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Abstract

In supersymmetric theories the Higgs boson masses are derived quantities where higher-
order corrections have to be included in order to match the measured Higgs mass value
at the precision of current experiments. Closely related through the Higgs potential are
the Higgs self-interactions. In addition, the measurement of the trilinear Higgs self-coupling
provides the first step towards the reconstruction of the Higgs potential and the experimental
verification of the Higgs mechanism sui generis. In this paper, we advance our prediction
of the trilinear Higgs self-couplings in the CP-violating Next-to-Minimal Supersymmetric
extension of the SM (NMSSM). We provide the O(α2

t ) corrections in the gaugeless limit
at vanishing external momenta. The higher-order corrections turn out to be larger than
the corresponding mass corrections but show the expected perturbative convergence. The
inclusion of the loop-corrected effective trilinear Higgs self-coupling in gluon fusion into Higgs
pairs and the estimate of the theoretical uncertainty due to missing higher-order corrections
indicates that the missing electroweak higher-order corrections may be significant.
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1 Introduction

The measurement of the trilinear Higgs self-coupling is one of the most important tasks at the
LHC and future colliders [?]. It is the first step towards the experimental reconstruction of
the Higgs potential and hence the direct experimental verification of the Higgs mechanism sui
generis [?,?,?]. At the LHC, it is accessible in gluon fusion into Higgs pairs. In models beyond
the Standard Model (SM) with extended Higgs sectors, the Higgs self-couplings are also involved
in Higgs-to-Higgs decays. Through the Higgs potential, the trilinear Higgs self-coupling is related
to the Higgs boson mass. While in the SM the Higgs mass is an ad hoc input parameter, in
supersymmetric theories [?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?] it is derived from the parameters of
the model. In the Minimal Supersymmetric extension of the SM (MSSM) [?,?,?,?] the Higgs
quartic couplings are given in terms of the gauge couplings leading to an upper bound of the
tree-level mass of the order of the Z boson mass so that considerable higher-order corrections
are required to shift the SM-like Higgs boson mass to the observed value of 125.09 GeV [?].
In the Next-to-MSSM (NMSSM) [?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?] the situation is somewhat more
relaxed due to the tree-level contribution stemming from the inclusion of the additional complex
singlet field. In the last years, a lot of effort has been put to provide precise predictions for
the Higgs mass values at higher loop level both in the MSSM and the NMSSM. For recent
reviews, see [?,?]. For the trilinear Higgs self-couplings the corresponding corrections have not
yet been provided at the same level of precision as for the masses. In the MSSM, the one-loop
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corrections to the effective trilinear couplings have been provided many years ago in [?, ?, ?].
The process-dependent corrections to heavy scalar MSSM Higgs decays into a lighter Higgs pair
have been calculated in [?, ?]. The two-loop O(αtαs) SUSY-QCD correction to the top/stop-
loop induced corrections have been made available within the effective potential approach in [?].
In the NMSSM, we provided the full one-loop corrections for the CP-conserving NMSSM [?].
They are sizeable so that the inclusion of the two-loop corrections is mandatory to reduce the
theoretical uncertainties due to missing higher-order corrections. Consequently, we subsequently
calculated the two-loop O(αtαs) corrections in the limit of vanishing external momenta in [?], in
the CP-violating NMSSM. The full one-loop corrections to the Higgs-to-Higgs decays and other
on-shell two-body decays were implemented in [?]. For corrections to the trilinear Higgs self-
couplings in non-supersymmetric (non-SUSY) Higgs models, see for example Refs. [?,?,?,?,?]
for one-loop and Refs. [?,?,?,?] for two-loop results, and Refs. [?,?,?,?,?,?,?,?,?,?] for the
process-dependent Higgs-to-Higgs decays at one-loop level.

In this paper we continue our effort in increasing the precision for the predictions of the
trilinear Higgs self-couplings in the context of the NMSSM. We calculate the two-loop corrections
at O(α2

t ) to the trilinear Higgs self-couplings of the complex NMSSM. They are obtained in the
limit of zero external momenta and vanishing gauge couplings. We consistently apply the same
renormalisation schemes as in our computation of the loop-corrections to the Higgs boson masses,
based on a mixed on-shell-DR renormalisation in the Higgs sector and the possibility to choose
between on-shell (OS) and DR renormalisation in the top/stop sector. Our corrections have
been implemented in our Fortran code NMSSMCALC [?,?] and can be downloaded from the url:

https://www.itp.kit.edu/∼maggie/NMSSMCALC/

The paper is organized as follows. In Sec. 2 we introduce the tree-level sectors of the NMSSM
that are relevant for our calculation and set up our notation. In Sec. 3 we give the definitions
for the loop-corrected effective trilinear Higgs self-couplings and for the loop corrections to the
Higgs-to-Higgs decays. We specify the approximations that we apply and the renormalisation
schemes that we use. In Sec. 4 we briefly present the set-up of our numerical analysis and the
scan that we performed. Sections 5 to 7 are dedicated to our numerical analysis. In Sec. 5 we
discuss the impact of our corrections on the effective trilinear Higgs self-couplings and on the
Higgs-to-Higgs decays for two specific parameter points, in Sec. 6 we investigate these effects for
our whole sample to get a more general picture. The effects of our corrections in the context of
Higgs pair production are analysed in Sec. 7. Our conclusions are given in Sec. 8.

2 The Tree-Level NMSSM

In order to set our notation we briefly introduce the two sectors relevant for the renormalisation,
the Higgs and the top/stop sectors. While the computation of the O(α2

t ) contributions to the
Higgs self-energies and tadpoles involves neutralinos and charginos, they do not need to be
renormalised as vertices and propagators with these particles only enter at the two-loop level.
For the definition of the electroweakino masses and mixing angles in the gaugeless limit we
refer to Ref. [?]. We work in the Z3 symmetric NMSSM including CP violation. For the
computation of the two-loop corrections to the trilinear Higgs self-couplings of the neutral Higgs
bosons at O(αtαs + α2

t ) we apply the gaugeless limit and follow the notation of our previous
calculations [?, ?, ?, ?]. Note that in contrast to the MSSM, the trilinear and quartic Higgs
couplings in the NMSSM do not vanish in the gaugeless limit, but involve λ, κ,Aλ, Aκ. The
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NMSSM superpotential is given by

WNMSSM =
[
yeĤd ·L̂Êc + ydĤd ·Q̂D̂c − yuĤu ·Q̂Û c

]
− λŜĤd ·Ĥu +

1

3
κŜ3 , (1)

in terms of the quark and lepton superfields Q̂, Û , D̂, L̂, Ê, the Higgs doublet superfields Ĥd,
Ĥu and the singlet superfield Ŝ. Charge conjugated fields are denoted by the superscript c.
We have suppressed color and generation indices for better readability. The symplectic product
x·y = ϵijx

iyj (i, j = 1, 2) is built with the anti-symmetric tensor ϵ12 = ϵ12 = 1. Working in the
CP-violating NMSSM, the parameters λ, κ are in general complex. All yx (x = e, d, u) are taken
to be real by rephasing the left- and right-handed Weyl-spinor fields as xL,R → xL,Re

iφL,R . In
our computation, the Yukawa couplings yx (x = e, d, u) are assumed to be diagonal in flavour
space, and we only include yt while all other Yukawa couplings are set to zero. We furthermore TODO
take the The soft SUSY breaking Lagrangian is given by

Lsoft, NMSSM = −m2
Hd

H†
dHd −m2

Hu
H†

uHu −m2
Q̃
Q̃†Q̃−m2

L̃
L̃†L̃−m2

ũR
ũ∗RũR −m2

d̃R
d̃∗Rd̃R

−m2
ẽR
ẽ∗RẽR − ([yeAeHd ·L̃ẽ∗R + ydAdHd ·Q̃d̃∗R − yuAuHu ·Q̃ũ∗R] + h.c.)

