the Warsaw basis, while there are two Oig@u operators).

An entry
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by flavor invariants, however there are subtleties to take into account when masses vanish.
Namely, the sets of invariants we present in the main text and in appendices D and E have
transfer matrices that do not maintain maximal rank in the limit of vanishing masses. Let
us illustrate what we mean by this with an example. From table 6, one learns that the three

(1,3)

phases in C' p¢ remain primary when m,, = m. = 0. However, the invariants presented in

the associated set in table 10 are of the form ImTr(XuM CSS)) for some matrix M built
out of the Yukawas. Working in the up basis with a vanishing CKM phase, and focusing

on the contribution proportional to ng’?w, we find

2
u

Im Tr (X, MCyy)) o Tm (C3h, ) (ma My, — miM,,) (A.17)

which vanishes when m, = m. = 0. Therefore, the set of invariants we consider does not

allow us to capture the three phases in CSS)

in such limits. Another example is that of
Cur. When Y; = 0, one finds only two invariants in the associated set in table 10, whereas
three sources of CPV remain as shown in table 6. One could therefore conclude that one

of the invariants in the set should be replaced by the missing
I Tr (X2C, ;Y - (A.18)
However, this choice would not allow us to retain a sufficient rank for the set, as one finds

I Tr (X2C, Y] ) = (m2 + m)Im Tr (X,Cop V) = mimfim Tr (C,p V) (A19)
when m, = m,. (one can use formulae like eq. (4.6) to express the mass factors in terms of
invariants), whereas all nine sources of CPV in Cy gy remain primary and independent in this
case, as per tables 3 and 4. Therefore, it may seem that one needs strictly more than nine
invariants to capture the nine CPV phases in C,p, and more generally that the necessary
and sufficient conditions presented in section 4.1 are not sufficient anymore when masses can
vanish. However, this is a consequence of our assumption that invariants should correspond
to traces of a monomial of degree one in SMEFT coefficients, and arbitrary degree in
Yukawa matrices. Instead, one could enlarge the set of invariants and include traces of
sums over monomials of various degrees. For instance, defining instead X, = 1 + Y, Y,/
and similarly for other fermions, without changing the expression of the invariants, is
sufficient to ensure that the vanishing of our sets is a necessary and sufficient condition for
the conservation of CP at leading order.

C'ry being hermitian, this combination is real in all bases and does not violate CP. In the case of a symmetry
U(1)? x U(1)y,,, the U(1)? factor indicates that, in some appropriate flavor basis, the SM4 Lagrangian
possesses two independent quark number symmetries (one of which is the usual baryon number), singling
out a quark flavor. Assuming without loss of generality that this flavor is the third one and focussing on
CQuqad, linear U(1)2-invariants read Cquqd,ijki, Couqd,33ij, Couad,3jiz, Couqd,issj, Couad,ijzsz, Couqd,3333
(where 4, j,k,l = 1,2), which are 33 complex coefficients. Then, one needs to know whether the massless
quark is the one which is singled out by the quark number, i.e. ur,3 (otherwise, without loss of generality
we take the massless quark to be the first flavor). If so one must discard Cquqa,33ij, Couqd,iss; (reducing
the 33 coeflicients to 25), if not one must instead discard Cougd,iiki; Cou@d,31i3, Couqd,i133 (reducing to
21 coefficients).

— 30 —



B Generalities about invariants

B.1 Properties of 3 X 3 matrices

Here we discuss some properties of generic 3 x 3 matrices, which we use throughout the
paper and will refer to later on. We will follow mostly ref. [27]. The starting point is the
Cayley-Hamilton theorem, which allows one to rewrite the n-th power of a n x n matrix A
in terms of the powers < n, and that for n = 3 takes the form

1 1
3 42 1 2 2 1 3 2 3
AP = A2 Tr(4) - SA [Tr(4)” - Tr(42)] + : [Tr(A)° = 3Tr(A?) Tr(A) +2Tr (A%)] Taxs
(B.1)
Multiplying by A and taking the trace results in
1 4 1 2
A 4 2 2 4 3 1 2

Tr(A") = 5 Tr(A) Tr(A?) Tr(A)* + . Tr(A%) Tr(A) + : Tr (A7), (B.2)
Shifting A -+ A+ B+ C in eq. (B.2), with B and C some other generic 3 matrices, and

taking the terms of order A2BC, one obtains

0 = Tr(A)? Tr(B) Tr(C) — Tr(BC) Tr(A)* — 2 Tr(AB) Tr(A) Tr(C)+
—2Tr(AC) Tr(A) Tr(B) + 2 Tr(ABC) Tr(A) + 2 Tr(ACB) Tr(A)+
—Tr(A?) Te(B) Tr(C) + 2 Tr(AB) Tr(AC) + Tr(A%) Tx(BC)

+2Te(C) Tr(A2B) + 2 Tx(B) Tr(A2C) — 2 Tx(A2BC) — 2 Ty (A2CB) — 2 Te(ABAC).
(B.3)
This property is useful for our purpose of building sets of invariants, as it implies that we
only need to draw from a finite set. Let us focus on invariants relevant for this paper, such
as those related to bi-fermion SMEFT operators, which are single-trace and linear with
respect to the associated Wilson coefficient. To build such invariants, flavor-invariance
imposes that we only use X,,X; and C, where X,—,q = }/(]YqT and C is the Wilson
coefficient under study (up to a specific multiplication by a Yukawa matrix for operators
of LR chiral structure). In principle, any invariant of the form

Tr( X XXX .. C) (B.4)

is allowed. However, the formulae above imply that one cannot find third or higher powers
of X, in the trace, and that one can find at most one occurrence of X, and another of X 3 .
These conditions reduce the possible single-trace invariants to a finite set (see appendix B.4
for explicit examples).

