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Abstract

We present a comprehensive study of high-energy double logarithms in inclusive DIS. They appear
parametrically as o In?"~*x at the n-th order in perturbation theory in the splitting functions for
the parton evolution and the coefficient functions for the hard scattering process, and represent the
leading corrections at small x in the flavour non-singlet case. We perform their resummation, in
terms of modified Bessel functions, to all orders in full QCD up to NNLL accuracy, and partly to
N3LL and beyond in the large-n, limit, and provide fixed-order expansions up to five loops. In the
flavour-singlet sector, where these double logarithms are sub-dominant at small x compared to
single-logarithmic (x;?x_l In"~*x BFKL contributions, we construct fixed-order expansions up to
five loops at NNLL accuracy in full QCD. The results elucidate the analytic small-x structure un-
derlying inclusive DIS results in fixed-order perturbation theory and provide important information
for present and future numerical and analytic calculations of these quantities.



1 Introduction

Inclusive deep-inelastic lepton-hadron scattering (DIS) is an experimental and theoretical refer-
ence process for Quantum Chromodynamics (QCD), the theory of the strong interaction. Impor-
tant information on the parton (quark and gluon) distribution functions (PDFs) of the proton, in
particular, is provided by the dependence of the corresponding cross sections or the structure func-
tions F,(x, 0?) on the Bjorken variable x and on the scale Q%> = —¢ set by the momentum ¢ of the
exchanged (gauge) boson. Moreover the scaling violations, i.e., the 9*-dependence of the structure
functions F; and F3, facilitate high-precision determinations of the strong coupling constant 0.

Due to their relation to propagator-type Feynman integrals via forward Compton amplitudes
and the light-cone operator-product expansion (OPE), see, e.g., refs. [1-4] and references therein,
structure functions in DIS are particularly well suited for analytical high-order computations in
massless perturbative QCD. Indeed, the complete third-order contributions to the (initial-state)
splitting functions governing the evolution of the PDFs were obtained more than fifteen years
ago [5, 6] in computations that also provided the third-order cross-section projections (coefficient
functions) for the most important structure functions in spin-averaged DIS [7-9]. During the past
five years those computations have been extended, if only for a limited number of Mellin moments,
to the fourth order in o [10—13]; for the lowest moments see also refs. [14—18].

The perturbation series for the splitting functions and coefficient functions appear to be very
well behaved (except for the longitudinal structure function Fy, [7, 10]) outside the threshold re-
gion 1 —x < 1 and the high-energy limit x — 0. With the exception of the diagonal (quark-
quark and gluon-gluon) splitting functions in the standard MS scheme [19-21], the splitting and
coefficient functions include threshold double logarithms at all powers of 1—x. The dominant
(1—x)~"In’(1—x) contributions to the coefficient functions in DIS have been resummed to a high
accuracy [22,23], see also ref. [24], in the framework of the soft-gluon exponentiation [25-30].
The resummation of the double logarithms has been extended to non-negative powers of 1—x by
analyzing the physical evolution kernels of the structure functions [31-33], see also ref. [34], and
the structure of the ‘raw’ (unfactorized) expressions in dimensional regularization [35-37].

The latter approach can be applied also to high-energy double logarithms ~ o x” In2" "0~k

in splitting functions and coefficient functions, albeit, at least in its present form, not at all powers
p of x. In particular, the resummation of the dominant p = —1 contributions to the splitting func-
tions for the final-state parton fragmentation functions and to the coefficient functions for semi-
inclusive electron-positron annihilation (SIA) [38,39] have been extended to the k = 2 next-to-
next-to-leading logarithmic (N?LL) accuracy in refs. [40,41], see also refs. [42,43]. Correspond-
ing p = 0 results for inclusive DIS were obtained at about the same time. While being formally
analogous to their STA counterparts, these results were not of direct phenomenological relevance,
and only one example expression was presented at the time [44].

X

Such results become relevant, however, for approximate or exact reconstructions of higher-
order splitting functions and coefficient functions, if they can be combined with a sufficient amount
of other information, such as a sufficiently large number of Mellin moments. Due to the develop-



ment of the FORCER program [45] for four-loop propagator-type Feynman integrals, this point has
now been reached for fourth-order corrections; see refs. [11,46,47] for published results on the
splitting functions. In fact, in the latter two articles fourth-order predictions of the resummations
discussed above and of a complementary proposal of ref. [48] have already been employed and,
where feasible, confirmed. Hence it is now timely to present, in sufficient detail to assist future
research, the status of the resummation of small-x double logarithms for inclusive DIS.

The remainder of this article is organized as follows: In section 2 we specify our notation and
discuss the available formalisms, and their limitations, to the resummation of small-x (double)
logarithms. We also briefly indicate how the calculations have been performed. The results for the
splitting function for the evolution of flavour differences of sums of quark and antiquark PDFs are
presented in section 3. This is the case for which the two complementary approaches overlap. The
results include another striking illustration of the phenomenological inadequacy of representing
the splitting functions, at any relevant x, solely by a N’LL small-x approximation at some fixed .

In sections 4 and 5 we present the N’LL predictions for the corresponding non-singlet co-
efficient functions and for the flavour-singlet splitting and coefficient functions. In view of the
findings in section 3, we focus in these sections on fourth- and fifth-order predictions and the all-
order structure of the x°In*x contributions. We expect that the former results will become useful in
combination with large-x information on these functions, while the leading-logarithmic all-order
expressions may provide useful ‘data’ for future research into the small-x structure of splitting
functions and coefficient functions in DIS. We briefly summarize our findings in section 6. Some
additional material that may be useful to future research can be found in the appendix.

2 Notation, formalism and calculations

Disregarding 1/Q? power corrections, the structure functions in DIS can be generically written as

Fu(x,0%) = [Cujilas) ® £(Q%)] (x) 2.1)

in terms of the coefficient functions C, ;(x,as) and the corresponding (combinations of) parton dis-
tributions f;(x, Q?). Here and below we identify the renormalization and mass-factorization scales
w2 and p? with the physical scale Q?; the dependence on u2 and u? can be readily reconstructed a
posteriori, see, e.g., sections 2 of refs. [49,50]. ® represents the Mellin convolution, given by
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and its generalization for plus-distributions, which corresponds to a simple product in Mellin space.

The scale dependence of the PDFs f; is given by the renormalization-group evolution equations

_d

dn0? f(%0%) = [Pylas) ® £(0%)] (%) . (2.3)



The coefficient functions C, in eq. (2.1) and the splitting functions Pjx in eq. (2.3) can be expanded
in powers of the strong coupling constant, which we normalize as a5 = 05(Q?)/(47),

P(x,a) = asPO%)+a2PVx)+aiPP(x) +atPP(x) + ..., (2.4)
Cy(x,a5) = ¥ (x) + ascél)(x) + aszczgz) (x) + al &Y (x) + ... (2.5)

with
() = 8ig8(1—x) for a=2,3, (x) =0, (2.6)

where i = ¢, g. Consequently, the terms up to ¢ and P™ form the (next-to)"-leading order

(N"LO) approximation of perturbative QCD for F, and F3, while cénﬂ) and P are required for
this accuracy for the longitudinal structure function Fj .

The coefficients in eqs. (2.4) and (2.5) include high-energy double logarithms, with contribu-
tions up to x” In*"x for P and c£"+1), and terms up to x” In>"*! x for cénﬂ) and c3(n+1) at p>0L.
Our main approach to the resummation of these logarithms, i.e., to the determination of the coef-
ficients of a/ x” In?"~"0~k x contributions to eqs. (2.4) and (2.5), is analogous to that presented in

ref. [40] for the case of p = —1 in semi-inclusive eTe™ annihilation.

The primary objects of this resummation are the unfactorized partonic structure functions

o~ ~

F(x,as,€8) = [C(as,€) ® Z(as,€)](x) (2.7)

in dimensional regularization (we use D = 4 — 2¢) where, for simplicity, the indices labelling dif-
ferent structure functions and parton distributions have been suppressed. The functions C are given
by Taylor series in €; the € terms cf,mm) including m more powers in Inx than the 4-dimensional
(¢ = 0) coefficient functions (2.5). The transition functions Z consist only of negative powers of €
and can be written in terms of the splitting functions (2.4) and the expansion coefficients 3, of the

D-dimensional beta function,

Bplas) = —eas — [‘Soas2 — Blas — Bzaf -, (2.8)
with [54-57]
11 2 34 10
Bo = 3 Ca—3n. Bi = ?Cj—?CAnf—chnf (2.9)

etc where C4 =n. =3 and Cr = (n2 —1)/(2n.) = 4/3 in QCD. Here and below, n; denotes the
number of light flavours.

In Mellin N-space, the transition functions are related to the splitting functions by

. dz
~ dInQ?

_ dz _ _
z !l = BD(aS)EZ L (2.10)

I'These quantities do not include small-x double logarithms at p = —1, see refs. [51-53] and references therein.



Using this relation, Z(N, as) can be expressed order-by-order in terms of the anomalous dimensions
Ya(N) = —p) (N) and . The first four orders in ag, allowing for Z and y,, to be matrices, read

Z = Vtao+a2{sg o= Boot ot}
~ Bo) (Yo — 2800 + iz | (Yo —~ 2801 2041 — By )0 + 55
+ {535 (o —Bo) (10— 2Bo) (Yo — 3B0)Yo + 555 [ (%o —2B0) (10 — 3Bo),
+2(% — 3Bo) (Y1 — B1)Yo + 3(12 — 2B1) (Yo — Bo)¥o)
+ Saar 2003802 301 —2B)W +6(1 —B)Yo| + o} + oo @1

The higher-order contributions have been generated using FORM and TFORM [58-60] to a suffi-
ciently high order for the computations of this paper. At order a?, the dependence of Z on 3,, and
Y,, can be summarized as
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oy Bo, e Ly B, e TR B, e, e iy, (2.12)
Hence fixed-order knowledge at N"'LO (i.e., of the splitting functions to P beta function to B
and the corresponding coefficient functions) fixes the first m+1 coefficients in the e-expansion of
F at all orders in as. Furthermore, the property P ~ In”x < Y, ~ N ~2"~! means that By and
B(z) enter eq. (2.11) at the next-to-leading logarithmic (NLL) and N2LL level, while B1 contributes
only from the fourth (N*LL) logarithms. Similarly, B> enters only at N°LL accuracy and beyond.