−1

2
(M1B̃B̃ +M2W̃iW̃i +M3G̃G̃+ h.c.)

−m2
S |S|2 + (λAλSHd ·Hu − 1

3
κAκS

3 + h.c.) , (2)

where again quark and lepton generation indices are suppressed. The Q̃, ũR, d̃R and L̃, ẽR denote
the complex scalar components of the corresponding quark and lepton superfields. The soft
SUSY breaking gaugino mass parameters Mi (i = 1, 2, 3) of the bino, wino and gluino fields B̃,
W̃i (i = 1, 2, 3) and G̃ as well as the soft SUSY breaking trilinear couplings Ax (x = λ, κ, u, d, e)
are complex in the CP-violating NMSSM in contrast to the soft SUSY breaking mass parameters
of the scalar fields, m2

X (X = S,Hd, Hu, Q̃, ũR, d̃R, L̃, ẽR), which are real.

2.1 The Higgs Boson Sector

The tree-level Higgs boson potential is obtained from Lsoft, NMSSM, the F -terms of WNMSSM and
the D-terms originating from the gauge sector,

VH = (|λS|2 +m2
Hd

)H†
dHd + (|λS|2 +m2

Hu
)H†

uHu +m2
S |S|2

+
1

8
(g22 + g21)(H

†
dHd −H†

uHu)
2 +

1

2
g22|H

†
dHu|2 (3)

+|κS2 − λHd ·Hu|2 +
[1
3
κAκS

3 − λAλSHd ·Hu + h.c.
]
. (4)

In the gaugeless limit means , the U(1)Y and SU(2)L gauge couplings g1 → 0 and g2 → 0 while TODO
tan θW = g2/g1 is kept constant, with θW being the weak mixing angle. This is equivalent to
the limit of vanishing electric charge and tree-level vector boson masses, e,MW ,MZ → 0, while
keeping tan θW constant.

The Higgs boson fields are expanded around their vacuum expectation values (VEVs) vu,
vd, and vs as

Hd =

(
vd+hd+iad√

2

h−d

)
, Hu = eiφu

(
h+u

vu+hu+iau√
2

)
, S =

eiφs

√
2
(vs + hs + ias) , (5)
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where φu,s denote the CP-violating phases. We can replace the three VEVs by tanβ, the SM
VEV v and the effective µ parameter µeff as

tβ ≡ tanβ = vu/vd , (6)

v2 = v2u + v2d ≈ (246GeV)2 , (7)

µeff =
eiφs

√
2
vsλ . (8)

Note that the MSSM limit is smoothly retraced by taking the limit λ, κ → 0, vs → ∞ and at
the same time keeping µeff and κ/λ constant. From the Higgs potential of Eq. (4) we obtain
the tree-level tadpoles, the Higgs mass matrices and the trilinear Higgs self-couplings. For the
tadpole coefficients we have

(t)l = tϕl
=

∂VH

∂ϕl
, l = 1, . . . , 6 , (9)

[Should we write TODO

(t)l = tϕl
=

∂VH

∂ϕl

∣∣∣∣
ϕ=0

, l = 1, . . . , 6 , (10)

instead, i.e. with the |ϕ=0? And similarly for the higher derivatives below?] with TODO

ϕ = (hd, hu, hs, ad, au, as)
T . (11)

Only five of the tadpoles are independent, since tau = tad/tβ. The neutral Higgs mass matrix in
the interaction basis is obtained as

Mϕlϕm =
∂2VH

∂ϕl∂ϕm
(12)

and the charged one as (r, s = 1, 2)

Mh+
r h−

s
=

∂VH

∂hc,†
r ∂hc

s

, with hc = (h−∗
d , h+u ) . (13)

The trilinear couplings which need to be renormalised at two-loop level for the calculation of
the O(α2

t ) corrections in this paper, are obtained as

λϕlϕmϕn ≡ λlmn =
∂3VH

∂ϕl∂ϕm∂ϕn
. (14)

The explicit expressions for the tadpoles and the squared mass matrices Mϕϕ and Mh+h− are
given in Ref. [?] and those for the trilinear Higgs self-couplings can be found in the Appendix
of Ref. [?]. The neutral Higgs mass eigenstates are obtained by a two-fold rotation that first
separates the Goldstone component through the rotation RG(βn), i.e. it transforms from the
basis (hd, hu, hs, ad, au, as) to (hd, hu, hs, a, as, G

0), and afterwards rotates into the mass basis
(h1, h2, h3, h4, h5, G

0) with the rotation matrix R,

Mhh = RG(βn)Mϕϕ(RG(βn))
T (15)

M′
hh = RMhhRT (16)

= diag(m2
h1
,m2

h2
,m2

h3
,m2

h4
,m2

h5
,m2

G0)
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where the neutral Goldstone boson mass is equal to the Z boson mass, mG0 = MZ , in ’t Hooft
Feynman gauge. It vanishes in the gaugeless limit. The charged Higgs fields are rotated to the
mass eigenstates with a single rotation RG−

(βc),

RG−
(βc)Mh+h−(RG−

(βc))
T = diag(m2

G± ,M
2
H±) . (17)

In the ’t Hooft Feynman gauge the charged Goldstone boson mass is equal to the charged W
boson mass, mG± = MW , and vanishes in the gaugeless limit. At tree-level the rotation angles
βn and βc coincide with β, βc = βn = β. They are distinguished here as βn and βc are mixing
angles and do not need to obtain a counterterm which is not the case for β that arises from
the ratio of the VEVs. It has to be renormalised and receives a non-vanishing counterterm.
After the renormalisation they are set equal to the tree-level value of β again. Our tree-level
masses are denoted by small letters m, apart from the charged Higgs boson mass. When we
talk about loop-corrected masses, they are denoted by capital M . In our renormalisation of
the trilinear coupling we will adapt the same renormalisation conditions as those used in the
two-loop corrections of the masses. There MH± is renormalised on-shell so that the distinction
between tree-level mass and loop-corrected mass does not apply.

@Nhung: Why did you take off the remainder of the section? Do you not
consider it important minimum information?

2.2 The Squark Sector

At O(α2
t ) order, the squark sector needs to be renormalised at O(αt). The top mass and the

top-quark Yukawa coupling are related as,

mt =
vuyt√

2
ei(φu+φL−φR) , (18)

with mt and yt being real in our convention. Applying the freedom of choice of the phases φL,
φR of the left- and right-handed top-quark fields, we define φL = −φR = −φu/2. Thereby the
stop mass matrix in the (t̃L, t̃R)

T basis in the gaugeless limit is given by

Mt̃ =

 m2
Q̃3

+m2
t mt

(
A∗

t e
−iφu − µeff

tanβ

)
mt

(
Ate

iφu − µ∗
eff

tanβ

)
m2

t̃R
+m2

t

 , (19)

diag(m2
t̃1
,m2

t̃2
) = U t̃Mt̃U

t̃† , (20)

where U t̃ denotes the rotation matrix for the left- and right-handed stop fields t̃L,R into the mass
eigenstates t̃1,2. We set the bottom quark mass to zero everywhere so that the right-handed
sbottom states decouple and only left-handed sbottom states appear in the computation. In the
stop sector the parameters to be renormalised at one-loop level are

mt, mQ̃3
, mt̃R

and At . (21)

3 The Loop-Corrected Couplings

3.1 Definition

The renormalised trilinear Higgs self-coupling λ̂ijk at two-loop order between the interaction
states hi, hj and hk is given by

λ̂ijk = λijk +∆(1)λijk +∆(2)λijk (22)
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Here the indices i, j, k refer to the interaction basis (hd, hu, hs, ad, au, as). We denote the trilinear
tree-level Higgs self-coupling by λ and the one- and two-loop corrections to it by ∆(1)λ and
∆(2)λ, respectively. The explicit expressions for the tree-level couplings in the interaction basis
are given in App. A of [?].

