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Multivariable evolution in parton showers with initial state partons
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One can use more than one scale variable to define the family of surfaces in the space of parton splitting
parameters that define the evolution of a parton shower. In an earlier paper, we developed this idea for
electron-positron annihilation. Here, we use multiple scale variables for a parton shower with initial state
partons. Then we need a more sophisticated analysis because the evolution of parton distribution functions
must be coordinated with the parton shower evolution. We make the needed connections more precise than
in our earlier work, even for the case of just one scale variable. Then we develop an example with three
scale variables, which leads to advantages compared to the usual shower formulation with only one scale
variable. We provide results for Drell-Yan muon pair production.
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I. INTRODUCTION

In a parton shower event generator, one can view the
parton state as evolving according to an operator based
renormalization group equation. Starting with a state with
just a few partons, the shower evolves as a scale uq changes
from a large value y,; characteristic of the starting state to a
low value y; on the order of 1 GeV. As the shower evolves,
more and more partons are emitted. The function of the
shower scale g is to divide possible parton splittings into
resolvable splittings, with scales y > ug, and unresolvable
splittings, with scales y < ug. There is substantial freedom
to choose exactly what this means. The space of possible
splittings is divided into the resolvable and unresolvable
regions by a surface labeled by ug. Many different choices
are possible for defining this surface. For instance, one can
use a measure of the transverse momentum in the splitting to
define the surface or one can use a measure of the virtuality
in the splitting.

In this paper, we explore the possibility of using more
than one variable to define a family of surfaces within the
framework of our parton shower program DEDUCTOR.
Instead of one us, we use g = (Us,Hso,---). Then
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evolution means moving from large values of the compo-
nent scales g ,, to small values along a path jis(t). Defining
this path is then part of defining the shower algorithm.

There is an additional freedom available when multiple
scales are involved. It may be possible to divide the shower
splitting functions into separate terms such that one of the
terms is not sensitive to one of the scales in the sense that no
singularity is encountered when this scale approaches zero.
When this happens, we can modify the definition of the
unresolved region for this term in a way that makes this
term exactly independent of this scale. This redefinition can
simplify the shower evolution.

In this paper, we explore the additional freedom obtained
by using three scales instead of one.

This general concept works for proton-proton, e*-proton,
and e'e™ collisions. In Ref. [1], we considered the simplest
case, eTe collisions. In this paper, we consider collisions
involving incoming hadrons, with an emphasis on hadron-
hadron collisions. With incoming hadrons, the needed
theoretical construction is more involved than in ete”
annihilation. First, the representation of the cross section
needs both a shower operator U(t, ;) and an operator
Uy(t;, 1) that sums threshold logarithms. Second, the
description of initial state splittings using ‘“backward
evolution” requires the use of parton distribution functions
(PDFs). Since the evolution of these functions must be
coordinated with the evolution of the shower, they are not, in
general, the MS PDFs used in fixed order perturbation
theory. We refer to the PDFs used in the shower as shower
oriented PDFs. We review this connection in some detail in
this paper, expanding on our previous treatments.

Published by the American Physical Society
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Much of the analysis of this paper concerns what we call
the infrared sensitive operator [2], D(ug, Hs), Where uy is
the renormalization scale and jig represents one or more
shower scales that define the unresolved region. In a first
order shower with just one shower scale and with y, = pq,
we use the first order contribution D! (us, yg). This can be
thought of as being the more familiar shower splitting
operator, SU!(4') integrated over y from ' = ug down to
u' = 0. This integral would be infrared divergent, but we
perform the integration in 4 — 2e dimensions to regulate the
divergence. This makes D!!l seem like a derived quantity,
but we consider D! to be the starting point of the definition
of a shower [2]. Then it is the shower splitting operator S!'!
that is the derived quantity. By using D as the starting point,
we connect to the definitions of renormalization, factori-
zation, and parton distribution functions used for the
calculation of cross sections at any perturbative order
in QCD.

We introduce the analysis in this paper with a review in
Sec. II of the vector space of parton states used in the
DEeEDpUCTOR framework. In Sec. III, we sketch the role of the
infrared sensitive operator D and, with some important
notation established, we provide in Sec. IV a preview of
what is technically new in this paper.

We turn in Sec. V to a detailed analysis of the structure
of D. There is another operator that we need, the infrared
finite operator V. We analyze its structure in Sec. VI. With
the operators D and V available, we turn in Sec. VII to the
operator U(7, t) that generates the probability preserving
parton shower and the operator Uy,(7', 7) that corrects for the
mismatch between shower evolution and PDF evolution
and thereby generates a summation of threshold logarithms.
This leads us to the definition of the shower oriented PDFs
in Sec. VIIL

In Sec. IX, we start with one scale that represents kr
ordering, DEDUCTOR’s standard A ordering, or angular
ordering. Then we add two additional scale parameters,
Uy that controls soft splittings and ;. that controls the
imaginary part of virtual exchange graphs. Next, we see
how one can modify the definition of the unresolved
region for parts of the generators of U(7, t) and Uy, (7, 1)
that are sensitive only to some of the scale parameters but
not others. In Sec. X we suggest a special three component
choice of path in the space of scale parameters. In Sec. XI
we show how the operators used to express an infrared
safe cross section behave on the suggested path.

We provide a numerical example in Sec. XII: the Drell-
Yan cross section for muon pair production via vector
boson production. We offer a summary and some comments
in Sec. XIII.

We also include a number of Appendices, A, B, C, D, E,
and F, that document derivations and formulas that are
treated only briefly in the main text.

II. PARTONS AND THE STATISTICAL SPACE

This paper generally concerns the definition of the
unresolved region in the space of parton momenta in a
parton shower and then how the definition of the unresolved
region affects the parton shower. We will concentrate on
emissions in a first order shower, but we include a
discussion of the general case of a shower algorithm with
splitting functions defined at an arbitrary order of perturba-
tion theory. We use the general framework presented in
Ref. [2]. This general framework allows for substantial
freedom in choosing the functions that define a particular
parton shower algorithm. We have developed a particular
realization of these choices for a first order shower [3],
a realization that is in many ways similar to other first order
parton shower algorithms. It remains an open problem to
realize these choices for a parton shower with splitting
functions beyond order «.

The description that we use is based on linear operators
on a vector space that describes the state of the partons in
the shower, which we call the statistical space [3]. We begin
by recalling the nature of this space.

We consider the description of a cross section in hadron-
hadron collisions. At a particular stage in the shower, there
are m final state partons plus two initial state partons with
labels “a” and “b.” The partons have momenta and flavors

{p.fYm =Apa fa P foi P1-f15 P2 for oo P i} We
define Q by

S ni=o. m

Then also Q = p, + py.

The theory is expressed using linear operators that act on
a vector space that we call the statistical space. Basis
vectors for this space have the form |{p, f,¢c,c’,s,s'},,).
Here (c,c’) and (s,s) represent the quantum colors and
spins of the initial and final state partons. We use the
apparatus of quantum statistical mechanics, with the color
and spin part of [{p,f,c,c,s,5'},) representing the
density matrix |{c, s},,){({c,5"},.|-

In order to properly incorporate quantum mechanics into
a parton shower, one must include both quantum color and
spin. It is quite straightforward to include both color and
spin in the evolution equations for a first order shower.
For color, one then needs an approximation to obtain a
description that can be implemented in a practical computer
program. DEDUCTOR uses the “LC+” approximation [4].
Thus our description in this paper uses full color, with the
LC+ approximation playing a special role in Secs. IX C, X,
and XI. A proper implementation of spin [5,6] is replaced by
simple spin averaging in DEDUCTOR. Because of this, we
omit spin quantum numbers in everything that follows in
this paper. This results in a simpler notation without
seriously obscuring conceptual issues. Using quantum color
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but not spin, the basis vectors for the statistical space have
the form |{ p, f, ¢, ¢'},,), where the color quantum numbers
represent the density matrix [{c},,)({c¢’},,|. We use the trace
basis for the vectors [{c},,) [3].

In order to use the statistical space to express a cross
section, we need the probability associated with a vector |p)
in the statistical space. We define a vector (1| so that the
probability associated with [p) is (1]p) [3]. We define
(1] by using the probability associated with a basis state

{p.f.c.c'}):
(I{p. fre.c'}) =

with

(Totl{ P+ S 1) (Qeotorl{ €. ¢'}) - (2)

(ot {p. f1m) = 1.
(Leotorl{e, ¢'}) = (' }ul{e}n)- (3)

III. THE INFRARED SENSITIVE OPERATOR

The shower description in Ref. [2] begins with an
operator on the statistical space, D(u3, u2), that we call
the infrared sensitive operator. This operator includes a
specification of what one means by an unresolved splitting
in the shower. In this section, we introduce this operator and
the operators that are derived from it.

The operator D(u, u2) describes the soft and collinear
singularities of QCD. Here uj is the standard renormaliza-
tion scale and pg is called the shower scale. In this paper,
we contemplate the possibility of having more than one
independent shower scale, jis = (4s 1. s, -..). The infra-
red sensitive operator is expanded in operators D"} (uy, jis)
that are proportional to «a:

D(/’lk’ﬁs) = 1 + Zp[n](ﬂk’ﬁs) (4)
n=1

The operator D is further expanded as

Z ZD"R ) (g fis)- (5)

=0 ny=
nR+nV7n

/’tR’ ﬂS

Here DIl creates n, real emissions and n, virtual
exchanges. After one of these operators acts on a state
{p,f,c, c'},,), we have partons with momenta and flavors

{p.f},, with @ > m. The new total momentum is

> pi=0. (6)
i=1

The first order contribution to D forms the basis for a
first order shower. It consists of

ZD (s fis)
=ZmWWm
!

:uRv IuS

+ D) o i) (7)

In DEI’O], the parton labeled [ splits into two partons, one
labeled / and one labeled m + 1. Here [ € {a,b, 1, ..., m}.
[0.1]

The operator D, corresponds to virtual graphs, either
self-energy graphs for parton / or graphs in which a gluon is
exchanged between parton / and another parton. The virtual
exchange part has both real and imaginary contributions,
DEO'” = ReDEO’l] +iImDEO'1]. We examine the imaginary
contributions in Sec. V G. Until then, we mostly concen-
trate on the real contributions.

The operators DEI’O] and the real parts of DEO’I] for
le{l,...,m}, as well as their connection to the parton
shower, were described in some detail in Ref. [1]. This
leaves [ € {a,b}. The case /[ =b is the same as [ =a
with the replacement a <> b, so it suffices to describe the
case [ = a.

The infrared sensitive operator D provides the basis for
the definition of the probability preserving parton shower
evolution operator ([7], Egs. (27), (51), and (54), or [2])

U(tr, 1)) = Texp (/112 dtS(t)). (8)

Here the scale parameters evolve along a path p (1), i, (1)
as a function of the shower time t and T indicates ordering
in t. The generator operator S at lowest perturbative order
is related to parton distribution functions supplied by an
operator F(u3) = F,(uz)Fp(uz) defined in Eq. (A11) and
to the infrared sensitive operator at lowest perturbative
order, DI,

The first order generator of the probability preserving
shower consists of three terms,

s(r) = s10(r) — [S1(0)]p + xS (). (9)
The operator in the first term adds one emitted parton to the
statistical state. It is obtained by differentiating D%/
(1) DM O (e (1), Jis (1))

Z dt alus,i
x FH (1) (10)

The operator in the second term, which we denote by
[S!10)(2)]p, leaves the number of partons and their momenta
and flavors unchanged. As described in Appendix A, it is
determined from the real emission operator S!'?(f) by
integrating over the splitting variables for a splitting that
might have happened, but did not. With this definition,

SHOl(f) =
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U(t,, 1) conserves the total probability of the statistical
state: (1|U(t,, 1;) = (1]. The operator in the third term also
leaves the number of partons and their momenta and flavors
unchanged. It is obtained by differentiating the imaginary

part of the virtual exchange operator D%1I:

dy? (1) 0i ImDO1] ji
7 s, i

This operator does not change probabilities: (1 |Si[2’1] (1)=0.
We return to these relations in more detail in Sec. VIIL.

The infrared sensitive operator D also provides the basis
for the definition of the inclusive infrared finite operator
V(ux, fis) [2,8], which we examine starting in Sec. VI. The
structure of this operator is crucial to the definition of
shower oriented parton distribution functions, examined in
Sec. VIIL It is also needed for the definition of the operator
Uy (2, 1") that produces the summation of threshold loga-
rithms and is examined in Sec. VIL

IV. NEW FEATURES IN THIS PAPER

The structure of the shower cross section with initial
state splittings is more complicated than with just final
state splittings because this structure has to include parton
distribution functions and the interplay between PDF
evolution and shower evolution. For this reason, we
provide a rather detailed analysis in what follows. We
extend the analysis of Refs. [2,8-10] in several ways.
First, we allow for the presence of more than one
independent shower scale: ug — jis. Second, we present
a more precise derivation of the needed relation between
standard MS PDFs and the PDFs needed internally in the
shower. Third, we provide an improved determination of
the shower oriented PDFs from the MS PDFs. Fourth, we

write the real emission operator DQ 9 (ux, fis) in what we
think is a clearer notation. Fifth, we provide a simpler
definition of the real part of the virtual exchange operator

ReD! (ur, His) than appears in Refs. [2,8,10]. Sixth, we
provide a simpler definition of the imaginary part of the

virtual exchange operator ImD!] (i, jis) that appears in
Refs. [4,11].

V. STRUCTURE OF THE INFRARED
SENSITIVE OPERATOR

The infrared sensitive operator includes a specification of
what one means by an unresolved splitting in the shower.
We cover what this means in several steps in this section.

A. Kinematics of parton splitting at first order

In the real emission operator Dl (ux» fls), initial state

parton “a” splits, in the sense of backward evolution [12].
Before the splitting, the momentum of this parton is

Pa = NaDa. (12)

where p, is the momentum of the incoming hadron (with
the approximation p3 =0) and 7, is the momentum
fraction carried by the incoming parton. The new initial
state parton carries momentum

Pa = flaPa- (13)
A new final state parton carrying momentum p,,,; with
P21 =0, is produced. We define the momentum fraction
in the splitting by

z= (14)

==

We define a dimensionless virtuality variable for the
splitting by

:2ﬁa'ﬁm+1 :_(ﬁa_ﬁm+l)2. (15)
2pa : Q Q2

We also denote by ¢ the azimuthal angle of p,,; around
the direction of p, in the rest frame of Q. The three splitting
variables y, z, ¢ suffice to define the splitting. The momenta
{P}ns1 of the partons after the splitting are determined by
¥, z, ¢ and the momenta { p},,, as described in Appendix A.

It is sometimes useful to define a transverse momentum
variable for an initial state splitting,

ki = (1-2)y0% (16)

as in Eq. (A.8) of Ref. [10]. This is approximately the
absolute value of the square of the part of p,, . transverse
to p, and 0.

We will specify pl1o (pg,Hs) in some detail in

Appendix A, but for now these details do not matter.

What is important is that Dy 9 exhibits collinear and soft

singularities. To describe these, it is useful to define an
angular variable
vz
=" 17
— (17)
This is (1 — cos0)/2 where 0 is the angle between p, and
Pmy1 as measured in the rest frame of 0. The operator

DE’O] is singular in the collinear limit 4 — 0 with fixed
z, in the soft limit (1 —z) — 0 with fixed 9, and in the

soft X collinear limit (1—z) -0 and 9 — 0. In the

integrations in DLI’O], these singularities are regulated

with dimensional regularization.
We can also write 9 as a function of z and k2,

9=a,(z.kt), (18)

"The exact value is —(pL, )% = y(1 —z —zy) Q2.
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where

ase k) = (19
(-
We will use the variables z and 9 to describe a splitting.
Then y and k% can be determined from (z, ) using

(1=2)8
v
292
-4 ZZ) 0 (20)

B. The unresolved region

The idea of the singular operator D(uy, jis) is that, when
applied to a parton basis state |{p, f, ¢, c'},,), it produces
approximated cut Feynman diagrams that have the same
infrared singularities as actual cut Feynman diagrams. Of
course, it does not match the behavior of Feynman
diagrams when the momenta are not close to one of these
singularities. For this reason, we define an unresolved
region, a bounded region in the parton momentum space

that surrounds the singularities of interest. For a parton

splitting included in pl1o (ux» Hs), the unresolved region is

aregion U(is) in the space of the splitting variables (z, 9).
Since the angle variable & defined in Eq. (17) has the range
0 < 9 < 1, we always take the unresolved region U (jis) to
be a subset of the region

0<z<l1,

0<d<l. (21)

The shape of the region depends on parameters .
We define a family of unresolved regions by letting ig
depend on a parameter ¢ with 0 < ¢ < #; such that the
resolved region shrinks as ¢ increases. Often #; = oo is a
convenient choice. The singular lines 0 <z <1l at 4 =0
and 0 < 9 < 1 at z =1 must be included in U(s(z)) for
all ¢. This concept is discussed in some detail, with
examples, in Ref. [1].

In this paper, we will impose a fixed cutoff on k% using a
parameter m? that is on the order of 1 GeV?2. A splitting
in which

9 <ay(z,m}) (22)

will always be counted as unresolved. This cutoff will serve
to keep resolved parton splittings in a range for which
perturbation theory is applicable.

For an initial state splitting involving a heavy quark or
antiquark, we impose an additional restriction on the
unresolved region. Here we count ¢ and b quarks as heavy

with m3 < m? < m2, while we consider other quarks to be

massless. When a massive parton with flavor «a turns into a
gluon in the sense of backward evolution (so, going
forward in time, g — @ with an emitted @) we count the
splitting as unresolved if k3 < m2. This is consistent with
switching from a 5 flavor scheme for m? < y? to a 4 flavor
scheme for m2 < > < m} and then a 3 flavor scheme
u> < m2 in MS parton distribution functions. Although the
definition of the unresolved region involves the masses of
heavy quarks, the shower splitting functions approximate
the quark masses by zero? We can summarize this
by saying that an initial state splitting with @ — 4 in
backward evolution is always counted as unresolved when

9 < a,(z,m? (a,q)), (23)

where
m? (a, d) = max(m?, m% — m3). (24)
In order to further specify the family of unresolved

regions, define a function a.(z, fis(f)) such that (z,9) €
Uug(1)) if0<z<1,0<9 < 1, and

9 < max {ac(z. fis(1)). ai (z.m? (a.4))}.  (25)
As t increases, a.(z, js()) decreases. In this paper, we
impose some conditions on this function. We require that

Aeu(z, fis(t)) = 0 for r — ;. We further require that for
t = t;, a, takes a simpler limiting form,

Aeu (2. fs(1)) ~ @i (2, M (A5 (1)) (26)
where py;, is a function py, (fs) of the scales jig, with
Hiim (1) = i (s (1)) = 0 (27)

for t—t;. We require that the limiting function
i (2, 4%, (1)) takes the factored form

Ki
i (2, Hi) = f(2) Q;“ (28)

Thus the scale parameter y;,, controls the collinear limit
of a,, when § — 0 with fixed z. It is useful to choose

’It would be better to use on-shell charm and bottom quarks
with masses in the shower evolution and then use corresponding
quark mass dependence in the PDF evolution equations [13].
However, the current version of DEDUCTOR treats charm and
bottom quarks as massless except in the functions that define the
unresolved region for initial state splittings. With this approach,
the parton shower misses important effects when the scales i are
not much greater than the quark masses.

014024-5



ZOLTAN NAGY and DAVISON E. SOPER

PHYS. REV. D 106, 014024 (2022)

HR (1) ~ Wi (1) (29)

for large .

