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Abstract: In this paper we study the non-unitary deformations of the two-dimensional
Tricritical Ising Model obtained by coupling its two spin Z2 odd operators to imaginary
magnetic fields. Varying the strengths of these imaginary magnetic fields and adjusting
correspondingly the coupling constants of the two spin Z2 even fields, we establish the pres-
ence of two universality classes of infrared fixed points on the critical surface. The first class
corresponds to the familiar Yang-Lee edge singularity, while the second class to its tricrit-
ical version. We argue that these two universality classes are controlled by the conformal
non-unitary minimal modelsM(2, 5) andM(2, 7) respectively, which is supported by con-
siderations based on PT symmetry and the corresponding extension of Zamolodchikov’s
c-theorem, and also verified numerically using the truncated conformal space approach.
Our results are in agreement with a previous numerical study of the lattice version of the
Tricritical Ising Model [1]. We also conjecture the classes of universality corresponding
to higher non-unitary multicritical points obtained by perturbing the conformal unitary
models with imaginary coupling magnetic fields.

Keywords: Conformal field theory, renormalisation group flow, minimal conformal mod-
els, multicriticality, non-unitary quantum field theories, Yang-Lee zeros.
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1 Introduction

In the modern study of quantum field theories a crucial role is played by the Renormalisation
Group (RG) which provides a systematic approach to mapping the space of quantum field
theories. Indeed, starting from an RG fixed point and deforming it with some relevant
fields, one can follow the RG flow from the original ultraviolet fixed point to either a
massive quantum field theory or a nontrivial infrared fixed point.

Under some quite general assumptions, the fixed points of the RG flows in two space-
time dimensions are described by conformal field theories (CFTs) with a symmetry algebra
that contains the infinite dimensional Virasoro algebra. The simplest CFTs are the minimal
models M(p, q) indexed by two positive co-prime integers 2 ≤ p < q, with a Hilbert space
built from a finite number of irreducible representations of the Virasoro algebra [2]. The
central charge of these models is given by

c = 1− 6(p− q)2

pq
. (1.1)
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Models with q = p+ 1 are unitary, and for the case of diagonal modular invariant partition
functions [3, 4] they are in a one-to-one correspondence with multicritical Ising models
described by the ϕ2(p−1) Landau–Ginzburg Lagrangians [5]. The CFT M(3, 4) describes
the Critical Ising universality class,M(4, 5) corresponds to Tricritical Ising, and in general
the modelM(p+ 1, p+ 2) describes the pth order multicritical Ising fixed point.

What is the physical interpretation of the non-unitary minimal models in the frame-
work of statistical mechanics of critical phenomena? The answer to this question is not
known in general. Nevertheless, the simplest of these modelsM(2, 5) describes the class of
universality of the Yang–Lee edge singularity of the zeros of the grand canonical partition
function of the Ising model [6–9]. The Yang-Lee minimal modelM(2, 5) has been recently
studied from a RG flow perspective, i.e. as the endpoint of a non-unitary RG flow which
connects the Ising model in the ultraviolet and the Yang-Lee model in the infrared [10, 11],
where the flow is induced by coupling the Ising model to an imaginary magnetic field and
tuning the coupling of the energy density operator of the model appropriately. Adopting
the same RG approach, in this paper we argue that the series of non-unitary minimal mod-
elsM(2, 2n+ 3) (n = 1, 2, . . .) control the multi-criticality of Yang-Lee zeros associated to
imaginary magnetic perturbations of the unitary minimal modelsM(p, p+1). In particular,
we discuss in great detail the emergence of tricriticality in the Yang-Lee zeros starting from
theM(4, 5) describing the class of universality of the Tricritical Ising Model, associated to
the ϕ6 Landau-Ginzburg Lagrangian [12, 13].

The layout of the paper is as follows. In Section 2 we briefly recall the theory of the
Yang-Lee zeros and the edge singularity, while in Section 3 we describe briefly the appli-
cation of the Truncated Conformal Space Approach (TCSA) to the study of non-unitary
fixed points. As a warm-up we consider the standard Yang-Lee criticality in the TCSA in
Section 4, and then turn to the case of the Tricritical Ising Model in Section 5, concluding
in Section 6. The paper also has an Appendix which presents some considerations regarding
the Landau-Ginzburg formulation of the non-unitary minimal modelsM(2, 2n+ 3).

2 Yang-Lee zeros and edge singularity

The study of the Yang-Lee zeros started with the seminal works by Yang and Lee [6, 7]
who realised that the analytic properties of the density of a gas in the thermodynamic
limit is determined by the behaviour of the zeros of the grand canonical partition function
considered in the complex plane of the fugacity. Let’s consider the grand canonical partition
function of the finite volume model where M is the maximum number of particles that can
be contained in the volume V

ΩV (z) =
M∑
N=0

ZN (V )

N !
zN =

M∏
l=1

(
1− z

zl

)
, (2.1)

with z denoting fugacity in terms of which ΩV has (complex) zeros z1, . . . , zM , usually
called Yang-Lee zeros. In the thermodynamic limit V → ∞, the pressure and the density
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can be expressed as

p(z)

kT
= lim

V→∞

ln ΩV (z)

V
= lim

V→∞

1

V

M∑
l=1

ln

(
1− z

zl

)
,

ρ(z) = lim
V→∞

z
d

dz

ln ΩV (z)

V
= lim

V→∞

1

V

M∑
l=1

z

z − zl
. (2.2)

For extended systems the limit V → ∞ also enforces M → ∞ and therefore the number
of zeros becomes infinite, with their location in the complex plane described by a density
function η(z) related to the pressure and other physical quantities by an integral form of
the relations (2.2) [14]. Phase transitions occur when there are zeros which pinch the real
positive axis [6, 7].

Using the well-known mapping between density and magnetisation in such binary sys-
tems (see for instance [15]), the same holds for Ising magnets when the magnetisation is
extended to the complex plane. The partition function of a system on a lattice of L × N
sites can be written as the trace of L-th power of the transfer matrix T

ΩL = Tr
(
e−βH

)
= Tr

(
T L
)

= λL1 + λL2 + . . . λLN , (2.3)

where λ1, . . . , λN are eigenvalues of T .
The condition for a phase transition to occur can be phrased in terms of the behaviour

of the eigenvalues λ1, . . . , λN , which depend on the couplings g1, . . . , gn of the systems
entering the Hamiltonian H. The free energy per site in the thermodynamic limit reads

f(g1, . . . , gn) = ln (max{λi(g1, . . . , gn)}) , (2.4)

and it is evident that non-analyticities in the free energy may occur at crossing of the
eigenvalues, most significantly of the largest two of them, which has been explicitly and
analytically verified for the Ising model [16]. This means that a phase transition is expected
when the couplings g1, . . . , gn are set to produce an eigenvalue crossing. It is important to
notice that in general, when there are many relevant fields, it is not sufficient to tune only
the temperature and the magnetic field to implement this condition.

The case most extensively discussed in literature is that of the Ising model, with a
lattice Hamiltonian given by

H = J
∑
〈i,j〉

sisj + h
∑
i

si , si ∈ {−1, 1} . (2.5)

For this particular model it was established that the zeros of the partition function lie on
a unit circle in the complex plane of the variable z = e−βh = eiθ (here β = (kT )−1 is the
inverse temperature and h is the external magnetic field) [7]. When the temperature T is
larger then the critical value Tc, the zeros are located on a symmetric arc centred around
θ = iβh = π with edges are at ±θ0. These two edges pinch the real axis for T = Tc and
the circle remains closed for T < Tc (see Fig. 1).
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Figure 1: Distribution of the Yang-Lee zeros for the Ising model in the complex plane of
the fugacity z.

