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ABSTRACT: We show that very compact axion mini-clusters can form in models where
axion-like-particle (ALP) dark matter is produced via the kinetic misalignment mechanism,
which is well-motivated in pre-inflationary U (1) symmetry breaking scenarios. This is due
to ALP fragmentation. We predict denser halos than what has been obtained so far in
the literature from standard misalignment in post-inflationary U(1) breaking scenarios or
from large misalignment. The main reason is that adiabatic fluctuations are significant at
early times, therefore, even if amplification from parametric resonance effects is moderate,
the final size of ALP fluctuations is larger in kinetic misalignment. We compare halo
mass functions and halo spectra obtained in kinetic misalignment, large misalignment and
standard misalignment respectively. Our analysis does not depend on the specific model
realization of the kinetic misalignment mechanism. We present our results generally as a
function of the ALP mass and the ALP decay constant only. We show that a sizable region
of this ALP parameter space can be tested by future experiments that probe small-scale
structures.
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1 Introduction

Axion-like-particles (ALPs) are prime candidates for dark matter, and they have been
subject to extensive theoretical research in recent years (see [1-4] for recent reviews).
Typically, they are pseudo-Nambu-Goldstone bosons of a global U(1) symmetry that is
spontaneously broken at some high scale f which is referred as the ALP decay constant.
In this picture, ALPs are massless after symmetry breaking due to the continuous shift
symmetry. They obtain a mass at a lower scale Ay < f via their interactions with a strong
gauge sector that breaks the continuous shift symmetry explicitly. This explicit breaking
creates a periodic potential V (0, T) = Af(T)[1 — cos(9)] for the ALP field § which leads
to an ALP mass m(T) o< AZ(T)/f. By far the best-known ALP model is the QCD axion,
see [5] for a recent review, that arises as a by-product of the Peccei-Quinn solution to the
Strong CP problem [6-8]. In this case, the strong sector is QCD so that Ay ~ Aqcp, thus
the QCD axion mass mg = m(T = 0) and f are related to each other. In a generic ALP
model, both mgy and f are free parameters.

The couplings of ALPs to Standard Model particles depend on the UV completion of
a particular ALP model, however they typically scale as f~!. The weak coupling and the
small mass make ALPs cosmologically stable, hence they are well-motivated dark matter
candidates [9-11]. The most widely studied production mechanism goes by the name
misalignment mechanism. After the spontaneous breaking of U(1), the ALP field selects
a random initial angle §; = [—m, w) on each Hubble patch. The later evolution is governed
by 6+ 3H ()0 +m?(t) sin @ = 0 which is derived from the Klein-Gordon equation with the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric by neglecting the spatial gradient
terms. Here H(t) is the Hubble scale, and m(t) is the axion mass which is in general
temperature-dependent. The initial velocity is usually assumed to be vanishing. In this
case, the ALP field is initially frozen due to the Hubble friction. Later it starts to oscillate
around the minimum 6 = 0 once the Hubble scale drops below the ALP mass. After this
point, the ALP field behaves effectively as pressureless cold matter, and contributes to the
dark matter relic density.

Recently, some works modified the usual assumption that the ALP field is static in the
early universe, and studied the consequences of a large initial kinetic energy for the ALP
field [12, 13]. The kinetic energy causes a delay in the onset of oscillations so that the ALP
dark matter parameter space can be expanded to lower values of the ALP decay constant,
offering very promising prospects for upcoming experiments, see in particular the recent
overview in [14]. This variation is referred as the kinetic misalignment mechanism (KMM),
whereas the original case is called the standard misalignment mechanism (SMM). Such a
kinetic energy can arise if the U(1) symmetry is explicitly broken at a very high scale by
the high-dimensional operators which induces a kick for the angular (axion) mode once
the radial mode (saxion) starts oscillating [12, 15-19]. Another possibility, named trapped
misalignment, is that the ALP potential has a non-trivial temperature dependence such
that the ALP field first starts oscillating around the high-temperature minimum 6 = =+,
then move to the low-temperature minimum 6 = 0 after some critical temperature T,
[20, 21]. A large kinetic energy can also be realized in models with more than one ALP



fields [22, 23].

In [14], we pointed out that ALP fluctuations play a crucial role in the KMM setup.
When the ALP field is rolling over the potential barriers and when it is oscillating around
the minimum, the fluctuations can grow exponentially via parametric resonance. This
effect is called axion fragmentation [24]. It was demonstrated in [14] that in large part
of the KMM parameter space all the energy in the homogeneous mode is converted into
ALP fluctuations. This means that ALP dark matter consists of particles that are mildly
relativistic at the end of fragmentation, and cool down later via redshift. This is in contrast
with the SMM case where the dark matter is an extremely cold coherently oscillating scalar
field. In this work, we continue our study of ALP fluctuations in the KMM setup, and
discuss the observational consequences of fragmentation for the ALP miniclusters. We
calculate the halo spectrum, typical densities of the ALP halos for a given halo mass, and
show that a sizable region of the (m, f)-ALP parameter space can be tested by future
experiments that probe small-scale structures.