Applying the description in [?], we define the so-called effective trilinear Higgs self-couplings
as follows. Both one-loop and two-loop corrections are computed in the approximation of zero
external momenta, more specifically:

• In the one-loop corrections, ∆(1)λ, we include only corrections at O(αt). These are coming
from the top/stop sector and are hence the dominant ones. They have been discussed in
detail in [?].

• For the two-loop corrections, ∆(2)λ, we include the dominant contributions of O(αtαs)
and O(α2

t ),

∆(2)λijk = ∆αtαsλijk +∆α2
tλijk , (23)

where the QCD corrections ∆αtαsλijk have been computed in [?]. In this paper the ∆α2
tλijk

corrections are calculated for the first time.

• After calculating λ̂ijk in the interaction basis (hd, hu, hs, ad, au, as) we rotate it first to the
basis (hd, hu, hs, a, as, G

0) to single out the couplings with the neutral Goldstone bosons
as

ˆ̂
λnmq = RG

niRG
mjRG

qkλ̂ijk . (24)

• To obtain the effective trilinear couplings in the mass eigenstate basis we use the loop-
corrected rotation matrix Rl,eff. This matrix diagonalizes the loop-corrected mass matrix
evaluated in the approximation of vanishing external momentum,

λ̂eff
abc = Rl,eff

an Rl,eff
bm Rl,eff

cq
ˆ̂
λnmq , (25)

where the indices a, b, c refer to the mass basis (H1, H2, H3, H4, H5) and n,m, q to the
interaction basis (hd, hu, hs, a, as). The matrix Rl,eff is a 5× 5 matrix and returned as an
SLHA [?, ?] output of NMSSMCALC in the block NMHMIXC. Note that we denote the loop-
corrected Higgs boson masses by capital letters (Hi) and the tree-level ones by lower letters
(hi).

We will later also calculate the Higgs-to-Higgs decays where we have to ensure the proper
on-shell conditions of the external Higgs bosons. In this case the one-loop corrections ∆(1)λ
include the full electroweak corrections together with non-vanishing momentum effects. They
have been computed by us in the context of the CP-conserving and CP-violating NMSSM in
Ref. [?] and Ref. [?], respectively. The two-loop part ∆(2)λ contains the O(αtαs) and O(α2

t )
part, computed in the zero-momentum approximation as described above. Throughout, at two-
loop order we apply the gaugeless limit. In order to ensure the proper on-shell conditions of
the Higgs bosons, to the maximum extend extent possible in the context of our calculation, the TODO
amplitude for the decay process Ha → Hb + Hc is computed by including the effect from the
finite wave-function renormalisation factor matrix Z which is defined by

MHa→Hb+Hc = Rl
anRl

bmRl
cq
ˆ̂
λnmq , (26)
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where

Rl = ZR , (27)

with R being the matrix that rotates the interaction eigenstates (hd, hu, hs, a, as, G
0) to the

tree-level mass eigenstates (h1, h2, h3, h4, h5, G
0). The definition of the matrix Z can be found

in Ref. [?] for the CP-conserving case and Ref. [?] for the CP-violating case.1

3.2 One- and Two-Loop Corrections

To be consistent, we compute the one- and two-loop corrections to the trilinear Higgs self-
couplings in accordance with the corresponding one- and two-loop corrections to the Higgs
boson masses. This means we use the same renormalisation conditions in the higher-order
corrections to the trilinear couplings as the ones we used in our computation for the masses.
For our mass calculations, the detailed presentation of the one-loop corrections can be found
in [?,?] and of the two-loop corrections up to order O(αtαs) in [?], to order O(α2

t ) in [?] and
to order O((αt + αλ + ακ)

2) in [?], together with the corresponding renormalisation conditions
and the explicit definitions of the counterterms. The one-loop corrections to the trilinear Higgs
self-couplings in the real NMSSM have been presented in [?] and to two-loop order O(αtαs)
in the CP-violating NMSSM in [?]. Throughout our computations we apply a mixed on-shell
(OS)-DR renormalisation scheme. In the two-loop corrections which require the renormalisation
of the top/stop sector we provide the option to choose between OS and DR renormalisation.
All details can be found in the respective papers. Here we concentrate focus on a minimal TODO
description and refer the reader for further information on this literature.

In case the charged Higgs mass is used as independent input the parameters related to the
Higgs sector that need to be renormalised are given by

thd
, thu , ths , tad , tas ,M

2
H± , v︸ ︷︷ ︸

on-shell scheme

, tanβ, |λ|, vs, |κ|,ReAκ, φλ, φκ, φu, φs︸ ︷︷ ︸
DR scheme

, (28)

and by

thd
, thu , ths , tad , tas , v︸ ︷︷ ︸
on-shell scheme

, tanβ, |λ|, vs, |κ|,ReAλ,ReAκ, φλ, φκ, φu, φs︸ ︷︷ ︸
DR scheme

, (29)

for Re(Aλ) as independent input. Note, that if we apply the gaugeless limit we do not need to
renormalise the neutral and charged gauge boson masses, mZ and mW± MZ and MW , and the TODO
electric coupling e. For the Higgs fields, which need to be renormalised as well, we choose DR
conditions. The details of the renormalisation procedure and the counterterms are given in the
above mentioned papers so that we do not repeat them here.

The one-loop corrections ∆(1)λ of the trilinear Higgs self-couplings can be decomposed as

∆(1)λ = ∆(1)λUR +∆(1)λCT , (30)

where the first term denotes the unrenormalised part given by the genuine one-loop diagrams.
For the O(αt) correction, they comprise the one-loop diagrams with top and stops running in
the loops and we restrict ourselves to the gaugeless limit. For the trilinear couplings used in

1For the complex MSSM this has been derived in Ref. [?].
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the Higgs-to-Higgs decays we include the complete one-loop corrections at non-vanishing gauge
couplings. The explicit expressions for the order O(αt) corrections to the trilinear self-couplings
are given in App. B and the counterterm expressions ∆(1)λCT are given in App. C of Ref. [?].

The two-loop corrections ∆(2)λ of the trilinear Higgs self-couplings are composed of

∆(2)λ = ∆(2)λUR +∆(2)λCT1L +∆(2)λCT2L . (31)

The unrenormalised part ∆(2)λUR consists of the genuine two-loop diagrams contributing at
order O(αtαs) and O(α2

t ). Some sample diagrams for the newly computed O(α2
t ) are depicted

in Fig. ??. Add figure. @Martin: Can you provide a figure please. In the approximation
of zero external momenta all two-loop three-point functions can be written in terms of products
of one-loop integrals or the two-loop tadpole integral. Their analytic expressions are given in
the literature [?, ?, ?, ?, ?, ?, ?]. The counterterm constributions contributions ∆(2)λCT1L arise TODO
from one-loop diagrams containing top and stop contributions combined with one insertion of a
counterterm of the order O(αs) (for the O(αsαt) corrections) or the order O(αt) (for the O(α2

t )
corrections) from the top/stop sector. The counterterm contribution ∆(2)λCT2L consists of the
O(αsαt) and O(α2

t ) counterterms and is manifestly zero when only top/stop contributions are
considered.

4 Set-up of the Calculation and of the Numerical Analysis

4.1 Tools, Checks and NMSSMCALC Release

For the computation of the loop-corrected trilinear Higgs self-couplings we could resort to made TODO
use of our setup for our computation of the loop-corrected Higgs masses [?]. There we used
SARAH 4.14.3 [?,?,?,?,?,?] to generate the model file including the vertex counterterms. The file
was then used in FeynArts 3.1 [Is this supposed to be FA version 3.10 or 3.11? Version 3.1 is very TODO
old... should we bump up the version number?] [?,?] to generate all required one- and two-loop
Feynman diagrams for the calculation of the corrections to the trilinear Higgs self-couplings.
The evaluation of the fermion traces and the tensor reduction of the one- and two-loop integrals
and the amplitudes with the counterterm-inserted diagrams was done with the help of FeynCalc
9.2.0 [?,?]. We performed three independent calculations which all agreed. We also explicitly
checked the ultraviolet (UV)-finiteness of the loop-corrected Higgs self-couplings.