The function ayy(z, i, (1)), together with the choice
of u2(t), specifies the unresolved region and its relation to
the renormalization scale in the collinear limit, in which
aey < 1 for fixed z. For the definitions of the unresolved
region considered in this paper, ayn(z, %, (7)) has the
very simple form shown in Eq. (28). This simple form
enables us to define shower oriented PDFs as a function
of a single scale u2. For not-so-large values of ¢, or not-
so-small values of a.,, we can allow a more general
structure. First, we can maintain the relation (29) in the
large ¢ limit while modifying u2(¢) away from this limit.
Additionally, for small (I —z) with ¢ not large, we can
have ajy(z, u2(t)) > 1. We therefore allow a more gen-
eral form for ay(z, fis(t)):

Aou (2 s (1)) = @im (2. 43 (1)) exp(h(z, fis (). (30)

All that we need is that h(z, ius()) — 0 at least as fast as
Ui (t)/ Q% in the large ¢, small p2(¢)/Q? limit.

C. Simple cases for the unresolved region

Before we examine the relation between DL (x> fs)
and the shower, it may be helpful to provide some examples
of the unresolved region in cases with only one shower
scale, uZ. With only one scale, we let pym () = pe and

Ao (2. 43) = aym (2, 12) = ac(z, p). (31)

where we let a.(z, u2) be given by one of three choices,
ay(z,11)s anlz, p3), or as(z,p7). That is, in ac(z, u¢),
C= 1, A, or Z In each case, we take the corresponding
renormalization scale to be u2 = uZ.

kr definition: We can base the unresolved region on
the transverse momentum variable defined in Eq. (16).
A splitting is unresolved if k% < u?, where u3 is the
shower scale. We choose ugz = p3. Accounting also for
the fixed mi(a,d) cutoff, we adopt the definition that
(z.9)eUWr)if0<z<1,0<9 <1 and

9 < max{ai(z42).a, (z.m (@)}, (32)

where a, (z, %) is defined in Eq. (19).
A definition: The default ordering variable in DEDUCTOR
[14] is

2D - P
A2 =22 Pmtl g2 (33)
2pa ' QO 0
where Q) is the total momentum of the final state partons

at the start of the shower. Thus, letting r]flo) and néo) be the

momentum fractions of the initial state partons at the start
of the shower,

(0), (0) 2
Azinzﬂa /) y0 ’ (34)
(0) r
Nally, S a
where
ry = (35)
(0)
Na

A splitting is considered unresolved if A? < u3, where
% is the shower scale. We choose puZ = u3. Accounting
also for the fixed m? (a,d) cutoff, we say that (z,9) €
Upl)if0<z<1,0<9<1 and

9 <max {a(z,p3), ayr(z.mi(a.a))}, (36
where a, (z, %) is defined in Eq. (19) and

r 2
ay(z.p?) = ﬁ (37)

3 definition: We can use the angle variable d as the
ordering variable.” Then we consider a splitting to be
unresolved if 90° < u?, where y? is the shower scale. We
choose uiz = p2. Accounting also for the fixed m? (a, 4)
cutoff, we say that (z,9) € U(p%)if0 <z < 1,0<9 < 1
and

9 <maxfa,(z.p2).a, (zm? (@.d)}.  (38)

where a, (z, %) is defined in Eq. (19) and

ay(z,p%) = o (39)

D. Splitting operator for real emissions
Real parton splittings at first order in @ are created by

the operator faDgl’O]}'a‘l applied to a state |{p, f, ¢, c'},,)
[

We can now state very briefly what F aDal NF ! contains.
The details are in Appendix A.

In the context of a shower cross section, the state is
always accompanied by PDFs that are part of the proba-
bility associated with that state. The PDFs are supplied
by an operator F,(uz)Fy(u2), Eq. (A11). For initial state
splittings of parton “a” realized by backward evolution,
we need to remove the prior PDF factor by applying the
operator F;'(u2). Then after the splitting we supply the

*We could use the angle measured in the fixed reference frame
defined by Q,, but then the formulas are more complicated.
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new PDF factor by applying the operator F,(u3). Thus it is

useful to consider the operator F, D[l 9] Fil

We apply pl" ](,uR, [2) with its accompanying PDF
operators to an m-parton state and write the result in the
form

F o)DM (s i) F () {ps fr 00 )

_ / d{,a,f},n+]|{ﬁ,f}m+l>
Z/ldzw

27r z fasa(a uz)
ad(z; {pv f}m-&-l’ {p7 f}m)HC’ Cl}m)‘

(40)
|

(47)¢

DAZ@(Z; {ﬁ’ f}zn+17 {pvf}m) =

8({p. Y1 = Ra

(k# ) au

+ 15 (fr = it i) ® i(fa = Fat Furt)}

The pieces in this formula are described in Appendix A.
Here we mention only the most important features. The
operator D2, depends on the splitting variable z and on d,
which is the flavor of the incoming parton after the splitting
(in the sense of backward evolution). The right-hand side
of Eq. (41) begins with integrations over the other two
splitting variables 9 and ¢, with appropriate dependence on
the dimensional regulation parameter €. There is a theta
function that requires (z,9) to be in the unresolved region
U(ls) according to the shower scales js. After the
integrations, there is a delta function that sets {p, £},
to the momenta and flavors obtained from a splitting with
variables (z, 9, ¢, d) applied to partons with momenta and
flavors {p, f},, according to DEDUCTOR conventions.
DEDUCTOR is a dipole shower. There is a sum over the
index k € {a,b, 1, ..., m} of a dipole partner parton for the
splitting of parton “a.” For the case that k = a, there is a
splitting probability Paa(z, 9, ¢), Egs. (A18), (A19), (A20),
and (A21). For ¢ = 9 = 0, this is the standard Dokshitzer-
Gribov-Lipatov-Alterelli-Parisi (DGLAP) splitting func-
tion. The function N(a,d) provides a color factor,
Eq. (A15). For k #a, we have a gluon emitted from
parton “a” in the ket state interfering with a gluon emitted
from parton k in the bra state, or the same configuration
with bra and ket interchanged. The function W, depends
on &y = pa- Pr/Pr - Q. This function is described in
detail in Appendix A. It has the important property that

() mital

(.04, (P )Y 5

Here Dgl 9" adds one new parton and we integrate over the
momenta and flavors {p, f},.., of the partons after the
splitting. There are dimensionally regulated singularities,
so this integration is in 4 —2e¢ dimensions for each
momentum. Then D?, is a function of the momenta and
flavors before and after the splitting and is an operator that
maps the m-parton color space to the m + 1 parton color
space. The index a in D2, is the flavor of the incoming

I3 1)

parton a.” The operator D?, also depends on the scales 2
and jg and it depends on e, but here we do not make that
dependence explicit in the notation.

The operator ﬁga takes the form

1-2¢
Fou-o [ £ 6((@8) € UG)

9 (2 - 2¢)
1

ﬁ q 719’
N(@.d) ad(2.9,€)

[H(k = a)

k

Wo(tfak,Z 9, ¢ — ¢k):| {ti(fa = fat Furt) ® ti(fe = i+ Furt)

(41)

|
Wo/[(1 = z)9] is singular when the gluon is soft, but not
when it is collinear to p,.

The final factor in Eq. (41) contains color operators that
act on the ket color state |{c,c’},) to give the linear
combination of new color states |[{¢, ¢'},. ;) that one gets
after emitting the new parton m + 1. In 7} ® 1;, t, acts on
the ket color state [{c},,) to give a new ket color state
ti]{c},,) and 1, acts on the bra color state ({c'},,| to give a
new bra color state ({c'},,|tx. When parton m + 1 is a
gluon, the color operators obey the identity

Ztk(fk - fi+g) =0. (42)
k

[1,0]

We have used this identity to rewrite the operator D,
used in DEDUCTOR [10] in what we think is a more
transparent form.

E. Inclusive probability for real emission

We have presented the matrix element to obtain a

particular state |{p, 7, ¢, ¢'},.4;) produced by D", We
also need the inclusive probability for a splitting starting

from the state |{p, f, ¢, c'},,)- Using Egs. (2) and (3), the
probability corresponding to F aDLI’O]]-' -1 applied to the
state [{p, f,c,c'},,) is
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(1|~7: (/"R) (ﬂRvﬂs)}— /"R |{P f.ec }m)

= [ o I L

We write this using another operator P2, as

. o ag(u Udz fa/a(na/ 2 1i)
(Fa () D (i i) 3 i) p. e c'}) = RZ/ AR P (Leoor

where (1.,| times the operator P2, is

(lcolor|P2d(Z; {p}m)l{C’ C/}m)

“r (o) mia T s

Ok # ) {

P
a) N(@.d) ai(z,9,€) =

xzk:%[ﬁ(k:

Z/I dz fa/a(na/z i)

< fa/A Mas HR)

(Leotor D (25 B, FYmer- AP+ S 1)l e €} (43)

Pz {pya)l{c.c}n).  (44)

2 faja(fas i)

0((z, 9) € U(ks))
250,1

WO(éabZ 9, ¢ — ¢k)

< ({Yalte(fr = Fi +fAm+l)tZ(fa = fat 1) + ta(fe = fu +fm+l)t]t(fa = fat Fur)l{chn).  (45)

Here we have used the momentum conserving delta
function in D!, to eliminate the integration over
{P, £} .1~ In the color factor, we have used the instruction
in Eq. (3) to take the trace of the color density matrix after
the splitting. The flavors in the color factor are determined
by the flavor indices a and @. The argument {p}, of P2,
refers to the dependence of W, on the variables &,;.

We can simplify the color here. In the case that k = a,
ta(fa - fa +fm%»l)t;:(fa - an +ferl) = N(a’d)’ (46)
where N(a, @) is the Casimir eigenvalue (A15) appropriate

to the flavor content of the splitting. When k # a, the
|

(47)°
I'(1-e)

€ 2\ €
(lcolor|ﬁid(z; {p}m)|{C, C/}m) = (1 _ZZ)Ze (g)

xFML&M&%Mdm

149

[

emitted parton is always a gluon. The gluon line attaches to
line “a” with a color generator matrix 7¢ in the 8, 3 or 3
representation according to the flavor of parton a. The
gluon line attaches to line k with the appropriate generator
matrix 7. Then we sum over the gluon color index c. The
result can be denoted by T - T,. Thus for k # a,

t(fi = frot fu)ta(fa = fa+ g)
:ta<fa_)f,\a+g)t]t<fk_)fk+g>
=T, T, (47)

These simplifications give us

1-2¢e
8wu—w*/§%§%m@meu@»

Zéaa

k#a

Wollak: 2,9, ¢ = di) {3 Tic- Tul{c} ) |-

(48)

This specifies (1eo0r[P2(z; {p},,) but not the operator P2;(z; {p},,). We note that

{c"}ulTe - Tal{c})

Thus we can define the color content of P2;(z; {p},) by

= Tr[Ty - Tal{c}) ({c}l]

= Tr[[{c},) ({¢"}ulTi - Tl. (49)
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I(1-e)
Zaaa

k#a

Prtesoh) = - () ¢

X {Isad(z,él el®1]—

This particular choice of the color operator in the second
term in P, gives this operator the color structure of a
virtual gluon exchange between partons “a” and k.

F. Real part of the virtual exchange operator
According to Eq. (7), the singular operator Dy] consists

[1,0]

of two terms, D ' that specifies real splittings of parton

“a” and D[O 1 ,in Wthh a virtual parton is exchanged. We
have described Da

part of Dgo'l](yR,ﬁs). We consider the imaginary part of
Do) (ux» Hs ), for exchanges involving both initial state and

final state partons, in the following subsection.
0.1]

The operator Dg comes from virtual graphs, in which
we integrate over a momentum ¢ that flows around a loop.

This operator describes the infrared singularity structure

when ¢ — 0 or g becomes collinear with p, [2]. Since DLO’”

simply captures the singularities, it is defined to leave

parton momenta and flavors unchanged. The operator DLO’I]

does, however, change colors. First, it contains terms from
self-energy insertions on one of the parton legs. These
terms are proportional to the unit operator on the color
space times Cg or C,. Second, there are terms coming from
gluon exchanges between two parton legs. These terms are
proportional to either [T - T, ® 1] for a virtual graph on
the ket amplitude or [1 ® T - T,] for a virtual graph on the
bra amplitude. The virtual graphs have 1/€? and 1/¢ poles.
By using the identity (42), we can arrange that the terms
proportional to the unit operator on the color space have
1/€* and 1/e poles, while the terms with [T, - T, ® 1] and
[1 ® Ty - T,] color operators have only 1/¢ poles that arise
from the exchange of a soft gluon.

. We now would like to define the real

Since ReDgo’” leaves parton momenta and flavors
unchanged but can change the m-parton color state, it
has the form

ReDY (g, fis)|{p. £ €2 ¢ )

= e b Y, (b)), 51)

where a is the flavor of the incoming parton “a.” The

operator T',,({p},,) has a soft divergence that should be

regulated. As we will see, this divergence is canceled.
Now, we need to define I',. The probability associated

with ReDY

WO(éak»Z 19 ¢ ¢k) {[Tk'Ta® 1] +

s ”fj’ - [ %8((&8) € UG)

1 ®T, T} (50)

(1ReD (e i) {po £ €2 ¢ )

- a52(/;R) (lcolorlra({p}m)|{c, C/}m)_ (52)

The probability associated with ImDLO’I] vanishes [10].
Thus

(D (g ) (P £ e €'Y o)
o as(/'tlzi) (1 |r ({ /
- 2 color |t a p}m)HC’ c }m) (53)

T

We can combine the probabilities (44) associated with
DQ 0 and (53) associated with DLO’]] to obtain the
probability associated with Dz[il] (noting that F, commutes

; 0.1y,
with Dy ):

(1F () DY (3. i) F3 () p. frev e} )
ocg Uz Z/l dzfa/A(Ua/Z HR)

2 faa(tas i)

X( C010r|Paa( {p}m>|{c C/}m) (54)
where
20 (@ {P}a) = Py (z{p}a) + 8a08(1 = )T ({P})-
(55)

We now propose a definition for the operator I',,. Both
the real and virtual terms in P* ,(z; { p},,) contain 1/e* and
1/e poles. However, as we will see in Appendix B,
collinear factorization and real-virtual cancellations lead to

[Z A dzzp so(@dptn)| =0 (56)

poles

This fixes the pole part of I', ({ p},,, €) but leaves its finite
part undefined. It is not straightforward to impose an
ultraviolet cutoff on the unresolved region for virtual
graphs that matches the cutoff that we used for real
emission graphs. In Ref. [10] we proposed a method for
this. Here, we propose a simpler method that gives
essentially the same result. A similar strategy is used
in Ref. [15]. We impose a momentum sum rule on

P (z{ptn):
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Z/Ol dzzP: (z:{p},) = 0. (57)
This defines I',({p},,):
Lolph) = =3 [ desty (@ (p)). (59)

We can write the value of P with the virtual contributions
determined by the momentum sum rule (MSR) as

Pz {p}a) = [Py {p}n)luse. (59)
where [P?)yg is defined using a subtraction at z = 1 on P*

considered as a matrix in aa’. For a generic operator
A, (z:{p},), the definition is

[Aaa' (Z; {p}mHMSR =Au (Z; {p}m)7

and

a#d (60)

l [ZAua(Z; {p}m)Lr
Z

- 51— z)ZA1 dzzAca(ZA{P}n)-

c#a

[Aua(z{P}m)Msr =

(61)

Here [---|, denotes the usual + prescription,

/ L@ [F (), h(z) = / ' aeF()Th() — (1)} (62)
0 0

G. Imaginary part of the virtual exchange operator

The operator D!, in which a virtual parton is
exchanged between two partons, has an imaginary part
when the two partons are either two final state partons or
the two initial state partons. Our calculation here builds on

that in Ref. [4]. We write the imaginary part of D!l as

i D! (., fis) {p. . c.¢'})

= () )
x {Gab({p}m) +'"Z- z’": sz({P}m)}
I=1 k=T71
x |{c,c'},)- (63)

Here we sum over pairs of distinct final state partons and
over the single possible pair of initial state partons,
{I,k} = a,b. The operator DI*!!(4,, i) corresponds to
the graph in which a gluon is exchanged between partons.
The gluon exchange is approximated as not changing the

Pl/

FIG. 1. Virtual gluon exchange between partons / and k,
leading to an imaginary part of the virtual exchange operator.

parton momenta, so that when D! is applied to a state

{p,f,c,c'},,), the momenta and flavors of the resulting
state remain {p, f},. However, D!/ can change the
parton color state.

For a final state interaction, illustrated in Fig. 1, let us
denote the parton momenta before the exchange by k;
and k. For an initial state scattering, k; and k; denote the
parton momenta before the exchange in the sense of
backward evolution. The partons with momenta k; and
k; connect to a graph representing much harder interactions
in which k; and k; are approximated as p; and p;.

To obtain the imaginary part of the graph, we replace the
propagators for the partons with momenta k; and k; by
delta functions, i/ (k7 +ie) — 2z5(k7) and i/ (k3 + i€) —
275(k?). Thus the imaginary part of the diagram corre-
sponds to elastic parton-parton scattering. We integrate
over the scattering angle € in the p; + p, rest frame. The
integral is logarithmically divergent at  — 0. We regulate
the divergence using dimensional regularization with a
scale yf; and impose a cut

1 —cosf < xy, (64)

so that we integrate over an “unresolved” interval with
boundary xj; that surrounds the singularity. Then, neglect-
ing contributions suppressed by a power of xj, the
integration gives

ot {0 [ 2] )

There are two terms, proportional to 7, -T, ® 1 and
1®T,-T,, which correspond to a gluon exchange in
the ket state and in the bra state, respectively. If we had
color factors 1 ® 1, these terms would cancel. With the
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color factors that we have, ImD>! can potentially have
an effect.

Now we can define a scale parameter 2 (jis) that
depends on the shower scale or scales fig(t), so that then
,u%, depends on ¢. If there is only one scale, ., as described
in Sec. V C for kt ordering, A ordering, or d ordering, then

we can make the simplest choice, p? = u2. We let the
scattering angle cutoff x; be related to p?, by
xlk - M]ﬂ 17[({p}m> (66)

where f/¥ is any function of the external parton momenta

that we choose Then

Gu({p}m)
G R
_27”{F(1—g) Ll.lf,k] -~ log(ui fi({Phn ))}
x[[ T, ®1-1Q@T; T} (67)

We can use the relation (1 l) between ImDI! and the

corresponding contribution S
evolution to find

U'to the generator of shower

as(uz) 1 dpg (1)
2 pi (1) di

inS(1) =ix
{T T, Q1-1QT, Ty

D3>

Notice that Si[g’l] does not depend on the functions
k({p},,) in Eq. (66). The color operator simplifies [4],
leaving

T,.Tk®1—1®T,.Tk]}. (68)

. gl0.1] . as(ﬂl%) 1 dﬂizn(t>
izS,; (1) = in 20 20 di

xA[T, Ty ®1-1QT, Ty. (69)

VI. THE INCLUSIVE INFRARED
FINITE OPERATOR

In order to define a parton shower operator U(t;, t,)
starting with the operator D(uy,is) that describes the
infrared singularities of QCD, the construction of
Ref. [2] defines, in its Eqs. (79) and (92), an inclusive
infrared finite operator V(uy. fis).* The operator V' leaves
the number of partons and their momenta and flavors
unchanged and is related to D by

“In papers prior to Ref. [2], we used the notation V to denote a
different operator.

= (U[F(uR) o K(u3) o Zr ()]
X Dy fis) F~" (). (70)

(1Y (- i)

The operator V at first order contains contributions from
emissions from each of the two initial state partons:

il = V[l] + V[l] There is no contribution from emissions
from final state partons because of cancellations between
DI and DI [1]. The factor [F(u2) o KC(u2) o Zp(ud)] is
an operator that multiplies by the bare PDFs. This factor,
omitting /C, would be present in any perturbative calcu-
lation of a cross section in which PDFs are factored from
the hard scattering cross section [2]. The circles, aob,
represent convolutions in the PDF momentum fraction
variables. The operator that performs MS subtractions of
1/€" poles is Z(uZ). The factor K(u3) transforms from the
MS scheme for the PDFs to the shower scheme used in the
PDFs represented by F(u2), Eq. (A11). We will see in what
follows why we need a shower scheme instead of the MS
scheme for the PDFs.