If the above N"'LLO knowledge can be extended to all powers in € at a given logarithmic accu-
racy, e.g., to all coefficients of a” e "% N +{ or gne=ntk In"thk=1=Lx for B> in egs. (2.7) and
(2.11) for a fixed #, then we arrive at an all-order resummation of these terms, e.g., of the NLL

x¥ contributions to the splitting functions and coefficient functions contributing to F>.

This situation is completely analogous to that of the large-x double logarithms in refs. [35-37].
In that case, the structure that allows the extensions to all € has been inferred from the calculations
of inclusive DIS via suitably projected gauge-boson parton cross sections as carried out at two
loops in refs. [61-63]. The same strategy can be applied here. The maximal (2 — n+ 1 particles)
phase space for these processes at order o' can be schematically written as [64,65]
1—x

—ne pl
<—) /O d(3n—1 other variables) f(x, ...) . (2.13)

X

If the integrals for the n-th order purely real (tree graph) contributions F ( )
further factors x¢, their expansion (for a # L) around x = 0 can be written as

do not lead to any

A (n) n)LL (n)NLL (n)NNL
:xnszxp . 1{ W eRIN 4 2RI 4L (2.14)
If, furthermore, the mixed real-virtual contributions (2 — r+ 1 particles with n —r > 1 loops)

include no more than n — r additional factors of x® from the loop integrals, then we arrive at

fcﬂ(x)‘xp _ Ezn _ erl{ o e + e+ 2.15)
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with n, = 1 and [/, = n for all structure functions considered here, with the exception of Fy for
which n, = 3 and I, = n — 1. By expanding x¢ in powers of €/Inx, it can be seen that A, B and C
are the coefficients of the LL, NLL and NNLL (= N%LL) contributions, respectively. For a given
value of p, the N-space counterpart of eq. (2.15) reads

I
7 () I ¥ 1 { (n.) (D) | g2 AnD) }
F'(N,p) = A €B e C . cee g 2.16
a,l ( p) Szn_na l:zl N_l’_p J’_ Sl a, p + a, p + a,p + ( )
Since eq. (2.11) includes only poles up to € " at order a”’, the terms with ¢ ~2"+1 g1

have to cancel (for a # L) in the sums (2.15) and (2.16). Hence there are n—1 ‘zero’ relations be-
tween the LL coefficients A(”J), n—?2 relations between the NLL coefficients B! etc. Moreover,
as mentioned above, the N"LO results provide the (non-vanishing) coefficients of € ", ..., g "™
at all orders n, and thus m + 1 additional relations between the coefficients in eqs. (2.15) and
(2.16). Consequently the highest m+1 double logarithms, i.e. the N LL approximation, can be
determined and, except for the N”'LL terms at order ag”‘“, over-constrained order-by-order from
the N"LO results. This feature also holds for a = L but (due to ¢ é(.)i) (x) = 0) with only n—2 ‘zero’
relations but also one term fewer in the above sums.

Using the known unfactorized N2LO expressions for the structure functions, it is now possible
to establish, to all orders, for which cases eqs. (2.15) and (2.16) hold. It turns out that these
equations, and hence the resulting resummation of small-x double logarithms, are applicable at

evenp: 1+ for em.,v+V DIS, F; for v—V DIS, Fy, (2.17)
odd p: )_lchvL for v—v DIS , F3 for v+v DIS, g, forem.DISetc. (2.18)

Here ‘e.m.” (electromagnetic) denotes photon exchange, and F; is the structure function for DIS
via the exchange of a scalar that, like the Higgs boson in the heavy-top limit, couples directly only
to gluons. The third-order coefficient functions for this structure function, which is experimentally
irrelevant but theoretically useful, have been presented in ref. [33]; the second-order results have
also been obtained in ref. [66]. For the coefficient functions for v — v charged-current DIS see
refs. [67-69]. For completeness, we have included the most important structure function g, in
spin-dependent DIS, for its coefficient functions and splitting functions at NNLO see refs. [70-74].

It is worthwhile to note that all structure functions in eq. (2.17) are accessible only at even N via
forward Compton amplitudes or the OPE; conversely all structure functions in eq. (2.18) are odd-N
based (for a detailed discussion see, e.g., ref. [67]) — a fact that can hardly be a mere coincidence.
Moreover, the differences between the splitting functions and coefficient functions for the flavour
non-singlet v +V and v — V structure functions vanish in the limit of a large number of colours 7.,
see refs. [5,46,47,68,75].

The structural difference between these two cases, and its suppression at large n., can already
be seen from the p = 0 LL resummation of the corresponding even-N and odd-N splitting functions
P.I and P for the flavour differences of quark-antiquark sums and differences [76-78]:

8a5CF>_1/Z} : (2.19)

N
Panr,LL(N7aS) = 5{1_(1_ N2
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Pesaa) = 5 {1= (1= 5812 L (70 e 0)]) ) @20

where z = N (ZaSnC)*l/ 2 and D, (z) denotes a parabolic cylinder function [79]. Note that the
expansion of eq. (2.20) in powers of ag is an asymptotic series, in contrast to eq. (2.19).

In ref. [48] a surprisingly simple generalization has been proposed of the equation, first derived
in ref. [76], that leads to eq. (2.19). This generalization can be stated as

Py (N as) (Poi(N,as) =N +B(as) /as) = O(1) (2.21)

up to terms that are large-n, suppressed and include even-n values {, of Riemann’s {-function.?
Inserting the Laurent expansion

Kmax

Pn(sn)‘i‘(N) _ Z N72n71+kp’:k (2.22)

k=0
about N = (0 into eq. (2.21), one can readily solve this relation to ‘any’ desired order n for the coeffi-
cients pz  With k <2n—1 that correspond to powers of Inx in the small-x expansion. Specifically,
the coefficients p,: o to pz »ms1 can be predicted (with the above restriction) at all n > m from
eq. (2.21) with kyax = 2m+ 1 if P;L(N) is completely known to N”LO. So far these predictions
have been verified for the n]? and n; terms and the complete large-n, limit at N3LO [46,47].

The above two approaches to the resummation of small-x terms overlap for the x° In*x double
logarithms of P, (x,0.), but are largely complementary otherwise. The predictions of eq. (2.16)
cover far more than just x° part of P, (x, &), while eq. (2.21) is very powerful in this specific case,
in particular in the large-n. limit.

Both approaches require Laurent expansions of the fixed-order input quantities, including non-
negative powers of N + p, as written down at p = 0 for Pn(f ) +(N ) in eq. (2.22). These expansions
can be obtained, for example, by expanding the exact x-space expressions in terms of harmonic

polylogarithms (HPLs) [83], using the HARMPOL package for FORM [58] together with

M[xl’ lnk<)—1c)}(N) = /()ldxxNlenk()—lC) - W . (2.23)

An easy extension to the coefficients of non-negative powers of N+ p is to transform the functions
to N-space harmonic sums [84,85], multiply by a sufficiently large power s of 1/(N+p), transform
back to x-space, proceed as above, and finally multiply by (N+p)*. Routines for the Mellin trans-
form of the HPLs and its inverse are also provided by the HARMPOL package. For the convenience
of the reader, the p = 0 coefficients employed in this article are collected in appendix A.

The resummation predictions for the splitting and coefficient functions can then be computed
order by order in 0. Using FORM and TFORM [58-60], this has been done up to order OLSO and
a0, respectively, for the flavour singlet and non-singlet cases. Using the formal similarity to the
SIA cases covered in refs. [40,41], these results can then be employed to infer their generating
functions via over-constrained systems of linear equations, thus arriving at all-order expressions.

2 This form of the limitation is a conservative all-order extension of that given in ref. [48]. See refs. [80-82] and
references therein for another context in which the even-n values {,,, i.e., powers of 7%, play a special role.
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3 Results for the non-singlet splitting functions

Non-singlet quantities are dominated at small x by their x” In¥x contributions with p = 0 and k > 0
which correspond to poles at N = 0 in Mellin space. These terms can be resummed via eq. (2.16)
for the splitting function Pn(f o+ which enters the structure functions in eq. (2.17). The resummed
N-space expressions can be expressed in terms of

2Crag Crog

§=(1-48)"% with &= "0 = 75 (3.1)

The N2LL result for Pn(sn H, already presented in ref. [44], can be written as
1 1 _
P(N.ag) = =2 N(S—1) + 7as(2Cr —Bo)(S™' —1)

_|_

56C aSN{([156 —9608,]C7 —[80 — 11528,] CACr — 3608, C3
F

—100BoCr +3B3) (S — 1) + 2([12 = 576 L, CA + [40 + 576 {,] CACF
1804, G +56BoCr —3B3)(S ™ —1) +3(2Cr —Bo)* (s>~ 1)}, (32)

where 3¢ in eq. (2.8) has been used instead of n, for a more compact representation. The two terms
in the first line of eq. (3.2) provide the LL and NLL parts; the former agrees, of course, with the
earlier result in eq. (2.19) above. The remaining three lines represent the N2LL contribution.

The expansion of eq. (3.2) in powers of as yields the N3LO and N*LO contributions

PP (N) = 80CHN T +80CE (2CF —Bo)N 6 +8C2 ([16—200@2]@%

+10CrBo + [2o+192@2]CFCA+3B§—6OQZC§> N7+ 0N (33)

and

PPNy = 448C£N*9+560c;‘(2CF—BO)N*8+80C3([16—148@2](?1%

3 40 . .
+3CrBo+ |5+ 1445,| CrCa+ 3B —455,CE)N T + ONS) 34

to the moments of eq. (2.4). The nJ% part of eq. (3.3) and its complete large-n. limit have been
employed in refs. [46,47], respectively, as constraints in the determination of the all-NV expressions
from a limited number of moments and endpoint constraints. Conversely, the verification of those
all-N expressions — via results at higher N and independent form-factor calculations [86-90] that
include the large-N limit of P;;@) , the (light-like) four-loop cusp anomalous dimension [19,20] —
provides a stringent check of eq. (3.3).

Using the N?LO results [46, 47] together with the corresponding coefficient function for F;
in ref. [8], egs. (3.2) — (3.4) can be extended to N3LL small-x accuracy for the next-to-leading
large—nf terms and in the large-n. limit. The latter results will be presented below, together with
the predictions of eq. (2.21) at this and higher orders in the small-x expansion.
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The structure of the closed-form N-space expression (3.2) is similar to the ‘non-singlet’ p = —1
part of the ‘time-like’ splitting function Pgi, (N) for final-state fragmentation functions. The crucial
difference is the sign of & in eq. (3.1) which leads to qualitative differences. In x-space, the latter
splitting function can be expressed [41] in terms of Bessel functions which exhibit an oscillatory
behaviour in the small-x limit. In fact, the resummation is found to completely remove the huge
small-x spikes present in the fixed-order results for the time-like splitting functions [91,92].

