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We reconstruct the Hamiltonian and center-of-mass momentum in an isotropic gauge. The (three-loop)
integrals involved in our calculation are computed via differential equations, including a sector yielding
elliptic integrals. Using the universal link between potential and tail terms, we also report: i) The
instantaneous energy flux at @(G3); ii) The contribution to the 4PM unbound/bound radial action(s)
depending on logarithms of the binding energy; iii) The (scheme-independent) logarithmic contribution
to the 4PM non-local tail Hamiltonian for circular orbits. Our results in the potential region are in
agreement with the recent derivation from scattering amplitudes. We also find perfect agreement in
the overlap with the state-of-the-art in Post-Newtonian theory.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Motivated by the success of current gravitational wave (GW) detectors and the planned empirical reach [1,2] and scientific output
[3-7] of future GW observatories, there has been a significant amount of progress in applying ideas from particle physics — such as
the effective field theory (EFT) approach in the Post-Newtonian (PN) [8-48] and Post-Minkowskian (PM) regimes [49-55], as well as
other tools from quantum field theory and scattering amplitudes, e.g. [56-79] — to the study of the inspiral problem with compact
objects in general relativity. Most of these developments have impacted our knowledge of the conservative dynamics of the two-body
problem in gravity, reaching the next-to-next-to-next-to-next-to leading order (N*LO) [22-26] for spin-independent contributions in the
PN regime, complementing traditional methodologies [80-85]. The hunt for accuracy continues, with the state-of-the-art in PN theory
reaching towards the N°LO at 5PN [28-31,43,44], with partial results also at 6PN order [33,34,86,87], in addition to the well-established
breakthrough result at N2LO (3PM) [50,66,67] in the PM counter-part.

In this letter, we present the contribution from potential modes to the dynamics of non-spinning binary systems at ((G*) using the EFT
formalism [49,50], in conjunction with the Boundary-to-Bound (B2B) dictionary [68,69,88]. Our derivation proceeds through the scattering
angle, which we compute via Feynman diagrams. Using several powerful multi-loop integration tools from particle physics [89-105], the
calculation is reduced to a series of ‘three-loop’ integrals. The latter are obtained to all orders in velocities through differential equations,
yielding multiple polylogarithms (MPLs) [106-109], as well as complete elliptic integrals. The resulting deflection angle agrees with the
potential-only result in [76], confirming its validity with an independent calculation entirely within the classical domain.

Armed with the solution of the scattering problem, observables for bound orbits follow from the B2B correspondence, after analytic
continuation in the binding energy and angular momentum [68,69]. We also reconstruct the Hamiltonian and center-of-mass momentum
in an isotropic gauge. However, because of the separation into regions, we encounter spurious infrared(IR)/ultraviolet(UV) divergences
[22,23], similar to what occurs in the Lamb shift [24]. As expected, these IR/UV poles ultimately disappear from observable quantities
[26]. Yet, it makes the result from potential modes dependent on the regularization scheme, featuring for instance logarithms of the
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Fig. 1. Feynman topologies in the potential region at 4PM.

renormalization scale in dimensional regularization, as well as scheme-dependent finite pieces, which must cancel out in the final answer
[23,26].

The split into regions, however, turns out to be useful for several reasons. First of all, after removing some spurious contributions, the
potential-only result serves as a proxy to the full answer. In addition, the universal link between potential and tail terms [27,88], together
with the nature of the integrals involving (on-shell) radiation modes, e.g. [79], allows us to immediately read off several new results
involving radiative effects. In particular, we report the leading logarithms (depending on the binding energy) in the unbound/bound radial
action(s) to all orders in velocities. Moreover, we also present the instantaneous flux at (O(G3). In combination with the conservative
part, the latter allows us to derive the GW phase entirely within a PM scheme for the first time. From the flux we can also read off the
logarithmic contribution to the (non-local) tail Hamiltonian, which we compute for circular orbits.

We have checked that the potential-only result as well as those involving the universal (non-local-in-time) radiation-reaction effects
are consistent with the state-of-the-art in PN theory [31,87]. The complete derivation of tail terms is presented in [110] and [111] using
EFT- and amplitude-based methodologies, respectively.