Kortman and Griffiths pointed out that the density of the zeros η(θ) has an anomalous
behaviour nearby the two edges [17] given by

η(θ)
θ→θ0∼ |θ − θ0|µ , (2.6)

with a negative value for µ. Since e−βh = eiθ, the density of the zeros can be written as
a function of the magnetic field and there must be an imaginary value of the magnetic
field ih0 for which the density is divergent. As a result the magnetisation is also divergent
for h = ih0, which is equivalent to a phase transition. Fisher [8] proposed to study this
critical phenomenon from a field theoretical point of view according to the following lines1.
Starting from the Landau-Ginzburg Lagrangian of the Ising model is

LIsing L.G. =
1

2
∂µϕ∂

µϕ+ g1ϕ+ g2ϕ
2 + ϕ4 , (2.7)

(with the critical point defined by g1 = g2 = 0), the field theoretic formulation of the Yang-
Lee edge singularity can be obtained by shifting the order parameter with an imaginary
constant term and then tuning g2 to set the quadratic term to zero to preserve criticality
[8]. Denoting the magnetic field g1 by h, this results in the Lagrangian

LY L =
1

2
∂µϕ∂

µϕ+ (h− ihc)ϕ+ iγϕ3 + . . . . (2.8)

The Lagrangian (2.8) is the effective Landau-Ginzburg description of the Yang-Lee critical
point: exactly at the critical value of the imaginary magnetic field h = ihc it is a cubic
Lagrangian with an imaginary coupling. Using Fisher’s result, it was shown later by Cardy
that the conformal field theory corresponding to this class of universality in two dimensions
is the minimal modelM(2, 5) [9]. His argument was based on the fact that the Lagrangian
(2.8) allows only one relevant field (because ϕ2 is related to ϕ via equations of motion,
cf. Eq. (2.11) below), that the three point function of the resulting theory cannot be zero
and on the assumption (that can be checked a posteriori) that the resulting theory is a
(non-unitary) minimal model. We do not review Cardy’s argument in detail here; we limit
ourselves to observe that Cardy’s finding is consistent with the Landau-Ginzburg point
of view, which can be adapted to some non-unitary cases. The simplest case is just the
minimal modelM(2, 5) that contains only two fields: the identity 1 and a field φ of weights

1Here we recall Fisher’s argument as reformulated by von Gehlen [1].
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(∆φ,∆φ) = (−1/5,−1/5). For this reason the minimal modelM(2, 5) is very well studied
from both analytic and numerical point of view [9, 18–21]. The only nontrivial operator
product expansion (OPE) is given by

φ(x)φ(x′) = |x− x′|4/5(1 + descendants) + cφφφ|x− x′|2/5(φ(x) + descendants) , (2.9)

where the structure constant is

cφφφ = i

(
Γ(1/5)

Γ(4/5)

)3/2(Γ(2/5)

Γ(3/5)

)1/2

. (2.10)

From the OPE (2.9) we are led directly to the equation of motion

L−1L−1φ = ∂∂̄φ ∼ i : φ2 : , (2.11)

which corresponds to the Landau-Ginzburg (2.8) at the critical point, where L−1 and L−1

are Virasoro generators of chiral translations, cf. Eqs. (3.1,3.2) below.
To sum up, based on the results by Fisher and Cardy we know that the CFT behind

the critical behaviour of the Yang-Lee zeros in the Ising case is the minimal modelM(2, 5).
Furthermore the field theoretical point of view suggests how we can reach the minimal
model M(2, 5) from an ultraviolet unitary theory. Indeed starting from the critical Ising
fixed point perturbed with a purely imaginary magnetic field and suitably adjusting the
coupling in front of the energy operator of the model, we expect to find a critical point
corresponding to the minimal modelM(2, 5). In the RG language this means that starting
from the critical Ising as UV fixed point and following a suitable RG flow we expect to
reproduce the minimal modelM(2, 5) in the infrared. Let us comment that, even if in the
Ising case only two couplings (the temperature and the magnetic field) appear, for more
complicated models other relevant couplings must also be taken into account. Indeed, in
general the physical magnetic field is a combination of all the odd fields and the full scaling
region, i.e. all the relevant deformations, has to be taken in consideration. To make further
progress, let’s first briefly recall the numerical method we use to follow the RG flows.

3 Truncated conformal space approach and finite size spectrum

3.1 The truncated conformal space approach

The main tool we are going to use is the Truncated Conformal Space Approach (TCSA),
originally proposed by Yurov and Zamolodchikov [19]. The idea behind this approach is
rather simple and based on the fact that on a separable Hilbert space a generic Hamiltonian
H can be expressed in terms of the matrix elements computed in a suitably ordered basis
and then truncated to the first N energy levels. Increasing the number N of eigenstates
this approach gives access to the non-perturbative spectrum of the lowest lying levels to a
certain approximation.

Since in our analysis we start from the ultraviolet fixed points of the RG flow (chosen
to be a conformal minimal model), the natural choice for the computational basis is that of

– 5 –



R

x

y

Figure 2: Space-time cylinder of circumference R.

the CFT eigenstates of the ultraviolet fixed point. The two-dimensional CFT is invariant
under the left/right Virasoro algebras

[Ln,Lm] = (n−m)Ln+m +
c

12
n
(
n2 − 1

)
δn+m,0 , (3.1)

[Ln,Lm] = (n−m)Ln+m +
c

12
n
(
n2 − 1

)
δn+m,0 , (3.2)

[Ln,Lm] = 0 , (3.3)

where c is the central charge characterizing the CFT. Invariance under the Virasoro alge-
bra allows us to factorise the Hilbert space, H, in terms of tensor products of irreducible
representations V (φ) and V (φ) of the left/right Virasoro algebras2

H =
⊕
φ

V (φ)⊗ V (φ) , (3.4)

where the fields φ corresponds to a primary state |φ〉, i.e. a state that is annihilated by Ln
where n > 0. The irreducible representation can be constructed starting from the Verma
module spanned by the states

|φ;n1, n2, . . . , nk〉 = L−n1L−n2 . . .L−nk
|φ〉 , n1 ≤ n2 ≤ . . . ≤ nk , (3.5)

which is, however, generally reducible and it is necessary to eliminate singular vectors and
their descendants. The sum n1 + n2 + . . . + nk is called the (left) level of the descendant
state, with right descendants and their levels defined similarly using the L operators.

For minimal conformal models with c < 1 the number of distinct irreducible repre-
sentations is finite [2] and the Hilbert space can be obtained as a combination of a finite
number of terms in (3.4). The possibilities are restricted by modular invariance and have
been classified in [4].

For a theory defined on a cylinder of circumference R the CFT Hamiltonian of the CFT
HCFT has the form

HCFT =
2π

R

(
L0 + L0 −

c

12

)
, (3.6)

2Here we consider only conformal field theories corresponding to the diagonal modular invariant torus
partition function [4], since for the minimal models these are the ones that describe the multicritical Ising
universality classes.
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which is diagonal in the conformal basis. Adding to the relevant deformation, the full
Hamiltonian reads

H = HCFT + V = HCFT + λ

∫ R

0
φ dx , (3.7)

where λ is a coupling constant and φ is one of the relevant fields of the ultraviolet CFT,
with conformal weights ∆ = ∆. Here for simplicity we only included a single perturbing
field, but the approach can be easily extended to an arbitrary number of perturbations. In
the conformal basis the matrix elements of the perturbing field can be computed iteratively
using the structure constants of the primary fields and the explicit expression of the de-
scendant fields of the Verma modules. Several computer programs have been developed to
this aim starting with [22]; here we used a recent advanced implementation of the TCSA
which exploits the chiral factorisation of the Hilbert space for increased efficiency [23].