The calculation of the trilinear Higgs self-couplings at one- and two-loop order as well as the
Higgs-to-Higgs decays including these corrections, has been implemented in NMSSMCALC [?] both
for the CP-conserving and the CP-violating NMSSM. The new NMSSMCALC version 5.0 can be
downloaded from the url:

https://www.itp.kit.edu/∼maggie/NMSSMCALC/

The input file inp.dat includes the option to choose between the different loop orders in the
trilinear couplings and correspondingly the Higgs-to-Higgs-decay widths. The effective trilinear
Higgs self-couplings as defined above are given out in the output file.

4.2 The Parameter Scan

For the numerical discussion of our results we used the data set that we had generated for
Ref. [?] by performing a scan in the NMSSM parameter scan and keeping only those data sets
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that are in accordance with the relevant experimental constraints. We briefly summarise them
here for convenience of the reader. We ensured compatibility with experimental constraints
from the Higgs data by using HiggsBounds 5.9.0 [?, ?, ?] and HiggsSignals 2.6.1 [?]. The
required effective NMSSM Higgs boson couplings normalised to the corresponding SM values
were generated with NMSSMCALC. Valid points have to have χ2 computed by HiggsSignals-2.6.1
that is consistent with an SM χ2 within 2σ.2 For this analysis, we checked the sample again
with the updated HiggsBounds 5.10.2 and HiggsSignals 2.6.23 and found that more than 90%
of the points (and in particular the two benchmark points as discussed below [since this is the TODO

TODOfirst time the benchmark points are mentioned]) still survived are still in the allowed region.
TODOWe required one of the neutral CP-even Higgs bosons, called h from now on, to behave as the

SM-like Higgs boson and to have a mass in the range

122 GeV ≤ mh ≤ 128 GeV , (32)

when including the two-loop corrections at O((αs+αλ+ακ)
2+αtαs) in the default mixed DR-OS

scheme specified above and with OS renormalisation in the top/stop and charged Higgs boson
sectors as well as an infrared mass regulator MR with M2

R = 10−3µ2
R to treat the Goldstone

problem. For details, we refer to [?]. The SM input values have been chosen as [?,?]

α(MZ) = 1/127.955 , αMS
s (MZ) = 0.1181 ,

MZ = 91.1876 GeV , MW = 80.379 GeV ,

mt = 172.74 GeV , mMS
b (mMS

b ) = 4.18 GeV ,
mc = 1.274 GeV , ms = 95.0 MeV ,
mu = 2.2 MeV , md = 4.7 MeV ,
mτ = 1.77682 GeV , mµ = 105.6584 MeV ,
me = 510.9989 keV , GF = 1.16637 · 10−5 GeV−2 .

(33)

In accordance with the SLHA format [?] the soft SUSY breaking masses and trilinear couplings
are understood as DR parameters at the scale

µ0 = MSUSY =
√
mQ̃3

mt̃R
. (34)

This is also the renormalisation scale that we use in the computation of the higher-order correc-
tions. The scan ranges of our input parameters are given in Tab. 1. Note, that both λ and κ are
required to remain below 0.7 in order to roughly ensure perturbativity below the GUT scale. TODO
Also λ, κ, µeff and tanβ are understood to be DR parameters at the scale MSUSY according to
the SLHA format. For the scan we kept all CP-violating phases equal to zero. We neglected
parameter points with any of the following mass configurations,

(i) m
χ
(±)
i

,mhi
> 1TeV,mt̃2

> 2TeV,

(ii) mhi
−mhj

< 0.1GeV,m
χ
(±)
i

−m
χ
(±)
j

< 0.1GeV

(iii) mχ±
1
< 94GeV,mt̃1

< 1TeV .

With the first condition (i) we avoid large logarithms in our fixed-order calculation. The second
condition (ii) omits degenerate mass configurations for which the two-loop part of the NMSSMCALC TODO
code is not yet optimised. The third condition (iii) takes into account model-independent lower TODO
limits for the lightest chargino and stop masses.

2In HiggsSignals-2.6.1, the SM χ2 obtained with the latest data set is 84.44. We allowed the NMSSM χ2 to
be in the range [78.26, 90.62].

3In HiggsSignals-2.6.2, the SM χ2 obtained with the latest data set is 89.62.
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parameter scan range [TeV]

MH± [0.5, 1]
M1,M2 [0.4, 1]
M3 2
µeff [0.1, 1]
mQ̃3

,mt̃R
[0.4, 3]

mX̃ ̸=Q̃3,t̃R
3

parameter scan range

tanβ [1, 10]
λ [0.01, 0.7]
κ λ · ξ
ξ [0.1,1.5]
At [-3, 3] TeV
Ai ̸=t [-2, 2] TeV

Table 1: Scan ranges for the random scan over the NMSSM parameter space. Values of κ =
λ · ξ > 0.7 are omitted. All soft breaking masses mX̃ with X̃ = b̃R, L̃, τ̃ and trilinear couplings
Ai with i = b, τ, κ, are set equal to 3TeV.

5 Investigation of Specific Benchmark Points

In the following, we present results for two benchmark points. One point is the benchmark points TODO
P2OS from our investigation of the Higgs mass corrections at O(α2

λκ) ≡ O((αt+αλ+ακ)
2+αtαs)

in [?]. The other points is the benchmark point BP10 of Ref. [?]. They have been chosen such TODO
that the SM-like Higgs boson mass complies with our required mass window Eq. (32) at O(α2

λκ)
when we choose OS renormalisation in the top/stop sector. The charged Higgs mass here and
in all other results presented in the following is renormalised OS. The first parameter point
P2OS features a large singlet admixture to the hu-like mass and is defined by the following input
parameters:

Parameter Point P2OS: All complex phases are set to zero and the remaining input parameters
are given by

|λ| = 0.59 , |κ| = 0.23 , Re(Aκ) = −546 GeV , |µeff| = 397 GeV , tanβ = 2.05 ,

MH± = 922 GeV , mQ̃3
= 1.2 TeV , mt̃R

= 1.37 TeV , mX̃ ̸=Q̃3,t̃R
= 3 TeV , (35)

At = −911 GeV , Ai ̸=t,κ = 0 GeV , |M1| = 656 GeV , |M2| = 679 GeV , M3 = 2 TeV .

We apply the SLHA format in which µeff is taken as input parameter. From this we compute vs
by using Eq. (8) (φs is set to zero). For the stop masses we obtain for OS and DR renormalisation,
respectively,

OS: mOS
t̃1

= 1213 GeV , mOS
t̃2

= 1403 GeV ,

DR : mDR
t̃1

= 1190 GeV , mDR
t̃2

= 1392 GeV .

Since the trilinear Higgs self-couplings and the mass values are closely related through
the Higgs potential a discussion of the higher-order corrections to the trilinear Higgs self-
couplings should be completed by the information on the Higgs mass corrections. We hence
give in Table 2 the mass values obtained for P2OS at tree level, at one-loop order and at two-
loop level at O(αtαs), O(αt(αs + αt)) and the latest computed two-loop order O(α2

λκ), with TODO
α2
λκ ≡ (αλ + ακ + αt)

2 + αtαs, [has already been defined above] for OS renormalisation in the
top/stop sector, and in round brackets those for DR renormalisation in the top/stop sector.
Note that the numbers slightly changed compared to those given in [?] due to a bug in the VEV
counterterm. The changes are in the sub percentage level.