2. The EFT formalism

The effective action, Seg[x5 (Ta)] (@ =1, 2), is obtained in the weak-field regime, g, = 1, + hyw, by integrating out the metric per-
turbation in the (classical) saddle-point approximation via Feynman diagrams. The compact bodies are described by a worldline theory,
which may be taken linear in the metric for non-spinning structureless bodies [49]. As usual, integration in d =4 — 2¢ dimensions is used
to handle divergent integrals. The equations of motion (EoM) follow by extremizing Se[x§ (To)]. The scattering problem is then tackled by
solving for the total impulse, Ap4’, and subsequently the deflection angle,

2sin(x/2) =/ —Ap2/poc (1

with poo the incoming center-of-mass momentum. Due to the presence of intermediate divergences we will use the PM expansion, with
12 = 4m u?eVE in dimensional regularization,

1= > ((4/1%2)6 %) %) )

We restrict to the impulse in the direction of the impact parameter, b = ,/—b#b,, which is sufficient to reconstruct the answer using
momentum conservation [49].

In principle, we may tackle the entire (classical) soft region at once, without splitting into potential and radiation modes. However,
even though it introduces spurious divergences [23], mode factorization remains a convenient tool to compute the integrals and isolate
various contributions. In fact, the cancelation of intermediate poles not only becomes a non-trivial consistency check, it also allows us
to extract several new results including radiation modes, using the universal character of the answer [88]. We discuss radiation-reaction
conservative effects in more detail in [110].

3. Potential region

The Feynman topologies needed at 4PM are shown in Fig. 1. We must also include iterations of the deflected trajectories into lower
order contributions to the effective action. The additional Feynman topologies are shown in [50]. After tensor decomposition, and prior
to Fourier transforming from transfer-momentum, ¢, onto impact-parameter space [49,50], the impulse becomes a linear combination of
scalar (three-loop) relativistic integrals of the type

li[/ Ao 806 ug) 1 )
/2 (¢, 0y 719 Y
i) TP Gl ug =IO TR DY

with nj,v; € Z, a; € {1,2} (1=2,2=1), uy the incoming velocities, and D; various sets of square propagators. The external data obeys
q-uy=q-uy; =0, ug =1, such that the result depends on t = —q? and y = up - up. As before [50], the t dependence follows from
dimensional analysis. Remarkably, all our integrals can be classified into two families of square propagators.

A salient aspect of the EFT integrals in (3) is that they are accompanied by delta functions, §(¢; - ug), arising after time integration
over the worldline sources. This feature, which is directly connected to the mass scalings in the total impulse [49,50,68], yields a natural
classification into sectors. We denote as (abc) the product §(£1 - ug)d(€2 - up)§(€3 - uc). Integrals in sector (111) (or its (222) mirror),
arising from the first five diagrams in Fig. 1 and lower-order iterations, capture the test-particle limit. These can be readily obtained by
resolving the delta functions in the rest-frame, leading to three-dimensional static integrals. The static sector may be further decomposed
in a basis of seven integrals via integration by parts (IBP) identities [89,90], using FIRE6 [103,104] and LiteRed [94]. The associated
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master integrals are computed via standard tools, such as parametric representations and Cheng-Wu theorem [91]. We have also checked
them numerically using pySecDec [112].

The remaining integrals involving the last seven diagrams in Fig. 1, as well as non-static iterations, can be reduced to solving the (112)
sector, for which we implemented the method of differential equations [92,93]. Following [50,72], we derived a system of equations with
respect to the parameter x, defined via the relation y = (x*4+1)/2x. When possible, we solved the differential equations by means of a
canonical basis [96]. We use the algorithms described in [97,100,105], yielding

df(x,e) ze(ZMidlogoz,-(x)>f(x,e), (4)