Due to the presence of the perturbing term, the Hamiltonian is no longer diagonal, but
schematically the dependence of the Hamiltonian on the circumference of the cylinder is
given by

H =
2π

R


? 0 0 . . . . . .

0 ? 0 . . . . . .

0 0 ?
. . . . . .

...
...
. . . . . . . . .

+R1−2∆


? ? ? . . . . . .

? ? ? . . . . . .

? ? ?
. . . . . .

...
...
. . . . . . . . .

 . (3.8)

The Hilbert space can now be truncated to states that correspond to conformal energy less
then a chosen cut-off value Λ. Given that the eigenvalues of L0 read

L0 |φ;n1, . . . , nk〉 = ∆φ + n1 + . . .+ nk , (3.9)

and similarly for L0, one keeps the states that satisfy

2π

R
(∆φ + ∆φ + n1 + n1 + . . .+ nk + nk) ≤ Λ . (3.10)

Instead of the physical cut-off parameter Λ it is more convenient to truncate the Hilbert
space by introducing a level cut-off, i.e. an upper limit on the descendant level of the states
retained:

n1 + . . .+ nk ≤ Nmax . (3.11)

Note that we specify the truncation in terms of the right chiral level since this automatically
imposes an upper limit on the left chiral level in all momentum sectors (in particular, in
the zero-momentum sectors the two descendant levels are eventually equal).

The truncated Hamiltonian is a finite square matrix which can be diagonalised numer-
ically to find the non-perturbative spectrum up to a certain energy scale. For more details
on TCSA specifically in the scaling tricritical Ising field theory we refer the interested reader
to [24]. Finally we note that the truncation dependence can be formulated in terms of a
the renormalisation group with Λ as the ultraviolet cutoff [25–29].
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R

physical window

Critical point

Figure 3: The physical window is identified as a range of radius small enough that the
truncation errors are negligible, but large enough that the infrared theory dominates the
spectrum. The critical point (in red) is located at R→∞.

3.2 Finite size spectrum near the critical points

Let ξ be the correlation length of the perturbed theory on the cylinder. For R � ξ the
energy levels in zero momentum sector are expected to scale as

Ei '
2π

R

(
2∆UV + 2nUV − cUV

12

)
, (3.12)

where ∆UV and nUV are the primary conformal weight and the descendent level of the
conformal eigenstate to which the energy level Ei corresponds, while cUV is the central
charge of the ultraviolet theory. In the opposite limit of large R the energy spectrum is
that of the infrared theory (including a bulk energy term), which depends on the nature of
the infrared fixed point: RG flows to a massive QFT have a behaviour different from those
ending in an IR fixed point described another conformal field theory.

For massive flows, both the mass spectrum of the theory and the scattering phases
can be extrapolated from the spectrum [30, 31] and many interesting examples of these
computations are provided in the literature (e.g. [32–35]). However, for the purpose of our
work we are mostly interested in massless flows which are characterised by the presence of
a new critical point in the infrared. However, since the TCSA is always implemented in
a finite volume, it is important to emphasise that one could not expect to reach this new
critical point exactly due to the divergence of the correlation length. Nevertheless, it is
possible to approach the critical point to extract its characteristics, although it is necessary
to keep in mind that the larger is the volume, the greater the spectrum is afflicted by errors
due to truncation. For this reason the right strategy is to identify a physical window, i.e. a
range of volumes and couplings, in which we can reasonably interpret the TCSA results in
terms of the infrared massless theory. To do so, it is first necessary to attempt to identify the
infrared critical point by locating the values of the couplings where the mass gap vanishes.
Ideally this point would be reached for R→∞ but, since TCSA does not allow to study the
spectrum at infinite volume, the asymptotic behaviour can be extracted by a proper choice
of the physical window by looking for a volume range in which the relative energy levels
scale as 1/R. As a result, the critical values of the couplings obtained by TCSA generally
depend on the choice of the cutoff Λ.

Once the physical window is identified, one expects that the large volume behaviour
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Primary Weights LG field name
1 (0,0) 1 Identity
σ (1/16,1/16) ϕ magnetisation
ε (1/2,1/2) : ϕ2 : energy

Table 1: Primary fields in the critical Ising modelM(3, 4).

reproduces the spectrum of the infrared conformal field theory plus a bulk energy term3 F

Ei '
2π

R

(
2∆IR + 2nIR − cIR

12

)
+ FR . (3.13)

The bulk energy density F can be conveniently removed from the discussion by considering
differences between energy levels. In particular, subtracting the ground state from each
energy level gives

Ei − E0 '
4π

R

(
∆IR −∆IR

min + nIR
)

=
4π

R
Ci , (3.14)

where in the physical window the Ci are expected to be constant, with their values dictated
by the infrared fixed point.

4 Ising field theory and Yang-Lee edge

Here we consider the Ising field theory realised as a perturbation of the conformal minimal
model M(3, 4), namely the critical Ising CFT. The primaries of the Ising CFT are listed
in Table 1, and consists of two fields (besides the identity): the magnetic field σ that could
be identified as the order parameter of the corresponding Landau-Ginzburg description,
and the energy field ε that is the renormalised square of the order parameter according
to the correspondence between unitary minimal models and Landau-Ginzburg multicritical
theories [5].

Using the OPEs of the minimal model M(3, 4) the Landau-Ginzburg Lagrangian of
the Ising model takes the form (see appendix A)

LIsing LG =
1

2
∂µϕ∂

µϕ+ g1ϕ+ g2ϕ
2 + ϕ4 . (4.1)

where the critical point is defined by g1 = g2 = 0.

4.1 PT symmetry and its breaking

The CFT Hamiltonian of the Ising modelM(3, 4) can be written in terms of two fermionic
fields ψ and ψ of weights (1/2, 0) and (0, 1/2) respectively, as a theory of free Majorana
fermions. Switching on a fermion mass corresponds to the displacement of the temperature
T from the critical value Tc, given as a deformation by the energy field which can be written

3Since we are not exactly at the critical point, one can study the infrared theory in terms of an the
effective field theory around the infrared conformal field theory. This is the approach followed in the study
of the Yang-Lee edge singularity [11].
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in terms of the fermion fields as ε = 2πiψψ, while the magnetic field σ is non-local with
respect to the fermions. The (Euclidean) Lagrangian density of the scaling Ising field theory
is given by

LIFT = ψ∂ψ + ψ∂ψ + imψψ + hσ , (4.2)

where ∂ = 1
2(∂x − i∂y) and ∂ = 1

2(∂x + i∂y) (x and y are the two coordinates of the space-
time cylinder). The scaling region described by the Lagrangian (4.2) (with real couplings)
was studied in details [36–38].

