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We present a simultaneous extraction of the moments of F2 and FL structure functions of the
proton at a range of photon virtuality, Q2. This is achieved by computing the forward Compton
amplitude via an application of the second-order Feynman-Hellmann method. We find the moments
of F2,L in good agreement with experimental values. By studying the Q2 dependence of F2 moments,
we estimate the power corrections.
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Introduction.— Nucleon structure functions are en-
coded by the differential cross sections for inclusive
electron–proton scattering. In terms of the partonic
structure of the nucleon, the deep inelastic cross sections
are dominated by the transverse structure function, F2,
which hence provides the primary constraint on the par-
ton distributions. On the other hand, the longitudinal
structure function, FL, provides important information
on the QCD structure of the proton. With a perturba-
tively small and calculable leading-twist component [1],
FL offers a direct measure of higher-twist effects [2]. It
also offers sensitivity to the low-x gluon distribution [3].

Although the small nature of the longitudinal struc-
ture function makes it more challenging to isolate, mea-
surements by HERA [4] and Jefferson Lab [5, 6] have
enabled a direct extraction of several low moments of FL

across a range of Q2 [7]. The results reveal a tension
with global PDF fits [8–10] at lower Q2 that might in-
dicate non-negligible higher-twist effects or an increased
high-x gluon distribution [7]. It is therefore highly de-
sirable to be able to provide first-principles theoretical
predictions regarding FL, preferably at intermediate Q2

values where the non-perturbative effects become signif-
icant. Furthermore, an improved theoretical constraint
on power corrections in the structure functions generally
could be particularly beneficial in global PDF analyses.

Lattice QCD simulations of the structure functions
conventionally utilise the operator product expansion
(OPE) approach. Lattice simulations have been success-
ful in computing the twist-2 contributions, however the
higher-twist terms mix with those of lower-twist which
gives rise to complications in the renormalisation proce-
dure [11]. This setback has limited lattice QCD to inves-

tigations of the leading-twist contributions [12, 13], with
fewer works on twist-3 contributions [14–16].
In this Letter, we present a simultaneous extraction of

the low moments of the nucleon structure functions F2

and FL from the forward Compton amplitude calculated
on the lattice. This approach circumvents the operator
mixing issues since the amplitude accounts for the mix-
ing and renormalisation and contains all twist contribu-
tions. Previous successful calculations of the Compton
amplitude, leading to a determination of the moments
of the nucleon structure function F1, have been reported
in [17, 18], and recently extended to off-forward kinemat-
ics [19].
Compton amplitude and moments of structure func-

tions.— In order to access the structure functions, we
consider the unpolarised forward Compton tensor,

Tµν(p, q) = (−gµν + qµqν

q2
)F1(ω,Q2) + P̂µP̂ν

p ⋅ q
F2(ω,Q2),

(1)

where q (p) is the momentum of the virtual photon (nu-
cleon), P̂µ ≡ pµ−(p ⋅q)qµ/q2, ω = (2p ⋅q)/Q2 and Q2 = −q2.
The Lorentz invariant Compton structure functions F1,2

are related to the physical structure functions F1,2 via the
optical theorem, ImF1,2(ω,Q2) = 2πF1,2(x,Q2). Mak-
ing use of analyticity, crossing symmetry, and the optical
theorem, the Compton structure functions satisfy the fa-
miliar dispersion relations [20],

F1(ω,Q2) = 2ω2 ∫ 1

0

dx
2xF1(x,Q2)
1 − x2ω2

− iǫ
, (2)

F2(ω,Q2) = 4ω∫ 1

0

dx
F2(x,Q2)

1 − x2ω2
− iǫ

, (3)
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where F1(ω,Q2) = F1(ω,Q2) −F1(0,Q2).
The parametrisation of the forward Compton ampli-

tude in terms of F1 and F2 is not unique. Alterna-
tively, we can consider a parametrisation in terms of the
transverse, 2xF1, and longitudinal, FL, structure func-
tions [20–23]. The latter is given by [20, 22],

FL(x,Q2) = (1 − 4M2

N

Q2
x2)F2(x,Q2) − 2xF1(x,Q2), (4)

which can directly be obtained from the ratio of cross
sections [22, 23]. Here MN is the mass of the nucleon.
As Q2

→∞, Eq. (4) reduces to FL(x)→ F2(x)−2xF1(x),
which vanishes in the quark-parton model due to the fa-
miliar Callan-Gross relation. In QCD, FL is O(αs) sup-
pressed at leading twist and any power correction may
be identified as higher twist.
Writing,