for the set of ©(102) basis integrals in f where oj € {x,1+x,1—x,1+x%} and the M;’s are matrices with rational numbers. The
solution can then be cast in terms of MPLs [109]. This was the case in all but a 3 x 3 diagonal block, for which it is not possible to
achieve the e-factorized form through an algebraic transformation. This turns out to be an elliptic-type sector, which we solved as follows.
Firstly, we bring the elliptic diagonal block into the form Age® + Ai€!, while transforming all other diagonal blocks into a canonical
representation. We use an ansatz (see e.g. [98,99]) to make all off-diagonal blocks polynomial in €, containing at most simple poles in x,
and then we integrate out the Ay component. The last step can be achieved by first deriving the (third-order) Picard-Fuchs equation of
the corresponding scalar integral [102]. The differential equations then contain only simple poles, with the elliptic diagonal block turned
into polynomials of degree four in

{K(x%),K(1 — x?), E(x?), E(1 — x»)}, (5)

where K, E are the complete elliptic integrals of the first and second kind (our conventions are summarized in the appendix). From here
it is straightforward to iteratively solve for the master integrals, order-by-order in €. This leads to iterated integrals over polylogarithmic
kernels as well as elliptic integrals, which can be ultimately re-written in terms of logarithms, dilogarithms and products of E and K.
Finally, we input the boundary (static) values by expanding around x = 1. It turns out the same seven master integrals used in the (111)
sector are sufficient to cover the boundary conditions. Remarkably, similarly to the 3PM case [50], this means the test-particle limit carries
all the needed information for the boundary terms in the entire potential region.

Garnering all the pieces together, using (1) and (2), we arrive at

4)

Xb(pot) X2e(X) 6
—r —xs(x>+v< e +xp<x)>, (6)

where I'= E/M, with M and E the total mass and energy, and v the symmetric mass-ratio, respectively. The result depends on MPLs up
to weight two as well as products of the set in (5). The values for the (Xs, X2¢» Xp) coefficients can be found in the appendix. The scheme-
dependence appears through the IR pole and renormalization scale, fi2, as well as various spurious finite pieces which must cancel out
altogether against similar ones in the tail contribution [23,26]. Using several identities between MPLs and iterated elliptic integrals, we
find our result in (6) is equivalent to the one obtained in [76], including also the spurious terms. We elaborate on the PM integration and
implementation of the differential equations in the EFT approach elsewhere.

4. Boundary-to-Bound correspondence

The scattering angle allows us to derive the bound radial action via the B2B map. Unfortunately, the spurious pieces from the potential

region still pollute the answer. However, as a proxy to the full local contribution, we may use the IR-finite part of X((Sgt“)/l) to build the

(local) bound radial action. Hence, following the B2B correspondence we find for the (IR-finite) correction from potential modes [88]

) 2(1 —y?)?
l;l(]?(/JIt) = W (Xs + vxp) (bound), )

where j= J/(GM?v), with | the angular momentum.

5. Impetus & Hamiltonian

The presence of a divergence requires a modification of the Firsov formula discussed in [68]. Introducing the PM expansion in isotropic
gauge for the center-of-mass momentum,

P =p% [l +Yne(2F) (4/12r2)n€} , (®)
n=1

we can then relate the f;’s to the X;")'s [88]. In particular, at 4PM we have

| e - 1314 (3 —¢) ( (1))4 (2 —86)’T(1 —26)I'% (5 —€) ( (1))2 @ 9)
372r4(1 —e) b n3/2r(% _ze) r2a—e V0 ’

VAT (5 —4e) %

4(@e - DU (% —3€>F(% - 4 o, (8 —2)I'2(1—2¢) (XQ))Z 22 —4€)

J’_
T2 30T —e) /b %b w2 (3 -2¢) b
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where the lower order coefficients can be found in [49,50]. From here it is straightforward to extract a Hamiltonian. Once again, we write
the PM expansion in isotropic gauge as (using a somewhat different convention w.r.t. [76])

oo

n(p? (G\"/, - n
H oo (T pz)zzc (p") <_> <4M2r2) € . (10)
n=0

n! r

The value of c4(p?) is obtained directly from f4(E) following the steps described in [68], which remain unaltered, and using

E{Ey + p?
y=ﬁ,5a=\/m5+p2. (11)

