
Multivariable evolution in parton showers with initial state partons

Zoltán Nagy*

Deutsches Elektronen-Synchrotron DESY, Notkestraße 85, 22607 Hamburg, Germany

Davison E. Soper †

Institute for Fundamental Science, University of Oregon, Eugene, Oregon 97403-5203, USA

(Received 18 April 2022; accepted 22 June 2022; published 26 July 2022)

One can use more than one scale variable to define the family of surfaces in the space of parton splitting
parameters that define the evolution of a parton shower. In an earlier paper, we developed this idea for
electron-positron annihilation. Here, we use multiple scale variables for a parton shower with initial state
partons. Then we need a more sophisticated analysis because the evolution of parton distribution functions
must be coordinated with the parton shower evolution. We make the needed connections more precise than
in our earlier work, even for the case of just one scale variable. Then we develop an example with three
scale variables, which leads to advantages compared to the usual shower formulation with only one scale
variable. We provide results for Drell-Yan muon pair production.
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I. INTRODUCTION

In a parton shower event generator, one can view the
parton state as evolving according to an operator based
renormalization group equation. Starting with a state with
just a few partons, the shower evolves as a scale μS changes
from a large value μH characteristic of the starting state to a
low value μf on the order of 1 GeV. As the shower evolves,
more and more partons are emitted. The function of the
shower scale μS is to divide possible parton splittings into
resolvable splittings, with scales μ > μS, and unresolvable
splittings, with scales μ < μS. There is substantial freedom
to choose exactly what this means. The space of possible
splittings is divided into the resolvable and unresolvable
regions by a surface labeled by μS. Many different choices
are possible for defining this surface. For instance, one can
use a measure of the transverse momentum in the splitting to
define the surface or one can use a measure of the virtuality
in the splitting.
In this paper, we explore the possibility of using more

than one variable to define a family of surfaces within the
framework of our parton shower program DEDUCTOR.
Instead of one μS, we use μ⃗S ¼ ðμS;1; μS;2;…Þ. Then

evolution means moving from large values of the compo-
nent scales μS;n to small values along a path μ⃗SðtÞ. Defining
this path is then part of defining the shower algorithm.
There is an additional freedom available when multiple

scales are involved. It may be possible to divide the shower
splitting functions into separate terms such that one of the
terms is not sensitive to one of the scales in the sense that no
singularity is encountered when this scale approaches zero.
When this happens, we can modify the definition of the
unresolved region for this term in a way that makes this
term exactly independent of this scale. This redefinition can
simplify the shower evolution.
In this paper, we explore the additional freedom obtained

by using three scales instead of one.
This general concept works for proton-proton, e�-proton,

and eþe− collisions. In Ref. [1], we considered the simplest
case, eþe− collisions. In this paper, we consider collisions
involving incoming hadrons, with an emphasis on hadron-
hadron collisions. With incoming hadrons, the needed
theoretical construction is more involved than in eþe−

annihilation. First, the representation of the cross section
needs both a shower operator Uðtf ; tHÞ and an operator
UVðtf ; tHÞ that sums threshold logarithms. Second, the
description of initial state splittings using “backward
evolution” requires the use of parton distribution functions
(PDFs). Since the evolution of these functions must be
coordinated with the evolution of the shower, they are not, in
general, the MS PDFs used in fixed order perturbation
theory. We refer to the PDFs used in the shower as shower
oriented PDFs. We review this connection in some detail in
this paper, expanding on our previous treatments.
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Much of the analysis of this paper concerns what we call
the infrared sensitive operator [2], DðμR; μ⃗SÞ, where μR is
the renormalization scale and μ⃗S represents one or more
shower scales that define the unresolved region. In a first
order shower with just one shower scale and with μR ¼ μS,
we use the first order contribution D½1�ðμS; μSÞ. This can be
thought of as being the more familiar shower splitting
operator, S½1�ðμ0Þ integrated over μ0 from μ0 ¼ μS down to
μ0 ¼ 0. This integral would be infrared divergent, but we
perform the integration in 4 − 2ϵ dimensions to regulate the
divergence. This makes D½1� seem like a derived quantity,
but we considerD½1� to be the starting point of the definition
of a shower [2]. Then it is the shower splitting operator S½1�

that is the derived quantity. By usingD as the starting point,
we connect to the definitions of renormalization, factori-
zation, and parton distribution functions used for the
calculation of cross sections at any perturbative order
in QCD.
We introduce the analysis in this paper with a review in

Sec. II of the vector space of parton states used in the
DEDUCTOR framework. In Sec. III, we sketch the role of the
infrared sensitive operator D and, with some important
notation established, we provide in Sec. IV a preview of
what is technically new in this paper.
We turn in Sec. V to a detailed analysis of the structure

of D. There is another operator that we need, the infrared
finite operator V. We analyze its structure in Sec. VI. With
the operators D and V available, we turn in Sec. VII to the
operator Uðt0; tÞ that generates the probability preserving
parton shower and the operator UVðt0; tÞ that corrects for the
mismatch between shower evolution and PDF evolution
and thereby generates a summation of threshold logarithms.
This leads us to the definition of the shower oriented PDFs
in Sec. VIII.
In Sec. IX, we start with one scale that represents kT

ordering, DEDUCTOR’s standard Λ ordering, or angular
ordering. Then we add two additional scale parameters,
μE that controls soft splittings and μiπ that controls the
imaginary part of virtual exchange graphs. Next, we see
how one can modify the definition of the unresolved
region for parts of the generators of Uðt0; tÞ and UVðt0; tÞ
that are sensitive only to some of the scale parameters but
not others. In Sec. X we suggest a special three component
choice of path in the space of scale parameters. In Sec. XI
we show how the operators used to express an infrared
safe cross section behave on the suggested path.
We provide a numerical example in Sec. XII: the Drell-

Yan cross section for muon pair production via vector
boson production. We offer a summary and some comments
in Sec. XIII.
We also include a number of Appendices, A, B, C, D, E,

and F, that document derivations and formulas that are
treated only briefly in the main text.

II. PARTONS AND THE STATISTICAL SPACE

This paper generally concerns the definition of the
unresolved region in the space of parton momenta in a
parton shower and then how the definition of the unresolved
region affects the parton shower. We will concentrate on
emissions in a first order shower, but we include a
discussion of the general case of a shower algorithm with
splitting functions defined at an arbitrary order of perturba-
tion theory. We use the general framework presented in
Ref. [2]. This general framework allows for substantial
freedom in choosing the functions that define a particular
parton shower algorithm. We have developed a particular
realization of these choices for a first order shower [3],
a realization that is in many ways similar to other first order
parton shower algorithms. It remains an open problem to
realize these choices for a parton shower with splitting
functions beyond order αs.
The description that we use is based on linear operators

on a vector space that describes the state of the partons in
the shower, which we call the statistical space [3]. We begin
by recalling the nature of this space.
We consider the description of a cross section in hadron-

hadron collisions. At a particular stage in the shower, there
are m final state partons plus two initial state partons with
labels “a” and “b.” The partons have momenta and flavors
fp; fgm ¼ fpa; fa;pb; fb;p1; f1;p2; f2;…; pm; fmg. We
define Q by

Xm
i¼1

pi ¼ Q: ð1Þ

Then also Q ¼ pa þ pb.
The theory is expressed using linear operators that act on

a vector space that we call the statistical space. Basis
vectors for this space have the form jfp; f; c; c0; s; s0gm).
Here ðc; c0Þ and ðs; s0Þ represent the quantum colors and
spins of the initial and final state partons. We use the
apparatus of quantum statistical mechanics, with the color
and spin part of jfp; f; c; c0; s; s0gm) representing the
density matrix jfc; sgmihfc0; s0gmj.
In order to properly incorporate quantum mechanics into

a parton shower, one must include both quantum color and
spin. It is quite straightforward to include both color and
spin in the evolution equations for a first order shower.
For color, one then needs an approximation to obtain a
description that can be implemented in a practical computer
program. DEDUCTOR uses the “LCþ” approximation [4].
Thus our description in this paper uses full color, with the
LCþ approximation playing a special role in Secs. IX C, X,
and XI. A proper implementation of spin [5,6] is replaced by
simple spin averaging in DEDUCTOR. Because of this, we
omit spin quantum numbers in everything that follows in
this paper. This results in a simpler notation without
seriously obscuring conceptual issues. Using quantum color
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but not spin, the basis vectors for the statistical space have
the form jfp; f; c; c0gm), where the color quantum numbers
represent the density matrix jfcgmihfc0gmj. We use the trace
basis for the vectors jfcgmi [3].
In order to use the statistical space to express a cross

section, we need the probability associated with a vector jρÞ
in the statistical space. We define a vector ð1j so that the
probability associated with jρÞ is ð1jρÞ [3]. We define
ð1j by using the probability associated with a basis state
jfp; f; c; c0gm):

ð1jfp; f; c; c0gmÞ ¼ ð1pf jfp; fgmÞð1colorjfc; c0gmÞ ð2Þ

with

ð1pf jfp; fgmÞ ¼ 1;

ð1colorjfc; c0gmÞ ¼ hfc0gmjfcgmi: ð3Þ

III. THE INFRARED SENSITIVE OPERATOR

The shower description in Ref. [2] begins with an
operator on the statistical space, Dðμ2R; μ2SÞ, that we call
the infrared sensitive operator. This operator includes a
specification of what one means by an unresolved splitting
in the shower. In this section, we introduce this operator and
the operators that are derived from it.
The operator Dðμ2R; μ2SÞ describes the soft and collinear

singularities of QCD. Here μR is the standard renormaliza-
tion scale and μS is called the shower scale. In this paper,
we contemplate the possibility of having more than one
independent shower scale, μ⃗S ¼ ðμS;1; μS;2;…Þ. The infra-
red sensitive operator is expanded in operators D½n�ðμR; μ⃗SÞ
that are proportional to αns :

DðμR; μ⃗SÞ ¼ 1þ
X∞
n¼1

D½n�ðμR; μ⃗SÞ: ð4Þ

The operator D½n� is further expanded as

D½n�ðμR; μ⃗SÞ ¼
Xn
nR¼0

Xn
nV¼0

nRþnV¼n

D½nR;nV�ðμR; μ⃗SÞ: ð5Þ

Here D½nR;nV� creates nR real emissions and nV virtual
exchanges. After one of these operators acts on a state
jfp; f; c; c0gm), we have partons with momenta and flavors
fp̂; f̂gm̂ with m̂ ≥ m. The new total momentum is

X̂m
i¼1

p̂i ¼ Q̂: ð6Þ

The first order contribution to D forms the basis for a
first order shower. It consists of

D½1�ðμR; μ⃗SÞ ¼
X
l

D½1�
l ðμR; μ⃗SÞ

¼
X
l

½D½1;0�
l ðμR; μ⃗SÞ þD½0;1�

l ðμR; μ⃗SÞ�: ð7Þ

In D½1;0�
l , the parton labeled l splits into two partons, one

labeled l and one labeled mþ 1. Here l ∈ fa; b; 1;…; mg.
The operator D½0;1�

l corresponds to virtual graphs, either
self-energy graphs for parton l or graphs in which a gluon is
exchanged between parton l and another parton. The virtual
exchange part has both real and imaginary contributions,

D½0;1�
l ¼ ReD½0;1�

l þ iImD½0;1�
l . We examine the imaginary

contributions in Sec. VG. Until then, we mostly concen-
trate on the real contributions.

The operators D½1;0�
l and the real parts of D½0;1�

l for
l ∈ f1;…; mg, as well as their connection to the parton
shower, were described in some detail in Ref. [1]. This
leaves l ∈ fa; bg. The case l ¼ b is the same as l ¼ a
with the replacement a ↔ b, so it suffices to describe the
case l ¼ a.
The infrared sensitive operator D provides the basis for

the definition of the probability preserving parton shower
evolution operator ([7], Eqs. (27), (51), and (54), or [2])

Uðt2; t1Þ ¼ T exp

�Z
t2

t1

dtSðtÞ
�
: ð8Þ

Here the scale parameters evolve along a path μRðtÞ; μ⃗sðtÞ
as a function of the shower time t and T indicates ordering
in t. The generator operator S at lowest perturbative order
is related to parton distribution functions supplied by an
operator F ðμ2RÞ ¼ F aðμ2RÞF bðμ2RÞ defined in Eq. (A11) and
to the infrared sensitive operator at lowest perturbative
order, D½1�.
The first order generator of the probability preserving

shower consists of three terms,

S½1�ðtÞ ¼ S½1;0�ðtÞ − ½S½1;0�ðtÞ�P þ iπS½0;1�
iπ ðtÞ: ð9Þ

The operator in the first term adds one emitted parton to the
statistical state. It is obtained by differentiating D½1;0�:

S½1;0�ðtÞ ¼ −F ðμ2RðtÞÞ
X
i

dμ2S;iðtÞ
dt

∂D½1;0�ðμRðtÞ; μ⃗SðtÞÞ
∂μ2S;i

× F−1ðμ2RðtÞÞ: ð10Þ

The operator in the second term, which we denote by
½S½1;0�ðtÞ�P, leaves the number of partons and their momenta
and flavors unchanged. As described in Appendix A, it is
determined from the real emission operator S½1;0�ðtÞ by
integrating over the splitting variables for a splitting that
might have happened, but did not. With this definition,

MULTIVARIABLE EVOLUTION IN PARTON SHOWERS WITH … PHYS. REV. D 106, 014024 (2022)

014024-3



Uðt2; t1Þ conserves the total probability of the statistical
state: ð1jUðt2; t1Þ ¼ ð1j. The operator in the third term also
leaves the number of partons and their momenta and flavors
unchanged. It is obtained by differentiating the imaginary
part of the virtual exchange operator D½0;1�:

iπS½0;1�
iπ ðtÞ ¼ −

X
i

dμ2S;iðtÞ
dt

∂ i ImD½0;1�ðμRðtÞ; μ⃗SðtÞÞ
∂μ2S;i

: ð11Þ

This operator does not change probabilities: ð1jS½0;1�
iπ ðtÞ¼0.

We return to these relations in more detail in Sec. VII.
The infrared sensitive operator D also provides the basis

for the definition of the inclusive infrared finite operator
VðμR; μ⃗SÞ [2,8], which we examine starting in Sec. VI. The
structure of this operator is crucial to the definition of
shower oriented parton distribution functions, examined in
Sec. VIII. It is also needed for the definition of the operator
UVðt; t0Þ that produces the summation of threshold loga-
rithms and is examined in Sec. VII.

IV. NEW FEATURES IN THIS PAPER

The structure of the shower cross section with initial
state splittings is more complicated than with just final
state splittings because this structure has to include parton
distribution functions and the interplay between PDF
evolution and shower evolution. For this reason, we
provide a rather detailed analysis in what follows. We
extend the analysis of Refs. [2,8–10] in several ways.
First, we allow for the presence of more than one
independent shower scale: μS → μ⃗S. Second, we present
a more precise derivation of the needed relation between
standard MS PDFs and the PDFs needed internally in the
shower. Third, we provide an improved determination of
the shower oriented PDFs from the MS PDFs. Fourth, we

write the real emission operator D½1;0�
a ðμR; μ⃗SÞ in what we

think is a clearer notation. Fifth, we provide a simpler
definition of the real part of the virtual exchange operator

ReD½0;1�
a ðμR; μ⃗SÞ than appears in Refs. [2,8,10]. Sixth, we

provide a simpler definition of the imaginary part of the
virtual exchange operator ImD½0;1�ðμR; μ⃗SÞ that appears in
Refs. [4,11].

V. STRUCTURE OF THE INFRARED
SENSITIVE OPERATOR

The infrared sensitive operator includes a specification of
what one means by an unresolved splitting in the shower.
We cover what this means in several steps in this section.

A. Kinematics of parton splitting at first order

In the real emission operator D½1;0�
a ðμR; μ⃗SÞ, initial state

parton “a” splits, in the sense of backward evolution [12].
Before the splitting, the momentum of this parton is

pa ¼ ηapA; ð12Þ

where pA is the momentum of the incoming hadron (with
the approximation p2

A ¼ 0) and ηa is the momentum
fraction carried by the incoming parton. The new initial
state parton carries momentum

p̂a ¼ η̂apA: ð13Þ
A new final state parton carrying momentum p̂mþ1 with
p̂2
mþ1 ¼ 0, is produced. We define the momentum fraction

in the splitting by

z ¼ η

η̂
: ð14Þ

We define a dimensionless virtuality variable for the
splitting by

y ¼ 2p̂a · p̂mþ1

2pa ·Q
¼ − ðp̂a − p̂mþ1Þ2

Q2
: ð15Þ

We also denote by ϕ the azimuthal angle of p̂mþ1 around
the direction of pa in the rest frame ofQ. The three splitting
variables y; z;ϕ suffice to define the splitting. The momenta
fp̂gmþ1 of the partons after the splitting are determined by
y; z;ϕ and the momenta fpgm, as described in Appendix A.
It is sometimes useful to define a transverse momentum

variable for an initial state splitting,

k2T ¼ ð1 − zÞyQ2; ð16Þ

as in Eq. (A.8) of Ref. [10]. This is approximately the
absolute value of the square of the part of p̂mþ1 transverse
to pa and Q.1

We will specify D½1;0�
a ðμR; μ⃗SÞ in some detail in

Appendix A, but for now these details do not matter.

What is important is that D½1;0�
a exhibits collinear and soft

singularities. To describe these, it is useful to define an
angular variable

ϑ ¼ yz
1 − z

: ð17Þ

This is ð1 − cos θÞ=2 where θ is the angle between p̂a and
p̂mþ1 as measured in the rest frame of Q̂. The operator

D½1;0�
a is singular in the collinear limit ϑ → 0 with fixed

z, in the soft limit ð1 − zÞ → 0 with fixed ϑ, and in the
soft × collinear limit ð1 − zÞ → 0 and ϑ → 0. In the

integrations in D½1;0�
a , these singularities are regulated

with dimensional regularization.
We can also write ϑ as a function of z and k2T,

ϑ ¼ a⊥ðz; k2TÞ; ð18Þ

1The exact value is −ðp̂⊥
mþ1Þ2 ¼ yð1 − z − zyÞQ2.
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where

a⊥ðz; k2TÞ ¼
zk2T

ð1 − zÞ2Q2
: ð19Þ

We will use the variables z and ϑ to describe a splitting.
Then y and k2T can be determined from ðz; ϑÞ using

y ¼ ð1 − zÞϑ
z

;

k2T ¼ ð1 − zÞ2ϑQ2

z
: ð20Þ

B. The unresolved region

The idea of the singular operator DðμR; μ⃗SÞ is that, when
applied to a parton basis state jfp; f; c; c0gm), it produces
approximated cut Feynman diagrams that have the same
infrared singularities as actual cut Feynman diagrams. Of
course, it does not match the behavior of Feynman
diagrams when the momenta are not close to one of these
singularities. For this reason, we define an unresolved
region, a bounded region in the parton momentum space
that surrounds the singularities of interest. For a parton

splitting included in D½1;0�
a ðμR; μ⃗SÞ, the unresolved region is

a region Uðμ⃗SÞ in the space of the splitting variables ðz; ϑÞ.
Since the angle variable ϑ defined in Eq. (17) has the range
0 < ϑ < 1, we always take the unresolved region Uðμ⃗SÞ to
be a subset of the region

0 < z < 1;

0 < ϑ < 1: ð21Þ

The shape of the region depends on parameters μ⃗s.
We define a family of unresolved regions by letting μ⃗S

depend on a parameter t with 0 < t < tf such that the
resolved region shrinks as t increases. Often tf ¼ ∞ is a
convenient choice. The singular lines 0 < z < 1 at ϑ ¼ 0
and 0 < ϑ < 1 at z ¼ 1 must be included in Uðμ⃗SðtÞÞ for
all t. This concept is discussed in some detail, with
examples, in Ref. [1].
In this paper, we will impose a fixed cutoff on k2T using a

parameter m2⊥ that is on the order of 1 GeV2. A splitting
in which

ϑ < a⊥ðz;m2⊥Þ ð22Þ

will always be counted as unresolved. This cutoff will serve
to keep resolved parton splittings in a range for which
perturbation theory is applicable.
For an initial state splitting involving a heavy quark or

antiquark, we impose an additional restriction on the
unresolved region. Here we count c and b quarks as heavy
with m2⊥ < m2

c < m2
b, while we consider other quarks to be

massless. When a massive parton with flavor a turns into a
gluon in the sense of backward evolution (so, going
forward in time, g → a with an emitted ā) we count the
splitting as unresolved if k2T < m2

a. This is consistent with
switching from a 5 flavor scheme for m2

b < μ2 to a 4 flavor
scheme for m2

c < μ2 < m2
b and then a 3 flavor scheme

μ2 < m2
c in MS parton distribution functions. Although the

definition of the unresolved region involves the masses of
heavy quarks, the shower splitting functions approximate
the quark masses by zero.2 We can summarize this
by saying that an initial state splitting with a → â in
backward evolution is always counted as unresolved when

ϑ < a⊥ðz;m2⊥ða; âÞÞ; ð23Þ

where

m2⊥ða; âÞ ¼ maxðm2⊥; m2
a −m2

âÞ: ð24Þ

In order to further specify the family of unresolved
regions, define a function acutðz; μ⃗SðtÞÞ such that ðz;ϑÞ ∈
Uðμ⃗SðtÞÞ if 0 < z < 1, 0 < ϑ < 1, and

ϑ < max facutðz; μ⃗SðtÞÞ; a⊥ðz;m2⊥ða; âÞÞg. ð25Þ

As t increases, acutðz; μ⃗SðtÞÞ decreases. In this paper, we
impose some conditions on this function. We require that
acutðz; μ⃗SðtÞÞ → 0 for t → tf. We further require that for
t → tf , acut takes a simpler limiting form,

acutðz; μ⃗SðtÞÞ ∼ alimðz; μ2limðμ⃗SðtÞÞÞ; ð26Þ

where μlim is a function μlimðμ⃗SÞ of the scales μ⃗S, with

μ2limðtÞ ¼ μ2limðμ⃗SðtÞÞ → 0 ð27Þ

for t → tf. We require that the limiting function
alimðz; μ2limðtÞÞ takes the factored form

alimðz; μ2limÞ ¼ fðzÞ μ
2
lim

Q2
: ð28Þ

Thus the scale parameter μlim controls the collinear limit
of acut when ϑ → 0 with fixed z. It is useful to choose

2It would be better to use on-shell charm and bottom quarks
with masses in the shower evolution and then use corresponding
quark mass dependence in the PDF evolution equations [13].
However, the current version of DEDUCTOR treats charm and
bottom quarks as massless except in the functions that define the
unresolved region for initial state splittings. With this approach,
the parton shower misses important effects when the scales μ⃗ are
not much greater than the quark masses.
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μ2RðtÞ ∼ μ2limðtÞ ð29Þ

for large t.
The function alimðz; μ2limðtÞÞ, together with the choice

of μ2RðtÞ, specifies the unresolved region and its relation to
the renormalization scale in the collinear limit, in which
acut ≪ 1 for fixed z. For the definitions of the unresolved
region considered in this paper, alimðz; μ2limðtÞÞ has the
very simple form shown in Eq. (28). This simple form
enables us to define shower oriented PDFs as a function
of a single scale μ2R. For not-so-large values of t, or not-
so-small values of acut, we can allow a more general
structure. First, we can maintain the relation (29) in the
large t limit while modifying μ2RðtÞ away from this limit.
Additionally, for small (1 − z) with t not large, we can
have alimðz; μ2CðtÞÞ > 1. We therefore allow a more gen-
eral form for acutðz; μ⃗SðtÞÞ:

acutðz; μ⃗SðtÞÞ ¼ alimðz; μ2limðtÞÞ expðhðz; μ⃗SðtÞÞ: ð30Þ

All that we need is that hðz; μ⃗SðtÞÞ → 0 at least as fast as
μ2RðtÞ=Q2 in the large t, small μ2RðtÞ=Q2 limit.