Finally, we mention that the Cayley-Hamilton theorem also allows us to write the
determinant of a 3 x 3 matrix as

Det(A) = % (Te(A)° - 3Tx(4) Tr(42) + 21 (47)) | (B.5)

B.2 Different types of invariants

In ref. [19], the author presents a discussion of CP-violating invariants in supersymmetric
models, in order to find basis independent conditions for CP violation, as done here. In
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that context, three types of invariants that can be built using three 3 x 3 matrices A, B,
and C are proposed, namely

JAB =ImTr <[A7 B]3> ’ KABC(Z% q, T) =ImTr ([Ap’ Bq]CT) )

Le(p) =ImTr (CP — hee.) , (B.6)
where A and B are hermitian and C generic. These are dubbed J-, K- and L-invariants
respectively. In this work we adopted a similar notation, but we only employed L-invariants
for our set. However, we can show that this choice is general, as the remaining two types

can be written in terms of the last one.?! To prove this, let us start from Jyp. First of all,
using eq. (B.5), it can be shown to be equivalent to a Jarlskog-like invariant, i.e.

Tm Det ([A, B]) = élm (Tr (4, B))? = 37T ([4, B) Tr (4, B) + 2T ([4, B]") ) +
= %ImTr (14,8 , (B.7)

as the trace of a commutator vanishes. This also proves eq. (1.1). Then, by expanding
[A, B]3 and using the cyclic property of the trace we can show

I Tr ([4, B]*) = 31m Tr (A?B?AB — BAB?A?) = Lyepeap - (B.8)

Finally, we prove that any to K-invariant can also be expressed in terms of the L ones.
To do this, it is enough to prove it for K4pc(1,1,1) as the other cases can be obtained by
redefining A, B or C. Then, we split C in its hermitian and anti-hermitian parts, i.e.

C’;ALEO—;CT CaEC_QCT. (B.9)
and
Kapc(1,1,1) =Im Tr ([A, B]C) = Im Tr ([4, B]C},) + Im Tr ([A, B]C,,) , (B.10)
where
Im Tr ([A, B]C},) = Im Tr (ABC}, — BACY,)
= % [Tr (ABC},) — Tr (ABC},)" — Tr (BACY) 4+ Tr (BACH)"]
_ 2% Tt (ABC}) — Tr (ChBA) — Tr (BAC)) + T (Cp AB)|
_ % [Tt (ABC) — Tr (ChBA)] = 2L apc, = 2Lapc - (B.11)
With similar steps, one can see that the piece proportional to C, vanishes, so that
Kapc(1,1,1) = 2L apc . (B.12)

21 Also notice that J4p would not suit our scopes as it is not linear in any of the two matrices in the
argument.
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B.3 Invariant ring and the Hilbert series

The problem of finding a minimal set of invariants we face in this paper is reminiscent
of the so called Plethystic Program [66-70] (see also refs. [16, 31] and references therein,
and ref. [17] for other recent techniques to compute the Hilbert series). This has been the
attempt to apply tools which originate from the study of polynomial rings to physics, and
in particular where representation and group theory come into play. The most remarkable
success of this program has perhaps been the addition of the Hilbert Series and its Plethystic
Logarithm to the theoretical physicist’s toolbox. In seeing how these tools apply to this
case, we will adopt the logic followed in refs. [16, 31]. Concretely, given a set of parameters
# and a symmetry group G that acts on & as some representation, i.e. Vg € G, AR(g) such
that Z — R(g)Z, one can define invariants I(¥) as the quantities that obey

1(Z) = I(R(g)) . (B.13)

As the sum and products of invariants still form an invariant, from an algebraic point of view
we talk about a ring. Within this ring, one can find the set of invariants {Iy, Io, ..., I}
such that any additional invariant I’ can be expressed as a polynomial of those of the set,

I'=P (L, I, ..., In) . (B.14)

The invariants in {Iy, Io, ..., I,,} are called generators, and it can be shown that, at
least for all the groups relevant to physics, their number is finite. By construction, no
relation like eq. (B.14) can exist between the generators. Nevertheless, there could exist a
polynomial P such that

P, L, ..., I,) =0. (B.15)

Relations of this kind are called syzygies in the literature, and the invariants that obey a
syzygy are algebraically dependent. Taking all syzygies into account we can successively
remove invariants until we get to the set of algebraically independent ones. In this setting,
the Hilbert series provides a helping hand in finding both the generators and the basic
invariants [27]. It is defined as a generating function for the linearly-independent invariants:

H(q) = i cd” (B.16)
k=1

where ¢y = 1. ¢ denotes precisely the number of linearly-independent invariants at di-
mension k, and ¢ is an arbitrary spurionic variable satisfying |¢| < 1, and represents a
placeholder for the building blocks of the invariants. Let us make an example. Consider a
theory with a coupling m transforming under a U(1) symmetry as

m — e®mm, . (B.17)

Then the basic invariant is obviously I = mm*, which has dimension 2, and all the invari-
ants of this theory will have the form I™. Hilbert series will thus have the form

1

(B.18)
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where ¢? corresponds to I, ¢* to I?, and so on. It can be shown that, in the general case
of a semi-simple Lie algebra, the Hilbert series has the form

H(g) = ZEZ;- (B.19)

The numerator N(q) is a polynomial of degree dy with non-negative coefficients and with
the property of being palindromic, i.e.