We find agreement with the result in [76]. Complete expressions are given in the appendix.
Due to the presence of divergences, the 4PM coefficient of the Hamiltonian acquires the following structure
32M3(y? — 1)v? 2
€4=— r2e ~(xs +vap) 5+ (12)
where & = E1E/E2, the ellipses account for iterations from lower order terms, and

26) 32M5(y2—l)v3<
¢, =E————H5——

1 10
2 —+ 5 - 4log(2)> X2e - (13)

2¢ 3

The contribution due to cflze) descends directly from the (universal) divergent part of the scattering angle together with the O(€) terms in
(9), and therefore is spurious. Hence, it must be removed prior to using potential modes as a proxy of the local Hamiltonian. Unfortunately,
other (non-universal) spurious pieces remain in the answer, which are only removed by tail terms [110,111]. Luckily, the unambiguous
logarithmic part of the full Hamiltonian can be readily computed, as we discuss below.

6. A prelude for radiation modes

The inclusion of radiation modes entails adding self-energy corrections to the list of Feynman diagrams in Fig. 1. This corresponds
to diagrams with all the sources on the same worldline.! (Notably only from tree-level and one-loop, with the others yielding scaleless
integrals on unperturbed solutions.) The main difference with respect to the potential region is the need to compute integrals involving on-
shell graviton modes. Given the nature of the boundary integrals in the soft region, e.g. [79], and the expected cancelation of intermediate
divergences alongside the factors of log i2b% [22], we already anticipate the following structure

(4)
Xb(rad) _ ) (_ X2¢ (%)

o\ —4e 14
pu S (1=%) +xt(x)), (14)

for the radiation-reaction part of the (conservative) scattering angle.> The final result thus takes the form
4

Xb (tot)
n—ff =X5+V(Xp + Xt + 2 x2¢ log(1 —X)).

The contribution from tail effects to x:(x), which includes physical as well as spurious terms similar to those appearing in xp(x), is
reported in [110]. Nonetheless, we can already derive a series of new results from the structure revealed in (15).

(15)

7. Instantaneous flux and total radiated energy.

The coefficient of the pole in the effective action due to tail terms is related to the radiated flux [22,27,88,113]. In particular, we have

+00 +00

GE dE
Sg?g:_/dtH(tail):Z/th-F.... -

—0o0 —00
From the cancelation of divergences, using (13) and (11), we can then read off the instantaneous flux in the center-of-mass frame
dE . p?) 4G3M* (y?2 — 103
—_ r, =
dt |3pm b 3 3¢
It is straightforward to obtain the total radiated energy, AEpyp /e, both in hyperbolic- and elliptic-like motion, by a change of variables,
dt =dr/t, and integrating between the end points of the motion. For instance,

2mv? (2 —1)*M
3PM _
Abpyy =——3 r47j3)(2e()/)+"', (18)

X2 (V). (17)

T In principle we must also extend the EFT approach to the (casual) Keldysh-Schwinger formalism [22]. However, for tail terms it is sufficient to consider the Feynman
prescription while keeping the real part of the effective action [30,32]. This allows us to retain the integration machinery intact [110].

2 The singular factor of (1 —x)~%€ signals the existence of (two) quadratic propagators going on-shell in the tail terms. Similarly to Xp(x), where intermediate singularities
cancel out, x;(x) is likewise devoid of logarithmic divergences in the x — 1 limit [110].
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which agrees (modulo a pre-factor) with the coefficient of the pole in the (unbound) radial action. This reproduces the result obtained
in [76,77,79]. Similarly to the link between angle and periastron advance, the relation between orbital elements discovered in [68,69],
together with the invariance of the instantaneous flux and radial momentum under j — —j, readily implies

AEen(j) = AEnyp(j) — AEnyp(—J). (19)

after analytic continuation [88] (see also [87]).
8. Logarithmic tail terms

The universal structure in (15) allows us to compute the logarithmic corrections to the unbound/bound radial action(s). Using log(1 —

x) ~1ogveo + -+, With voo =/y2 — 1, we find

E )
Iﬁ% WAEhyp(]) logvZ,  (unbound)
2 2 (20)
:Eum (J/)logvz 4.
3 @) o

defined here so that x/(27w) = —9;Z;. We checked that this expression reproduces all the known vgg log vgo /j* PN contributions to the
non-local part of the scattering angle to 6PN reported in [87], providing at the same time an infinite series of new terms at @(G*) and to
all orders in velocities.