The right-hand side of Eq. (70) is infrared finite, even
though D(uy, is) is singular, for two reasons. First, we
form an inclusive probability by multiplying by (1|, which
allows real-virtual cancellations. Second, the initial state
singularities that do not cancel in this fashion are removed
by Zp(uz) in the PDF factor.

As required in Ref. [2], we need to ensure that V(ug, [s)
is not only finite after dimensional regularization is
removed, but also that it approaches the unit operator in
the limit of small scale parameters. Specifically, we need
V(ug, fis) = 1 when p, — 0, jig — 0 and the infrared cutoff
parameter is removed, m? (a, @) — 0, while p, and i are
related as in Eq. (29) and a,(u2) is held constant. Without
these conditions, the operator U{y, that is constructed from V
and sums threshold logarithms [2] would be contaminated
by effects with a 1 GeV scale. We will see that these
conditions can be achieved by making a suitable choice
of K(ug).

The operator V' can operate nontrivially on the parton
color space [2]. We will define the color content of the first
order contribution to V in what follows.

We will need the detailed formula for the first order
contribution to V' from emissions from parton “a” in
DepUCTOR. We will write this formula in the form

Vi (s i) P fren ¢ h)

2 u Vdz fuya(a/ 2. 12)
= {p. f},) R 2/ &cJdja\Tal <> °R)
< fa/A Ma> /“tR)
Via (@ Ap}a)l{e ¢'})- (71)
Here V2 (z;{p},,) is a function of the splitting variable z

and the momentum variables {p},, of the statistical state
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H{p,f,c,c'},,) and is an operator on the color part
[{c. '}, of the statistical state.

We can find what V2 ,(z;{p},,) is by writing out Eq. (70)
at order a!. We pr0V1de detalls in Appendix C and give just a
brief summary here. Equation (C6) gives

Vealzs (Pha) = g Ko 2o 8) + oy Par ()
P (Phai) ) (72)

Here the term proportional to P,,(z)/¢ is the first order
contribution from Zz(uy). The term K, (z, u2) allows the
shower to use a shower-oriented PDF instead of an MS
PDF:

/\

w2 13) + [P
{ 7) log <max {

The kernel ﬁi?,(z) is given in Eq. (A20). The contribution
proportional to P,,(z)/e¢ in Eq. (72) has canceled an
identical singular term in P2 ,(z;{p},,;:€) that appears in
Eq. (C18). After this cancellation, the second and third
terms in Eq. (74) remain and an infrared “nonsensitive”

wr (B AP}n) =

2HR

operator PZ;,IS remains. The operator Pzg S is an operator on
the color space, while the first three terms in Eq. (C18) are
proportional to the unit operator [1 ® 1] in color. The
operator PZ’ES is given in Egs. (C17) and (C19). It has the
|

e . 1
K (2) = (P @y~ | P (2) og (max { L2210

Then

Vi (@ {pha) = Pig® (@ {p}a)

is insensitive to effects from small momentum scales, as
desired. We will see in Sec. VIII how Egs. (73) and (75) can
be used to produce PDFs that can be used in the shower
evolution.

(76)

VII. THE SHOWER AND
THRESHOLD OPERATORS

We now outline, very briefly, how the operators
introduced above are used to define a parton shower.

l—zzQ2

P01 412) = Fayaln, i)
J(p Id
+aéﬁ;> Ea, ; Zfa/A(n/z Hi)

X Koo (2. 43) + O(a3). (73)

Here g%(n,ﬂﬁ) obeys the MS evolution equation. The

remaining term in Eq. (72), P* , gives (1|FD)F1,
Eq. (54).

After some manipulation of P? , in Eq. (72), we reach a
result given in Eq. (C18). Using this result, Eq. (72)
becomes

m3 (a.d)

Hi

}ﬂ T Pz {p},).  (74)

Alim (Z’ :ulzim (ﬁs)) ’

I
crucial property that it has no 1/e poles and vanishes in the
limit of small scales u2, ji; and small infrared cutoff
m? (a,d’) when integrated against a fixed test function
h(z). This insensitivity to effects at small momentum scales
is exactly what we want in V2 (z:{p},,).

We are left with the second and third terms in Eq. (74).
These terms are not singular, but they are not small when the
scales yi2, jis and the infrared cutoff m? (a, a’) become small.
In order to cancel these infrared sensitive terms, we set

—_ \2N2 2 /
0L aunsiam ). )|
R Hr MSR
I
First define ([7], Eq. (18), or [2],)
X (prs s) = [F (i) o K(uz) © Zp(u)]
X D(pg, fis) F~ () V™" (s ). (77)

Then the shower evolution operator is ([7], Egs. (27), (51),
and (54), or [2])

Uty 1) = li_{%xl_l(/’tR(tZ)’ﬁS(t2)>X1(/‘R(ﬁ)?ﬁS(h))

= Texp ([ltz dtS(t)).

(78)
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Here (uy(1),fis(t)) defines a path in the space of the scale
variables as in Sec. V B and T indicates ordering in the path
parameter 7, the shower time. The operator S(t) is the
generator of shower evolution, defined by

L X)) (79)

S) = di

_Xl_l(/lk(t)’/_is(t))
To use this in a first order shower, one evaluates S(¢) at
order «, and then exponentiates it.

We also define the threshold operator ([7], Egs. (56),
(58), and (60), or [2]),

Uy (152 1) = V=1 1) i 01))V (). (1)
— Texp ( [ " dtSV(t)>, (80)
where
S(t) = VN (1) is(1) LV (e (0). s (1)) (81)

dt

Here 1, is the shower time at the start of the shower,
corresponding to scale parameters comparable to the scale
of the hard interaction considered. Then #; is the shower
time at the end of the shower, corresponding to scales on
the order of 1 GeV. It is important that V(ug(t;), is(;)) ~ 1.
Then the integration in the exponent of Eq. (80) is
dominated by scales near the hard scale, while contribu-
tions from scales near 1 GeV are power suppressed. To use
Uy (s, 1) in a first order shower, one evaluates Sy () at
order a, and then exponentiates it. The operator Sy (7) is
analyzed in some detail in Appendix D.

With the use of these operators, the cross section for
an infrared safe observable is, as described in some detail
in Ref. [2],

o = (1OU(ty, t)Uy(tr, ) F (i) lpw).  (82)
Here |py,) is the parton statistical state at the hard interaction
and F (u?) supplies the parton distribution function factor,
using PDFs that match the organization of the parton
shower. Then U,(#;, t,;) provides a factor that sums thresh-
old logarithms. It does not change the number of partons or
their momenta or flavors. Next, U(t;, t,;) provides a parton
shower, creating many partons, while preserving the total
probability obtained by summing inclusively over the
parton states. Finally, O; makes the desired measurement
on the resulting parton state, and (1| specifies an inclusive
sum over the parton state variables.

VIII. SHOWER ORIENTED PDFs

We now examine the shower oriented parton distribution
functions f,/4(n, u3) defined in Eq. (73) in the simple cases

of kr ordering, A ordering, and 9 ordering as specified in
Sec. VC. The shower oriented PDFs are different for
different choices of shower ordering. This difference plays
a role in how the cross section sums threshold logarithms,
as outlined in Appendices D and E. The choice of PDF
definition is the same for hard processes based on vector
boson production or parton-parton scattering.

References [15-17] present a different choice of PDF
definitions. This choice is designed to simplify the sub-
tractions needed to define a hard scattering cross section at
next-to-leading order and to make the matching of parton
shower evolution to the next-to-leading order calculation
simpler. The choice that achieves this simplification is,
however, not compatible with our Eq. (75).

A. k1 ordering

We define shower oriented parton distribution functions
fa/A(n,yﬁ;ﬂ), where A = 0 refers to kt ordering. Rearr-
anging Eq. (73), we have, neglecting terms of order a?,

= gy (. %)
a /4 dz 15
— /—QM/SA (n/z, uz)

X Kau’(zv n, ,uR; ) + O(as)' (83)

fara(n. 4z 0)

Using Eq. (19) in Eq.
pi. = ui = uz, we have

(75) with ay, =a; and

Ko (2.1 12:0) = =[P (D) s + Kaw (2. 12:0),  (84)

where

2 !
Koy (z.p3.0)=— [f’aar(z)max [O,log (M) } ] .
MSR

R

(85)

Consider first the case that ui > m?, so that

uz > m3 (a,a’) for all choices of (a,da’). Then
kaa’(zvl'{fz{’ 0) =0so
Koa (@ id:0) = [Pl (@lyse:  (86)

Thus f,/4 (17, u7:0) is close to gﬁ’,[/SA(n,uﬁ), but there is a
small change because we do not renormalize the kr-ordered
parton distribution functions by simply integrating over all
kt and subtracting poles.

Now consider the case that m> < m2 < 3 < m?. Then
there is a small complication. We take the operator Z(u3)
in Eq. (70) to be the operator that renormalizes parton
distribution functions according to the MS prescription in

five flavor QCD. Then g3, (. 4:2) is the five flavor MS
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parton distribution function for flavor a. With the conven-
tional definition in which there are no intrinsic b-quarks,

gy (n.my) =0, but (applying five flavor evolution)
gy (n. px) < 0 for pz < my. We then have

Rig(z,2,0) = —{ﬁbg( )log <m2)]MSR. (87)

.“R

Since P,,(z) is the kernel for PDF evolution in z?, this
contribution to K, (z, 7, u3; 0) cancels the evolution of the
five flavor MS PDF in the region 2 < mZ and gives us

Fosa(npzz0) =0+ O(az) (88)

for yg < md. That is, f,/4(n.u3;0) is the four flavor MS
PDF as conventionally defined for m3 < m? < g < mj.
Similarly, for m% < pZ < m2, fc/A(n,/,tﬁ;O) =0+0(a?).

B. A ordering

We now generalize the definitions in the previous
subsection by defining shower oriented parton distribution
functions f,/a(n. u3; A), where 2 = 0 refers to ky ordering
and 4 = 1 refers to A ordering. Rearranging Eq. (73) gives

dz 355
e AL

S Kaa/ (Zv , ﬂR; ) + O(as)' (89)

QM/A(n )

Faya(n, ps 4) =

(n/z.uz)

Using Egs. (19) and (37) in Eq. (75), we now have,

~[P')(2)]yisr = A108(70) Pagr(2)
+ Ko (2. rizs 2), (90)

Kaa’(zv , ﬂ%;ﬂ) =

where

Kaa' (Z’ rﬁluﬁ,ﬂ)

- {Paa,(z)log (max [(1 -2, %} )] . (91)

Equation (90) follows from Egs. (19) and (37) for A =0
and 1 = 1. For 0 < 4 < 1, it is a simple interpolation.

We recall from Eq. (35) that r, = 5/ ndo , where ;1‘(10) is the
momentum fraction of parton “a” at the start of the shower.
The appearance of r, has two effects. First, it makes the

kernel K depend on both 7 and z instead of just z. Second, it

introduces an external parameter ;750) into K.

For A ordering, we need £,/ (1, u; 4) at A = 1. To find
this starting with f,,/4 (1, ua; 4) at 2 = 0, we consider 4 in
the range 0 < 4 < 1. To find f,/4 (1. ux; A) while working
around the complications produced by the presence of r,
in K, we first define an auxiliary scale variable,

W= riuz. (92)

Then we define an auxiliary parton distribution function
that is, in the end, simpler than £,/ (1, ug; 4),

Faja 3 2) = faa(n, ratu®; 2). (93)

From its definition, we have

Faa1%50) = foa(n, 4%;0). (94)

For 1 > 0, we use Egs. (89), (90), and (93) to give

}‘a/A(ﬂv/'ﬁ’A) ga/A(n’ a M

+log(r} / —ga (/2,17 17 Pt (2)

Z / "ZgM/A 1/ 2582 P (s

Z/ _ga /A ﬂ/Z,ra_/{//tz)kua/(Z,luz’,l)
+0(a?). (95)
Since P, (z) is the generator of scale changes for gm the

sum of the first two terms is g%(n, #?) up to order a?

corrections. In the remaining terms, we can replace the
scale r;*u? by just u? at leading order in a,. This gives

Faalnw:2) = g5 (0. 1)

% 'z s 2 p)

Py 7 / ) P /
> | a2 P
Qs ldz MS 2\ P 2
T T Jdd ’ Kau’ LA
2,,;A 9/ 21 R o (242, 2)

+ O(a2). (96)

The sum of the first two terms and the 4 = 0O contribution
from K, gives fo/a(n.u;2) at 2 =0, while in the last
term, we can replace ™S by 7, /a(n.4%;0) at leading order
in a . This gives us
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= Faya(n.u*:0)
o ldz ~ 5.
—2—”2/0 —Fayan/z.4%:0)

X [kaa’(zv /42, /1) - Kaa’(z’ /’tz’ 0)]
+ O(a?). (97)

Faja(n 12 2)

Now, differentiating with respect to 1 gives the differ-
ential equation

dfa/A’?ﬂ 3 A) dzag(u
— Z/ o fa/A(n/z 15 )
0 -~
X aKaa’(Zuuz’ﬂ) + O((Zg), (98)

where

0 -
-—K A

oy Kad (2.4 2)

-~ loe(1-aust0( -2 > "G o9

We can solve Eq. (98) for f,/4(n. 4% 1) with f,/a (1, u%;0)
as the boundary value. Then the shower oriented PDF
atA=11s
Faya(uds 1) = Fapa(npiras 1). (100)
Equation (98) results from the interpolation that we
chose in Eq. (90) between K!U(42,0) and KU (42, 1). Tt is
of interest to know how much the solution of Eq. (98) for
fa /a1, u?; 1) depends on this choice of interpolation. To
this end, we note that f, /a(n, u?; 1) can be expressed, using
a more compressed operator notation, as

a, 2
2 1) = flu?, O)OTexp[ 271'[; d,{M

7 } (101)

where we exponentiate using the convolution product o
and T represents ordering in 4. We have noted that the
evolution kernel is the derivative of the first order term of
the operator K. We have included the ordering instruction
T because dK(u?,1)/d2 is a matrix in the parton flavor
space and the matrices for different values of 4 do not
commute. However, at 1 = 0 and A = 1, the most impor-
tant terms in K are the terms with 1/(1 — z) singularities.
These terms are diagonal in flavor and do commute.
Assuming the terms with 1/(1 — z) singularities in K for
0 < 4 < 1 are diagonal in flavor, we can conclude that to a
reasonable approximation, the ordering instruction T is
not needed and, for > > m? (a, d’),

1) Fe0poexp | 2 { K200 - K02 1)

— 7, 0pex |- 52 K0 1) (102)

Thus, to a reasonable approximation, only the endpoints
matter, not the interpolation.

How does f(u?,1) evolve under changes of u2? At
leading order in a, we can omit the ordering instruction T
in Eq. (101), so that we can use Eq. (102) for f(u?, 1). For
f (1%,0), we have the ordinary first order DGLAP equation,
S OE (103)

d - a
2 2 SP 2 .
H d,uzf(ﬂ ’0) 0 +O(as)

Differentiating Eq. (102) then gives
2 d 504 Z(,2 A 50,2 2
W e ) = fr o o P(u) + Olas),  (104)
u /4

where

/12 akaa’(z’ ﬂz’ 1)

Paa/(z’/ﬂ) = Paa’(z) - di
u

= [P (D)1 = 0((1 ~ 2 < i (@ @) gse

(105)

Thus

Py (2.0%) = [Pow (2)0((1 = 2)p* > m (a. @) Jyysg. (106)

That is, the first order kernel for evolution in y? of f(u?, 1)
is the familiar DGLAP kernel but with a cut k% >
m? (a,d’), where k% = (1 —z)u?. The subtraction term
in P,,(z,u*) proportional to §(1 —z) is determined by

the momentum sum rule.
We write Eq. (104) in detail as

2 df aya(n. p?: 1)

_Z/lﬂas(ﬂz)
dy* —Jo z 2z

X Paa’(zvﬂz) + O<a§)

Faya(n/z w2 1)
(107)

The kernel P, (z,4%) in Eq. (106) was introduced in
Ref. [10], but without enforcing the momentum sum rule.
This gives us two ways to determine f,/4(n, u*;4) at

A = 1. We can start with £, (. 4*; 0), which is g% (n, u?)
with a small correction given by Eq. (86). For g%(n, u?)
one can use a PDF set that is fit to data and uses at least
NLO evolution in x?. Then we can solve the A-evolution
equation (98) to find fa/A(n,,uz; 1). We know the kernel
for this differential equation only at first order, Eq. (99),
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but the change in 4 is not large. Alternatively, we can note
that fo/a(n.p*1) = foa(n.u?0) at p> =m?. Thus
faa(n.m?;1) is known and we can use the y?-evolution
equation (107) to determine f, /a1, u?; 1) at larger values
of u?. We know the kernel for this differential equation only
at first order, Eq. (106), but the lack of higher order
corrections should not be a problem if we are interested in
values of log(u?/m? ) that are not too large.

C. 9 ordering

We define shower oriented parton distribution functions
fasa(n. ud; 2), where A = 0 refers to ky ordering and 4 = 1
|

e =~ (=) (5N

Now, differentiating f with respect to A gives the differ-
ential equation

dfa/A(’/lnu ’ as H
d,IR = RZ/ E fasan/z u3:2)
d
X K (2 132) + O(), (110)

where

d
_ ) 2. =
_d/lkaa (z.p734) = {0g<

o)

We can solve this for f,/4(n, ug; 1) with f,4(n, pi; 0).

As with A ordering, we can also write a first order
equation for the evolution of f,/4(n.u%:1) as uf varies
with 9 ordering:

dfa/A’/I,uR’ dZOt
gl z / 2”

X Paa'(zuu ) + O((Xs).

fa/A(i/]/Z ,uR’ )

(112)

Here for 9 ordering P is

Paa(z 1) = |:paa’(2)9 <u

refers now to d ordering. Rearranging Eq. (73), we have,
up to order a2,

= g5, (n.123)

_ K\HR) MR

fu/A(nvl’l%’j’)
d
/ ZgM/A (n/z. pz)

x Kaa/(z,uR; ) +O(a3). (108)

Here K is a different kernel than the one used for A
ordering. Using Eqgs. (19) and (39) in Eq. (75), we have,

(109)

Z :| MSR

Hr

|
D. Modified argument of a;

In the differential equation (98) for the 4 dependence
fa /a1, u?; 1), we have taken the argument of a to be the
scale y>. We made the same choice in Eq. (107) for the u?
evolution of f,/4(17, 4% 1) at 2 = 1. Similarly, in Eqgs. (110)
and (112), we evaluated a, at the scale u2 of the shower
oriented parton distribution functions. These are the natural
choices for a formalism that is designed to make sense at
any perturbative order. However, in this paper, we have
only a first order shower. We can modify the argument of o
so as to include some desired higher order corrections in the
evolution kernels.

In Eq. (98), we include a factor

_ai3)
)

in the kernel 0K ., (z, 4%, )/ 4. Here k3 = (1 — z)*u? and

(114)

k2
o (k2) = a (k) [1 +K, a( )]. (115)
27
Here K, is the standard factor [18],
67 — 322 10n;
K, = - 11
g CA 18 R 9 ’ ( 6)

with n; set to the number of active quark flavors at scale
k3. We note that 0K, (z,p* 1)/0A contains a factor
O(k3 > m? (a,a’)), which protects us from a singularity
of a(k%). This substitution, based on Ref. [18], can help to
sum large logarithms [7]. An example, for threshold
logarithms, is analyzed in Appendix E.

We make the analogous adjustments in Egs. (107), (110),
and (112).
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E. Numerical values of the PDFs

In this subsection, we look at the shower oriented PDFs
in a proton. We obtain these PDFs from the corresponding
MS PDF by first applying the P{¢) transformation (86) to
obtain the kt ordered PDF. Then we solve either Eq. (98) to
obtain the A ordered PDF or Eq. (110) to obtain the J
ordered PDF. In the case of A ordering, we choose r, = 1
or, alternatively, examine the PDF f, p(n.pu?) with a
modified scale parameter, Eq. (100).