In the present ‘space-like’ (initial-state) case, on the other hand, the N”>LL x-space expression
is given by

1 1 1)~
PEx0y) = 2a,Cr {1+ (2Cr —Bo)as In- + 5 (2Cr — Bo)2ain®~ }Ti(2)
1 ~
+mkq{§01m+1mh—6qo—4qgﬁwddﬁ

+aa4k{scg—2g(wc§—4mycm+¢uﬁ)}ﬁhﬂiE@) (3.5)

with |
:(mh%ﬂﬂm; (3.6)
and "
~ 2\ B - 1 Z
L) = (7) e = L o (5) 3.7)

in terms of modified Bessel functions I,(z), see section 9.6 of ref. [93]. The first two terms in
the curly bracket in the first line are the LL and NLL results, respectively; the remaining terms
provide the N?LL contribution. The latter can be written in different ways due to the recurrence
relation expressing /41 in terms of 7, and I,,_. The form chosen above yields the most compact
coefficients and is in line with our basis choice for the higher-accuracy large-n. expressions below.

The functions ,(z) have the exponential form (27z) /2 ¢? (1+0(z™")) in the large-z limit,
and thus dwarf the fixed-order small-x behaviour in a very unstable manner: the LL result is
positive, the NLL contribution is negative (for the physically relevant case B, > 2Cr), the NZLL
‘correction’ is positive etc. It is interesting to note that the coefficients of the (for x — 0 at fixed as)
asymptotically dominant a,(a Inx)¢ 1} (z) terms in the first line of eq. (3.5), which correspond to the
§—2+1 parts of the N’LL contributions in eq. (3.2), seem to point towards a ‘second resummation’,
a feature already observed in ref. [41] for the time-like splitting functions. We will return to this
issue with more ‘data’ below, see eqgs. (3.16) and (3.17).

As discussed in section 2, the contributions up to N°LL — with the exception of large-n. sup-
pressed terms containing {, — can be obtained from eq. (2.21) [48] and P, up to three loops [5].
The resulting coefficients at N°LO (four loops), defined in eq. (2.22), are given by

piy = cﬁ[212+640§ﬂ-—cgc§[m)+288§ﬂ 1““°c¢c¢ ﬂﬁzCkC%
304 88
9fQ f@@+ on}Cr, (3.8)
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832
pis = —CE[224451284]4+CACP [196+—c3] c2c? +64g3]

50006 7682 340 512
s CACF—n3CF[—§2—236§4}—nch[ ——§3}
65936 2780 1552
—nfCACF |:8—+128§3i| ”fCA CF+ Cznfl’lzCF

4288 5 ., 1288 80, - 176 ;
8—1nf CF + — 77 nf CA CF 9 Cznf ”lCCF 81 ”lf CF s (39)

[229480

_|_

_|_

2761 12448
pis = CF[130+944§3—1920§5]+CACF[ : §3+960§5]

254225 8984 146482
—cgcg[ e S 240§5]—C/§cp[ N —264§3]

12221 1312 500 2080
Qz——C4—48§2§3} _”fCF[ —C3]

90538 1328 64481
St S5

7736 7561
C“]_ 81 ny G = fCACF[ s T3 C3}

Cr (3.10)

+‘n2(}7[

+nfCACF +nfCA CF

4006 328
—nfnzCF [

anf n.Cr + 27 n;
up to large-n. suppressed contributions with (powers of) {, which may include quartic group
invariants. The large-n, limits of egs. (3.8) — (3.10) have been employed (and verified, recall the
discussion below eq. (3.4)) together with that of eq. (3.3) in ref. [47]. The n]? terms agree with
eq. (4.14) of ref. [46] which, unlike eqs. (3.8) — (3.10), includes all {, contributions. The n;
terms in eqs. (3.8) — (3.10), which are part of the leading large-n, limit derived to all orders in
refs. [94,95], agree with eq. (4.17) of ref. [46].

The corresponding N*LO (five-loop) coefficients read

Py = CF[1840+4480§3]+CACF[@_wzoCS 112000

9
53240 35360 9680

= Gl CE 49608, jCF+— chCF+ n,C;Cf

1280 2560 1760 320
+5n ngCp — 240§2nfnch—Tn}cF—TnﬁCACF+ nfCg,  (3.11)

9008 13376 324896
5 C3} = CACE

29282 43478CZ 1240,

+ 1152@4 54304 nCiC

CiCP

piy = —CP1656+5125]+CaCE | =57
559624

+C§C£[
4376 5888
—l’lfCF [ 9 §3:| _nfCACF [

21296 10544
81 nfCA CF+

1936
27

+2496§3} cier—nicy [

164816

11776
Conpn) Cp+ ——— fZCF-I-96Onf CACF

1280 ez 104 4

+ — CA CF Cz nf c CF



pis = Cﬁ[500—%5280§3——12800@5]+—CA(¥?[85346-%37%;68C3—%6400§5}
—cic} [2049556 n 73284 Cs— 1440@4 _cic? [27985# - 1232@4
6%;:18c;;c¢-+nj(y¢[321290§2 2563, — 39480,
_nfCF [@ i 56128 C3] +nfCA CF [79270 7232 C3} 423940 nfCA Cr
+n,CRCE [F 142534 | 832@4 —npndCr [39236 ¢ —984@4
ﬁc;7[7516 >12 §3} ZCA(;7[59554—%192§3] 35&4§2¢fn2c3~ (3.13)
_ %nfg Cp—l—%n]?CF—l— 1(2)324 n]?CACF 22274 Cz”f n.Cr — ;fé pr

The large-n, limit of eq. (3.11) can also been also obtained via eqs. (2.7) to (2.16) using the N3LO
+(3)
result P, of ref. [47].

+(3)

Using the all-N large-n. expression for Py, it is possible to predict also the N 3 and N 2

(N®LL and NLL) contributions of P;g(4) in this limit. The corresponding coefficients read

83997239 2253859 13220 48070
Pis = Cr c|: 1944 31 Co+ Cs+ C4+64C50,
4312 5138330 267860
— 17603 - 14448 —f—nprn R &
4336, 28432 1504
~ 3 83— 9 C4+128§3§2+—§5—64C3 248@6}
760669 9076, 2000, 1408
+fCF°[243_9§2 g Gt C4]
; 12826 | 2656, 64 } 128
Ty CF"C[ 5T TR 2 9 53| T Cr (3.14)
141282997 12219019, 125756, 655423 5488
+ 4 . .
64174, 2056 ,, 1874
G5 L3+ c6—576c2c5+1104c3c4—1288@]
3 [ 2035745 141241 197588 , 71642
g Crnd [P0 - L g PR TR 220
13784 944
5648505 +3205 8y + - 3 +36806 — 1128, }
o7 1032713 47984 18992 4744 1072
FrfCrnd | = 2 T G = U= T L9680+ L
248 41497 376 3008 176
—§§3 C6]+nfCF c[ 3 Qz 1 C3— C4]
4128 64 ]
nfCr [ — 51l (3.15)

The Cpnf terms in eqs. (3.11) — (3.15) agree with refs. [94,95]; all other contributions have not
been presented before.
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Figure 1: Successive small-x approximations to the N"LO four-flavour splitting functions Pn(s" )L (x) in the

large-n. limit for n = 3 (left), compared to the exact result, and n = 4 (right). The respective N°LL and
N7LL curves include all terms with x°In*x at k > 0 as specified by egs. (3.3), (3.4) and (3.8) — (3.15).

After transformation to x-space using eq. (2.23), the above results provide all small-x enhanced
contributions to the non-singlet splitting functions Pnﬂ;L(x, 0s) in the large-n, limit at four and five
loops. These results are shown in fig. 1 for an expansion in powers of 0, not a5 = o5/ (4m) as used
in all formulae, at ne=4 flavours. As seen before for the 3-loop splitting functions, see figs. 2
and 3 of ref. [5], and coefficient functions, see figs. 7 and 9 of ref. [8] — see also ref. [97] — all

logarithms are needed for a meaningful approximation at any physically relevant small values of x.

The N’LL small-x limit of Pn(i )L(x) has already been employed in the first estimate of the 5-loop

quark cusp anomalous dimension in the large-n. limit in ref. [96].

In this context, it is instructive to consider the generalization of the NNLL small-x resummation
(3.5), which can be extended to N’LL accuracy in the large-n, (L) limit:

1~ 1 1~
(Bo—nc>3a31n3;11(Z> — 3 (11Bo+13nc — 18€2nc>(Bo—nc)afln; Io(z)
1 1~ 1~
— (1360 — 115nc)nca521n; Ii(z) +2(2¢; - 1)n3as31n3; I3(2)

1 1~ 1 1~
+ 3 (Bo —ne)*al ln4;11(z) +z (11Bo+ 131, — 18¢,nc) (Bo — ne ) a ln2; Iy(2)
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+ % (sg (686 —728,) — nePo (181 + 648, + 1445)
+n2 (647 —1008C, + 144 (5 + 1620C4)> neal 1n2% L(z)
+ % (2883 +nc Bo (3811 9128, +576L5)
— 12 (4357 + 8520, + 15845 — 1008C4)) a2 Ty(2)
+ % <Bo (5—108,+1285) +n, (4—2C2—6C3>) n;a; lnz)—lc L(z)
~2(2¢,—)nta? 1n4§ I4(z)
- 335 (Bo— 1% aln? LT1(0) — 55 (11Bo+ 13mc~ 188 m0) B — ne)*ad 'L T2
_ % (B3 (940 —965) + e Bo (367 — 13928, — 144C)
+n2(997 — 1968C, + 144, +3240C4)) (Bo —ne)neay ln3)—lc L(z)
- % <288 B3+ ne P2 (7427 — 24485, +864L5) — n2Bo (6730 + 5508 C, + 3504 ¢ 5
—50408,) +n2 (1175 + 63368, +336 (5 —504O§4+1728C2§3)> al 1n§ Io(2)
- % (41783 + 1 Bo (2725 - 288, + 168 L5 +432¢,)
— 2 (4507 — 1236, + 4320, +2160L5) ) neal ln)—lc I(2)
- % (Bo (2—1083+18L4) —nc(2—128, — 1085 +9§4+24C2C3>) nay 1113)—1( I(z)
+2(285— ndad 1’ 5(2)