N(q) =1+ c1q+ caq® + -+ cay 14" " +¢™, (B.20)

with ¢; = ¢4, —i- The denominator takes the form

ﬁ 1— g% (B.21)

and is thus of degree dp = >, d,. The number of factors is equal to the number of parame-
ters, i.e. of physical observables, and coincides with the number of algebraically independent
invariants. Moreover, the denominator provides information on what the algebraically in-
dependent invariants look like: a factor (1—g%)! corresponds to I algebraically independent
invariants of degree d,. In the previous example, only one factor is present, corresponding
to a single basic (and algebraically independent) invariant mm*. Indeed, we start with a
complex variable m, and we can remove its phase using the U(1), bringing the observables
down to 1. If we enlarged our toy-model to have two parameters, m; and mgy, transforming
under the U(1) symmetry as

my — €%'my ma — €2my (B.22)

we can build an example of the so called multi-graded Hilbert series by assigning different
spurions to m; and ms, say g1 and go. The invariants in this case are built as all possible
products of all possible powers of 12 = mj2mj 5, which means that the multi-graded
Hilbert series is

1
1-af)1-a)

The multi-graded Hilbert series can give more information about the structure of the

hang) = (+gf +ai+.. )0+ @G+ +...) = (B.23)

invariants, but does not have in general the properties for the numerator and denominator
cited for its ungraded version. The latter can here be easily obtained by setting ¢1 = ¢2 = ¢,
i.e. H(q) = h(q,q). In the examples we showed until now, the numerator has always taken
the trivial form N(q) = 1, and the set of generators coincided with the algebraically
independent invariants. When this happens, the invariant ring is said to be free. However,
this turns out not to be always the case for more complicated groups and representations.

As one would expect, the computation we could perform straightforwardly by hand in
the simple cases above quickly becomes unfeasible when larger groups are involved. Thus a
general formula to compute the Hilbert series is called for. The solution is provided by the
so called Molien-Weyl formula, which, for a compact, simple Lie group G takes the form:

1) = [ We ey (B:24)
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where [du], denotes the Haar measure of the group G. If G is connected, the integral
can be reduced to an integral over the maximal torus of the group, i.e. its largest abelian
subgroup, which is just the direct product of ry copies of the S' unit circle, with r¢ the
rank of the group (see e.g. ref. [71]). Thus, the integral is reduced to the computation of
residues inside said circles. The integrand [det(1 — ¢R(g))]™" can be rewritten as

————— — —exp ” =PE[xgr(z1,...,24)q] , B.25
det(1 — qR(g)) = k
where xr(z1,...,24) = Z‘;:l zj is the character function of G in the representation R, d
is the dimension of the representation, and z; (with j = 1,...,d) are the eigenvalues of

R(g). Eq. (B.25) makes use of the definition of the Plethystic Exzponential (PE), which for
an arbitrary function f(z1,...,z,) looks like

> f(ak, ..., ak
PE[f(z1,...,2zn)] —exp<z f(l’k’n)> (B.26)

The generalization to a multi-graded Hilbert series is then straightforward:
n
g qn) = / (dulg [[ PG, 205 1) - (B.27)
i=1

An important role in this context is played by the inverse of the PE, quite fittingly called
plethystic logarithm (PL) and defined so that

f(z1,...,2n) =PE[g(x1,...,2n)] & g(x1,...,2y) = PL[f(x1,...,25)] . (B.28)

It can be proved that
— (K
PL [f(z1,...,2n ZT n[f(ah,... af)] - (B.29)

The value of the PL lies in the following fact: the PL of a Hilbert series is a polynomial
whose leading positive terms correspond to the basic invariants, i.e. to the generators,
and whose leading negative terms correspond to the syzygies between them. Remarkably,
when the invariant ring is free, this polynomial has a finite number of terms. Some com-
plications arise when the groups and the representations that appear become increasingly
non-trivial?? [31, 67]. Equipped with these outstanding tools, we wish to see them applied
to our case, which is the main scope of the next section.

22T ref. [72] the author argues that some of the assumptions in ref. [31] are imprecise, as the finiteness of
the generating set of invariants is a consequence of the group being reductive, which is supposedly not the
case for U(n). However, as explained there and clarified by the same authors of ref. [31] in ref. [73], the final
result is nonetheless correct, as at least the ring of invariants of U(n) is isomorphic to that of GL(n,C),
which is itself reductive. See further discussions in [74].
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B.4 Finding polynomial relations between invariants

In the main body of this work, the logic we have followed to build invariants stemmed from
knowing that the relative Wilson coefficient C©) in a given basis, has a certain number
of phases. Then we found as many independent invariants as possible, in order to obtain
a transfer matrix whose rank matched the new sources of CPV in C® when J; = 0.
Now, however, we could be tempted to pursue a different line of reasoning and find the
relevant invariants by applying to our case the power of the Hilbert series and its Plethystic
logarithm. Let us restrict to the case of quark bilinear operators. Their Wilson coefficients
are generic 3 X 3 complex matrices that we can multiply by an appropriate number of Yu(2
to retrofit them into a 3 ® 3 representation of SU(3)g. We refer to this combination as

C©) here. Then, the building blocks of our invariants are
¢ (CO X, €303, (B.30)

and we can build the multi-graded Hilbert series

he,cl, xy, zq) :/[d,u]SU(3) H PE(%;¢), (B.31)

i:{c,cT T ,zd}

with obvious associations between a spurion and the corresponding building block. The
resulting expression is quite long and not particularly illuminating, so we will refrain from
presenting it here. However, we can look at its ungraded version

N(q)

