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Abstract
As a crucial step towards the completion of the fourth post-Newtonian (4PN)
gravitational-wave generation from compact binary systems, we obtain the
expressions of the so-called ‘canonical’ multipole moments of the source in
terms of the ‘source’ and ‘gauge’ moments. The canonical moments describe
the propagation of gravitational waves outside the source’s near zone, while the
source and gauge moments encode explicit information about the matter source.
Those two descriptions, in terms of two sets of canonical moments or in terms of
six sets of source and gauge moments, are isometric. We thus construct the non-
linear diffeomorphism between them up to the third post-Minkowskian order,
and we exhibit the concrete expression of the canonical mass-type quadrupole
moment at the 4PN order. This computation is one of the last missing pieces for
the determination of the gravitational-wave phasing of compact binary systems
at 4PN order.
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1. Overview and result

Establishing accurate gravitational wave (GW) templates is crucial for modern astronomy, as
those constitute critical material for the signal analysis of ground-based detectors and, in the
future, airborne ones [1–3]. A major technique is the post-Newtonian (PN) approximation,
which allows depicting the inspiralling phase of compact binaries, and constitutes the basis for
effective phenomenological methods such as effective-one-body or inspiral-merger-ringdown,
able to describe the late inspiral and merger phases (see [4–7]).

Crucial to building PN waveforms is the knowledge of the mass-type quadrupole moment at
a high accuracy level. Such quantity has been computed, in the case of non-spinning compact
binaries, at the increasingly high 1PN [8, 9], 2PN [10–13], 3PN [14–17] and finally fourth
post-Newtonian (4PN) [18–20] orders. Similarly, the mass octupole and current quadrupole
have been computed up to 3PN order [21, 22].

At the 4PN order, the mass quadrupole moment has been regularized by means of dimen-
sional regularization, and both UV and IR divergences have been properly renormalized
[19, 20]. An interesting feature of this 4PN accuracy is the non-locality in time which appears
in the near-zone quantities, due to the conservative GW tail effect, i.e. the backscattering of
the radiation onto the static space-time curvature generated by the source.

Importantly, the previous computations concern the source-type moments, either mass
moments IL or current ones JL (where L = i1 . . . i� involves � spatial indices). The source
moments are directly connected to the matter distribution in the source, being known as explicit
closed form integrals over the matter plus gravitation pseudo stress–energy tensor. However,
when considering GWs emitted by the source, it is more convenient to use a different set of
multipole moments called canonical and denoted ML and SL. The canonical moments ML and
SL are directly associated with the two usual polarization states of GR, which are the two
physical degrees of freedom in the GW propagation.

The goal of the present paper is to connect the canonical moments {ML, SL} to the source
moments {IL, JL} and to four additional gauge moments {WL, XL, YL, ZL}, which parametrize
a linear gauge transformation performed in the external part of the source’s near zone. We refer
to [23–25] for discussions and details about the matching procedure we employ to link the near
zone to the external zone.

It is important to emphasize that the two descriptions in terms of canonical moments
{ML, SL} or in terms of source and gauge moments {IL, JL, WL, XL, YL, ZL} are physically
equivalent, i.e. describe the same physical matter source if and only if the canonical moments
are related in a precise way to the source and gauge moments up to arbitrary high orders [23].
Hence there is a coordinate transformation linking the two descriptions of the same source,
which is a non-linear deformation of the linear gauge transformation parametrized by the gauge
moments {WL, XL, YL, ZL}.

In this paper, we complete a missing step towards the knowledge of the 4PN orbital phasing
for compact binary inspiral by obtaining the relation between the canonical mass quadrupole
moment Mi j and the corresponding source one Ii j at the 4PN order. Such relation was known
previously at the leading 2.5PN order [23] and at the next-to-leading 3.5PN order [25]. Up
to the 3.5PN order, the correction terms in the canonical quadrupole are quadratic in the
multipole moments; the cubic corrections start at 4PN, and are thus the aim of the present com-
putation. Let us recapitulate the complete result for the canonical quadrupole moment up to
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the 4PN order4
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Here M is the constant (ADM) total mass, Wi j and Yi j for instance denote the quadrupoles
associated with the series of gauge moments WL and YL, W and Wi are the monopole and
dipole of WL, and so on. All those quantities are evaluated at time t except when specified
otherwise. In addition, the source is considered to be stationary in the remote past so that all
time derivatives of the moments vanish before some instant −T . This means in particular that
the hereditary integrals are well defined. The expression (1.1) is valid in the center-of-mass
frame, for which the mass dipole moment Ii vanishes. The 4PN cubic terms are new with this
paper, which extends the previously computed 3.5PN quadratic relation [23, 25, 30]. Note
that the analogous relations for the mass octupole and current quadrupole moments (currently
known only at the leading 2.5PN order) do not receive 3PN corrections and can be found
in [25].

Interestingly, the relation between the canonical and source/gauge moments is not local, as
clear from the 4PN tail integrals appearing in the last line of (1.1). The associated scale r0 is
unphysical and should naturally disappear from any physical results, such as the 4PN flux. This
will be a stringent test for our computation, which will however have to wait for the complete
calculation of the 4PN radiative-type moment, directly observable at future null infinity. Notice
however that the tail terms in (1.1) will be zero in the case of circular orbits; see equation (5.7)
in [30].

Another worthy remark is that the subtleties arising from the use of an IR dimensional
regularization scheme for the mass quadrupole have been completely tackled and solved in

4 Hereafter, we denote with a capital letter L a multi-index with � indices, e.g. IL = Ii1 i2 ...i� , with angular brackets the

STF projection, e.g. Wa〈iI j〉a ≡ STFi j[WaiI ja]; we systematically use STF harmonics [26–29]; in the spirit of [22], we
use the shorthands Ji|L ≡ εii�aJaL−1 and Zi|L ≡ εii�aZaL−1 for current type moments; the superscript (n) denotes n time
derivatives; (−)n stands for (−1)n and c is the speed of light and G the gravitational constant.
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[19, 20]. We can thus safely perform the computation in three dimensions, using the standard
Hadamard regularization scheme.

Finally, after the result (1.1), only one last step remains before getting the 4PN mass
quadrupole: the three-dimensional computation of cubic non-linear terms called ‘tails-of-
memory’, entering the relation between the radiative quadrupole moment and the canonical
one at 4PN order. This is left to future work.

The plan of this paper is as follows. After reminders about the multipolar-post-Minkowskian
(MPM) formalism in section 2, we describe the general method for relating the canonical
moments to the source and gauge moments up to any post-Minkowskian (PM) order in section 3
(extending earlier works in [23, 25]). Finally section 4 is devoted to the practical implemen-
tation that led to the result (1.1), together with required formulas for retarded integrals of
non-linear source terms. The essential, but technical, near-zone expansion of tail integrals is
presented in details in appendix A. The verification of our main result (1.1) via an alternative
procedure is relegated in appendix B.

2. The multipolar-post-Minkowskian expansion

The MPM formalism [29, 31–33] obtains the general solution of the Einstein field equations
outside a matter source in the form of a PM expansion, with each PM coefficient expanded
as a formal multipolar series. The gothic metric deviation from the Minkowski metric,
hμν ≡ √−g gμν − ημν where gμν is the inverse of the usual covariant metric, ημν , that of the
Minkowski metric, and g ≡ det(gμν), obeys the Einstein’s vacuum field equations in harmonic
coordinates,

�hμν = Λμν[h, ∂h, ∂2h], (2.1a)

∂νhμν = 0. (2.1b)

Here � is the flat d’Alembertian operator and the gravitational source term Λμν is at least
quadratic in h and its first and second partial derivatives. In this paper, we will reason to any
PM order for the general method, but in practical computations, as we are interested in the
3PM interaction, we will only use the leading quadratic∼ h∂2h + ∂h∂h and sub-leading cubic
∼ h∂h∂h pieces in the source term.