C. Simple cases for the unresolved region

Before we examine the relation between D½1;0�
a ðμR; μ⃗SÞ

and the shower, it may be helpful to provide some examples
of the unresolved region in cases with only one shower
scale, μ2C. With only one scale, we let μlimðμCÞ ¼ μC and

acutðz; μ2CÞ ¼ alimðz; μ2CÞ ¼ aCðz; μ2CÞ; ð31Þ

where we let aCðz; μ2CÞ be given by one of three choices,
a⊥ðz; μ2⊥Þ, aΛðz; μ2ΛÞ, or a∠ðz; μ2∠Þ. That is, in aCðz; μ2CÞ,
C ¼ ⊥, Λ, or ∠. In each case, we take the corresponding
renormalization scale to be μ2R ¼ μ2C.
kT definition: We can base the unresolved region on

the transverse momentum variable defined in Eq. (16).
A splitting is unresolved if k2T < μ2⊥, where μ2⊥ is the
shower scale. We choose μ2R ¼ μ2⊥. Accounting also for
the fixed m2⊥ða; âÞ cutoff, we adopt the definition that
ðz; ϑÞ ∈ Uðμ2⊥Þ if 0 < z < 1, 0 < ϑ < 1 and

ϑ < max fa⊥ðz; μ2⊥Þ; a⊥ðz;m2⊥ða; âÞÞg; ð32Þ

where a⊥ðz; μ2Þ is defined in Eq. (19).
Λ definition: The default ordering variable in DEDUCTOR

[14] is

Λ2 ¼ 2p̂a · p̂mþ1

2pa ·Q0

Q2
0; ð33Þ

where Q0 is the total momentum of the final state partons

at the start of the shower. Thus, letting ηð0Þa and ηð0Þb be the

momentum fractions of the initial state partons at the start
of the shower,

Λ2 ¼ yQ2
ηð0Þa ηð0Þb s

ηaη
ð0Þ
b s

¼ yQ2

ra
; ð34Þ

where

ra ¼
ηa

ηð0Þa

: ð35Þ

A splitting is considered unresolved if Λ2 < μ2Λ, where
μ2Λ is the shower scale. We choose μ2R ¼ μ2Λ. Accounting
also for the fixed m2⊥ða; âÞ cutoff, we say that ðz;ϑÞ ∈
Uðμ2ΛÞ if 0 < z < 1, 0 < ϑ < 1 and

ϑ < max faΛðz; μ2ΛÞ; a⊥ðz;m2⊥ða; âÞÞg; ð36Þ

where a⊥ðz; μ2Þ is defined in Eq. (19) and

aΛðz; μ2Þ ¼
zraμ2

ð1 − zÞQ2
: ð37Þ

ϑ definition: We can use the angle variable ϑ as the
ordering variable.3 Then we consider a splitting to be
unresolved if ϑQ2 < μ2∠, where μ2∠ is the shower scale. We
choose μ2R ¼ μ2∠. Accounting also for the fixed m2⊥ða; âÞ
cutoff, we say that ðz; ϑÞ ∈ Uðμ2∠Þ if 0 < z < 1, 0 < ϑ < 1

and

ϑ < max fa∠ðz; μ2∠Þ; a⊥ðz;m2⊥ða; âÞÞg; ð38Þ

where a⊥ðz; μ2Þ is defined in Eq. (19) and

a∠ðz; μ2Þ ¼
μ2

Q2
: ð39Þ

D. Splitting operator for real emissions

Real parton splittings at first order in αs are created by

the operator F aD
½1;0�
a F−1

a applied to a state jfp; f; c; c0gm).
We can now state very briefly what F aD

½1;0�
a F−1

a contains.
The details are in Appendix A.
In the context of a shower cross section, the state is

always accompanied by PDFs that are part of the proba-
bility associated with that state. The PDFs are supplied
by an operator F aðμ2RÞF bðμ2RÞ, Eq. (A11). For initial state
splittings of parton “a” realized by backward evolution,
we need to remove the prior PDF factor by applying the
operator F−1

a ðμ2RÞ. Then after the splitting we supply the

3We could use the angle measured in the fixed reference frame
defined by Q0, but then the formulas are more complicated.
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new PDF factor by applying the operator F aðμ2RÞ. Thus it is
useful to consider the operator F aD

½1;0�
a F−1

a .
We apply D½1;0�

a ðμR; μ⃗2SÞ with its accompanying PDF
operators to an m-parton state and write the result in the
form

F aðμ2RÞD½1;0�
a ðμR; μ⃗SÞF−1

a ðμ2RÞjfp; f; c; c0gmÞ

¼
Z

dfp̂; f̂gmþ1jfp̂; f̂gmþ1Þ

×
αsðμ2RÞ
2π

X
â

Z
1

0

dz
z

fâ=Aðηa=z; μ2RÞ
fa=Aðηa; μ2RÞ

× D̂a
aâðz; fp̂; f̂gmþ1; fp; fgmÞjfc; c0gmÞ: ð40Þ

Here D½1;0�
a adds one new parton and we integrate over the

momenta and flavors fp̂; f̂gmþ1 of the partons after the
splitting. There are dimensionally regulated singularities,
so this integration is in 4 − 2ϵ dimensions for each
momentum. Then D̂a

aâ is a function of the momenta and
flavors before and after the splitting and is an operator that
maps the m-parton color space to the mþ 1 parton color
space. The index a in D̂a

aâ is the flavor of the incoming
parton “a.” The operator D̂a

aâ also depends on the scales μ2R
and μ⃗S and it depends on ϵ, but here we do not make that
dependence explicit in the notation.
The operator D̂a

âa takes the form

D̂a
aâðz; fp̂; f̂gmþ1; fp; fgmÞ ¼

zϵ

ð1 − zÞ2ϵ
�
μ2R
Q2

�
ϵ ð4πÞϵ
Γð1 − ϵÞ

Z
1

0

dϑ
ϑ
½ϑð1 − ϑÞ�−ϵ

Z
d1−2ϵϕ

Sð2 − 2ϵÞΘððz; ϑÞ ∈ Uðμ⃗SÞÞ

× δðfp̂; f̂gmþ1 − Raðz;ϑ;ϕ; â; fp; fgmÞÞ
X
k

1

2

�
θðk ¼ aÞ 1

Nða; âÞ P̂aâðz; ϑ; ϵÞ

− θðk ≠ aÞ 2δaâ
1 − z

W0ðξak; z; ϑ;ϕ − ϕkÞ
�
ft†aðfa → f̂a þ f̂mþ1Þ ⊗ tkðfk → f̂k þ f̂mþ1Þ

þ t†kðfk → f̂k þ f̂mþ1Þ ⊗ taðfa → f̂a þ f̂mþ1Þg: ð41Þ

The pieces in this formula are described in Appendix A.
Here we mention only the most important features. The
operator D̂a

aâ depends on the splitting variable z and on â,
which is the flavor of the incoming parton after the splitting
(in the sense of backward evolution). The right-hand side
of Eq. (41) begins with integrations over the other two
splitting variables ϑ and ϕ, with appropriate dependence on
the dimensional regulation parameter ϵ. There is a theta
function that requires ðz;ϑÞ to be in the unresolved region
Uðμ⃗SÞ according to the shower scales μ⃗S. After the
integrations, there is a delta function that sets fp̂; f̂gmþ1

to the momenta and flavors obtained from a splitting with
variables ðz; ϑ;ϕ; âÞ applied to partons with momenta and
flavors fp; fgm according to DEDUCTOR conventions.
DEDUCTOR is a dipole shower. There is a sum over the

index k ∈ fa; b; 1;…; mg of a dipole partner parton for the
splitting of parton “a.” For the case that k ¼ a, there is a
splitting probability P̂aâðz; ϑ; ϵÞ, Eqs. (A18), (A19), (A20),
and (A21). For ϵ ¼ ϑ ¼ 0, this is the standard Dokshitzer-
Gribov-Lipatov-Alterelli-Parisi (DGLAP) splitting func-
tion. The function Nða; âÞ provides a color factor,
Eq. (A15). For k ≠ a, we have a gluon emitted from
parton “a” in the ket state interfering with a gluon emitted
from parton k in the bra state, or the same configuration
with bra and ket interchanged. The function W0 depends
on ξak ¼ pa · pk=pk ·Q. This function is described in
detail in Appendix A. It has the important property that

W0=½ð1 − zÞϑ� is singular when the gluon is soft, but not
when it is collinear to pa.
The final factor in Eq. (41) contains color operators that

act on the ket color state jfc; c0gm) to give the linear
combination of new color states jfĉ; ĉ0gmþ1) that one gets
after emitting the new parton mþ 1. In t†a ⊗ tk, t

†
a acts on

the ket color state jfcgmi to give a new ket color state
t†a jfcgmi and tk acts on the bra color state hfc0gmj to give a
new bra color state hfc0gmjtk. When parton mþ 1 is a
gluon, the color operators obey the identity

X
k

tkðfk → fk þ gÞ ¼ 0: ð42Þ

We have used this identity to rewrite the operator D½1;0�
a

used in DEDUCTOR [10] in what we think is a more
transparent form.

E. Inclusive probability for real emission

We have presented the matrix element to obtain a

particular state jfp̂; f̂; ĉ; ĉ0gmþ1) produced by D½1;0�
a . We

also need the inclusive probability for a splitting starting
from the state jfp; f; c; c0gm). Using Eqs. (2) and (3), the

probability corresponding to F aD
½1;0�
a F−1

a applied to the
state jfp; f; c; c0gm) is
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ð1jF aðμ2RÞD½1;0�
a ðμ2R; μ⃗SÞF−1

a ðμ2RÞjfp; f; c; c0gmÞ

¼
Z

dfp̂; f̂gmþ1

αsðμ2RÞ
2π

X
â

Z
1

0

dz
z

fâ=Aðηa=z; μ2RÞ
fa=Aðηa; μ2RÞ

ð1colorjD̂a
aâðz; fp̂; f̂gmþ1; fp; fgmÞjfc; c0gmÞ: ð43Þ

We write this using another operator P̂a
aâ as

ð1jF aðμ2RÞD½1;0�
a ðμ2R; μ⃗SÞF−1

a ðμ2RÞjfp; f; c; c0gmÞ ¼
αsðμ2RÞ
2π

X
â

Z
1

0

dz
z

fâ=Aðηa=z; μ2RÞ
fa=Aðηa; μ2RÞ

ð1colorjP̂a
aâðz; fpgmÞjfc; c0gmÞ; ð44Þ

where ð1colorj times the operator P̂a
aâ is

ð1colorjP̂a
aâðz; fpgmÞjfc; c0gmÞ

¼ zϵ

ð1 − zÞ2ϵ
�
μ2R
Q2

�
ϵ ð4πÞϵ
Γð1 − ϵÞ

Z
1

0

dϑ
ϑ
½ϑð1 − ϑÞ�−ϵ

Z
d1−2ϵϕ

Sð2 − 2ϵÞΘððz; ϑÞ ∈ Uðμ⃗SÞÞ

×
X
k

1

2

�
θðk ¼ aÞ 1

Nða; âÞ P̂aâðz; ϑ; ϵÞ − θðk ≠ aÞ 2δaâ
1 − z

W0ðξak; z; ϑ;ϕ − ϕkÞ
�

× hfc0gmjtkðfk → f̂k þ f̂mþ1Þt†aðfa → f̂a þ f̂mþ1Þ þ taðfk → f̂k þ f̂mþ1Þt†kðfa → f̂a þ f̂mþ1Þjfcgmi: ð45Þ

Here we have used the momentum conserving delta
function in D̂a

aâ to eliminate the integration over
fp̂; f̂gmþ1. In the color factor, we have used the instruction
in Eq. (3) to take the trace of the color density matrix after
the splitting. The flavors in the color factor are determined
by the flavor indices a and â. The argument fpgm of P̂a

aâ
refers to the dependence of W0 on the variables ξak.
We can simplify the color here. In the case that k ¼ a,

taðfa → f̂a þ f̂mþ1Þt†aðfa → f̂a þ f̂mþ1Þ ¼ Nða; âÞ; ð46Þ

where Nða; âÞ is the Casimir eigenvalue (A15) appropriate
to the flavor content of the splitting. When k ≠ a, the

emitted parton is always a gluon. The gluon line attaches to
line “a” with a color generator matrix Tc

a in the 8, 3 or 3̄
representation according to the flavor of parton a. The
gluon line attaches to line k with the appropriate generator
matrix Tc

k. Then we sum over the gluon color index c. The
result can be denoted by Tk · Ta. Thus for k ≠ a,

tkðfk → f̂k þ f̂mþ1Þt†aðfa → f̂a þ gÞ
¼ taðfa → f̂a þ gÞt†kðfk → f̂k þ gÞ
¼ Tk · Ta: ð47Þ

These simplifications give us

ð1colorjP̂a
aâðz; fpgmÞjfc; c0gmÞ ¼

zϵ

ð1 − zÞ2ϵ
�
μ2R
Q2

�
ϵ ð4πÞϵ
Γð1 − ϵÞ

Z
1

0

dϑ
ϑ
½ϑð1 − ϑÞ�−ϵ

Z
d1−2ϵϕ

Sð2 − 2ϵÞΘððz; ϑÞ ∈ Uðμ⃗SÞÞ

×

�
P̂aâðz; ϑ; ϵÞhfc0gmjfcgmi −

X
k≠a

δaâ
2

1 − z
W0ðξak; z; ϑ;ϕ − ϕkÞhfc0gmjTk · Tajfcgmi

�
:

ð48Þ

This specifies ð1colorjP̂a
aâðz; fpgmÞ but not the operator P̂a

aâðz; fpgmÞ. We note that

hfc0gmjTk · Tajfcgmi ¼ Tr½Tk · Tajfcgmihfc0gmj� ¼ Tr½jfcgmihfc0gmjTk · Ta�: ð49Þ

Thus we can define the color content of P̂a
aâðz; fpgmÞ by
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P̂a
aâðz; fpgmÞ ¼

zϵ

ð1 − zÞ2ϵ
�
μ2R
Q2

�
ϵ ð4πÞϵ
Γð1 − ϵÞ

Z
1

0

dϑ
ϑ
½ϑð1 − ϑÞ�−ϵ

Z
d1−2ϵϕ

Sð2 − 2ϵÞΘððz; ϑÞ ∈ Uðμ⃗SÞÞ

×

�
P̂aâðz; ϑ; ϵÞ½1 ⊗ 1� −

X
k≠a

δaâ
2

1 − z
W0ðξak; z; ϑ;ϕ − ϕkÞ

1

2
f½Tk · Ta ⊗ 1� þ ½1 ⊗ Tk · Ta�g

�
: ð50Þ

This particular choice of the color operator in the second
term in P̂a

aâ gives this operator the color structure of a
virtual gluon exchange between partons “a” and k.

F. Real part of the virtual exchange operator

According to Eq. (7), the singular operator D½1�
a consists

of two terms, D½1;0�
a that specifies real splittings of parton

“a” and D½0;1�
a , in which a virtual parton is exchanged. We

have described D½1;0�
a . We now would like to define the real

part of D½0;1�
a ðμR; μ⃗SÞ. We consider the imaginary part of

D½0;1�ðμR; μ⃗SÞ, for exchanges involving both initial state and
final state partons, in the following subsection.

The operator D½0;1�
a comes from virtual graphs, in which

we integrate over a momentum q that flows around a loop.
This operator describes the infrared singularity structure

when q → 0 or q becomes collinear with pa [2]. SinceD
½0;1�
a

simply captures the singularities, it is defined to leave

parton momenta and flavors unchanged. The operatorD½0;1�
a

does, however, change colors. First, it contains terms from
self-energy insertions on one of the parton legs. These
terms are proportional to the unit operator on the color
space times CF or CA. Second, there are terms coming from
gluon exchanges between two parton legs. These terms are
proportional to either ½Tk · Ta ⊗ 1� for a virtual graph on
the ket amplitude or ½1 ⊗ Tk · Ta� for a virtual graph on the
bra amplitude. The virtual graphs have 1=ϵ2 and 1=ϵ poles.
By using the identity (42), we can arrange that the terms
proportional to the unit operator on the color space have
1=ϵ2 and 1=ϵ poles, while the terms with ½Tk · Ta ⊗ 1� and
½1 ⊗ Tk · Ta� color operators have only 1=ϵ poles that arise
from the exchange of a soft gluon.

Since ReD½0;1�
a leaves parton momenta and flavors

unchanged but can change the m-parton color state, it
has the form

ReD½0;1�
a ðμR; μ⃗SÞjfp; f; c; c0gmÞ

¼ jfp; fgmÞ
αsðμ2RÞ
2π

ΓaðfpgmÞjfc; c0gmÞ; ð51Þ

where a is the flavor of the incoming parton “a.” The
operator ΓaðfpgmÞ has a soft divergence that should be
regulated. As we will see, this divergence is canceled.
Now, we need to define Γa. The probability associated

with ReD½0;1�
a is

ð1jReD½0;1�
a ðμR; μ⃗SÞjfp; f; c; c0gmÞ

¼ αsðμ2RÞ
2π

ð1colorjΓaðfpgmÞjfc; c0gmÞ: ð52Þ

The probability associated with ImD½0;1�
a vanishes [10].

Thus

ð1jD½0;1�
a ðμR; μ⃗SÞjfp; f; c; c0gmÞ

¼ αsðμ2RÞ
2π

ð1colorjΓaðfpgmÞjfc; c0gmÞ: ð53Þ

We can combine the probabilities (44) associated with

D½1;0�
a and (53) associated with D½0;1�

a to obtain the

probability associated with D½1�
a (noting that F a commutes

with D½0;1�
a ):

ð1jF aðμ2RÞD½1�
a ðμ2R; μ⃗SÞF−1

a ðμ2RÞjfp; f; c; c0gmÞ

¼ αsðμ2RÞ
2π

X
â

Z
1

0

dz
z

fâ=Aðηa=z; μ2RÞ
fa=Aðηa; μ2RÞ

× ð1colorjPa
aâðz; fpgmÞjfc; c0gmÞ; ð54Þ

where

Pa
aa0 ðz; fpgmÞ ¼ P̂a

aa0 ðz; fpgmÞ þ δaa0δð1 − zÞΓa0 ðfpgmÞ:
ð55Þ

We now propose a definition for the operator Γa. Both
the real and virtual terms in Pa

aa0 ðz; fpgmÞ contain 1=ϵ2 and
1=ϵ poles. However, as we will see in Appendix B,
collinear factorization and real-virtual cancellations lead to

�X
a

Z
1

0

dz zPa
aa0 ðz; fpgmÞ

�
poles

¼ 0: ð56Þ

This fixes the pole part of Γaðfpgm; ϵÞ but leaves its finite
part undefined. It is not straightforward to impose an
ultraviolet cutoff on the unresolved region for virtual
graphs that matches the cutoff that we used for real
emission graphs. In Ref. [10] we proposed a method for
this. Here, we propose a simpler method that gives
essentially the same result. A similar strategy is used
in Ref. [15]. We impose a momentum sum rule on
Pa
aa0 ðz; fpgmÞ:
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X
a

Z
1

0

dz zPa
aa0 ðz; fpgmÞ ¼ 0: ð57Þ

This defines ΓaðfpgmÞ:

Γa0 ðfpgmÞ ¼ −
X
c

Z
1

0

dz zP̂a
ca0 ðz; fpgmÞ: ð58Þ

We can write the value of P with the virtual contributions
determined by the momentum sum rule (MSR) as

Pa
aa0 ðz; fpgmÞ ¼ ½P̂a

aa0 ðz; fpgmÞ�MSR; ð59Þ

where ½P̂a�MSR is defined using a subtraction at z ¼ 1 on P̂a

considered as a matrix in aa0. For a generic operator
Aaa0 ðz; fpgmÞ, the definition is

½Aaa0 ðz; fpgmÞ�MSR ¼ Aaa0 ðz; fpgmÞ; a ≠ a0 ð60Þ

and

½Aaaðz; fpgmÞ�MSR ¼ 1

z
½zAaaðz; fpgmÞ�þ

− δð1 − zÞ
X
c≠a

Z
1

0

dz̄ z̄Acaðz̄; fpgmÞ:

ð61Þ

Here ½� � ��þ denotes the usual þ prescription,

Z
1

0

dz½FðzÞ�þhðzÞ ¼
Z

1

0

dzFðzÞfhðzÞ − hð1Þg: ð62Þ

G. Imaginary part of the virtual exchange operator

The operator D½0;1�, in which a virtual parton is
exchanged between two partons, has an imaginary part
when the two partons are either two final state partons or
the two initial state partons. Our calculation here builds on
that in Ref. [4]. We write the imaginary part of D½0;1� as

iImD½0;1�ðμR; μ⃗SÞjfp; f; c; c0gmÞ

¼ jfp; fgmÞ
αsðμ2RÞ
2π

×

�
GabðfpgmÞ þ

Xm−1

l¼1

Xm
k¼lþ1

GlkðfpgmÞ
�

× jfc; c0gmÞ: ð63Þ

Here we sum over pairs of distinct final state partons and
over the single possible pair of initial state partons,
fl; kg ¼ a; b. The operator D½0;1�ðμR; μ⃗SÞ corresponds to
the graph in which a gluon is exchanged between partons.
The gluon exchange is approximated as not changing the

parton momenta, so that when D½0;1� is applied to a state
jfp; f; c; c0gm), the momenta and flavors of the resulting
state remain fp; fgm. However, D½0;1� can change the
parton color state.
For a final state interaction, illustrated in Fig. 1, let us

denote the parton momenta before the exchange by kl
and kk. For an initial state scattering, kl and kk denote the
parton momenta before the exchange in the sense of
backward evolution. The partons with momenta kl and
kk connect to a graph representing much harder interactions
in which kl and kk are approximated as pl and pk.
To obtain the imaginary part of the graph, we replace the

propagators for the partons with momenta kl and kk by
delta functions, i=ðk2l þ iϵÞ → 2πδðk2l Þ and i=ðk2k þ iϵÞ →
2πδðk2kÞ. Thus the imaginary part of the diagram corre-
sponds to elastic parton-parton scattering. We integrate
over the scattering angle θ in the pl þ pk rest frame. The
integral is logarithmically divergent at θ → 0. We regulate
the divergence using dimensional regularization with a
scale μ2IR and impose a cut

1 − cos θ < xlk; ð64Þ

so that we integrate over an “unresolved” interval with
boundary xlk that surrounds the singularity. Then, neglect-
ing contributions suppressed by a power of xlk, the
integration gives

GlkðfpgmÞ ¼ 2πi

� ð4πÞϵ
Γð1 − ϵÞ

�
2μ2IR
pl · pk

�
ϵ 1

ϵ
− logðxlkÞ

�

× ½Tl · Tk ⊗ 1 − 1 ⊗ Tl · Tk�: ð65Þ

There are two terms, proportional to Tl · Tk ⊗ 1 and
1 ⊗ Tl · Tk, which correspond to a gluon exchange in
the ket state and in the bra state, respectively. If we had
color factors 1 ⊗ 1, these terms would cancel. With the

FIG. 1. Virtual gluon exchange between partons l and k,
leading to an imaginary part of the virtual exchange operator.
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color factors that we have, ImD½0;1� can potentially have
an effect.
Now we can define a scale parameter μ2iπðμ⃗SÞ that

depends on the shower scale or scales μ⃗SðtÞ, so that then
μ2iπ depends on t. If there is only one scale, μC, as described
in Sec. V C for kT ordering, Λ ordering, or ϑ ordering, then
we can make the simplest choice, μ2iπ ¼ μ2C. We let the
scattering angle cutoff xlk be related to μ2iπ by

xlk ¼ μ2iπf
lk
iπðfpgmÞ; ð66Þ

where flkiπ is any function of the external parton momenta
that we choose. Then

GlkðfpgmÞ

¼ 2πi

� ð4πÞϵ
Γð1 − ϵÞ

�
2μ2IR
pl · pk

�
ϵ 1

ϵ
− logðμ2iπflkiπðfpgmÞÞ

�

× ½Tl · Tk ⊗ 1 − 1 ⊗ Tl · Tk�: ð67Þ

We can use the relation (11) between ImD½0;1� and the

corresponding contribution S½0;1�
iπ to the generator of shower

evolution to find

iπS½0;1�
iπ ðtÞ ¼ iπ

αsðμ2RÞ
2π

1

μ2iπðtÞ
dμ2iπðtÞ
dt

× 2

�
½Ta ·Tb ⊗ 1−1⊗ Ta ·Tb�

þ
Xm−1

l¼1

Xm
k¼lþ1

½Tl ·Tk ⊗ 1− 1⊗ Tl ·Tk�
�
: ð68Þ

Notice that S½0;1�
iπ does not depend on the functions

flkiπðfpgmÞ in Eq. (66). The color operator simplifies [4],
leaving

iπS½0;1�
iπ ðtÞ ¼ iπ

αsðμ2RÞ
2π

1

μ2iπðtÞ
dμ2iπðtÞ
dt

× 4½Ta · Tb ⊗ 1 − 1 ⊗ Ta · Tb�: ð69Þ

VI. THE INCLUSIVE INFRARED
FINITE OPERATOR

In order to define a parton shower operator Uðtf ; tHÞ
starting with the operator DðμR; μ⃗SÞ that describes the
infrared singularities of QCD, the construction of
Ref. [2] defines, in its Eqs. (79) and (92), an inclusive
infrared finite operator VðμR; μ⃗SÞ.4 The operator V leaves
the number of partons and their momenta and flavors
unchanged and is related to D by

ð1jVðμR; μ⃗SÞ ¼ ð1j½F ðμ2RÞ ∘Kðμ2RÞ ∘ZFðμ2RÞ�
×DðμR; μ⃗SÞF−1ðμ2RÞ: ð70Þ

The operator V at first order contains contributions from
emissions from each of the two initial state partons:

V ½1� ¼ V ½1�
a þ V ½1�

b . There is no contribution from emissions
from final state partons because of cancellations between
D½1;0� and D½0;1� [1]. The factor ½F ðμ2RÞ ∘Kðμ2RÞ ∘ZFðμ2RÞ� is
an operator that multiplies by the bare PDFs. This factor,
omitting K, would be present in any perturbative calcu-
lation of a cross section in which PDFs are factored from
the hard scattering cross section [2]. The circles, a∘b,
represent convolutions in the PDF momentum fraction
variables. The operator that performs MS subtractions of
1=ϵn poles isZFðμ2RÞ. The factorKðμ2RÞ transforms from the
MS scheme for the PDFs to the shower scheme used in the
PDFs represented byF ðμ2RÞ, Eq. (A11). We will see in what
follows why we need a shower scheme instead of the MS
scheme for the PDFs.
The right-hand side of Eq. (70) is infrared finite, even

though DðμR; μ⃗SÞ is singular, for two reasons. First, we
form an inclusive probability by multiplying by ð1j, which
allows real-virtual cancellations. Second, the initial state
singularities that do not cancel in this fashion are removed
by ZFðμ2RÞ in the PDF factor.
As required in Ref. [2], we need to ensure that VðμR; μ⃗SÞ

is not only finite after dimensional regularization is
removed, but also that it approaches the unit operator in
the limit of small scale parameters. Specifically, we need
VðμR; μ⃗SÞ → 1when μR → 0, μ⃗S → 0 and the infrared cutoff
parameter is removed, m2⊥ða; âÞ → 0, while μR and μ⃗S are
related as in Eq. (29) and αsðμ2RÞ is held constant. Without
these conditions, the operator UV that is constructed from V
and sums threshold logarithms [2] would be contaminated
by effects with a 1 GeV scale. We will see that these
conditions can be achieved by making a suitable choice
of KðμRÞ.
The operator V can operate nontrivially on the parton

color space [2]. We will define the color content of the first
order contribution to V in what follows.
We will need the detailed formula for the first order

contribution to V from emissions from parton “a” in
DEDUCTOR. We will write this formula in the form