In Fig. 2, we plot the up-quark momentum distribution
Nfusp (- u?) as a function of # at a large value of the scale,
u~ 1 TeV. We show first the MS distribution as a dashed
curve. There are quite a lot of up quarks around 7 ~ 0.1
because the up quark is a valence quark. The shower
oriented distribution for kt ordering is almost the same as
the MS distribution. The shower oriented distributions for
A ordering and for 9 ordering are somewhat smaller for
n < 0.1. It is difficult to see the differences among ordering
choices for 7 > 0.1 because the distributions themselves
are small. To make these differences visible, we plot in
Fig. 3 the ratios of the three shower oriented PDFs to the
MS PDF. We see that for A and 9 ordering, these ratios rise
quite steeply as # increases. As described in Appendix E,
part of the summation of threshold logarithms is contained
in the shower oriented parton distribution functions. This
threshold logarithm summation produces the rise at large 7
that we see in Fig. 3.

In Fig. 4, we plot the up-quark momentum distribution at
a value of the scale, u ~ 50 GeV, that is much larger than
1 GeV but not nearly as large as in Fig. 2. We plot the
distributions down to a smaller minimum value of 7, in
keeping with the smaller value of x. We show the MS

up-quark distribution, p =~ 1 TeV

T T T T T T 117 T T T T T 1T 17
081 — kr ordered ||
—— A ordered
—— 1 ordered
0.6 |- ||
=
=
& 04} =
2
=
0.2 - n
0 n
I N | I N
10~2 101 10°

n

FIG. 2. Up-quark distributions 7, (7. u*) at u = 1007 GeV:
the MS distribution and the shower oriented distributions for k
ordering, A ordering, and & ordering.

Fupol Fijns w1 TeV
14 T — T T

—— k7 ordered
—— A ordered
—— ¢ ordered

1.3

1.2

S(n, u?)

=F

fa(n, 1?)/ f,

0.9 i

1 1 J I 1 1
102 101 10°
U]

I T

FIG. 3. Ratio of shower oriented up-quark distributions to the
MS up quark distribution at u = 1007 GeV: shower oriented
distributions for kt ordering, A ordering, and & ordering. The rise
at large 7 illustrates the PDF part of the summation of threshold
logarithms.

distribution and the shower oriented distributions for ky
ordering, A ordering, and 9 ordering. In Fig. 5, we plot the
ratios of the three shower oriented PDFs to the MS PDF.
The pattern is similar to what we saw at a 1 TeV scale, but
somewhat more pronounced because a; is larger.

In Fig. 6, we plot the bottom-quark momentum dis-
tribution nfy, (17, u?) at the scale u ~ 50 GeV. As before,
we show the MS distribution and the shower oriented

up-quark distribution, pu ~ 50 GeV

T T T TTTTT T T T T TTTTT T T T TTTT

1.4 ---MS i
. —— k7 ordered
1.2 —— A ordered 7
—— 9 ordered
1 -
< 08 il
=
A
<2 06 |
=
0.4 |
0.2 |
0 |
Lol bbb Lo
10—3 102 1071 10°
n

FIG. 4. Up-quark distributions #f,,(n,4*) at u = 49.9 GeV:
the MS distribution and the shower oriented distributions for kr
ordering, A ordering, and & ordering.
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Fapp/ o35, 1= 50 GeV

T T T TTTTTT T

T T TTTTTT T

—— k7 ordered
—— A ordered
—— 9 ordered

1.6 |-

Fa(n.12)/ S (n, 12)

I R 1

1072

L1l diiil .

101 10°

10-3
n

FIG. 5. Ratio of shower oriented up-quark distributions to
the MS up quark distribution at 4 = 49.9 GeV: shower oriented
distributions for kt ordering, A ordering, and ¢ ordering.

distributions for kt ordering, A ordering, and & ordering. The
shape of the MS bottom quark distribution is different from
that of the up quark distribution because bottom quarks all
come from g — bb splittings. However, the relationships
among the curves for 7 < 0.1 is quite similar to the relation-
ships for up quarks: the distribution for kt ordering is slightly
larger than the MS distribution, while the distributions for A
ordering and & ordering are smaller.

In Fig. 7, we plot the ratios of the three shower oriented
PDFs to the MS PDF. Here, we see something quite

bottom-quark distribution, p =~ 50 GeV

T T T TTTTTT T T T TTTTTT T T T TTTT7T

\ —— k7 ordered
—— A ordered -
—— ) ordered

0.6

1 foyp (0, 14%)

NN

101 10°

FIG. 6. Bottom-quark distributions 7%, (1. u?)atp=49.9GeV:
the MS distribution and the shower oriented distributions for kr
ordering, A ordering, and 9 ordering.

Jofol Fojgs 1% 50 GeV

1.2 S S —
1 i
Ni B |
= 0.8
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Q£
= 06} .
& 0.4 + \\\ v -
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0 Pl Pl A
1073 102 101 10°
n

FIG. 7. Ratio of shower oriented bottom-quark distributions to
the MS up quark distribution at y = 49.9 GeV: shower oriented
distributions for kp ordering, A ordering, and 9 ordering.

different from what we saw for up quarks. In the cases of
A ordering and 9 ordering, the ratios of shower oriented
distributions to the MS distribution do not rise with increas-
ing 5. Instead, they fall. Here, we must face the fact that we
are using a first order evolution kernel to go from k ordering
to A ordering or 9 ordering. This is plausibly justified if the
change in the parton distribution is reasonably small, say

(117)

When the condition (117) is violated, we judge that higher
order contributions to the evolution kernel are needed. The
regions for which the lowest order evaluation appears to be
untrustworthy by this criterion are indicated by dashed
curves in Fig. 7.

F. Which PDFs to use

Assume that we base the shower cross section on one of
the options in Sec. V B: kt ordering, A ordering, or §
ordering. (Later in this paper, we propose more compli-
cated choices.) Then we use the corresponding definition of
shower oriented parton distribution functions as described
above in this section. The PDFs appear as the operator
F(u%) in the cross section formula (82).

We still have a choice to make. One possibility is to
define the shower oriented PDFs using evolution in the
parameter A. For this, we begin with the MS PDFs and
apply the P©) transformation (86) to obtain the k7 ordered
PDF. Then we use evolution in A: we solve either Eq. (98)
to obtain the A ordered PDF or Eq. (110) to obtain the 9
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ordered PDF. This produces the PDFs exhibited in the
previous subsection.

Alternatively, we can use u” evolution. We begin with the
MS PDFs at the starting scale m? , adjust these with the P(¢)
transformation, and then let the PDFs evolve from y? = m?
to higher values of u? using the evolution equations (106)
and (107) for A ordering or (112) and (113) for 9 ordering
or just the ordinary DGLAP equation for kt ordering.

The MS PDFs are produced using next-to-leading order
evolution in x>. However, both the 1 evolution and the x>
evolution used to define shower oriented PDFs use just
leading order evolution kernels. With this limited accuracy,
the results from x? evolution can be noticeably different
from the results from A evolution.

For u? > m?, we expect the results using 4 evolution to
be the most reliable, except for charm and bottom quarks at
very large values of 7.’ In the operators F (u%) and
Uy (15, t,) in Eq. (82) for the cross section, the PDFs are
evaluated at or not far from the scale py of the hard
scattering. For this reason, we use the A-evolution version
of the shower oriented PDFs in these operators. In the
shower evolution operator U(#, t;) in Eq. (82), the PDFs
are evaluated at all scales u> down to m? . At small scales,
we find that the PDFs for charm and bottom quarks
obtained using A evolution are badly behaved, while the
PDFs obtained from u? evolution are well behaved and
nicely matched to the evolution of the shower. For this
reason, we use the p’-evolution version of the shower
oriented PDFs in U(t;, t;;).

IX. MULTIPLE SCALES

In Egs. (40) and (41), we have described the action of
FDLOF {p,f,c,c'},) resulting from an initial state
splitting using an operator ljza, that is a function of z and
the momenta and flavors of the partonic states and is an
operator on the partonic color state. In general, this operator
has both soft and collinear singularities. Our first task in
this section is to divide D? , into terms with different
singularity structures.

A. Singularity structures

Let D% (z:{p.f}mir-{p-f}n) denote the full
splitting function in the DEDUCTOR algorithm, Eq. (41)
or (A12). This is the splitting function before making
any approximation with respect to color, even though
the DEDUCTOR code then treats color approximately.
The default color approximation in DEDUCTOR is the

>When the first inequality in the condition (117) is violated, we

replace fy, (1, p%) = 0.5 (1, 4*). The distribution functions
for b,c and ¢ are treated analogously.

LC+ approximation [4],° in which ﬁza/ is replaced by
an approximate operator DAZ’HL,C*. The terms in DA?M/ in
which the dipole partner parton is the same as the emitting
parton, k = a, have a simple color structure. In the LC+
approximation, these k = a terms are unchanged. In the
terms proportional to the function Wy, in Eq. (41), which
have k # a, some contributions are dropped. The terms
proportional to W inside the integrations are singular in the
soft limit, (1 —z) — 0 at fixed 9, but not in the collinear
limit, 9 - 0 at fixed (1 —z), as we see explicitly in
Eq. (A29). Thus the difference operator

D" =P, - DM (118)
is singular in the soft limit but not in the collinear limit [4].
These terms are proportional to &,,, so a = a’. Thus we

can use Eq. (118) to decompose D, in the form
A _ palC+ Aa.soft
D, =D. =" + D (119)
Then liZ’Z,Oﬁ does not contain a collinear singularity.

This decomposition for DY, induces a corresponding
decomposition for the operator IA’Z;IS that appears in the
inclusive infrared finite operator V, Egs. (71) and (76). The
operator PZ‘ES is written out in Eq. (C17). We define Pi‘fl‘,c*
to be IA’ZES with the LC+ approximation applied to its color
operators. Then we define PZ’;,Oﬁ by

PR (i {p},) = P (o {p}a) + Pz {p}).
(120)

In P*75(z;{p},,), the k = a terms are proportional to the
unit color operator and remain unchanged between PZ’ES

and P*L°", 5o that they do not appear in P**"". The terms
with k # a are proportional to ,, and have nontrivial color
operators [Ty -T,® 1]+ [1 ® T, -T,]. Some of these
terms are changed in the LC+ approximation and thus
contribute to ﬁxf’ﬂ, See Egs. (F20) and (F23).

In the simplest splitting algorithm, one would use the
same unresolved region U(jis) for D*5°* and D*3" and
for IA’Z'QL,C* and ﬁZ’Z?ft. In this section, we propose an
alternative in which we define different unresolved
regions for the “LC+” operators and the “soft” operators
based on the differences in their singularity structures.
We then use Eq. (119) and (120) as the definitions

Aa pa.NS
of D, and P ”.

®DEDUCTOR can also calculate corrections to the LC+
approximation [19].
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B. Scales for L.C+ operators

In our proposed choice for the unresolved region for
132‘;7@“ and IA’Z';,CJ“, the evolution is described by three
scales,

ﬁs = (ﬂE?/"Cnuiﬂ)' (121)
The third scale, y;,, is the scale for the imaginary part of
virtual graphs, regarded now as an independent scale. This
scale controls the color phase operator, iﬂSi[g'l](t), as
specified in Eq. (69), but does not affect real emissions.
The scale u. will describe part of the evolution of real
emissions. The subscript in u. denotes one of the scale
choices defined previously using a.(z, u2) with C = L for
kt as the ordering variable [Eq. (19)], C = A for A as the
ordering variable [Eq. (37)], or C = £ for 9Q? as the
ordering variable [Eq. (39)]. We add an additional scale, .,
that will provide a cut on the energy of an emitted parton.

With scales . and p., we define the unresolved region
U (pg, pc) to be used for the operators DA‘;’LIZ‘,C+ and ﬁ'gg* as

follows. We say that (z,9) € U(ug, pc) if 0 <z <1,0<
9 <1 and

9 < max {acy(z, u, u2), a,(z,m3 (a,a))} (122)
as in Eq. (25), where
eut(2: 5> pe) = max{ag(z, ug), ac(z pe) ). (123)

Here we use the definition (19), (37), or (39) for ac(z, ﬂ%)
and define

1 for (1 - 2 <yl
aled) = {0 IETE
0 otherwise

The inclusion of ag(z,uZ) in Eq. (122) means that a
splitting (z,d9) is unresolved when (1—z) < uZ/Q>
Thus pg controls the approach to the soft limit by putting
an upper bound on the momentum fraction (and thus the
energy, E) of the emitted parton. The detailed specification
of the functions that we need in D® , and P*, are given in
Appendix F.

The unresolved region in the plane of 1 —z and 9
is illustrated in Fig. 8 for A ordering, C = A, with
ri2/Q% = 0.1 and u2/Q* = 0.2. The unresolved region
is shaded blue, while the resolved region is shaded
yellow. We illustrate a potential m3 (a,a’) cut with
m? (a,a’)/Q* = 0.002. In this example, the m? (a,d’)
cut has no effect.

C. A special treatment for soft splittings

We adopt a different strategy for the soft operators ﬁ;jf’ﬂ
and P°", which have (1 —z) — 0 singularities but no

FIG. 8. Resolved and unresolved regions for I-A’ZS,J’ for C=A
with ru2/Q% = 0.1 and %/ Q% = 0.2. The unresolved region is
shaded blue while the resolved region is shaded yellow. The curve
for an m? (a,a’) cut with m? (a,a’)/Q* = 0.002 is shown as a
dashed line, but in this case the m? (a, d’) cut has no effect.

collinear, 9 — 0, singularities. We define the unresolved
region U(soft; yz) for D™ and P by letting (z,9) €
U(soft,uy) if 0 <z < 1,0 <9 < 1 and

9 < max {ag(z. ui). aL (z.m?)}. (125)

Here we have noted that for D*5"" and PF, a = a’ so
m? (a,d’) = m% according to Eq (24). This prov1des a
limit on k% at a fixed, small, infrared scale m?.

The unresolved region for Da ot and P in the plane of
1 —z and 9 is illustrated in F1g 9 for ,uE/ Q? =02 and
mL/Q2 = 0.002. In the collinear limit, 9 — 0 with fixed z,
D" and P are not singular. For (1 —z) > u2/Q?, the
only cut on 9 is the fixed infrared cut k3 > m?.
This treatment divides D[l’o] for € {a, b} into separate

contributions DEI‘% , and Dglbg]ﬁ For DE LC] - the unresolved

region is defined by two scale parameters, yy and p.. For
DE So]ﬁ, the unresolved region is defined by y; only. We do

the same thing for final state splittings, / € {1, ..., m}. The
details are presented in Ref. [1].

X. A PATH FOR THE THREE SCALE
PARAMETERS

We have defined an unresolved region (z,9) € U(py, pc)
for scale parameters, (g, jic), for real emission graphs and
a separate unresolved region (1 —cos®) < uZ f*({p},)
for the integral that gives the imaginary part of virtual
graphs.
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FIG. 9. Resolved and unresolved regions for PN for

ut/0* = 0.2 and m?% /Q? = 0.002 (dashed line).

We now need to specify a path fi(z) in the space of
4 = (pg, P, piz), With ¢ in the arbitrarily chosen range
0 < t < 3. First, we should specify the endpoints. For the
end of the shower, r— 3, we can take u (3) =0,
uc(3) =0, and p;,(3) = m, . For the start of the shower
at t = 0, for k or A ordering, we first choose x2(0) to be a
scale u% appropriate to the hard scattering that initiates
the shower. For & ordering, we choose p2(0) = 2 with
uh = Q3. For p;(0), we need an appropriate matching
scale. For this purpose, define z,; as the solution of

ac(zw. uiy) = 1. (126)

This gives 1 — z, that is not close to 0. For § ordering,

Eq. (126) is satisfied for any z;; in the range 0 < z;; < 1.

Thus for 9 ordering, we can choose 1 — z; = 1.

Having chosen z;;, we can set

W2(0) = (1-2,) Q3. (127)

so that x2(0) is large, of order Q3. For u;,(0), we can
choose i, (0) = py.

There are many paths that one might choose that connect
(ke (0), 1c(0), 1ir(0)) and (u(3), pe(3), pix(3)). We make
a particular choice in which we change each of the three
scales one at a time as we change ¢ from 0 to 1, then from 1
to 2, and finally from 2 to 3. The path ji(¢) is illustrated in
Fig. 10. We let y;(¢) decrease from p;(0) to O as ¢ increases

fromOto 1. For 1 < ¢ < 3, u(¢) remains at 0. For example,
we can take

/"E(t) -

{ (I1-)ue(0) 0<r<1 (128)

0 l<t<3’

£ y -~
Ek 0.5 / ‘
E
1
0
0

NC/NH

10

NE/NE(O)

FIG. 10. Evolution path with three segments with m | = 0.1u,,.

We let uc(t) retain its initial value, uy,, for 0 < ¢ < 1. Then
we let uc (1) decrease from py, to 0 as 7 increases from 1 to 2.

For 2 <t < 3, we let uc(¢) remain at 0. For example, we
can take

My O0<t<1
pe(t) =< 2=ty 1<t<2. (129)
0 2<t<3

Finally, we let y;,(7) remain at y,; for 0 < ¢ < 2. Then we
let p;,(7) decrease from py, to m, as ¢ increases from 2 to 3.
For example, we can take

) = {1

(t=2)m, + (3 = D)y

O<t<?2
. (130)
2<t<3

Let us consider the three operators U(1,0), U(2,1),
and U(3,2) corresponding to the three segments of this
path. In each case, U is determined by dD!0(r)/dt
or dImD!(r)/dt on that path segment, according to
Egs. (9), (10), and (11).

On the first segment, 0 < ¢t < 1, y;, is fixed so there is no
contribution from ImD!*!(¢). There is a contribution from
DIO(¢), which contains terms proportional to D*.“" and
132’;5’“, according to Egs. (40) and (119). On this segment, u;,
decreases. Since ﬁiﬁ,"ﬂ depends on j, there is a contribu-
tion from D", The scale 4 is fixed at pi(0) = py.

Is there a contribution from DAZ’(IL,C*? The unresolved
region U (ug, pic) for 132’;7“ is U(ug(t), py) for 0 <1< 1.
With a little analysis in Appendix F 1, we find that for

0<r<1, (z,9)€Uue(t),pu) if 9<apuml(zpi(r)),
where
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Aotal <Z7 Ml%: (t>)

= min(1, max {a(z. 4 (1)). ac(z. ui). a, (z.m1 (a. @) }].

(131)
We find in Eq. (F15) that, for 0 <t < 1,
1 l—z<1-2z4
20 = { (%)
e (2, 15(0)) 1=z5<1-2

This is independent of 7. Thus when we construct the
generator S0 () of shower evolution by differentiating
DI (1) with respect to 7, D*" contributes but D*5*
does not.

On the second segment, 1 <t < 2, u;, is fixed, so there
is no contribution from ImDI%!(z). Also, p(t) is fixed at
(1) = 0. The unresolved region for DAZ'Z?ﬂ depends only
on py according to Eq. (125), so there is no contribution
from D", On the second segment, 42 decreases from
to 0. In ljz;lL,CJ’, the unresolved region is determined by

p2(t) with u? set to zero. Thus D*5° does contribute to
U(2,1). With one notable qualification, this gives us a
shower based on kt ordering (C = L), A ordering (C = A),
or & ordering (C = £) from Sec. V C. The qualification is
that DAi’aL,C+ uses the LC+ approximation for color.

On the third segment, 2 < ¢ < 3, 2 and u2 are fixed, so
there is no contribution from DI'%(7). Since u?, decreases
from pZ to m?3, there is a contribution from ImDI*(z).

Thus there is a color phase factor izzSi[g'I](t).

With this choice of shower scales and path, the shower
evolution from the hard scale to the scale at which the
shower stops has the form from Eq. (78),

UB3,0) =U(3,2)U 12, 1)U(1,0). (133)
We thus arrive at what seems to us quite a surprising
structure. The operator ¢/(2, 1) is the most important of
these evolution operators. It represents a full first order
shower from the hard scale p to zero using kp, A, or 9
ordering and using the LC+ approximation for color. The
operator U(1,0) provides an exponentiated correction to
the LC+ color approximation. It is generated by an
operator that produces soft gluon emissions and exchanges
using the difference between color matrices for full color
and the corresponding color matrices for LC+ color. The
remaining operator, I/(3, 2) produces an exponentiation of
the color phase from the imaginary part of virtual graphs,
generated by S;, (7).