H(q) =N(q,:9,9,9) = D)’ (B.32)

with

N(q) =+ ¢ +14¢3" 4 31¢%° + 56¢%° + 165¢%® + 35447 + 660¢%° + 1256¢% + 2097¢%*
+ 3184¢%% + 4720¢%% + 6404¢%" + 7992¢%° + 95364 + 105104'® + 1074447
+ 10510¢'¢ 4 95364 + 7992¢'* + 6404¢'3 + 4720¢'2 + 31844¢" + 2097¢*°
+12564¢° + 660¢° + 354¢" + 165¢° + 56¢° + 31¢* + 14¢> + 1, (B.33)

and

D(g)=(1-)*(1—=¢)"1—-¢*)"01—gh*. (B.34)

We can see that the numerator has the correct palindromic structure we expected, and more
importantly the denominators contain 28 factors, correctly matching the 10 observables
from the Standard Model and the 18 new (9 real + 9 imaginary) observables contained in
C©). This is already quite remarkable. However, to this point we have neither an idea
of how the algebraically independent invariants look like, nor a way to extract the ones
that are linear in C(®), which is the subset we are really interested in. To gain some more
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insight, let us look at the Plethystic logarithm of the multi-graded Hilbert series:
PL [h(c, ez, md)} = (2, + 1) + (22 +2g2, +23) + (23 + 220, + 2%+ 2)) + xa?
+ xixfl — xﬁxg
t+ (et el) [L 4z, + 20+ (@2 + 23 + 20,2) + (2224 + 22,23)
(@3, 4 20222 + adx,) + (2322 + xixi)}
+ (’)(02, (2, (c+cNadad, (e + cT)wimz) . (B.35)

Since we are interested in invariants that are linear in C'®), we stopped the expansion at
(’)(c, CT>. The O(CO(CT)O) terms in this expansion correspond to the invariants one can
obtained in the quark sector of the Standard Model. This case has been treated in ref. [27],
and the resulting algebraically independent invariants are

II,O = TI'(XU) 1071 = TI'(Xd)
Lo =Tr (X2) N1 = Tr(X,X,)
1072 =Tr (Xg) 1370 =Tr <X3> (B‘36)

Ly =Tr (X2X,)  ho=Tr(X,X3)
Ips = Tr (X3) Iy =Tr (X2X3) .

Notice their number is 10, correctly matching the 6 masses + 3 angles 4+ 1 phase of the
Standard Model. The generating set contain one additional invariant,

Iy = Tr (X2X3X,X,) - Tr (XIX2X,X,) | (B.37)

corresponding to the z3z3 term in eq. (B.35) and which is nothing but J;. In the language
adopted here, this invariant does not contain any additional observable, and is just needed
to capture the sign of the SMy phase . The negative term —xﬁxg at the end signals that

there is a syzygy at degree 12, which in this case corresponds to the fact that (Ié?)z can
be expressed in terms of the remaining 10 invariants, as expected.

The part linear in ¢ and ¢ of eq. (B.35) points us at the basic invariants linear in C' 6,
We see that in this case the set of basic invariants is composed by 34 element, 17 each for
C©) and (C©)T which is larger than the basic set. Indeed, the latter is expected to have

6. To try

18 elements, corresponding to the 9 new complex observables contained in Cf
and build the invariants in the generating set, we will make use of the relations showed in
section B.1. Given a generic matrix C(®) € 3® 3 of SU(3)q, we want to contract it with as
many X, 4's as needed to form all the possible independent invariants. Using eq. (B.1) on
Xu,d, we can show that all invariants written using X 3 4» With n > 3, are redundant, and we
only need Xi g and X ud 38 building blocks. Moreover, using eq. (B.3), one can eliminate
any invariant where a matrix is repeated. Taking into account these simplifications, one

can see that the set of possible invariants is finite, and is formed by these 29 objects:
Tr(C©) Tr(X,C9) Tr(X,C©)
Tr (X20) Tr (X30) Tr (X, X,0)
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Tr (X, X3C0) Tr (X,X,C9) Tr (X3X,C0)

Tr (X, X200) Tr (X2X,C9) Tr (X2X3CO)

T (X3X200) Tr (X, X, X20) Tr (X, X, X30)
Tr (X2X,X,00) v (X3X,X,00) Tr (X, X3x2C9)
Tr (X2X3X,C0) T (X,x2x3C0) Tr (X3 X2x,00)
Tr (X, X X2X300) Tr (X, X3X2X,00) T (X,X,X3x2C0)
Tr (X, X2X5X,C0) Tr (XXX, X300)  Tr (X2x3X,X,00)
Tr (X3X, X, X200) Tr(X3X2X,X,00)

(B.38)

and the same for C'(6) — (C(ﬁ))T. Now, since the generating set only includes 17 elements,
this means that 12 invariants of eq. (B.38) can be expressed as polynomials of the remaining
ones and can thus be eliminated. To do this, we employ a numerical algorithm adapted
from appendix C of ref. [31] (see also ref. [16]). The logic is as follows: by assigning a
dummy dimension to the building blocks, i.e. [X,, 4] = 1 and [C(G)} = 1, we can assign a
dimension to all the invariants listed above. Then, we fix some given dimension n. Picking
one of the invariants in eq. (B.38), one can then take its product with as many traces from
eq. (B.36) as needed to form a monomial M; of dimension n. Repeating this for all instances
of eq. (B.38), we find the set {M;} of all the possible monomials that are dimension n and
linear in C. For example, at dimension n = 2 one can obtain the monomials

(M} = {ﬁ (0<6>) I, Tr (0<6>) Io, Tr (Xuc*(ﬁ)) . Tr (Xd0(6))} . (B.39)
Then we set a linear combination of these monomials to zero, i.e.