V ½1�
a ðμR; μ⃗SÞjfp; f; c; c0gmÞ

¼ jfp; fgmÞ
αsðμ2RÞ
2π

X
a0

Z
1

0

dz
z

fa0=Aðηa=z; μ2RÞ
fa=Aðηa; μ2RÞ

× Va
aa0 ðz; fpgmÞjfc; c0gmÞ: ð71Þ

Here Va
aa0 ðz; fpgmÞ is a function of the splitting variable z

and the momentum variables fpgm of the statistical state
4In papers prior to Ref. [2], we used the notation V to denote a

different operator.
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jfp; f; c; c0gm) and is an operator on the color part
jfc; c0gm) of the statistical state.
We can find what Va

aa0 ðz; fpgmÞ is by writing out Eq. (70)
at order α1s. We provide details in Appendix C and give just a
brief summary here. Equation (C6) gives

Va
aa0 ðz; fpgmÞ ¼ lim

ϵ→0

�
Kaa0 ðz; μ2RÞ þ

1

ϵ

ð4πÞϵ
Γð1 − ϵÞPaa0 ðzÞ

þ Pa
aa0 ðz; fpgm; ϵÞ

�
: ð72Þ

Here the term proportional to Paa0 ðzÞ=ϵ is the first order
contribution from ZFðμRÞ. The term Kaa0 ðz; μ2RÞ allows the
shower to use a shower-oriented PDF instead of an MS
PDF:

gMS
a=Aðη; μ2RÞ ¼ fa=Aðη; μ2RÞ

þ αsðμ2RÞ
2π

X
a0

Z
1

0

dz
z
fa0=Aðη=z; μ2RÞ

× Kaa0 ðz; μ2RÞ þOðα2s Þ: ð73Þ

Here gMS
a=Aðη; μ2RÞ obeys the MS evolution equation. The

remaining term in Eq. (72), Pa
aa0 , gives ð1jFD½1�

a F−1,
Eq. (54).
After some manipulation of Pa

aa0 in Eq. (72), we reach a
result given in Eq. (C18). Using this result, Eq. (72)
becomes

Va
aa0 ðz; fpgmÞ ¼ Kaa0 ðz; μ2RÞ þ ½P̂ðϵÞ

aa0 ðzÞ�MSR

þ
�
P̂aa0 ðzÞ log

�
max

�ð1 − zÞ2Q2

zμ2R
alimðz; μ2limðμ⃗SÞÞ;

m2⊥ða; a0Þ
μ2R

���
MSR

þ Pa;NS
aa0 ðz; fpgmÞ: ð74Þ

The kernel P̂ðϵÞ
aa0 ðzÞ is given in Eq. (A20). The contribution

proportional to Paa0 ðzÞ=ϵ in Eq. (72) has canceled an
identical singular term in Pa

aa0 ðz; fpgm; ϵÞ that appears in
Eq. (C18). After this cancellation, the second and third
terms in Eq. (74) remain and an infrared “nonsensitive”
operator Pa;NS

aa0 remains. The operator Pa;NS
aa0 is an operator on

the color space, while the first three terms in Eq. (C18) are
proportional to the unit operator ½1 ⊗ 1� in color. The
operator Pa;NS

aa0 is given in Eqs. (C17) and (C19). It has the

crucial property that it has no 1=ϵ poles and vanishes in the
limit of small scales μ2R, μ⃗S and small infrared cutoff
m2⊥ða; a0Þ when integrated against a fixed test function
hðzÞ. This insensitivity to effects at small momentum scales
is exactly what we want in Va

aa0 ðz; fpgmÞ.
We are left with the second and third terms in Eq. (74).

These terms are not singular, but they are not small when the
scales μ2R, μ⃗S and the infrared cutoffm2⊥ða; a0Þ become small.
In order to cancel these infrared sensitive terms, we set

Kaa0 ðz; μ2RÞ ¼ −½P̂ðϵÞ
aa0 ðzÞ�MSR −

�
P̂aa0 ðzÞ log

�
max

�ð1 − zÞ2Q2

zμ2R
alimðz; μ2limðμ⃗SÞÞ;

m2⊥ða; a0Þ
μ2R

���
MSR

: ð75Þ

Then

Va
aa0 ðz; fpgmÞ ¼ Pa;NS

aa0 ðz; fpgmÞ ð76Þ

is insensitive to effects from small momentum scales, as
desired. We will see in Sec. VIII how Eqs. (73) and (75) can
be used to produce PDFs that can be used in the shower
evolution.

VII. THE SHOWER AND
THRESHOLD OPERATORS

We now outline, very briefly, how the operators
introduced above are used to define a parton shower.

First define ([7], Eq. (18), or [2],)

X1ðμR; μ⃗SÞ ¼ ½F ðμ2RÞ ∘Kðμ2RÞ ∘ZFðμ2RÞ�
×DðμR; μ⃗SÞF−1ðμ2RÞV−1ðμR; μ⃗SÞ: ð77Þ

Then the shower evolution operator is ([7], Eqs. (27), (51),
and (54), or [2])

Uðt2; t1Þ ¼ lim
ϵ→0

X−1
1 ðμRðt2Þ; μ⃗Sðt2ÞÞX1ðμRðt1Þ; μ⃗Sðt1ÞÞ

¼ T exp

�Z
t2

t1

dtSðtÞ
�
: ð78Þ
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Here ðμRðtÞ; μ⃗SðtÞÞ defines a path in the space of the scale
variables as in Sec. V B and T indicates ordering in the path
parameter t, the shower time. The operator SðtÞ is the
generator of shower evolution, defined by

SðtÞ ¼ −X−1
1 ðμRðtÞ; μ⃗SðtÞÞ

d
dt

X 1ðμRðtÞ; μ⃗SðtÞÞ: ð79Þ

To use this in a first order shower, one evaluates SðtÞ at
order αs and then exponentiates it.
We also define the threshold operator ([7], Eqs. (56),

(58), and (60), or [2]),

UVðtf ; tHÞ ¼ V−1ðμRðtfÞ; μ⃗SðtfÞÞVðμRðtHÞ; μ⃗SðtHÞÞ

¼ T exp

�Z
tf

tH

dtSVðtÞ
�
; ð80Þ

where

SVðtÞ ¼ −V−1ðμRðtÞ; μ⃗SðtÞÞ
d
dt

VðμRðtÞ; μ⃗SðtÞÞ: ð81Þ

Here tH is the shower time at the start of the shower,
corresponding to scale parameters comparable to the scale
of the hard interaction considered. Then tf is the shower
time at the end of the shower, corresponding to scales on
the order of 1 GeV. It is important that VðμRðtfÞ; μ⃗SðtfÞÞ ≈ 1.
Then the integration in the exponent of Eq. (80) is
dominated by scales near the hard scale, while contribu-
tions from scales near 1 GeVare power suppressed. To use
UVðtf ; tHÞ in a first order shower, one evaluates SVðtÞ at
order αs and then exponentiates it. The operator SVðtÞ is
analyzed in some detail in Appendix D.
With the use of these operators, the cross section for

an infrared safe observable is, as described in some detail
in Ref. [2],

σ ¼ ð1jOJUðtf ; tHÞUVðtf ; tHÞF ðμ2HÞjρHÞ: ð82Þ

Here jρH) is the parton statistical state at the hard interaction
and F ðμ2HÞ supplies the parton distribution function factor,
using PDFs that match the organization of the parton
shower. Then UVðtf ; tHÞ provides a factor that sums thresh-
old logarithms. It does not change the number of partons or
their momenta or flavors. Next, Uðtf ; tHÞ provides a parton
shower, creating many partons, while preserving the total
probability obtained by summing inclusively over the
parton states. Finally, OJ makes the desired measurement
on the resulting parton state, and ð1j specifies an inclusive
sum over the parton state variables.

VIII. SHOWER ORIENTED PDFs

We now examine the shower oriented parton distribution
functions fa=Aðη; μ2RÞ defined in Eq. (73) in the simple cases

of kT ordering, Λ ordering, and ϑ ordering as specified in
Sec. V C. The shower oriented PDFs are different for
different choices of shower ordering. This difference plays
a role in how the cross section sums threshold logarithms,
as outlined in Appendices D and E. The choice of PDF
definition is the same for hard processes based on vector
boson production or parton-parton scattering.
References [15–17] present a different choice of PDF

definitions. This choice is designed to simplify the sub-
tractions needed to define a hard scattering cross section at
next-to-leading order and to make the matching of parton
shower evolution to the next-to-leading order calculation
simpler. The choice that achieves this simplification is,
however, not compatible with our Eq. (75).

A. kT ordering

We define shower oriented parton distribution functions
fa=Aðη; μ2R; λÞ, where λ ¼ 0 refers to kT ordering. Rearr-
anging Eq. (73), we have, neglecting terms of order α2s ,

fa=Aðη; μ2R; 0Þ ¼ gMS
a=Aðη; μ2RÞ

−
αsðμ2RÞ
2π

X
a0

Z
1

0

dz
z
gMS
a0=Aðη=z; μ2RÞ

× Kaa0 ðz; η; μ2R; 0Þ þOðα2s Þ: ð83Þ

Using Eq. (19) in Eq. (75) with alim ¼ a⊥ and
μ2lim ¼ μ2⊥ ¼ μ2R, we have

Kaa0 ðz; η; μ2R; 0Þ ¼ −½P̂ðϵÞ
aa0 ðzÞ�MSR þ K̃aa0 ðz; μ2R; 0Þ; ð84Þ

where

K̃aa0 ðz;μ2R;0Þ¼−
�
P̂aa0 ðzÞmax

�
0; log

�
m2⊥ða;a0Þ

μ2R

���
MSR

:

ð85Þ

Consider first the case that μ2R > m2
b, so that

μ2R > m2⊥ða; a0Þ for all choices of ða; a0Þ. Then
K̃aa0 ðz; μ2R; 0Þ ¼ 0 so

Kaa0 ðz; η; μ2R; 0Þ ¼ −½P̂ðϵÞ
aa0 ðzÞ�MSR: ð86Þ

Thus fa=Aðη; μ2R; 0Þ is close to gMS
a0=Aðη; μ2RÞ, but there is a

small change because we do not renormalize the kT-ordered
parton distribution functions by simply integrating over all
kT and subtracting poles.
Now consider the case that m2⊥ < m2

c < μ2R < m2
b. Then

there is a small complication. We take the operator ZFðμ2RÞ
in Eq. (70) to be the operator that renormalizes parton
distribution functions according to the MS prescription in

five flavor QCD. Then gMS
a=Aðη; μ2RÞ is the five flavor MS

MULTIVARIABLE EVOLUTION IN PARTON SHOWERS WITH … PHYS. REV. D 106, 014024 (2022)

014024-13



parton distribution function for flavor a. With the conven-
tional definition in which there are no intrinsic b-quarks,

gMS
b=Aðη; m2

bÞ ¼ 0, but (applying five flavor evolution)

gMS
b=Aðη; μ2RÞ < 0 for μ2R < m2

b. We then have

K̃bgðz; μ2R; 0Þ ¼ −
�
P̂bgðzÞ log

�
m2

b

μ2R

��
MSR

: ð87Þ

Since Paa0 ðzÞ is the kernel for PDF evolution in μ2, this
contribution to Kaa0 ðz; η; μ2R; 0Þ cancels the evolution of the
five flavor MS PDF in the region μ2R < m2

b and gives us

fb=Aðη; μ2R; 0Þ ¼ 0þOðα2s Þ ð88Þ

for μ2R < m2
b. That is, fa=Aðη; μ2R; 0Þ is the four flavor MS

PDF as conventionally defined for m2⊥ < m2
c < μ2R < m2

b.
Similarly, form2⊥ < μ2R <m2

c, fc=Aðη;μ2R;0Þ ¼ 0þOðα2s Þ.

B. Λ ordering

We now generalize the definitions in the previous
subsection by defining shower oriented parton distribution
functions fa=Aðη; μ2R; λÞ, where λ ¼ 0 refers to kT ordering
and λ ¼ 1 refers to Λ ordering. Rearranging Eq. (73) gives

fa=Aðη; μ2R; λÞ ¼ gMS
a=Aðη; μ2RÞ

−
αsðμ2RÞ
2π

X
a0

Z
1

0

dz
z
gMS
a0=Aðη=z; μ2RÞ

× Kaa0 ðz; η; μ2R; λÞ þOðα2s Þ: ð89Þ

Using Eqs. (19) and (37) in Eq. (75), we now have,

Kaa0 ðz; η; μ2R; λÞ ¼ −½P̂ðϵÞ
aa0 ðzÞ�MSR − λ logðraÞPaa0 ðzÞ

þ K̃aa0 ðz; rλaμ2R; λÞ; ð90Þ

where

K̃aa0 ðz;rλaμ2R;λÞ

¼−
�
P̂aa0 ðzÞlog

�
max

�
ð1−zÞλ;m

2⊥ða;a0Þ
rλaμ2R

���
MSR

: ð91Þ

Equation (90) follows from Eqs. (19) and (37) for λ ¼ 0
and λ ¼ 1. For 0 < λ < 1, it is a simple interpolation.

We recall from Eq. (35) that ra ¼ η=ηð0Þa , where ηð0Þa is the
momentum fraction of parton “a” at the start of the shower.
The appearance of ra has two effects. First, it makes the
kernelK depend on both η and z instead of just z. Second, it

introduces an external parameter ηð0Þa into K.

For Λ ordering, we need fa=Aðη; μ2R; λÞ at λ ¼ 1. To find
this starting with fa=Aðη; μ2R; λÞ at λ ¼ 0, we consider λ in
the range 0 ≤ λ ≤ 1. To find fa=Aðη; μ2R; λÞ while working
around the complications produced by the presence of ra
in K, we first define an auxiliary scale variable,

μ2 ¼ rλaμ2R: ð92Þ

Then we define an auxiliary parton distribution function
that is, in the end, simpler than fa=Aðη; μ2R; λÞ,

f̃a=Aðη; μ2; λÞ ¼ fa=Aðη; r−λa μ2; λÞ: ð93Þ

From its definition, we have

f̃a=Aðη; μ2; 0Þ ¼ fa=Aðη; μ2; 0Þ: ð94Þ

For λ > 0, we use Eqs. (89), (90), and (93) to give

f̃a=Aðη;μ2;λÞ¼gMS
a=Aðη;r−λa μ2Þ

þlogðrλaÞ
αs
2π

X
a0

Z
1

0

dz
z
gMS
a0=Aðη=z;r−λa μ2ÞPaa0 ðzÞ

þαs
2π

X
a0

Z
1

0

dz
z
gMS
a0=Aðη=z;r−λa μ2Þ½P̂ðϵÞ

aa0 ðzÞ�MSR

−
αs
2π

X
a0

Z
1

0

dz
z
gMS
a0=Aðη=z;r−λa μ2ÞK̃aa0 ðz;μ2;λÞ

þOðα2s Þ: ð95Þ

Since Paa0 ðzÞ is the generator of scale changes for gMS, the

sum of the first two terms is gMS
a=Aðη; μ2Þ up to order α2s

corrections. In the remaining terms, we can replace the
scale r−λa μ2 by just μ2 at leading order in αs. This gives

f̃a=Aðη; μ2; λÞ ¼ gMS
a=Aðη; μ2Þ

þ αs
2π

X
a0

Z
1

0

dz
z
gMS
a0=Aðη=z; μ2Þ½P̂ðϵÞ

aa0 ðzÞ�MSR

−
αs
2π

X
a0

Z
1

0

dz
z
gMS
a0=Aðη=z; μ2ÞK̃aa0 ðz; μ2; λÞ

þOðα2s Þ: ð96Þ

The sum of the first two terms and the λ ¼ 0 contribution
from K̃aa0 gives f̃a=Aðη; μ2; λÞ at λ ¼ 0, while in the last

term, we can replace gMS by f̃a=Aðη; μ2; 0Þ at leading order
in αs. This gives us
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f̃a=Aðη; μ2; λÞ ¼ f̃a=Aðη; μ2; 0Þ

−
αs
2π

X
a0

Z
1

0

dz
z
f̃a0=Aðη=z; μ2; 0Þ

× ½K̃aa0 ðz; μ2; λÞ − K̃aa0 ðz; μ2; 0Þ�
þOðα2s Þ: ð97Þ

Now, differentiating with respect to λ gives the differ-
ential equation

df̃a=Aðη; μ2; λÞ
dλ

¼ −
X
a0

Z
1

0

dz
z
αsðμ2Þ
2π

f̃a0=Aðη=z; μ2; λÞ

×
∂

∂λ
K̃aa0 ðz; μ2; λÞ þOðα2s Þ; ð98Þ

where

−
∂

∂λ
K̃aa0 ðz;μ2;λÞ

¼
�
logð1−zÞP̂aa0 ðzÞθ

�
ð1−zÞλ>m2⊥ða;a0Þ

μ2

��
MSR

: ð99Þ

We can solve Eq. (98) for f̃a=Aðη; μ2; 1Þ with f̃a=Aðη; μ2; 0Þ
as the boundary value. Then the shower oriented PDF
at λ ¼ 1 is

fa=Aðη; μ2R; 1Þ ¼ f̃a=Aðη; μ2Rra; 1Þ: ð100Þ

Equation (98) results from the interpolation that we
chose in Eq. (90) between K½1�ðμ2; 0Þ and K½1�ðμ2; 1Þ. It is
of interest to know how much the solution of Eq. (98) for
f̃a=Aðη; μ2; 1Þ depends on this choice of interpolation. To
this end, we note that f̃a=Aðη; μ2; 1Þ can be expressed, using
a more compressed operator notation, as

f̃ðμ2; 1Þ ¼ f̃ðμ2; 0Þ∘T exp

�
−
αs
2π

Z
1

0

dλ
dK̃ðμ2; λÞ

dλ

�
; ð101Þ

where we exponentiate using the convolution product ∘
and T represents ordering in λ. We have noted that the
evolution kernel is the derivative of the first order term of
the operator K̃. We have included the ordering instruction
T because dK̃ðμ2; λÞ=dλ is a matrix in the parton flavor
space and the matrices for different values of λ do not
commute. However, at λ ¼ 0 and λ ¼ 1, the most impor-
tant terms in K̃ are the terms with 1=ð1 − zÞ singularities.
These terms are diagonal in flavor and do commute.
Assuming the terms with 1=ð1 − zÞ singularities in K̃ for
0 < λ < 1 are diagonal in flavor, we can conclude that to a
reasonable approximation, the ordering instruction T is
not needed and, for μ2 > m2⊥ða; a0Þ,

f̃ðμ2; 1Þ ≈ f̃ðμ2; 0Þ∘ exp
�
αs
2π

�
K̃ðμ2; 0Þ − K̃ðμ2; 1Þ

��

¼ f̃ðμ2; 0Þ∘ exp
�
−
αs
2π

K̃ðμ2; 1Þ
�
: ð102Þ

Thus, to a reasonable approximation, only the endpoints
matter, not the interpolation.
How does f̃ðμ2; 1Þ evolve under changes of μ2? At

leading order in αs, we can omit the ordering instruction T
in Eq. (101), so that we can use Eq. (102) for f̃ðμ2; 1Þ. For
f̃ðμ2; 0Þ, we have the ordinary first order DGLAP equation,

μ2
d
dμ2

f̃ðμ2; 0Þ ¼ f̃ðμ2; 0Þ ∘ αs
2π

PþOðα2s Þ: ð103Þ

Differentiating Eq. (102) then gives

μ2
d
dμ2

f̃ðμ2; 1Þ ¼ f̃ðμ2; 1Þ ∘ αs
2π

P̃ðμ2Þ þOðα2s Þ; ð104Þ

where

P̃aa0 ðz; μ2Þ ¼ Paa0 ðzÞ − μ2
∂K̃aa0 ðz; μ2; 1Þ

dμ2

¼ ½P̂aa0 ðzÞð1 − θðð1 − zÞμ2 < m2⊥ða; a0ÞÞÞ�MSR:

ð105Þ

Thus

P̃aa0 ðz;μ2Þ ¼ ½P̂aa0 ðzÞθðð1− zÞμ2 >m2⊥ða;a0ÞÞ�MSR: ð106Þ

That is, the first order kernel for evolution in μ2 of f̃ðμ2; 1Þ
is the familiar DGLAP kernel but with a cut k2T >
m2⊥ða; a0Þ, where k2T ¼ ð1 − zÞμ2. The subtraction term
in P̃aa0 ðz; μ2Þ proportional to δð1 − zÞ is determined by
the momentum sum rule.
We write Eq. (104) in detail as

μ2
df̃a=Aðη; μ2; 1Þ

dμ2
¼

X
a0

Z
1

0

dz
z
αsðμ2Þ
2π

f̃a0=Aðη=z; μ2; 1Þ

× P̃aa0 ðz; μ2Þ þOðα2s Þ: ð107Þ

The kernel P̃aa0 ðz; μ2Þ in Eq. (106) was introduced in
Ref. [10], but without enforcing the momentum sum rule.
This gives us two ways to determine f̃a=Aðη; μ2; λÞ at

λ ¼ 1. We can start with f̃a=Aðη; μ2; 0Þ, which is gMS
a=Aðη; μ2Þ

with a small correction given by Eq. (86). For gMS
a=Aðη; μ2Þ

one can use a PDF set that is fit to data and uses at least
NLO evolution in μ2. Then we can solve the λ-evolution
equation (98) to find f̃a=Aðη; μ2; 1Þ. We know the kernel
for this differential equation only at first order, Eq. (99),
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but the change in λ is not large. Alternatively, we can note
that f̃a=Aðη; μ2; 1Þ ¼ f̃a=Aðη; μ2; 0Þ at μ2 ¼ m2⊥. Thus
f̃a=Aðη; m2⊥; 1Þ is known and we can use the μ2-evolution
equation (107) to determine f̃a=Aðη; μ2; 1Þ at larger values
of μ2. We know the kernel for this differential equation only
at first order, Eq. (106), but the lack of higher order
corrections should not be a problem if we are interested in
values of logðμ2=m2⊥Þ that are not too large.

C. ϑ ordering

We define shower oriented parton distribution functions
fa=Aðη; μ2R; λÞ, where λ ¼ 0 refers to kT ordering and λ ¼ 1

refers now to ϑ ordering. Rearranging Eq. (73), we have,
up to order α2s ,

fa=Aðη; μ2R; λÞ ¼ gMS
a=Aðη; μ2RÞ

−
αsðμ2RÞ
2π

X
a0

Z
1

0

dz
z
gMS
a0=Aðη=z; μ2RÞ

× Kaa0 ðz; μ2R; λÞ þOðα2s Þ: ð108Þ

Here K is a different kernel than the one used for Λ
ordering. Using Eqs. (19) and (39) in Eq. (75), we have,

Kaa0 ðz; μ2R; λÞ ¼ −½P̂ðϵÞ
aa0 ðzÞ�MSR −

�
max

�
λ log

�ð1 − zÞ2
z

�
; log

�
m2⊥ða; a0Þ

μ2R

��
P̂aa0 ðzÞ

�
MSR

: ð109Þ

Now, differentiating f with respect to λ gives the differ-
ential equation

dfa=Aðη; μ2R; λÞ
dλ

¼ −
αsðμ2RÞ
2π

X
a0

Z
1

0

dz
z
fa0=Aðη=z; μ2R; λÞ

×
d
dλ

Kaa0 ðz; μ2R; λÞ þOðα2s Þ; ð110Þ

where

−
d
dλ

Kaa0 ðz;μ2R;λÞ¼
�
log

�ð1−zÞ2
z

�
P̂aa0 ðzÞ

×θ

��ð1−zÞ2
z

�
λ

>
m2⊥ða;a0Þ

μ2R

��
MSR

:

ð111Þ

We can solve this for fa=Aðη; μ2R; 1Þ with fa=Aðη; μ2R; 0Þ.
As with Λ ordering, we can also write a first order

equation for the evolution of fa=Aðη; μ2R; 1Þ as μ2R varies
with ϑ ordering:

μ2R
dfa=Aðη; μ2R; 1Þ

dμ2R
¼

X
a0

Z
1

0

dz
z
αsðμ2RÞ
2π

fa0=Aðη=z; μ2R; 1Þ

× P̃aa0 ðz; μ2Þ þOðα2s Þ: ð112Þ

Here for ϑ ordering P̃ is

P̃aa0 ðz; μ2RÞ ¼
�
P̂aa0 ðzÞθ

�ð1 − zÞ2μ2R
z

> m2⊥ða; a0Þ
��

MSR
:

ð113Þ

D. Modified argument of αs

In the differential equation (98) for the λ dependence
f̃a=Aðη; μ2; λÞ, we have taken the argument of αs to be the
scale μ2. We made the same choice in Eq. (107) for the μ2

evolution of f̃a=Aðη; μ2; λÞ at λ ¼ 1. Similarly, in Eqs. (110)
and (112), we evaluated αs at the scale μ2R of the shower
oriented parton distribution functions. These are the natural
choices for a formalism that is designed to make sense at
any perturbative order. However, in this paper, we have
only a first order shower. We can modify the argument of αs
so as to include some desired higher order corrections in the
evolution kernels.
In Eq. (98), we include a factor

Rαs ¼
α
ðKgÞ
s ðk2TÞ
αsðμ2Þ

ð114Þ

in the kernel ∂K̃aa0 ðz; μ2; λÞ=∂λ. Here k2T ¼ ð1 − zÞλμ2 and

α
ðKgÞ
s ðk2TÞ ¼ αsðk2TÞ

�
1þ Kg

αsðk2TÞ
2π

�
: ð115Þ

Here Kg is the standard factor [18],

Kg ¼ CA
67 − 3π2

18
− TR

10nf
9

; ð116Þ

with nf set to the number of active quark flavors at scale
k2T. We note that ∂K̃aa0 ðz; μ2; λÞ=∂λ contains a factor
θðk2T > m2⊥ða; a0ÞÞ, which protects us from a singularity
of αsðk2TÞ. This substitution, based on Ref. [18], can help to
sum large logarithms [7]. An example, for threshold
logarithms, is analyzed in Appendix E.
We make the analogous adjustments in Eqs. (107), (110),

and (112).
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E. Numerical values of the PDFs

In this subsection, we look at the shower oriented PDFs
in a proton. We obtain these PDFs from the corresponding
MS PDF by first applying the PðϵÞ transformation (86) to
obtain the kT ordered PDF. Then we solve either Eq. (98) to
obtain the Λ ordered PDF or Eq. (110) to obtain the ϑ
ordered PDF. In the case of Λ ordering, we choose ra ¼ 1

or, alternatively, examine the PDF f̃a=pðη; μ2Þ with a
modified scale parameter, Eq. (100).
In Fig. 2, we plot the up-quark momentum distribution

ηfu=pðη; μ2Þ as a function of η at a large value of the scale,
μ ≈ 1 TeV. We show first the MS distribution as a dashed
curve. There are quite a lot of up quarks around η ∼ 0.1
because the up quark is a valence quark. The shower
oriented distribution for kT ordering is almost the same as
the MS distribution. The shower oriented distributions for
Λ ordering and for ϑ ordering are somewhat smaller for
η < 0.1. It is difficult to see the differences among ordering
choices for η > 0.1 because the distributions themselves
are small. To make these differences visible, we plot in
Fig. 3 the ratios of the three shower oriented PDFs to the
MS PDF. We see that for Λ and ϑ ordering, these ratios rise
quite steeply as η increases. As described in Appendix E,
part of the summation of threshold logarithms is contained
in the shower oriented parton distribution functions. This
threshold logarithm summation produces the rise at large η
that we see in Fig. 3.
In Fig. 4, we plot the up-quark momentum distribution at

a value of the scale, μ ≈ 50 GeV, that is much larger than
1 GeV but not nearly as large as in Fig. 2. We plot the
distributions down to a smaller minimum value of η, in
keeping with the smaller value of μ. We show the MS

distribution and the shower oriented distributions for kT
ordering, Λ ordering, and ϑ ordering. In Fig. 5, we plot the
ratios of the three shower oriented PDFs to the MS PDF.
The pattern is similar to what we saw at a 1 TeV scale, but
somewhat more pronounced because αs is larger.
In Fig. 6, we plot the bottom-quark momentum dis-

tribution ηfb=pðη; μ2Þ at the scale μ ≈ 50 GeV. As before,
we show the MS distribution and the shower oriented

FIG. 2. Up-quark distributions ηfu=pðη; μ2Þ at μ ¼ 1007 GeV:
the MS distribution and the shower oriented distributions for kT
ordering, Λ ordering, and ϑ ordering.