2.1. The generic MPM algorithm

The ‘generic’ non-linear MPM solution of the field equations is searched in the form of a non-
linear expansion in the field perturbation, labeled by the gravitational constant G. Formally, it
may be represented to arbitrary high orders by the asymptotic series:

hμν
gen =

+∞∑
n=1

Gnhμν
gen n. (2.2)

The starting point is the most general solution of the linearized Einstein’s vacuum equations
in harmonic coordinates, �hμν

gen 1 = ∂νhμν
gen 1 = 0, which can be written in terms of six sets of

symmetric-trace-free (STF) multipole moments {IL, JL, WL, XL, YL, ZL}, dispatched between
a simpler linear solution called ‘canonical’, and a linear gauge transformation, as

hμν
gen 1 = hμν

can 1 + ∂ϕμν
1 . (2.3)
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We employ the shorthand notation ∂ϕμν
1 ≡ ∂μϕν

1 + ∂νϕμ
1 − ημν ∂ρϕ

ρ
1 for the linear gauge

transformation. Denoting functionals of multipole moments by means of capital calligraphic
letters, the functional dependence of the two terms in (2.3) are

hμν
can 1 = Hμν

can 1[IL, JL], (2.4a)

∂ϕμν
1 = ∂Φμν

1 [WL, XL, YL, ZL]. (2.4b)

For obvious reasons, the moments {IL, JL} (mass-type IL and current-type JL) are called the
source moments while the moments {WL, XL, YL, ZL} are the gauge moments. The linear
canonical solution, evaluated at field point x and at time t, reads explicitly [27–29, 34]
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where r = |x| represents the radial distance to the origin located in the source. From the har-
monic coordinate condition ∂νhμν

can 1 = 0, the mass monopole I and current dipole Ji must be
constant, while the mass dipole Ii is varying linearly with time. In applications, we choose
a center-of-mass frame for which Ii = 05. With these exceptions, the moments are arbitrary
functions of time encoding the properties of the source. The linearized gauge vector is
defined by
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The gauge moments {WL, XL, YL, ZL} are arbitrary functions of time without restriction.
The MPM construction is defined by induction on the PM order n [29]. Suppose that for

some given n � 2, one has obtained the first n − 1 PM coefficients hμν
gen m, ∀ m � n − 1. Then,

the next order coefficient hμν
gen n is constructed as follows. It satisfies

�hμν
gen n = Λμν

gen n ≡ Λμν
n

[
hgen 1, . . . , hgen n−1

]
, (2.7a)

∂νhμν
gen n = 0, (2.7b)

5 Note that the mass dipole Ii is defined here in an ADM sense and, as such, includes both matter and gravitational
contributions. Thus the displacement of the center-of-mass due to gravitational radiation, which concerns the matter
system and begins at the 3.5PN order (see e.g. [35]), is already included in Ii and is compensated by the contribution
of radiation.
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where the source term Λμν
gen n, being at least quadratic in h, depends only on the previous

iterations as indicated. We first construct a particular retarded solution of the wave equation
�hμν

gen n = Λμν
gen n as

uμν
gen n ≡ FP

B=0
�−1

ret

[(
r
r0

)B

Λμν
gen n

]
, (2.8)

where �−1
ret denotes the usual retarded inverse d’Alembertian operator, and the symbol FPB=0

refers to a specific operation of taking the finite part (FP) in the Laurent expansion when the
complex parameter B tends to zero. This FP involves the multiplication of the source term by
the regularization factor (r/r0)B, where we introduce an arbitrary constant length scale r0. Such
FP operation is required for dealing with source terms made with multipolar expansions like
in (2.5) that are singular at the origin r = 0. More generally, the regularized retarded integral
operator FP�−1

ret ≡ FP
B=0

�−1
ret (r/r0)B is well defined when acting on a source term admitting an

expansion when r → 0 of the form, for any N ∈ N,

f (x, t) =
+∞∑
�=0

N∑
a=amin

pmax∑
p=0

f L
a(t) n̂L ra lnp r + o(rN), (2.9)

where n̂L = STF[ni1ni2 . . . ni�], with ni = xi/r, is the STF spherical harmonics of order �, while
the sum boundaries amin and pmax are integers (depending on the PM order n). For any function
in the class (2.9), we have �[FP�−1

ret f ] = f . In the end of the recursive process, the structure
(2.9) turns out to be proved by induction.

Because of the regularization scheme, the object uμν
gen n does not satisfy the harmonic gauge

condition, but a simple calculation using the fact that the source term is divergenceless,
∂νΛ

μν
gen n = 0, gives

wμ
gen n ≡ ∂νuμν

gen n = FP
B=0

�−1
ret

[
B

(
r
r0

)B ni

r
Λμi

gen n

]
. (2.10)

Due to the explicit factor B, this term is non zero only when the integral generates a pole∝ 1/B
in the Laurent expansion as B → 0. In turn, the pole arises only from the singular behaviour of
the source term as r → 0, which is of the type (2.9). Furthermore, the coefficient of the pole
is necessarily a homogeneous retarded solution of the wave equation, since the source term
has no pole, hence �wμ

gen n = 0. At this stage, we apply the MPM ‘harmonicity’ algorithm to
construct from wμ

gen n another homogeneous retarded solution, say

vμνgen n ≡ Vμν
[
wgen n

]
, (2.11)

satisfying ∂μv
μν
gen n = −wμ

gen n, together with �vμνgen n = 0. The formulas specifying the above
harmonicity algorithm wμ →Vμν[w] are given by e.g. equations (2.11) and (2.12) in [33].
Finally, the metric at the PM order n, now satisfying the full Einstein vacuum equations in
harmonic coordinates at the PM order n, is naturally defined as

hμν
gen n = uμν

gen n + vμνgen n. (2.12)

This construction yields the most general solution hμν
gen of the Einstein field equations in

the vacuum region external to any isolated matter system [29]. It is obtained in the form of a
functional of six sets of multipole moments,

6
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hμν
gen =

+∞∑
n=1

Gnhμν
gen n = Hμν

gen[IL, JL, WL, XL, YL, ZL]. (2.13)

2.2. The canonical MPM algorithm

However, we also know that the general field of an isolated system in GR can be described
by two and only two sets of STF multipole moments, which we call the ‘canonical’ moments
and denote {ML, SL}. Notably, these moments describe the GW propagation far away from the
source, and they parametrize the two GW tensorial modes of GR [29]. The description of the
external field of the source in terms of {ML, SL} starts at linear order just by the canonical metric
(2.5) instead of the generic metric (2.3), but, in this different set up, the linear approximation
is parametrized by the canonical moments ML and SL:

hμν
can 1 = Hμν

can 1[ML, SL]. (2.14)

The canonical MPM algorithm proceeds then by induction over the PM order n � 2 exactly in
the same way as before, i.e. following the synthetic steps

uμν
can n = FP

B=0
�−1

ret

[(
r
r0

)B

Λμν
can n

]

wμ
can n = ∂νuμν

can n = FP
B=0

�−1
ret

[
B

(
r
r0

)B ni

r
Λμi

can n

]

vμνcan n = Vμν[wcan n]

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

=⇒ hμν
can n = uμν

can n + vμνcan n. (2.15)

This results in a full non-linear metric, which is a functional of the canonical moments only,
and represents as well the most general solution of the Einstein field equations outside the
source:

hμν
can =

+∞∑
n=1

Gnhμν
can n = Hμν

can[ML, SL]. (2.16)

The next section presents the general method to obtain the relationships linking the canonical
moments {ML, SL} to the set of source and gauge moments {IL, JL, . . . , ZL}, valid in principle
to any PM order. We thus apply this general method to the practical case of cubic interaction
to derive the 4PN relation (1.1).

3. Relation between canonical and source/gauge moments

3.1. General method

In section 2, we constructed two full non-linear MPM solutions, equations (2.2) and (2.16),
which both represent the most general solution of the Einstein field equations in the vacuum
region outside the source. Requiring that these two metrics describe the exterior field of the
same physical system, we now impose that they are physically equivalent, i.e., just differ by
a coordinate transformation. This implies unique relations between the canonical moments
{ML, SL} and the source and gauge moments {IL, JL, WL, XL, YL, ZL}, which can be viewed as
two physically equivalent sets of moments for describing the source as seen from its exterior.