Z aiMi =0 s (B.40)
%

where the a;’s are integer coefficients. We then plug random integer values for the entries
of the matrices X, 4 and CS. This produces a linear equation for the a;’s. Repeating
this last step as many times as there are M;’s, one builds a linear system for the a;’s
with zero constant term. The number of independent directions of the null space of the
corresponding matrix matches the number of possible relations between the M;’s. The first
nontrivial result is found at dimension 5, where we get the two relations

Tr (X, X, X3CO) + Tr (X3X,X,00) + I, (Tr (X3X,00) + T (X, X5C0))
+(=Ioalyo — L) Te (XFCO) = 13, (Tr (X,X,00) + T (X, X,0))

+% (2181 = 8Iolox + Ios) Tr (X,C@) + (I 1110 — I,5) Tr (XdC

2
+Tr(C9) <—313,1I1,0 + 13,1]1,1 + Inoloalio — Lol 2 — Io 3h 0>
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and the same with X, < X, which we can use to remove Tr (XquXgC(6)> and

Tr (XuX deLC(G)) from the set. At dimension 6 we obtain two more relations, and 8
more are obtained at dimension 7. With these 12 expressions, we can reduce the set to

v (C©) v (X,C) Tr (X,C)

Tr (X20) Tr (X30) Tr (X, X,C9)

Tr (X, X3C) Tr (X,X,0) Tr (XdX o)

T (X, X200) T (X2X,0) Tr (X2X ) (B42)
Tr (X3X2C0) Tr (X, X, X200) T (XdX X3c0)

Tr (X, X3x2CO) T (X, x2X500)).

The same can be repeated for (C(ﬁ))T. These are, quite remarkably, exactly in correspon-
dence with the relative terms in eq. (B.35). However, we now wish to find the additional
relations that help us express the 8 too many (complex) invariants we have in eq. (B.42) in
terms of the 9 ones we know are sufficient to express all the physical observables, i.e. the
algebraically independent ones. If we expand a bit further in eq. (B.35), we see that the
next two terms are degree 8 and are negative, —(c + c)zz3 — (c + cf)z324. They should
then correspond to the number of syzygies at dimension 8. To obtain them explicitly, we
just run again the described algorithm at dimension 8, obtaining indeed two syzygies of
the expected degree. They include 107 terms out of the possible 808 one can build at this
dimension, and allow us to remove Tr (XquXgC(G)) and Tr (XngXgC(6)>. Running
this argument at degree 9, however, we run into a mismatch. Indeed, even though the
next term in eq. (B.35) would call for 4 syzygies, we only find 1, symmetric under the
exchange X, <> Xy4. This is probably due to the complications that arise when the groups
and representations one has to deal with start becoming less and less trivial, as in our case,
and that forbid us from reading the syzygies from the negative terms directly. For a deeper
discussion of this topic, see in particular refs. [31, 67] and references therein. One thing
to notice, in addition, is that requiring the building blocks to be linear in (0(6)), although
justified from a physical point of view, breaks the ring structure of the invariant ring, as
obviously the set we consider is no longer closed under multiplications.

In any case, even without the Plethystic logarithm as a guide, we can just run our
algorithm at increasingly higher dimensions, until no more relations are found. Indeed,
upon going up to dimension n = 13, one manages to reduce the set down to 9 independent
invariants, which we can pick to be

Tr(C©) Tr (XUC’(6)) Tr (XdC(ﬁ))
Tr (X, X,00) T (X,%,09) Tr (X3X20) (B.43)
T (X2X300) T (X, x2x3CO) (X, xix2c®)

which, upon taking its imaginary parts, matches the minimal set in for a non-hermitian
fermion bilinear operator table 10.
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Bilinears

Label Operator lllgeed @0
2w | Q| (HU(Lie) +he. 9 0 3 3
E jz Quu | (HTH)(Quu;H)+h.c. 9 9 9 9
she Qan (H'H)(Qsd; H) + h.c. 9 9 9 9

Qew | (Lio"e;))T"HW], + h.c. 9 9 3 3

Qs | (Lio"™ej)HB,, + hec. 9 9 3 3

Qua | (Qioc" T4uj)H Gf, +he 9 9 9 9

i?i Quw | (Qio™uj)T' HW, +h.c. 9 9 9 9
A Qun (Qio*u;)H By, + hec. 9 9 9 9
Quc | (Qio"T4dj)H G4, + hec. 9 9 9 9

Qaw | (Qio"dj)T' HW, +h.c. 9 9 9 9

QaB (Qio*”d;)H By, + h.c. 9 9 9 9

G| D ) (LarLy) 6 3 3 0

0| @D L) (Lt Ly) 6 3 3 0

Que | (H'D H)@EAre)) 6 3 3 0

5| Q| Wi 6 3 6 3
2| Qi | @iDLE) Qi Q) 6 3 6 3
Quu | (HYD  H) () 6 3 6 3

Qma | (H'D,H)(dr"d) 6 3 6 3

Qpua | i(HT D, H)(@y"d;) + hc. 9 9 9 9

Table 7. The list of dimension-6 fermionic bilinear operators of SMEFT, as given in ref. [37],
together with the number of real and imaginary entries they each contain, as well as the number
of primary parameters (highlighted in gray, see the text for more details). When +h.c. is specified,
the hermitian conjugate of the operator must be included, too. We indicate with ¢, j, k, [ the flavor
indices and with a,b indices in the fundamental of SU(2)y. T4, A = 1,...,8 are the generators
of the gauge SU(3)., while 7/ = "71, I = 1,2,3 are the generators of SU(2)r, with ¢! the Pauli
matrices.