To obtain the Yang-Lee singularity we consider the RG flow obtained when replacing
h→ ih resulting in the Lagrangian density

LiIFT = ψ∂ψ + ψ∂ψ + imψψ + ihσ . (4.3)

The Hamiltonian associated to this Lagrangian is not Hermitian so that reality of the energy
levels depends on the PT symmetry of the system. Considering an eigenvector |Ψ〉 of the
a non-Hermitian Hamiltonian H, three possible scenarios can be realised depending on the
validity of the following two assumptions4

i) [H,PT ] = 0 , ii) PT |Ψ〉 = eiα |Ψ〉 , α ∈ R . (4.4)

If neither i) nor ii) are satisfied, then the system is not PT symmetric; if both i) and ii)
hold, the system lies in a PT -symmetric phase; if instead i) holds but ii) no longer holds,
the system is in a spontaneously broken PT phase. In the non-PT symmetric regime the
spectrum is in general complex, while in the PT -symmetric phase the spectrum is real
[39]. In the spontaneously broken PT regime, |Ψ〉 and PT |Ψ〉 are two eigenvectors of the
Hamiltonian with complex conjugate eigenvalues therefore all energies are either real or
appear in complex conjugate pairs [39].

In the case of the Lagrangian (4.3) the Hamiltonian satisfies the property i). Indeed
the explicit action of the PT transformation is given by

x→ −x , i→ −i , ψ → iψ , ψ → iψ , σ → −σ . (4.5)

The property ii) is much less trivial to verify. Numerical computations (e.g. [10, 11])
show that for the imaginary magnetic field below a certain critical value h < hc the energy
levels are real, while for h > hc they become complex, consistent with a PT -symmetric /
spontaneously broken PT phase, respectively. The conclusion is that the Yang-Lee fixed
point separates a PT -symmetric phase from a PT -breaking phase. We summarise the
different RG flows in Fig. 4.

The PT -symmetry of the system is important also for the properties of the RG flow.
Indeed the original c-theorem, proposed and proved by Zamolodchikov [40], can be extended
for non-unitary RG flows if the PT symmetry is preserved [41], implying the existence
of a monotonically decreasing function interpolating between the ultraviolet and infrared
effective central charges, where the effective central charge is defined as ceff = c − 24∆min

with ∆min being the minimum value of conformal dimension in the given CFT, which is
4Note that PT is an anti-linear operator.
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Ising fixed point

Yang-Lee fixed point

iσεF

Figure 4: Scheme of RG flows for imaginary value of the magnetic field in the Ising
field theory. A combination of the thermal deformation and a purely imaginary magnetic
deformation flows to the Yang-Lee fixed point. The latter is controlled by the minimal
modelM(2, 5). The point F corresponding to pure thermal perturbation is the theory of a
single massive Majorana fermion.

negative for non-unitary models and zero for unitary ones. The application of this theorem is
justified here since the Lee-Yang critical point can be approached from fully inside the PT -
symmetric phase. For the Ising model in imaginary magnetic field, the above generalisation
of the c-theorem then provides a rigorous bound on the effective central charge of the
infrared theory:

cIReff < cUVeff =
1

2
. (4.6)

From the expression for the effective central charge minimal modelM(p, q)

ceff = 1− 6

pq
, (4.7)

we obtain the condition pq < 12 which is only satisfied by the minimal model M(2, 5),
consistently with Cardy’s prediction.

4.2 TCSA phenomenology for the Yang-Lee edge singularity in the Ising model

Numerical studies on the Yang-Lee edge singularities have already been performed in the
literature. In particular, lattice studies were the first to confirm that the critical point
is controlled by the minimal model M(2, 5) [18], followed more recently by field theoret-
ical ones [10, 11]. The latter works applied a Hamiltonian truncation called Truncated
free fermionic space approach (TFFSA), which exploits the fact that for h = 0 the model
can be described using a free massive Majorana fermion. TFFSA uses the corresponding
Hilbert space as a computational basis, utilising the fact that the exact finite volume ma-
trix elements of the order field σ are known [42]. Unfortunately this approach cannot be
generalised to higher minimal models Mp,p+1 since the exact expression of finite volume
matrix elements of relevant scaling fields in the thermally deformed model are not known
in general. Therefore it is necessary to resort to the TCSA formulation which uses the CFT
to provide the conformal basis. In order to benchmark this method, here we present it for

– 11 –



the case of critical Ising model to demonstrate that it can reproduce the evidence for the
universality class of the Yang-Lee edge singularity.

Therefore let us consider the Hamiltonian

H = HM(3,4) +
m

2π

∫
ε(x, y) dxdy + ih

∫
σ(x, y) dxdy , (4.8)

where HM(3,4) is the conformal Hamiltonian of the minimal modelM(3, 4). The mass m
of the free Majorana fermion obtained in the limit h = 0 provides a set of units, and the
only physical parameter of the theory is the dimensionless ratio

ξ =
h

|m|15/8
. (4.9)

The critical point in the RG flow can be identified as the value ξc for which the ground
state and the second excited state meet to form a complex conjugate pair. In the exact
spectrum this happens first at R = ∞, with the branching point moving down in the
volume as ξ is increased further. At the critical point, the volume dependent mass gap
M(R) ' E1(R)−E0(R) goes to zero asymptotically as R→∞ corresponding to a divergent
correlation length (1/M) explodes. The expected phenomenology is the following:

• In the region ξ < ξc the ground state is real (5a) and the system is in the PT -
symmetric phase;

• For ξ > ξc the ground state and the first excited state form a complex conjugate pair
in large volumes (5b) and the system is in the PT -breaking phase.

The truncation inherent in TCSA results in a running coupling dependent on the cut-off
[27]. As a result, the actual branching of the two levels happens at a cut-off dependent
value ξc(Λ) and the exact phenomenology can only be reproduced in the limit of infinite
cut-off. In addition, truncation effects also result in the branching point appearing in a
finite volume R which can be increased by raising the truncation level and by carefully
tuning the parameter ξ, but only within some limits due to finite computing resources such
as memory, numerical accuracy and CPU time.

Tuning carefully the parameter ξ, for the cut-off Nmax = 18 one arrives at the following
critical value separating the two phases

ξc = 0.1905 . . . . (4.10)

We note that when this value slightly deviates from that reconstructed from the results
obtained by TFFSA [10, 11]. This is eventually fully expected, since the critical value ξc
depends on the cut-off, and the TCSA and TFFSA use different cut-off procedures due to
differing choices of the computational basis. Concerning the cut-off dependence we note that
due to the dimension of the energy operator, the Ising TCSA is eventually logarithmically
divergent [27]. While the divergence can be offset by a counter term proportional to the
identity and therefore cancels from relative energy levels, the sensitivity to the UV cut-off
is enhanced to Λ−1 following from the level dependent subleading corrections. Since the
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(a) First three energy levels in the theory for
ξ = 0.1 < ξc at level cut-off Nmax = 18.
The solid lines represent the real part of the
energy while the dashed lines represent the
imaginary part, with the ground state high-
lighted in red.
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(b) First three energy levels in the theory
for ξ = 0.2 > ξc at level cut-off Nmax =

18. The solid lines represent the real part of
the energy while the dashed lines represent
the imaginary part, with the ground state
highlighted in red.

Figure 5: Comparing the finite volume spectrum in the PT -symmetric phase ξ < ξc to
the one in the PT -breaking phase ξ > ξc in the Ising model.

TFFSA treats the thermal perturbation in an exact analytic way exploiting the free massive
Majorana fermion description, it has much better convergence properties in terms of the
cut-off.