We also list in the table in square brackets the main singlet/doublet and scalar/pseudoscalar
component of each mass eigenstate. At O(α2

λκ) the hu-like Higgs boson mass around 125.3 GeV TODO
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h1 [hu] h2 [hs] h3 [hd] a1 [as] a2 [ad]

tree-level 96.86 112.10 926.25 511.34 925.86

one-loop 129.01 135.09 926.69 512.55 925.08
(116.3) (130.1) (926.33) (512.66) (925.18)

two-loop O(αtαs) 121.36 129.7 926.37 512.62 925.11
(121.65) (130.39) (926.46) (512.61) (925.15)

two-loop O(αt(αs + αt)) 126.09 130.04 926.49 512.62 925.11
(121.54) (130.38) (926.45) (512.61) (925.15)

two-loop O(α2
λκ) 125.25 129.91 926.62 511.91 925.07

(121.67) (130.20) (926.52) (512.12) (925.14)

Table 2: P2OS: Mass values in GeV and main components of the neutral Higgs bosons at tree-
level, one-loop, two-loop O((αtαs)), two-loop O((αt(αs+αt))) and at two-loop O((α2

λκ) obtained
by using OS (DR) renormalisation in the top/stop sector. Red numbers relate to states that are
dominantly hu-like, blue numbers relate to dominantly hs-like states.

is given by the lightest Higgs boson h1 the lightest Higgs boson h1 obtains a mass of around
125.3 GeV. Since it is hu-like it couples maximally to top quarks so that the LHC Higgs signal
strengths are reproduced and it hence behaves SM-like. In the following plots we will always label
the Higgs bosons according to their dominant admixture4, as this determines the Higgs coupling
strengths and consequently the size of the loop corrections. This allows us to consistently
compare and interpret the impact of the loop corrections.

The second parameter point BP10 features a resonantly enhanced Higgs pair production cross
secction in gluon fusion and is given by:

Parameter Point BP10: All complex phases are set to zero and the remaining input parameters
are given by

|λ| = 0.65 , |κ| = 0.65 , Re(Aκ) = −432 GeV , |µeff| = 225 GeV , tanβ = 2.6 ,

MH± = 611 GeV , mQ̃3
= 1304 GeV , mt̃R

= 1576 GeV , mX̃ ̸=Q̃3,t̃R
= 3 TeV ,

At = 46 GeV , Ab = −1790 GeV , Aτ = −93 GeV , Ac = 267 GeV ,

As = −618 GeV , Aµ = 1851 GeV , Au = −59 GeV , Ad = −175 GeV ,

Ae = 1600 GeV , |M1| = 810 GeV , |M2| = 642 GeV , M3 = 2 TeV . (36)

The mass values that are obtained at the different loop levels are summarised in Tab. 3 for OS
(DR) renormalisation in the top/stop sector.

The impact of the loop corrections on the Higgs boson masses has been discussed extensively
in [?]. Let us therefore here state only the main features. The hu-like tree-level Higgs mass value
changes considerably when one-loop corrections are included, with the change in the DR scheme TODO
being less important a smaller change in the DR scheme, as in this scheme we already partly
resum higher-order corrections. The relativeO(αtαs) corrections compared to the one-loop result
are at the several per-cent level and move the obtained mass values in the two renormalisation
schemes closer to each other, whereas the additional inclusion of the O(α2

t ) corrections increases
the difference again. The newest corrections at O(α2

λκ) move the two values a little bit closer
again.

4They are mass eigenstates, however. The labeling only refers to the nature of these mass eigenstates.
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h1 [hu] h2 [hs] h3 [hd] a1 [as] a2 [ad]

tree-level 97.21 307.80 626.13 556.71 617.22

one-loop 131.46 299.65 625.96 543.58 615.82
(114.81) (299.28) (625.52) (543.69) (616.01)

two-loop O(αtαs) 118.90 299.40 625.78 543.73 615.90
(120.36) (299.38) (625.58) (543.60) (615.96)

two-loop O(αt(αs + αt)) 123.53 299.44 625.89 543.73 615.90
(120.14) (299.38) (625.57) (543.60) (615.96)

two-loop O(α2
λκ) 122.36 300.27 625.94 543.34 615.91

(119.97) (299.90) (625.65) (543.47) (616.01)

Table 3: BP10: Mass values in GeV and main components of the neutral Higgs bosons at tree-
level, one-loop, two-loop O(αtαs), two-loop O(αt(αs+αt)) and at two-loop O(α2

λκ) obtained by
using OS (DR) renormalisation in the top/stop sector.

5.1 Impact on the Effective Trilinear Higgs Self-Coupling

In Fig. 1 (left) we present for the parameter point P2OS with the large singlet admixture the
effective trilinear Higgs self-coupling λ̂eff

111, as defined in Eq. (25), of the dominantly hu-like Higgs TODO
boson for OS (full) and DR (dashed) renormalisation in the top/stop sector as a function of the
stop trilinear coupling At. Note, that here and in the following the At is always the DR value.5

Shown are the results at one-loop order (black), two-loop O(αtαs) (blue) and at the newly
calculated two-loop O(αt(αs+αt)) (red). Note that the loop-corrected rotation matrix Rl,eff for
the rotation to the mass eigenstates is taken consistently at the respective loop order. We plot
here only the variation of At between −500 and +500 GeV. In this region the phenomenology at
O(αt(αs +αt)) is in accordance with the LHC Higgs data.6 Furthermore, we are reasonably far TODO
away from cross-over regions where the singlet-like and doublet hu-like Higgs state interchange
their roles with respect to their mass ordering, which is possible as for this parameter point we
have a large singlet-doublet admixture.

The steep decrease of the full red curve towards negative At values is due to the approach
to the cross-over point which takes place is located outside of the shown region in the plot at TODO
At = −900 GeV, cf. Fig. 3 in Ref. [?]. The interchange of the roles of the two lightest mass
eigenstates takes place due to the large singlet admixture for this parameter point inducing the TODO
transition between the hs- and hu-like interaction state. This causes the crossing of the red
and blue lines in Fig. 1 (left) where we show the effective trilinear Higgs self-coupling for the TODO
hu-dominated mass eigenstate . If we omit this mixing and hence investigated the trilinear TODO

TODO
TODO

coupling
ˆ̂
λ7 [Is this footnote necessary?] in the interaction basis after singling out the Goldstone

TODO
boson, cf. Eq. (24), the lines for the different higher-order corrections do would not cross as they

TODO
do for the effective trilinear coupling λ̂eff in the mass basis, cf. Eq. (25), which is shown in the
plot. Here the multiplication with the mixing matrices Rl,eff causes the mixing of the singlet
and doublet states and also mixes in higher orders, as we do not evaluate the mixing matrix

5The corresponding value of AOS
t differs by 0-20% from ADR

t such that the overall shape of the plots remains
the same.

6Different higher-order corrections to the SM-like Higgs boson mass obviously imply different mass values and
mixing angles and hence affect the compatibility with the Higgs data.

7Here, λ generically stands for the trilinear Higgs self-coupling under investigation.
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multiplication strictly at the considered loop order. We notice finally that the corrections are
asymmetric with respect to the sign of At.

In order to quantify the impact of the new additional corrections we define – for a given
renormalisation scheme – the relative change in the trilinear coupling value when going from
loop order αi to the loop order αi+1, which includes the next level of corrections, as

∆
αi+1
αi =

|λαi+1 − λαi |
λαi

. (37)

The relative corrections amount to ∆αtαs
one-loop = 14–19% in the OS scheme when we include the

O(αtαs) corrections beyond the one-loop ones one loop. When we include the O(αt(αs + αt)) TODO
corrections in addition to the available two-loop O(αtαs) corrections the relative change is

smaller with ∆
αt(αs+αt)
αtαs = 1.5–18%. As expected the relative change decreases with increasing

higher-order in the corrections. Note, that the relative corrections can be positive or negative.
In the DR scheme the corrections are much smaller. We have for the relative O(αtαs) corrections
compared to one-loop order 0.8–4%, and the new corrections change the coupling by about 1%.
The reason is that the DR scheme already partly resums higher-order corrections.