7



Class. Quantum Grav. 39 (2022) 195003 L Blanchet et al

We thus look for a coordinate transformation xμ → x′μ such that

hμν
gen(x′) =

1
|J|

∂x′μ

∂xρ
∂x′ν

∂xσ
(
hρσ

can(x) + ηρσ
)
− ημν , (3.1)

where J ≡ det(∂x′/∂x) is the Jacobian of the transformation. Equation (3.1) immediately fol-
lows from the definition hμν =

√−g gμν − ημν and the law of transformation of tensors [36].
Introducing a coordinate shift ϕμ such that x′μ = xμ + ϕμ(x), we can rewrite the statement
(3.1), using the non-linear correction δϕhμν

can(x) to the metric hμν
can(x) induced by the shift, as

hμν
gen(x) = hμν

can(x) + δϕhμν
can(x). (3.2)

It is implicit that we work perturbatively in both the vector ϕλ and the metric hλρ
can, so that

we have for instance hμν
gen(x′) =

∑
n�0 ϕ

λ1 . . . ϕλn∂λ1 . . . ∂λn hμν
gen(x)/n!. To linear order, the

correction reduces to ∂ϕμν = ∂μϕν + ∂νϕμ − ημν ∂ρϕ
ρ. Let us then pose, to any order,

δϕhμν
can = ∂ϕμν +Ωμν[ϕ, hcan], (3.3)

where Ωμν denotes a functional of ϕλ and hλρ
can, as well as their derivatives, which is at least

quadratic and can be computed perturbatively up to any order using equation (3.1). The har-
monic gauge condition satisfied by both metrics hμν

gen and hμν
can implies that (as a consequence

of the identity ∂ν∂ϕ
μν = �ϕμ)

�ϕμ + ∂νΩ
μν = 0. (3.4)

Let us now look for the coordinate shift in the form of a full PM expansion series

ϕμ =

+∞∑
n=1

Gnϕμ
n , (3.5)

and, conjointly, for the relations between the canonical moments and the source/gauge
moments in the same PM form

ML =

+∞∑
n=1

Gn−1Mn L, SL =

+∞∑
n=1

Gn−1Sn L. (3.6)

Here Mn L and Sn L denote some nth non-linear functionals of the six types of source and gauge
moments IK, . . . , ZK (with, say, K = i1 . . . ik), which are to be determined:

Mn L = Mn L[IK , JK , . . . , ZK], Sn L = Sn L[IK , JK , . . . , ZK]. (3.7)

At linear order, as we have seen with equation (2.3), by definition of the two linear approxi-
mations for the two generic and canonical metrics,

hμν
gen 1 = Hμν

can 1[IL, JL] + ∂ϕμν
1 , (3.8)

where the functional Hμν
can 1 is explicitly given by (2.5) and the gauge vector is parametrized

by the gauge moments {WL, . . . , ZL} (see its expression (2.6)). Equation (3.8) means that the
relation (3.2) is satisfied at leading order provided that (i) ϕμ

1 = Φμ
1 [WL, XL, YL, ZL] and (ii)

the moments {ML, SL} reduce to the source moments {IL, JL} to leading order, i.e.

M1 L = IL, S1 L = JL. (3.9)

8
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Thus, we see that the looked-for coordinate transformation will be a non-linear deformation of
the linear gauge transformation associated with the shift (2.6).

Our recurrence hypothesis will be that all theϕμ
m’s in (3.5) are known up to a given PM order

n − 1, as are the functional relations (3.6) up to the corresponding order. Hence we assume that
we have already determined

ϕμ
�n−1 ≡

n−1∑
m=1

Gmϕμ
m, (3.10a)

M�n−1 L ≡
n−1∑
m=1

Gm−1Mm L[IK , JK , . . . , ZK], (3.10b)

S�n−1 L ≡
n−1∑
m=1

Gm−1Sm L[IK , JK , . . . , ZK], (3.10c)

in such a way that the equations (3.2) and (3.3) hold up to order n − 1. This means that, for all
m � n − 1,

hμν
gen m = hμν

can m + ∂ϕμν
m +Ωμν

m [ϕ1 . . . ϕm−1; hcan 1 . . . hcan m−1]. (3.11)

Recall that Ωμν
m is a non-linear, at least quadratic, functional of the coordinate shift and metric,

and is therefore known following our induction hypothesis. Indeed, using (3.3) and (3.8), we
get Ωμν

1 ≡ 0. Crucial in our hypothesis is the assumption that the canonical metric depends on
the moments so far determined to order n − 1:

hμν
can m ≡ Hμν

can m

[
M�n−1 L, S�n−1 L

]
. (3.12)

3.2. Implementation to nPM order

With our recurrence hypothesis, let us see how to the next PM order ϕμ
n together with the

functionals Mn L and Sn L are uniquely determined. We thus want to find ϕμ
n and Mn L, Sn L

such that

hμν
gen n = hμν

can n + ∂ϕμν
n +Ωμν

n , (3.13)

where hμν
gen n and hμν

can n are defined precisely by the two MPM constructions in section 2, and
hμν

can n is now a functional of M�n L and S�n L. First of all, note that Ωμν
n depends on ϕk and hcan k

for k � n − 1 and is already known by our induction hypothesis. Second, apply the harmonic
coordinate conditions on equation (3.13): this shows that while ϕμ

n is one of our unknowns, its
d’Alembertian Δμ

n ≡ �ϕμ
n is already determined as we have (see equation (3.4))

Δμ
n + ∂νΩ

μν
n = 0. (3.14)

The explicit expressions of Ωμν
n and Δμ

n at quadratic and cubic orders are displayed in
equation (4.2), (4.7) and (4.8). At this stage, we must use the specific definitions of the generic
and canonical metrics defined in section 2. Applying the d’Alembertian operator on (3.13), we
find that the two source terms Λμν

gen n and Λμν
can n are related by

Λμν
gen n = Λμν

can n + ∂Δμν
n + �Ωμν

n . (3.15)

9
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Hence, the particular retarded solutions of the two algorithms, uμν
gen n and uμν

can n, defined respec-
tively in (2.8) and (2.15), satisfy

uμν
gen n = uμν

can n + FP
B=0

�−1
ret

[(
r
r0

)B(
∂Δμν

n + �Ωμν
n

)]
. (3.16)

Next, we introduce a linear-looking gauge transformation with vector defined by the retarded
integral of Δμ

n , as

φμ
n = FP

B=0
�−1

ret

[(
r
r0

)B

Δμ
n

]
. (3.17)

This vector satisfies �φμ
n = Δμ

n but is not yet our looked-for vector ϕμ
n . It a priori differs

from it by an homogeneous retarded solution of the wave equation. Thanks to (3.17) we can
advantageously rewrite (3.16) as

uμν
gen n = uμν

can n + ∂φμν
n +Ωμν

n + Xμν
n + Yμν

n . (3.18)

The last two terms are the most interesting: they come from the non-commutation of the FP
of the retarded integral FP

B=0
�−1

ret with the partial derivative, due to the differentiation of the

regularization factor (r/r0)B therein. They are thus given by

Xμν
n ≡ FP

B=0
�−1

ret

[(
r
r0

)B

�Ωμν
n

]
− Ωμν

n , (3.19a)

Yμν
n ≡ FP

B=0
�−1

ret

[(
r
r0

)B

∂Δμν
n

]
− ∂φμν

n . (3.19b)

Observing that, for the class of multipole-expanded functions f we are concerned with (see
equation (2.9)), the statement �(FP�−1

ret f ) = f is always correct, we see that Xμν
n and Yμν

n

represent the ‘commutators’ of the operators that appear inside the square brackets:

Xμν
n =

[
FP�−1

ret , �
]
Ωμν

n , (3.20a)

Yμν
n =

[
FP�−1

ret , ∂
]
Δμν

n . (3.20b)

Since the differentiation of the regularization factor (r/r0)B produces an extra factor B, the
quantities Xμν

n and Yμν
n will be non-zero only when the integral develops a pole ∼1/B. In that

case, they are necessarily homogeneous (retarded) solutions of the wave equation: �Xμν
n =