We have chosen a path (ug (1), pc (1), piz (7)) such that
ui(t) - 0 with fixed u2(t) for as t increases, then
u2(t) = 0. Thus it is u2(t) that controls the resolved region
for large ¢. Then in the general definition Eq. (26),

ﬂlim(ﬁs) = Hc- (134)

Then also

Qi (2 & (1)) = ac(z, u& (1)), (135)

as in Eq. (26).

XI. THE CROSS SECTION

We now describe the components of an infrared safe
cross section when we use three scale parameters i =
(pe» e, piy) With the special path described in the previous
section in which y; changes first, then pu., then u;,. The
scale y. can correspond to any of kp, A, or § ordering. We
consider any infrared safe cross section, but concentrate on
cross sections for which the beginning hard scattering
process is either Drell-Yan muon pair production or the
hard scattering of two partons. The measured cross section
could involve more than just the beginning hard process.
For instance, one could measure the transverse momentum
of the muon pair in the Drell-Yan process.

The parton shower representation for the cross section is
described in some detail in Ref. [2] and is stated in Eq. (82).
If we decompose U(3,0) as U(3,2)U(2,1)U(1,0) and
decompose Uy,(3,0) as Uy (3, 2)Uy(2, 1)Uy (1,0), we have

o = (1|OU3, 2)U2. 1U(1,0)

X Uy(3. 20Uy (2, DU(L.0)F (i) lpw).  (136)
At the end of the shower, O; makes the desired measure-
ment on the many-parton state. Then (1| represents an
inclusive sum over the parton state variables. At the start of
the shower, |p,) is the parton statistical state at the hard
interaction. It can be computed beyond the leading pertur-
bative order if we use infrared subtractions that are matched
to the shower [2]. Since this matching is not yet imple-
mented in DEDUCTOR, we concentrate in this section on the
case that |py) is calculated at lowest order. The operator
F (uz) supplies the parton luminosity factor needed to form
a cross section. It uses the PDFs that match the organization
of the parton shower according to the ordering represented
by uc, calculated using evolution in the parameter A as
specified in Sec. VIII. If we use kr ordering, the shower
PDFs are very close the MS PDFs. If we use A or &
ordering, the shower PDFs can differ substantially from the
MS PDFs. This change is part of the summation of
threshold logarithms [8] that is part of the shower algorithm
represented in Eq. (136). (We present a simple example in
the following section and an analysis of the structure of the
summation of threshold logarithms according to the shower
algorithm in Appendix E.)

The next operator in Eq. (136) is U,(3,0), written as
three separate factors. This operator is also part of the
summation of threshold logarithms. It uses shower oriented
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PDFs calculated using evolution in the parameter A as
specified in Sec. VIIL. In general, U)(3,0) leaves the
number of partons and their momenta and flavors
unchanged. The operator Uy (,¢') is the ordered exponen-
tial of Sy,(¢), as given in Eq. (80). The generator Sy,(¢) at
lowest order is given by the first order version of Eq. (81)

1 d -
850y = =2 VG (0). (1)) (137)
This first order operator is described in Appendix D. The
operator VI is associated with real emissions, derived
using Eq. (70) from D! and the real part of virtual
exchanges, ReD, There is no contribution from the
imaginary part of virtual exchanges, ImD! because
(1TmDO1 = 0. Additionally, only initial state emissions
contribute:

SHOE

SHL () + S (). (138)

Emissions from final state partons do not contribute to
Sg](t) because virtual exchanges cancel real emissions
[1,8]. To calculate Sg’]a(t), we differentiate V! according to

Eq. (137). Here V;[il] is obtained by combining Eq. (71) with
Egs. (76) and (120):

“]<uR,ﬂE,uc>\{p f )

= p.fn)

x [PZ;,Lr“(Z; {P}m;uc)
+ PNz {pY i) l{c. ' F)-

Consider the three operators Uy, (1,0), Uy(2,1), and
Uy(3,2) corresponding to the three segments of this path.
In each case, Uy, is determined by dV!'/(r)/dt on that path
segment, according to Eq. (137).

On the third segment, 2 < ¢ < 3, yg, and p. are fixed, so
there is no contribution from V(7). That is, U4,,(3,2) = 1.

On the second segment, 1 < t < 2, y; is fixed at u; = 0
while z2 varies from y% to 0. Thus P does not
contribute. Only P’Z’uL,C+ contributes. That is, Uy(2,1),
is Uy(2,1) as it would be calculated using the LC+
approximation. The LC+ approximation has the property
that the color basis vectors used in the shower algorithm are
eigenvectors of Uy,(2, 1). Thus Uy,(2, 1) applied to a parton
basis state |{p, f,c,c'},,) gives just a numerical factor.

On the first segment, 0 < ¢ < 1, u, is fixed at p2 = u2
while 2 varies from u2(0) to 0. As we saw in Eq. (132), the
unresolved region that applies in Pi‘l’aL,CJr is independent of ¢

ldzfa’/A (Ma/ 2. %)
Z faa(tas 13)

(139)

on the first path segment, so that PZ’aL,C+ does not contribute.
Thus we are left with PZ’Z?“, which provides a correction in

Uy(1,0) to the LC+ approximation used in U/y,(2, 1). The
operator )V leaves the number of partons and their momenta
and flavors unchanged, but it can change the parton color
state. The operator P *oft in fact, contains nontrivial color
operators. Thus Uy (1, 0) is, in general, a nontrivial operator
on the color space for the partons involved in the hard
process, as described in |py). Fortunately from the point of
view of computation, this color space is finite dimensional.
Thus it should be possible to calculate Uy (1,0)|py)
numerically. Even more fortunately, in the color space
for the ¢gg final state in the lowest order Drell-Yan process,
the LC+ approximation is exact, so that P**"" acting in this
space vanishes. That is, for the lowest order Drell-Yan
process, Uy (1.0)[py) = |py)-

Let us now consider the three operators /(1,0), (2, 1),
and U(3,2) corresponding to the probability conserving
shower evolution on the three segments of the path.

On the first segment, 0 < t < 1, because of Eq. (132),
D" does not contribute to 2(1,0). Only D> contrib-
utes. This operator contains nontrivial color operator and it
creates more partons each time it acts. That is, the
dimensionality of the color space grows each time Sl
acts. This means that, at least as far as we know, one cannot,
in general, calculate the action of U{(1, 0) exactly. However,
we expect that one can expand U(1,0) in powers of DZ’aS,Oﬁ

up to order [D**"]" and calculate these contributions
numerically for any n that we choose, limited by the
available computer power available. It remains a future
research project to implement this scheme.’

There is one case in which ¢(1,0) can be computed
exactly. In the Drell-Yan process at lowest order, one starts
with gg color states. These color states form a one-
dimensional space and on this space the LC+ approxi-
mation is exact. Thus D**" acting on the single state in
this space vanishes. That is, ¢(1,0) = 1 when acting on
this space. We can simply ignore U(1,0).

On the second segment, 1 < 7 < 2,U (2, 1) creates a full
shower using first order splitting functions derived from
DZ’(I;,CJ“. The soft splitting functions from Dz’;,oﬁ do not
contribute because 2 is fixed. This gives us a first order
shower based on the LC+ approximation from 2 to zero
[with infrared cutoffs based on m3 (a, d)].

On the third segment, 2 < ¢ < 3, neither uZ nor 2 varies,
so there is no contribution from the splittings in D!,
The only contribution is from the color phase operator
Siz(f), which leaves the number of partons and their

In fact, we have done this in Refs. [1,19,20] in the more
difficult case of a shower formulation in which appearances of
D" are interleaved with ordinary LC+ splittings. We found
that the contributions from DZ‘;?“ are practical to compute and can
be substantial in the case of the rapidity gap fraction in hadron-
hadron collisions but are small in other cases that we have
examined.

014024-23



ZOLTAN NAGY and DAVISON E. SOPER

PHYS. REV. D 106, 014024 (2022)

momenta and flavors unchanged. The result depends on
what we measure with the operator O; in Eq. (136). The
usual case is that J; measures only parton momenta
and flavors, but not colors. Then O; commutes with
Siz(1), so that

o = (1{U(3,2)0,U(2. 1)U(1,0)

X Uy (2, DUy(LO)F (i) lpy).  (140)
However, (1|S;,(t) =0 so that (1]¢/(3,2) = (1]. This
leaves
o= (1|O;U(2,1)U(1,0)
x Uy (2. Uy (1, 0)F (i) pw)- (141)

That is, the effect of ¢/(3, 2) cancels and there is no need to
calculate U(3,2).

There is a possible exception to this. One may want to
add a nonperturbative model of hadronization to the
perturbative parton shower. For instance, one can start
with a perturbative DEDUCTOR event, add a nonperturbative
underlying event, and then pass the event to PYTHIA for
hadronization according to the Lund string model, as in
Ref. [8]. In this case, the result depends on the color
configuration in the DEDUCTOR event, so that the effect of
U(3,2) does not automatically cancel.

We can summarize these results for the three segment
path. First, for the third segment we can use ,(3,2) = 1
and, as long as the measurement operator O; is blind to
parton color, U(3,2) — 1. For the second segment, we
need both U,(2,1) and U(2,1), but these operators are
straightforward to calculate with the current DEDUCTOR
code because they use the LC+ approximation. For the first
segment, if we consider the lowest order Drell-Yan process
then Uy,(1,0) —» 1 and U(1,0) — 1, leaving

o= (UOUR U2 VF()lpy).  (142)

Alternatively, if we consider parton-parton scattering as
the hard process, then U,(1,0) should be fairly simple to
calculate by exponentiating a finite dimensional matrix.
We expect that one can calculate shower evolution
operator U(1,0) perturbatively in powers of D*%".
We leave implementation of the calculation of U,(1,0)
and U(1,0) to future research.

XII. THE DRELL-YAN CROSS SECTION

We can test how the methods of this paper work by
calculating the cross section for p +p — u+ i+ X. We
use the three segment evolution path presented in this
paper. We start with the expression (141) for the cross
section. Here the starting statistical state |p,) is obtained
from the Born matrix elements. It would be preferable to
correct this to NLO, but the required matching is not

available in the present version of DEDUCTOR and, with
matching, the treatment of U, (1,0) and U(1,0) would
be nontrivial.

We first look at the cross section do/dM,;, in which
only the mass M,; of the muon pair is measured. In this
case the measurement operator J; commutes with the
shower operator (2, 1) and we can use (1{14(2,1) = (1] to
eliminate the shower operator, leaving

o = (1O;Uy(2, 1)F () lpw)- (143)
There are three versions of each of the operators Uy, (2, 1)
and F (u%), one version for each of kr ordering, A ordering,
and J ordering.

In Fig. 11, we show the separate effect of the operators
Uy(2,1) and F(u?). First, we replace Uy (2,1) by 1 and
use the kr-ordered, A-ordered, and 9-ordered versions of
the shower oriented PDFs in the operator F(u?%). These
PDFs are determined from the standard CT14 [21] MS
PDFs using the A-evolution equation (98). We find the cross
sections shown as solid curves in Fig. 11. Evidently, the
choice of ordering variable makes a substantial difference
in the results. Second, we fix the PDFs in F(u3) to be the
MS PDFs and use the full operators U),(2, 1) corresponding
to the three choices of ordering variable. We find the cross
sections shown as dashed curves in Fig. 11. Again, the
choice of ordering variable makes a substantial difference
in the results.

Drell-Yan cross sections, ratios to Born

LI I I O I B B

1.8 |—kr, Uy =1 y
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FIG. 11. Ratio of the Drell-Yan cross section do/dM,; to the
Born cross section as a function of the dimuon mass M,; for
/s =13 TeV. In the full result, there is a PDF factor and a U,
factor for each of kt ordering, A ordering and 9 ordering. Here we
show partial results in which we include the proper PDF factors
but set ¢y, = 1 (solid curves) and then in which we use MS PDFs
instead of the proper shower oriented PDFs but use the proper
factors of Uy, (dashed curves).

014024-24



MULTIVARIABLE EVOLUTION IN PARTON SHOWERS WITH ...

PHYS. REV. D 106, 014024 (2022)

Drell-Yan cross sections, ratios to Born
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FIG. 12. Ratio of the Drell-Yan cross section do/dM,; to the
Born cross section as a function of the dimuon mass M,; for
\/s = 13 TeV. The two dashed curves shown for comparison are
from Fig. 3 of Ref. [10]. The curve labeled analytic (BNX) is the
analytic summation of threshold logarithms of Becher, Neubert,
and Xu, comparable to the NNLO curve of Fig. 8 of Ref. [22].
The curve labeled NLO is obtained from a perturbative calcu-
lation using MCFM [23].

In Fig. 12, we calculate the cross section using the
product Uy (2,1)F (u) of operators for each of kr
ordering, A ordering, and 9 ordering. We find the
cross sections shown as solid curves in Fig. 12. Now
we see that the choice of ordering variable makes
almost no difference in the results. We also see that
the effect of summing threshold logarithms using
Uy(2,1)F (uz) is quite substantial. This is not a surprise
because threshold logarithms are known to be quite
important for processes that involve partons with large
momentum fractions. In Fig. 12, we show as a dashed
red curve the result of the analytic summation of
threshold logarithms by Becher er al. [22]. We see
that the shower version of the summation of threshold
logarithms matches the analytic version quite nicely
except that the shower result needs an approximately
constant correction factor of about 1.15 to equal the
analytic result. This factor would plausibly be supplied
by matching the shower result to a perturbative NLO
calculation. In Fig. 12, we also show the perturbative
NLO result obtained from MCFM [23]. This fixed order
result lacks the summation of threshold logarithms, but
it does show the approximately 15% correction to the
shower result at M,; ~ 1 TeV.

In Appendix E, we use a simple leading logarithm
approximation to analyze how the operators Uy (2,1)
and F(u%) combine to sum threshold logarithms. This
analysis shows why the curves in Fig. 11 have the

qualitative behavior that we see in the figure. This analysis
also shows why, at least in the leading approximation, the
three curves in Fig. 12 match.

We now look at the cross section do/(dM,;dpr), in
which both the mass and the transverse momentum p of
the muon pair are measured. Now the shower operator
U(2,1) in Eq. (142) does not commute with the measure-
ment operator (O, so that the parton shower has an effect.
In Fig. 13, we show do/(dM ,;dpy) integrated in M,,; over
the range 2 TeV < M ; < 2.1 TeV and normalized by this
cross section integrated in pt over 0 < pr < 100 GeV.
The shower approximately sums logarithms of pr/M ;.
We compare to an analytic summation of these logarithms
[24] using the program REsBos [25,26]. The ResBos
result includes some nonperturbative broadening that is not
present in the shower result.

Figure 13 is comparable to Fig. 4 of Ref. [10], but now
the definitions for the shower algorithm are a little different
and now we show results for k ordering, A ordering, and 9
ordering of the shower.

We see that the distributions for kr ordering and A
ordering agree with each other pretty closely. The RESBOs
result is, as expected, a bit broader than these. The result
with 9 ordering is qualitatively similar to the kt and A
ordering results, but noticeably narrower.

Drell-Yan pr distribution

0.035 —_——————— 1
E —— kr ordered E
0.03 - —— A ordered 5
r —— 1) ordered 1
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£
= 0.02
8}
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0.01 |

0.005 |-
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FIG. 13. The normalized Drell-Yan transverse momentum
distribution, (1/6)do/dpy for the LHC at 13 TeV. Here pq
is the transverse momentum of the uj pair, do/dpy is
do/(dM ;dpr) integrated over 2 TeV < M,; <2.1 TeV and
o is this cross section integrated over 0 < pt < 100 GeV, so that
the area under the curve is 1. We show curves for kt ordering,
A ordering, and 9 ordering of the shower. We also show the
corresponding result obtained using RESBos [25,26] as a dashed
black curve.
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XIII. SUMMARY AND COMMENTS

In a previous paper [1], we showed how, in the case of
electron-positron annihilation, one can formulate a first
order parton shower using more than one shower scale,
4 = (p1, M2, ...). Then one has the freedom to specify an
evolution path fi(¢). This can lead to a simpler end result for
cross sections than one would get with, say, k1 evolution. In
this paper, we extend the use of multiscale evolution to
showers with initial state partons. This paper covers many
issues, so we briefly summarize the main points here.

A parton shower with initial state partons in inherently
more complicated than a shower with just final state
partons. One needs to factor parton distribution functions
out of the cross section and one needs to connect the
evolution of the shower with the evolution of the parton
distribution functions. This has two consequences.

First, the parton distribution functions used internally
in the shower should not be the same as the MS parton
distribution functions used for calculations in fixed order
perturbation theory. We have analyzed this in earlier
papers [2,8—10], but in Sec. VIII of this paper, we have
presented a more precise derivation. We also present a
direct relation between the shower oriented PDFs and the
MS PDFs that is better suited than the relationship used in
Refs. [2,8—10] when the scale arguments of the PDFs
are large.

A second consequence of the connection between
shower evolution and PDF evolution is that, in addition
to the shower evolution operator U/, a second operator, Uy,
appears in the shower cross section. The operator Uy,
creates a summation of threshold logarithms. This operator
was included in Refs. [2,8—10], but in this paper in Sec. VII
we have presented what we believe is a clearer derivation.
We also present an improved expression for Uy, and the
infrared sensitive operator D on which the derivation is
based. In particular, we have simplified the definition of the
part of D at first order that comes from virtual parton
exchanges. This is achieved by introducing what we call the
momentum sum rule in Sec. VF.

With initial state partons included, the first order virtual
exchange operator DI%!l acquires an imaginary part.
Section V G of this paper provides a simpler definition
of ImDI*! than appears in Refs. [4,11].

Using this structure for initial state showers, we consider
a shower with multiple shower scales. We use three shower
scales, defined in Sec. IX. The first is u., which stands for
one of u,, pp, or p,, corresponding to kr ordering, A
ordering (based on virtuality), or angular ordering. The
scale y. determines the boundary of a region in the space of
splitting variables (z,9) that is defined to represent split-
tings that are unresolved at scale p.. With kt ordering or A
ordering, a splitting is unresolved if it is either too soft
[(1 —z) too small] or too collinear (9 too small.) The
second scale is y, for which a splitting is unresolved if it is

too soft, (1 —z) < uz/Q>?. There are some terms in the
shower splitting functions that have a soft singularity but
not a collinear singularity. We take advantage of having the
scale py by eliminating the cuts based on . for these terms.
We introduce a third scale y;, that defines an unresolved
region for ImD%! but not for other terms in DI,

With three scales available, we define a simple, three-
component path in the space of scales that takes us from
large scales to small scales. This choice gives a simpler
result for a calculated cross section than one would have
with a single scale u.. First, as long as the measurement
applied at the end of the shower is not sensitive to the color
state of the partons, the imaginary part of the splitting
function has no effect. Second, one can choose to use the
LC+ approximation for color on the second segment of the
path. Then there is a term in the splitting functions that is
proportional to the difference between full color and the
LC+ approximation. This term has a soft singularity by no
collinear singularity. This difference term appears by itself
on the first segment of the path. In the case of the lowest-
order Drell-Yan process, the shower operator, U(1,0), is
just the unit operator and the threshold operator U4y,(1,0) is
also just the unit operator.

This gives us a very simple result for the cross section.
One can simply use the result for one scale y. in which we
ignore the imaginary part of virtual exchanges and in which
we use the LC+ approximation for color. In Sec. XII we
exhibit results using this approach for the Drell-Yan cross
section do/dM,; and for the pr distribution of the
produced muon pair. These results are obtained for ky
ordering, A ordering, and 9§ ordering. The results for
do/dM,; are remarkably independent of the ordering
choice and the results for the py distribution show a
noticeable dependence on the ordering choice in the case
of 9 ordering.