FIG. 3. Ratio of shower oriented up-quark distributions to the
MS up quark distribution at μ ¼ 1007 GeV: shower oriented
distributions for kT ordering, Λ ordering, and ϑ ordering. The rise
at large η illustrates the PDF part of the summation of threshold
logarithms.

FIG. 4. Up-quark distributions ηfu=pðη; μ2Þ at μ ¼ 49.9 GeV:
the MS distribution and the shower oriented distributions for kT
ordering, Λ ordering, and ϑ ordering.
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distributions for kT ordering,Λ ordering, andϑ ordering. The
shape of the MS bottom quark distribution is different from
that of the up quark distribution because bottom quarks all
come from g → bb̄ splittings. However, the relationships
among the curves for η < 0.1 is quite similar to the relation-
ships for up quarks: the distribution for kT ordering is slightly
larger than the MS distribution, while the distributions for Λ
ordering and ϑ ordering are smaller.
In Fig. 7, we plot the ratios of the three shower oriented

PDFs to the MS PDF. Here, we see something quite

different from what we saw for up quarks. In the cases of
Λ ordering and ϑ ordering, the ratios of shower oriented
distributions to the MS distribution do not rise with increas-
ing η. Instead, they fall. Here, we must face the fact that we
are using a first order evolution kernel to go from kT ordering
to Λ ordering or ϑ ordering. This is plausibly justified if the
change in the parton distribution is reasonably small, say

0.5 <
fb=pðη; μ2Þ
fMS
b=pðη; μ2Þ

< 2: ð117Þ

When the condition (117) is violated, we judge that higher
order contributions to the evolution kernel are needed. The
regions for which the lowest order evaluation appears to be
untrustworthy by this criterion are indicated by dashed
curves in Fig. 7.

F. Which PDFs to use

Assume that we base the shower cross section on one of
the options in Sec. V B: kT ordering, Λ ordering, or ϑ
ordering. (Later in this paper, we propose more compli-
cated choices.) Then we use the corresponding definition of
shower oriented parton distribution functions as described
above in this section. The PDFs appear as the operator
F ðμ2HÞ in the cross section formula (82).
We still have a choice to make. One possibility is to

define the shower oriented PDFs using evolution in the
parameter λ. For this, we begin with the MS PDFs and
apply the PðϵÞ transformation (86) to obtain the kT ordered
PDF. Then we use evolution in λ: we solve either Eq. (98)
to obtain the Λ ordered PDF or Eq. (110) to obtain the ϑ

FIG. 5. Ratio of shower oriented up-quark distributions to
the MS up quark distribution at μ ¼ 49.9 GeV: shower oriented
distributions for kT ordering, Λ ordering, and ϑ ordering.

FIG. 6. Bottom-quarkdistributions ηfb=pðη; μ2Þ atμ¼49.9GeV:
the MS distribution and the shower oriented distributions for kT
ordering, Λ ordering, and ϑ ordering.

FIG. 7. Ratio of shower oriented bottom-quark distributions to
the MS up quark distribution at μ ¼ 49.9 GeV: shower oriented
distributions for kT ordering, Λ ordering, and ϑ ordering.
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ordered PDF. This produces the PDFs exhibited in the
previous subsection.
Alternatively, we can use μ2 evolution. We begin with the

MS PDFs at the starting scalem2⊥, adjust these with the PðϵÞ

transformation, and then let the PDFs evolve from μ2 ¼ m2⊥
to higher values of μ2 using the evolution equations (106)
and (107) for Λ ordering or (112) and (113) for ϑ ordering
or just the ordinary DGLAP equation for kT ordering.
The MS PDFs are produced using next-to-leading order

evolution in μ2. However, both the λ evolution and the μ2

evolution used to define shower oriented PDFs use just
leading order evolution kernels. With this limited accuracy,
the results from μ2 evolution can be noticeably different
from the results from λ evolution.
For μ2 ≫ m2

b, we expect the results using λ evolution to
be the most reliable, except for charm and bottom quarks at
very large values of η.5 In the operators F ðμ2HÞ and
UVðtf ; tHÞ in Eq. (82) for the cross section, the PDFs are
evaluated at or not far from the scale μH of the hard
scattering. For this reason, we use the λ-evolution version
of the shower oriented PDFs in these operators. In the
shower evolution operator Uðtf ; tHÞ in Eq. (82), the PDFs
are evaluated at all scales μ2 down to m2⊥. At small scales,
we find that the PDFs for charm and bottom quarks
obtained using λ evolution are badly behaved, while the
PDFs obtained from μ2 evolution are well behaved and
nicely matched to the evolution of the shower. For this
reason, we use the μ2-evolution version of the shower
oriented PDFs in Uðtf ; tHÞ.

IX. MULTIPLE SCALES

In Eqs. (40) and (41), we have described the action of

FD½1;0�
a F−1jfp; f; c; c0gmÞ resulting from an initial state

splitting using an operator D̂a
aa0 that is a function of z and

the momenta and flavors of the partonic states and is an
operator on the partonic color state. In general, this operator
has both soft and collinear singularities. Our first task in
this section is to divide D̂a

aa0 into terms with different
singularity structures.

A. Singularity structures

Let D̂a
aâðz; fp̂; f̂gmþ1; fp; fgmÞ denote the full

splitting function in the DEDUCTOR algorithm, Eq. (41)
or (A12). This is the splitting function before making
any approximation with respect to color, even though
the DEDUCTOR code then treats color approximately.
The default color approximation in DEDUCTOR is the

LCþ approximation [4],6 in which D̂a
aa0 is replaced by

an approximate operator D̂a;LCþ
aa0 . The terms in D̂a

aa0 in
which the dipole partner parton is the same as the emitting
parton, k ¼ a, have a simple color structure. In the LCþ
approximation, these k ¼ a terms are unchanged. In the
terms proportional to the function W0 in Eq. (41), which
have k ≠ a, some contributions are dropped. The terms
proportional toW0 inside the integrations are singular in the
soft limit, ð1 − zÞ → 0 at fixed ϑ, but not in the collinear
limit, ϑ → 0 at fixed (1 − z), as we see explicitly in
Eq. (A29). Thus the difference operator

D̂a;soft
aa0 ¼ D̂a

aa0 − D̂a;LCþ
aa0 ð118Þ

is singular in the soft limit but not in the collinear limit [4].
These terms are proportional to δaa0 , so a ¼ a0. Thus we
can use Eq. (118) to decompose D̂a

aa0 in the form

D̂a
aa0 ¼ D̂a;LCþ

aa0 þ D̂a;soft
aa0 : ð119Þ

Then D̂a;soft
aa0 does not contain a collinear singularity.

This decomposition for D̂a
aa0 induces a corresponding

decomposition for the operator P̂a;NS
aa0 that appears in the

inclusive infrared finite operator V, Eqs. (71) and (76). The
operator P̂a;NS

aa0 is written out in Eq. (C17). We define P̂a;LCþ
aa0

to be P̂a;NS
aa0 with the LCþ approximation applied to its color

operators. Then we define P̂a;soft
aa0 by

P̂a;NS
aa0 ðz; fpgmÞ ¼ P̂a;LCþ

aa0 ðz; fpgmÞ þ P̂a;soft
aa0 ðz; fpgmÞ:

ð120Þ

In P̂a;NS
aa0 ðz; fpgmÞ, the k ¼ a terms are proportional to the

unit color operator and remain unchanged between P̂a;NS
aa0

and P̂a;LCþ
aa0 , so that they do not appear in P̂a;soft

aa0 . The terms
with k ≠ a are proportional to δaa0 and have nontrivial color
operators ½Tk · Ta ⊗ 1� þ ½1 ⊗ Tk · Ta�. Some of these
terms are changed in the LCþ approximation and thus
contribute to P̂a;soft

aa0 . See Eqs. (F20) and (F23).
In the simplest splitting algorithm, one would use the

same unresolved region Uðμ⃗SÞ for D̂a;LCþ
aa0 and D̂a;soft

aa0 and

for P̂a;LCþ
aa0 and P̂a;soft

aa0 . In this section, we propose an
alternative in which we define different unresolved
regions for the “LC+” operators and the “soft” operators
based on the differences in their singularity structures.
We then use Eq. (119) and (120) as the definitions
of D̂a

aa0 and P̂a;NS
aa0 .

5When the first inequality in the condition (117) is violated, we
replace fb=pðη; μ2Þ → 0.5fMS

b=pðη; μ2Þ. The distribution functions
for b̄; c and c̄ are treated analogously.

6DEDUCTOR can also calculate corrections to the LCþ
approximation [19].
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B. Scales for LC+ operators

In our proposed choice for the unresolved region for
D̂a;LCþ

aa0 and P̂a;LCþ
aa0 , the evolution is described by three

scales,

μ⃗S ¼ ðμE; μC; μiπÞ: ð121Þ

The third scale, μiπ , is the scale for the imaginary part of
virtual graphs, regarded now as an independent scale. This

scale controls the color phase operator, iπS½0;1�
iπ ðtÞ, as

specified in Eq. (69), but does not affect real emissions.
The scale μC will describe part of the evolution of real
emissions. The subscript in μC denotes one of the scale
choices defined previously using aCðz; μ2CÞ with C ¼ ⊥ for
kT as the ordering variable [Eq. (19)], C ¼ Λ for Λ as the
ordering variable [Eq. (37)], or C ¼ ∠ for ϑQ2 as the
ordering variable [Eq. (39)]. We add an additional scale, μE,
that will provide a cut on the energy of an emitted parton.
With scales μE and μC, we define the unresolved region

UðμE; μCÞ to be used for the operators D̂a;LCþ
aa0 and P̂LCþ

aa0 as
follows. We say that ðz; ϑÞ ∈ UðμE; μCÞ if 0 < z < 1, 0 <
ϑ < 1 and

ϑ < max facutðz; μ2E; μ2CÞ; a⊥ðz;m2⊥ða; âÞÞg ð122Þ

as in Eq. (25), where

acutðz; μ2E; μ2CÞ ¼ max faEðz; μ2EÞ; aCðz; μ2CÞg: ð123Þ

Here we use the definition (19), (37), or (39) for aCðz; μ2CÞ
and define

aEðz; μ2EÞ ¼
�
1 for ð1 − zÞQ2 < μ2E

0 otherwise
: ð124Þ

The inclusion of aEðz; μ2EÞ in Eq. (122) means that a
splitting ðz; ϑÞ is unresolved when ð1 − zÞ < μ2E=Q2.
Thus μE controls the approach to the soft limit by putting
an upper bound on the momentum fraction (and thus the
energy, E) of the emitted parton. The detailed specification
of the functions that we need in D̂a

aa0 and P̂a
aa0 are given in

Appendix F.
The unresolved region in the plane of 1 − z and ϑ

is illustrated in Fig. 8 for Λ ordering, C ¼ Λ, with
raμ2C=Q2 ¼ 0.1 and μ2E=Q2 ¼ 0.2. The unresolved region
is shaded blue, while the resolved region is shaded
yellow. We illustrate a potential m2⊥ða; a0Þ cut with
m2⊥ða; a0Þ=Q2 ¼ 0.002. In this example, the m2⊥ða; a0Þ
cut has no effect.

C. A special treatment for soft splittings

We adopt a different strategy for the soft operators D̂a;soft
aa0

and P̂soft
aa0 , which have ð1 − zÞ → 0 singularities but no

collinear, ϑ → 0, singularities. We define the unresolved
region Uðsoft; μEÞ for D̂a;soft

aa0 and P̂soft
aa0 by letting ðz;ϑÞ ∈

Uðsoft; μEÞ if 0 < z < 1, 0 < ϑ < 1 and

ϑ < max faEðz; μ2EÞ; a⊥ðz;m2⊥Þg: ð125Þ

Here we have noted that for D̂a;soft
aa0 and P̂soft

aa0 , a ¼ a0 so
m2⊥ða; a0Þ ¼ m2⊥ according to Eq. (24). This provides a
limit on k2T at a fixed, small, infrared scale m2⊥.
The unresolved region for D̂a;soft

aa0 and P̂soft
aa0 in the plane of

1 − z and ϑ is illustrated in Fig. 9 for μ2E=Q2 ¼ 0.2 and
m2⊥=Q2 ¼ 0.002. In the collinear limit, ϑ → 0 with fixed z,
D̂a;soft

aa0 and P̂soft
aa0 are not singular. For ð1 − zÞ > μ2E=Q2, the

only cut on ϑ is the fixed infrared cut k2T > m2⊥.
This treatment divides D½1;0�

l for l ∈ fa; bg into separate

contributions D½1;0�
l;LCþ and D½1;0�

l;soft. For D
½1;0�
l;LCþ, the unresolved

region is defined by two scale parameters, μE and μC. For

D½1;0�
l;soft, the unresolved region is defined by μE only. We do

the same thing for final state splittings, l ∈ f1;…; mg. The
details are presented in Ref. [1].

X. A PATH FOR THE THREE SCALE
PARAMETERS

We have defined an unresolved region ðz; ϑÞ ∈ UðμE; μCÞ
for scale parameters, ðμE; μCÞ, for real emission graphs and
a separate unresolved region ð1 − cos θÞ < μ2iπf

lk
iπðfpgmÞ

for the integral that gives the imaginary part of virtual
graphs.

FIG. 8. Resolved and unresolved regions for P̂LCþ
aa0 for C ¼ Λ

with raμ2C=Q2 ¼ 0.1 and μ2E=Q2 ¼ 0.2. The unresolved region is
shaded blue while the resolved region is shaded yellow. The curve
for an m2⊥ða; a0Þ cut with m2⊥ða; a0Þ=Q2 ¼ 0.002 is shown as a
dashed line, but in this case the m2⊥ða; a0Þ cut has no effect.
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We now need to specify a path μ⃗ðtÞ in the space of
μ⃗ ¼ ðμE; μC; μiπÞ, with t in the arbitrarily chosen range
0 < t < 3. First, we should specify the endpoints. For the
end of the shower, t → 3, we can take μEð3Þ ¼ 0,
μCð3Þ ¼ 0, and μiπð3Þ ¼ m⊥. For the start of the shower
at t ¼ 0, for kT or Λ ordering, we first choose μ2Cð0Þ to be a
scale μ2H appropriate to the hard scattering that initiates
the shower. For ϑ ordering, we choose μ2Cð0Þ ¼ μ2H with
μ2H ¼ Q2

0. For μEð0Þ, we need an appropriate matching
scale. For this purpose, define zH as the solution of

aCðzH; μ2HÞ ¼ 1: ð126Þ

This gives 1 − zH that is not close to 0. For ϑ ordering,
Eq. (126) is satisfied for any zH in the range 0 < zH < 1.
Thus for ϑ ordering, we can choose 1 − zH ¼ 1.
Having chosen zH, we can set

μ2Eð0Þ ¼ ð1 − zHÞQ2
0; ð127Þ

so that μ2Eð0Þ is large, of order Q2
0. For μiπð0Þ, we can

choose μiπð0Þ ¼ μH.
There are many paths that one might choose that connect

ðμEð0Þ; μCð0Þ; μiπð0ÞÞ and ðμEð3Þ; μCð3Þ; μiπð3ÞÞ. We make
a particular choice in which we change each of the three
scales one at a time as we change t from 0 to 1, then from 1
to 2, and finally from 2 to 3. The path μ⃗ðtÞ is illustrated in
Fig. 10. We let μEðtÞ decrease from μEð0Þ to 0 as t increases
from 0 to 1. For 1 < t < 3, μEðtÞ remains at 0. For example,
we can take

μEðtÞ ¼
� ð1 − tÞμEð0Þ 0 < t < 1

0 1 < t < 3
: ð128Þ

We let μCðtÞ retain its initial value, μH, for 0 < t < 1. Then
we let μCðtÞ decrease from μH to 0 as t increases from 1 to 2.
For 2 < t < 3, we let μCðtÞ remain at 0. For example, we
can take

μCðtÞ ¼

8><
>:

μH 0 < t < 1

ð2 − tÞμH 1 < t < 2

0 2 < t < 3

: ð129Þ

Finally, we let μiπðtÞ remain at μH for 0 < t < 2. Then we
let μiπðtÞ decrease from μH to m⊥ as t increases from 2 to 3.
For example, we can take

μiπðtÞ ¼
�
μH 0 < t < 2

ðt − 2Þm⊥ þ ð3 − tÞμH 2 < t < 3
: ð130Þ

Let us consider the three operators Uð1; 0Þ, Uð2; 1Þ,
and Uð3; 2Þ corresponding to the three segments of this
path. In each case, U is determined by dD½1;0�ðtÞ=dt
or dImD½0;1�ðtÞ=dt on that path segment, according to
Eqs. (9), (10), and (11).
On the first segment, 0 < t < 1, μiπ is fixed so there is no

contribution from ImD½0;1�ðtÞ. There is a contribution from
D½1;0�ðtÞ, which contains terms proportional to D̂a;LCþ

aa0 and

D̂a;soft
aa0 , according to Eqs. (40) and (119). On this segment, μE

decreases. Since D̂a;soft
aa0 depends on μE, there is a contribu-

tion from D̂a;soft
aa0 . The scale μC is fixed at μCð0Þ ¼ μH.

Is there a contribution from D̂a;LCþ
aa0 ? The unresolved

region UðμE; μCÞ for D̂a;LCþ
aa0 is UðμEðtÞ; μHÞ for 0 < t < 1.

With a little analysis in Appendix F 1, we find that for
0 < t < 1, ðz; ϑÞ ∈ UðμEðtÞ; μHÞ if ϑ < atotalðz; μ2EðtÞÞ,
where

FIG. 10. Evolution path with three segments with m⊥ ¼ 0.1μH.FIG. 9. Resolved and unresolved regions for P̂soft
aa0 for

μ2E=Q2 ¼ 0.2 and m2⊥=Q2 ¼ 0.002 (dashed line).
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atotalðz; μ2EðtÞÞ
¼ min½1;max faEðz; μ2EðtÞÞ; aCðz; μ2HÞ; a⊥ðz;m2⊥ða; âÞÞg�:

ð131Þ

We find in Eq. (F15) that, for 0 < t < 1,

atotalðz;μ2EðtÞÞ ¼
�
1 1− z < 1− zH
atotalðz;μ2Eð0ÞÞ 1− zH < 1− z

: ð132Þ

This is independent of t. Thus when we construct the
generator S½1;0�ðtÞ of shower evolution by differentiating
D½1;0�ðtÞ with respect to t, D̂a;soft

aa0 contributes but D̂a;LCþ
aa0

does not.
On the second segment, 1 < t < 2, μiπ is fixed, so there

is no contribution from ImD½0;1�ðtÞ. Also, μEðtÞ is fixed at
μEðtÞ ¼ 0. The unresolved region for D̂a;soft

aa0 depends only
on μE according to Eq. (125), so there is no contribution
from D̂a;soft

aa0 . On the second segment, μ2C decreases from μ2H
to 0. In D̂a;LCþ

aa0 , the unresolved region is determined by
μ2CðtÞ with μ2E set to zero. Thus D̂a;LCþ

aa0 does contribute to
Uð2; 1Þ. With one notable qualification, this gives us a
shower based on kT ordering (C ¼ ⊥),Λ ordering (C ¼ Λ),
or ϑ ordering (C ¼ ∠) from Sec. V C. The qualification is
that D̂a;LCþ

aa0 uses the LCþ approximation for color.
On the third segment, 2 < t < 3, μ2E and μ2C are fixed, so

there is no contribution from D½1;0�ðtÞ. Since μ2iπ decreases
from μ2H to m2⊥, there is a contribution from ImD½0;1�ðtÞ.
Thus there is a color phase factor iπS½0;1�

iπ ðtÞ.
With this choice of shower scales and path, the shower

evolution from the hard scale to the scale at which the
shower stops has the form from Eq. (78),

Uð3; 0Þ ¼ Uð3; 2ÞUð2; 1ÞUð1; 0Þ: ð133Þ

We thus arrive at what seems to us quite a surprising
structure. The operator Uð2; 1Þ is the most important of
these evolution operators. It represents a full first order
shower from the hard scale μ2H to zero using kT, Λ, or ϑ
ordering and using the LCþ approximation for color. The
operator Uð1; 0Þ provides an exponentiated correction to
the LCþ color approximation. It is generated by an
operator that produces soft gluon emissions and exchanges
using the difference between color matrices for full color
and the corresponding color matrices for LCþ color. The
remaining operator, Uð3; 2Þ produces an exponentiation of
the color phase from the imaginary part of virtual graphs,
generated by SiπðtÞ.
We have chosen a path ðμEðtÞ; μCðtÞ; μiπðtÞÞ such that

μ2EðtÞ → 0 with fixed μ2CðtÞ for as t increases, then
μ2CðtÞ → 0. Thus it is μ2CðtÞ that controls the resolved region
for large t. Then in the general definition Eq. (26),

μlimðμ⃗SÞ ¼ μC: ð134Þ

Then also

alimðz; μ2CðtÞÞ ¼ aCðz; μ2CðtÞÞ; ð135Þ

as in Eq. (26).