Once the critical value is determined, one can turn to a detailed study of the energy
spectrum to find the physical window where the scaling function (E1(R) − E0(R))R is
approximately constant. With our choice of the cut-off it happens for mR . 6, where
we can extract the scaling functions Ci(R) = (Ei − E0)R/(4π). Under the assumption of
the IR fixed point being described by the minimal model M(2, 5), the ground state must
flow to a conformal state corresponding to a primary field ϕ with conformal dimensions
(−1/5,−1/5), the first excited state is expected to flow to the state corresponding to the
identity field with conformal dimensions (0, 0), while the second level to a descendent state
corresponding to L−1L−1ϕ with conformal dimensions (4/5, 4/5), resulting in the following
predictions for the large volume asymptotics of the scaling functions:

C1(R =∞) =
1

5
, C2(R =∞) = 1 . (4.11)

As shown in Fig. 6, the numerical results obtained from the TCSA are fully consistent
with the predictions for the fixed point described by the minimal modelM(2, 5), and very
similar to those obtained using the TFFSA [10, 11]. Note in particular that the dimension
of the single nontrivial primary field is reproduced quite accurately, which is going to play
an important role in the tricritical case to which we now turn.
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(a) The first three energy levels, with the
solid lines showing the real parts of the ener-
gies, while the dashed lines depict the imagi-
nary parts, with the ground state highlighted
in red. The dotted vertical line indicates the
end of the physical window.
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(b) The scaling functions Ci(R) =

R/(4π)(Ei − E0) corresponding to the
first three energy levels for mR ≤ 6. The
solid lines are the TCSA results, while the
dashed lines display the asymptotic values
expected fromM(2, 5).

Figure 6: The spectrum of the Ising model in an imaginary magnetic field with the value
ξ = ξc in equation (4.10), at level cut-off Nmax = 18.

5 Tricritical Ising field theory in imaginary magnetic field

5.1 The RG flow triggered by imaginary magnetic fields

Now we turn to considering the RG flow starting from the minimal modelM(4, 5) triggered
by an imaginary magnetic field. Even though the distribution of the Yang-Lee zeros is not
known analytically in lattice models in this universality class such as e.g. the Blume-Capel
model [43–46], the presence of a phase transition can be understood in analogy to the Ising
case as a divergence in the density of Yang-Lee zeros, and indeed this scenario has already
been numerically tested on the lattice [1]. Here we consider the field theory counterpart of
this phenomenon in parallel to the critical Ising case.

The primary fields of the minimal model M(4, 5) are listed in Table 2 together with
their weights and the Landau-Ginzburg identification as normal ordered powers of the
order parameter (chosen to be the magnetic field). The scaling region of the tricritical

Primary Weights LG field name
1 (0,0) 1 Identity
σ (3/80,3/80) ϕ magnetisation
ε (1/10,1/10) : ϕ2 : energy
σ′ (7/16,7/16) : ϕ3 : subleading magnetisation
t (3/5,3/5) : ϕ4 : vacancy density
ε′′ (3/2,3/2) : ϕ6 : (irrelevant)

Table 2: Primary fields in the Tricritical Ising model M(4, 5), listing their conformal
weights and their identification in the Landau-Ginzburg description.
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Ising model is spanned by the four relevant deformations of the minimal model M(4, 5),
and it was previously examined for the case when all the coupling constants real in Refs.
[32, 47, 48], while the complex analytic properties of the free energy were studied in Ref.
[49].

Note that half of the relevant fields is even under the Z2 symmetry of the spin model
(corresponding to even powers of the Landau-Ginzburg field ϕ) while the other half is odd
(corresponding to odd powers ϕ). The Landau-Ginzburg action has the form

LTIM =
1

2
∂µϕ∂

µϕ+ g1ϕ+ g2ϕ
2 + g3ϕ

3 + g4ϕ
4 + ϕ6 . (5.1)

When considering the phase diagram, the odd parameters g1 and g3 corresponding to ex-
plicit symmetry breaking are switched off and therefore the phases are parameterised using
only the even couplings g2 and g4.

A crucial observation is that the physical magnetic field which couples to the spins
in the lattice, scales to a nontrivial combination involving all the odd fields in the QFT.
In the case of M(4, 5) there are two relevant odd fields: the magnetisation σ and the
subleading magnetisation σ′. To reach a possible non-unitary tricritical point it is necessary
to include both of as deformations with imaginary couplings. Furthermore, in analogy with
the Ising case, even relevant fields should also be included as they are generated along the
renormalisation flow, however their couplings are real as they arise from operator products
containing an even number of the odd fields. The resulting Hamiltonian then has the form

H =HM(4,5) + µ

∫
ε(x, y) dxdy + ih

∫
σ(x, y) dxdy+

+ ih′
∫
σ′(x, y) dxdy + v

∫
t(x, y) dxdy .

(5.2)

and similarly to the Ising model it is PT symmetric i.e. [H,PT ] = 0, with the related
discussion carrying without any essential change. The Yang-Lee edge singularity is located
on the boundary between PT -symmetric and PT -breaking phases, with the flow reaching
it from inside the PT -symmetric phase. As a result, the generalised c-theorem [41] gives
an upper bound on the effective central charge of the infrared fixed point:

cIReff < cUVeff =
7

10
, (5.3)

which, using the parameterisation (1.1) of the central charges, means that pq < 20. This
bound is only satisfied by the minimal models M(2, 5), M(2, 7), M(2, 9) and M(3, 5).
Note that in the presence of imaginary couplings for the odd fields as written in Eq. (5.2)
all terms are invariant under the action of the PT symmetry and therefore appear on equal
footing when considering the Yang-Lee edge singularity. The various possible RG flows are
depicted in Fig. 7.

Let us attempt to adapt Fisher’s argument for the tricritical case to determine the
Landau-Ginzburg description of the infrared fixed point. In terms of Landau-Ginzburg
Lagrangian density (5.1) the tricritical point is located at g1 = g2 = g3 = g4 = 0. Shifting
the order parameter with an imaginary constant term ϕ→ ϕ+ iϕ0 and fixing the coupling
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Figure 7: Scheme of RG flows for imaginary value of the (physical) magnetic field. A
combination of the purely imaginary leading and subleading magnetic deformations, sup-
plemented by thermal and vacancy deformations flows to the non-unitary tricritical fixed
point.

constants and ϕ0 to preserve tricriticality, i.e. setting couplings of ϕ2, ϕ3 and ϕ4 to zero,
it results in the theory

LNHT =
1

2
∂µϕ∂

µϕ+ (h− ih0)ϕ+ iγϕ5 + . . . . (5.4)

The above Lagrangian implies a field equation

∂µ∂µϕ ∝ ϕ4 (5.5)

which implies the existence of three independent relevant scaling fields ϕ, ϕ2 and ϕ3 (be-
sides the identity). The only minimal models with this property areM(2, 9) andM(3, 5),
however, their operator algebra is inconsistent with the above equation of motion, as shown
in appendix A).