�Yμν
n = 0. It is easy to figure out that if Xμν

n and Yμν
n were actually zero, the canonical moments

{ML, SL}would simply agree with their source counterparts {IL, JL}. As a result, the non trivial
relations between those moments entirely follow from the evaluation of the two quantities
Xμν

n and Yμν
n . In our practical calculations, we reshuffle the commutators (3.20) and use the

following expressions, exhibiting the explicit factor B in front:

Xμν
n = FP

B=0
�−1

ret

[
B

(
r
r0

)B(
−B + 1

r2
Ωμν

n − 2
r
∂rΩ

μν
n

)]
, (3.21a)

Yμν
n = FP

B=0
�−1

ret

[
B

(
r
r0

)B ni

r

(
−δiμΔν

n − δiνΔμ
n + ημνΔi

n

)]
. (3.21b)

10
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Next, we carry on the MPM algorithm by computing the divergence of (3.18). With
equation (3.14), we obtain wμ

gen n = wμ
can n + Wμ

n , where we have posed Uμν
n ≡ Xμν

n + Yμν
n and

Wμ
n ≡ ∂νUμν

n . It is in fact necessary and sufficient to apply the harmonicity algorithmVμν only
to the divergence of the sum of the two commutators (3.21). We have

Uμν
n = Xμν

n + Yμν
n

Wμ
n = ∂νUμν

n

Vμν
n = Vμν[Wn]

⎫⎪⎪⎬
⎪⎪⎭ =⇒ hμν

gen n = hμν
can n + ∂φμν

n +Ωμν
n + Uμν

n + Vμν
n . (3.22)

The final step consists in remarking that Hμν
n ≡ Uμν

n + Vμν
n is not only divergenceless by

definition of the harmonicity algorithm Vμν , but that it is also a retarded homogeneous solu-
tion of the wave equation, since both Uμν

n and Vμν
n are separately such. Hence Hμν

n satisfies the
linearized vacuum Einstein field equations, i.e. �Hμν

n = ∂νHμν
n = 0, to which we know the

general solution. Namely, it can be decomposed in a unique way as

Hμν
n = Hμν

can 1[Mn L, Sn L] + ∂ψμν
n , (3.23)

where Hμν
can 1 denotes the linearized functional (2.5) of the moments, but computed with

certain moments Mn L and Sn L, and where ∂ψμν
n is some linear-looking gauge transforma-

tion. The associated gauge ‘vector’ ψμ
n is parametrized in a unique way by some moments

{Wn L, Xn L, Yn L, Zn L}. The vector ψμ
n represents the homogeneous solution to be added to φμ

n

as given by equation (3.17) in order to recover equation (3.13) with the shift

ϕμ
n ≡ φμ

n + ψμ
n . (3.24)

On the other hand, it is clear that {Mn L, Sn L} represent the looked-for corrections to the
moments to the order n. Indeed, by the linearity of the functional Hμν

can 1, the first term in (3.23)
nicely combines with the linearized approximation in our induction hypothesis (3.12) to give

Hμν
can 1

[
M�n−1 L, S�n−1 L

]
+ Gn−1Hμν

can 1[Mn L, Sn L] = Hμν
can 1

[
M�n L, S�n L

]
. (3.25)

Finally, in any of the non-linear approximations in our induction hypothesis, i.e. equation (3.12)
with m � 2, we are entitled to consistently replace the previous set of moments {M�n−1 L,
S�n−1 L} by the more accurate, newly determined set {M�n L, S�n L}, modulo higher-order PM
terms at least of order ∝Gn+1, which we can discard to order n. Hence we have proved that the
nPM contribution to the canonical moments {ML, SL} is determined, as is the nPM piece of the
coordinate shift ϕμ, and our recurrence hypothesis is verified at the next order n. The practical
implementation at quadratic and cubic orders is described in section 4. As a verification, we
have also followed an alternative approach, presented in appendix B.

3.3. Extraction of physical multipole moments

A straightforward procedure permits reading off the expressions of the nth order corrections
to the canonical moments {Mn L, Sn L} from equation (3.23), where the left-hand side Hμν

n =
Uμν

n + Vμν
n follows from the algorithm (3.22). In fact, as we have seen that Uμν

n = Xμν
n + Yμν

n

is a retarded vacuum solution of the wave equation, we can directly, and uniquely, give the

11
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desired moments as functions of the ten sets of retarded STF moments composing Uμν
n . We

thus pose

U00
n =

∑
��0

∂L

[
1
r

AL

(
t − r

c

)]
, (3.26a)

U0i
n =

∑
��0

∂iL

[
1
r

BL

(
t − r

c

)]
+
∑
��1

∂L−1

[
1
r

CiL−1

(
t − r

c

)]
+
∑
��1

∂L

[
1
r

Di|L

(
t − r

c

)]
,

(3.26b)

Ui j
n =

∑
��0

∂i jL

[
1
r

EL

(
t − r

c

)]
+
∑
��0

δi j∂L

[
1
r

FL

(
t − r

c

)]

+
∑
��1

∂L−1(i

[
1
r

G j)L−1

(
t − r

c

)]
+
∑
��1

∂L(i

[
1
r

H j)|L

(
t − r

c

)]

+
∑
��2

∂L−2

[
1
r

Ki jL−2

(
t − r

c

)]
+
∑
��2

∂L−1

[
1
r

L(i| j)L−1

(
t − r

c

)]
, (3.26c)

and follow the steps (3.22), successively computing Wμ
n , Vμν

n and Hμν
n , which is finally put into

the form (3.23) on which we read off the physical moments

Mn L = −c2(−)��!
4

[
AL + 4

B(1)
L

c
+ 3

E(2)
L

c2
+ 3FL + GL

]
, (� � 2) (3.27a)

Sn L =
c3(−)�(�+ 1)!

4�

[
DL +

H(1)
L

2c

]
. (� � 2) (3.27b)

For completeness, we also give the corrections to the gauge moments composing the gauge
vector as ψμ

n :

Wn L =
c3(−)��!

4

[
BL +

E(1)
L

2c

]
, (� � 0) (3.28a)

Xn L = −c4(−)��!
8

EL, (� � 0) (3.28b)

Yn L =
3c4(−)��!

4

[
B(1)

L

c
+

E(2)
L

c2
+ FL +

GL

3

]
, (� � 1) (3.28c)

Zn L = −c4(−)�(�+ 1)!
8�

HL. (� � 1) (3.28d)

4. Practical implementation

Let us apply the previously described procedure to determine the quadratic and cubic cor-
rections M2 i j and M3 i j to the mass-type quadrupole moment Mi j at the 4PN order (see

12
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equation (3.6)). Previous investigations [23, 25] focused on quadratic interactions and deter-
mined the mass quadrupole at leading order 2.5PN and sub-leading order 3.5PN; such correc-
tions are recalled in equation (1.1). However, in order to obtain the 4PN correction, we need to
derive the cubic interactions. A preliminary dimensional analysis shows that at 4PN order and
in the center-of-mass frame (where the mass dipole Ii is vanishing), the only multipole inter-
actions between the source and gauge moments are cubic and necessarily of the three types:

M × M × Wi j, M × M × Yi j, M × Ii j × W, (4.1)

where M is the constant ADM mass, Ii j is the source mass quadrupole moment, and where the
monopole W and the two quadrupoles Wi j and Yi j are gauge moments. Note that out of the
center-of-mass frame, a large number of additional interactions would appear, such as Ii × Ii ×
W, M × Ii × Wi, . . . , but those are not needed in concrete applications.

4.1. Controlling the cubic source terms

The first step towards the practical determination of the cubic couplings is to successively
construct the quadratic and cubic quantities Ωμν

n and Δμ
n that enter equation (3.21) for n = 2, 3.