1 1~ 1 1~
+ 735 (Bo—1e)®adn® ~11(2) + =5 (11 Bo+ 13nc — 1885 n) (Bo — ne)*al In* — Io(2)

720
1~
4+ ... —2(02%s—1)nbab ln6;I6(Z)
1 1~ 1 1~
~ 2040 (Bo —ne)"al 1n7;11(z) ~ 36 (11Bo+13n. — 18C2n6)([30—nc)5as61n5; Io(2)

1 ~
+ ... +202¢ —-Dnlal ln7;I7(z) (3.16)

where we have omitted (with ...”) the lengthy and (at least in the present notation) ‘irregular’ parts
of the N°LL and N’LL coefficients for brevity; the ancillary file of this article provides the com-
plete expression. The first two terms at each logarithmic order, which dominate at asymptotically
small x for a fixed o, can be seen to build up an exponential function, viz

PriL(anLs)/(zasCF) =
exp <_<Bo—nc)asln)—lc) (E(Z)-i-%(llBOJanc_18§2n0)a51~0<z)> BT

This exponential prefactor dampens, and from some unphysically large value of o overwhelms,
the small-x rise of the modified Bessel functions (3.7).
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So far we have presented the 1/N"T! < x%In"x results arising from eqs. (2.16) and (2.21).
We now turn to the double logarithmic 1/(N+p)"*! < xPIn" x contributions which, as discussed
in section 2, can be analyzed in a completely analogous manner at even p for P and odd p for

P, and hence at all integer p for their common large-n, limit Pr?g L

Thus the complete Taylor expansions of the coefficients of In* x can be determined at k =6, 5, 4

for PIE:)L andatk =2n,...,2n—3 for PIEZ)L at n > 4. In practice, we have performed the necessary
compuytations to p = 70, which was more than sufficient to overconstrain the analytic expressions
in terms of harmonic polylogarithms [83] for which an ansatz with up to 54 coefficients was used.
This partial reconstruction of the analytic form of P ns L, CAN be carried out to any order in O; here

we confine ourselves to the N’LO and N*LO expressions. The former is given by
3
PyLx) =
5 16
-l-lnéx[ngCF {ﬂ (1 BT (1—x)" l-i—x) }}

4 17
+ln5x{nC3CF{ ququ—f— (1——(1— x)” l—f—ﬁx)}

+n3anf{ -5 (1 —5(1-x)"! +x> H
70

8 2 _ 58 _
+ln4x{n3CF { —ZpegH - 5 (1 —4(1—x) 1+x) Hoi+% (1 — s (1-2)7!

+5 )Hl__<[227—112c2](1— x)” 1—[251—98€z]x—%[463—294C2])}

2 16 65< L2 §>
-l-nCCpnf{ 5 PggH| — 1 cs (1 X) + X

+nccpnf{ (1——(1— X~ 1+x)H

56 160 _
+1In X[" CF{ pqulOl+ququll+ (1—4(1—X) 1+X>HO,O,1

9 (1_5“_ x)" +£ )HOI__(I__(I_ x)” 1+X)H0,l,l

160 _ 1
+o (1 +(1—x) 1—2x) Hyp+ oo <[2987—4212§2—756C3] +5[38641
183608, — 1512§3]x—%[55291 — 272163, - 34565 (1 -x) ")
+ % (13977-33120,] —2[4745 - 3312,] (1 —x) ' +[5513 - 3312¢, ) Hl}

338 362 193
27 <1__(1_ )"+ e )Hl

) 80
e CF”f{_?pqulvl 169 169

+9(1—9(1—) -I-x)H01+ (1725288 ,) (1 -2
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1 1 8
— 518516480, — 5 [2257-648@2]x) } +Crn} {ﬁpqq}
8 45
+nccpn]%{ pqu1+ (1——(1— X" —|—gx> H T (3.18)
with pg; =2(1 —x)~! =1 —x. We have suppressed the argument x of the HPLs for brevity. The

above LL, NLL and NNLL predictions of the resummation have been used in and verified by
ref. [47], of which the In>x part is a result. The corresponding N*LO (five-loop) predictions read

PO () =

31 32 .
-l—lnx[nC {144()(1 31(1—) -i-x)}]
+in’x [nfcrd =2 p H +—(1——(1— X~ 1+§x>
¢ “F T gPath 12 2
+nc3Can{ (1—E H
6 4 1.5 1
+ln x[nc CF{ pqu11+2(1——(1—x) —|—§x) H1—|—§<1+x) Ho,
+ % (1283 - 1508, - 3 01305 1445,] (1 —x)" + % 641 —225@2]x>}
; 2 _67( 236, 89 )
+nCCan{§pqu1 ﬁ 1 ﬁ(l X) +6_7.x
—l—nZCan{ (1——(1—x)1_|_x>}]

40 80
+1115X[ 4CF{ PagHi01+ 5 PagHia1 — (1——(1— x)” 1"‘X)H()JJ

3

H
|

(1—x)~ +x>H001+124(1——(1—35)71—29 >H11

3 31 31

2
+§(1+14(1—) —19x>H01—|— ([115 72@2]x+ - [1049 - 7928,
13[1157 7928,] (1 —x) 1)H1+—([8129—4704§2—360§3]x

1

+5 (10643 — 7776@2—1080§3]——[26449—14256@2—1728§3](1—x) )}

74 32
+”c3CF”f{ PgqHi — _quH11+ (1——(1—)1+X>H071

- ([169—54@2]x+—[745—378§2]—_[1091_432§2](1_x)_1)}
20,20 4 -y Y
+ncCan{ 27pqu1+27 <1 47 (1 ) +47)C>}

-l—ncCan{ (1—_(1— x)” 1+x>H T (3.19)
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4 Results for the non-singlet coefficient functions

The order-by-order resummation of the highest 1/N powers of the even-N based (‘+’) non-singlet
coefficient functions C; for the structure functions in eq. (2.17) is ‘automatically’ included in the
calculations towards the corresponding expressions for the splitting function P reported in the
previous section. Using the short-hand F = § ~1/2 with S as defined in eq. (3.1), the NNLL results
for C;” and C;" analogous to eq. (3.2) for Py are found to be

G (N) =
F+

192CFN{ —3(32C + 11Bo) (F ! — 1) +4(18Cp + 1Bo) (F — 1) + 6Bo(F3 — 1)

+12(2CF — Bo)(F> — 1) = 5Bo(F7 — 1)} + %as{ — 128([333 — 1368 ¢,|CA

60 — 17288,]CACr — 540L,C2 — 87BoCr — 1033)%(10 =3 _ 1408

—([144000 — 442368 {,]C2 — [7680 — 552960 {,]C4Cr — 172800 ,C — 16320B0Cr

—5111B3)(F — 1) +8(576CF — 90BoCr — 79B3) (F* — 1) + ([5184 — 110592 ¢,]C?

+[7680 + 110592 {,]CaCr — 34560¢,C3 + 10368BCr — 2093B3) (F° — 1)

+16Bo(54Cr —77B0) (F7 — 1) + (2880Ck (Cr — Bo) + 181BF) (F° — 1)

~840Bo(2Ck —Bo) (F'! — 1) +385B3(F 1 ~ 1)}, @.1)
C+<N) _

ACraF + caN{ —3(64Cr — 5po) (F ' - 1) —4(6Cr +Bo) (F — 1) +6Bo(F>— 1)

112(2CF — Bo) (F5 — 1) — 5Bo(F7 — 1)} + ma { 9216C2 §(

—128([153 +72,|C# — 60CACr — 69BoCr + ZBO)E(F S F 1 428)

3_3F142)

—([222336 — 73728 {,]C# — [38400 — 110592 ¢,]CaCr — 345608,C3 — 46080BoCr
+1321B8) (F — 1) +8(1152CF — 690BoCr + 53B3) (F* — 1) + ([576 — 110592 ,]C#
+[7680 + 110592 £,]CaCr — 34560¢,C3 + 9024BoCr — 269B3) (F> — 1)
+16Bo(114CE — 47Bo) (F7 — 1) + (2880Ck (Cr — Bo) + 181B3) (F® — 1)
—840Bo(2CF — Bo) (F' — 1) +385B2(F 13 — 1)} . 4.2)
The corresponding result for the v—V charged-current (CC) structure function F3 reads
G (N) =
! N{ —33Bo(F 1 —1) —4[6CF — 11Bo](F — 1) +6Bo(F> —1)
192C
122Gk — Bo] (F° = 1) = 5Bo(F" = 1) b+ #as{ +128(63BoCr
9216Cr

+10B3 +5408,C3 + 12[5 — 144,]CACr — 9[49 — 152@2](?1%)%

F+

(F7—F ' +28)
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+(3456BCr + 51118 + 1728008,C 3 +7680[1 — 728,]CACr

—1152[157 — 384%,]C3) (F — 1) +8(174BoCr — 79B3) (F> — 1) + (14016BoCr
—2093B3 — 345608 ,C7 + 576[1 — 1928,]CE + 1536[5 + 72,]CACr) (F° — 1)
+16(114BoCr — 77B3) (F7 — 1) 4 (2880Ck (Cr — Bo) + 181B3) (F° — 1)

—840(2BoCr — P2)(F!1 — 1) +385p2(F'3 — 1)} . 4.3)

Like the splitting function, these coefficient functions exhibit a structure similar to that of their
time-like counterparts in ref. [41], apart from the all-important fact that the sign of § is different
there. The corresponding x-space results can be expressed in terms of generalized hypergeomet-
ric functions listed in appendix B. These hypergeometric functions related to the function F are,
however, not present in the non-singlet physical evolution kernels K;© given by

d
KS=P"+ B(as)a InC;" . (4.4)

Eqgs. (4.1) — (4.3) can be expanded to produce the explicit four- and five-loop results
e (V)]s = 390CENT +C} (105ch . liﬁﬁo) N +CP <[336 —58720,]C? 4.5)