To understand what goes wrong here, note that in order to obtain the Lagrangian in
(5.4) the parameters ϕ0, g1, g2, g3 and g4 were treated as if they were independent. However,
in light of the RG flow determined by von Gehlen on the lattice [1], this is not a correct
assumption. In order to reach the critical surface (which in this case is expected to be a
line of ordinary critical points) it is necessary to tune the mass gap to zero, i.e. to make
the ground state and the first excited state meet at R → ∞. The ends of this critical line
are then expected to correspond to a different universality class corresponding to the non-
unitary tricritical point, where the ground state meets simultaneously with both the first
and the second excited states. It is then clear that to stay on the (one-dimensional) critical
line the couplings ϕ0, g1, g2, g3 and g4 cannot be varied independently, which prevents a
straightforward extension of Fisher’s argument to this case. Therefore the correct form of
the Landau-Ginzburg potential is not obvious at this stage.
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Nevertheless, from the RG perspective it is clear that only two relevant fields are
expected to be present at the infrared point, i.e. one more than for the ordinary Lee-Yang
criticality. This leaves the minimal modelM(2, 7) as the only candidate for the universality
class of the tricritical Yang-Lee edge singularity. The minimal modelM(2, 7) contains three
primary fields φ, φ′, and the identity 1 with conformal weights (−3/7,−3/7), (−2/7,−2/7)

and (0, 0), respectively. The interior of the critical line is expected to be composed by
fixed points with a single relevant field, i.e. it must be controlled by the minimal model
M(2, 5). This is also reasonable since for real couplings, the critical line in the scaling
regionM(4, 5) is controlled by the Ising universality classM(3, 4), which flows toM(2, 5)

under the influence of an imaginary magnetic field. This proposal is in agreement with the
numerical results obtained on the lattice point [1].

5.2 TCSA phenomenology in the v = 0 plane

To apply TCSA we put the Hamiltonian (5.2) on the cylinder. Just like for the Ising model,
the coupling of the energy operator can be used to set the units. In fact, for h = h′ = v = 0

the model (5.2) is integrable with the scattering described by the minimal E7 factorised S
matrix [50, 51]. For this case the exact expression of the mass gap in terms of the coupling
µ is known [52], and it is possible to use it to set the units in analogy with the Ising case.
However, it turns out that choosing a different unit is often convenient for visualisation of
finite volume the spectrum along the RG flow, and for the purposes of this subsection we
choose a mass scale M ′ by setting

µ =
10−4

2π
M ′

9/5 (5.6)

With the above choice the model has only two dimensionless parameters

ζ =
h

M ′77/72
, ζ ′ =

h′

M ′5/8
, (5.7)

We probe the two-dimensional space parameterised by ζ and ζ ′ by varying ζ for different
values of ζ ′. Due to the odd nature of σ and σ′ only the relative sign of h matters, therefore
we restrict h (and consequently ζ) to positive values.

For large negative values of ζ ′ and for small ζ result the first and the second exited
states meet to form a complex conjugate pair first as the volume is increased (Fig. 8a),
however increasing ζ it is possible to change this picture into the ground state and the first
excited state meeting first (Fig. 8b). Making ζ ′ less negative, the picture changes in such
a way that for small ζ (Fig. 9a) the spectrum is real and by increasing ζ, it is the ground
state which meets the first excited state in a complex conjugate pair (Fig. 9b) before the
second and the first excited states could meet. It is natural to expect that keeping ζ ′ < 0

and varying carefully the two parameter ζ and ζ ′, there should exist a value (ζ ′c,1, ζc,1) of
the couplings when the lowest three energy levels meet simultaneously. This is the point
the v = 0 plane which is closest to one of the endpoints of the critical line that corresponds
to the non-unitary tricritical Lee-Yang edge singularity. To eventually hit the tricritical
point requires switching on v 6= 0 and tuning it together with ζ and ζ ′ to put the triple
meeting point towards (ideally) infinite volume.
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(a) First three energy levels in the theory for
(ζ ′, ζ) = (−31.62, 1.89574). The solid lines
represent the real part of the energy while the
dashed lines represent the imaginary part.
The ground state is highlighted in red.
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(b) First three energy levels in the theory for
(ζ ′, ζ) = (−31.62, 5.69). The solid lines rep-
resent the real part of the energy while the
dashed lines represent the imaginary part.
The ground state is highlighted in red.

Figure 8: The typical behaviours in the tricritical Ising model observed for a large negative
value of ζ ′, at a level cut-off Nmax = 10.
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(a) First three energy levels in the theory for
(ζ ′, ζ) = (−3.16, 1.90). The solid lines rep-
resent the real part of the energy while the
dashed lines represent the imaginary part.
The ground state is highlighted in red.
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(b) First three energy levels in the theory for
(ζ ′, ζ) = (−3.16, 37.91). The solid lines rep-
resent the real part of the energy while the
dashed lines represent the imaginary part.
The ground state is highlighted in red.

Figure 9: The typical behaviours observed in the tricritical Ising model observed for a less
negative value of ζ ′, at a level cut-off Nmax = 10.

For positive value of ζ ′ the same story repeats, but in reverse order: we pass from a
region of values of ζ ′ in which for increasing values of ζ the ground state and the first exited
state meet in a complex conjugate pair first (figure 10a and 10b) to higher values of ζ ′ such
that for increasing values of ζ the first and the second excited states meet first (figure 11a
and 11b). As in the previous case, this means that keeping ζ ′ > 0 and varying carefully
the two parameter ζ and ζ ′ there should exist a value (ζ ′c,2, ζc,2) of the couplings when the
lowest three energy levels meet simultaneously. This is the point in the v = 0 plane which
is closest to the other the endpoints of the critical line that corresponds to the non-unitary
tricritical Lee-Yang edge singularity. Again, to eventually hit the tricritical point requires
switching on v 6= 0 and tuning it together with ζ and ζ ′ to put the triple meeting point
towards (ideally) infinite volume.
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(a) First three energy levels in the theory for
(ζ ′, ζ) = (3.16, 1.90). The solid lines repre-
sent the real part of the energy while the
dashed lines represent the imaginary part.
The ground state is highlighted in red.
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(b) First three energy levels in the theory for
(ζ ′, ζ) = (3.16, 94.79) . The solid lines rep-
resent the real part of the energy while the
dashed lines represent the imaginary part.
The ground state is highlighted in red.

Figure 10: The typical behaviours observed in the tricritical Ising model observed for a
smaller positive value of ζ ′, at a level cut-off Nmax = 10.
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(a) First three energy levels in the theory for
(ζ ′, ζ) = (6.32, 37.91). The solid lines rep-
resent the real part of the energy while the
dashed lines represent the imaginary part.
The ground state is highlighted in red.
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(b) First three energy levels in the theory for
(ζ ′, ζ) = (6.32, 94.78). The solid lines rep-
resent the real part of the energy while the
dashed lines represent the imaginary part.
The ground state is highlighted in red.Here
the ground state becomes real again for large
volume: we are near the non-unitary tricrit-
ical point!

Figure 11: The typical behaviours observed in the tricritical Ising model observed for a
larger positive value of ζ ′, at a level cut-off Nmax = 10.

We note that the two points (ζ ′c,1, ζc,1) and (ζ ′c,2, ζc,2) are not related by any obvious
symmetry, and that it also costs quite a high effort of fine-tuning to actually hit them (c.f.
also the search for the eventual tricritical endpoint in the next subsection). The observed
behaviour of the first free energy levels in the v = 0 plane is summarised graphically in Fig.
12.
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Figure 12: A cartoon in which the phenomenology observed form the energy spectrum in
the v = 0 plane is illustrated as a function of (ζ ′, ζ). The red points are the ones where
the lowest three energy levels meet simultaneously at the same value of the volume, while
the blue drawings illustrate the observed phenomenology of the lowest three levels in the
energy spectrum.

5.3 The non-unitary tricritical point

In order to locate the non-unitary tricritical point it is necessary to consider the full scaling
region, i.e. all couplings of the Hamiltonian (5.2) must be turned on. We note that the
perturbation by the vacancy operator t switched on by the coupling v generates a divergent
bulk energy contribution [27] and while this drops out from the relative energy level, there
is still an enhanced cut-off dependence as in the case of the Ising model. Fortunately it still
allows us to attain the numerical precision which is allows to determine the nature of the
fixed point.