FL(ω,Q2) = −F1(ω,Q2) + (ω
2
+

2M2

N

ωQ2
)F2(ω,Q2), (5)

we can express FL by a subtracted dispersion relation in
terms of FL,

FL(ω,Q2) = 8M2

N

Q2 ∫
1

0

dxF2(x,Q2)
+ 2ω2 ∫ 1

0

dx
FL(x,Q2)

1 − x2ω2
− iǫ

,

(6)

where FL(ω,Q2) = FL(ω,Q2) +F1(0,Q2).
Expanding the integrands in Eqs. (2), (3) and (6) as a

geometric series, we express the Compton structure func-
tions as infinite sums over the Mellin moments of the
inelastic structure functions,

F1,L(ω,Q2) = ∞∑
n=0

2ω2nM
(1,L)
2n (Q2), (7)

F2(ω,Q2) = ∞∑
n=1

4ω2n−1M
(2)
2n (Q2), (8)

where M
(1)
0
(Q2) = 0, 2M (L)

0
(Q2) = 8M2

N

Q2 M
(2)
2
(Q2),

M
(1)
2n (Q2) = 2∫ 1

0

dxx2n−1F1(x,Q2), (9)

M
(2,L)
2n (Q2) = ∫ 1

0

dxx2n−2F2,L(x,Q2), (10)

for n > 0.
For our purposes, it is convenient to express the expan-

sion of F2 in terms of the independently positive definite
moments of F1 and FL,

F2(ω)
ω

= τ

(1 + τ ω2)
∞∑
n=0

4ω2n [M (1)
2n +M

(L)
2n ] , (11)

where τ = Q2/4M2

N . The intercept at ω = 0 is propor-

tional to the lowest moment of F2, i.e. M
(2)
2
(Q2). Higher

moments are given by the appropriate combinations of
the moments of F1 and FL.
In the following discussion, we provide the details of

our procedure for extracting the moments directly from
the Compton amplitude obtained in a lattice simulation.
The Feynman-Hellmann approach.— The novel idea

is to compute the Compton amplitude by means of the
second-order Feynman-Hellmann theorem as derived and
described in detail in [18]. Here we summarise the pro-
cedure relevant to this work. We perturb the fermion
action by the renormalised local vector current,

S(λ) = S + λ∫ d3z(eiq⋅z + e−iq⋅z)Jµ(z). (12)

The perturbation is introduced on the valence quarks
only, hence only quark-line connected contributions are
taken into account in this work. For the perturbation of
valence and sea quarks see [24].
We consider q3 = p3 = 0 and current components J0

and J3, enabling us to compute T00 and T33. These are
then given by the second order energy shift [18],

∂2ENλ
(p)

∂λ2
∣
λ=0

= −Tµµ(p, q) + Tµµ(p,−q)
2EN(p) , (13)

where Tµν is the Compton tensor defined in Eq. (1),
q = (0,q) is the external momentum encoded by Eq. (12),
and ENλ

(p) is the nucleon energy at momentum p in the
presence of a background field of strength λ. This expres-
sion is the principal relation that we use to access the
Compton amplitude and hence the Compton structure
functions as described below.
Simulation and analysis.—Our lattice simulations

are carried out on QCDSF/UKQCD-generated 2 + 1-
flavour gauge configurations. We utilise two ensem-
bles with volumes V = [323 × 64,483 × 96], and cou-
plings β = [5.50,5.65] corresponding to lattice spac-
ings a = [0.074(2),0.068(3)] fm respectively. The quark
masses are tuned to the SU(3) symmetric point where
the masses of all three quark flavours are set to approx-
imately the physical flavour-singlet mass, m = (2ms +

ml)/3 [25, 26], yielding mπ ≈ [470,420]MeV. The calcu-
lations are done for several values of q. Multiple values
of ω are accessed by varying the nucleon momentum p.
By attaching the current selectively to the u and d

quarks, respectively, we obtain the flavour diagonal con-
tributions uu and dd corresponding to a handbag dia-
gram at leading twist, and the mixed-flavour piece, ud,
which is purely higher-twist, corresponding to a cat’s ears
diagram [27]. We typically compute the energy shifts,
∆Ep,Nλ

, for two λ values (see Ref. [18]) and perform

polynomial fits of the form, ∆Ep,Nλ
= λ2 ∂2ENλ

(p)

∂λ2 ∣
λ=0
+

O(λ4), to determine the Compton amplitude. Choos-
ing λ = O(10−2), higher order O(λ4) terms are heavily
suppressed.
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