To quadratic order we have

Ωμν
2 ≡− ∂ρ

[
ϕρ

1

(
hμν

can 1 + ∂ϕμν
1

)]
+ 2∂ρϕ

(μ
1 hν)ρ

can 1 (4.2a)

+ ∂ρϕ(μ
1 ∂ρϕ

ν)
1 +

1
2
ημν

[
∂ρϕ

σ
1∂σϕ

ρ
1 − ∂ρϕ

ρ
1∂σϕ

σ
1

]
,

Δμ
2 ≡− hρσ

can 1 ∂ρσϕ
μ
1 . (4.2b)

This is valid ‘on-shell’, as we have used the facts that �hμν
can 1 = �ϕμ

1 = 0, which hold at linear
order. One can directly verify that (see equation (3.14))

∂νΩ
μν
2 +Δμ

2 = 0. (4.3)

At the linear level, as is clear from equations (2.5) and (2.6), M and Ii j enter hμν
can 1 whereas

W, Wi j and Yi j enter ϕμ
1 . Thus, before tackling the cubic interactions, we naturally require the

knowledge of the complete quadratic interactions M × M, M × Ii j, M × W, etc. The canonical
quadratic metrics hμν

can 1 corresponding to the interactions M × M and M × Ii j can be found in
[32, 37]. The quadratic couplings between source and gauge moments have been computed in
[23, 25]. Notably, this yields (see (3.27a))

M2 i j =
4
c5

[
W(2)Ii j − W(1)I(1)

i j

]
+O

(
1
c7

)
, (4.4)

and we have already given the 3.5PN contribution in (1.1).
What remains to be computed, for insertion into the cubic quantities Ωμν

3 and Δμ
3 , are the

quadratic couplings contributing to the quadratic coordinate shiftϕμ
2 . As we have seen in (3.24),

the shift is composed of two parts: the first one, φμ
2 , has been defined in equation (3.17), and is

computed by the usual techniques (see for instance the appendix A of [33]). The second part,
ψμ

2 , is extracted from (3.23) as quadratic corrections to the four types of gauge moments; the

13
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general result has been provided in equation (3.28). Working out ϕμ
2 = φμ

2 + ψμ
2 for the needed

quadratic interactions M × W, M × Wi j, M × Yi j and Ii j × W, we find

ϕ0
M×W = −16M

c7

∫ +∞

1
dy Q0(y)W(2)

(
t − yr

c

)
, (4.5a)

ϕi
M×W = 0, (4.5b)

ϕ0
M×Wi j

= − 6M
c7 r2

n̂i j
[
W(2)

i j

(
t − r

c

)
+

r
c

W(3)
i j

(
t − r

c

)
(4.5c)

+
4r2

3c2

∫ +∞

1
dy Q2(y)W(4)

i j

(
t − yr

c

)]
,

ϕi
M×Wi j

= 0, (4.5d)

ϕ0
M×Yi j

= 0, (4.5e)

ϕi
M×Yi j

= −4M
c8r

n̂ j

[
Y(2)

i j

(
t − r

c

)
+

2r
c

∫ +∞

1
dy Q1(y)Y(3)

i j

(
t − yr

c

)]
, (4.5f)

ϕ0
Ii j×W = − 2

c8 r
n̂i j

[
Ii jW(3) + I(1)

i j W(2) + I(2)
i j W(1) + I(3)

i j W
]

(4.5g)

− 6
c7 r2

n̂i j

[
Ii jW(2) − 2

3
I(1)
i j W(1) + I(2)

i j W

]
,

ϕi
Ii j×W = 0. (4.5h)

Note the presence of non-local tail integrals, involving Qm(y), the Legendre functions of the
second kind, here defined with a branch cut from −∞ to 1 and related to the Legendre
polynomials Pm(y) by

Qm(y) =
1
2

Pm(y) ln

(
y + 1
y − 1

)
−

m∑
j=1

1
j
Pm− j(y)P j−1(y). (4.6)

We inject the expressions (4.5) together with the expressions for the canonical metric, notably
hμν

can 2 corresponding to the interaction M × Ii j which is also non-local and given by (B3) in [32],
into the cubic Ωμν

3 and Δμ
3 that define (3.21). For convenience, we split Ωμν

3 into quadratic-type
and purely cubic interactions: Ωμν

3 ≡ Ωμν
12 +Ωμν

21 +Ωμν
111, where

Ωμν
12 = −∂ρ

[
ϕρ

1

(
hμν

can 2 + ∂ϕμν
2

)]
+ 2 ∂ρϕ

(μ
1 hν)ρ

can 2

+ ∂ρϕ(μ
1 ∂ρϕ

ν)
2 +

1
2
ημν

[
∂ρϕ

σ
1∂σϕ

ρ
2 − ∂ρϕ

ρ
1∂σϕ

σ
2

]
, (4.7a)

Ωμν
21 = −∂ρ

[
ϕρ

2

(
hμν

can 1 + ∂ϕμν
1

)]
+ 2 ∂ρϕ

(μ
2 hν)ρ

can 1

+ ∂ρϕ(μ
2 ∂ρϕ

ν)
1 +

1
2
ημν

[
∂ρϕ

σ
2∂σϕ

ρ
1 − ∂ρϕ

ρ
2∂σϕ

σ
1

]
, (4.7b)
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Ωμν
111 =

1
2
∂ρσ

(
ϕρ

1ϕ
σ
1 hμν

can 1

)
+ hρσ

can 1∂ρϕ
μ
1∂σϕ

ν
1 − 2∂ρ

(
ϕρ

1 hσ(μ
can 1∂σϕ

ν)
1

)

+
1
2
∂ρσ

(
ϕρ

1ϕ
σ
1∂ϕ

μν
1

)
− ∂ρ

(
ϕρ

1∂σϕ
μ
1∂

σϕν
1

)
− 1

2
ημνϕλ

1∂λ
(
∂ρϕ

σ
1∂σϕ

ρ
1 − ∂ρϕ

ρ
1∂σϕ

σ
1

)
+

1
3
ημν

(
∂ρϕ

ρ
1∂σϕ

σ
1∂λϕ

λ
1 − ∂ρϕ

σ
1∂σϕ

λ
1∂λϕ

ρ
1

)
. (4.7c)

Recall that our computations are done on-shell, using the wave equations satisfied at linear
order, �hμν

can 1 = �ϕμ
1 = 0, and quadratic order, �hμν

can 2 = Λμν
can 2. An important point is that

Ωμν
111 only contains hcan 1 × ϕ1 × ϕ1 andϕ1 × ϕ1 × ϕ1 terms, but there is no hcan 1 × hcan 1 × ϕ1

sector. This fact allows us to discard it entirely in the practical implementation, since at the 4PN
order we have only the three cubic interactions (4.1) which contain at most one gauge moment.
Similarly, we have for the coordinate shift Δμ

3 ≡ Δμ
12 +Δμ

21 +Δμ
111 with

Δμ
12 = −hρσ

can 2∂ρσϕ
μ
1 , (4.8a)

Δμ
21 = −hρσ

can 1∂ρσϕ
μ
2 + ∂ρ

(
ϕρ

1Δ
μ
2

)
, (4.8b)

Δμ
111 = ∂ρ

(
ϕρ

1hρσ
can 1∂ρσϕ

μ
1

)
. (4.8c)

We have inserted �ϕμ
2 = Δμ

2 , which comes from (3.17), and used the fact that �ψμ
2 = 0. The

latter quantities satisfy ∂νΩ
μν
3 +Δμ

3 = 0, consistently with the divergencelessness of the cubic
source, and in fact, even separately,

∂νΩ
μν
12 +Δμ

12 = 0, ∂νΩ
μν
21 +Δμ

21 = 0, ∂νΩ
μν
111 +Δμ

111 = 0. (4.9)

4.2. Retarded integral of the source terms

At this stage, we control the cubic source terms that are required to evaluate the ‘commutators’
Xμν

3 and Yμν
3 defined by the formulas (3.21). Using canonical relations between the Legendre

functions, we find that the terms to be computed fall into two and only two classes:

Iinst ≡ FP
B=0

�−1
ret

[(
r
r0

)B

Bb n̂L

rp
F
(

t − r
c

)]
, (4.10a)