2180 1951

— 448CrPo + [T +4992§2} CrCa+— B3~ 1560§2c/§)N—6 + O(NY),

4 = 240CEN TS +CP (472CF—%BQN—S+c£(—[644+4016€z]C1~2

460
3

+56CkBo + [480 + 3840, CrCa + —B¢ — 1200C2C§)N’4 + O(N73), (4.6

i (N)| .+ = 390CEN*+Cp (780Cp _ 8z

3
8 2180
~SCrBo+ [ +49920,| CrCy +

Bo) N7 +C2 (—[496 + 5872¢,]C2
1951

— B3 —15600,CF ) N + OV TT) (47)

17012

— 2652C3N10 4 CA (8418CF -

_23;46 14;63 Bg_ 15840C2CAZ> Nig

+O(N7T), (4.8)

= 1560CiN S +Cf (3736Cr 8920

3
~1504CrBo + [T + 345605, | CrCa -+ 27 B3 — 108000,CF ) N~

+O(N7), (4.9)

;= 2652CIN"10+Cf (6630Cy - @Bo) N +C} ( [66 - 565085,] C7

_ 11§74Cp Bo + [6040 + S0688L,] CrCi + 14263 BE — 15840L,C} ) N~

+OoWN"T). (4.10)

Bo) N +C} ([6438 —56508%,]C2

CrPo -+ [6040 + 50688C ,]CrCs +

[30) N +C} ( — [2064 +35648C,] C?
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The LL, NLL and NNLL x-space approximations resulting from eqs. (4.5), (4.6), (4.8) and
(4.9) with eq. (2.23) are shown for four flavours in figs. 2 and 3. Unsurprisingly, these results
alone do not provide relevant information about the behaviour of these coefficient functions at
any physically interesting value of x. The results in eqgs. (4.5) — (4.10) can become useful, how-
ever, once combined with other partial results such as the large-x limit and a sufficient number of
moments.

As for the non-singlet splitting functions, the resummation can be performed for any even or
odd power of x, and for all powers in the common large-n. limit C, ; of the coefficient functions
C;t and C, . Since the N*LO splitting functions are known in this limit [47], the all-x coefficients
of the four highest small-x logarithms can be predicted at any higher order for a =2 and a = 3.
The four-loop (N*LO) results are, using the same abbreviations as in eqs. (3.18) and (3.19) above,

ey =
+In x[” CF{46458 (1 12(1_ x) 1+X>H
el {3 et 5 (1 S 007 )
+n3CF”f{_%(1_2(1_)()_14_)6)}}
+IHSX[HSCF{ 19Pq4H11+219018307 (1 ;?ig(l x)il+%x> i
1 80 )y s

+ % (152641 —384128,] — % (1131721 —2592008,] (1 —x)_1> }

) 662 8543 < 96332 Ly, 10299 )
2 Cpnpd oz pagHy — o (1= 2222 (1 — —
e Crny {135 Paa i =365 (1~ 76857 (1 7% + g3 *

1951 4 _
—l—ncCan {1080 <l —5(1 —x) 1_|_x) H

53 142 8323 1584 _, 14864 .
+1In X[n CF{ PggHi01 — 5 — PogHi11+—— =2 (1 65" 8323( x)

3833 1728 5 14256 3) ( a6, )
e w3 Taters )M g\l (1m0 ) Ho

69 (, 1573, 64 5 176 3) ( o
) (1+3726(1 X +69 o t1s° ) Ho— g R (1 x)~

88
x) Hog, — 7 (7 +0x +W[186223 66672C,] (1—x)~!

1
19008

_ 2__ . AT |
+§([33 20,] — 5 [406651 — 1900808, — 3024085] (1)

808271 — 333360(,] — (1282259 — 333360@2])

19008
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Figure 2: The LL, NLL and NNLL small-x approximations to the fourth-order non-singlet coefficient

functions c§4)+(x) and cL(4)+(x) for n, = 4 light flavours. Egs. (4.5) and (4.6) have been transformed to

x-space using eq. (2.23) and converted to an expansion in powers of 0 by a multiplication with 1/(47)*.
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Figure 3: As fig. 2, but for fifth-order coefficient functions for the structure functions F> and Fy in
eq. 2.17).
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2(1—x)"! +x+mx )HM

8065 <1 16782

. . —1
108 3065 (L %)

9461 1
+—8065 )H1 573 ([208597 58410, + [633641—115956@2]x

- [1323835 —295488C,] (1 —x) "' + 1728§2x2) } +Crn} {%pqq}

671 8239 <1 41134 10497 )H

2 o — _—
—i—ncCan { 162 PggHy + 324 24717 (1 ) * 8239

4.12)

We have also determined the corresponding five-loop results. Since they would become useful
mainly in the context of research towards N°LO all-x expressions, which we do not expect in the
foreseeable future, we skip these here for brevity but provide them in the ancillary file of this paper.

In the case of Cy, the fixed order results are restricted to NNLO even in the large-n. limit,
since the four-loop coefficient function would be required for N3LO accuracy, recall the discussion
below eq. (2.6). Hence only the highest three small-x logarithms can be resummed using eq. (2.16).
The resulting N>LO and N*LO predictions read

-

+ln6x n CF{% H

+In°x 3CF{ 3133856 >+2xH }+n3Can{—%x}:|

e {8
+1(6)§Z) (1+ iégi [33-2005] 8 + 15125 (867587 — 32940¢ ) x + 318608176§ °)
—l—@< —%xil—i—%x—% 242 x)HLl—l—ZO(x—%xz—l—% 3)H071}
+n2Can{ S (1+%[3—2cz]xz 105 (16361 +576C5] v + 11474§ <)

392 (x 222 +3x )HOI}—i-ncCan {376xH “.13)
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21 4 _£<_61168> 13 3 3043
an_"CCF{ g72 \! 755 ¥) TapHip tneCriy |~ g

+1n®x :nj Cr { — % (1 2957_512x—1 _ 1107267383 it 3987218 x2> H,
242;;8(9, (1 + ;ﬁfg‘; [33-200,]0° + 51 6327 (6243947 — 1819808, x
58521120392§ <) 122_2756 (x2- 151 +% - 1(1) 243 2oV,
—l_49_6 (x ﬂgxz—i_z;; 3) HOl}"‘”ECan{'i‘%( 1—%x+%x2>Hl
?iz <X %Xfl +—x—x2+§x3) H; | — Eg <x 2x* 4 3x )Ho,l
- ;22(9) (1 f;iﬁ [3-28)] 2+— (115745 42088, x + 513225 szs)}
+nCrn { 0 H (4.14)

5 Results for flavour-singlet quantities
We now turn to the singlet case, and first present the results for the splitting functions Pj. The
diagonal (i=Xk) quantities can be written as sums of ‘non-singlet’ (ns) and pure-singlet (ps) pieces,

Py(N) = PL(N)+Pg(N),
Py(N) = Pg(N)+Pi(N), 5.1)

where Pgl; is an non-singlet-like quantity, i.e., Pyg in the limit Cr = 0 (cf. ref. [98]). At leading-
logarithmic (LL) accuracy,

1
Pg(N) = —EN(S’—I), (5.2)
where AC Caol
/ NV I Ads A O
§'=(1-48)"2 with & = -——o= = -5 (5.3)

Consequently the LL Pgt, (x) is an oscillatory function, in notable contrast to the corresponding
quark quantity in egs. (3.2) and (3.5). The other LL contributions are found to be

s(n ol LZ 12 k—+1i +i+1
P(fq()(N) _ C”N2”+1 Z Z 2)itl+k (nyCr )’+1C§CF( ) )(P ; )’ (5.4)
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2 n—1-2i k 1 .
PEVIN) = G N2 Z Y (=2 mC )l+lckcp< +k+ )(p:l), (5.5)

=0 k=0
n 2n+1 L%J n—2i z l k—l—l 8—|—l
PE'(N) = nyGomr Y L (=2)" (oG )CZ(CF< . )( 5 ) (56)
n 2C
PYW(N) = —n—fPég)<N> 5.7)

where the relation between Pye and Pgq holds only at LL. In these expressions, |...| denotes the
GauB bracket (floor function),p = n—k—2i—1,8 = n—k—2i, and (, are the Catalan numbers,

(2n)!
n!(n+1)!°
The first (second) binomial factors in egs. (5.4) — (5.6) may be interpreted as counting the number
of ways k (p/d) gluons can be emitted from the gluon (quark) propagators, the number of which is

directly related to the number of factors nCr. In this interpretation, the quark and gluon emissions
contribute to these logarithms equally, with emission strengths proportional to the colour factors.

G = (5.8)

Incidentally, the Catalan numbers (5.8) are the coefficients of the Taylor expansion of § in
the LL non-singlet splitting function, suggesting the singlet results could be generalizations of
their simpler non-singlet counterparts. However, we have not found closed-form expressions. The
NLL and NNLL results are considerably more complicated, and even expressions in the form
of the sum representations above are not available. To achieve this could require defining the LL
results in terms of new special functions, and suitably generalizing them for the sub-leading results.
Potential complications also arise from the observation that the NLL and NNLL results have terms
with denominators similar to that of the N-space logarithmic functions in the SIA case [41], which
could indicate the presence of logarithmic functions that depend on the special functions yet to
be found.