The lower panel in Fig. 1 shows the relative change in the corrections to the trilinear Higgs
self-coupling at fixed loop order when we change the renormalisation scheme in the top/stop
sector,

∆ren =

∣∣∣λmt(DR) − λmt(OS)
∣∣∣

λmt(DR)
. (38)

The comparison of the results in the two different renormalisation schemes can be used to esti-
mate the uncertainty on the trilinear Higgs self-coupling due to missing higher-order corrections.
As expected, the renormalisation scheme dependence reduces is reduced with increasing inclusion TODO

TODOof when more higher-order corrections are included. The renormalisation scheme dependence
TODOcontinuously decreases from one-loop order with 26–33%, to 9–13% at O(αtαs) and to 0.01–8%

at O(αt(αs + αt)).

In Fig. 1 (right) we show our results for the benchmark point BP10. For BP10 this point, the TODO
TODOrelative corrections are in the OS scheme are slightly larger than for P2OS. We have ∆αtαs

one-loop =
TODO
TODO

17–24% and ∆
αt(αs+αt)
αtαs = 9–17%. In the DR scheme the corrections are smaller, the relative

O(αtαs) corrections compared to one-loop order are of 4–7%, and the new corrections change the
coupling by 0.4–2%. The renormalisation scheme dependence decreases from one-loop order with
26–39% to 0.7–1.4% at O(αtαs). The scheme dependence slightly increases again at O(αt(αs +
αt)) where is is 7–13%. This is a behaviour that we already observed in the loop corrections to
the Higgs boson masses [?].8

In summary, for both benchmark points the inclusion of the new two-loop corrections has an
impact of a few per cent and we find a renormalisation scheme dependence of typical two-loop
order. The behaviour is quite similar to the one we found for the Higgs mass corrections. TODO

Should we discuss CP violation?

8Incomplete two-loop corrections cannot necessarily be expected to reduce the uncertainty when including
further corrections as there might be missing cancellations. The complete two-loop corrected results, however,
should reduce the renormalisation scheme dependence compared to the complete one-loop result in a perturbative
expansion in the coupling constants.
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Figure 1: Upper: Effective trilinear coupling λ̂eff
111 of the hu-dominated Higgs mass eigenstate

as a function of At for P2OS (left) and BP10 (right) at one-loop order (black), two-loop O(αtαs)
(blue) and two-loop O(αt(αs + αt)) (red) in the OS (full) and DR scheme (dashed). Middle:
The relative correction as defined in Eq. (37). Lower: The relative renormalisation scheme
dependence as defined in Eq. (38) for all three loop orders. The label ∆/2 refers to the black
line. @Martin: Can you please add DRbar to At and adapt the lower panels such
that they have the same largeness as the upper plots.

5.2 Impact on the Higgs-to-Higgs Decays

We now turn to the impact of the computed higher-order corrections on the partial decay widths
for Higgs-to-Higgs decays. The decay width for the Higgs decay hi into a Higgs pair hjhk is
given by

Γ(hi → hjhk) =
β1/2(M2

hi
,M2

hj
,M2

hk
)

16π(1 + δjk)M
3
hi

|Mhi→hjhk
|2 , (39)

where β = (x− y − z)2 − 4yz β(x, y, z) = (x−y−z)2−4yz is the two-body phase space function TODO
and the decay amplitude M Mhi→hjhk

is calculated according to Eq. (26). We show in Fig. 2 TODO
(left) the partial decay width of the doublet-like CP-even Higgs boson hd into a pair of a SM-
like Higgs boson hu and a singlet-dominated Higgs hs, Γ(hd → huhs), at one-loop level and at
two-loop O(αtαs) and O(αt(αs + αt)) for P2OS, as a function of At.

9 This decay is the largest
of the Higgs-to-Higgs decays for this parameter point. For BP10 the largest one is given by
hs → huhu which we show in Fig. 2 (right). This is also the resonant contribution that increases
the production process of an huhu Higgs pair which we will discuss later. In the decay we TODO
include the finite wave-function renormalisation factor matrix Z to ensure the proper on-shell
conditions. We include both the Z matrix of Eq. (27) and the Higgs mass values calculated at TODO
the corresponding same loop order as the one for which we calculate the higher-order corrections
to the trilinear Higgs self-coupling. This of course also implies that the kinematical factor in

9Note that, as stated above, the notation for the Higgs states only relates to their dominant component, but
still they are mass and not interaction eigenstates.
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the decay amplitude changes with the loop order. For both parameter points, we observe a
reduction of both the relative correction and the renormalisation scheme dependence when we
move from one- to two-loop order with the effect being less pronounced in the DR than in the
OS scheme as the former already partly resums higher-order corrections.

For P2OS the relative corrections for the partial decay width in the OS scheme amount to more
than 100% when including the O(αtαs) corrections in addition to the one-loop corrections. The
reason is the small one-loop decay width. In the DR scheme the relative corrections amount to
10–14%. The relative effect of the new two-loop corrections is much less as expected and reaches

∆
αt(αs+αt)
αtαs = 7–15% (0.4%) in the OS (DR) scheme. The renormalisation scheme dependence

decreases from O(71–90%) at one-loop level to a maximum of 13% at two-loop O(αtαs) and TODO
TODOat most 14% at two-loop O(αt(αs + αt)). The renormalisation scheme dependence is reduced
TODOwhen we include our new two-loop corrections. For the benchmark point BP10 we find that for

most At values the relative corrections of our new two-loop corrections are smaller compared
to the relative corrections when moving from one- to two-loop order. Note that we cut some of
the lines in the middle plot of Fig. 2 (right) as here the relative corrections become artificially
large due to comparatively very small widths at the previous loop order. The reduction in the
renormalisation scheme dependence when moving from one- to two-loop order is less obvious
from the lower insert panel in Fig. 2 (right). The renormalisation scheme dependence becomes TODO
artificially large when the DR result for the partial decay width is very small. The displayed
renormalisation scheme dependence should also be taken with a grain-of-salt and as guideline
only for the following reason. A proper comparison of the results in different renormalisation
schemes requires the corresponding conversion of the input parameters. This is done in our
calculation. However, for convenience, we plot the results of both schemes as a function of At

in the DR scheme; we hence do not plot the OS results as a function of At in the OS scheme.
In other words, a partial width value for a specific At in the DR scheme should be compared to
the partial width result at the corresponding converted At value in the OS scheme, whereas in
the lower panel the results in the two different renormalisation schemes are always compared at
the same At value (in the DR scheme).

In both scenarios the partial decay widths can be become as large as about 1.7 GeV. In
P2OS this leads to a branching ratio of about 12% at most, taking into account the dominant
decay channels. In BP10 we get a maximum branching ratio of 74% [if I take the 60 MeV for TODO
the other widths as shown in the right-hand plot, or possibly more than 74% since it says 0–60
MeV? However, is this correct? Wouldn’t this mean that the Higgs-to-Higgs decay would be the
dominant one and contradict the last sentence of the next paragraph?].