Remarkably, the same local B2B dictionary also applies to logarithmic contributions, yielding [88]

E
(og) =~ o2y 2 Fell()108(=€)  (bound)
(21)
20 (1 —yp?)2
= ?ka(y)log(—ﬁ) +o

with £ = (E — M)/(Mv) <0, the (reduced) binding energy. The above expression can be then added to (7) to describe bound orbits. From
here we can obtain, for instance, the periastron advance via A®/(2w) = —9;ir. The bound radial action can also be used to compute the
functional relationship £(€2) for circular orbits, with Q the orbital frequency. We have checked that using the condition i, =0 together
with Firsov’s formula [68] reproduces the known PN factors of log 2, see [88].

9. Universal part of the non-local Hamiltonian

The logarithmic contribution to the unbound radial action takes the following form (see e.g. [26,87,88,113])

+00
dw dE dE
2w GM Ziec) = (/ %d—log 460262”)4- / thlogrz(t)>
H
— (nloc) dt (22)
Mv
—00

with the factor of log4e®VE introduced following the conventions in the PN literature. From here, using (17) and (11), we derive the
logarithmic (non-local) part of the full Hamiltonian at 4PM in isotropic gauge,

1 GI dE
My H{iloo - P*) = ETRPTRe (IOg(QZrZ) + 10g(16e2V5)>

4 (GM\* (y2 — 112
=——) ——— log v + log(16e%7¢ ) 23
3(r) % X2e()/)(g + log( ) (23)
evaluated on a circular orbit, with € the orbital frequency and v = Qr. We have added also the constant term on the leading quadrupolar
mode w =~ 2%.

10. Conclusions

Using the EFT formalism [49,50] and B2B correspondence [68,69], we have computed the contribution from potential modes to the
dynamics of non-spinning binary systems to 4PM order, both for hyperbolic- and elliptic-like motion. Our result for the potential-only
deflection angle and Hamiltonian agree with the value reported in [76] from scattering amplitudes, thus providing an independent deriva-
tion.

One of the virtues of the EFT framework with worldline external sources is that it already systematically encodes all of the relevant
(classical) information from the onset. This has the added value of reducing the associated integrals directly into a basis of the type
in (3), without the need of further manipulations. (See e.g. [114] for an alternative route.) Moreover, as we demonstrated here, the EFT
approach is well suited to take full advantage of powerful tools from particle physics to solve the true challenge of a PM scheme—namely
the (classical) integration problem—including the method of differential equations [50,72]. In particular, the latter gave us full control of
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the master integrals (to the required order in €), without having to resort to the PN-type resummations in [66,67,76], which may prove
advantageous as we progress towards higher orders.

In order to complete the knowledge of the dynamics at 4PM, thus removing spurious terms, self-energy diagrams must be added
to the list of topologies as well as regions of integration in the boundary conditions of the differential equations including radiation
modes. The full derivation is presented in [110], see also [111]. Yet, several contributions can be already obtained from the knowledge of
the potential-only result together with the universal character of the non-local tail terms [27,88], as well as the generic properties of the
entire soft region with radiation modes, e.g. [79]. In particular, we readily derived the logarithmic contributions to the full bound/unbound
radial action at 4PM. Through the connection with tail terms, we have also obtained the instantaneous flux at O(G3). The latter allowed
us to derive the logarithmic part of the non-local tail Hamiltonian at 4PM. All these results are consistent with the PN values in the
literature [87], while at the same time predict a series of corrections at all orders in velocities. In combination with the instantaneous flux
n (17), this provides new ingredients to derive the GW phase evolution entirely within a PM scheme, thus continuing the quest towards
high-precision modeling in the era of GW astronomy.
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Appendix A