XI. THE CROSS SECTION

We now describe the components of an infrared safe
cross section when we use three scale parameters μ⃗ ¼
ðμE; μC; μiπÞ with the special path described in the previous
section in which μE changes first, then μC, then μiπ. The
scale μC can correspond to any of kT, Λ, or ϑ ordering. We
consider any infrared safe cross section, but concentrate on
cross sections for which the beginning hard scattering
process is either Drell-Yan muon pair production or the
hard scattering of two partons. The measured cross section
could involve more than just the beginning hard process.
For instance, one could measure the transverse momentum
of the muon pair in the Drell-Yan process.
The parton shower representation for the cross section is

described in some detail in Ref. [2] and is stated in Eq. (82).
If we decompose Uð3; 0Þ as Uð3; 2ÞUð2; 1ÞUð1; 0Þ and
decompose UVð3; 0Þ as UVð3; 2ÞUVð2; 1ÞUVð1; 0Þ, we have

σ ¼ ð1jOJUð3; 2ÞUð2; 1ÞUð1; 0Þ
× UVð3; 2ÞUVð2; 1ÞUVð1; 0ÞF ðμ2HÞjρHÞ: ð136Þ

At the end of the shower, OJ makes the desired measure-
ment on the many-parton state. Then ð1j represents an
inclusive sum over the parton state variables. At the start of
the shower, jρH) is the parton statistical state at the hard
interaction. It can be computed beyond the leading pertur-
bative order if we use infrared subtractions that are matched
to the shower [2]. Since this matching is not yet imple-
mented in DEDUCTOR, we concentrate in this section on the
case that jρH) is calculated at lowest order. The operator
F ðμ2HÞ supplies the parton luminosity factor needed to form
a cross section. It uses the PDFs that match the organization
of the parton shower according to the ordering represented
by μC, calculated using evolution in the parameter λ as
specified in Sec. VIII. If we use kT ordering, the shower
PDFs are very close the MS PDFs. If we use Λ or ϑ
ordering, the shower PDFs can differ substantially from the
MS PDFs. This change is part of the summation of
threshold logarithms [8] that is part of the shower algorithm
represented in Eq. (136). (We present a simple example in
the following section and an analysis of the structure of the
summation of threshold logarithms according to the shower
algorithm in Appendix E.)
The next operator in Eq. (136) is UVð3; 0Þ, written as

three separate factors. This operator is also part of the
summation of threshold logarithms. It uses shower oriented
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PDFs calculated using evolution in the parameter λ as
specified in Sec. VIII. In general, UVð3; 0Þ leaves the
number of partons and their momenta and flavors
unchanged. The operator UVðt; t0Þ is the ordered exponen-
tial of SVðtÞ, as given in Eq. (80). The generator SVðtÞ at
lowest order is given by the first order version of Eq. (81)

S½1�
V ðtÞ ¼ −

d
dt

V ½1�ðμRðtÞ; μ⃗SðtÞÞ: ð137Þ

This first order operator is described in Appendix D. The
operator V ½1� is associated with real emissions, derived
using Eq. (70) from D½1;0� and the real part of virtual
exchanges, ReD½0;1�. There is no contribution from the
imaginary part of virtual exchanges, ImD½0;1�, because
ð1jImD½0;1� ¼ 0. Additionally, only initial state emissions
contribute:

S½1�
V ðtÞ ¼ S½1�

V;aðtÞ þ S½1�
V;bðtÞ: ð138Þ

Emissions from final state partons do not contribute to

S½1�
V ðtÞ because virtual exchanges cancel real emissions

[1,8]. To calculate S½1�
V;aðtÞ, we differentiate V ½1�

a according to

Eq. (137). Here V ½1�
a is obtained by combining Eq. (71) with

Eqs. (76) and (120):

V ½1�
a ðμR; μE; μCÞjfp; f; c; c0gmÞ

¼ jfp; fgmÞ
αsðμ2RÞ
2π

X
a0

Z
1

0

dz
z

fa0=Aðηa=z; μ2RÞ
fa=Aðηa; μ2RÞ

× ½Pa;LCþ
aa0 ðz; fpgm; μCÞ

þ Pa;soft
aa0 ðz; fpgm; μEÞ�jfc; c0gmÞ: ð139Þ

Consider the three operators UVð1; 0Þ, UVð2; 1Þ, and
UVð3; 2Þ corresponding to the three segments of this path.
In each case, UV is determined by dV ½1�ðtÞ=dt on that path
segment, according to Eq. (137).
On the third segment, 2 < t < 3, μE, and μC are fixed, so

there is no contribution from V ½1�ðtÞ. That is, UVð3; 2Þ ¼ 1.
On the second segment, 1 < t < 2, μE is fixed at μE ¼ 0

while μ2C varies from μ2H to 0. Thus Pa;soft
aa0 does not

contribute. Only Pa;LCþ
aa0 contributes. That is, UVð2; 1Þ,

is UVð2; 1Þ as it would be calculated using the LCþ
approximation. The LCþ approximation has the property
that the color basis vectors used in the shower algorithm are
eigenvectors of UVð2; 1Þ. Thus UVð2; 1Þ applied to a parton
basis state jfp; f; c; c0gm) gives just a numerical factor.
On the first segment, 0 < t < 1, μC is fixed at μ2C ¼ μ2H

while μ2E varies from μ2Eð0Þ to 0. As we saw in Eq. (132), the
unresolved region that applies in Pa;LCþ

aa0 is independent of t
on the first path segment, so that Pa;LCþ

aa0 does not contribute.
Thus we are left with Pa;soft

aa0 , which provides a correction in

UVð1; 0Þ to the LCþ approximation used in UVð2; 1Þ. The
operator V leaves the number of partons and their momenta
and flavors unchanged, but it can change the parton color
state. The operator Pa;soft

aa0 , in fact, contains nontrivial color
operators. Thus UVð1; 0Þ is, in general, a nontrivial operator
on the color space for the partons involved in the hard
process, as described in jρH). Fortunately from the point of
view of computation, this color space is finite dimensional.
Thus it should be possible to calculate UVð1; 0ÞjρHÞ
numerically. Even more fortunately, in the color space
for the qq̄ final state in the lowest order Drell-Yan process,
the LCþ approximation is exact, so that Pa;soft

aa0 acting in this
space vanishes. That is, for the lowest order Drell-Yan
process, UVð1; 0ÞjρHÞ ¼ jρHÞ.
Let us now consider the three operators Uð1; 0Þ, Uð2; 1Þ,

and Uð3; 2Þ corresponding to the probability conserving
shower evolution on the three segments of the path.
On the first segment, 0 < t < 1, because of Eq. (132),

Da;LCþ
aa0 does not contribute to Uð1; 0Þ. Only Da;soft

aa0 contrib-
utes. This operator contains nontrivial color operator and it
creates more partons each time it acts. That is, the
dimensionality of the color space grows each time S½1;0�
acts. This means that, at least as far as we know, one cannot,
in general, calculate the action of Uð1; 0Þ exactly. However,
we expect that one can expand Uð1; 0Þ in powers of Da;soft

aa0

up to order ½Da;soft
aa0 �n and calculate these contributions

numerically for any n that we choose, limited by the
available computer power available. It remains a future
research project to implement this scheme.7

There is one case in which Uð1; 0Þ can be computed
exactly. In the Drell-Yan process at lowest order, one starts
with qq̄ color states. These color states form a one-
dimensional space and on this space the LCþ approxi-
mation is exact. Thus Da;soft

aa0 acting on the single state in
this space vanishes. That is, Uð1; 0Þ ¼ 1 when acting on
this space. We can simply ignore Uð1; 0Þ.
On the second segment, 1 < t < 2, Uð2; 1Þ creates a full

shower using first order splitting functions derived from
Da;LCþ

aa0 . The soft splitting functions from Da;soft
aa0 do not

contribute because μ2E is fixed. This gives us a first order
shower based on the LCþ approximation from μ2H to zero
[with infrared cutoffs based on m2⊥ða; âÞ].
On the third segment, 2 < t < 3, neither μ2E nor μ2C varies,

so there is no contribution from the splittings in D½1;0�.
The only contribution is from the color phase operator
SiπðtÞ, which leaves the number of partons and their

7In fact, we have done this in Refs. [1,19,20] in the more
difficult case of a shower formulation in which appearances of
Da;soft

aa0 are interleaved with ordinary LCþ splittings. We found
that the contributions fromDa;soft

aa0 are practical to compute and can
be substantial in the case of the rapidity gap fraction in hadron-
hadron collisions but are small in other cases that we have
examined.
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momenta and flavors unchanged. The result depends on
what we measure with the operator OJ in Eq. (136). The
usual case is that OJ measures only parton momenta
and flavors, but not colors. Then OJ commutes with
SiπðtÞ, so that

σ ¼ ð1jUð3; 2ÞOJUð2; 1ÞUð1; 0Þ
× UVð2; 1ÞUVð1; 0ÞF ðμ2HÞjρHÞ: ð140Þ

However, ð1jSiπðtÞ ¼ 0 so that ð1jUð3; 2Þ ¼ ð1j. This
leaves

σ ¼ ð1jOJUð2; 1ÞUð1; 0Þ
× UVð2; 1ÞUVð1; 0ÞF ðμ2HÞjρHÞ: ð141Þ

That is, the effect of Uð3; 2Þ cancels and there is no need to
calculate Uð3; 2Þ.
There is a possible exception to this. One may want to

add a nonperturbative model of hadronization to the
perturbative parton shower. For instance, one can start
with a perturbative DEDUCTOR event, add a nonperturbative
underlying event, and then pass the event to PYTHIA for
hadronization according to the Lund string model, as in
Ref. [8]. In this case, the result depends on the color
configuration in the DEDUCTOR event, so that the effect of
Uð3; 2Þ does not automatically cancel.
We can summarize these results for the three segment

path. First, for the third segment we can use UVð3; 2Þ ¼ 1
and, as long as the measurement operator OJ is blind to
parton color, Uð3; 2Þ → 1. For the second segment, we
need both UVð2; 1Þ and Uð2; 1Þ, but these operators are
straightforward to calculate with the current DEDUCTOR

code because they use the LCþ approximation. For the first
segment, if we consider the lowest order Drell-Yan process
then UVð1; 0Þ → 1 and Uð1; 0Þ → 1, leaving

σ ¼ ð1jOJUð2; 1ÞUVð2; 1ÞF ðμ2HÞjρHÞ: ð142Þ

Alternatively, if we consider parton-parton scattering as
the hard process, then UVð1; 0Þ should be fairly simple to
calculate by exponentiating a finite dimensional matrix.
We expect that one can calculate shower evolution
operator Uð1; 0Þ perturbatively in powers of Da;soft

aa0 .
We leave implementation of the calculation of UVð1; 0Þ
and Uð1; 0Þ to future research.

XII. THE DRELL-YAN CROSS SECTION

We can test how the methods of this paper work by
calculating the cross section for pþ p → μþ μ̄þ X. We
use the three segment evolution path presented in this
paper. We start with the expression (141) for the cross
section. Here the starting statistical state jρH) is obtained
from the Born matrix elements. It would be preferable to
correct this to NLO, but the required matching is not

available in the present version of DEDUCTOR and, with
matching, the treatment of UVð1; 0Þ and Uð1; 0Þ would
be nontrivial.
We first look at the cross section dσ=dMμμ̄, in which

only the mass Mμμ̄ of the muon pair is measured. In this
case the measurement operator OJ commutes with the
shower operator Uð2; 1Þ and we can use ð1jUð2; 1Þ ¼ ð1j to
eliminate the shower operator, leaving

σ ¼ ð1jOJUVð2; 1ÞF ðμ2HÞjρHÞ: ð143Þ

There are three versions of each of the operators UVð2; 1Þ
andF ðμ2HÞ, one version for each of kT ordering, Λ ordering,
and ϑ ordering.
In Fig. 11, we show the separate effect of the operators

UVð2; 1Þ and F ðμ2HÞ. First, we replace UVð2; 1Þ by 1 and
use the kT-ordered, Λ-ordered, and ϑ-ordered versions of
the shower oriented PDFs in the operator F ðμ2HÞ. These
PDFs are determined from the standard CT14 [21] MS
PDFs using the λ-evolution equation (98). We find the cross
sections shown as solid curves in Fig. 11. Evidently, the
choice of ordering variable makes a substantial difference
in the results. Second, we fix the PDFs in F ðμ2HÞ to be the
MS PDFs and use the full operators UVð2; 1Þ corresponding
to the three choices of ordering variable. We find the cross
sections shown as dashed curves in Fig. 11. Again, the
choice of ordering variable makes a substantial difference
in the results.

FIG. 11. Ratio of the Drell-Yan cross section dσ=dMμμ̄ to the
Born cross section as a function of the dimuon mass Mμμ̄ forffiffiffi
s

p ¼ 13 TeV. In the full result, there is a PDF factor and a UV
factor for each of kT ordering,Λ ordering and ϑ ordering. Here we
show partial results in which we include the proper PDF factors
but set UV ¼ 1 (solid curves) and then in which we use MS PDFs
instead of the proper shower oriented PDFs but use the proper
factors of UV (dashed curves).
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In Fig. 12, we calculate the cross section using the
product UVð2; 1ÞF ðμ2HÞ of operators for each of kT
ordering, Λ ordering, and ϑ ordering. We find the
cross sections shown as solid curves in Fig. 12. Now
we see that the choice of ordering variable makes
almost no difference in the results. We also see that
the effect of summing threshold logarithms using
UVð2; 1ÞF ðμ2HÞ is quite substantial. This is not a surprise
because threshold logarithms are known to be quite
important for processes that involve partons with large
momentum fractions. In Fig. 12, we show as a dashed
red curve the result of the analytic summation of
threshold logarithms by Becher et al. [22]. We see
that the shower version of the summation of threshold
logarithms matches the analytic version quite nicely
except that the shower result needs an approximately
constant correction factor of about 1.15 to equal the
analytic result. This factor would plausibly be supplied
by matching the shower result to a perturbative NLO
calculation. In Fig. 12, we also show the perturbative
NLO result obtained from MCFM [23]. This fixed order
result lacks the summation of threshold logarithms, but
it does show the approximately 15% correction to the
shower result at Mμμ̄ ≈ 1 TeV.
In Appendix E, we use a simple leading logarithm

approximation to analyze how the operators UVð2; 1Þ
and F ðμ2HÞ combine to sum threshold logarithms. This
analysis shows why the curves in Fig. 11 have the

qualitative behavior that we see in the figure. This analysis
also shows why, at least in the leading approximation, the
three curves in Fig. 12 match.
We now look at the cross section dσ=ðdMμμ̄dpT), in

which both the mass and the transverse momentum pT of
the muon pair are measured. Now the shower operator
Uð2; 1Þ in Eq. (142) does not commute with the measure-
ment operator OJ, so that the parton shower has an effect.
In Fig. 13, we show dσ=ðdMμμ̄dpTÞ integrated inMμμ̄ over
the range 2 TeV < Mμμ̄ < 2.1 TeV and normalized by this
cross section integrated in pT over 0 < pT < 100 GeV.
The shower approximately sums logarithms of pT=Mμμ̄.
We compare to an analytic summation of these logarithms
[24] using the program RESBOS [25,26]. The RESBOS

result includes some nonperturbative broadening that is not
present in the shower result.
Figure 13 is comparable to Fig. 4 of Ref. [10], but now

the definitions for the shower algorithm are a little different
and now we show results for kT ordering, Λ ordering, and ϑ
ordering of the shower.
We see that the distributions for kT ordering and Λ

ordering agree with each other pretty closely. The RESBOS

result is, as expected, a bit broader than these. The result
with ϑ ordering is qualitatively similar to the kT and Λ
ordering results, but noticeably narrower.

FIG. 12. Ratio of the Drell-Yan cross section dσ=dMμμ̄ to the
Born cross section as a function of the dimuon mass Mμμ̄ forffiffiffi
s

p ¼ 13 TeV. The two dashed curves shown for comparison are
from Fig. 3 of Ref. [10]. The curve labeled analytic (BNX) is the
analytic summation of threshold logarithms of Becher, Neubert,
and Xu, comparable to the NNLO curve of Fig. 8 of Ref. [22].
The curve labeled NLO is obtained from a perturbative calcu-
lation using MCFM [23].

FIG. 13. The normalized Drell-Yan transverse momentum
distribution, ð1=σÞdσ=dpT for the LHC at 13 TeV. Here pT
is the transverse momentum of the μμ̄ pair, dσ=dpT is
dσ=ðdMμμ̄dpTÞ integrated over 2 TeV < Mμμ̄ < 2.1 TeV and
σ is this cross section integrated over 0 < pT < 100 GeV, so that
the area under the curve is 1. We show curves for kT ordering,
Λ ordering, and ϑ ordering of the shower. We also show the
corresponding result obtained using RESBOS [25,26] as a dashed
black curve.
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XIII. SUMMARY AND COMMENTS

In a previous paper [1], we showed how, in the case of
electron-positron annihilation, one can formulate a first
order parton shower using more than one shower scale,
μ⃗ ¼ ðμ1; μ2;…Þ. Then one has the freedom to specify an
evolution path μ⃗ðtÞ. This can lead to a simpler end result for
cross sections than one would get with, say, kT evolution. In
this paper, we extend the use of multiscale evolution to
showers with initial state partons. This paper covers many
issues, so we briefly summarize the main points here.
A parton shower with initial state partons in inherently

more complicated than a shower with just final state
partons. One needs to factor parton distribution functions
out of the cross section and one needs to connect the
evolution of the shower with the evolution of the parton
distribution functions. This has two consequences.
First, the parton distribution functions used internally

in the shower should not be the same as the MS parton
distribution functions used for calculations in fixed order
perturbation theory. We have analyzed this in earlier
papers [2,8–10], but in Sec. VIII of this paper, we have
presented a more precise derivation. We also present a
direct relation between the shower oriented PDFs and the
MS PDFs that is better suited than the relationship used in
Refs. [2,8–10] when the scale arguments of the PDFs
are large.
A second consequence of the connection between

shower evolution and PDF evolution is that, in addition
to the shower evolution operator U, a second operator, UV
appears in the shower cross section. The operator UV
creates a summation of threshold logarithms. This operator
was included in Refs. [2,8–10], but in this paper in Sec. VII
we have presented what we believe is a clearer derivation.
We also present an improved expression for UV and the
infrared sensitive operator D on which the derivation is
based. In particular, we have simplified the definition of the
part of D at first order that comes from virtual parton
exchanges. This is achieved by introducing what we call the
momentum sum rule in Sec. V F.
With initial state partons included, the first order virtual

exchange operator D½0;1� acquires an imaginary part.
Section VG of this paper provides a simpler definition
of ImD½0;1� than appears in Refs. [4,11].
Using this structure for initial state showers, we consider

a shower with multiple shower scales. We use three shower
scales, defined in Sec. IX. The first is μC, which stands for
one of μ⊥, μΛ, or μ∠, corresponding to kT ordering, Λ
ordering (based on virtuality), or angular ordering. The
scale μC determines the boundary of a region in the space of
splitting variables ðz; ϑÞ that is defined to represent split-
tings that are unresolved at scale μC. With kT ordering or Λ
ordering, a splitting is unresolved if it is either too soft
[(1 − z) too small] or too collinear (ϑ too small.) The
second scale is μE, for which a splitting is unresolved if it is

too soft, ð1 − zÞ < μ2E=Q2. There are some terms in the
shower splitting functions that have a soft singularity but
not a collinear singularity. We take advantage of having the
scale μE by eliminating the cuts based on μC for these terms.
We introduce a third scale μiπ that defines an unresolved
region for ImD½0;1� but not for other terms in D½1�.
With three scales available, we define a simple, three-

component path in the space of scales that takes us from
large scales to small scales. This choice gives a simpler
result for a calculated cross section than one would have
with a single scale μC. First, as long as the measurement
applied at the end of the shower is not sensitive to the color
state of the partons, the imaginary part of the splitting
function has no effect. Second, one can choose to use the
LCþ approximation for color on the second segment of the
path. Then there is a term in the splitting functions that is
proportional to the difference between full color and the
LCþ approximation. This term has a soft singularity by no
collinear singularity. This difference term appears by itself
on the first segment of the path. In the case of the lowest-
order Drell-Yan process, the shower operator, Uð1; 0Þ, is
just the unit operator and the threshold operator UVð1; 0Þ is
also just the unit operator.
This gives us a very simple result for the cross section.

One can simply use the result for one scale μC in which we
ignore the imaginary part of virtual exchanges and in which
we use the LCþ approximation for color. In Sec. XII we
exhibit results using this approach for the Drell-Yan cross
section dσ=dMμμ̄ and for the pT distribution of the
produced muon pair. These results are obtained for kT
ordering, Λ ordering, and ϑ ordering. The results for
dσ=dMμμ̄ are remarkably independent of the ordering
choice and the results for the pT distribution show a
noticeable dependence on the ordering choice in the case
of ϑ ordering.
Having summarized the main points of the paper, we can

offer some comments.
We view a parton shower as something that is, in

principle, defined at all perturbative orders [2]. In particu-
lar, the infrared sensitive operatorD should be thought of as
having an expansion in powers of αs: D ¼ 1þD½1� þ � � �.
Then, in the formulation of Ref. [2], the generator SðtÞ of
parton splittings is determined and has an expansion in
powers of αs beginning at order α1s. In a first order shower,
we use the first order term. In fact, it is an important open
problem to define a prescription in which the second order
contributions to D and thus SðtÞ can be calculated.
With a first order shower, there is considerable freedom

to define D½1� and thus S½1�ðtÞ. For instance, one can use a
single scale that defines either kT ordering or angular
ordering. The resulting first order splitting functions are not
the same. However, as analyzed in Ref. [1], the contribution
to a cross section resulting from this difference starts at
order α2s. If we were able to work with order α2s splitting
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functions, S½2�, then the differences in calculated cross
sections between prescriptions would be order α3s and
therefore would be less significant. In addition, if we were
able to use splitting functions S½2�, we would have a
sensible way to judge the merits of two prescriptions for
a first order shower: we would prefer a prescription at first
order that makes the second order splitting functions S½2�
numerically small in applications.
In this paper, we have used the option to use multiple

shower scales μ⃗S in a way that makes the first order shower
simpler. The difference between the resulting shower and a
more standard one scale shower would then be generated by
higher order contributions to the shower splitting functions.
We can hope, but cannot now prove, that the first order
shower thus defined will not have large contributions to its
splitting functions when extended to second order.
We expect the D½2� operator in a second order shower to

be quite complicated. In order to deal with the complica-
tions, it may be helpful to use multiple splitting scales along
the lines used in this paper.
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APPENDIX A: INITIAL STATE SPLITTINGS
IN DEDUCTOR

In this appendix, we describe the details of initial state
real emissions from parton “a” in DEDUCTOR. We begin
with the kinematic variables. An initial state parton with
momentum pa splits in backward evolution into a new
initial state parton with momentum p̂a and a final state
parton labeled mþ 1 with momentum p̂mþ1. All partons
are treated as massless. DEDUCTOR uses splitting variables
consisting of a dimensionless virtuality y, a momentum
fraction z, and an azimuthal angle ϕ. Before the splitting,
the initial state parton momenta are

pa ¼ ηapA;

pb ¼ ηbpB: ðA1Þ

Here pA and pB are the hadron momenta, approximated as
being massless. After the splitting, the new momenta are

p̂a ¼
1

z
pa;

p̂mþ1 ¼
1 − z − yz

z
pa þ zypb þ k⊥;

p̂b ¼ pb: ðA2Þ
Here k⊥ · pa ¼ k⊥ · pb ¼ 0 and ϕ is the azimuthal angle of
k⊥. This gives us the virtuality variable y:

2p̂a · p̂mþ1 ¼ yQ2; ðA3Þ

where Q2 ¼ 2pa · pb. Using p̂2
mþ1 ¼ 0, we find

−k2⊥ ¼ ð1 − z − yzÞyQ2: ðA4Þ
Since p̂a − p̂mþ1 ≠ pa when y > 0, we need to take

some momentum from the final state partons in order to
conserve momentum. DEDUCTOR takes the needed momen-
tum from all of the final state partons before the splitting
using

p̂μ
l ¼ Λμ

νpν
l ; l ∈ f1;…; mg ðA5Þ

for a suitably chosen Lorentz transformation Λμ
ν . Then

momentum is conserved provided that

Λμ
νðpν

a þ pν
bÞ ¼ p̂μ

a − p̂μ
mþ1 þ pμ

b: ðA6Þ
It is possible to find a Lorentz transformation with this
property because the momenta in Eq. (A2) obey

ðp̂a − p̂mþ1 þ pbÞ2 ¼ ðpa þ pbÞ2: ðA7Þ
The choice made in DEDUCTOR is as follows [27]. If

p ¼ αpa þ βpb þ p⊥ ðA8Þ

with p⊥ · pa ¼ p⊥ · pb ¼ 0, then p̂μ ¼ Λμ
νpν is

p̂ ¼ ð1þ yÞαpa þ
1

1þ y

�
β −

2p⊥ · k⊥
Q2

þ α
k2⊥
Q2

�
pb

þ p⊥ − αk⊥: ðA9Þ
We now turn to the initial state real emission operator

D½1;0�
a ðμ2R; μ2CÞ. Here μ2R is the renormalization scale and μ2C is

a single shower scale corresponding to kT ordering, Λ
ordering, or ϑ ordering as specified in Sec. V C. We apply

D½1;0�
a ðμ2R; μ2CÞ with its accompanying PDF factors to an

m-parton state and write the result in the form

F aðμ2RÞD½1;0�
a ðμ2R; μ2CÞF−1

a ðμ2RÞjfp; f; c; c0gmÞ

¼
Z

dfp̂; f̂gmþ1jfp̂; f̂gmþ1Þ
αsðμ2RÞ
2π

X
â

Z
1

0

dz
z

fâ=Aðηa=z; μ2RÞ
fa=Aðηa; μ2RÞ

D̂a
aâðz; fp̂; f̂gmþ1; fp; fgm; ϵÞjfc; c0gmÞ: ðA10Þ
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Here D½1;0�
a adds one new parton and we integrate over the

momenta and flavors fp̂; f̂gmþ1 of the partons after the
splitting. There are dimensionally regulated singularities,
so this integration is in 4 − 2ϵ dimensions for each
momentum. Then D̂a

aâ is a function of the momenta and
flavors before and after the splitting and is an operator that
maps the m-parton color space to the mþ 1 parton color
space. The index a in D̂a

aâ is fixed. It is the flavor of the
incoming parton “a.” The operator D̂a

aâ also depends on the
two scales μ2R and μ2C, but we have not made that
dependence explicit in the notation.