Having summarized the main points of the paper, we can
offer some comments.

We view a parton shower as something that is, in
principle, defined at all perturbative orders [2]. In particu-
lar, the infrared sensitive operator D should be thought of as
having an expansion in powers of ag: D =1+ DI + ...
Then, in the formulation of Ref. [2], the generator S(¢) of
parton splittings is determined and has an expansion in
powers of a, beginning at order «.. In a first order shower,
we use the first order term. In fact, it is an important open
problem to define a prescription in which the second order
contributions to D and thus S(7) can be calculated.

With a first order shower, there is considerable freedom
to define D' and thus S!'(7). For instance, one can use a
single scale that defines either kr ordering or angular
ordering. The resulting first order splitting functions are not
the same. However, as analyzed in Ref. [1], the contribution
to a cross section resulting from this difference starts at
order a?. If we were able to work with order a? splitting
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functions, S/, then the differences in calculated cross
sections between prescriptions would be order @] and
therefore would be less significant. In addition, if we were
able to use splitting functions S, we would have a
sensible way to judge the merits of two prescriptions for
a first order shower: we would prefer a prescription at first
order that makes the second order splitting functions S
numerically small in applications.

In this paper, we have used the option to use multiple
shower scales /ig in a way that makes the first order shower
simpler. The difference between the resulting shower and a
more standard one scale shower would then be generated by
higher order contributions to the shower splitting functions.
We can hope, but cannot now prove, that the first order
shower thus defined will not have large contributions to its
splitting functions when extended to second order.

We expect the D2 operator in a second order shower to
be quite complicated. In order to deal with the complica-
tions, it may be helpful to use multiple splitting scales along
the lines used in this paper.
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APPENDIX A: INITIAL STATE SPLITTINGS
IN DEDUCTOR

In this appendix, we describe the details of initial state
real emissions from parton “a” in DEDUCTOR. We begin
with the kinematic variables. An initial state parton with
momentum p, splits in backward evolution into a new
initial state parton with momentum p, and a final state
parton labeled m + 1 with momentum p,, ;. All partons
are treated as massless. DEDUCTOR uses splitting variables
consisting of a dimensionless virtuality y, a momentum
fraction z, and an azimuthal angle ¢. Before the splitting,
the initial state parton momenta are

Pa = NaPa>

Pv = M PB- (A1)
Here p, and pg are the hadron momenta, approximated as
being massless. After the splitting, the new momenta are

|

Folu) DY (i3 i) F ) [{p. fo e ')

= [0 Pt T S5 [N L,

< fa/A Nas /’tR)

1

A

Pa = —Pa
z
. 1—z-yz
Pm+1 = #Pa +zypy + ki,
Pb = Db- (A2)

Here k| - p, = k| - p, = 0 and ¢ is the azimuthal angle of
k. This gives us the virtuality variable y:

2ﬁa'ﬁm+1 :szv (A3)
where Q> =2p, - py,. Using p2,, =0, we find
—k1 = (1 -z —-y2)y0. (A4)

Since p, — P11 # p. When y >0, we need to take
some momentum from the final state partons in order to
conserve momentum. DEDUCTOR takes the needed momen-
tum from all of the final state partons before the splitting
using

h = Ny pY, led{l,...,m}
for a suitably chosen Lorentz transformation A}. Then
momentum is conserved provided that

(AS)

NPy + py) = Pi = Pt + Pl (A6)
It is possible to find a Lorentz transformation with this
property because the momenta in Eq. (A2) obey

(A7)

(Pa— Pms1 + Pv)* = (Pa+ Pb)*.

The choice made in DEDUCTOR is as follows [27]. If

p=ap,+pp,+pL (A8)
with p, - p, = p, - p, =0, then p* = Ajp¥ is
. .k K
=1 +y)ap, + - +a—=
( y) p 1+y ﬁ Q2 Q2 Pv
+pl—akL. (A9)

We now turn to the initial state real emission operator

D42, 42). Here 422 is the renormalization scale and 42 is
a single shower scale corresponding to kr ordering, A
ordering, or 9 ordering as specified in Sec. V C. We apply

DE'O] (uZ, u%) with its accompanying PDF factors to an
m-parton state and write the result in the form

( {p f}erl’{p f}m’ )|{C’ Cl}m)' (AIO)
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Here DQ 9 adds one new parton and we integrate over the

momenta and flavors {p, f},..; of the partons after the
splitting. There are dimensionally regulated singularities,
so this integration is in 4 —2e¢ dimensions for each
momentum. Then D?; is a function of the momenta and
flavors before and after the splitting and is an operator that
maps the m-parton color space to the m + 1 parton color
space. The index a in D%, is fixed. It is the flavor of the

incoming parton “a.” The operator DAZ‘; also depends on the
two scales u2 and w2, but we have not made that

dependence explicit in the notation.

lj;d<z; {ﬁ,f}mH, {p’f}m;e)

The operator F = F,F}, provides the parton distribution
functions needed to make a cross section, Eq. (6.3) of
Ref. [10],

fa/A (nav ﬂ%)
ne(a)ng(a)2n,[pa - pe
x {p.f.c . chp)-

Falu){p.f.c" . c}y) = 2

(A11)
Here n.(a) is the number of colors for flavor a and ng(a) is

the number of spins, 2 for a quark and 2(1 — ¢) for a gluon.
The operator D%, is

T (g_)réf”—)> | Fea-or | ﬁ

$ 8({P. [ Y1 = Ra(z. 9.0, a5 {p. f1,))0((2. 9) € U(2))

1 1
X ;5 [G(k = a)N(a,d)

X {t;(fa_)an+fAm+l) ®tk(fk _’fAk +fAm+l)+tZ(fk _)fAk +fm+1) ®ta(fa_’f,\a+]?m+l)}'

The operator D?; depends on the splitting variable z and
on d, which is the flavor of the incoming parton after the
splitting (in the sense of backward evolution). We use 4 as a
splitting variable that specifies the flavor content of the
splitting. For instance, d = a corresponds to gluon emis-
sion from the incoming line, so that parton m + 1 is a
gluon. If a is a quark flavor and 4 = g, then parton m + 1 is
the corresponding flavor of antiquark. The right-hand side
of Eq. (A12) begins with integrations over the other two
splitting variables 9 and ¢, with appropriate dependence on
the dimensional regulation parameter e. The variable ¢ is a
unit vector in the 2 — 2¢ dimensional transverse momentum
space and represents the azimuthal angle of p,, ;. There is
asum over the index k € {a, b, 1, ..., m} of a dipole partner
parton for a splitting. Then ¢, is the azimuthal angle of p,
if k ¢ {a,b}. The integration over ¢ is an integration over a
unit sphere that is a 1 —2e dimensional surface. The
function S(2 — 2¢) is the surface area of this sphere, so that

dl—2e¢ -
/S(2—2€) t=1

Integration over ¢ of a function of ¢ — ¢, is a shorthand
notation for integration over a unit vector ¢ in a coordinate
system with the unit vector ¢; equal to (1,0, ...). After the
integrations, there is a delta function that sets {5, f},, 4 to
the momenta and flavors obtained from a splitting with
variables (z, 9, ¢, @) applied to partons with momenta and
flavors {p, f},, according to DEDUCTOR conventions.

(A13)

N 2
Pui(z,9,€) = O(k # a)éaﬁl—WO(gab 2.9, ¢ — )

-2

(A12)

The idea of the singular operator D'/ is that it integrates
over splittings that are arbitrarily close to the soft and
collinear limits, but with an ultraviolet cutoff that depends
on a scale parameter y2. The region of (z, 9) allowed by the
cutoff is called the unresolved region and is denoted by
U(u2). The subscript C denotes the definition of the
unresolved region, as described in Sec. V C. We therefore
insert a theta function that specifies that (z, 9) lies in the
unresolved region.

There is a special feature that applies when the hard
scattering process is parton-parton scattering, a+b —
1 42, with transverse momentum P, defined by p; =
ap,+ ppy, + P,. Here the partons are massless and
P, -p,= P, - p,=0.In a parton shower, the initial state
partons split in backwards evolution into other final state
partons besides partons 1 and 2 from the hard scattering,
leaving at the end of the shower new initial state partons a’
and b’ with larger momentum fractions than the partons that
created the hard scattering. In this situation, the scattering
identified as the hard scattering should be the hardest of all
the scatterings. That is, the k% of each initial state emission
should be no greater than |P2|.® For this reason, the
unresolved region U (u2) in Eq. (A12) should be a subregion
of 0 <z<1,0 <8< 1,and k& < |P%|. Thatis, we define
0((z,9) € U(u?)) in Eq. (A12) by

This was argued in some detail in Ref. [14] with a slightly
different choice of variables.
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O((z.9) € Uu?))
=0(9 < ac(z,u2))0(0 <9 < 1)
x 0( 2). (A14)

Then the resolved region consists of all points (z, 9) with
0<z<1,0<d<1,and k* < |P?%| that are not in the
unresolved region. Only splittings with k3 < |P% | can then
be generated in the shower. When the hard process is Drell-
Yan muon pair production, this restriction does not apply.
When the hard scattering is parton-parton scattering, if the
shower is kt ordered, this restriction does not matter, but in
the case of A or 9 ordering, this restriction does matter. In
order to avoid extra clutter, we omit effects of the factor
0(9 < a,(z,|P3|)) in our formulas that follow.

In the next factor in Eq. (A12), there is a sum over dipole
partner partons k. In the first term, the partner parton is the
same as the emitting parton, k = a. This term contains a
color factor N(a,d) defined by

N(g7 q) = CFv
N(g7 g) = CA?

N(q’ g) = TR»
N(q.q) = Cr, (A15)

where ¢ is any quark or antiquark flavor. Then there is a
splitting function Isa&(z, 9, ¢). For the case that d # a, this
function is related to the function W ({p,f},..;) that
appears in Eq. (5.7) of Ref. [4] by

as(ﬂ%)lPud(Z’& 6) _ Q2 ns(a) (1

 167% ny(a) - Z)Waa({ﬁ’f}mﬂ).

(A16)

Here ny(a) is the number of spin states for a parton of flavor
a as in Eq. (A11). We calculate wy, ({$, f},,.1) and similar
functions in the cases below from the definitions in Ref. [3]
so that the sums over parton spins are performed in 4 — 2¢
dimensions. For the case that @ = a, P,,(z, 9, €) is related

to the functions Wy, ({p, f},e1) and wekend({p, 71, 1)
that appear in Eq. (5.7) of Ref. [4] by

as(13) 1 Pug(2,9,€) 0 _ A ? konal 8ﬂas(u§) 2z
— = 1 - , — (1= eikonal )
27[ 19 N((l, a) 1677.'2 ( Z)Waa({p f}m+l) ( ) aa ({p f}erl) Q2 (1 _ 1)19 (A17)
The functions P,;(z, 9, €) are rather simple. We simplify the notation by defining
Pi(2.8.0) = P (2. 9).
ﬁad(zvo’ 0) - pad<z)’
Pua(2.0.€) = Pog(z) = ePj(2) + O(e?) (A18)
Then we find
1+ 272
Puy(z.9) = CF( - —zy>,
1 +yz(l+y)]  1-z(1+y) >
.(z,9) =2C +z[1 —z(1 + ,
Pofnd) =20 () + i A 04)
Poe(z.9) = Tp(1 = 22(1 +y)[1 = 2(1 + y))),
. 1—z(1+y)
P, (z,9)=C 2————== |, Al
gq(Z ) F<Z+ Z(l +y>2 ( 9)

where y = (1 — z)d/z and ¢ is any quark or antiquark flavor.
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The contributions proportional to € (at y = 0) are

P)(2) = Cr(1 - 2),
Pg(z) =0,
Pl (z) = Tr2z(1 - 2).
Pi(2) = Crz. (A20)
Finally, at y = 0 and ¢ = 0 we have
A 1472
A 1-
Poy(z) = 2CA(1 _Z+T+z(1 —z))
P (z) = Tr(1 —22z(1 —2)),
. 1-—
Py, (2) = Cp (z + 2TZ> . (A21)

That is, these are the familiar unregulated DGLAP kernels.

Next, in Eq. (A12) is a term proportional to a function
Wo(Earr 2,9, — ). This term comes from interference
between emission of a gluon from parton “a” and emission
from dipole partner parton k with k # a. The variable &,; is
(1 —cos0,;)/2 where 0, is the angle between p; and p,
as measured in the rest frame of Q,

Pa-PiQ® D Di

The function W, is related to the functions

—dlpole({ 5} 1) and AL ({p},,,) that appear in
Eq. (5.7) of Ref. [4] by

a(pr) 1 2
21 91—z

:%[(1 DAL} )P (P 1)

_ Bmag(ur) 2z }
0> (1-2)9

(é:ak»z 9, ¢ ¢k)

(A23)

The functions WS ({p},,.,) and A’ ({p},..,) are [from
[4], Eq. (5.3) and [6], Eq. (7.12)]

2Pk - Pa

wiivele (£ 5y 1) = dmag(u2) —

pm+l : pAkpAm+l 'pAa,
Pt Prba- O
AL ({PYmi) = <.
" Puit " Prba O+ Puis - Pabr- O
(A24)

The function (1 —z)AL Wi is singular both in the
collinear limit, 8 — 0 at fixed (1 — z), and in the soft limit,
(1—z) >0 at fixed 9. In the collinear limit, (1 —z)
AL WS s proportional to z/[(1—2z)9]. In Eq. (A23),
we have subtracted this singular behavior, leaving a function
W, that vanishes in the collinear limit, although it remains

- 1] . (A25)

E = (A22) finite in the soft limit.
2p. 0P Q  pi-Q The explicit expression for W, is
|
2+z(1-2)8 2= (1+(1=2)9)(1=&)(z(1-9) +9)
WO(év Z’87¢) -
14+8(1=2) [z=(14+(1=2)8)[(1-&)(z(1=8) = 8) +2cosp/z9(1 - 9)\/E(1 = &)]

In our study of the inclusive splitting probability, we will
need the azimuthal average of W, at € = 0,

d¢

[
where

WéayZygz/_W 53,219 A26 1_
Gz 8= | 2g Wolbwz8.6=¢0).  (A26) 5:(1+(1—z)8)<1+TZ19>(1—§). (A28)
It has a reasonably simple form:
2 — f—
W(f,z,&):Z +z(1 z)&{ ! 25 ——1|. (A27) Wecan rewrite this in a form that shows that W (&, z, 9) is
1+8(1-2) (1-0)*+49% proportional to 9% as 9 — 0 with fixed z:
|
2 2
2 +z(1-2)9 49%5
W(E.2,8) = — s _— . (A29)
1+ 9(1—2) \/(1=6)2+49%5[(1 = 8) + /(1 = 8)% + 49|
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We will also need W at z = 1:

W(E1,9) = 3 ~1.

VEFA2(1-¢8)

Finally in Eq. (A12) there is a factor with color operators.
The operator r (fa— fa + me), acting on the ket color
state |{c},,), gives the new color state |[{¢},,. ;) that one
gets after emitting the new parton m + 1 from parton “a”
with flavor f,. This operator is described in some detail in
Ref. [3]. Similarly, #,(f, — fu +fm+1), acting on the bra
color state ({c},,|, gives the new color state ({¢'},, | that
one gets after emitting the new parton m + 1 from parton k
with flavor f;.

When parton m + 1 is a gluon, the color operators obey
the identity

(A30)

Ztk(fk—’fk‘f'g):()- (A31)

This identity arises from the fact that the parton color state
is an overall color singlet, so that attaching a color
generator matrix 7' to all of the parton lines k in the state,
including k = a, gives zero. We have used this identity to
add the same term, proportional to z/[(1 — z)d], to both the
k = a term and the k # a terms in Eq. (A12). We have
added this term in both places in order to move the soft x
collinear singularity from the k # a terms to the k = a
term. After this change, the k # a terms, proportional to
Wy, have a soft singularity but not a collinear singularity.

We now turn to the splitting operator. The shower
operator U(t,, t1) is the ordered exponential of the integral
over shower time ¢ of a splitting operator S(¢) according to
Eq. (8). Consider the first order contribution to the splitting

operator for splitting of initial state parton “‘a,” SLI] (t). This
operator consists of a real emission part, SQ '0](1‘), and a
virtual exchange part SLO’I](I). The real emission part is

determined from the derivative of DQ'O] with respect to the
shower time using Eq. (79) specialized to first order, which
gives Eq. (10). For the contribution from initial state parton

[Tl

a,” this is

du3 (1)
dt

9D (1), (1)
OH3

Fal(ui(1).  (A32)

We differentiate DE'O] as given in Eq. (A10). In
Eq. (A10), the ratio of PDFs corresponds to the PDF

operators JF,(uz) - - - F3'(u3) rather than DM 5o we do
not differentiate the PDF factor. There is a factor of o (u2)

that is part of D;[l] ‘0], but the derivative of a, with respect to

its scale argument is of order a? and we want only the first
order contribution to S,(7), so we do not differentiate the
a, factor. This leaves the derivative of D2, which is given
in Eq. (A12). The dependence on jis(t) is contained in the
factor ©((z,9) € U(u2)), so it is only the theta functions
contained in this factor that we should differentiate,
producing delta functions that fix the integration variable
9 in D?®,. Then the dimensional regularization is not
needed, so we can set ¢ = 0. These considerations give
one a straightforward calculation of S!'0(r). We omit
further details.