Except for the test-body limit, which can be computed from the deflection angle in a Schwarzschild background,
hy(x) 105 (33y4 — 18y2 +1)
128 (x2 — 1) 128 (y2 —1)°

XS (X) = ) (24)

the remaining terms in the 4PM coefficient of the scattering angle in (6) can be written in terms of MPLs, G(d; x) (up to weight two),
times polynomials, h;(x), in the variable x as follows:

ha (%) 3h3(0)G0; %) 3ha(X)(G(=1;%) — G(0;2))
X2e¢(X) = — i 5 5
64x2 (x2 —1)"  32x(x2—1) 32x2 (x2 — 1)
_ 210y5—552y5 +339y4 — 912y3 + 31482 — 3336y + 1151
32(y% - 1)?
3(35y* +60y3 — 150y% + 76y — 5) <y + 1) 3y (22 —3) (35y* — 30y 2 + 11) arccosh(y)
+ log -
16(y2-1) 2 32 (),2_1)2 y2—1
_ 21hs(E* (1 %) 3K(1—x*)heE(1—x*)  15K* (1 —x*) hy(x)
10 == see_1)¢ 8(x2—1)* 162 —1)°
*hs (%) hg (%) G(0;2h10(x) | 3G(0;2)*h1(®)
256x2 (x2 —1)°  1536x3 (2 —1)° (2 +1)" 1283 (2 —1)" 162 (x2 — 1) )5
h20G0;%)  hi3G(=1;x  ha®G(=1:8*)  3hi5(x)G(0;2)G(—1;%) 2
1282 (2 —1)" 1283 (x2—1)" 643 (x2—1)* 64xt (x2 —1)°
3h1s()G(0: 2)G(1:%) | 3h7(x)(G(0;X)G(1; %) — G(0, 1; X))
64x* (x2 — 1)2 256x4 (x2 — 1)5
_ 3higX)(G(=1;0G6(1: %) — G(=1,1; X)) n 3h19()(G(0; 2)G(0; %) — G(0, —1; %))
128x4 (2 —1)° 8(x2—1)°
L 3h20®G0,.0:%)  3ha1(0G(=1,0:%)  3h2(®G(=1,~1:x)
32x (x2 — 1)° 256x4 (x2 — 1)° 128x4 (x2 — 1)?

3ha3(x) (G (—1;%%) G(1;%) — G(—1, —i;x) — G(—1,i;x) — G(—i, 1; %) — G(i, 1; %))
128x4 (2 — 1) '
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We use the following conventions for the complete elliptic integral of the first kind,

do dt
1<(x2)=/ =f
g Vi=xsin’e o\ J(1-2) (1-220)

while for the complete elliptic integral of the second kind,

T2
E(x)—/dQ\/ —x2sin%6 = /dt 11 Xt.
—l’

The MPLs themselves can be expressed as follows (with 0 <x <17):
G(0; x) =log(x), G(—1;%) =log(1+x), G(1;x) =log(1 —x),
1 1
G(0,0; x) = 5 log?(x), G(—1,—1;x) = 5 log?(1+x), G(0,—1;x) = —Lix(—x),

G(—i: x) + G(i; x) = log(1 + x?), G(—1,0; x) = log(x) log(1 + x) + Liz(—x)
2

T logz(x) o (x—=1
G@0,1;x) = 5 + log(1 — x) log(x) — >~ Liy " ,

2 1
G(=1,1;%) = = +log(4 — 49 log(1 + 1) — logz(l +x)

x—1
—log(2)log(1 —x )— Lip ( n 1>

2 4
G(—1,—-i;x) + G(—1,i;x) + G(—i, 1; x) + G(i, 1; x) = —% + log(1 + x) log (1—1——x2> + log(1 —x2)10g<