C List of dimension-6 fermionic operators and parameter counting with
generic Ny

In tables 7 and 8 we reproduce the subset of operators from ref. [37] we are interested
in this work, namely dimension-6 operators in SMEFT containing fermions, split between
bilinear and 4-Fermi operators. For each of the considered operators we list the number
of real and imaginary entries and compare them with the number of (primary) real and
imaginary parameters that can appear in observables at order 1/A?, as explained in the
main text.

In table 9 the counting of independent primary parameters is generalized to an arbi-
trary number of flavors V.
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4-Fermi

Label Operator # r’eal # imaginary
entries entries
Qrr (Livu L) (Liy* L) 27 18
. Q) (QimuQ;) QK7 Qr) 27 18
g Qo Qv Q) Q7 Q1) 27 18
Qo (Livu L) (Qer*Qu) 45 36
QA (Linu" L) (@i Q1) 45 36
Qee (€ivues)(exy*er) 21 15
Quu (i) (W) 27 18
| Qu (diyud;) (diry*dy) 27 18
g Qeu (€yue) (uryw) 45 36
Qed (€iye;) (diy"dr) 45 36
Q) (@yuug) (diy"dy) 45 36
Q) (@i Tuz) (diy™ Ty ) 45 36
QLe (EiVMLj)(ékVMBl) 45 36
Qru (Livu L) (@) 45 36
Qra (LivuLy) (diydy) 45 36
2l “e (QimuQj)(Exr*er) 45 36
3 Q(Qli (QivuQj) (W w) 45 36
Qo Qi TAQy) (" T wy) 45 36
QS; (QivuQy) (dy"dy) 45 36
Qi (QruTAQ)) (dy'TAdy) 45 36
é QLeaq (L¢e;)(drQua) + huc. 81 81
Qbuqu (Q¢uj)ear(QRdy) + hc. 81 81
& leQd (QIT uj)ea(QYTAdy) + h.c. 81 81
5 Q(Lle)Qu (Léej)eas(Qhur) + hec. 81 81
Q(L3e)Qu (L¢oue;)ean(QF o uy) + hc. 81 81

Table 8. The list of dimension-6 4-Fermi operators of SMEF T, as given in ref. [37], together with the
number of real and imaginary entries they each contain, as well as the number of primary parameters
(highlighted in gray, see the text for more details). When +h.c. is specified, the hermitian conjugate
of the operator must be included, too. We indicate with i, j, k,l the flavor indices and with a,b
indices in the fundamental of SU(2);. T4, A = 1,...,8 are the generators of the gauge SU(3).,
while 71 = "7[, I =1,2,3 are the generators of SU(2), with o the Pauli matrices.
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Type of op. # real # im.
ops
# of entries at O(1/A?)
3N? 3N?
Yuk. 3
# of primary parameters entering observables at O(1/A?)
5 N2 + N ON? 4+ N
=
i 8N? 8N?
Dipole 8
6N? + 2N 6N? + 2N
N(IN +17) $N(IN —17)
curr-curr 8
N(3N +5) N(3N —2)
INGBIN +7 INGBIN -7
all bilinears | 19 2| ) 2V )
N(11N +8) N(11N +1)
IN2?(7TN? +13 TN%(N? -1
| s PN ) N (V- 1)
N2 (N2 +2N +7) TN% (N2 42N -3)
LN (21N3 + 2N? + 31N +2) IN(2IN +2)(N? - 1)
RRRR 7
IN (3N? +2N? + 8N +1) N2 (3N? +2N —5)
E 4 N2 (N2 +1) AN? (N2 - 1)
2 LLRR 8
) N (4N3 +3N? + 9N +2) 3N (AN3 +3N? — 6N — 1)
N4 N*
LRRL 1
N3 N3
4N*4 4N*4
LRLR 4
2N3(N +1) 2N3(N +1)
IN (107TN3 +2N? 4+ 89N +2) LN (107N3+2N?% — 67N —2)
all 4-Fermi | 25
iN (12N3 +13N2 4+ 24N +3) 1IN (12N%+13N% — 14N — 1)
I " IN (107TN3 +2N? 4+ 213N +30) <N (107N3 4+ 2N? + 57N — 30)
a

3N (12N3 4+ 13N? 4 46N + 19)

iN (12N3 4+ 13N2 4+ 8N + 1)

Table 9. Number of flavorful real and imaginary parameters in SMEFT at dimension-six with [V
flavors. For each type of operator, the first line (in white) counts the number of physical parameters,
while the second one (highlighted in gray) counts those which are also primary.
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Wilson coefficient | Number of phases Minimal set
CeH

e, = Cuw 3 { Lo (CY)) L (€] Lo (oY) }
CeB
Cunr Loooo (CuYJ) L1000 (CuYJ) Lo100 (CuYJ)
Cuc

Cy = “ L1100 CUYJ) Lo110 (CUYJ) L2200 CuYJ)
CuW
CuB Lo220 (CuYJ) L1229 (CUYJ) Lo122 (C'UYJ)

9
Can
_ J Cac . t i

Cy= Same with C,Y,] — C,Y,
Caw
CaB

CHud Same with C’uYuT — YUC’HudYJ

ng)7 CHe 0 (Z)

02@3) { L1100 (CES)) L2200 (Cl(qlg)) L1292 (CES)) }

3
Ciu Same with Cly) — YuCly, Y,
CHa Same with C’gg’) — YdC’HdYJ

Table 10. Minimal sets of CP-odd flavor invariants for all SMEFT dimension-six Wilson coefficients
associated to operators bilinear in fermion fields. We recall that X, = Y,Y,!, and similarly for

down quarks or electrons. We also recall the definition in eq. (4.1). We also defined for the leptons
Lo(C) =Im Tr(X¢C0) with a = 1,2.