Itail ≡ FP
B=0

�−1
ret

[(
r
r0

)B

Bb n̂L

rp
G
(

t − r
c

)∫ +∞

1
dy Qm(y)F

(
t − yr

c

)]
. (4.10b)

Here, the functions F and G represent some products of (source or gauge) multipole moments,
with the function G which can be constant when dealing with the ADM mass. The second type
of term Itail integrates over a tail term which comes from the tail present in the quadratic metric
for the interaction M × Ii j, see (B3) in [32], and those which appeared in the coordinate shift
(see equation (4.5)). The crucial point here is the presence of the explicit factors B and B2 in
the definitions (3.21) hence we posed b = 1, 2 in equation (4.10); p in an integer and the index
of the Legendre function is m ∈ [0, 4]; and n̂L is the usual STF harmonics.
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Thanks to the factors B or B2, we know that the integrals (4.10) will depend only on the
behaviour of the source terms when r → 06. Indeed the regularization process FPB=0 has been
introduced to cope with the singular behaviour of the source when r → 0, and hence only that
limit can generate poles 1/B or 1/B2 which can compensate the factors B, B2 and lead to a
FP when B → 0. Therefore we are entitled to restrict ourselves to a ball of finite and even
infinitesimal size (say r < ε) and replace the source terms in (4.10) by their formal Taylor
expansion when r → 0 (i.e., the near zone or PN expansion r/c → 0). Once the near zone
expansion of the source is known the integration can be performed with standard techniques.
The result for the simpler case Iinst (with purely instantaneous source term) was already given
in equation (A.18) of [33]. It is non-zero only when p � �+ 3 and b = 1 (only a simple pole
1/B can appear in this case), and reads

Iinst =

⎧⎨
⎩

(−)p2p−3(p− 3)!
(p+ �− 2)!(p− �− 3)!cp−�−3

∂̂L

[
F(p−�−3)(t − r/c)

r

]
(b = 1 and p � � + 3),

0 (b = 2 or p < �+ 3).

(4.11)

Next, we deal with the more difficult integral Itail. By the previous argument we can
replace the function G(t − r/c) by its formal Taylor expansion when r → 0. The main
problem is therefore the control of the expansion series when r → 0 of the tail integral
Fm ≡

∫ +∞
1 dy Qm(y)F(t − yr/c). We devote the appendix A to this not-so-easy question and

state here the general result for this expansion:

Fm
r/c→0
=

+∞∑
i=0

βm
i

(−)i

i!

( r
c

)i
F(i)(t) +

+∞∑
j=0

(−)mcm
j

(m + 2 j)!

( r
c

)m+2 j
(4.12)

×
∫ +∞

0
dτ

[
ln
(cτ

2r

)
− Hm+ j + 2H2m+2 j+1

]
F(m+2 j+1)(t − τ ).

Here, the symbol
r/c→0
= indicates the formal asymptotic expansion, the coefficients cm

j and βm
i

are defined in (A5) and (A16), and Hn denotes the usual harmonic number. Thus, we have to
multiply equation (4.12) by the Taylor expansion of G(t − r/c) and integrate term by term.
Note that all those formal expansions are convergent, due to the stationary of the source in the
remote past. As we see from the structure of the expansion (4.12), the final integration will boil
down to the control of just one type of term,

J ≡ FP
B=0

�−1
ret

[(
r
r0

)B

Bb n̂L

rp
(ln r)aH(t)

]
. (4.13)

However, the function H(t) here can be either an instantaneous function or a non-local tail
integral of the type given in (4.12). Furthermore, still because of the tail term we must add the
case where there is logarithm ln r in the source, see again (4.12). Thus, we consider (4.13) with
a = 0 or 1.

6 Recall that in the MPM approach the r →+∞ limit is harmless as we assume that the multipole moments, i.e. the
functions F and G, become stationary in the remote past.
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We give a few details on the calculation of J . Writing (4.13) in ordinary three-dimensional
form we have, since as we said the integration is limited to an infinitesimal ball r < ε,

J = − 1
4π

FP
B=0

∫
r<ε

d3x′

|x − x′|

(
r′

r0

)B

Bb n̂′
L

r′p
(ln r′)a H

(
t − |x − x′|

c

)
. (4.14)

Using the formal STF expansion of the multipolar factor when r′ ≡ |x′| → 0,

H(t − |x − x′|/c)
|x − x′| =

+∞∑
q=0

(−)q

q!

+∞∑
j=0

r′2 j

2 j j!
(2q + 1)!!

(2q + 2 j + 1)!!
x̂′Q∂̂Q

(
H(2 j)(t − r/c)

rc2 j

)
,

(4.15)

together with the angular integration performed using equation (A29a) in [29], we end up with
radial integrals of the type

FP
B=0

∫ ε

0
dr′

(
r′

r0

)B

Bbr′�+2 j+2−p(ln r′)a = FP
B=0

Bb

rB
0

(
d

dB

)a[
εB+�+2 j+3−p

B + �+ 2 j + 3 − p

]
. (4.16)

Here the r′ = 0 boundary vanishes by analytic continuation on B. With the factor Bb in front
the latter integral is zero unless there is a pole, and the pole can come only when p is of the
form p = �+ 3 + 2 j (where j ∈ N). Hence the results are immediate.

When a = 0 (source without ln r) the integral is zero when b = 2 as there is only a simple
pole 1/B in this case:

Ja=0 =

⎧⎪⎨
⎪⎩

(−)p

(p+ �− 2)!!(p− �− 3)!!cp−�−3 ∂̂L

[
H(p−�−3)(t − r/c)

r

]
(b = 1 and p− �− 3 ∈ 2N),

0 (b = 2 or p− �− 3 /∈ 2N).

(4.17a)

One can check that this is perfectly consistent with the result for Iinst in (4.11), in the sense
that one can Taylor expand the source term of Iinst when r → 0 and recover the same result by
applying equation (4.17a) on each term of the Taylor series. By contrast, when there is a ln r
the integral is also non-zero when b = 2 because of the presence of a double pole 1/B2:

Ja=1 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(−)p ln r0

(p+ �− 2)!!(p− �− 3)!!cp−�−3
∂̂L

[
H(p−�−3)(t − r/c)

r

]
(b = 1 and p− �− 3 ∈ 2N),

(−)p+1

(p+ �− 2)!!(p− �− 3)!!cp−�−3
∂̂L

[
H(p−�−3)(t − r/c)

r

]
(b = 2 and p− �− 3 ∈ 2N),

0 (p− �− 3 /∈ 2N).

(4.17b)

Finally with those results in hand, we can implement all the terms up to cubic non-linear
order, using the xAct library of the Mathematica software [38]. Such computation ends up
with the final result at the 4PN level already recapitulated in equation (1.1). In the appendix B,
an alternative procedure is described which permitted checking it independently.
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Appendix A. Near-zone expansion of the tail integral

This appendix is devoted to the determination of the near zone (or PN) expansion when r/c → 0
of the tail integral that enters the source of the integral Itail (4.10b). This will permit justi-
fying the claim of equation (4.12) concerning the structure of the near zone expansion, and
provide the explicit coefficients we need for the practical computation. Thus we look for the
expansion of

Fm(r, t) ≡
∫ +∞

1
dy Qm(y)F

(
t − yr

c

)
. (A1)

If an explicit expression of the Legendre function of the second kind Qm(y) is given in
equation (4.6), we preferably use here the general expression of the Legendre function for
generic μ ∈ C\{−1,−2, . . .} in terms of the hypergeometric function F ≡ 2F1:

Qμ(y) =

√
π

2μ+1

Γ(μ+ 1)
Γ
(
μ+ 3

2

) 1
yμ+1

F

(
μ

2
+ 1,

μ+ 1
2

;μ+
3
2

;
1
y2

)
, (A2)

with |y| > 1, |arg y| < π. This representation of the Legendre function reads explicitly, for any
real argument such that y > 1,

Qμ(y) =
+∞∑
j=0

cμj y
−1−μ−2 j, (A3a)

with cμj ≡
2μ

j!
Γ(μ+ 2 j + 1)Γ(μ+ j + 1)

Γ(2μ+ 2 j + 2)
. (A3b)

It can naturally be regarded as an asymptotic expansion when y →+∞ on the real axis.
However, we stress that it is valid as soon as y ∈]1,+∞[, as the series representation of the
hypergeometric function is well defined in that case.