The NNLL double-logarithmic resummation of the 1/N pole terms leads to the following re-
sults for the four-loop (N3LO) splitting functions (PI;B) (N) has been given in eq. (3.4) above)

PYN) = PP (N)+npCr {N’7 ( —640C2 +640Cr Cy —480CE +320n CF>

TN (— %CA +%CFCA . @CF 256nfcp>

15232 nfCF _32 nf -3 (519 5248,)Cp

+N7 (—288n,Cy +
+§ (541 — 1332§2)CFCA -3 8 (1709 - 192¢,) C2 ) }+om), (5.9)

PS(N) = n {N’7 ( —640C3 +320Cr C2 — 160C2Cy +80CE + 64onf CrCy

—320nfc,%) +N° (— ﬁCA +192CrC} — 632 CFCA - C;
320 7 1408 _ 32 4 2224
~ o€} S npCrCy +432m,CE ) 4N ( S nPCa+ = nPCr
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_ (148+81 Co)neC+ 5 (557 — 14488,)C} — (1711 +108¢,)C)
+5 3 (2951 +3008,)n,CrCa + ﬁ (6427 — 3960@2)CF ci— % (6707

19368,)C2Cy — % (13583 — 3600§2)nfc£) } FONY, (5.10)

PIN) = ¢F {N’7 (1280(;3 —640CrCy +320CFCq — 160C72 —1280n,Cr Cy

+640nfc£) +N7° (@ CA — 1280Cr C; +MCFCA —320C}
640 _5 (64 12256
+Tnch —640nchcA +00,CE) 4N (Taﬁcf, n? Cr

+ ﬁ (1969 +936§2)CF C?+ ﬁ % (3871 +2340§2)c§ + % (7747

—24488,)n, C} — % (8633+12672,) C2Cy ) b+ O(N ), 5.11)

PPNy = N7 (1280q;1 —1920n,Cr C} +640n,CECy — 160n,C} +320n}c;)

_g (640 1280 1856 256
+N 6 <—CA + fCA + nfCFCA +—nfCFCA +—nfCF

640 1472 5 128 5.5 4768

19904 5 32 5 128

+T nfCg — fCF-i- (20+9§2)nfcj+32(137+64§2)c;,‘

-3 (2751 +688C2)nfCFCA> Loy, (5.12)

which we expect to become relevant in the near future in combination with the fixed-N moments
in ref. [11] and other constraints. Their N*LO counterparts read

PPWN) = PEYN) +npCr {N’9 (7168Cj —7168CrC? +5376C2Cy —3584C

— 7168, Cr Ca +5376n,CF ) +N* (79363 — 38720 P70 002 208 41984 CECs

12272 CF n 17392 ”fCAz B 1088nfCF Ci — 6656 ”fCF 4 86 896 n? CF)

256 20480
5 1 Ca = =5 nfCr +2 (442+ 105§2)nch 3 (7054

+243¢,)C; — % (9109 — 19668§2)CF +5 9211 72108¢,)CECy

N7 (

- 19—6 (16829 +16028,) n,Cp Cy — g (24337 —223208,)Cr C3
+§(33715—9216§2)nfc§) }+O(N*6), (5.13)
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PY(N) = n {N’9 (7168q;1 —3584CpC3 +1792C2C2 —896CECy +448C

—10752n;Cp C5 +7168n;CFCx —2688n,C} + 1792nfc,%>

+N8 (ﬁ c —2368crC3 + 220 7840 c2c? - 6064 0064 i, 428 84 o

6272 7424 1792
+1792nch+4736nchcA ~3nyCiCa + ;G — =3~ fZCFCA

11648 . 2 52672 , 427424 5

128
— Tn;cF += (2915 — 13216@2)CF + (5216+3375§2)nch

(29293 244260(,) C2Cy + (59326+8199§2)CA

+ 5 (73415 —1159928,)CEC7 — — (81626 —37539¢,)CrC

—2—(114685 57816§2)nch+ (118813 —41067C,)nCECx

—ﬁ(181400+18351C2)nfCFCA> }+0(N—6), (5.14)

PY(N) = cF {N’9 (— 14336 C +7168CrC; —3584CFC3 +1792C3Cy

—896Cy +21504n;Cp C; — 14336n;C7 Cp + 53761, C} — 3584n}q%)

43904 CrC} - 31808 31808 202 | goaacic, —2240C)

+N8 (— 16128C* +

7168 _ 318208 750464
+Tn}q%) +N (—256n}CA + n? CrCy — TnﬁcF
- 2;—611pr - Q (42— 437@2)CF - Q (191+1017¢,)Cr C3

+ 52 (8005 — 551785)my CF — - (13313 + 1049405) G Cy

~ 2 (143924 3375) n, G + 5 (177114776520, CAC3

~ 22 (376164 170198,)Ci — 57 (63557~ 20547C,) n, CFC
—|—g(149746+32031C2>nfCFCAZ> f+om ), G

PY(N) = N° ( — 14336C; +28672n,Cr C; — 10752n,C}C} +3584n,C3 Cy

—896n;Cp —10752n7 C; Cy +3584n]?cg> LN (_ 8960 s

17920 14848 15040 9536
—T fCA 3 nfCFCA 3 fCFCA + — 3 nfCFCA

24



_gnfclé+5376nprCj+10048n2cFZc _ﬂ n3C3 826 fCF)
+N_7<—@[907+396C2]CA_@[164+81§2]nfCA 25360 2

_ 2 [43463— 149408, nchcA ¥ [18349 391328,)n, C3 C
422 [3274+495 Con?CrCh — [38371+3978§2] n?CCy

14080 _
+5 5 126605 — 5184,]n2C2 +256n3 CrCy — o ;cF) FON®). (5.16)

Finally we present the corresponding results for the singlet structure functions F, and Fj.
The quark coefficient functions can be written as sum of non-singlet and pure-singlet pieces,

Cagq(N) = C; (N)+Caps(N) . (5.17)

The leading-logarithmic resummations of the pure-singlet and gluon coefficient functions are

n Lz n—2-2i . /o
(n) _ 2 2)itIHk( i1 ko (KDY (P Hit+]
CpWV) = Dy Z Z T (g Cr)TCHC ( L o) 61
k=0
(n) 2” U In-12i 2)H( s (kD (8 i
G (N) = 5 Z Z (nsCr)iCACY ), (5.19)
(n) 2! L%Jn—z—zi 14k 1 pkep (KT (P41
CopN) = Doz ), ) (=27 Cr)' CACF( L )( y ) (5.20)
i= k=0
n—1
" 2n+1 LTJn—l—Zi ) ) k4 6/+l
i=0 k=0
where p’ =n—k—2i—2,8 =n—k—2i—1, and the D, are defined as
1 n—1
D, = — (1+4k) . (5.22)
n!
k=0
These are the coefficients of the Taylor expansion of
F=s717= (1457, (5.23)

i.e., those of the leading-logarithmic contributions to the non-singlet coefficient functions (4.1) —
(4.3). Similarly to the splitting functions above, the first (second) binomial factor could be inter-
preted as the number of ways k (p’/8’) gluons can be emitted from the gluon (quark) propagators.
Again, analytic NLL and NNLL results, which could require generalization of the LL singlet co-
efficient functions, are not available at this point. Corresponding results for the scalar-exchange
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structure function Fj in eq. (2.17), which is of only theoretical relevance, can be found in ap-
pendix C.

Hence, at least for the time being, the coefficients for the NLL and NNLL contributions to these
coefficient functions are only known at each order separately. Since we do not expect yet higher
orders to be become relevant in the foreseeable future, we finally present these results at the fourth
and fifth order in a5 = o5/ (4 1). The former read

SV (N) = c5 ()]s +nyCr {N*S (—312003 +3120CF Cy —2340C3 + 1560nfcp)

_ 60872 86228 7798 5216 16688
N (=T O+ S Oy — S G+ T Gy — g nyCr )

(9848 1y o — 932 nf — 3 (16611 -217520,) C

+N™
+ % (24251 —20439L,) Cp Ca + % (124393 — 14688 () n Cr

- % (242611 — 22752§2)c§> } +ONNY), (5.24)

SN) = ny {N—S (-3120@% +1560Cr C3 —T80CE Ca +390C7 +3120n,Cr Ca

B 156OnfC1%> +N77 < 35132 CA n 30052 CFCA 21101 CFCA
889 536 2056 13778 2608
+ o G Gl = = Cr Gy gy CF — = ]?CF)
' s 20300 52
N0 (=P fCF+ (771 418,)n,Cr Cy

v % (2453 —23816C,) C3 — ﬁ (2882 -+ 16478,) n, C2
+ g—; (3265 — 15128,)Cr C3 — % (19957 — 145440C,) CZCy
— % (25579 —99728,)n;CF — g (48911 + 846@2)c,§> } +O(N),  (5.25)
S (N) = ¢f (N)| s +nyCr {N—6 (— 1920C2 +1920Cr Cy — 1440C2 +96onfcp)
24640 37408 2048 2176 13024
o G} + 2 CrCy — == CF + =52 Gy — —g— n;Cr )

N (35,0, 2 (49_ 36105) G — o (698~ 207¢,)C3

+N7 (-

_—(4913+11988C2>CFCA + (8461 11888)ny Cp — 1§8 ]g)}

+ oY) (5.26)

and

et (N) = n {N70(=1920C] +960CrC} —480CACy +240CF +19201:Cr Cy
—960n,C7 ) +N73 (- R Ci+ 2R ercE - 8296 829 o2,
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16 5 704 4640 13648 1088 »
_?CF 9 fCA——nfCFCA+— fCF_— fCF>

FN (=S (1154 19640,) CF — 32 (263 +1628)n, CF

16 32 5 11776 5

o
277
- % (14249 - 52565)n, G ) b+ O(N ™). (5.27)

+ % (6487 +24048(,) C2Cy + % (8785 —77228,)CrC3 — — n?Cy

The non-singlet parts of eqs. (5.24) and (5.26) have been given in egs. (4.5) and (4.6) above. The
highest three 1/N poles of the corresponding 5-loop coefficient functions are given by

eN(N) = 5 (N)|s +nCr {N*IO (42432Cj’ 42432Cr C2

+31824CFCy —21216C7 —42432n:Cp Cy +31824nfc§>

_g /5366608 7102528 2208812 511648
N 9( e Gl = S GG+ T S CRCy - c3
81248 1361056 243376 72448
S, - n; CrCy — nCE + FCr )

+N78 ( — (74593 —1803928,)C7 + 152 (7465355 - 11586096@2)CF Ca

16

13 (3126887 — 924570@2)CFCA+ (3063709 69039¢,)C2

© (1390214 — 523683@2)nch——(429100 300218,) nyCr Ca

2472352 17696
c n2C )}
135( 35 ert A

Loy, (5.28)

135

102961 —371258,)n, C3 —

D N) = ny {N—lo (42432@? —21216CFC3 + 10608 C2C? — 5304CECy

+2652CF —63648n,Cr C5 +42432n;CF Cy — 159120, C7 + 10608 n? q%)
3616288 4, 2668904 1762432 1089206

-9

N (ol - T Gl e R - = o iy
50356 .4 17600 1868624 1566016
15 C;— 9 nfCA 75 fCFCA fCFCA
334184 81248 1239104 12464

nCi+ 2 n? CrCy — . nﬁCF) +N 7 (S nECE

1103856 )  asas ’

— e nfCrCa — S n Cr + o 135 © (39757+61020¢,)n,C}

+ is (59357 — 673108(,)Cpt — % (365911 — 3205476 ,) C3 Cy

- % (648293 — 174498(,) Cr C} + % (1977587 — 19662008 ,) CAC2
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+1 (2407760—1256427@2)nchCA+ < (3500111 —241380L,) nf

135 (4630465 — 3452868@2);1ch+ = (113502794 666720(,) C

135 (12031717 + 12510@2)nchcA) } +0o(NTTY, (5.29)

cPA(N) = ¢ (N)l,s +n,Cr {N’S <2496OC/§ —24960Cr C3

+18720C#Ca — 12480C7 —24960n;: Cp Cy + 18720nfq%>

_ 436192 602368 198248 33904
+N 7 (+25=ci - CrC} +——CRCy —

30400 27328 56272 33920
- Gl - nchcA—T fCF+T nfCr )

4N (_ 22 (359 —4436,) CR — (52207 +3416048,) CECa

—_(180227—109944§2)CFCA+ (218827 20610¢,)C;

- = (18590 —22718,)n;Cr Ca + 5 (278473 — 110304 8,) n, C?