The virtual exchange part, SLO’” (1), of Sz[ll](t) leaves the
number of partons and their momenta and flavors
unchanged, but can change the color state of the partons.
It has both a real part and an imaginary part. The imaginary
part, iﬂSi[g’l](t), is analyzed in Sec. VG and given in
Eq. (69). The real part of S () can be determined rather
simply because the definition of S(¢) is arranged so that the
shower operator U(1,, t;) preserves probability. This implies
that (11S4(r) = 0. Since (1[izS" (1) = 0, if we define
SO0 py Sl = SO 4 S0 this gives us

(1ReSY (1) = —(181 % 1). (A33)

This requirement, together with a convention on the color
content of ReSLO’l](t), is enough to determine ReSLO’l](t)
from Sgl‘o](t), as described in some detail in Secs. IV and

XVI.C of Ref. [7]. We write the relation in the form defined
in Ref. [7],

ReSP (1) = =[S (1) (A34)

The mapping SE’O](I) - [SE’O](z)]P is straightforward. We
start with DLY with scales {ur (1), uc(2)} as given by the
combination of Egs. (A10) and (A12). We multiply by (1] to
form the inclusive probability and use (1, ([{p. f},.1) = 1.
Then the delta function in Eq. (A12) eliminates the integra-
tion over {p, f},.,, in Eq. (A10), leaving integrations over
the splitting variables {z, 9, ¢}. We differentiate the theta
function ©((z,9) € U(u2)) with respect to the shower time ¢
in order to obtain SLLO] from DE’O] according to Eq. (10).
Then the dimensional regularization is no longer needed, so
we set € = 0. Finally, the color operator 7, ® 7, for a real
emission is mapped into the operator 1 @ #7; for the
corresponding virtual exchange and ti ® t, is mapped to

t,t; ® 1. The result is
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[s“~°]<r>] |{p frec})
_ ﬂa Z/ldz SaaUa/ 2 p2(0) [t /@ 2 6((2,9) € UGA(1)))

fa/A ”a’/"R t) 2 dt
1
—|0(k=a)—+P 9 k , 2,9,

ng[( ) gy Pl 0) = Ok # 00 2 Wl 9.0 = )

X {1 ® tk(fk _)fk +fm+1)tl<fa _>fa +fnl+1> +ta(fa _)an"i_fm—H)tz(fk _)fk +fm+l) X 1}

x[{p.f.c.c'}) (A35)
|

This is the operator that appears in Eq. (9). The method of proof is straightforward. We know based

on collinear factorization in QCD that the infrared finite

APPENDIX B: POLE STRUCTURE operator V defined in Eq. (70) has no poles. Each pole in

Inclusive splitting at first order is given in Eq. (54) by an T'y({p},,) would contribute a corresponding pole to V), so
operator P2 ,(z;{p},) that operates on the parton color the F_a’({p}m) poles must cancel poles from other con-
space. This operator has two parts. The first, ﬁfm’(ﬁ (), tributions to V. Thps we can adopt the algebralcally simple
comes from real emission graphs, while the second, strategy of assuming Eq. (B2) and showing that then

I'v({p},), comes from virtual exchange graphs:

+ 5aa,5(1 -, ({p},). (B1) We omit an explicit demonstration that the structure of the
coefficients of the poles requires that Eq. (B2) is the unique
In P (z:{p},). there are infrared singularities in the  solution to Eq. (B3).
integration over splitting variables y, z, ¢. The singularities We assume Eq. (B2) for the pole part of I'y({p},,) and
are regulated by working in 4 —2e dimensions, so that  extend this to the finite part as ¢ — 0 by defining
integrals over z of P* ,(z;{p},,) have poles 1/e and 1/€2.
The integrals over y, z, ¢ are confined to the region of
unresolved splittings set by a scale or scales js. «({phn) = Z / dz ZPW H{ptn)- (B4)
For the virtual graphs that contribute to ' ({p},,), there
is some freedom available in defining a region of unre-
solved loop momenta that corresponds to the unresolved
region for real emission graphs. However, the pole structure
of Ty({p},) is independent of the definition of an
unresolved region and is given by

[V]poles =0. (B3)

We then show that this leads to Eq. (B3). We call Eq. (B4)
the momentum-sum-rule (MSR) ansatz. Of course,
Eq. (B4) could be supplemented by adding to T, ({p},,)
any operator that has no poles.
In Eq. (B1), the inclusive probability P°, for real
emissions is related to DI in Eq. (44). Its structure is
Lo ({P}n)] poles — {Z / dz 2P, aa(z{P}m) : given in Eq. (50). We can rewrite this equation by changing
poles the integration variable from y to 9 = zy / (1- z) We write

(B2)  the result in terms of three functions, A (z) BR® P ) (z), and
This was stated in the main text as Eq. (56). The purpose of C,((’a, (z:&w), where the superscript R denotes real
this appendix is to establish this result. emissions,
S0 (@ {p),) = Al ([ ® 1] + B, ()[1®1]
1-z2 2 —€
~o | w0 (T e 1+ 1@ T T, (B)
k;éa
Here
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a0 = () s [0

| [ - o puta, (B6)

where f’aa/ (z) is the familiar DGLAP kernel, equal to ﬁaar(z, 9,¢) at 9 = ¢ = 0. Next,

Ry (BN (ny [(1=2P] [1d8 . I ;
B0 = (5%) [ [ [ 50 - 91100 9) € VG Pus(z.8.6) = Pun )

02) T(1-e F4 9

Finally,
(4n)

(23 8u) = (g)em s [ 800 [ G 0 8) € Ul Woldw. 2 0.4 = 4.

For the virtual exchange operator 'y ({p},,). we can

define functions Aiv ), BE;V)

V for virtual exchanges:

,and C,(CV) (Eax), with superscripts

Lo({p}) =AY 1 @11+ B) 1 ®1]

1
Y Coaléu)5 { T T, ® 1]
k#a

—I—[1®Tk-Ta]}. (B9)

Here a virtual gluon exchange between the initial state

[P 2]

parton “a” and another parton k is represented by C,(C\Q, (Eak)-

122’ (2;Eu) term

It has the same color structure as the C
in P* .

We start our investigation with the third term in Eq. (B5)
for wa/, proportional to the function C,({lil), (z;Eax). This
term has a distinctive color structure, {[T;-T, ® 1]+
[l ® Ty - T,]}. This term in P? , does not have a collinear,
& — 0, singularity because W, vanishes as 4 — 0, as one
can see directly from the expression (A25) for W,.
However it has a soft gluon singularity, as seen in the
factor 1/(1 —z). This singularity produces a pole 1/e
after we integrate over z. For any smooth function A(z)
we have

/)1 dz h(z) [(1 - Z)z} - 2C 3 (@ u)

Z 1-¢

_ h()C(1:Ew) O

. (B10)

The corresponding contribution to virtual exchange inte-
grated against a smooth function A(z) is

Al dzh(2)8(1 = 2)C) (Ew) = h(1)CY) (£4).  (BIL)

(B7)

(B8)

In order for the two 1/e poles in Egs. (B10) and (B11) to
cancel, we need

CCO(1E4)

V(&) = +O().  (BI2)

€

In order to obtain this relation, we use the definition
given by the momentum sum rule:

1-7% 27 —e 27
Con (Eu) = A Lz [ﬂ} szcilﬂ/(z;éak). (B13)

Z

Then we indeed satisfy Eq. (B12).

Of course, there are other ways to satisfy Eq. (B12).
Indeed, C,(:;), is expressed as a dimensionally regulated
integral over a 4 — 2¢ dimensional loop momentum g. We
need to cut out the ultraviolet contributions to this integral
using the shower scales jig used for the real emission
integrations. However we do this, the infrared pole 1/¢ will
match between the real and virtual graphs. We have seen
that if we simply define the virtual integral in terms of the
corresponding real integral by using the momentum sum
rule, the 1/¢ contributions will cancel as required. Then the
momentum sum rule ansatz fixes the finite part of the
virtual contribution as a function of .

We can now consider the second term, proportional to

BSZ? (z). There is a factor

O((z,9) € Uls)) = 1 - 0((z,9) & U(fis)).  (B14)
The term O((z,9) & U(ls)) cannot contribute any 1/e
poles because in the resolved region, (z,d) can never
reach the singular surfaces 9 =0 or (1 —z) = 0. This
leaves P, (z,9,€) — P,y(z). The contributions to
P (z,9, €) proportional to e are completely nonsingular,
as we see in Eq. (A20), so these contributions cannot
contribute any poles. The contributions proportional to
y=(1-2)9/z contain a factor 9, which cancels the
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collinear singularity, and a factor (1 — z), which cancels
the soft singularity.
Thus the integral of B*) (z) over z has no 1/e poles.

ad
There is a corresponding virtual contribution, B'") (z), but

ad'
if we define it from BSZ?(Z) according to the momentum

sum rule, it will contain no poles also. We conclude that
B, (z) is free of 1/e poles.

Finally, we consider the first term in Eq. (B5), propor-
tional to A(alz,)(z). We can perform the & integration to give

2\ € 7)€ R
AR(z)=- <§) r((T _) 5 E + O(e)] o®(2). (B15)
where
0@ - [ . @)

Caution is needed because P,,(z) has a 1/(1—7z)
singularity:

) 2C,
Paa’(z) = 5aa’
1-z

+ P75 (2), (B17)

where P! (z) is finite for z — 1. Treating QEZ,)(z) as a
distribution by integrating against a test function 4(z) that
vanishes for z — 0, we obtain

1
QSZ’) (Z) = _zcaéaa’ |:2_€ + ]:|6(1 - Z)

1 {2Caz

+ 511:1’ -

: ] + Pi5(z) + Ole).  (BI8)

1-z2

Here we have used the dimensional regularization factor
[(1 —2)%/z]7¢ in the singular term. Then instead of an
unregulated 1/(1 — z) singularity, we obtain a distribution
that is well defined as long as € # 0, with §(1 —z) and
[z/(1 = z)], terms. Overall, counting the 1/¢ in Eq. (B15),
we have 1/¢* and 1/e infrared singularities in ASZ,)(z)
when € — 0.

We can now add the contributions from virtual graphs.
We can use the momentum sum rule as an ansatz to define
these contributions. Then we can check whether this
ansatz works to remove all 1/€" poles in a physical cross
section. The momentum-sum-rule ansatz is to replace

Qﬁf} (z) by

0ue(2) = 0™ (2) + 0WV)(2), (B19)

with

O (2) = 8,061 = 2)> / leZQﬁ'Z?(z). (B20)
— Jo

This gives

172C, Ny
Ouu (Z) =0ua— |: Z:| + Paea% (Z)
z +

— 8 0(1 = Z)Z/Ol dzzP5(z) + O(e).  (B21)

Note that the contribution proportional to §(1 — z) with a
1/e singularity has canceled. Since P,,(z) obeys the
momentum sum rule, we have

Qua(2) = Pag(z) + Ofe). (B22)

We can now define A, (z) = Ag,) (z) + Ag,) (z) with the
result that

st = =(2) B o) Pt 23)

€

Of course, we could also add a term proportional to §(1 — z)
with no poles to Afl\a//) (z). The construction presented here
determines only the pole structure of the contributions from
virtual graphs to P2 ,(z:{p},.)-

We can use Eq. (B23) in Eq. (72). For V in Eq. (72),
counting the factorization subtraction, we obtain

1 (4r)°

Em Paa’(Z) +Aaa’(Z) = —IOg <§> Paa’(z)- (B24)

The 1/e singularity cancels from V.

We conclude that as long as the contribution to
P (z;{p},) from virtual graphs is defined using the
momentum sum rule, we obtain

(B25)

DOYRCE NI

a poles

as required for the infrared finite operator V in Eq. (70) to
be free of infrared poles in the dimensionally regulated
theory. This is the result reported in Eq. (56).

APPENDIX C: STRUCTURE OF VY
AT FIRST ORDER

In this appendix, we examine the structure of the
operator V at first order in a;. We start with Eq. (70),
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(H[F (uz) oK (ur)oZ F (17)]
X D(pg. fis) F~ (ug).

(V(gz. fis) =
(C1)

The operators K, Zr, and D are simply unit operators at
order a?. Thus at first order, the part of V' that applies to
hadron A becomes

(V2. Fis) = (1[F (2o ()] F2t (13)
+ (1[F, (1) 2 ()| F (13)

+ (F ) DY (2. 5 Fi' (). (C2)

The o symbols in the first two terms stand for convolutions,
as in Eq. (63) of Ref. [2], so that

[ (13) ok (u2)| F 3 (13)

Z/l dz fua(na/z, MR)aS(IuR)K
2 faja(na.pud) 2n

' (Zpz). (C3)

We are free to choose what K, (z, u2) should be. In the

second term, the factor in the MS scheme that removes the
1/e singularity from an initial state splitting is?

ﬂR Z/l dea’/A ’7a/Z ﬂR)

2 faja(Ma i)

as(ﬂk) (4n)°
Xox el(i=e) eald)

(C4)

Fo(u3)o 21, ()] F

The operators in Eqgs. (C3) and (C4) are proportional to
unit operators on the parton color space. In Eq. (54),

(1|1F aDL”]—" 2! is expressed as a convolution of the same
PDF factor with an operator P? that acts nontrivially on the
parton color space.

We write VLI] as a convolution with PDFs according to
Eq. (71),

V2 m) P fre Y

as ﬂR dzfa /A ’1a/Z ﬂR)
= [T h) Z/ 2 fasala i)

Vaa(@Ap. f1n)l{e, ¢'3)-

This gives

This is in 4 — 2¢ dimensions. Recall that a; is e dependent

and has dimension (mass)™%¢ in the dimensionally regulated
theory [28].

1 (4m)¢
el(1—¢)

VZ,[(Z; {p’f}m> = ll_I)%{ (Z ﬂR) + —

+P (2 {P}mQE)}-

We now need to examine the structure of
P (z:{p.f}:€) for € > 0. Since we define P2, from

its real emission part P% , using the momentum sum rule,

Eq. (59), we can begin with ﬁza/. For this, we can use
Eq. (50):

P (z:{p}nie)

_ 2 [m]e (dn) (149 e

BESE [Q] m—% 5 P =9)
< 0((z.9) € U(ﬁs)){ﬁaa'(&&e)

dl 2€¢ 25(“1/
[ S oo Wl 0.0 )

lrereier )} ()

We define the unresolved region by saying that (z,d) €
Us) if0<z<1,0< 9 <1, and

9 < amax(zvﬁs)’ (C8)

where dy, (2, 4s) is the combination that appears in
Eq. (25):

Amax (Z7 ﬁs) = max {acut(z’ /75>7 aJ_(Z’ mi ((l, d)} (C9)

We also define

— max{ayn (2.4 () @1 (2,122 (a0, @)}
(C10)

alimit(z7 ﬁs)

Here, in general, py;,, is a function py, (fis) of the scales ig.
Then ayn, (z, p2,, (is(2)) is the limiting form of a.(z, fis(t))
at large shower times ¢, as defined in Eq. (26).

With three scales, jis = (ug, Hes Hiz), the unresolved
region for liz’aL,CJr and ISZS’+ is defined by Eq. (122) with

aeu(z. p7, pue) = max{ag(z, p), ac(z.pe)}. (C11)
On the chosen path shown in Fig. 10, pu; decreases to zero
first, then pc decreases to zero. Thus we define pc(ids) = uc,

and @y, (z, g3 (Fs)) = ac(z, p2) in Eq. (C10). This gives us
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(2e4). a1 2.2 (a. @)},
— max{ac(z.pd)as(z.md (a.d)}). (C12)

max (2, i) = max{aE(z,y%), ac

Aimit (Z’ /75)

In the term in Eq. (C7) proportional to W, we can set

€ — 0. Then we can use the azimuthal average, W(¢&, z, 9),
of W, defined in Eq. (A26).

In the term in Eq. (C7) proportional to P, we use the
notation of Eq. (A18) to write P, (z,9,¢) in the form

ﬁaa’(z’l()’e) = ﬁaa'( ) —(:'PEM)( )
+ [Pow(2.9,€) = Py (2,0, €)] + O(e?).
(C13)

For the term P, (z,9,€) — P, (z,0,€), it suffices to take
the ¢ — 0 limit inside the integrations. For the first two
terms, we need the integral

- 2 s -

X 6(19 < amax(Z7 ﬁs)) (C14)
Performing the integrations gives
1 (4n)° (1-2)2Q? .
- log %/ =%
s o (M (e )
amdx S d19
—/ o SO0 < 9)+0e). (C15)
1

After some rearrangement, this gives us an infrared
sensitive contribution and a nonsensitive (NS) contribution:

me’(z; {p}m;e) = _él—‘é;‘-ﬂ_);) ﬁaa ( ) + P\E;)/(Z)
202
+ ﬁaa’(z) log (% alimit<z7ﬁs)>
+ PN (2 {p},) + Oe). (C16)

The infrared nonsensitive contribution is
P2 (z:{p}.)
amdx(z /’45) d19 A
= [ e ) < )= 001 < 9)Puy 2

amax(zsﬁs) d19 N A
+/ '9(’9 < 1)[Paa’(z’19) - Paa’(z)]
0

max (2fls ) d& 28,44
—A 5 0@ < )kzl—_zw(fak,z,ﬁ)
#a
1
XAl T @ 1]+ [1 @ Ty T} (C17)

The first term here is P,y (z) times [—log(ajmi) +
10g(amax )0(amax < 1)]. For our later purposes, we have
written this as an integral.

Equation (C16) gives me/, the part of P2 , associated

with real parton splittings. To obtain the full P2 ,, we use
the momentum sum rule, Eq. (59):

P (z{p}mse)

- ‘E%Pad@ + [Py (s

R 1-= 22 .
+ [Paa’(z) log (% alimit<zvﬂs)>:|
< MSR

MR

+ PNz {p}a) + Oe), (C18)

where

PS(2: () = B (2 () ase

Here we have noted that the DGLAP kernel obeys the
momentum sum rule: [P,;(z)]ysg = Paa(z). We note from
Eq. (A29) that W(&,, z, 9) is proportional to 92 for 8 — 0,
so that the integration of W over & is not singular.
The infrared nonsensitive contribution has no 1/e
poles and vanishes in the limit of small scales g
when [P*™(z; {p},,)]msr is integrated against a fixed test
function f(z).
We can now insert these results into Eq. (C6), giving

Ve (zip}.) =K [PE;)/(Z)]MSR

+ |: ad ( )1Og <(1 _Zfl)% Q alimil(zvﬁs)>:|MSR
+Po (2 {ph). (C20)

The contribution proportional to P, (z)/¢ in Eq. (C6) has
canceled an identical singular term in P2 ,(z;{p},;€) in
Eq. (C18). This is the result reported in Eq. (74) in the main
text. We now define K, (z, uz) so that it cancels the second
and third terms in Eq. (C20), leaving

Ve (2 {pta) = Po (z{p}a)-

This is the result reported in Eq. (76) in the main text.

(C19)

aa’(zvﬂ%)—f—

(c21)

APPENDIX D: STRUCTURE OF S,,
AT FIRST ORDER

We use the operator V(ug (1), iis(2)) to define the thresh-
old operator Uy (1,, ;) according to Egs. (80) and (81):

""The form used in Eq. (C17) assumes that @i < @pax, as 18
the case when we use Eq. (C12). A slightly different form would
apply if Wimit > Amax-
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Up(tr, 17) = V7 (ur(12), Fis(12))V (e (11). Fis (1))
_T exp(/tz dtSv(t)), (DI1)
where
S0(8) = =V (1), () SVl (0. s(0)). (D)

We let t = 0 be the shower time at the start of the shower,
corresponding to a renormalization scale parameter
Ur = My, Where p; is comparable to the scale of the hard
interaction. Then #; is the shower time at the end of the
shower. Thus we consider

Uy (15.0) = T exp ( /0 " dtSV(t)>. (D3)
At first order,
S1(0) = ~ V(1) 7 (0) + Oa).  (D4)

There are two contributions to Sg](t), corresponding to
emissions from partons a and b, respectively:
S (1) = S, + 8. (D)
If we use the three segment path from r=0 to
t=1t; =3, then the T instruction tells us to break
Uy(3,0) into Uy(3,2)Uy(2, 1)Uy(1,0). We saw in
Sec. XI that Uy (3,2) = 1. Next, Uy(2,1) is calculated
using the LC+ approximation. No T instruction is needed
within Uy,(2,1) because all of the operators commute.
Finally Uy(1,0) is determined by the difference between
the full color operators and their LC+- approximate version.
This contribution is subleading in threshold logarithms and
subleading in color. It is not simple to treat Uy,(1,0) in
computer code. We leave that to future work. For the
leading order Drell-Yan process investigated in this paper,
the parton state just after the hard interaction is very simple
and this color difference operator applied to this state gives
zero, so that Uy(1,0) = 1.
|

Vdz faa(na) 208 (1)) g (uc(1)?)

In this appendix, we examine Vgl] with just one scale y2,
which is what we need for the second segment of the path.

To evaluate Vy], we can start with Eq. (C5). We understand

to be applied to a state |{p, f, ¢, }m) but omit writing
out the state. Eq. (C5) expresses Va in terms of the
operator V2 ,(z;{p},,), which equals P**(z;{p},)
according to Eq. (C21). For Pi‘l’gs(z; {p}.), we use
Eq. (C17). Since we consider the second phase of evolution
of Sy, we take yZ = 0. Additionally, although an infrared
cutoff is needed, VL“’] is not sensitive to the infrared cutoff
used. For that reason, we simplify the notation by setting

m? (a, @) = 0 for now. Then @, = Gjimic = ac(z, p2). We

set y2 = 2. This gives for V!,

W2y =% uc Z/ldzfa/A (/2. 12)
0 2 faa(na.u)

(z18) d9 N
x [ [ o0 Pt
+9('9 < 1)[ Atm’(z '9) - Paa’(z)]

20
-0(8 < I)Z:1 “'; W(Eu»2,9)

k#a

«(renen+iernyl| . oo

On the second segment of our chosen path, we use the LC+
approximation for the color operators in Eq. (D6), but we
do not specify that choice here.