D Complete minimal set of invariants for 2-Fermi operators

We list in table 10 a valid choice of minimal sets of CP-odd flavor invariants for all
dimension-six Wilson coefficients associated to operators that are bilinear in fermion fields.
It can be shown that they provide independent conditions matching the numbers presented
in table 4, in the generic and non-generic cases listed in table 3.

E Complete minimal set of 4-Fermi invariants

We list in tables 11, 12, and 13 a valid choice of minimal sets of CP-odd flavor invariants
for all dimension-six Wilson coefficients associated to operators quartic in fermion fields. It
can be shown that they provide independent conditions matching the numbers presented
in table 4, in the generic and non-generic cases listed in table 3.
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Wilson coefficient

Number of phases

Minimal set

CLLa Cee 0 @
Cre 3 { BY (Crrez) B (Crres) Bi (Crrzes) }
A5 (Coqee) AT (Coqee)  A3™ (Coqee)
Cqe AP (Cogee) AP (Cogee)  A37% (Coqee)
A (Cogee) A2 (Cogee)  A5?? (CoQee)
c Same with Cggee —+ Ceedd (exchanging
ed upper with lower indices and with Y, <> Y.I)
C 9 Same with Cggee —+ Ceena (exchanging
eu upper with lower indices and with Y, < Y.
Ao (C(l % ) Ao (C(l % ) Atioo (C % 3))
1,3 1,3 1,3 (1,3
CgQ ) Ao (C( )) Alano (C( )) Asno (C ))
1,3 1,3 1,3
Aoy (CéQ )) Al1ag (CéQ )) Afioo (Céc;) ))
Cra Same with C’(l QN Crrai
Cru Same with C{g) = Crraa
A8000 (CLéQa) Atl)ooo (CLéQa) A(Q)ooo (CLéQﬂ)
Adooo (Creqa)  Alooo (Crega)  Alooo (Creqa)
A8100 (CLéQﬂ) A(1)100 (CLéQﬁ) A%lOO (CLéQﬁ)
Adioo (Creqa)  Atioo (Crega)  Atigo (Creqa)
1,3
ngeQ)u A8110 (CLéQﬂ) Atl)no (CLéQ&) A%uo (CLéQﬂ)
27
AYog0 (Creqa)  Abago (Crega)  Adago (Creqa)
A8220 (CLéQﬂ) A(1)220 (CLéQa) A%220 (CLéQﬁ)
A1220 (CLéQﬂ) A%mo (CLéQa) A1220 (CLéQﬁ)
A0122 (CL Qﬂ) A0122 (CLé ﬁ) A0122 (CLéQﬁ)
Credg Same with Crega — CLedQ and A7, — A%

Table 11. Minimal sets of CP-odd flavor invariants for all the SMEFT dimension-six Wilson
coefficients associated to operators quartic in fermion fields (continued in tables 12, 13). We
recall that X, = Y,Y.!, and similarly for down quarks or electrons.

traces introduced in eq. (4.8), as well as the compact notations in eqs. (4.9)—(4.10).

We use the generalized

defined for the leptons A¢(C) = Tra (X2, X?2,C), BJ(C) = Trp (X2, X2,C) witha,b = 1,2,
Al 0(C) = Tra (XE, XEXGXUXG, ), APU(C) = Tra (XXEXXG, (VIY,) S, C) and B, (C) =
Trp (X!, XPX5XIXS, C).
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Wilson coefficient

Number of phases

Minimal set

AN (Coqeq) Al (Coaga) AN (Coqae
AR (Coqaq) At (Caoqqe) AR (Cacaq
e 8 A5300 (Coaae) AT (Coaqe) AR (Cageq
AR (Coqaq) Al (Coaga) AN% (Coqqe
A (Coqaq) 4330 (Caoqqe) BIR (Caqqa
32200 (Cqqqq) Bl 122 (CQQQQ> Anzz (Cqqqe
AN (Cuaa) AL (Canaa) AN (Caaaa)
AL (Cuaa) AN (Canaa) AN} (Caaaa)
o s AR (Caaaa) AN (Cuvaa) A3300 (Caaaa)
AN (Caaaa) AN (Caaaa) A1 (Caaa)
AR (Caaaa) B (Cusan) BHGS (Casaa)
BYS (Caaan) A11% (Caaaa) Bi30s (Caaaa)
AQR (Cgir) A (Cazad) A (Coaad)
43088 (Caaaa) ANGS (Caaaa) 41168 (Cagan)
cu s A9 (Caaaa) A3 (Caaaa) 43568 (Cagaa)
A (Caaar) A (Cazaa) AN (Caaad)
A% (Caaaa) AT (Cagaa) B (Cadaa)
B{0 (Ciaaa) BIS (Caaaa) B3so (Caaaa)
Aotl)o (CQQuu> A11 (C Q&ﬂ) AHBB (CQQM)
Abios (Coqaa) AtiR) (Cogaa) Asill (Cooua)
AR (Coqaa) AT (Caquu) A33d (Cagua)
A% (Coqaa) AN (Cooua) A1i% (Cooua)
AR (Coqaa) AT (Cogaa) Bitos (Cagaa)
e 56 Biéo’iﬁ (Caqua) BYN (Coqua) B3 (Coqaa)
BYR (Caqua) B (Caqaa) B (Coqan)
B0 (Coqai) BR (Coqan) BAN (Coqan)
B33 (Caoua) B (Coqaa) BTG (Coqaa)
Byt (Caqua) By (Caqua) Bidst (Coqan)
B8 (Cogua) Bists (Coqaa) Biigs (Cogua)
B33 (Caoua) Biags (Coqaa) B! (Coqaa)
A0 (Cagaa) AN (Caqad) Al (Caqdd)
Afed (Caqdd) Agdos (Cagaa) AG (Caodd)
AR (Cooar) Atits (Coodd) Adits (Coodd)
Abtioo (Coqaa) AN (Coqad) Abs (Coqad)
A5 (Coqad) A% (Coqdd) Ati% (Coqdd)
e 56 AB1% (Cogad) B (Coqdd) B (Coqdd)
BN (Coqdd) BESN (Coqdd) B (Coqdd)
BB (Caoid) BEY (Caodd) BRY (Caodd)
B0 (Coqdd) B (Coqdd) B (Coqdd)
BHN (Coqdd) Baits (Coqdd) B (Coqdd)
B3 (Caqdd) BiS (Caodd) Bists (Caodd)
B0 (Coqdd) Biiod (Coqdd) B3t (Coqdd)