M (S EEDRY Ly, (A
2 2\ T 0 +x2 \x+1/)-
The h;(x) polynomials are given by:

hy =105 (33x8 + 60x5 4 70x* + 60x% + 33)

hy = 105x'? — 552x'1 4+ 1308x10 — 6408x° + 29471x% — 69840x” + 93368x® — 69840x° + 29471x*
— 6408x> + 1308x% — 552x + 105,

hs =35x13 4+ 60x'% — 325x'! + 304x'% + 198x° — 788x% + 446x” — 889x° 4 788x*
—217x% — 304x% + 240x — 60,

hy = 35x3 + 120x” — 460x° + 968x> — 1070x* + 968x> — 460x% + 120x + 35,

hs = x (95x4 +359%% 4 95) ,

he = x <x2 n 1) (300x4 +3520% + 300) ,

hy = X3 (393x4 +980%% + 393) ,

hg = 315x'* — 2040x"3 + 8835x'% — 10336x'! —3811x'% + 31112x° — 55627x% + 33408x’ — 4099x°
+933x* + 3040x> — 3925x% + 600x + 35,

hg = 2700x3% — 14178x%! 4+ 51621x%° — 9658227 + 1268874x%% — 5317930x%7 + 18314727x*6 — 43731534x%>

+ 87689876x%* — 143624426x%3 + 192672621x%% — 221881534x%! + 192446998x*° — 124929618x°

+25074951x'® 4 65377306x'7 — 91326336x'® + 65377306x!° + 25074951x'% — 124929618x!3
+192446998x'%2 — 221881534x'" + 192672621x'% — 143624426x° + 87689876x°

— 43731534x” 4 183147275 — 5317930x° 4 1268874x* — 96582x> + 51621x% — 14178x + 2700,

h1o = 300x'* 4 4523x!3 + 8948x!2 — 35378x!! + 12700x1° 4+ 213317x° — 814524x%
+ 876164x” — 814524x% + 213317x° + 12700x* — 35378x> + 8948x> + 4523x + 300,
h11 = 35x% 4 500x° + 1362x* + 500x% + 35,
hiz = 225x%° + 4523x19 + 856x'® — 30593x'7 — 16165x'® + 221833x!° — 578424x'* + 54271x"3

7

(26)
(27)
(28)
1+ x2
)
— 3560x°
(29)
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+ 1304954x'2 — 1533425x!" + 763800x'% 4 206421x° — 603146x% — 71285x” + 355672x°
—111187x° 4 7925x* + 18354x> — 6672x% — 225,

h13 = 150x1 4 4523x13 4-9018x!2 — 35378x!! 4 24206x'% + 213317x% — 672350x° + 876164x’
— 672350x5 4 213317x° + 24206x* — 35378x> + 9018x> + 4523x + 150,

hig = (x2 + 1) (75x12 —110x'° — 5643x% — 65444x°5 — 5643x* — 110x% + 75) ,

hys = 25x'2 +30x'0 4+ 1680x° — 3801x® + 13552x” — 9916x5 + 13552x° — 3801x* + 1680x> + 30x% + 25,

his = 25x'2 — 2500 + 1680x° — 7801x% + 13552x” — 20812x% + 13552x° — 7801x* + 1680x> — 250x° + 25,

hy7 = 75x'® — 835x'® + 4320x1> — 19348x14 + 21888x!3 + 6156x'% — 62496x'" 4 109202x'® — 44544x°
—31930x3 + 25760x7 — 2420x% — 12160x° + 12348x* — 2400x> + 555x% — 75u,

hig = 25x'? — 530x'0 4+ 3360x% — 13721x® + 27104x” — 36572x% + 27104x> — 13721x* 4 3360x> — 530x% + 25,

hyg = 35x'% 4+ 155x10 — 26x% — 1282x° + 839x* + 7x* — 240,

hao = 105x'9 — 60x!8 — 90x!7 — 124x16 — 536x1° 4 1520x'* — 1934x!3 — 3216x'% + 9790x!" + 1880x!°
—11350x7 + 1880x% 4 7048x” — 3216x° + 94x° + 1520x* — 1559x> — 124x% + 480x — 60,

ha1 = 75x'8 4 5x1% 4 4320x15 — 13708x'* + 21888x"® + 5476x'? — 62496x!! + 71722x10 — 44544x° — 1538x®
+25760x7 — 2044x° — 12160x° + 5348x* — 2400x> + 275x* — 75,

hgy = 25x'% 4 30x'° + 3360x° — 5721x% + 27104x7 — 14780x° + 27104x° — 5721x* + 3360x° + 30x> + 25,

hys = 25x'2 +30x10 — 1881x% — 5052x% — 1881x* + 30x% + 25.