The operatorF ¼ F aF b provides the parton distribution
functions needed to make a cross section, Eq. (6.3) of
Ref. [10],

F aðμ2RÞjfp; f; c0; cgmÞ ¼
fa=Aðηa; μ2RÞ

ncðaÞnsðaÞ2ηa½pA · pB�1=2
× jfp; f; c0; cgmÞ: ðA11Þ

Here ncðaÞ is the number of colors for flavor a and nsðaÞ is
the number of spins, 2 for a quark and 2ð1 − ϵÞ for a gluon.
The operator D̂a

âa is

D̂a
aâðz; fp̂; f̂gmþ1; fp; fgm; ϵÞ

¼ zϵ

ð1 − zÞ2ϵ
�
μ2R
Q2

�
ϵ ð4πÞϵ
Γð1 − ϵÞ

Z
1

0

dϑ
ϑ
½ϑð1 − ϑÞ�−ϵ

Z
d1−2ϵϕ

Sð2 − 2ϵÞ
× δðfp̂; f̂gmþ1 − Raðz; ϑ;ϕ; â; fp; fgmÞÞΘððz;ϑÞ ∈ Uðμ2CÞÞ

×
X
k

1

2

�
θðk ¼ aÞ 1

Nða; âÞ P̂aâðz;ϑ; ϵÞ − θðk ≠ aÞδaâ
2

1 − z
W0ðξak; z;ϑ;ϕ − ϕkÞ

�

× ft†aðfa → f̂a þ f̂mþ1Þ ⊗ tkðfk → f̂k þ f̂mþ1Þ þ t†kðfk → f̂k þ f̂mþ1Þ ⊗ taðfa → f̂a þ f̂mþ1Þg: ðA12Þ

The operator D̂a
aâ depends on the splitting variable z and

on â, which is the flavor of the incoming parton after the
splitting (in the sense of backward evolution). We use â as a
splitting variable that specifies the flavor content of the
splitting. For instance, â ¼ a corresponds to gluon emis-
sion from the incoming line, so that parton mþ 1 is a
gluon. If a is a quark flavor and â ¼ g, then partonmþ 1 is
the corresponding flavor of antiquark. The right-hand side
of Eq. (A12) begins with integrations over the other two
splitting variables ϑ and ϕ, with appropriate dependence on
the dimensional regulation parameter ϵ. The variable ϕ is a
unit vector in the 2 − 2ϵ dimensional transverse momentum
space and represents the azimuthal angle of p̂mþ1. There is
a sum over the index k ∈ fa; b; 1;…; mg of a dipole partner
parton for a splitting. Then ϕk is the azimuthal angle of p̂k
if k ∉ fa; bg. The integration over ϕ is an integration over a
unit sphere that is a 1 − 2ϵ dimensional surface. The
function Sð2 − 2ϵÞ is the surface area of this sphere, so that

Z
d1−2ϵϕ

Sð2 − 2ϵÞ 1 ¼ 1: ðA13Þ

Integration over ϕ of a function of ϕ − ϕk is a shorthand
notation for integration over a unit vector ϕ in a coordinate
system with the unit vector ϕk equal to (1; 0;…). After the
integrations, there is a delta function that sets fp̂; f̂gmþ1 to
the momenta and flavors obtained from a splitting with
variables (z, ϑ, ϕ, â) applied to partons with momenta and
flavors fp; fgm according to DEDUCTOR conventions.

The idea of the singular operatorD½1;0� is that it integrates
over splittings that are arbitrarily close to the soft and
collinear limits, but with an ultraviolet cutoff that depends
on a scale parameter μ2C. The region of ðz; ϑÞ allowed by the
cutoff is called the unresolved region and is denoted by
Uðμ2CÞ. The subscript C denotes the definition of the
unresolved region, as described in Sec. V C. We therefore
insert a theta function that specifies that (z, ϑ) lies in the
unresolved region.
There is a special feature that applies when the hard

scattering process is parton-parton scattering, aþ b →
1þ 2, with transverse momentum P⊥ defined by p1 ¼
αpa þ βpb þ P⊥. Here the partons are massless and
P⊥ · pa ¼ P⊥ · pb ¼ 0. In a parton shower, the initial state
partons split in backwards evolution into other final state
partons besides partons 1 and 2 from the hard scattering,
leaving at the end of the shower new initial state partons a0
and b0 with larger momentum fractions than the partons that
created the hard scattering. In this situation, the scattering
identified as the hard scattering should be the hardest of all
the scatterings. That is, the k2T of each initial state emission
should be no greater than jP2⊥j.8 For this reason, the
unresolved regionUðμ2CÞ in Eq. (A12) should be a subregion
of 0 < z < 1, 0 < ϑ < 1, and k2T < jP2⊥j. That is, we define
Θððz; ϑÞ ∈ Uðμ2CÞÞ in Eq. (A12) by

8This was argued in some detail in Ref. [14] with a slightly
different choice of variables.
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Θððz;ϑÞ ∈ Uðμ2CÞÞ
¼ θðϑ < aCðz; μ2CÞÞθð0 < ϑ < 1Þ
× θðϑ < a⊥ðz; jP2⊥jÞÞ: ðA14Þ

Then the resolved region consists of all points (z, ϑ) with
0 < z < 1, 0 < ϑ < 1, and k2T < jP2⊥j that are not in the
unresolved region. Only splittings with k2T < jP2⊥j can then
be generated in the shower. When the hard process is Drell-
Yan muon pair production, this restriction does not apply.
When the hard scattering is parton-parton scattering, if the
shower is kT ordered, this restriction does not matter, but in
the case of Λ or ϑ ordering, this restriction does matter. In
order to avoid extra clutter, we omit effects of the factor
θðϑ < a⊥ðz; jP2⊥jÞÞ in our formulas that follow.
In the next factor in Eq. (A12), there is a sum over dipole

partner partons k. In the first term, the partner parton is the
same as the emitting parton, k ¼ a. This term contains a
color factor Nða; âÞ defined by

Nðq; gÞ ¼ TR; Nðg; qÞ ¼ CF;

Nðq; qÞ ¼ CF; Nðg; gÞ ¼ CA; ðA15Þ

where q is any quark or antiquark flavor. Then there is a
splitting function P̂aâðz; ϑ; ϵÞ. For the case that â ≠ a, this
function is related to the function w̄aaðfp̂; f̂gmþ1Þ that
appears in Eq. (5.7) of Ref. [4] by

αsðμ2RÞ
2π

1

ϑ

P̂aâðz; ϑ; ϵÞ
Nða; âÞ ¼ Q2

16π2
nsðaÞ
nsðâÞ

ð1 − zÞw̄aaðfp̂; f̂gmþ1Þ:

ðA16Þ

Here nsðaÞ is the number of spin states for a parton of flavor
a as in Eq. (A11). We calculate w̄aaðfp̂; f̂gmþ1Þ and similar
functions in the cases below from the definitions in Ref. [3]
so that the sums over parton spins are performed in 4 − 2ϵ
dimensions. For the case that â ¼ a, P̂aaðz;ϑ; ϵÞ is related
to the functions w̄aaðfp̂; f̂gmþ1Þ and w̄eikonal

aa ðfp̂; f̂gmþ1Þ
that appear in Eq. (5.7) of Ref. [4] by

αsðμ2RÞ
2π

1

ϑ

P̂aaðz; ϑ; ϵÞ
Nða; aÞ ¼ Q2

16π2

�
ð1 − zÞw̄aaðfp̂; f̂gmþ1Þ − ð1 − zÞw̄eikonal

aa ðfp̂; f̂gmþ1Þ þ
8παsðμ2RÞ

Q2

2z
ð1 − zÞϑ

�
: ðA17Þ

The functions P̂aâðz; ϑ; ϵÞ are rather simple. We simplify the notation by defining

P̂aâðz; ϑ; 0Þ ¼ P̂aâðz; ϑÞ;
P̂aâðz; 0; 0Þ ¼ P̂aâðzÞ;
P̂aâðz; 0; ϵÞ ¼ P̂aâðzÞ − ϵP̂ðϵÞ

aâ ðzÞ þOðϵ2Þ: ðA18Þ

Then we find

P̂qqðz; ϑÞ ¼ CF

�
1þ z2

1 − z
− zy

�
;

P̂ggðz; ϑÞ ¼ 2CA

�
z½1þ yzð1þ yÞ�
ð1 − zÞð1þ yÞ þ 1 − zð1þ yÞ

zð1þ yÞ2 þ z½1 − zð1þ yÞ�
�
;

P̂qgðz; ϑÞ ¼ TRð1 − 2zð1þ yÞ½1 − zð1þ yÞ�Þ;

P̂gqðz; ϑÞ ¼ CF

�
zþ 2

1 − zð1þ yÞ
zð1þ yÞ2

�
; ðA19Þ

where y ¼ ð1 − zÞϑ=z and q is any quark or antiquark flavor.
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The contributions proportional to ϵ (at y ¼ 0) are

P̂ðϵÞ
qq ðzÞ ¼ CFð1 − zÞ;

P̂ðϵÞ
gg ðzÞ ¼ 0;

P̂ðϵÞ
qg ðzÞ ¼ TR2zð1 − zÞ;

P̂ðϵÞ
gq ðzÞ ¼ CFz: ðA20Þ

Finally, at y ¼ 0 and ϵ ¼ 0 we have

P̂qqðzÞ ¼ CF
1þ z2

1 − z
;

P̂ggðzÞ ¼ 2CA

�
z

1 − z
þ 1 − z

z
þ zð1 − zÞ

�
;

P̂qgðzÞ ¼ TRð1 − 2zð1 − zÞÞ;

P̂gqðzÞ ¼ CF

�
zþ 2

1 − z
z

�
: ðA21Þ

That is, these are the familiar unregulated DGLAP kernels.
Next, in Eq. (A12) is a term proportional to a function

W0ðξak; z; ϑ;ϕ − ϕkÞ. This term comes from interference
between emission of a gluon from parton “a” and emission
from dipole partner parton k with k ≠ a. The variable ξak is
ð1 − cos θa;kÞ=2 where θa;k is the angle between pk and pa

as measured in the rest frame of Q,

ξak ¼
pa · pkQ2

2pa ·Qpk ·Q
¼ pa · pk

pk ·Q
: ðA22Þ

The function W0 is related to the functions
w̄dipole
ak ðfp̂gmþ1Þ and A0

akðfp̂gmþ1Þ that appear in
Eq. (5.7) of Ref. [4] by

αsðμ2RÞ
2π

1

ϑ

2

1 − z
W0ðξak; z; ϑ;ϕ − ϕkÞ

¼ Q2

16π2

�
ð1 − zÞA0

akðfp̂gmþ1Þw̄dipole
ak ðfp̂gmþ1Þ

−
8παsðμ2RÞ

Q2

2z
ð1 − zÞϑ

�
: ðA23Þ

The functions w̄dipole
ak ðfp̂gmþ1Þ and A0

akðfp̂gmþ1Þ are [from
[4], Eq. (5.3) and [6], Eq. (7.12)]

w̄dipole
ak ðfp̂gmþ1Þ ¼ 4παsðμ2RÞ

2p̂k · p̂a

p̂mþ1 · p̂kp̂mþ1 · p̂a
;

A0
akðfp̂gmþ1Þ ¼

p̂mþ1 · p̂kp̂a · Q̂

p̂mþ1 · p̂kp̂a · Q̂þ p̂mþ1 · p̂ap̂k · Q̂
:

ðA24Þ

The function ð1 − zÞA0
akw̄

dipole
ak is singular both in the

collinear limit, ϑ → 0 at fixed (1 − z), and in the soft limit,
ð1 − zÞ → 0 at fixed ϑ. In the collinear limit, ð1 − zÞ
A0
akw̄

dipole
ak is proportional to z=½ð1 − zÞϑ�. In Eq. (A23),

we have subtracted this singular behavior, leaving a function
W0 that vanishes in the collinear limit, although it remains
finite in the soft limit.
The explicit expression for W0 is

W0ðξ; z;ϑ;ϕÞ ¼
z2þ zð1− zÞϑ
1þϑð1− zÞ

�
z− ð1þð1− zÞϑÞð1− ξÞðzð1−ϑÞþϑÞ

z− ð1þð1− zÞϑÞ½ð1− ξÞðzð1−ϑÞ−ϑÞþ 2cosϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zϑð1−ϑÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ξð1− ξÞp �− 1

�
: ðA25Þ

In our study of the inclusive splitting probability, we will
need the azimuthal average of W0 at ϵ ¼ 0,

Wðξak; z; ϑÞ ¼
Z

π

−π

dϕ
2π

W0ðξak; z; ϑ;ϕ − ϕkÞ: ðA26Þ

It has a reasonably simple form:

Wðξ;z;ϑÞ¼z2þzð1−zÞϑ
1þϑð1−zÞ

�
1−δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1−δÞ2þ4ϑ2δ
p −1

�
; ðA27Þ

where

δ ¼ ð1þ ð1 − zÞϑÞ
�
1þ 1 − z

z
ϑ

�
ð1 − ξÞ: ðA28Þ

We can rewrite this in a form that shows thatWðξak; z; ϑÞ is
proportional to ϑ2 as ϑ → 0 with fixed z:

Wðξ; z; ϑÞ ¼ −
z2 þ zð1 − zÞϑ
1þ ϑð1 − zÞ

4ϑ2δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − δÞ2 þ 4ϑ2δ

p
½ð1 − δÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − δÞ2 þ 4ϑ2δ

p
� : ðA29Þ
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We will also need W at z ¼ 1:

Wðξ; 1; ϑÞ ¼ ξffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2 þ 4ϑ2ð1 − ξÞ

p − 1: ðA30Þ

Finally in Eq. (A12) there is a factor with color operators.
The operator t†aðfa → f̂a þ f̂mþ1Þ, acting on the ket color
state jfcgmi, gives the new color state jfĉgmþ1i that one
gets after emitting the new parton mþ 1 from parton “a”
with flavor fa. This operator is described in some detail in
Ref. [3]. Similarly, tkðfk → f̂k þ f̂mþ1Þ, acting on the bra
color state hfc0gmj, gives the new color state hfĉ0gmþ1j that
one gets after emitting the new parton mþ 1 from parton k
with flavor fk.
When parton mþ 1 is a gluon, the color operators obey

the identity

X
k

tkðfk → fk þ gÞ ¼ 0: ðA31Þ

This identity arises from the fact that the parton color state
is an overall color singlet, so that attaching a color
generator matrix Tc

k to all of the parton lines k in the state,
including k ¼ a, gives zero. We have used this identity to
add the same term, proportional to z=½ð1 − zÞϑ�, to both the
k ¼ a term and the k ≠ a terms in Eq. (A12). We have
added this term in both places in order to move the soft ×
collinear singularity from the k ≠ a terms to the k ¼ a
term. After this change, the k ≠ a terms, proportional to
W0, have a soft singularity but not a collinear singularity.
We now turn to the splitting operator. The shower

operator Uðt2; t1Þ is the ordered exponential of the integral
over shower time t of a splitting operator SðtÞ according to
Eq. (8). Consider the first order contribution to the splitting

operator for splitting of initial state parton “a,” S½1�
a ðtÞ. This

operator consists of a real emission part, S½1;0�
a ðtÞ, and a

virtual exchange part S½0;1�
a ðtÞ. The real emission part is

determined from the derivative of D½1;0�
a with respect to the

shower time using Eq. (79) specialized to first order, which
gives Eq. (10). For the contribution from initial state parton
“a,” this is

S½1;0�
a ðtÞ ¼ −F aðμ2RðtÞÞ

X
i

dμ2S;iðtÞ
dt

×
∂D½1;0�

a ðμRðtÞ; μ⃗SðtÞÞ
∂μ2S;i

F−1
a ðμ2RðtÞÞ: ðA32Þ

We differentiate D½1;0�
a as given in Eq. (A10). In

Eq. (A10), the ratio of PDFs corresponds to the PDF

operators F aðμ2RÞ � � �F−1
a ðμ2RÞ rather than D½1;0�

a , so we do
not differentiate the PDF factor. There is a factor of αsðμ2RÞ

that is part of D½1;0�
a , but the derivative of αs with respect to

its scale argument is of order α2s and we want only the first
order contribution to SaðtÞ, so we do not differentiate the
αs factor. This leaves the derivative of D̂

a
aâ, which is given

in Eq. (A12). The dependence on μ⃗SðtÞ is contained in the
factor Θððz; ϑÞ ∈ Uðμ2CÞÞ, so it is only the theta functions
contained in this factor that we should differentiate,
producing delta functions that fix the integration variable
ϑ in D̂a

aâ. Then the dimensional regularization is not
needed, so we can set ϵ ¼ 0. These considerations give
one a straightforward calculation of S½1;0�ðtÞ. We omit
further details.
The virtual exchange part, S½0;1�

a ðtÞ, of S½1�
a ðtÞ leaves the

number of partons and their momenta and flavors
unchanged, but can change the color state of the partons.
It has both a real part and an imaginary part. The imaginary

part, iπS½0;1�
iπ ðtÞ, is analyzed in Sec. VG and given in

Eq. (69). The real part of S½0;1�
a ðtÞ can be determined rather

simply because the definition of SðtÞ is arranged so that the
shower operator Uðt2; t1Þ preserves probability. This implies

that ð1jS½1�
a ðtÞ ¼ 0. Since ð1jiπS½0;1�

iπ ðtÞ ¼ 0, if we define
S½0;1� by S½1� ¼ S½1;0� þ S½0;1�, this gives us

ð1jReS½0;1�
a ðtÞ ¼ −ð1jS½1;0�

a ðtÞ: ðA33Þ

This requirement, together with a convention on the color

content of ReS½0;1�
a ðtÞ, is enough to determine ReS½0;1�

a ðtÞ
from S½1;0�

a ðtÞ, as described in some detail in Secs. IV and
XVI.C of Ref. [7]. We write the relation in the form defined
in Ref. [7],

ReS½0;1�
a ðtÞ ¼ −½S½1;0�

a ðtÞ�P: ðA34Þ

The mapping S½1;0�
a ðtÞ → ½S½1;0�

a ðtÞ�P is straightforward. We

start with D½1;0�
a with scales fμRðtÞ; μCðtÞg as given by the

combination of Eqs. (A10) and (A12). We multiply by ð1j to
form the inclusive probability and use ð1p;fjfp; fgmþ1Þ ¼ 1.
Then the delta function in Eq. (A12) eliminates the integra-
tion over fp; fgmþ1 in Eq. (A10), leaving integrations over
the splitting variables fz; ϑ;ϕg. We differentiate the theta
functionΘððz; ϑÞ ∈ Uðμ2CÞÞ with respect to the shower time t

in order to obtain S½1;0�
a from D½1;0�

a according to Eq. (10).
Then the dimensional regularization is no longer needed, so
we set ϵ ¼ 0. Finally, the color operator t†a ⊗ tk for a real
emission is mapped into the operator 1 ⊗ tkt

†
a for the

corresponding virtual exchange and t†k ⊗ ta is mapped to
tat

†
k ⊗ 1. The result is
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½S½1;0�
a ðtÞ�Pjfp; f; c; c0gmÞ

¼ −
αsðμ2RðtÞÞ

2π

X
â

Z
1

0

dz
z

fâ=Aðηa=z; μ2RðtÞ
fa=Aðηa; μ2RðtÞÞ

Z
1

0

dϑ
ϑ

Z
dϕ
2π

d
dt

Θððz; ϑÞ ∈ Uðμ2CðtÞÞÞ

×
X
k

1

2

�
θðk ¼ aÞ 1

Nða; âÞ P̂aâðz; ϑÞ − θðk ≠ aÞδaâ
2

1 − z
W0ðξak; z; ϑ;ϕ − ϕkÞ

�

× f1 ⊗ tkðfk → f̂k þ f̂mþ1Þt†aðfa → f̂a þ f̂mþ1Þ þ taðfa → f̂a þ f̂mþ1Þt†kðfk → f̂k þ f̂mþ1Þ ⊗ 1g
× jfp; f; c; c0gmÞ: ðA35Þ

This is the operator that appears in Eq. (9).

APPENDIX B: POLE STRUCTURE

Inclusive splitting at first order is given in Eq. (54) by an
operator Pa

aa0 ðz; fpgmÞ that operates on the parton color
space. This operator has two parts. The first, P̂a

aa0 ðz; fpgmÞ,
comes from real emission graphs, while the second,
Γa0 ðfpgmÞ, comes from virtual exchange graphs:

Pa
aa0 ðz; fpgmÞ ¼ P̂a

aa0 ðz; fpgmÞ
þ δaa0δð1 − zÞΓa0 ðfpgmÞ: ðB1Þ

In Pa
aa0 ðz; fpgmÞ, there are infrared singularities in the

integration over splitting variables y, z, ϕ. The singularities
are regulated by working in 4 − 2ϵ dimensions, so that
integrals over z of P̂a

aa0 ðz; fpgmÞ have poles 1=ϵ and 1=ϵ2.
The integrals over y, z, ϕ are confined to the region of
unresolved splittings set by a scale or scales μ⃗S.
For the virtual graphs that contribute to Γa0 ðfpgmÞ, there

is some freedom available in defining a region of unre-
solved loop momenta that corresponds to the unresolved
region for real emission graphs. However, the pole structure
of Γa0 ðfpgmÞ is independent of the definition of an
unresolved region and is given by

½Γa0 ðfpgmÞ�poles ¼ −
�X

a

Z
1

0

dz zP̂a
aa0 ðz; fpgmÞ

�
poles

:

ðB2Þ

This was stated in the main text as Eq. (56). The purpose of
this appendix is to establish this result.

The method of proof is straightforward. We know based
on collinear factorization in QCD that the infrared finite
operator V defined in Eq. (70) has no poles. Each pole in
Γa0 ðfpgmÞ would contribute a corresponding pole to V, so
the Γa0 ðfpgmÞ poles must cancel poles from other con-
tributions to V. Thus we can adopt the algebraically simple
strategy of assuming Eq. (B2) and showing that then

½V�poles ¼ 0: ðB3Þ

We omit an explicit demonstration that the structure of the
coefficients of the poles requires that Eq. (B2) is the unique
solution to Eq. (B3).
We assume Eq. (B2) for the pole part of Γa0 ðfpgmÞ and

extend this to the finite part as ϵ → 0 by defining

Γa0 ðfpgmÞ ¼ −
X
a

Z
1

0

dz zP̂a
aa0 ðz; fpgmÞ: ðB4Þ

We then show that this leads to Eq. (B3). We call Eq. (B4)
the momentum-sum-rule (MSR) ansatz. Of course,
Eq. (B4) could be supplemented by adding to Γa0 ðfpgmÞ
any operator that has no poles.
In Eq. (B1), the inclusive probability P̂a

aa0 for real
emissions is related to D½1;0� in Eq. (44). Its structure is
given in Eq. (50). We can rewrite this equation by changing
the integration variable from y to ϑ ¼ zy=ð1 − zÞ. We write

the result in terms of three functions, AðRÞ
aa0 ðzÞ, BðRÞ

k;a0 ðzÞ, and
CðRÞ
k;a0 ðz; ξakÞ, where the superscript R denotes real

emissions,

P̂a
aa0 ðz; fpgmÞ ¼ AðRÞ

aa0 ðzÞ½1 ⊗ 1� þ BðRÞ
aa0 ðzÞ½1 ⊗ 1�

− δaa0

�ð1 − zÞ2
z

�−ϵ 2

1 − z

X
k≠a

CðRÞ
k;a0 ðz; ξakÞ

1

2
f½Tk · Ta ⊗ 1� þ ½1 ⊗ Tk · Ta�g: ðB5Þ

Here
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AðRÞ
aa0 ðzÞ ¼

�
μ2R
Q2

�
ϵ ð4πÞϵ
Γð1 − ϵÞ

�ð1 − zÞ2
z

�−ϵ Z 1

0

dϑ
ϑ

½ϑð1 − ϑÞ�−ϵP̂aa0 ðzÞ; ðB6Þ

where P̂aa0 ðzÞ is the familiar DGLAP kernel, equal to P̂aa0 ðz; ϑ; ϵÞ at ϑ ¼ ϵ ¼ 0. Next,

BðRÞ
aa0 ðzÞ ¼

�
μ2R
Q2

�
ϵ ð4πÞϵ
Γð1 − ϵÞ

�ð1 − zÞ2
z

�−ϵ Z 1

0

dϑ
ϑ

½ϑð1 − ϑÞ�−ϵ½Θððz; ϑÞ ∈ Uðμ⃗SÞÞP̂aa0 ðz; ϑ; ϵÞ − P̂aa0 ðzÞ�: ðB7Þ

Finally,

CðRÞ
k;a0 ðz; ξakÞ ¼

�
μ2R
Q2

�
ϵ ð4πÞϵ
Γð1 − ϵÞ

Z
1

0

dϑ
ϑ

½ϑð1 − ϑÞ�−ϵ
Z

d1−2ϵϕ
Sð2 − 2ϵÞ Θððz;ϑÞ ∈ Uðμ⃗SÞÞW0ðξak; z;ϑ;ϕ − ϕkÞ: ðB8Þ

For the virtual exchange operator Γa0 ðfpgmÞ, we can

define functions AðVÞ
â , BðVÞ

â , andCðVÞ
k ðξakÞ, with superscripts

V for virtual exchanges:

Γa0 ðfpgmÞ ¼ AðVÞ
a0 ½1 ⊗ 1� þ BðVÞ

a0 ½1 ⊗ 1�

þ
X
k≠a

CðVÞ
k;a0 ðξakÞ

1

2

�
½Tk · Ta ⊗ 1�

þ ½1 ⊗ Tk · Ta�
�
: ðB9Þ

Here a virtual gluon exchange between the initial state

parton “a” and another parton k is represented by CðVÞ
k;a0 ðξakÞ.

It has the same color structure as the CðRÞ
k;a0 ðz; ξakÞ term

in P̂a
aa0 .