The fine tuning necessary to find the tricritical point is extremely difficult since it is
necessary to make the lowest three levels meet at the same volume, while at the same time
pushing the value of volume where they meet to as large as possible. Just as before, the
independent dimensionless parameters are defined in terms of a scale constructed from the
energy coupling µ. For this subsection we choose the scale to be M given by

µ =
10−1

2π
M9/5 (5.8)

which locates the physical window for the tricritical fixed point conveniently in the interval
10 .MR . 20.

ξ =
h

M77/72
, ξ′ =

h′

M5/8
, τ =

v

M4/9
. (5.9)

The procedure of locating the tricritical point starts with finding a value for (ξ, ξ′) with
τ = 0 where the three lines meet simultaneously at some specific value of the dimensionless
volume parameterMR and then switch on τ to try and push this volume as high as possible.
During this process, however, the (ξ, ξ′) must be tuned together with τ to keep the three
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levels meeting at the same point. This results a very tedious process of searching for the
optimal values of the couplings, and it is especially difficult to keep the three lines meet
at the same volume. The search was performed by finding a rectangular box in (ξ, ξ′, τ)

space which definitely had the tricritical point inside, and subsequently halving sides of the
box to get a subdivision into eight sub-regions and looking at the pattern of the spectrum
in each of them, always selecting the box closest to the required phenomenology and then
repeating the halving of the sides.

The search procedure described above ended up with the following location for the
non-unitary tricritical point:

ξ = 1.503(3) , ξ′ = 0.119(4) , τ = 0.512(1) . (5.10)

Fig. 13a illustrates the spectrum at these couplings. Note that it is eventually very hard
to hit exactly the point where the three lines meet at the same value of the volume, but
the subsequent analysis reveals that this point is eventually very close to the non-unitary
tricritical point.

In order to verify that the infrared CFT is the minimal model M(2, 7) it is possible
to compare the asymptotic values of the scaling functions Ci(R) = (Ei(R) − E0(R))R/4π

with the values expected from the minimal model M(2, 7) which has three primary fields
φ, φ′, and the identity 1 with conformal weights (−3/7,−3/7), (−2/7,−2/7) and (0, 0),
respectively. The ground state corresponds to the primary field φ, while for the first three
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(a) Solid/dashed lines depict the
real/imaginary parts of the first three
energy levels as a function of the volume at
the couplings (5.10), with the ground state
highlighted in red. The dotted vertical line
indicates the end of the physical window.
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(b) Solid lines show the scaling functions
Ci(R) = (Ei(R) − E0(R))R/4π correspond-
ing to the real parts of the first four energy
levels at the couplings in Eq. (5.10), while
the red dashed lines are the predictions from
the minimal modelM(2, 7).

Figure 13: The spectrum of the tricritical Ising model deformed with couplings tuned as
in equation (5.10) at level cut-off Nmax = 10.
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excited state levels one obtains

φ′ :C1(R =∞) = −2

7
+

3

7
=

1

7

1 :C2(R =∞) = 0 +
3

7
=

3

7

L−1L̄−1φ :C3(R =∞) =
4

7
+

3

7
= 1 (5.11)

As shown in Fig. 13b, the match between these predictions and the TCSA results is con-
vincing, confirming that the universality class of the infrared fixed point is indeed described
by the minimal modelM(2, 7), in agreement with von Gehlen’s results [1].

5.4 Phenomenology on the critical line

While the most interesting of the fixed points reached by the RG flow induced by turning on
imaginary magnetic fields in (5.2) is undoubtedly the tricritical Yang-Lee edge singularity,
it is merely the endpoint of a line of critical points [1]. Hitting the critical line is simpler
than finding the tricritical end point since the number of parameters to be tuned is two
instead of one. We find a point on the critical line by setting h′ = 0 and tuning only h and
v defined in equation (5.9). The search in this case can be performed similarly as described
for the critical point in the previous subsection, however this time it is much faster since it
involves only two dimensions. The critical point is found to be located approximately at

ξ = 55.93(3) , ξ′ = 0 τ = 7.62(0) , (5.12)

with the corresponding energy spectrum shown in Fig. 14a. One can then evaluate the
scaling functions Ci(R) = (Ei(R)− E0(R))R/4π and compare the results with the predic-
tions following from the minimal model M(2, 5) reported in Eq. (4.11). The dimension
of the only nontrivial primary field is encoded in the scaling function C1(R) which should
approach 1/5 at the fixed point. As shown in Fig. 14b, the numerical data agree with this
prediction very well, confirming that the fixed points in the interior critical line indeed fall
in the universality class of the minimal model M(2, 5) i.e. the ordinary critical Yang-Lee
singularity.

6 Conclusions and outlook

In this paper we have studied the tricritical extension of the Yang-Lee edge singularity
by switching on imaginary magnetic fields in the tricritical Ising model in the framework
of scaling quantum field theory. The infrared fixed points of the generated RG flow are
interpreted in terms of the condensation of Yang-Lee zeros in the complex plane. The
manifold of critical points is a line, where the internal points correspond to the ordinary
critical Yang-Lee edge singularity with the corresponding universality class governed by
the non-unitary minimal model M(2, 5). We pointed out the crucial role played by PT -
symmetry and its breaking, which is signalled by the merging of the lowest two levels into
a complex conjugate pair in finite volume. The tricritical fixed points are the endpoints of
the critical line and correspond to the three lowest levels meeting simultaneously in finite
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(a) Solid/dashed lines depict the
real/imaginary parts of the first three
energy levels as a function of the volume at
the couplings (5.12), with the ground state
highlighted in red. The dotted vertical line
indicates the end of the physical window.
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(b) Solid lines show the scaling functions
Ci(R) = (Ei(R) − E0(R))R/4π correspond-
ing to the real parts of the lowest lying energy
levels at the couplings in Eq. (5.12), while
the red dashed lines are the predictions from
the minimal model.

Figure 14: The spectrum of the tricritical Ising model deformed with couplings tuned as
in equation (5.12) at level cut-off Nmax = 10.

volume. Using the truncated conformal space approach it is possible to locate the critical
line as well as the tricritical point, and extract the scaling weights of the primary fields in
the infrared fixed point CFT. While at the critical line the numerical results are consistent
with the infrared CFT M(2, 5), the tricritical behaviour is controlled by the non-unitary
minimal modelM(2, 7). These results are consistent with the PT -symmetric extension of
Zamolodchikov’s c-theorem [41], and are in full agreement with the results obtained on the
lattice [1].

We expect that the same pattern holds also for higher multicritical points; in particular
non-unitary tetracritical points are expected to result from switching on imaginary magnetic
fields inM(5, 6), while non-unitary pentacritical points should appear inM(6, 7) and so on.
We conjecture that the conformal minimal model that controls the (n+ 1)-th non-unitary
multicritical point is the non-unitary minimal model M(2, 2n + 3), n = 1, 2, . . .. From a
renormalisation group flows perspective this conjecture states that unitary minimal models
M(p, p+ 1) perturbed with imaginary couplings for the odd fields produce, in the infrared,
critical manifolds containing the minimal modelsM(2, 2n+ 3), where 1 < n < p− 1. This
picture is consistent with the PT -symmetric extension of Zamolodchikov’s c-theorem, since
ceff(M(2, 2n+ 3)) < ceff(M(p, p+ 1)) for every n = 1, . . . , 2p− 1 and p ≥ 3.