Our results show that the higher-order corrections to the decay width have a substantial
impact in particular when moving from one-loop to two-loop order. But Furthermore, also TODO
at the two-loop level the inclusion of the O(α2

t ) corrections on top of the available O(αtαs)
corrections leads to significant changes in the decay width both for P1OS and P2OS. At the
phenomenological level, the changes are less dramatic as the Higgs-to-Higgs decays are not the
dominant decay modes here.10

10The partial widths for the computation of the branching ratios are obtained from the code NMSSMCALC [?]. It
includes the dominant higher-order QCD corrections and in the Higgs-to-Higgs decays the higher-order corrections
up to O(αt(αs + αt)).
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Figure 2: Upper: Partial decay width of hd → huhs for P2OS (left) and of hs → huhu for BP10
(right) at one-loop order (black), two-loop O(αtαs) (blue) and two-loop O(αt(αs + αt)) (red)
in the OS (full) and DR scheme (dashed) as a function of At. In the right plot the dashed
blue and red lines nearly lie on top of each other. Middle: The relative correction defined
analogously to Eq. (37), but for the partial decay width. Lower: The relative renormalisation
scheme dependence defined analogously to Eq. (38), but for the partial decay width, for all three
loop orders.

6 Scatter Plots

After the investigation of two specific benchmark points we want aim to get an overall picture of TODO
the corrections by investigating scatter plots. These plots contain all parameter scenarios that
we obtained from our scan and that comply with the included constraints described above.

6.1 The Trilinear Higgs Self-Coupling

Figure 3 (left) displays for all generated valid parameter scenarios the effective trilinear Higgs
self-coupling λ̂eff

111 of the Higgs mass eigenstate that is dominantly hu-like, at O(αt(αs + αt)) in

the OS renormalisation scheme of the top/stop sector as a function of At ≡ ADR
t . The right plot

shows the renormalisation scheme dependence at the one- and considered two-loop orders. We
see the same trend as observed for the benchmark points. The scheme dependence at one-loop
order is rather large, varying between about 20% and more than 50%. It is considerably reduced
upon inclusion of the two-loop O(αtαs) corrections where it ranges between about 1 and 5%.
After the additional inclusion of the O(α2

t ) corrections the scheme dependence increases again
to values between 5 and 18% and reflects the necessity to include all corrections at a given loop
order in order to make a reliable statement on the scheme dependence. The scheme dependence TODO
at two-loop order is well below the one at one-loop level as expected.

Turning to the values of the trilinear Higgs self-coupling λ̂eff
111 we find that it lies between TODO
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Figure 3: Left: The effective trilinear self-coupling of the SM-like hu-dominated Higgs mass
eigenstate as a function of At at O(αt(αs + αt)) in the OS scheme. Right: The renormalisation
scheme dependence as a function of At at one-loop order (black), at two-loop O(αtαs) (blue)
and at two-loop O(αt(αs + αt)) (red).

190 and 228 GeV. For the SM-coupling we have

λSM
HHH =

3M2
H

v
= 187 GeV , (40)

forMH = 125.09 GeV. Taking into account the residual theoretical uncertainty at O(αt(αs+αt))
due to missing higher-order corrections, the NMSSM hu-like trilinear Higgs self-coupling complies
with the one found in the SM. This means that taking into account the LHC Higgs data results
which push the discovered Higgs boson very close to the SM expectation, we find that the
NMSSM hu-like trilinear Higgs self-coupling is also very SM-like once all dominant higher-order
corrections are taken into account. This has important implications for the cross section values
of Higgs pair production (see our discussion in Sec. 7). Note also that these values for λ̂eff

111 lie TODO
well within the present experimental limits on the SM trilinear Higgs self-coupling which are TODO
between −1 and 6 times the SM value. @Maggie: Look up exact values and citations.

6.2 Correlation between Trilinear Higgs Self-Coupling and Mass

Figure 4 puts the relative corrections to the effective trilinear Higgs self-coupling of the SM-like, TODO
and hence hu-dominated Higgs boson in relation to the relative corrections of its mass value.
The scatter plots of the valid parameter scenarios displayed in Fig. 4 (upper) show that the
relative impact of the inclusion of the O(αtαs) corrections on top of the one-loop corrections
is of about 15–35% in the OS and of roughly 3–12% in the DR scheme for the trilinear Higgs
self-coupling. As for the masses, we find here 8-19% in the OS and 3–8% in the DR scheme.
Both corrections are correlated, larger corrections in the trilinear Higgs self-coupling correspond
to larger corrections for the Higgs mass. As can be inferred from Fig. 4 (lower), the relative
size of the additional O(α2

t ) corrections amounts to about 5–27% in the OS scheme and roughly
1–6% in the DR scheme for the trilinear Higgs self-coupling which compares to 3–11% in the
OS scheme and 0.1–1.1% in the DR scheme for the masses. The mass corrections are in general
smaller than the corrections to the trilinear Higgs self-couplings, and the corrections in the OS
scheme are generally larger than in the DR scheme which partly resums higher-order corrections.

18



Figure 4: Relative size of the loop-corrected effective trilinear Higgs self-coupling of the hu-like
Higgs boson λ̂eff

111 w.r.t. the next lower order in the OS (left) and the DR scheme (right) at
O(αtαs) (upper) and O(αt(αs + αt)) (lower). The colour bar shows the corresponding values
for the hu-like Higgs mass.

There is a question by Heidi.

Overall we find for our parameter points compatible with the applied constraints that the
effective trilinear Higgs self-coupling values at O(αt(αs + αt)) are in general smaller in the DR
scheme compared to the OS scheme, as is the case for the mass values. For both schemes we
see that the coupling values increase with increasing mass values. This behavior reflects what
we expect from the SM relation Eq. (40), and as stated above, within the residual theoretical
uncertainty the trilinear coupling values also comply with the SM result.

7 Higgs Pair Production

In this section we want to analyse what we can learn from our higher-order results to the trilinear
Higgs self-coupling about the impact of the electroweak corrections on to Higgs pair production. TODO
Higgs pair production gives access to the trilinear Higgs self-coupling and the measurement of
the Higgs self-interactions provides the ultimate test [?,?,?,?] of the Higgs mechanism for the
generation of particle masses. At the LHC the dominant Higgs pair production process is given
by gluon fusion into Higgs pairs [?, ?, ?]. The loop-induced process is mediated by top-quark
loops and by bottom-quark loops, the latter contributing at the percent level. Higher-order
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QCD corrections are important, increasing the cross section by roughly a factor two at next-
to-leading order (NLO). A lot of effort is put in providing increasingly precise predictions.
The first NLO results were presented in the large top-quark mass limit more than two-decades
ago [?]. Full NLO QCD corrections including the top-quark mass dependence were finally made
available in [?,?,?,?]. The next-to-next-to-leading order (NNLO) QCD corrections in the large
mt limit were provided by [?], and the next-to-next-to-leading logarithmic corrections in this
limit by [?,?]. The NNLO FTapprox

11 result was presented in [?]. A combination of the usual
renormalisation and factorization scale uncertainties with the uncertainties originating from the
scheme and scale choice of the virtual top mass was given in [?]. In the NMSSM we have
additional diagrams involving top and bottom squarks as well as the s-channel exchange of
non-SM-like Higgs bosons, cf. Fig. 5. In [?,?] we computed the NLO QCD corrections in the
heavy-top limit.
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Figure 5: Generic diagrams contributing to pair production of a SM-like NMSSM Higgs boson
h in gluon fusion. The loops involve top and bottom (s)quarks, q = t, b, q̃ = t̃, b̃, i, j = 1, 2.
The s-channel diagrams proceed via Hk = H1, H2, H3, with one of these being the SM-like h,
depending on the parameter choice. Who can add the red point?

So far the complete electroweak (EW) corrections for gluon fusion into Higgs pairs are not
yet available. While in the SM we can expect them to be of the order of a few percent by looking TODO
at the EW corrections to single Higgs production [?,?,?,?,?] this might not be the case in BSM
models where couplings can be enhanced compared to the SM or where light Higgs bosons could
run in the loops. The computation of the EW corrections to Higgs pair production through
gluon fusion is a major task and technical challenge, which requires the computation of massive
two-loop integrals with several different mass scales. First steps have been taken recently within
the SM. In [?] the top-Yukawa induced part of the EW corrections and their relation to the
effective trilinear Higgs coupling have been provided and discussed. The subset of two-loop
diagrams where the Higgs boson is exchanged between the top quarks has been provided in [?].