We need the derivative of this with respect to t:

dﬂ%() dzv[l]( )—|—(’)(as)

Sy = -2 "
C

(D7)

When we differentiate with respect to u2, we differentiate
with respect to the upper endpoint of the 9 integral, but we

do not differentiate oty (42). /o a (/2. 42, OF faya (0. i2)
because the derivatives of these objects are of order g and

we want only the first order contribution to Sg](t). Then,
using the fact that a(z, u2) « p2, we obtain

S0 = IS 1 ) an [P0 > D (=00 1) < D[Par (2. .0) = Paa ()]
HO(1) < 1)%?‘5_““’w<ak,z,&<z,r>>x%ﬂrk-n@uﬂl@n-rau . (03)

In Eq. (D8), we evaluate & as
9(e.1) = acle.42(0). (09)
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The operator Uy (t;,0) has the effect of summing thresh-
old logarithms. In order to improve this summation, we can

add some contributions to Sg.]a(t) that are higher order in a;

and thus beyond the order of approximation that is con-
trolled in our derivation. We replace

K,) A
ay(42) = a™™ (B)0(& > m? (a.4)).  (D10)
where k% is the squared transverse momentum associated
with an initial state parton splitting,

as in Eq. (20), and

(1)

K,
a6) =) |1+ K, o
as in Eq. (115). Here K, is the standard factor [18],

67 — 31 10n;
— TR ,
18 9

K, =Cy (D13)

with n; being the number of active quark flavors at scale u>.
The theta function in Eq. (D10) is included to avoid reaching
a singularity in «. It also prevents reaching a point where the
parton distribution functions are not smooth. Using Eq. (D8)
with these enhancements, we have

K,)
(k}(z.1)) 0(k3(z,1) > m? (a,q4))

)2
k(z, 1) = UTZ) 0%9(z, 1), (D11)
|
8[1] lefa’/A (/2. & (1)) as
00 = 0z fonlio0) 2

X

000z 1) < )Y T

k#a

APPENDIX E: SUMMATION OF
THRESHOLD LOGS

In the shower cross section repeated in Eq. (82) from
Ref. [2], the first two operator factors applied to the hard
scattering statistical state |py) are F(uZ) and Uy (t;, t,).
[For application to the second segment of our three segment
path, the Uy, factor would be U,,(2,1).] The operator
Uy (t;, t;) leaves the number of partons and their momenta
and flavors unchanged but multiplies by certain factors that
relate to how the shower splitting functions match to the
evolution of parton distribution functions [9]. The operator
F(uZ) multiplies by some standard normalization factors
and by parton distribution functions f,/4(n,.pii) and
s u%). These are shower oriented parton distribution
functions, which can be different from the normal
MS PDFs.

When the cross section to be computed involves a very
hard scattering, so that n, and 7, are close to 1, the
operator Uy (s, #,) applied to |p,) can be large.

Additionally, the ratios fa(na, )/ fiyf (0 piy) and
Foy8(nos 153)/ £33 (Mo» i) can be large. In this case, there
are big effects because Eq. (82) is summing what are

called threshold logarithms. The summation of threshold
logarithms was first analyzed by Sterman in 1987 [29].

W (&ur 2,92, t)) {[T T, ® 1] +

|:9(19(Z’ t) > ])Pua’(z) - 9(19(27 t) < 1)[paa’(z’ '9(Z’ [)) - ﬁaa’(z)]

QT T,} (D14)

MSR

There is a large literature on this summation using
analytical calculations.'! Reference [10] cites some of
this literature. In an analytical approach, one normally
analyzes a suitable Mellin transform of the cross section.
Then the transformed cross section is a function of a
Mellin moment variable N and we are interested in the
limit N — oco. In this appendix, we apply the Mellin
transform approach to the operators that appear in one
of the simple single scale versions of the shower cross
section introduced in Sec. V C. Our aim is to compare the
parton shower version of threshold summation to the
analytical results, extending the less general analysis
in Ref. [10].
We find that Uy,(#, 1;) becomes an exponential

Uy(tg, ty) = exp(Eya(N) + Epp(N)), (E1)

where &y,,(N) and £y,;,(N) can be expanded in a series of
powers of a,(u3) and powers of log(N). Similarly, the PDF
factors become exponentials

HThere has been substantial recent interest in the summation
of large logarithms by parton shower algorithms [7,30-34].
However, to our knowledge the summation of threshold loga-
rithms is not included in parton shower algorithms except for
DEDUCTOR [2,8,10].
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Sayalta: pia) ) — exp(Epar.a(N)),

a/A(I721 )

s pi) Xp(Eri (N)). E2
fb/B(”avﬂH) APl Eprs ) ~

The leading approximation obtained with analytical
approaches takes the form

threshold factor = exp(E,(N) + &,(N)).  (E3)

With the shower approach in this appendix, we find

&,(N)
&y (N)

EV,a(N) + Spdf,a(N)’
Evp(N) + Eparp(N). (E4)

We begin with the operator Uy (#, 0). Using Egs. (D3)
and (D5), we write
Uy(17,0) = Texp (Eva + Evp) (ES)

with contributions from the two initial state parton legs, “a”

and “b.” For initial parton leg “a,” we have
te
Eya = / dt Sy (1), (E6)
Iy

where Sy,,(1) is given by Eq. (D14). In Eq. (D14), the
unresolved region is defined using scale parameters u2,
where C = L for ky ordering [Eq. (19)], C = A for A
ordering [Eq. (37)], and C = Z for d ordering [Eq. (39)].
For the purpose of summing the leading threshold loga-
rithms, the only term that matters in Sy, ,, in Eq. (D14), is the
first, proportional to 8(8(z,1) > 1)P . (z). Furthermore, it
suffices to approximate P, (z) by its most singular term,

paa'(z) = Buu ﬁ . (E7)
-z

We choose the argument of o to be k% = (1 — z)290?/z as
in Eq. (D10), but we can omit the @ term in Eq. (D12).
Additionally, we can set the infrared cutoffs m? (a, d) and
m? to zero with the understanding that we work term by term
in the expansion of o, (k%) in powers of o (u3;), where 7 is
the scale of the hard scattering. We use k% as the integration
variable instead of 7. The theta function in the first term in
Eq. (D14) limits the integration to 1 < § < ac(z, u3) or

(1-2)*0*

2
< k% <

T
Z

(1-2*0°
S ). (B8)
We identify the square of the momentum of the partons
just after the hard scattering, Q2, with y7. For the leading
behavior of the integral, we are interested only in the

(1 —z) - 0 behavior of the integrand. Thus we can
replace the factor 1/z in Eq. (E8) and the factor z in
Eq. (37) for a,(z,u*) by just 1. We can also replace the
factor r, :na/ngo) in Bq. (37) for a,(z,u?) by just 1
because in Eq. (82), Uy(#,0) is applied to the hard
scattering state |py), for which 7, = ngo).

With these replacements, the cuts in Eq. (E8) become

(1 -2z < k3 < (1-2)"uq (E9)

with

0 kg ordering

n=< 1 A ordering . (E10)
2 8 ordering
This gives us

1 2

Eva = _/ dZM/Z’M;)

0 qu/A(naal'tH)
. |:/(l—z)”ﬂﬁdk% 2C, as(k%)] ) (E11)
(-2 kr 1=z 27 Juse

We can write the MSR instruction explicitly as a subtraction
at z = 1 using the definition (61). This gives

1 o/ 2 M 2
5v,a=—/ dz |:fa/A(’14/Z’/"H)_lj| 2C,
0

2 faja(as Hit) 1-z
" /(I—Z)”Mﬁd_k%as(k%)
(-2 k¢ 27

(E12)

In order to compare to standard analytical results that
work with a Mellin transform of the cross section, we need
to relate this to the Mellin transformed parton distributions.
We can use the “single power approximation” [35] in which
we replace

fa/A (na/L ﬂ%) N ZN

(E13)
fa/A (”a’/‘%)
This gives us an exponent
! 2zC
Eva(N) = —/ dz [V 72— 1] a
0 l-z
o)"ui dk3 ag(k3
x / i (k) | (E14)
(1-2)? ”2 k 2w

Now we can look at the PDF factor, Eq. (E2). We use the
Mellin transform of the parton distribution, at the scale u2
of the hard scattering that starts the shower, as a function of
the parameter 4 in Sec. VIII,
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L dn
Gaya (N, pit; )ZA Wana/A(n,uﬁ;/l)- (E15)

We need the Mellin transform of the shower oriented PDF,
fasa(n,p*;1) with 2 = 1. The shower oriented PDF with
A = 0 corresponds to kr ordering and differs from the MS
PDF only by a small adjustment specified in Eq. (84). We
obtain f,/4(n.ui;1) from f,/4(n.uf;0) by solving the
differential equation (98) with the first order kernel dK/dA
given by Eq. (99) for A ordering or Eq. (111) for 9 ordering.
We are interested only in the leading threshold loga-
rithms in g,/4(N.u?;1), so we make some small adjust-
ments in the differential equation, as we did in the previous
analysis of Uy. We set the fixed infrared cutoff to
m? (a,a’) = 0. We replace the DGLAP kernel in the

differential equation by its leading singularity as z — 1,
R 2C,

Paa'(z) _)5aa’1_z-

(E16)

Since only the (1 —z) — 0 limit affects the threshold
logarithms, we replace z*(1 — z)® by just (1 —z)® in the
differential equation. For A ordering, there is a factor r, in
the scale choice that relates f,/4 (1. uz; ) to an adjusted
function f. Since r, is just 1 in the hard scattering state for
which the PDF is measured, we set r, = 1. The argument of
a, in the first order kernel is not determined by strictly
lowest order considerations. In order to incorporate leading
logarithms beyond leading order in a(u7), we follow the
choice generally made in the DEDUCTOR code and take the
argument of a, to be

kg =1[(1-2)"T i

Here we understand that a (k%) is to be expanded in powers
of a,(p%). With these adjustments, the differential equation
for ga/a(N, piz; 4) is

dgasa(N.pi:A)

(E17)

ldz
:ga/A(N’,u%;’l)/ —
0o <

dA
1—2)"u2)2C
X |:a5(( Z) IuH) alog((l_z)n):|
2z I-z MSR
(E18)
The solution of this is
9aa(N. pis 1)
1dz 1
:ga/A(Nvﬂ%ﬁO)eXp{/ ZNU di
0 < 0
as((l _ Z)’MMI%I) 2C,
1 1—-2)" . (E19
< S ogl(1 =2 | (B19)

We can change integration variables from A to k3 specified
in Eq. (E17):

1dz
ga/A(N’,“]%;l) :ga/A(N,,u%[;O) exp{—[) ?ZN

; dik2a,(k3) 2C
x U” dkya,(kr) T)—“} } (E20)
(1= Kt 2r 1—z|vsr

We can write the MSR instruction explicitly as a sub-
traction at z = 1 using the definition (61). This gives

ga/A(N’ﬂ%{; 1) = ga/A(N’ﬂ%;O) exp[Epara(N)],  (E21)
where
1 2zC,
Epara(N) = _/ dz[ZV7? — 1] —
0 1-z2
wo dikEag(k3)
X / — L= (E22)
(- kr 27
The sum of the ¢/, and PDF contributions is
5v,a (N) + gpdf,a (N)
1 2zC v dikag(k?
_ _/ dz[zN-? — 1]Q/" —ZTM. (E23)
0 =z Ja-pu kr 27

Notice that the net result is the same for ky ordering
(n=0), A ordering (n=1), and 9 ordering (n = 2).
For ky ordering, the entire result comes from & ,(N).
For § ordering, the entire result comes from &4 ,(N). For
A ordering, both &),,(N) and E,4¢,(N) contribute.

The comparable standard formula given in Ref. [35] is

1 2C, [# dkEay(K)
gN__/dzzN—l_l_“/ ar &\Fr)
M= TN g B 2

(E24)

Here we have zV~! instead of zV~2 and 2C, instead
of 2zC,, but these differences are not important in the
N — oo limit.

APPENDIX F: STRUCTURE OF OPERATORS
WITH MORE SCALES

In this appendix, we provide details about the operators
D? , and P? , needed in Sec. IX C when we use three scales,
(uz, p, p). Here pg specifies a cut on (1 — z) according to
Eq. (124) and uZ specifies the unresolved region for kr
ordering for C = L [Eq. (19)] or A ordering for C = A
[Eq. (37)] or 8Q? ordering for C = £ [Eq. (39)]. We do not
need to consider the scale y?, since D, and P, do not
depend on y?,, which controls ImDP1.

We first need to specify in detail the two versions of
the unresolved region defined in Sec. IX C: the region
U(py, pic) that we use for ljfli‘,u and IA’EE,* and the region

U(soft; u;) that we use for D**" and PO
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1. U(”EJ‘C)
With scales u and p, the unresolved region is defined
in Egs. (122) and (123): (z,9) € U(ug, puc) if 0 <z < 1,
0<d<1and

8 < yy (2. 4 1), (F1)
where we define

nax (2, 43 2 ) = max {acy (2. pd. p¢). a) (z,m3 (a,4)} (F2)

With
( 2E 2) { ( 2) C( CZ)} (F3)
acut Z’ﬂ ’:uC max CZE Z, ,UE ,a Z,,U .

When both scales yZ and p2 tend to zero, the limiting form
of agy(z, p2. u) at fixed z is ac(z, u2). That is, ac(z, u2) is
the limiting function ay;,, defining the unresolved region
with small scales, as described in Eq. (26). Thus the
function ay;(z, fis) defined in Eq. (28) is

(2. 1) = max {ac(z. u2). ay (z.m}(a.a')},  (F4)

as in Eq. (C12). Consistently with our choices in Egs. (19),
(37), and (39), we take the renormalization scale to be

i (pi, pd) = pt. (F5)

We use the path (uZ (1), u(t), u2,(1)) specified in Sec. X.
On the second segment of the path, we have u2(t) = 0 and
az(z,0) = 0, so Eq. (F1) becomes

9 < max{ac(z. ). ay (z.m3 (a.a))}.  (F6)

This gives us just the evolution for a kt-, A-, or 9-ordered
shower according to our choice of C € {L, A, Z}.

For the first segment of the path, 0 <7 < 1, some
analysis is needed. On this path segment, y2 is evaluated
at a variable scale with 0 < u2(7) < p2(0), while u2 is
evaluated at the fixed scale p2(0) = uZ. Then Eq. (F1)
becomes

9 < atotal(Z’ ﬂ%(t))’ (F7)

where

atotal(znug(t))
= min[1, max{ag(z, u2(t)), ac(z, ), aL(vai(‘lv a)}l,
(F8)
as in Eq. (131). We have taken the minimum of a,,,, and 1

because 9 is at most 1, so that values of these functions that
are greater than 1 do not affect U(uy, pic).

Choose a limiting value z;; of z such that
ac(z,pi) > 1 (F9)

for 1-z<1—-z5 For C= /4, we can simply take
l—zy=1. For C=A or C=_1, we can let z; be the
solution of ac(zy, %) = 1 as in Eq. (126). Then

atotal(L ﬂlzi(t)) =1 (FIO)

for 1 —z < 1 -z and for all (a, d).
We now define the starting py scale by Eq. (127),

M%(()) =(1- ZH>Q(2)'

Using the definition (124) we have ag(z,u2(t)) =0 for
(1=2) > pz(r)/ Q% But pi(r) < pg(0) and Q* > Qf, so
also ag(z, u3(1)) = 0 for (1 —z) > pu(0)/Q3. That is,

(F11)

ap(zpd(0) =0 for (1-2)> (1-g,).  (FI2)
This gives us

Ayora (2, /"]%(t)) = min[1, max {ac (Z,ﬂ%{), a(z, m%_ (a,d))}]

(F13)

for 1 —z > 1 —z,. That is
atotal(z’ﬂ%(t)) = alotal(Z,[l%(O)) (F14)

for 1 —z > 1 -z, Thus
1 l—z<1l—2z4
2

Aol (2, HE(T)) = , F15
wicm)={ LTI

as was reported in Eq. (132). The important point about
Eq. (F15) is that @y (z, 43 () is independent of 7 along the
first segment of the path.

2. U(soft.puy)
We have (z,9) € U(soft, uy) if

9 < a2 pi (1)), (F16)

soft

where a5,

is obtained from @, by omitting ac(z, u2):

ayoen (2. 42 (7))

= min[l, max {ax(z. (1)), a1 (z.m? (a.@))}].  (F17)

Using Eq. (124) for a;(z, p2) and Eq. (19) for a, (z, k3),
this is
ayty(z.pe) = 0((1 = 2)Q* < ) + Oz < (1 = 2)0%)

2 A
Xmm{l,wa’a)}_

(1270 e
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We need @M (z, pg(2)) on two segments of the path

specified in Sec. X. For I < t < 2, we have u; = 0, so we
have a fixed unresolved region given by @ (z,0). For
0<t<1, pug(t) varies and we can use Eq. (F18) for

o (2. g (1)).

3. Decomposition of P2 and D2,

We now record the details of the operators IA’Z;IS and D3,
when we use two scales, y;; and ., that affect the definition

of the unresolved region. We define ap,, (z, 42, u2) and

Wimit (2, g uE) using Eq. (C12).

We use Eq. (C16) to obtain P% . In the third term on the
right-hand side of Eq. (C16), we use Eq. (C12). In the last
term, we write!2

P (@ dp}) = Py (dphn) + B3 (P} ). (F19)

Then ISZ‘;C+ is given by Eq. (C17) with the LC+ approxi-
mation applied to the color operator in the third term:

. Ay (213.12) 9 .
P (p),) = / (2.2 42)) < 9) = 001 < 9)]Py(2)

Amax (247 ﬂc) dd N
+/ 9('9 < 1)[ ad (1,19) - Paa’(z)]
0

9
i) ‘w 0(8 < 1)2

k#a

/ Amax (
0

The operator P*5* (z; {p},,) multiplies o, (u3). In order to
provide an improved summation of large logarithms, when
this formula is applied in DEDUCTOR, a is placed inside the

< gdkvz'g){[Tde®1]+

QT Ty}, (F20)

the LC+ approximation for the color operator. Then we
use the unresolved region specified by Eq. (125):

integration and replaced by agkg)(k%)é(k% > m?), with 9 < a2, 1) (F21)
k3 = (1 — z)?90?/z, as in Eq. (115). The same replacement
applies for other formulas in this section. with
For PZ’;,Oﬁ, we take the difference between the W term in
IA’Z‘ES with the exact color operator and the same term with ~ ajo (2, uf) = max {ay(z, p3). a, (z.m% (a,a’))}.  (F22)
|
This gives us
- asih(ea) d9
Prt(a{phy) = =30 [ Roto < ywie.z.9)
k#a
XU To @+ [N QT T} —{[T T, @ 1] + 1 @ Ty To]}c . (F23)

From Egq. (A12), the derivative of the operator D3,
approximation,

dDaLC+( {p f}1n+17{p f}m’/’ls( ))
|55

XZ[ (k=2) 1 @

{p f}m+1

ﬁati<z7 19)

- g(k ?é a)5ad

d
a(Z, 9, ¢’ a; {p’f}m)) d_

in four dimensions but using two scales, y and p, is, with the LC+

O((z.9) € U(ui(t). u&(1)))

WO(éalw 2, 19’ ¢ - ¢k)

Xi{l;(fa _)fa +fm+l) ®tk(fk _)fk+fm+l)+tlt(fk_)fk +fm+l) ®ta(fa_)fa +fm+l)}LC+' (F24)

"Note that we have dropped “NS” in the superscripts on the right-hand side of this equation in order to avoid clutter.
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We define

Aa Aa,LC+ Aa,soft
Daa’ = Daa’ + Daa’ ’

(F25)

where li‘;’;f’ﬁ uses the difference of the color operators with full color and with the LC+ approximation. Then 1322,0 ™ has soft

singularities but no collinear singularities, so we define the unresolved region for this operator using U (soft, u2(t)). Thus

ﬁmm%{pﬁmp@fhwd»

tﬁ”/ 5(LP. s — Rulz. 0.

kq’:a

+tk(fk _)fk+fAm+1) ®ta(fa_)fa+]?m+l)}_
+tlt(fk _)fAk_FfAm-H) ®ta(fa_)fa+fm+l)}LC+:|'

Ap, f}m))

0((z,9) € U(soft, uZ(1))

XZ Oui Wofak,119¢ ¢k)|:{ta( —>fa+fm+1)®fk(fk—’fk+fm+1)

{tjl(fa _)]?a+fm+1) ® tk(fk - fk +fm+1)
(F26)
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