We remark that the number of nontrivial relevant fields inM(2, 2n+ 3) is n, which is
consistent with the tricritical points forming a boundary set of co-dimension 1 of critical
manifold, while the tetracritical points a boundary set of co-dimension 2 and in the general
the n-th multicritical points are expected to be a boundary set of the critical manifold
with co-dimensions n − 2. Note in the case of unitary multicritical points M(p, p + 1)

the number of nontrivial relevant fields is 2(p − 2) which naively seems twice the required
number to specify the corresponding submanifolds. As explained for the tricritical Ising
model in Subsection 5.1, half of the relevant fields are eventually order parameters which
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are odd under Z2 (e.g. the leading and subleading magnetisations in the tricritical case),
while the (multi)critical submanifolds are parameterised solely by the couplings of the even
relevant fields. The counting of parameters is different for the multicritical Yang-Lee edge
singularities since all fields in the Lagrangian under the PT -symmetry and there are no
analogues for odd (order parameter) fields present in the unitary case.
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A Landau-Ginzburg description of the scaling region

In this appendix we consider the extension of Zamolodchikov’s argument relating unitary
conformal minimal models and Landau-Ginzburg description of Ising multicritical points
[5], to the case of the non-unitary minimal modelsM(2, q).

A.1 Landau-Ginzburg description of unitary minimal models

We start by recalling Zamolodchikov’s original argument. The unitary conformal minimal
modelsM(p, p+ 1) have conformal primary fields with dimensions:

∆r,s =
((p+ 1)r − ps)2 − 1

4p(p+ 1)
, 1 ≤ r ≤ p− 1 , 1 ≤ s ≤ p . (A.1)

The most relevant (nontrivial) field in the theory is the field φ2,2, which is expected to be
identified with the order parameter ϕ of the corresponding Landau-Ginzburg Lagrangian.
The powers of the order parameter can then be computed by using the conformal operator
product expansion. In particular

ϕ(x)ϕ(x′) = φ2,2(x)φ2,2(x′) =|x− x′|2∆2,2 (1 + descendants) +

c
φ3,3
ϕϕ |x− x′|2∆2,2−∆3,3 (φ3,3 + descendants) +

c
φ1,3
ϕϕ |x− x′|2∆2,2−∆1,3 (φ1,3 + descendants) +

c
φ3,1
ϕϕ |x− x′|2∆2,2−∆3,1 (φ3,1 + descendants) ,

(A.2)

shows that after subtracting the identity contribution the renormalised square of ϕ can be
identified as

: ϕ2(0) := lim
x→0
|x|2∆2,2−∆3,3 (ϕ(x)ϕ(0)− 〈ϕ(x)ϕ(0)〉) ∼ φ3,3(0) . (A.3)

Iterating this process gives

: ϕk(0) := lim
x→0
|x|∆1+∆k−1−∆k

ϕ(x) : ϕk−1 : (0)−
k/2∑
l=1

|x|∆k−2l−∆1−∆k−1 : ϕk−2l : (0)

 .

(A.4)
resulting in the identification

: ϕk :=

{
φk+1,k+1 k = 1, . . . , p− 2

φk+3−p,k+2−p k = p− 1, . . . , 2p− 4
(A.5)

Note that the naive scaling dimensions of the Landau-Ginzburg field ϕ and of all its powers
are zero, and the positive scaling dimensions of the corresponding primary fields result from
anomalous dimensions contributed by fluctuations. The scaling dimensions of the powers
ϕk are positive as required by unitarity, and they increase strictly monotonically with k.

All higher powers of ϕ are identified with descendent fields. In particular, considering
the case k = 2p− 3

ϕ(x) : ϕ2p−4 : (x′) =cϕ
ϕϕ2p−4 |x− x′|∆ϕ2p−4 (ϕ(x) + descendants) +

cϕ
2p−5

ϕϕ2p−4 |x− x′|∆ϕ+∆ϕ2p−4−∆ϕ2p−5
(
: ϕ2p−5 : (x) + descendants

)
,

(A.6)
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where now both the ϕ and : ϕ2p−5 : must be subtracted, leaving us with

L−1L−1ϕ = c : ϕ2p−3 : ⇔ ∂∂ϕ = c : ϕ2p−3 : , (A.7)

for some numerical factor c ∈ R. The above equation is the equation of motion of the
Landau-Ginzburg theory with Lagrangian density is

LLG =
1

2
∂µϕ∂

µϕ+ c′ : ϕ2p−2 : . (A.8)

Furthermore, this correspondence implies that the scaling region of the Landau-Ginzburg
theory is exactly spanned by the composite operators : ϕk :, k = 1, . . . , 2p − 4 which are
in one-to-one correspondence with the relevant primary fields in conformal field theory,
completing the correspondence between the minimal model M(p, p + 1) and the Landau-
Ginzburg description of Ising multi-critical points.

A.2 The case M(2, 2n+ 3)

We now consider the extension of Zamolodchikov’s argument to the case of non-unitary
minimal modelsM(2, 2n+ 3), n = 1, 2, . . .. These models contain n+ 1 primary fields with
scaling dimensions

∆1,r =
(2r − 2n− 3)2 − (2n+ 1)2

8(2n+ 3)
, 1 ≤ r ≤ n+ 1 . (A.9)

These are all negative which is related to the non-unitarity of the model. All the primary
fields can be generated by taking successive operator powers of the field φ1,2 which is also
the field whose scaling dimension is smallest in magnitude among all the nontrivial primary
fields φ1,r with r ≥ 2. As a result it is natural to seek a Landau-Ginzburg description
identifying φ1,2 as the fundamental field ϕ. Considering the operator product expansion

ϕ(x)ϕ(x′) = φ1,2(x)φ1,2(x′) =|x− x′|2−6/(2n+3) (1 + descendants) +

+ c3
2,2|x− x′|−2/(2n+3) (φ1,3 + descendants)

(A.10)

results in the identification : ϕ2 :∼ φ1,3, which by subsequent application of the operator
product expansion φ1,2φ1,k ∼ φ1,k−1 + φ1,k+1 can be extended to the identification

: ϕk :∼ φ1,k+1 , k = 2, . . . , n . (A.11)

In the last step one obtains

φ1,2(x)φ1,n+1(x′) =|x− x′|−1+1/(2n+3)cn1,n+1 (φ1,n(x) + descendants)

+ |x− x′|−1+3/(2n+3)cn+1
1,n+1 (φ1,n+1(x) + descendants) ,

(A.12)

resulting in the equation of motion

L−1L−1 : ϕn := γ : ϕn+1 : (A.13)
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where γ can be expressed in terms of the structure constants5 cr±1
2r . For the ordinary Yang-

Lee edge singularity n = 1, and the above reasoning reproduces the Landau-Ginzburg
description described in Section 2 which is captured by the Lagrangian (2.8) with an imag-
inary coupling reflecting the non-unitarity of the model.

For all n ≥ 2, however, the equation of motion (A.13) contains a non-canonical kinetic
term. It can be cast into canonical form by expressing the dynamics in terms of the field
ρ =: ϕn :; however in that the case the interaction is nonpolynomial corresponding to a
Lagrangian

LMF =
1

2
∂µρ∂

µρ+ γ′ρ2+1/n . (A.14)

where γ′ is in general different from γ which accounts for the multiplicative renormalisation
of the field ρ. For n ≥ 2, the physical interpretation of this Lagrangian is not at all obvious
and requires further investigation.

5Note that some of these structure constants are imaginary rather than real, again reflecting the non-
unitary nature of the theory.
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