In this work we use our effective loop-corrected Higgs self-couplings that make up part of
the EW corrections to get some insights on their importance. For this we choose a parameter
point BP10 where the di-Higgs cross section is dominated by the resonant production of a heavy TODO
Higgs boson into two SM-like Higgs bosons two SM-like Higgs bosons via an intermediate heavy

11At FTapprox, the cross section is computed at next-to-next-to-leading order (NNLO) QCD in the heavy-top
limit with full leading order (LO) and next-to-leading order (NLO) mass effects and full mass dependence in the
one-loop double real corrections at NNLO QCD.
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Higgs boson, as in this case the other diagrams will give a subleading contribution to the total
cross section so that the missing EW higher-order corrections may not play a too important role TODO
might be of less importance. In the triangle diagram involving the resonant heavy Higgs boson
in the s-channel we still miss, however, the EW corrections to the top triangle. The benchmark
point BP10 yields a SM-like Higgs boson, given by the lightest Higgs boson H1, with a mass that
is compatible with the experimental value within the margin of ±3 GeV that we allow for, at
O((αs + αλ + ακ)

2 + αtαs) with OS renormalisation in the top/stop sector.

For this benchmark point we compute the gluon fusion production cross section for a pair of
SM-like Higgs bosons. We choose a c.m. energy of 14 TeV, we use the CT14 pdf set [?] and we set
the top quark mass to mt = 172.74 GeV. By using the loop-corrected Higgs masses as inputs and
the corresponding higher-order corrected Higgs mixing angles to compute the Yukawa couplings
and the trilinear Higgs self-couplings that enter the process through tree-level-like formulae,
we take into account the higher-order corrections to the input parameters. By additionally
including the loop-corrected trilinear Higgs self-coupling computed in this paper we explicitly
include higher-order corrections to the observable, namely the Higgs pair production process,
though at an incomplete level as mentioned above.

In Tab. 4 we compare the di-Higgs cross sections for the case where only corrections to the
input parameters are considered (called ’inp’ in the following) and the case where we additionally
include EW corrections to the process through the loop-corrected trilinear Higgs self-couplings
(called ’proc’). For simplicity we concentrate focus on the case where we include the full 1-loop TODO
corrections both to the masses/mixing angles [?] and to the trilinear Higgs self-couplings [?,?]
(named ’1L1L’) and on the case where we include the 2-loop O(αt(αs + αt)) corrections both
to the masses/mixing angles [?] and the trilinear Higgs self-couplings, computed in this paper
(named ’at2at2’). We furthermore list in the table the values of the SM-like trilinear Higgs
self-coupling, λH1H1H1 , normalized to the SM-value for a Higgs boson mass of same mass value,
i.e. λ’SM’

H1H1H1
= 3M2

H1
/v, called κH1H1H1 in the Table. Accordingly, κH2H1H1 is the λH2H1H1 cou-

pling normalized to λ’SM’
H1H1H1

. This value is also given in the table as the resonant enhancement
of the cross section basically comes from the resonant H2 production with subsequent decay
into H1H1. The resonant production from the H3 decay into H1H1 plays only a minor role for
this benchmark point. We provide all these values both for OS and DR renormalisation in the
top/stop sector. Note that in all renormalisation schemes and at all considered loop levels the
Yukawa coupling of the SM-like Higgs H1 is practically SM-like (it differs by only 1% from the
SM-value).

From the cross section values we first of all notice the resonant enhancement compared to
the SM Higgs pair production cross section, which at tree-level amounts to 19.72 fb. When we
compare the absolute values of the cross section we have to be careful as the changes not only
come from the use of different trilinear Higgs self-couplings and renormalisation schemes, but
also from the change in the kinematics as the Higgs mass values depend on the loop order and
the renormalisation scheme. In the last column of Tab. 4 we give the relative change of the cross
section with respect to the applied renormalisation scheme,

∆renσ ≡ |σmt(DR) − σmt(OS)|
σmt(DR)

. (41)

We observe that the inclusion of only the parameter corrections does not decrease the renormal-
isation scheme dependence when moving from one-loop order to two-loop O(αt(αs+αt)), on the
contrary. This is not astonishing as the scheme dependence of the input parameters has to be
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’1L1L’ σOS [fb] σDR [fb] κOS
H1H1H1

κDR
H1H1H1

κOS
H2H1H1

κDR
H2H1H1

∆renσ

’inp’ 63.72 62.14 0.54 0.71 -0.25 -0.30 2.5%

’proc’ 76.83 61.48 1.01 1.04 -0.30 -0.31 25%

’at2at2’ σOS [fb] σDR [fb] κOS
H1H1H1

κDR
H1H1H1

κOS
H2H1H1

κDR
H2H1H1

∆renσ

’inp’ 68.98 61.25 0.61 0.65 -0.27 -0.28 12.6%

’proc’ 71.69 62.57 1.03 1.02 -0.30 -0.31 14.6%

Table 4: BP10: Cross section values for the production of a SM-like Higgs pair H1H1 for OS
and DR renormalisation in the top/stop sector when using loop-corrected masses and mixing
angles (’inp’) and additionally loop-corrected effective trilinear Higgs self-couplings (’proc’) at
1-loop order and at O(αt(αs + αt)), respectively. The corresponding normalized trilinear Higgs
self-couplings are given as well as the relative change of the cross section with the applied
renormalisation scheme (see the text for definition).

compensated by the scheme dependence of the process-dependent corrections at the same loop
order. When these are included we observe a decrease in the renormalisation scheme depen-
dence of the cross section at the same loop order when including higher and higher loop orders
as expected in perturbation theory. Still the renormalisation scheme dependence with 14.6% at
O(αt(αs + αt)) is significant. This gives a hint that the remaining electroweak corrections that
we did not take into account in our approach might be significant. It will hence be important to
provide the complete EW corrections to the cross section to be able to reduce the uncertainty
in its prediction due to missing higher loop corrections.

8 Conclusions

In this paper we presented the O(α2
t ) corrections to the trilinear Higgs self-couplings in the

context of the CP-violating NMSSM. They are part of our ongoing program of increasing the
precision in the predictions of the NMSSM Higgs potential parameters, the masses and the Higgs
self-couplings. We find that the corrections to the effective trilinear Higgs self-couplings are in
general larger than those to the Higgs boson masses. The relative corrections on top of the
already existing two-loop corrections at O(αtαs) are much smaller, however, than when moving
from one- to two-loop order and indicate perturbative convergence. The remaining residual
theoretical uncertainties due to missing higher-order corrections, estimated from the variation
of the renormalisation scheme in the top/stop sector, range at the per-cent level and are also
reduced compared to the one-loop results. In general, the results obtained in the DR scheme
show a better convergence than in the OS scheme, which is to be expected as they already
partly resum higher-order corrections. Within the theoretical uncertainties, the obtained loop-
corrected trilinear Higgs self-coupling of the SM-like Higgs boson is in accordance with the result
for the SM Higgs boson with same mass value. The impact of the higher-order corrections on
the Higgs-to-Higgs decay widths is similar to the one on the effective Higgs self-couplings. We
also investigated the effect of the inclusion of our loop-corrected effective Higgs self-couplings
in the Higgs pair production process. The estimates of the theoretical uncertainty based on
the variation of the renormalisation scheme indicate that the remaining missing electroweak
corrections to the process may be significant.

While this and previous works focused on MSSM-like contibutions to the trilinear Higgs
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self-coupling, future works may investigate the impact of the NMSSM-specific corrections that
are controlled by λ and κ. However, in the gaugeless limit, it is to be expected that these
correction suffer from infrared divergences, similar to what has been seen in [REFs]. Which
Refs. should be added here?
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