Table 12. Continuation of table 11.

45 —




Wilson coefficient

Number of phases

Minimal set

AN (Crruda) A1T00 (Caada)
0000 (Cuudd) (1)%88 (CﬂﬂJ )
388 (Caad" ) (1)%(1)8 (Cami")
A3180 (Caaaa) Abodo (Caada)
AN (Crruda) A0 (Craga)
C,(ijg) 36 ((1)):1)(8)((2)) (Caadd) A% (Caadd)
Biooo (C 1 ) BOOOO (Caﬂ(i")
833? (01 ) 8388 (Caaé")
B (Caaaa) BARN (Canda)
BN (Caaaa) B (Cazad)
B3 (Caaaa) Biaoo (Cazad)
B3 (Caaaa) B10o (Canaa)
d) A8 (Couod) A (Couqd
d) AJNS (Couod) A (Couqd
d) AR (Couod) AR (Cougd
d) 43000 (Coaod) A (Cquqd
d) AN (Couod) Attty (Cougd
a) AN (Couea) AR (Couqd
d) AR (Couod) AP (Couqd
d) A1100 (Cqad) Adi1s (Coaqd
i) AFI80 (Coued) AR (Couqd
) A0 (Caad) AN (Couqd
d) AN (Cqaqd) A% (Cqaqd
) A3300 (Caqd) A3 (Cugd
i) A0 (Couod) AR (Couqd
Chuin 81 d) A0 (Couod) A0 (Couod
i) A13%0 (Couod) A3 (Couqd
d) A3300 (Cqaqd) AN (Coaqd
i) AJ330 (Couod) B (Caqd)
d) B16oo (Couod) Biig (Cougd
i) BO (Couqd) BOS (Cquqd
d) B8 (Coued) B (Couqd
B (Couqd) B (Cauqd
BYY (Cquqd) Bits (Couqd
B (Couqd) Bttt (Cquqd
B (Cqud) Bibos (Couod)
B368 (Cqaqd) Boiil (Cqaqd)
i) BH (Couod) B%f&? (Cqaqd)
( ) A3 (

132200

g <
2
Y

0000

Table 13. Continuation of tables 11 and 12.




F Invariants featuring Oqcp

In the main text of the paper, we focused on quantities which matter for perturbative
computations in SMEFT. However, this left out an important contribution to CPV in the
SM, the #-parameter of QCD, associated to the following topological term,

g: .
Lgcp D —b0qep 1672 TI"(GG) . (F.1)

™

fqcp has the following flavor charges (and no lepton-type charge),

SUB)q, | UM, | SUB)ug | UM)ug | SUB)ag | U(1)ag
etfacp 1 6 1 -3 1 -3

These charges allow us to build the usual flavor-invariant, physical f-angle, defined as
follows,

¢71%aCD dot ¥, det ¥y = |det (Y, y)|e~l0aco—det0o] — |qot (v, ¥p) e 7. (F.2)

As fqcop provides a dimension-four flavor-charged quantity, one can wonder whether its
presence makes new SMEFT coefficients primary, which would mean that new invariants
featuring explicitly fgcp should be included in the minimal sets. The answer is however
negative: the secondary sources of CPV from the dimension-six Wilson coefficients are all
charged under unbroken vector-like flavor symmetries of the dimension-four Lagrangian,
under which fqcp is neutral. Indeed, as the anomalous angle of a vector-like gauge theory,
it only shifts under chiral transformations.

Nevertheless, some SMEFT coefficients can be arranged with fgcp to form flavor-
invariants (albeit redundant in terms of primary parameter counting at dimension-six),
which may yield a more natural description of some non-perturbative contributions of the
strong interactions to CP-odd observables.?? Those invariants would not have the single
trace structure which we used to build our sets of invariants, since 67 is U(3)®-invariant,
while 0qcp is charged under some abelian parts of the flavor group. Therefore, it will
rather offset the abelian charges of determinant-like SU(3)%-invariants. For instance, for
the operator Cgyqq4, we can form

—ifqen . ABC _abe_DEF d
Im (6 #aep (ABC cabe DEF cdef Yu,AaYu,BbCQqu,CchYd,EeYd,Ff> =

|up basis WWUsyYImCquqaiinn + - - . -

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP? supports
the goals of the International Year of Basic Sciences for Sustainable Development.

ZIn the perturbative phase of QCD, the magnitude of such invariants is expected to be suppressed

—872 /gg

by an additional non-perturbative factor e . For low-energy observables, such as the EDMs of the

neutron [75] and of the electron [76, 77], no further suppression would be needed.
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