160 6208 305536 )
+ o (278+5130,)n, CF + 205 ]?CA — T 2nfcr) o) (530

and

U N) = ny {N*S (24960(;;‘ — 12480CFC3 +6240C2C2 —3120C3 Cy

+1560C7 —37440n,Cp Ci +24960n,C7Ca —9360n:C +6240n7 q%)

N7 (2309272 CA4 178352 Cr CA " 139120 CF CA 93860 CF Ci
2140 4 7040 22528 1856 96152
3 CF + 9 l’lfCA +— 9 nfCFCA — T fCFCA +— 9 nfCF
30400 164144 6 (3424 5 200672
CF CA ”lf CF) N <7 nf A T f CF CA
3104 ;
. T niCr —= (1261 +42056C2)CF + (4967 +4212§2)nch

(101897 T34485)nf CF + o= (191519— 1301228,) n,CECa
> (458999 +12744,)Ch — 2 (542135 —183428,) n,Cr C3
+4(5905— 13404¢,)CEC? + (11939+ 102024¢,) C2 Cy (5.31)
-3 8 (22553 -9334L,)Cr C} — ﬁ 0 (46153 —35208C,) nfcg) } +O(NTYY,

where the non-singlet contributions can be found in eqs. (4.8) and (4.9).
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6 Summary and outlook

We have presented a comprehensive study of high-energy double logarithms appearing at the n-th
order in perturbation theory in the splitting functions for the evolution of the parton distribution
functions and in the coefficient functions of inclusive deep-inelastic scattering. These have the
structure (xgxplnz”’"oka, where p > 0 in gauge-boson—exchange DIS, and the parameter n
depends on the quantity under consideration. k denotes the logarithmic accuracy: k = 0 provides
the leading-logarithmic (LL) terms, k = 1 the next-to-leading logarithmic (NLL) contributions etc.

For the flavour non-singlet quantities, the dominant contributions start at p = 0 with an offset
of ny = 2 for the splitting functions P* and the coefficient function C Li, and of ny, = 1 for the
coefficient functions C2jE and C3i. The structure of the unfactorized n-th order partonic structure
functions in dimensional regularization has been employed to perform a NNLL resummation of
these small-x logarithms to all orders in full QCD for the splitting function P and the coefficient
functions C2+ , C3+ and CLJr ; the former can be expressed in terms of modified Bessel functions.
Using, in addition, the known structure of the singular terms for P in Mellin N-space as N — 0,
the all-order resummation of the leading Inx terms has been pushed up to N’LL accuracy in the
large-n. limit, where the functions P+ and P~ coincide. For the coefficient functions C2+ and C3+
the large-n. resummation has been extended to N®LL accuracy. In all cases, explicit fixed-order
expansions up to the fifth order in perturbation theory have been presented for future reference.

In the flavour-singlet sector of standard DIS, the dominant small-x contributions at the n-th
order are proportional to one inverse power of x enhanced by single logarithms, i.e., the splitting
functions Pjx and the singlet coefficient functions C, and Cr, at n loops are of the form x n"x
with m = 1,..., n —n{, in the small-x limit. Our study has not added any new information on
these terms or their all-order resummation, which is a long-standing and prominent, yet in its
full generality still open problem in QCD. Instead, we have considered the double logarithms
appearing with powers x? for even p > 0, which correspond to expansions in Mellin N-space
around (N + p) = 0. In these cases, we can again use dimensional regularization and exploit the
structure of the unfactorized partonic structure functions at the n-th order in perturbation theory.
We have presented NNLL small-x (p = 0) predictions up to five loops in full QCD. We can compute
order-by-order to a very high power of 0 in this framework, but we have not been able to find an
all-order form which generates these results beyond the leading logarithms.

The results, certainly in the singlet sector, are not of immediate phenomenological relevance
in DIS. However, they elucidate the analytic structure underlying the expressions at fixed order in
perturbation theory. In addition, they provide important information for complete analytic com-
putations of those quantities. In this regard, the results for the non-singlet splitting functions have
already been used in the determination of the all-N expression of the large-n,. non-singlet splitting
function at four loops, based on a limited number of Mellin moments together with constraints
on its endpoint behaviour and its the functional form. This application also allowed for important
independent checks on the methods employed in the present article for the study of the high-energy
(single and) double logarithms, and in turn provided input coefficients for the N>LL resummations.
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While the intriguing structures of the resummations performed contribute to a much improved
theoretical understanding, the chosen approach has also clear limitations. Most notably the leading
p = 0 contributions to the non-singlet splitting function P~ and the main v+V charged-current
structure function F3 are not accessible beyond the large-n, limit. Progress in this direction will
require new methods in addition to those developed and considered here. The closed-form all-
order resummation of the small-x double logarithms in the singlet sector remains an open problem,
pending the identification of the proper set of functions, which complement the modified Bessel
functions found to suffice in the non-singlet sector. Finally, the systematic study of DIS with an
exchanged scalar and the implications for the flavour-singlet coefficient functions is a subject we
have touched upon only briefly, with a few results presented in the appendix. These issues deserve
further thorough investigation, which we leave for the future.

An ancillary files with our results in FORM format is available from http://arXiv.org.
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Appendix A: expansions about N = 0 to order o

Here we present the expansions of the fixed-order results used for the resummation of the x°In¥x
contributions to the even-N based splitting and coefficient functions. The N"LL predictions are
fixed by the corresponding N"LO results, hence only the N~* coefficients of the fourth-order split-
ting functions P are missing for the N°LL resummation of F», F3 and Fy. In view of a future
determination of these quantities, the results below are given at N’LL accuracy.

The corresponding expressions for the LO, NLO and N*LO non-singlet splitting functions read
ptr©) _ CF{ZN_l + 14 [2—4¢,|N — [2—4§3]N2} + OV,
) 5 2, (20 22 4
P = CF{4CFN + (4CF —2Po) N +<?CA—[4+8QZ]CF+?BO)N
17 19 29
+ (=[5 28| a5 +168] cr =T Bo) b+ oV,
pt@ — CF{16C£N—5 + (24CE—12CrBo) N~ — (60§2c§ - [? + 192@2] CrCa
64 _
— [8—208L,]C? — 3 CrBo— ZB§>N S+ ([14+48Cz] Ci
38 22
+[30+1928, +96¢;]CZ — [—?4—216@24-48@3} CACF—?B(%
50 44 _ _
—[3 = 128,] Cao— % CrBo)N 2} + OV ). (A1)
The input coefficient functions for ﬁz in eq. (2.7) in Laurent expansions analogous to eq. (2.22) are
e M = Cr{aN TN < [5420,] — [4- 58, + 285N |+ OV,
7
C2+(l,l) _ CF{ AN —3NT2H [543, N —[10— EQZ]} +O(NY),
_ _ _ 9 14 _
P = GNN[5S 13LIN 2110 S L+ S GV o),
¢; @ = Cr{10CEN 4 (=5Bo+ 18CK)N ™ +(10C4 — [17+248,]Cr +6Bo)N 2
3 119 89 _
H(B-smesnar [ g o (5 -se] )}
+O(N%),
+(2,1) _5 4 70 32 3
C, = CF{ —26CpN >+ (1380 —50CF)N " + ([47+68C2]CF - ?CA - ?BO>N
+ ([34+2485] €y — (49— 54, + 1283] Cr + [10— 14, Bo )N 2 |

+O(NY),

182

3
2 2, 4650 5 —4

— 1200,CF — [30+ 5240,]CE + B3 + 5CFBO>N

260

c; (30) _ CF{6OC§N’6 + (_ CrBo+ 134C,%>N*5 + ([? + 384@2} CrCy
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1315 266 580

+<[£+80§2} CA+[ —Cz] CrBo— [7—24@} CaBo

S LT §3} CE+ [ 5 3840, — 1288, ] CaCr
—&BO)N_ }+O(N— ). (A2)

The corresponding expansion coefficients for the longitudinal structure function are given by

0 CF{4N°—4N+4N2}+O(N3>,
e M = Cr{aN0— 4 4G, N |+ o),
e " = Crl8 20N+ O(N),
4
o ®0 = CF{SCFN*2+(12CF—4Bo)N’1+(goCA—[74+8Cz]CF+§BO)NO}
+O(N),
v . . 40 500\
¢, — CF{—SCFN + (4Bo —4Cr)N +([70+20C2]CF_§CA_§BO)N }
+O(NY),
o B0 = CF{4OC,%N—4 + (64C2 —36CrBo)N > + ([@ + 384C2} CrCa —1200,C4
112
[168+416C2]CF+—CF[30+8B0) }+O(N_ ), (A.3)

and the input coefficient functions for the even-N based F; read

00 = CF{ZN_Z-I-N_I—[7+2C2]—[2—5C2+2C3]N}+O(N2)a
R S L [14—%§2}}+O(N),
1 = Cp{aN T N -1+ N2 [0 - S N o),
o @0 = CF{IOCFN + (10CF —5B0)N "> + (10C4 — [33 4 24L,]Cr + 10Bo)N >
+<[ —|—4C2+56§3} CF—[Q—HZCJ CA—[?—I—“Cz} BO> }
+O(N),
F@n CF{ —26CrN > + (1389 — 26CF)N~* + ([71 +68C,]Cr — Z—OCA - ?BO>N_3
+ (I54+2485]Ca — [120- 8, + 128L5]Cp + 25— 14, B ) N2}
+O(N),
e = cr{60CAN O+ (90C7 - @CFB NS+ ([260 384, | CrCa — 1200,CF