The value of f4(E) in the expansion of the center-of-mass momentum follows from the scattering angle via
204 —1°T*(3—€) / a4 2-86)’T(1 =22 (3-€) / aN\2
= T 3aIrd—e ( b ) 3r (% _26> 2d—g ( b ) Xp (30)

4(de —1I (% - 36) Fz-9 o4 o | Be—2r’(1-2¢) ( (2)>2 2r2—46) @

_l’_ -
T2 -3 (1 —¢) b 7 22 (% _26) b AT (5 —4e) "t

The 4PM coefficient of the Hamiltonian in isotropic gauge is given by

3(y? = 1) M>v8dy(y) f1(E)* N 9(y2 —1)> MTv8da(y) f1(E)2 £ (E)

C4(p2) = 16F27§7 21"17&-5
9(y2 —1)* MSVEdy (y) f1(E) f2(E) f{(E) 9 (y? —1)° MSVSdy(y) f1(E)? f}(E)
- r14g4 - 2r14g4
L3 (y2 —1)> M"v8da(y) f1(E)? ]/ (E) N (y2 —1)> Mv8ds(y) f1(E)? £ (E)
2I'17g5 4T22£6
9(y? = 1) M>v8da(y) f1(E)* f2(E) 3 (y? — 1) MPvidy(y) fa(E)?
+ 21’*19%—5 + F”%‘3
6(y2 — 1) MSVidy(») fL(E)f3(E) 9 (y2 —1)* MBVE f1(E)2f] (E) f{/(E)
+ 11&£3 + 124
g 4T12¢ (31)
L3 ) M FREFE? 32— 1) MV HE)f(E)
2F12§4 ['953
6(y2 — 1)’ M7V f1(E) f(E) f)(E)  6(y% —1)> MOV f3(E) f(E)
- ['953 + ['6%-2
L807 - 1)° MOV o (E) 3 (E) L6807~ 1)” MV £ (E) f4(E)
FB&Z 1-*6%-2
3= 1) MO A REE) 3y = 1)’ M fIE) ()
1-*9‘;’_-3 21’*953

L) IMEEAEPE) 12(y - 1) MOV fa(E)
41"12&-4 1"35 ’
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where primes denote derivatives w.r.t. E, and the d;’s are polynomials in y given by
di(y) = (35y3 — 1352 4201y — 141) W8y —1)°
+3 (75;/4 —279y3 +377y2 — 93y + 200) Wy —1)7
+ (603y5 — 21154 420633 — 1491y? + 474y — 934) viy —1)°
+ (855)/5 —2563y° +2617y* —1749y> + 1076y% — 668y + 712) vy —1)°
+ (641y6 —1108y° +811y4 — 4203 + 419y2 — 152y + 289) V2(y —1)?
+ (239;/6 —181y° +134y* —46y3 +95y2 — 13y + 60) v(y —1)+35y% + 154 + 9y% + 5,
d2(y) = (7% =5y +4) (v = D +3y2+ By =5y - D2 +1, (32)
ds(y) = (29;/2 — 86y + 77) Vi — 1842 (65y3 —162y2 + 81y — 76) iy —1)*
+ (211y4 — 3823 430512 — 136y + 118) V(y —1)
+2 (67y4 —49y3 +45y% — 11y +20) v(y —1)+29y% +14y% 45,
da(y) = — (5y2 — 14y + 13) vy —1)8 -2 (11y3 —28y2 + 11y — 14) vy — 1
- (36y4 —66y3 +47y% — 20y + 23) V2 (y — 1)2
- (23y4— 17y3 +13y2 — 3y +8) vy —1) =5yt —2p2 1.

The final expression for c4 becomes a function of the center-of-mass momentum by replacing

E1E2 + p?
y =208 g ml g p2, (33)
mimy
after taking the derivatives. The result for potential-only modes coincides with the value reported in [76].
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