Defining τ ≡ yr/c one can then rewrite (A1) as the following series

Fm =

+∞∑
j=0

cm
j F j

m, (A4a)

where F j
m ≡

( r
c

)m+2 j
∫ +∞

r/c
dτ τ−m−2 j−1F(t − τ ), (A4b)
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and the coefficients are just given by (A3b) in the particular case where m ∈ N, i.e.,

cm
j =

2m

j!
(m + 2 j)!(m + j)!

(2m + 2 j + 1)!
. (A5)

Upon the expression of F j
m we perform a series of integrations by parts in order to increase

the power of τ until we reach a logarithm of τ . The all-integrated terms contain the functions
F(n)(t − r/c) that we replace by their Taylor expansions when r → 0. The last integral contain-

ing ln τ is split according to
∫ +∞

r/c = −
∫ r/c

0 +
∫ +∞

0 . In the first integral, from 0 to r/c, we are
allowed to expand the integrand when τ → 0, since by definition r/c → 0 for the PN expan-
sion. Then the second integral from 0 to +∞ just gives a tail integral in the ordinary sense.
Therefore, we obtain the following asymptotic expansion when r/c → 0:

F j
m

r/c→0
=

+∞∑
i=0

i �=m+2 j

(−)i

i!(m + 2 j − i)

( r
c

)i
F(i)(t)

+
(−)m

(m + 2 j)!

( r
c

)m+2 j
∫ +∞

0
dτ

[
ln
(cτ

r

)
+ Hm+2 j

]
F(m+2 j+1)(t − τ ).

(A6)

Very importantly, the value i = m + 2 j is to be excluded from the first summation. The last
term is the tail integral, where Hn denotes the usual harmonic number. Resumming on j yields

Fm
r/c→0
=

+∞∑
i=0

αm
i

(−)i

i!

( r
c

)i
F(i)(t) +

+∞∑
j=0

cm
j

(−)m

(m + 2 j)!

( r
c

)m+2 j

×
∫ +∞

0
dτ

[
ln
(cτ

r

)
+ Hm+2 j

]
F(m+2 j+1)(t − τ ). (A7)

We already see the type of structure claimed in equation (4.12). The coefficients αm
i in the first

sum (corresponding to instantaneous terms) are still at this stage given by an infinite series:

αm
i =

+∞∑
j=0

i �=m+2 j

cm
j

m + 2 j − i
. (A8)

Despite that, the result (A7) can be dealt with as it is in practical calculations. However, as it
turns out the coefficient (A8) can be resummed in analytic closed form, and this will yield a
more interesting and powerful expression of the near zone expansion of Fm.

To obtain such form of αm
i we take advantage of the fact that the coefficients cm

j can be gen-
eralized to any μ ∈ C\{−1,−2, . . .} through the general definition of the Legendre function,
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see equation (A3). Therefore, one can extend the definition of αm
i to any generic value of μ by

posing

αμ
i =

+∞∑
j=0

cμj
μ+ 2 j − i

, (A9)

where the coefficients cμj are now given by (A3b). We assume that μ is non-integral, so that
the condition i �= m + 2 j is no longer necessary and has been dropped. Now, from the very
definition of the coefficients cμj in (A3), the fact that the hypergeometric series is absolutely

convergent for |y| > 1, and using the identity
∫ +∞

1 dy yi × y−1−μ−2 j = (μ+ 2 j − i)−1 valid for
R(μ) > i, we prove that the coefficient αμ

i is actually given by

αμ
i =

∫ +∞

1
dy yiQμ(y). (A10)

Furthermore, we know that [39]

∫ +∞

1
dy(y − 1)νQμ(y) = 2ν [Γ(ν + 1)]2 Γ(μ− ν)

Γ(μ+ ν + 2)
. (A11)

Hence we arrive at the closed-form expression

αμ
i =

i∑
k=0

(
i
k

)
2k(k!)2 Γ(μ− k)

Γ(μ+ k + 2)
, (A12)

where
( i

k

)
is the usual binomial coefficient. Its validity may be extended to all non-integral

values of μ by analytic continuation. Still this expression is to be connected to the actual result
(A8) we search for, as this result excludes the value i = m + 2 j from the summation. However,
posing μ = m + ε one can also subtract and then re-add the contributions i = m + 2 j in (A9);
in this way we rewrite αm

i as the following limit when ε→ 0:

αm
i = lim

ε→0

⎧⎪⎨
⎪⎩
αm+ε

i when i �= m + 2 j,

αm+ε
m+2 j −

1
ε

cm+ε
j when i = m + 2 j.

(A13)

In the case i = m + 2 j an explicit pole 1/ε has to be added, and which should cancel the pole
present in αm+ε

m+2 j so that the limit is finite. Furthermore since the coefficient cm+ε
j is finite when

ε→ 0, with limit cm
j given by (A5), we can expand it to order ε and obtain

αm
i = lim

ε→0

⎧⎪⎪⎨
⎪⎪⎩
αm+ε

i (i �= m + 2 j),

αm+ε
m+2 j − cm

j

[
1
ε
+

(
d ln cμj

dμ

)
μ=m

]
(i = m + 2 j).

(A14)

Finally, the last step is to use the closed-form expression (A12) for αm+ε
i . The extra terms in

(A14) are easily computed with the help of (A3b) and (A5). We verify that indeed the limit
ε→ 0 is finite and obtain
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αm
i = βm

i +

{
0 (i �= m + 2 j),

−cm
j

(
ln 2 + Hm+2 j + Hm+ j − 2H2m+2 j+1

)
(i = m + 2 j),

(A15)

where the new coefficient βm
i reads explicitly

βm
i =

m−1∑
k=0

(
i
k

)
2k(k!)2 (m − k − 1)!

(m + k + 1)!

+
i∑

k=m

(
i
k

)
2k(k!)2(−)m+k Hk−m − Hk+m+1

(k − m)!(k + m + 1)!
, (A16)

with the convention that
( i

k

)
= 0 whenever i < k. Hence our final result for the near zone

expansion of Fm reads

Fm
r/c→0
=

+∞∑
i=0

βm
i

(−)i

i!

( r
c

)i
F(i)(t) (A17)

+
+∞∑
j=0

cm
j

(−)m

(m + 2 j)!

( r
c

)m+2 j

×
∫ +∞

0
dτ

[
ln
(cτ

2r

)
− Hm+ j + 2H2m+2 j+1

]
F(m+2 j+1)(t − τ ).

Appendix B. Verification of the result (1.1) via an alternative procedure

The general method exposed in section 3 suggests a simplifying modification of the MPM
algorithm to compute the contributions to the metric of interactions involving a least one gauge
moment. In this alternative approach, the construction of the generic MPM metric hμν

gen, of
the coordinate shift ϕμ and of the functional relation (3.6), between the canonical and the
source/gauge moments, is achieved using a variant of the recurrence procedure exposed in
section 3.2.

The initial step remains unchanged. Let us now make the recurrence hypothesis at order n.
Namely, we assume that we have already determined hμν

gen m, ϕμ
m, Mm L, and Sm L, for all m �

n − 1. The equation (3.15) shows that the generic MPM source of the field equations is a sum of
three terms. The first one is the source of the canonical metricΛμν

can n = Λμν
n [hcan 1, . . . , hcan n−1].