We start our investigation with the third term in Eq. (B5)

for P̂a
aa0, proportional to the function CðRÞ

k;a0 ðz; ξakÞ. This
term has a distinctive color structure, f½Tk · Ta ⊗ 1�þ
½1 ⊗ Tk · Ta�g. This term in P̂a

aa0 does not have a collinear,
ϑ → 0, singularity because W0 vanishes as ϑ → 0, as one
can see directly from the expression (A25) for W0.
However it has a soft gluon singularity, as seen in the
factor 1=ð1 − zÞ. This singularity produces a pole 1=ϵ
after we integrate over z. For any smooth function hðzÞ
we have

Z
1

0

dz hðzÞ
�ð1 − zÞ2

z

�
−ϵ 2CðRÞ

k;a0 ðz; ξakÞ
1 − z

¼ −
hð1ÞCðRÞ

k;a0 ð1; ξakÞ
ϵ

þOðϵ0Þ: ðB10Þ

The corresponding contribution to virtual exchange inte-
grated against a smooth function hðzÞ is

Z
1

0

dz hðzÞδð1 − zÞCðVÞ
k;a0 ðξakÞ ¼ hð1ÞCðVÞ

k;a0 ðξakÞ: ðB11Þ

In order for the two 1=ϵ poles in Eqs. (B10) and (B11) to
cancel, we need

CðVÞ
k;a0 ðξakÞ ¼

CðRÞ
k;a0 ð1; ξakÞ

ϵ
þOðϵ0Þ: ðB12Þ

In order to obtain this relation, we use the definition
given by the momentum sum rule:

CðVÞ
k;a0 ðξakÞ¼−

Z
1

0

dz̄

�ð1− z̄Þ2
z̄

�−ϵ 2z̄
1− z̄

CðRÞ
k;a0 ðz̄;ξakÞ: ðB13Þ

Then we indeed satisfy Eq. (B12).
Of course, there are other ways to satisfy Eq. (B12).

Indeed, CðVÞ
k;a0 is expressed as a dimensionally regulated

integral over a 4 − 2ϵ dimensional loop momentum q. We
need to cut out the ultraviolet contributions to this integral
using the shower scales μ⃗S used for the real emission
integrations. However we do this, the infrared pole 1=ϵwill
match between the real and virtual graphs. We have seen
that if we simply define the virtual integral in terms of the
corresponding real integral by using the momentum sum
rule, the 1=ϵ contributions will cancel as required. Then the
momentum sum rule ansatz fixes the finite part of the
virtual contribution as a function of μ⃗S.
We can now consider the second term, proportional to

BðRÞ
aa0 ðzÞ. There is a factor

Θððz; ϑÞ ∈ Uðμ⃗SÞÞ ¼ 1 − Θððz; ϑÞ ∉ Uðμ⃗SÞÞ: ðB14Þ

The term Θððz; ϑÞ ∉ Uðμ⃗SÞÞ cannot contribute any 1=ϵ
poles because in the resolved region, ðz; ϑÞ can never
reach the singular surfaces ϑ ¼ 0 or ð1 − zÞ ¼ 0. This
leaves P̂aa0 ðz; ϑ; ϵÞ − P̂aa0 ðzÞ. The contributions to
P̂aa0 ðz; ϑ; ϵÞ proportional to ϵ are completely nonsingular,
as we see in Eq. (A20), so these contributions cannot
contribute any poles. The contributions proportional to
y ¼ ð1 − zÞϑ=z contain a factor ϑ, which cancels the
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collinear singularity, and a factor (1 − z), which cancels
the soft singularity.
Thus the integral of BðRÞ

aa0 ðzÞ over z has no 1=ϵ poles.

There is a corresponding virtual contribution, BðVÞ
aa0 ðzÞ, but

if we define it from BðRÞ
aa0 ðzÞ according to the momentum

sum rule, it will contain no poles also. We conclude that
Baa0 ðzÞ is free of 1=ϵ poles.
Finally, we consider the first term in Eq. (B5), propor-

tional to AðRÞ
aa0 ðzÞ. We can perform the ϑ integration to give

AðRÞ
aa0 ðzÞ ¼ −

�
μ2R
Q2

�
ϵ ð4πÞϵ
Γð1 − ϵÞ

�
1

ϵ
þOðϵÞ

�
QðRÞ

aa0 ðzÞ; ðB15Þ

where

QðRÞ
aa0 ðzÞ ¼

�ð1 − zÞ2
z

�−ϵ
P̂aa0 ðzÞ: ðB16Þ

Caution is needed because P̂aa0 ðzÞ has a 1=ð1 − zÞ
singularity:

P̂aa0 ðzÞ ¼ δaa0
2Ca

1 − z
þ P̂reg

aa0 ðzÞ; ðB17Þ

where P̂reg
aa0 ðzÞ is finite for z → 1. Treating QðRÞ

aa0 ðzÞ as a
distribution by integrating against a test function hðzÞ that
vanishes for z → 0, we obtain

QðRÞ
aa0 ðzÞ ¼ −2Caδaa0

�
1

2ϵ
þ 1

�
δð1 − zÞ

þ δaa0
1

z

�
2Caz
1 − z

�
þ
þ P̂reg

aa0 ðzÞ þOðϵÞ: ðB18Þ

Here we have used the dimensional regularization factor
½ð1 − zÞ2=z�−ϵ in the singular term. Then instead of an
unregulated 1=ð1 − zÞ singularity, we obtain a distribution
that is well defined as long as ϵ ≠ 0, with δð1 − zÞ and
½z=ð1 − zÞ�þ terms. Overall, counting the 1=ϵ in Eq. (B15),

we have 1=ϵ2 and 1=ϵ infrared singularities in AðRÞ
aa0 ðzÞ

when ϵ → 0.
We can now add the contributions from virtual graphs.

We can use the momentum sum rule as an ansatz to define
these contributions. Then we can check whether this
ansatz works to remove all 1=ϵn poles in a physical cross
section. The momentum-sum-rule ansatz is to replace

QðRÞ
aa0 ðzÞ by

Qaa0 ðzÞ ¼ QðRÞ
aa0 ðzÞ þQðVÞ

aa0 ðzÞ; ðB19Þ

with

QðVÞ
aa0 ðzÞ ¼ −δaa0δð1 − zÞ

X
c

Z
1

0

dz̄ z̄QðRÞ
ca0 ðz̄Þ: ðB20Þ

This gives

Qaa0 ðzÞ¼ δaa0
1

z

�
2Caz
1− z

�
þ
þ P̂reg

aa0 ðzÞ

−δaa0δð1− zÞ
X
c

Z
1

0

dz̄ z̄P̂reg
ca0 ðz̄ÞþOðϵÞ: ðB21Þ

Note that the contribution proportional to δð1 − zÞ with a
1=ϵ singularity has canceled. Since Paa0 ðzÞ obeys the
momentum sum rule, we have

Qaa0 ðzÞ ¼ Paa0 ðzÞ þOðϵÞ: ðB22Þ

We can now define Aaa0 ðzÞ ¼ AðRÞ
aa0 ðzÞ þ AðVÞ

aa0 ðzÞwith the
result that

Aaa0 ðzÞ ¼ −
�
μ2R
Q2

�
ϵ ð4πÞϵ
Γð1 − ϵÞ

�
1

ϵ
þOðϵÞ

�
Paa0 ðzÞ: ðB23Þ

Of course, we could also add a term proportional to δð1 − zÞ
with no poles to AðVÞ

aa0 ðzÞ. The construction presented here
determines only the pole structure of the contributions from
virtual graphs to Pa

aa0 ðz; fpgmÞ.
We can use Eq. (B23) in Eq. (72). For V in Eq. (72),

counting the factorization subtraction, we obtain

1

ϵ

ð4πÞϵ
Γð1− ϵÞPaa0 ðzÞ þAaa0 ðzÞ ¼ − log

�
μ2R
Q2

�
Paa0 ðzÞ: ðB24Þ

The 1=ϵ singularity cancels from V.
We conclude that as long as the contribution to

Pa
aa0 ðz; fpgmÞ from virtual graphs is defined using the

momentum sum rule, we obtain

�X
a

Z
1

0

dz zPa
aa0 ðz; fpgmÞ

�
poles

¼ 0; ðB25Þ

as required for the infrared finite operator V in Eq. (70) to
be free of infrared poles in the dimensionally regulated
theory. This is the result reported in Eq. (56).

APPENDIX C: STRUCTURE OF V
AT FIRST ORDER

In this appendix, we examine the structure of the
operator V at first order in αs. We start with Eq. (70),
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ð1jVðμ2R; μ⃗SÞ ¼ ð1j½F ðμ2RÞ∘Kðμ2RÞ∘ZFðμ2RÞ�
×Dðμ2R; μ⃗SÞF−1ðμ2RÞ: ðC1Þ

The operators K, ZF, and D are simply unit operators at
order α0s. Thus at first order, the part of V that applies to
hadron A becomes

ð1jV ½1�
a ðμ2R; μ⃗SÞ ¼ ð1j½F aðμ2RÞ∘K½1�

a ðμ2RÞ�F−1
a ðμ2RÞ

þ ð1j½F aðμ2RÞ∘Z½1�
F;aðμ2RÞ�F−1ðμ2RÞ

þ ð1jF aðμ2RÞD½1�
a ðμ2R; μ⃗SÞF−1

a ðμ2RÞ: ðC2Þ

The ∘ symbols in the first two terms stand for convolutions,
as in Eq. (63) of Ref. [2], so that

½F aðμ2RÞ∘K½1�
a ðμ2RÞ�F−1

a ðμ2RÞ

¼
X
a0

Z
1

0

dz
z

fa0=Aðηa=z; μ2RÞ
fa=Aðηa; μ2RÞ

αsðμ2RÞ
2π

Kaa0 ðz; μ2RÞ: ðC3Þ

We are free to choose what Kaa0 ðz; μ2RÞ should be. In the
second term, the factor in the MS scheme that removes the
1=ϵ singularity from an initial state splitting is9

½F aðμ2RÞ∘Z½1�
F;aðμ2RÞ�F−1

a ðμ2RÞ ¼
X
a0

Z
1

0

dz
z

fa0=Aðηa=z; μ2RÞ
fa=Aðηa; μ2RÞ

×
αsðμ2RÞ
2π

1

ϵ

ð4πÞϵ
Γð1 − ϵÞPaâðzÞ:

ðC4Þ

The operators in Eqs. (C3) and (C4) are proportional to
unit operators on the parton color space. In Eq. (54),

ð1jF aD
½1�
a F−1

a is expressed as a convolution of the same
PDF factor with an operator Pa that acts nontrivially on the
parton color space.

We write V ½1�
a as a convolution with PDFs according to

Eq. (71),

V ½1�
a ðμ2R; μ⃗SÞjfp; f; c; c0gmÞ

¼ jfp; fgmÞ
αsðμ2RÞ
2π

X
a0

Z
1

0

dz
z

fa0=Aðηa=z; μ2RÞ
fa=Aðηa; μ2RÞ

× Va
aa0 ðz; fp; fgmÞjfc; c0gmÞ: ðC5Þ

This gives

Va
aa0 ðz; fp; fgmÞ ¼ lim

ϵ→0

�
Kaa0 ðz; μ2RÞ þ

1

ϵ

ð4πÞϵ
Γð1 − ϵÞPaâðzÞ

þ Pa
aa0 ðz; fpgm; ϵÞ

�
: ðC6Þ

We now need to examine the structure of
Pa
aa0 ðz; fp; fgm; ϵÞ for ϵ → 0. Since we define Pa

aa0 from
its real emission part P̂a

aa0 using the momentum sum rule,
Eq. (59), we can begin with P̂a

aa0 . For this, we can use
Eq. (50):

P̂a
aa0 ðz; fpgm; ϵÞ

¼ zϵ

ð1 − zÞ2ϵ
�
μ2R
Q2

�
ϵ ð4πÞϵ
Γð1 − ϵÞ

Z
1

0

dϑ
ϑ

½ϑð1 − ϑÞ�−ϵ

× Θððz;ϑÞ ∈ Uðμ⃗SÞÞ
�
P̂aa0 ðz; ϑ; ϵÞ

−
Z

d1−2ϵϕ
Sð2 − 2ϵÞ

X
k≠a

2δaa0

1 − z
W0ðξak; z; ϑ;ϕ − ϕkÞ

×
1

2
f½Tk · Ta ⊗ 1� þ ½1 ⊗ Tk · Ta�g

�
: ðC7Þ

We define the unresolved region by saying that ðz;ϑÞ ∈
Uðμ⃗SÞ if 0 < z < 1, 0 < ϑ < 1, and

ϑ < amaxðz; μ⃗SÞ; ðC8Þ

where amaxðz; μ⃗SÞ is the combination that appears in
Eq. (25):

amaxðz; μ⃗SÞ ¼ max facutðz; μ⃗SÞ; a⊥ðz;m2⊥ða; âÞg: ðC9Þ

We also define

alimitðz; μ⃗SÞ ¼ maxfalimðz; μ2limðμ⃗SÞÞ; a⊥ðz;m2⊥ða; âÞg:
ðC10Þ

Here, in general, μlim is a function μlimðμ⃗SÞ of the scales μ⃗S.
Then alimðz; μ2limðμ⃗SðtÞÞ is the limiting form of acutðz; μ⃗SðtÞÞ
at large shower times t, as defined in Eq. (26).
With three scales, μ⃗S ¼ ðμE; μC; μiπÞ, the unresolved

region for D̂a;LCþ
aa0 and P̂LCþ

aa0 is defined by Eq. (122) with

acutðz; μ2E; μ2CÞ ¼ maxfaEðz; μ2EÞ; aCðz; μ2CÞg: ðC11Þ

On the chosen path shown in Fig. 10, μE decreases to zero
first, then μC decreases to zero. Thus we define μCðμ⃗SÞ ¼ μC,
and alimðz; μ2limðμ⃗SÞÞ ¼ aCðz; μ2CÞ in Eq. (C10). This gives us

9This is in 4 − 2ϵ dimensions. Recall that αs is ϵ dependent
and has dimension ðmassÞ−2ϵ in the dimensionally regulated
theory [28].
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amaxðz; μ⃗SÞ ¼ maxfaEðz; μ2EÞ; aCðz; μ2CÞ; a⊥ðz;m2⊥ða; âÞg;
alimitðz; μ⃗SÞ ¼ maxfaCðz; μ2CÞ; a⊥ðz;m2⊥ða; âÞg: ðC12Þ

In the term in Eq. (C7) proportional to W0, we can set
ϵ → 0. Then we can use the azimuthal average, Wðξ; z; ϑÞ,
of W0, defined in Eq. (A26).
In the term in Eq. (C7) proportional to P̂aa0 , we use the

notation of Eq. (A18) to write P̂aa0 ðz; ϑ; ϵÞ in the form

P̂aa0 ðz; ϑ; ϵÞ ¼ P̂aa0 ðzÞ − ϵP̂ðϵÞ
aa0 ðzÞ

þ ½P̂aa0 ðz; ϑ; ϵÞ − P̂aa0 ðz; 0; ϵÞ� þOðϵ2Þ:
ðC13Þ

For the term P̂aa0 ðz;ϑ; ϵÞ − P̂aa0 ðz; 0; ϵÞ, it suffices to take
the ϵ → 0 limit inside the integrations. For the first two
terms, we need the integral

I ¼
�

zμ2R
ð1 − zÞ2Q2

�
ϵ ð4πÞϵ
Γð1 − ϵÞ

Z
1

0

dϑ
ϑ
½ϑð1 − ϑÞ�−ϵ

× θðϑ < amaxðz; μ⃗SÞÞ: ðC14Þ

Performing the integrations gives

I ¼ −
1

ϵ

ð4πÞϵ
Γð1 − ϵÞ þ log

�ð1 − zÞ2Q2

zμ2R
amaxðz; μ⃗SÞ

�

−
Z

amaxðz;μ⃗SÞ

1

dϑ
ϑ
θð1 < ϑÞ þOðϵÞ: ðC15Þ

After some rearrangement, this gives us an infrared
sensitive contribution and a nonsensitive (NS) contribution:

P̂a
aa0 ðz; fpgm; ϵÞ ¼ −

1

ϵ

ð4πÞϵ
Γð1 − ϵÞ P̂aa0 ðzÞ þ P̂ðϵÞ

aa0 ðzÞ

þ P̂aa0 ðzÞ log
�ð1 − zÞ2Q2

zμ2R
alimitðz; μ⃗SÞ

�

þ P̂a;NS
aa0 ðz; fpgmÞ þOðϵÞ: ðC16Þ

The infrared nonsensitive contribution is

P̂a;NS
aa0 ðz; fpgmÞ

¼
Z

amaxðz;μ⃗SÞ

0

dϑ
ϑ
½θðalimitðz; μ⃗SÞÞ < ϑÞ− θð1 < ϑÞ�P̂aa0 ðzÞ

þ
Z

amaxðz;μ⃗SÞ

0

dϑ
ϑ
θðϑ < 1Þ½P̂aa0 ðz;ϑÞ − P̂aa0 ðzÞ�

−
Z

amaxðz;μ⃗SÞ

0

dϑ
ϑ
θðϑ < 1Þ

X
k≠a

2δaa0

1− z
Wðξak; z;ϑÞ

×
1

2
f½Tk · Ta ⊗ 1� þ ½1 ⊗ Tk · Ta�g: ðC17Þ

The first term here is P̂aa0 ðzÞ times ½− logðalimitÞ þ
logðamaxÞθðamax < 1Þ�. For our later purposes, we have
written this as an integral.10

Equation (C16) gives P̂a
aa0 , the part of Pa

aa0 associated
with real parton splittings. To obtain the full Pa

aa0 , we use
the momentum sum rule, Eq. (59):

Pa
aa0 ðz; fpgm; ϵÞ

¼ −
1

ϵ

ð4πÞϵ
Γð1 − ϵÞPaâðzÞ þ ½P̂ðϵÞ

aa0 ðzÞ�MSR

þ
�
P̂aa0 ðzÞ log

�ð1 − zÞ2Q2

zμ2R
alimitðz; μ⃗SÞ

��
MSR

þ Pa;NS
aa0 ðz; fpgmÞ þOðϵÞ; ðC18Þ

where

Pa;NS
aa0 ðz; fpgmÞ ¼ ½P̂a;NS

aa0 ðz; fpgmÞ�MSR: ðC19Þ

Here we have noted that the DGLAP kernel obeys the
momentum sum rule: ½P̂aâðzÞ�MSR ¼ PaâðzÞ. We note from
Eq. (A29) that Wðξak; z; ϑÞ is proportional to ϑ2 for ϑ → 0,
so that the integration of W over ϑ is not singular.
The infrared nonsensitive contribution has no 1=ϵ
poles and vanishes in the limit of small scales μ⃗S

when ½P̂a;NS
aa0 ðz; fpgmÞ�MSR is integrated against a fixed test

function fðzÞ.
We can now insert these results into Eq. (C6), giving

Va
aa0 ðz;fpgmÞ¼Kaa0 ðz;μ2RÞþ½P̂ðϵÞ

aa0 ðzÞ�MSR

þ
�
P̂aa0 ðzÞlog

�ð1−zÞ2Q2

zμ2R
alimitðz;μ⃗SÞ

��
MSR

þPa;NS
aa0 ðz;fpgmÞ: ðC20Þ

The contribution proportional to Paa0 ðzÞ=ϵ in Eq. (C6) has
canceled an identical singular term in Pa

aa0 ðz; fpgm; ϵÞ in
Eq. (C18). This is the result reported in Eq. (74) in the main
text. We now defineKaa0 ðz; μ2RÞ so that it cancels the second
and third terms in Eq. (C20), leaving

Va
aa0 ðz; fpgmÞ ¼ Pa;NS

aa0 ðz; fpgmÞ: ðC21Þ

This is the result reported in Eq. (76) in the main text.

APPENDIX D: STRUCTURE OF SV

AT FIRST ORDER

We use the operator VðμRðtÞ; μ⃗SðtÞÞ to define the thresh-
old operator UVðt2; t1Þ according to Eqs. (80) and (81):

10The form used in Eq. (C17) assumes that alimit ≤ amax, as is
the case when we use Eq. (C12). A slightly different form would
apply if alimit > amax.
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UVðt2; t1Þ ¼ V−1ðμRðt2Þ; μ⃗Sðt2ÞÞVðμRðt1Þ; μ⃗Sðt1ÞÞ

¼ T exp

�Z
t2

t1

dtSVðtÞ
�
; ðD1Þ

where

SVðtÞ ¼ −V−1ðμRðtÞ; μ⃗SðtÞÞ
d
dt

VðμRðtÞ; μ⃗SðtÞÞ: ðD2Þ

We let t ¼ 0 be the shower time at the start of the shower,
corresponding to a renormalization scale parameter
μR ¼ μH, where μH is comparable to the scale of the hard
interaction. Then tf is the shower time at the end of the
shower. Thus we consider

UVðtf ; 0Þ ¼ T exp

�Z
tf

0

dtSVðtÞ
�
: ðD3Þ

At first order,

S½1�
V ðtÞ ¼ −

d
dt

V ½1�ðμRðtÞ; μ⃗SðtÞÞ þOðα2s Þ: ðD4Þ

There are two contributions to S½1�
V ðtÞ, corresponding to

emissions from partons a and b, respectively:

S½1�
V ðtÞ ¼ S½1�

V;aðtÞ þ S½1�
V;bðtÞ: ðD5Þ

If we use the three segment path from t ¼ 0 to
t ¼ tf ¼ 3, then the T instruction tells us to break
UVð3; 0Þ into UVð3; 2ÞUVð2; 1ÞUVð1; 0Þ. We saw in
Sec. XI that UVð3; 2Þ ¼ 1. Next, UVð2; 1Þ is calculated
using the LCþ approximation. No T instruction is needed
within UVð2; 1Þ because all of the operators commute.
Finally UVð1; 0Þ is determined by the difference between
the full color operators and their LCþ approximate version.
This contribution is subleading in threshold logarithms and
subleading in color. It is not simple to treat UVð1; 0Þ in
computer code. We leave that to future work. For the
leading order Drell-Yan process investigated in this paper,
the parton state just after the hard interaction is very simple
and this color difference operator applied to this state gives
zero, so that UVð1; 0Þ ¼ 1.

In this appendix, we examine V ½1�
a with just one scale μ2C,

which is what we need for the second segment of the path.

To evaluate V ½1�
a , we can start with Eq. (C5). We understand

V ½1�
a to be applied to a state jfp; f; c; c0gm) but omit writing

out the state. Eq. (C5) expresses V ½1�
a in terms of the

operator Va
aa0 ðz; fpgmÞ, which equals Pa;NS

aa0 ðz; fpgmÞ
according to Eq. (C21). For Pa;NS

aa0 ðz; fpgmÞ, we use
Eq. (C17). Since we consider the second phase of evolution
of SV , we take μ2E ¼ 0. Additionally, although an infrared

cutoff is needed, V ½1;0�
a is not sensitive to the infrared cutoff

used. For that reason, we simplify the notation by setting
m2⊥ða; âÞ ¼ 0 for now. Then amax ¼ alimit ¼ aCðz; μ2CÞ. We

set μ2R ¼ μ2C. This gives for V
½1�
a ,

V ½1�
a ðμ2CÞ ¼

αsðμ2CÞ
2π

X
a0

Z
1

0

dz
z

fa0=Aðηa=z;μ2CÞ
fa=Aðηa;μ2CÞ

×

�Z
aCðz;μ2CÞ

0

dϑ
ϑ

�
−θðϑ> 1ÞP̂aa0 ðzÞ

þ θðϑ< 1Þ½P̂aa0 ðz;ϑÞ− P̂aa0 ðzÞ�

− θðϑ< 1Þ
X
k≠a

2δaa0

1− z
Wðξak; z;ϑÞ

×
1

2
f½Tk ·Ta ⊗ 1�þ ½1⊗ Tk ·Ta�g

��
MSR

: ðD6Þ

On the second segment of our chosen path, we use the LCþ
approximation for the color operators in Eq. (D6), but we
do not specify that choice here.
We need the derivative of this with respect to t:

S½1�
V ðtÞ ¼ −

dμ2CðtÞ
dt

d
dμ2C

V ½1�ðμ2CÞ þOðα2s Þ: ðD7Þ

When we differentiate with respect to μ2C, we differentiate
with respect to the upper endpoint of the ϑ integral, but we
do not differentiate αsðμ2CÞ, fa0=Aðηa=z; μ2CÞ, or fa=Aðηa; μ2CÞ
because the derivatives of these objects are of order αs and

we want only the first order contribution to S½1�
V ðtÞ. Then,

using the fact that aCðz; μ2CÞ ∝ μ2C, we obtain

S½1�
V;aðtÞ¼

1

μ2CðtÞ
dμ2CðtÞ
dt

X
a0

Z
1

0

dz
z

fa0=Aðηa=z;μ2CðtÞÞ
fa=Aðηa;μ2CðtÞÞ

αsðμCðtÞ2Þ
2π

�
θðϑðz;tÞ>1ÞP̂aa0 ðzÞ−θðϑðz;tÞ<1Þ½P̂aa0 ðz;ϑðz;tÞÞ− P̂aa0 ðzÞ�

þθðϑðz;tÞ<1Þ
X
k≠a

2δaa0

1−z
Wðξak;z;ϑðz;tÞÞ×

1

2
f½Tk ·Ta⊗1�þ½1⊗Tk ·Ta�g

�
MSR

: ðD8Þ

In Eq. (D8), we evaluate ϑ as

ϑðz; tÞ ¼ aCðz; μ2CðtÞÞ: ðD9Þ
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The operator UVðtf ; 0Þ has the effect of summing thresh-
old logarithms. In order to improve this summation, we can

add some contributions to S½1�
V;aðtÞ that are higher order in αs

and thus beyond the order of approximation that is con-
trolled in our derivation. We replace

αsðμ2CÞ → α
ðKgÞ
s ðk2TÞθðk2T > m2⊥ða; âÞÞ; ðD10Þ

where k2T is the squared transverse momentum associated
with an initial state parton splitting,

k2Tðz; tÞ ¼
ð1 − zÞ2

z
Q2ϑðz; tÞ; ðD11Þ

as in Eq. (20), and

α
ðKgÞ
s ðμ2Þ ¼ αsðμ2Þ

�
1þ Kg

αsðμ2Þ
2π

�
; ðD12Þ

as in Eq. (115). Here Kg is the standard factor [18],

Kg ¼ CA
67 − 3π2

18
− TR

10nf
9

; ðD13Þ

with nf being the number of active quark flavors at scale μ2.
The theta function in Eq. (D10) is included to avoid reaching
a singularity in αs. It also prevents reaching a point where the
parton distribution functions are not smooth. Using Eq. (D8)
with these enhancements, we have

S½1�
V;aðtÞ ¼

1

μ2CðtÞ
dμ2CðtÞ
dt

X
a0

Z
1

0

dz
z

fa0=Aðηa=z; μ2CðtÞÞ
fa=Aðηa; μ2CðtÞÞ

α
ðKgÞ
s ðk2Tðz; tÞÞ

2π
θðk2Tðz; tÞ > m2⊥ða; âÞÞ

×

�
θðϑðz; tÞ > 1ÞP̂aa0 ðzÞ − θðϑðz; tÞ < 1Þ½P̂aa0 ðz; ϑðz; tÞÞ − P̂aa0 ðzÞ�

þ θðϑðz; tÞ < 1Þ
X
k≠a

2δaa0

1 − z
Wðξak; z;ϑðz; tÞÞ

1

2
f½Tk · Ta ⊗ 1� þ ½1 ⊗ Tk · Ta�g

�
MSR

: ðD14Þ

APPENDIX E: SUMMATION OF
THRESHOLD LOGS

In the shower cross section repeated in Eq. (82) from
Ref. [2], the first two operator factors applied to the hard
scattering statistical state jρHÞ are F ðμ2HÞ and UVðtf ; tHÞ.
[For application to the second segment of our three segment
path, the UV factor would be UVð2; 1Þ.] The operator
UVðtf ; tHÞ leaves the number of partons and their momenta
and flavors unchanged but multiplies by certain factors that
relate to how the shower splitting functions match to the
evolution of parton distribution functions [9]. The operator
F ðμ2HÞ multiplies by some standard normalization factors
and by parton distribution functions fa=Aðηa; μ2HÞ and
fb=Bðηb; μ2HÞ. These are shower oriented parton distribution
functions, which can be different from the normal
MS PDFs.
When the cross section to be computed involves a very

hard scattering, so that ηa and ηb are close to 1, the
operator UVðtf ; tHÞ applied to jρHÞ can be large.