143 112
— [142 4 5248,]CA 430 Bo + —CFBo)N + ([— + 140@2} Ci
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— [g — —14338 Cr— —12392 §3} Clg - [627—70 +576C, + 128@3} CaCF

+ [+ 200, CrBo— [ 257 248, cao - 220 B3 ) V)
+O(N2). (A.4)

Next we present the input quantities for the singlet cases. The ‘diagonal’ quantities can be
separated into non-singlet and pure-singlet pieces. The quark cases in the following expressions
are written in terms of the non-singlet parts presented above. Here we present the input expressions
only to N°LL accuracy. The singlet splitting functions, expanded about N = 0 are given by

P ég) — pt0

P = pt® +nfcp{ _gN3 _4N"2_gN"! } +O(NY),

)

P = pt® +nfcp{(64cA —64Cr NS + (%CA _24Cy — ?nf) N4

+ ([? + 8@2} Ca— [160 — 96L,]Cr + %nf)N”} +O(N?),

Pl = n{an"' 2438} 4+ oV,

PR = np{(4Ckr —8CA)N> = (6Cr +4C4)N > + ([28 — 8L,]Cr — 8CA)N’1} +O(NY),

2) _

=

(64C3 —32CACF + 16C# — 32Crns)N >

56 ., 44 , 16 152 »

1724 1171 64
+([F5 — 126, c3 — [F5 — 968, Cacr + (89— 56L,]CE + 5 Cany
1370

-3 -2
— 5 Cong )N p 0N ),
PY = Cp{—an"t—2-6N}+ 0N,
Py = Cr{(16C4—8CrIN "+ (16C, —8Cr)N
128 332 . .
+ (14CF - [T - 16§2] CA)N } + O,
Pg = C { (—128C3 +64C4Cr — 32CF + 64Cpn; )N~

+ (- B2+ crey — a8 - Zcuny - D cpng )N

3
280 2446 992
+ (=[5 1048, G - Z50CuCr + [42+48L,)CE — % Cany
2380 . .
+ =5 Crng )N L+ O(N ),
5 2
PY = —acN T+ (gcA - gnf> —[74+4L,]CaN + O(N?)

1 - 4 8 -
Pl = (167~ 8Crn )N~ + (5CF +5Cany + 12Cen )N 2
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+ ([ +165,] G + 2 Cany — 32Cen )N+ 0N,
PQ = (—128C3 +128CrCany — 3zc£nf)N—5
+ (= 1663 — 323, — Z2CaCrny +24CHn; + L Con? )N~

+ (- [ + 1608, CA [208 + 24@2] Cony + [35 P 1960, | CaCrny
— 120 — 32¢,]C7ny — CAnf 4! CF f)N_3 +ON?). (A.5)
The corresponding expansion coefficients of the D—dlmensmnal coefficient functions for F; are
) =g, 1=012),
¥ = 0 +nfcp{ _20N4—2N"3 —[56— 16C2]N’2} +ONY
) = OV {saNTS £ 2N 4 [160 - S6L, IV b+ o)
¥ = +nfcp{240 —crN 0+ (B0 - B er - 2 )N
n ([ R =200 ea-[572- B2 cr + 120 )4}
o3 (A6)

and

AL = nf{zN*Z—zN”+[6—2C2]}+O<N>,

o) = n{ —2N T2 - 635N+ OY),

({12 _ nf{ZN_4—2N_3+[6—3C2]N_2}+O(N_1)’

cf’o) = nf{ (10CF —20C4)N~* — (2C4 +3Cr)N > + ([~58 4+ 84,]Ca
16~ 165,]CrIN 2} + O(N ),

2D = nf{<sch—26cF)N*5+(2CA+3CF)N*4+([166—32C210A
~ 20— 445,]Cr N} + OV D),

3.0 -
B30 nf{(240C/§ — 120CFCy +60C§ - 120CF"f)N ‘

28
146 163 1636
+ (03— 120 CrCa+ 5 CF = S Cany + 1o Cn )N
27338 4589 656 178 524
+([ 27 _56C2]CA+[_ 27 CZ]CFC“L[T_ 3 C}CF
532 778 . .
+ o Canp + | - +88C2]Cpnf)N o). (A7)

The input coefficients Co.i for F¢, which provides the resummation of Pye and Py, are given by

1,0 _ _
chi = Cr{ 4N —aNT! 4 [5+40) - O().
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(L) _ CF{4N*3+4N*2+[1—6CZ]N*1}+O(N0),

€q =
Cq()qu) _ CF{ AN"*ANT3 160, ]Nfz} +Oo(NTY),
eo) = Cr{(40Cs —200p)N "+ (S2eu —28Cr — 2 )N
+([16— 165,]Ca + [21+325,]Cr + 120N "2} + O 1),
e = { —104C + 52CF)N ™5 + (—328C4 +76Cr +32n, )N~
([~ B8 800, ] €~ 25+ 1048500k — 20n )N3} +ON ),
30 = CF{(—48OCA +240CFCy — 120C7 4 240Cn, )N~
+ (- 2%+ B0 cres 22407 + B2 Cang — 2 Cong )N
+([- % + 208@4 i+ [ 23 - 20 crea+ [+ 3280, ¢
+ 22 Canp 4 [F520 1768, Crnp — 3202 )N} + OV ) (A8)
and
e = —acN2 - (233CA _ %nf)N + ([ﬁ +4¢,]Ca - %6nf) +O(N),
e = acN 34 <?CA - gnf>N* n ([ o 6L cat %%)N +O(NY),
b = e+ (— 23—3€A v gnf>N*3 v ( [ n 6C2] Ca— —nf>N*2 +OoN Y,

co) = (40C} ~20CEn N4+ (78C3 — 4Can; + 14Cen )N+ (P22C2 - 2y,

8 o\ )
+[ =34+ 164,)Crny + 5nJ%)N 210N,

egs) = (~104C3 +52Cen N+ i+ S - 30Ckn; )N~
+([- 2 +328) g + ﬁCAnﬁ 94— 56cz]anf = —nf>N + o),
Cq(:go) = _120<4CA _Can(4CA—CF>)N_ -l-( 10OOOCA + == 9 fCA + 3140CFCAnf
+ 50, C =20 )N 4 (- [ 42248, R+ [ — 480, n G
floe22 _ 256C2} CrCa 162 616C [ G2~ 2 acy s 32,
+O(N3). (A9)

Finally the input coefficients of ¢; , and ¢ o Tead

q

ol =", 1=01,2),

o) = o™ )+nfCF{—16N +<%+16C2>}+O(N),
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& = O +nch{(160cA —160CF)N "4 + (426@, 16Cy — ?n f> N3
400 512 5
+([%2 - 1128, ] €a — 180—256L,0Cr + 2 7n )N 2}

+Oo(N"h). (A.10)

0 = nf{4—6N+7N2}—|—O(N3),
ey = np{8—[12-4L N} + o),
ety = n{l16-28,]} + o),
el = np{ = (16Cs —8CF)N >~ 8CrN ™"+ ([164 160,]Ca — [4+8L,]Cr) b + O(N)
e = nf{ (16C4 — 8Cr)N~3 — (32C4 — 16CF)N 2
+([72 - 404,)Cs — [12-206,]CIN " |+ O(N®),
e = n{(160C3 —80CrCy +40CE - 80npr)N 4

+ (3 20rCa—20CE + 0 o+ 2o Cr )N

n ([@ _ 120§2] 2t [@ ¥ 144§2] CrCa — [16+96,]C7

+@,1ch [ﬂ_mgz]nfc}p)N* }+O(N’ ). (A.11)

Appendix B: hypergeometric functions for the non-singlet coef-
ficient functions

The hypergeometric functions relevant for the non-singlet x-space coefficient functions are

1 —m/4
N—17, 1 (ﬂ 5 3. 21) _ ( _4_“> _
ma/odxx lnxle 4+1,2,2,alnx 1 N 1,

1 —m/4
ma/o dxx 1F2<4 1,2,2,aln 9 Nq (1 N2 1z,

1 —m/4
m(m—|-4)a2/ dxxN*lln1 1F2<T+2;3,§;a1n21) = N2{<1—4—a> —1—@}
0 X 4 X N2

2 N?
(B.1)

witha = 2Cras.
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Appendix C: leading-logarithmic coefficient functions for Fj

In this final appendix, we present some analytic results for the scalar-exchange coefficient functions
Co,q and Cy,. Using the decomposition

Cog(N) = Cy (N)+Cy,(N) (C.1)

which is analogous to that of the gluon-gluon splitting function in the second line of eq. (5.1), the
Fy counterparts of the LL expressions (5.18) — (5.21) for C; and C; are given by

n —4Cy)"
¢, ") = (N#A)@n, (C2)
ps (n) o LI i+ 14k i1~k p (KT (P4
Cog ((N) = Dys Y Y (-2) (nsCr)™'CxCP o], (C3)
’ N = =0 k P
and
(n) 2n+1 LnT71J n—1-2i ) ) , k+l 8/+l
i=0 k=0

where & and p’ have been given below eq. (5.21).

Unlike the splitting functions and coefficient functions for F, and Fj, the coefficient functions
for ¢p-exchange DIS exhibit double logarithms also in BFKL-limit, i.e., they include contributions
of the form o/ x ~'In 2n=ny—k x'We have considered these in what might be called ‘extended quan-
tum gluodynamics’ (eQGD), i.e., QCD in the limit Cr = 0, and found an analogue to eq. (2.16) for
the expansion about N = 1 which generates the resummation of these double logarithms.

In terms of
$" = (1-4&")"" with & = Caa,/N° where N=N—1, (C5)

the resummed coefficient function, including the finite NNLL contributions at O(as), is found to be

CoM)le, o = (8" — 1)+ﬁﬁ{44cf,(s“— 1)+ (3Bo—22C4) (8"~ 1) = 3Bo(5" ~ 1) }

1 653

+EaS{CA (5[30+4CA[1 —3§2]) +C (CA [? - 12§2] —Bo) (8" —1)

+Cy (? By —Ca [? + 12@2} ) (s~ 1)

121 3
"‘(T Ci—22CsBo+ 2 B(%) (s —1)

(35 Ca—3Bo) (8"~ 1) + 1 B(S™ ~ 1)} ()

where the two terms in the first line provide the LL and NLL contributions, and the remaining
four lines the NNLL result. This resummation does, of course, also return the corresponding x !
double-logarithms in ng| Cr—0- These are found to vanish, as they have to, see refs. [51-53].
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