While this term enters the derivation of Hμν
can n[M�n−1 L, S�n−1 L], it does not play any role in

the calculation of Mn L and Sn L, which are determined by Xμν
n and Yμν

n hence by Δμν
n and Ωμν

n .
The modification of the recurrence will thus concern the treatment of the second and third
terms, which define the reduced source of order n:

δΛμν
can n ≡ �Ωμν

n + ∂Δμν
n . (B1)

This source is at least quadratic in its arguments ϕ1 . . . ϕm−1, hcan 1 . . . hcan m−1, but it is
linear in the higher order pieces of the canonical metric or the coordinate shift, hμν

can n−1 and
ϕμ

n−1 respectively, which can only enter its quadratic part, through the combination
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δΛμν
quad n ≡ �Ωμν

1,n−1 + �Ωμν
n−1,1 + ∂Δμν

1,n−1 + ∂Δμν
n−1,1, (B2)

where the first two terms on the right-hand side belong to Ωμν
n , and the next two ones belong

to ∂Δμν
n . Explicitly, they read

Ωμν
1,n−1 =− ∂ρ

[
ϕρ

1

(
hμν

can n−1 + ∂ϕμν
n−1

)]
+ 2∂ρϕ

(μ
1 hν)ρ

can n−1

+ ∂ρϕ(μ
1 ∂ρϕ

ν)
n−1 +

1
2
ημν

[
∂ρϕ

σ
1∂σϕ

ρ
n−1 − ∂ρϕ

ρ
1∂σϕ

σ
n−1

]
, (B3a)

Ωμν
n−1,1 =− ∂ρ

[
ϕρ

n−1

(
hμν

can 1 + ∂ϕμν
1

)]
+ 2∂ρϕ

(μ
n−1 hν)ρ

can 1

+ ∂ρϕ(μ
n−1∂ρϕ

ν)
1 +

1
2
ημν

[
∂ρϕ

σ
n−1∂σϕ

ρ
1 − ∂ρϕ

ρ
n−1∂σϕ

σ
1

]
, (B3b)

Δμ
1,n−1 = −hρσ

can n−1∂ρσϕ
μ
1 , (B3c)

Δμ
n−1,1 = −hρσ

can 1∂ρσϕ
μ
n−1 + ∂ρ

(
ϕρ

1Δ
μ
n−1

)
. (B3d)

These relations are straightforward generalizations of equations (4.7) and (4.8).
The action of the operator FP�−1

ret to δΛμν
quad n generates difficult integrals characterized by

the presence of hμν
can n−1 orϕμ

n−1 in the source. The aim of the method presented here is to bypass
their evaluation. As part of our recursive hypothesis, we assume that the easier integration of
source terms involving for instance Ωμν

2,n−2, Ωμν
3,n−3 etc, has been solved in previous recurrence

steps.
Noticing that the partial source term δΛμν

quad n is divergenceless, we can apply to it the same
treatment as for the right-hand side of equation (3.15), described in section 3.2, with the
substitutions hμν

gen n → δhμν
quad n, Λμν

can n → 0, ∂Δμν
n + �Ωμν

n → δΛμν
quad n. This yields

δhμν
quad n = ∂δφμν

quad n + Ωμν
1,n−1 +Ωμν

n−1,1 + δUμν
quad n + δVμν

quad n, (B4)

with the notations δUμν
quad n = δXμν

quad n + δYμν
quad n and

δφμ
quad n = FP

B=0
�−1

ret

[(
r
r0

)B

(Δμ
1,n−1 +Δμ

n−1,1)

]
, (B5a)

δXμν
quad n = FP

B=0
�−1

ret

[
B

(
r
r0

)B(
−B + 1

r2

(
Ωμν

1,n−1 +Ωμν
n−1,1

)

− 2
r
∂r

(
Ωμν

1,n−1 +Ωμν
n−1,1

))]
, (B5b)

δYμν
quad n = FP

B=0
�−1

ret

[
B

(
r
r0

)B ni

r

(
−2δi(μ

(
Δν)

1,n−1 +Δν)
n−1,1

)

+ ημν
(
Δi

1,n−1 +Δi
n−1,1

))]
; (B5c)

the term δVμν
quad n is computed from the harmonicity algorithm δVμν

quad n = Vμν[δWquad n], with
δWμ

quad n ≡ ∂νδUμν
quad n. The source of the coordinate shift δφμ

quad n, which involves the n − 1

22



Class. Quantum Grav. 39 (2022) 195003 L Blanchet et al

order piece of the metric hμν
can n−1, is of the same undesirable type as δΛμν

quad n. However, in the
current procedure, the canonical moments will be read off from the gravitational waveform,
which is not sensitive to linear-looking gauge transformations. On the other hand, although
the commutator contributions do contain terms proportional to hμν

can n−1 or ϕμ
n−1, their brute

force integration is not required. Thus, it will be possible to determine ML n and SL n without
integrating any such term. Once δhμν

quad n is obtained, we compute the rest of the metric hμν
rest n ≡

hμν
gen n − δhμν

quad n by solving the equation

�hμν
rest n = δΛμν

rest n ≡ Λμν
can n − δΛμν

quad n, (B6)

with the help of the standard MPM algorithm. By construction, the source term δΛμν
rest n does not

depend on hμν
can n−1 nor ϕμ

n−1 and is thus free of the difficult contributions we wanted to avoid.
At this stage, the nth order waveform may be built from hμν

gen �n = Ghμν
gen 1 + · · ·+ Gnhμν

gen n,
by taking the limit R →+∞ for constant asymptotically null time U = T − R/c, which corre-
sponds to ‘radiative’ coordinates (T = t − 2GM/c3 ln(r/r0), R = r) [5]. In those coordinates,
the leading order contribution to the metric, Hμν

gen �n, admits the same expression as the one
in harmonic gauge, but with the logarithms ln r effectively replaced by ln r0, and with (t, r)
replaced by their radiative counterparts (T, R); see, e.g., reference [21]. This yields in particular
(up to terms O(R−2))

Hμν
gen n =

(
hμν

rest n + ∂δφμν
quad n

)∣∣∣
ln r→ln r0

+Ωμν
1,n−1 +Ωμν

n−1,1

+ δUμν
quad n + δVμν

quad n, (B7)

where ∂δφμν
quad n is the linear gauge transformation associated with δφμ

quad n. The nth order wave-
form hTT

�n i j is then the transverse trace-free projection of the 1/R term in Hμν
gen �n. As the TT

projection of linear gauge transformations vanishes at order 1/R, the vector δφμ
quad n is actually

not required. The result for hrad
�n i j is a certain functional of the source/gauge moments:

hrad
�n i j = Hrad

�n i j[IL, JL, . . . , ZL], (B8a)

and for the canonical moments, we must also have, at the same time:

hrad
�n i j = Hrad

�n i j[ML, SL, 0, 0, 0, 0]. (B8b)

The expressions of Mn L and Sn L are finally found by guess work. We assume they are sums
of terms involving the source/gauge moments, with consistent index structures and physical
dimensions, but arbitrary coefficients. Those are fixed by identifying equation (B8a) with the
outcome that ensues from inserting our ansatz into equation (B8b). Of course, if we wish to
iterate the process to the next order n + 1, we will eventually need to tackle the difficult inte-
grals of source terms containing hμν

can n−1, which arise in the calculation of hμν
can n and δφμ

quad n.
Nonetheless, we have managed to push this step to the very end.

This strategy is particularly relevant to determine the canonical moments at cubic order for
two reasons: (i) the latter task does not demand computing hμν

can 3 nor δφμ
3 , which means that all

retarded integrals we have to consider are sourced by functions of hμν
can 1,ϕμ

1 , or their derivatives;
(ii) the corresponding integrands have the form f (t − r/c)n̂L/rk, with k ∈ N\{0, 1}, whose FP
retarded integral are explicitly known [33]. In practice, we build the cubic source Λμν

3 , subtract
the ‘difficult’ part δΛμν

3 , and apply the MPM algorithm to the rest, which leads to hμν
rest. At last,
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we compute the commutators δUμν
quad 3 with the method developed in section 4.2, from which

we can infer δVμν
quad 3. The cubic waveform follows from the effective metric

hμν
eff �3 = Ghμν

gen 1 + G2hμν
gen 2 + G3

[
hμν

rest 3 +Ωμν
12 +Ωμν

21 + δUμν
3

]
. (B9)

Our final result (1.1) for the canonical quadrupole moment was obtained following the general
method in sections 3.1 and 3.2, and has then been entirely checked using this approach.
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