Additionally, the ratios fa=Aðηa; μ2HÞ=fMS
a=Aðηa; μ2HÞ and

fb=Bðηb; μ2HÞ=fMS
b=Bðηb; μ2HÞ can be large. In this case, there

are big effects because Eq. (82) is summing what are
called threshold logarithms. The summation of threshold
logarithms was first analyzed by Sterman in 1987 [29].

There is a large literature on this summation using
analytical calculations.11 Reference [10] cites some of
this literature. In an analytical approach, one normally
analyzes a suitable Mellin transform of the cross section.
Then the transformed cross section is a function of a
Mellin moment variable N and we are interested in the
limit N → ∞. In this appendix, we apply the Mellin
transform approach to the operators that appear in one
of the simple single scale versions of the shower cross
section introduced in Sec. V C. Our aim is to compare the
parton shower version of threshold summation to the
analytical results, extending the less general analysis
in Ref. [10].
We find that UVðtf ; tHÞ becomes an exponential

UVðtf ; tHÞ → expðEV;aðNÞ þ EV;bðNÞÞ; ðE1Þ

where EV;aðNÞ and EV;bðNÞ can be expanded in a series of
powers of αsðμ2HÞ and powers of logðNÞ. Similarly, the PDF
factors become exponentials

11There has been substantial recent interest in the summation
of large logarithms by parton shower algorithms [7,30–34].
However, to our knowledge the summation of threshold loga-
rithms is not included in parton shower algorithms except for
DEDUCTOR [2,8,10].
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fa=Aðηa; μ2HÞ
fMS
a=Aðηa; μ2HÞ

→ expðEpdf;aðNÞÞ;

fb=Bðηa; μ2HÞ
fMS
b=Bðηa; μ2HÞ

→ expðEpdf;bðNÞÞ: ðE2Þ

The leading approximation obtained with analytical
approaches takes the form

threshold factor ¼ expðEaðNÞ þ EbðNÞÞ: ðE3Þ

With the shower approach in this appendix, we find

EaðNÞ ¼ EV;aðNÞ þ Epdf;aðNÞ;
EbðNÞ ¼ EV;bðNÞ þ Epdf;bðNÞ: ðE4Þ

We begin with the operator UVðtf ; 0Þ. Using Eqs. (D3)
and (D5), we write

UVðtf ; 0Þ ¼ T exp ðEV;a þ EV;bÞ ðE5Þ

with contributions from the two initial state parton legs, “a”
and “b.” For initial parton leg “a,” we have

EV;a ¼
Z

tf

tH

dtSV;aðtÞ; ðE6Þ

where SV;aðtÞ is given by Eq. (D14). In Eq. (D14), the
unresolved region is defined using scale parameters μ2C,
where C ¼ ⊥ for kT ordering [Eq. (19)], C ¼ Λ for Λ
ordering [Eq. (37)], and C ¼ ∠ for ϑ ordering [Eq. (39)].
For the purpose of summing the leading threshold loga-

rithms, the only term that matters in SV;a, in Eq. (D14), is the
first, proportional to θðϑðz; tÞ > 1ÞP̂aa0 ðzÞ. Furthermore, it
suffices to approximate P̂aa0 ðzÞ by its most singular term,

P̂aa0 ðzÞ → δaa0
2Ca

1 − z
: ðE7Þ

We choose the argument of αs to be k2T ¼ ð1 − zÞ2ϑQ2=z as
in Eq. (D10), but we can omit the α2s term in Eq. (D12).
Additionally, we can set the infrared cutoffs m2⊥ða; âÞ and
m2⊥ to zero with the understanding that wework term by term
in the expansion of αsðk2TÞ in powers of αsðμ2HÞ, where μ2H is
the scale of the hard scattering. We use k2T as the integration
variable instead of t. The theta function in the first term in
Eq. (D14) limits the integration to 1 < ϑ < aCðz; μ2HÞ or

ð1 − zÞ2Q2

z
< k2T <

ð1 − zÞ2Q2

z
aCðz; μ2HÞ: ðE8Þ

We identify the square of the momentum of the partons
just after the hard scattering, Q2, with μ2H. For the leading
behavior of the integral, we are interested only in the

ð1 − zÞ → 0 behavior of the integrand. Thus we can
replace the factor 1=z in Eq. (E8) and the factor z in
Eq. (37) for aΛðz; μ2Þ by just 1. We can also replace the

factor ra ¼ ηa=η
ð0Þ
a in Eq. (37) for aΛðz; μ2Þ by just 1

because in Eq. (82), UVðtf ; 0Þ is applied to the hard

scattering state jρHÞ, for which ηa ¼ ηð0Þa .
With these replacements, the cuts in Eq. (E8) become

ð1 − zÞ2μ2H < k2T < ð1 − zÞnμ2H ðE9Þ

with

n ¼

8><
>:

0 kT ordering

1 Λ ordering

2 ϑ ordering

: ðE10Þ

This gives us

EV;a ¼ −
Z

1

0

dz
fa=Aðηa=z; μ2HÞ
zfa=Aðηa; μ2HÞ

×

�Z ð1−zÞnμ2H

ð1−zÞ2μ2H

dk2T
kT

2Ca

1 − z
αsðk2TÞ
2π

�
MSR

: ðE11Þ

We can write the MSR instruction explicitly as a subtraction
at z ¼ 1 using the definition (61). This gives

EV;a ¼ −
Z

1

0

dz

�
fa=Aðηa=z; μ2HÞ
z2fa=Aðηa; μ2HÞ

− 1

�
2zCa

1 − z

×
Z ð1−zÞnμ2H

ð1−zÞ2μ2H

dk2T
k2T

αsðk2TÞ
2π

: ðE12Þ

In order to compare to standard analytical results that
work with a Mellin transform of the cross section, we need
to relate this to the Mellin transformed parton distributions.
We can use the “single power approximation” [35] in which
we replace

fa=Aðηa=z; μ2HÞ
fa=Aðηa; μ2HÞ

→ zN: ðE13Þ

This gives us an exponent

EV;aðNÞ ¼ −
Z

1

0

dz ½zN−2 − 1� 2zCa

1 − z

×
Z ð1−zÞnμ2H

ð1−zÞ2μ2H

dk2T
k2T

αsðk2TÞ
2π

: ðE14Þ

Now we can look at the PDF factor, Eq. (E2). We use the
Mellin transform of the parton distribution, at the scale μ2H
of the hard scattering that starts the shower, as a function of
the parameter λ in Sec. VIII,
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ga=AðN; μ2H; λÞ ¼
Z

1

0

dη
η
ηN fa=Aðη; μ2H; λÞ: ðE15Þ

We need the Mellin transform of the shower oriented PDF,
fa=Aðη; μ2; 1Þ with λ ¼ 1. The shower oriented PDF with
λ ¼ 0 corresponds to kT ordering and differs from the MS
PDF only by a small adjustment specified in Eq. (84). We
obtain fa=Aðη; μ2H; 1Þ from fa=Aðη; μ2H; 0Þ by solving the
differential equation (98) with the first order kernel dK̃=dλ
given by Eq. (99) for Λ ordering or Eq. (111) for ϑ ordering.
We are interested only in the leading threshold loga-

rithms in ga=AðN; μ2; 1Þ, so we make some small adjust-
ments in the differential equation, as we did in the previous
analysis of UV . We set the fixed infrared cutoff to
m2⊥ða; a0Þ ¼ 0. We replace the DGLAP kernel in the
differential equation by its leading singularity as z → 1,

P̂aa0 ðzÞ → δaa0
2Ca

1 − z
: ðE16Þ

Since only the ð1 − zÞ → 0 limit affects the threshold
logarithms, we replace zAð1 − zÞB by just ð1 − zÞB in the
differential equation. For Λ ordering, there is a factor ra in
the scale choice that relates fa=Aðη; μ2H; λÞ to an adjusted
function f̃. Since ra is just 1 in the hard scattering state for
which the PDF is measured, we set ra ¼ 1. The argument of
αs in the first order kernel is not determined by strictly
lowest order considerations. In order to incorporate leading
logarithms beyond leading order in αsðμ2HÞ, we follow the
choice generally made in the DEDUCTOR code and take the
argument of αs to be

k2T ¼ ½ð1 − zÞn�λμ2H: ðE17Þ
Here we understand that αsðk2TÞ is to be expanded in powers
of αsðμ2HÞ. With these adjustments, the differential equation
for ga=AðN; μ2H; λÞ is
dga=AðN;μ2H;λÞ

dλ
¼ga=AðN;μ2H;λÞ

Z
1

0

dz
z
zN

×

�
αsðð1−zÞnλμ2HÞ

2π

2Ca

1−z
logðð1−zÞnÞ

�
MSR

:

ðE18Þ
The solution of this is

ga=AðN; μ2H; 1Þ

¼ ga=AðN; μ2H; 0Þ exp
�Z

1

0

dz
z

zN
�Z

1

0

dλ

×
αsðð1 − zÞnλμ2HÞ

2π

2Ca

1 − z
logðð1 − zÞnÞ

�
MSR

�
: ðE19Þ

We can change integration variables from λ to k2T specified
in Eq. (E17):

ga=AðN;μ2H;1Þ¼ ga=AðN;μ2H;0Þexp
�
−
Z

1

0

dz
z
zN

×

�Z
μ2H

ð1−zÞnμ2H

dk2T
k2T

αsðk2TÞ
2π

2Ca

1− z

�
MSR

�
: ðE20Þ

We can write the MSR instruction explicitly as a sub-
traction at z ¼ 1 using the definition (61). This gives

ga=AðN; μ2H; 1Þ ¼ ga=AðN; μ2H; 0Þ exp½Epdf;aðNÞ�; ðE21Þ
where

Epdf;aðNÞ ¼ −
Z

1

0

dz½zN−2 − 1� 2zCa

1 − z

×
Z

μ2H

ð1−zÞnμ2H

dk2T
k2T

αsðk2TÞ
2π

: ðE22Þ

The sum of the UV and PDF contributions is

EV;aðNÞ þ Epdf;aðNÞ

¼ −
Z

1

0

dz½zN−2 − 1� 2zCa

1 − z

Z
μ2H

ð1−zÞ2μ2H

dk2T
k2T

αsðk2TÞ
2π

: ðE23Þ

Notice that the net result is the same for kT ordering
(n ¼ 0), Λ ordering (n ¼ 1), and ϑ ordering (n ¼ 2).
For kT ordering, the entire result comes from EV;aðNÞ.
For ϑ ordering, the entire result comes from Epdf;aðNÞ. For
Λ ordering, both EV;aðNÞ and Epdf;aðNÞ contribute.
The comparable standard formula given in Ref. [35] is

EaðNÞ ¼ −
Z

1

0

dz ½zN−1 − 1� 2Ca

1 − z

Z
μ2H

ð1−zÞ2μ2H

dk2T
k2T

αsðk2TÞ
2π

:

ðE24Þ
Here we have zN−1 instead of zN−2 and 2Ca instead
of 2zCa, but these differences are not important in the
N → ∞ limit.

APPENDIX F: STRUCTURE OF OPERATORS
WITH MORE SCALES

In this appendix, we provide details about the operators
D̂a

aa0 and P̂
a
aa0 needed in Sec. IX C when we use three scales,

(μ2E, μ2C, μ2iπ). Here μ
2
E specifies a cut on (1 − z) according to

Eq. (124) and μ2C specifies the unresolved region for kT
ordering for C ¼ ⊥ [Eq. (19)] or Λ ordering for C ¼ Λ
[Eq. (37)] or ϑQ2 ordering for C ¼ ∠ [Eq. (39)]. We do not
need to consider the scale μ2iπ since D̂a

aa0 and P̂a
aa0 do not

depend on μ2iπ , which controls ImD½0;1�.
We first need to specify in detail the two versions of

the unresolved region defined in Sec. IX C: the region
UðμE; μCÞ that we use for D̂a;LCþ

aa0 and P̂LCþ
aa0 and the region

Uðsoft; μEÞ that we use for D̂a;soft
aa0 and P̂soft

aa0 .
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1. UðμE;μCÞ
With scales μE and μC, the unresolved region is defined

in Eqs. (122) and (123): ðz;ϑÞ ∈ UðμE; μCÞ if 0 < z < 1,
0 < ϑ < 1 and

ϑ < amaxðz; μ2E; μ2CÞ; ðF1Þ
where we define

amaxðz;μ2E;μ2CÞ¼maxfacutðz;μ2E;μ2CÞ;a⊥ðz;m2⊥ða; âÞg ðF2Þ

with

acutðz; μ2E; μ2CÞ ¼ max faEðz; μ2EÞ; aCðz; μ2CÞg: ðF3Þ

When both scales μ2E and μ2C tend to zero, the limiting form
of acutðz; μ2E; μ2CÞ at fixed z is aCðz; μ2CÞ. That is, aCðz; μ2CÞ is
the limiting function alim defining the unresolved region
with small scales, as described in Eq. (26). Thus the
function alimitðz; μ⃗SÞ defined in Eq. (28) is

alimitðz; μ2CÞ ¼ max faCðz; μ2CÞ; a⊥ðz;m2⊥ða; a0Þg; ðF4Þ

as in Eq. (C12). Consistently with our choices in Eqs. (19),
(37), and (39), we take the renormalization scale to be

μ2Rðμ2E; μ2CÞ ¼ μ2C: ðF5Þ

We use the path ðμ2EðtÞ; μ2CðtÞ; μ2iπðtÞÞ specified in Sec. X.
On the second segment of the path, we have μ2EðtÞ ¼ 0 and
aEðz; 0Þ ¼ 0, so Eq. (F1) becomes

ϑ < maxfaCðz; μ2HÞ; a⊥ðz;m2⊥ða; âÞÞg: ðF6Þ

This gives us just the evolution for a kT-, Λ-, or ϑ-ordered
shower according to our choice of C ∈ f⊥;Λ;∠g.
For the first segment of the path, 0 < t < 1, some

analysis is needed. On this path segment, μ2E is evaluated
at a variable scale with 0 < μ2EðtÞ < μ2Eð0Þ, while μ2C is
evaluated at the fixed scale μ2Cð0Þ ¼ μ2H. Then Eq. (F1)
becomes

ϑ < atotalðz; μ2EðtÞÞ; ðF7Þ

where

atotalðz;μ2EðtÞÞ
¼min½1;maxfaEðz;μ2EðtÞÞ; aCðz;μ2HÞ; a⊥ðz;m2⊥ða; âÞÞg�;

ðF8Þ

as in Eq. (131). We have taken the minimum of amax and 1
because ϑ is at most 1, so that values of these functions that
are greater than 1 do not affect UðμE; μCÞ.

Choose a limiting value zH of z such that

aCðz; μ2HÞ > 1 ðF9Þ
for 1 − z < 1 − zH. For C ¼ ∠, we can simply take
1 − zH ¼ 1. For C ¼ Λ or C ¼ ⊥, we can let zH be the
solution of aCðzH; μ2HÞ ¼ 1 as in Eq. (126). Then

atotalðz; μ2EðtÞÞ ¼ 1 ðF10Þ
for 1 − z < 1 − zH and for all ða; âÞ.
We now define the starting μE scale by Eq. (127),

μ2Eð0Þ ¼ ð1 − zHÞQ2
0: ðF11Þ

Using the definition (124) we have aEðz; μ2EðtÞÞ ¼ 0 for
ð1 − zÞ > μ2EðtÞ=Q2. But μ2EðtÞ < μ2Eð0Þ and Q2 > Q2

0, so
also aEðz; μ2EðtÞÞ ¼ 0 for ð1 − zÞ > μ2Eð0Þ=Q2

0. That is,

aEðz; μ2EðtÞÞ ¼ 0 for ð1 − zÞ > ð1 − zHÞ: ðF12Þ
This gives us

atotalðz; μ2EðtÞÞ ¼ min½1;max faCðz; μ2HÞ; a⊥ðz;m2⊥ða; âÞÞg�
ðF13Þ

for 1 − z > 1 − zH. That is

atotalðz; μ2EðtÞÞ ¼ atotalðz; μ2Eð0ÞÞ ðF14Þ
for 1 − z > 1 − zH. Thus

atotalðz;μ2EðtÞÞ ¼
�
1 1− z < 1− zH
atotalðz;μ2Eð0ÞÞ 1− zH < 1− z

; ðF15Þ

as was reported in Eq. (132). The important point about
Eq. (F15) is that atotalðz; μ2EðtÞÞ is independent of t along the
first segment of the path.

2. Uðsoft;μEÞ
We have ðz; ϑÞ ∈ Uðsoft; μEÞ if

ϑ < asofttotalðz; μ2EðtÞÞ; ðF16Þ

where asofttotal is obtained from atotal by omitting aCðz; μ2HÞ:

asofttotalðz; μ2EðtÞÞ
¼ min½1;max faEðz; μ2EðtÞÞ; a⊥ðz;m2⊥ða; âÞÞg�: ðF17Þ

Using Eq. (124) for aEðz; μ2EÞ and Eq. (19) for a⊥ðz; k2TÞ,
this is

asofttotalðz; μEÞ ¼ θðð1 − zÞQ2 < μ2EÞ þ θðμ2E < ð1 − zÞQ2Þ

× min

�
1;

zm2⊥ða; âÞ
ð1 − zÞ2Q2

�
: ðF18Þ
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We need asofttotalðz; μEðtÞÞ on two segments of the path
specified in Sec. X. For 1 < t < 2, we have μE ¼ 0, so we
have a fixed unresolved region given by asofttotalðz; 0Þ. For
0 < t < 1, μEðtÞ varies and we can use Eq. (F18) for
asofttotalðz; μEðtÞÞ.

3. Decomposition of P̂a;NS
aa0 and D̂a

âa

We now record the details of the operators P̂a;NS
aa0 and D̂a

âa
when we use two scales, μE and μC, that affect the definition

of the unresolved region. We define amaxðz; μ2E; μ2CÞ and
alimitðz; μ2E; μ2CÞ using Eq. (C12).
We use Eq. (C16) to obtain P̂a

aa0 . In the third term on the
right-hand side of Eq. (C16), we use Eq. (C12). In the last
term, we write12

P̂a;NS
aa0 ðz;fpgmÞ¼ P̂a;LCþ

aa0 ðz;fpgmÞþ P̂a;soft
aa0 ðz;fpgmÞ: ðF19Þ

Then P̂a;LCþ
aa0 is given by Eq. (C17) with the LCþ approxi-

mation applied to the color operator in the third term:

P̂a;LCþ
aa0 ðz; fpgmÞ ¼

Z
amaxðz;μ2E;μ2CÞ

0

dϑ
ϑ
½θðalimitðz; μ2E; μ2CÞÞ < ϑÞ − θð1 < ϑÞ�P̂aa0 ðzÞ

þ
Z

amaxðz;μ2E;μ2CÞ

0

dϑ
ϑ
θðϑ < 1Þ½P̂aa0 ðz; ϑÞ − P̂aa0 ðzÞ�

−
Z

amaxðz;μ2E;μ2CÞ

0

dϑ
ϑ
θðϑ < 1Þ

X
k≠a

δaa0

1 − z
Wðξak; z; ϑÞf½Tk · Ta ⊗ 1� þ ½1 ⊗ Tk · Ta�gLCþ: ðF20Þ

The operator P̂a;LCþ
aa0 ðz; fpgmÞ multiplies αsðμ2RÞ. In order to

provide an improved summation of large logarithms, when
this formula is applied inDEDUCTOR, αs is placed inside the ϑ

integration and replaced by α
ðKgÞ
s ðk2TÞθðk2T > m2⊥Þ, with

k2T ¼ ð1 − zÞ2ϑQ2=z, as in Eq. (115). The same replacement
applies for other formulas in this section.
For P̂a;soft

aa0 , we take the difference between theW term in
P̂a;NS
aa0 with the exact color operator and the same term with

the LCþ approximation for the color operator. Then we
use the unresolved region specified by Eq. (125):

ϑ < asoftmaxðz; μ2EÞ ðF21Þ

with

asoftmaxðz; μ2EÞ ¼ max faEðz; μ2EÞ; a⊥ðz;m2⊥ða; a0ÞÞg: ðF22Þ

This gives us

P̂a;soft
aa0 ðz; fpgmÞ ¼ −

X
k≠a

δaa0

1 − z

Z
asoftmaxðz;μ2EÞ

0

dϑ
ϑ
θðϑ < 1ÞWðξak; z; ϑÞ

× ½f½Tk · Ta ⊗ 1� þ ½1 ⊗ Tk · Ta�g − f½Tk · Ta ⊗ 1� þ ½1 ⊗ Tk · Ta�gLCþ�: ðF23Þ

From Eq. (A12), the derivative of the operator D̂a
âa in four dimensions but using two scales, μE and μC, is, with the LCþ

approximation,

d
dt

D̂a;LCþ
aâ ðz; fp̂; f̂gmþ1; fp; fgm; μ⃗SðtÞÞ

¼
Z

1

0

dϑ
ϑ

Z
dϕ
2π

δðfp̂; f̂gmþ1 − Raðz; ϑ;ϕ; â; fp; fgmÞÞ
d
dt

Θððz;ϑÞ ∈ Uðμ2EðtÞ; μ2CðtÞÞÞ

×
X
k

�
θðk ¼ aÞ 1

Nða; âÞ P̂aâðz; ϑÞ − θðk ≠ aÞδaâ
2

1 − z
W0ðξak; z; ϑ;ϕ − ϕkÞ

�

×
1

2
ft†aðfa → f̂a þ f̂mþ1Þ ⊗ tkðfk → f̂k þ f̂mþ1Þ þ t†kðfk → f̂k þ f̂mþ1Þ ⊗ taðfa → f̂a þ f̂mþ1ÞgLCþ: ðF24Þ

12Note that we have dropped “NS” in the superscripts on the right-hand side of this equation in order to avoid clutter.
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We define

D̂a
aa0 ¼ D̂a;LCþ

aa0 þ D̂a;soft
aa0 ; ðF25Þ

where D̂a;soft
aa0 uses the difference of the color operators with full color and with the LCþ approximation. Then D̂a;soft

aa0 has soft
singularities but no collinear singularities, so we define the unresolved region for this operator using Uðsoft; μ2EðtÞÞ. Thus

d
dt

D̂a;soft
aâ ðz; fp̂; f̂gmþ1; fp; fgm; μ⃗SðtÞÞ

¼ −
Z

1

0

dϑ
ϑ

Z
2π

0

dϕ
2π

δðfp̂; f̂gmþ1 − Raðz; ϑ;ϕ; â; fp; fgmÞÞ
d
dt

Θððz; ϑÞ ∈ Uðsoft; μ2EðtÞÞ

×
X
k≠a

δaâ
1 − z

W0ðξak; z; ϑ;ϕ − ϕkÞ
�
ft†aðfa → f̂a þ f̂mþ1Þ ⊗ tkðfk → f̂k þ f̂mþ1Þ

þ t†kðfk → f̂k þ f̂mþ1Þ ⊗ taðfa → f̂a þ f̂mþ1Þg − ft†aðfa → f̂a þ f̂mþ1Þ ⊗ tkðfk → f̂k þ f̂mþ1Þ

þ t†kðfk → f̂k þ f̂mþ1Þ ⊗ taðfa → f̂a þ f̂mþ1ÞgLCþ
�
: ðF26Þ
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