Most of the literature on ALP miniclusters assumes the scenario where the U(1) sym-
metry breaking, Peccei-Quinn (PQ) in the case of the QCD axion, takes place after inflation,
referred as the post-inflationary scenario. In this case, the ALP field takes uncorrelated
initial values in causally disconnected Hubble patches. Since our universe contains many
of these Hubble patches, the ALP field does have O(1) density fluctuations in the post-
inflationary scenario. These fluctuations gravitationally collapse very early, and form dense
objects called ALP miniclusters [25-28]. In recent years, this process has been studied in
detail both semi-analytically [29-32], and numerically [33-41]. For a recent review see
[42]. A recent discussion of how the properties of the QCD axion miniclusters in the post-
inflationary scenario are modified in the presence of kinetic misalignment can be found in
[43].

In the case when U(1) breaking happens before or during inflation, all Hubble patches
are inflated to huge sizes so that the initial angle is the same in all the observable universe.
This is referred as the pre-inflationary scenario. Even in this scenario the ALP field has
some fluctuations. Unavoidable ones are the adiabatic fluctuations that arise due to the
temperature fluctuations of the radiation bath. If ALPs are present during inflation, and
they are massless or light compared to the inflation scale Hy, they also pick up quantum
fluctuations given by 60 ~ Hj/(2nfr) where f; is the effective decay constant during
inflation which might be different from its value today [44]. The ratio of the isocurvature
fluctuations to the adiabatic ones are highly constrained by the Planck 2018 data [45, 46].
Throughout this work we will consider the pre-inflationary scenario, and assume that the
inflationary isocurvature fluctuations are negligible.

Even though the initial size of the fluctuations is small in the pre-inflationary scenario,
in some cases fluctuations can be enhanced significantly due to various instabilities [47].
A well-known example related to the periodic potential is when the initial angle 6; is very
close to the top of the potentiall, i.e. |1 —6;] < 1, referred as the large misalignment
mechanism (LMM) [51] or extreme axion [52]. In this case, the onset of oscillations is

!Such an initial condition can be realized with dynamical mechanisms without tuning [48-50].



delayed from the conventional condition m ~ 3H due to the tiny potential gradient at
the top. As we will see in detail in Section 3.3, this delay causes the fluctuations to grow
exponentially via tachyonic instability and parametric resonance [51-56]. This feature also
arises in ALP models with non-periodic potentials for sufficiently large initial angles [57—
62]. The common conditions in all these cases are the delay of the onset of oscillations
and a large initial field value. The latter causes the ALP field to probe the non-quadratic
parts of its potential which causes instabilities, while the former ensures that the field
amplitude decays slowly so that the fragmentation becomes efficient. We expect that the
effects studied in this work are relevant for any ALP model which predict a delay in the
onset of oscillations, such as the recently proposed frictional misalignment [63].

The enhancement of fluctuations does also occur in KMM [14, 24]. The main reason is
the delayed onset of oscillations due to the initial kinetic energy. As a result, the physics re-
sponsible for fragmentation in KMM and LMM models is quite similar. However, there are
subtle differences which we study thoughtfully in Section 3.3. We demonstrate that in the
LMM scenario, some modes exhibit significant growth even before the homogeneous mode
starts oscillating since they become tachyonic. Due to this effect, the relative amplification
is stronger in LMM compared to KMM. However, the initial size of the fluctuations is much
smaller in LMM due to the fact that the homogeneous mode behaves as dark energy w ~ 0
in the early time limit, and dark energy has no adiabatic perturbations [1]. On the other
hand, the equation of state of the homogeneous mode in KMM is w = 1, thus adiabatic
perturbations are not zero at early times. We shall see that because of this difference in the
initial conditions, the final size of the fluctuations are larger in KMM compared to LMM,
even though the amount of amplification is stronger in the latter.

The fragmentation process modifies the matter power spectrum significantly at the
scales k ~ Megclosc that get amplified most strongly. Here meg. and agsc are the ALP
mass and the scale factor at the onset of oscillations. Therefore, fragmentation hypothesis
can be tested via experiments that probe the matter power spectrum [64]. An important
consequence of fragmentation is that the peak of the matter power spectrum can reach
O(1) values right after the fragmentation. These fluctuations gravitationally collapse very
early in the matter era, and can create very dense and compact ALP miniclusters like in the
post-inflationary scenario [51]. Our primary goal in this work is to calculate the properties
of these miniclusters semi-analytically, and comment on their discovery prospects. We
compare the predictions of all the production mechanisms that we mentioned so far: SMM,
LMM, KMM, post-inflationary scenario. Such a comparison can be the first step towards
an ambitious goal of inferring the ALP production mechanism from the small-scale power
spectrum observations. Our analysis is model-independent. The link to specific model
implementations of KMM will be presented in [65].

In [14] we demonstrated that fragmentation occurs both in temperature-dependent and
independent potentials. In this work, we concentrate on ALP models with temperature-
independent potentials. The constant ALP mass is denoted by m. A discussion of the
temperature-dependent potential including a precise analysis for the QCD axion will be
presented in a future publication.

The main programme of the paper is sketched in Figure 1. The ultimate goal is to
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Figure 1: Summary of the procedure followed in this paper.




predict the observable ALP DM small-scale structures that can form at late times from
gravitational collapse as signatures of the kinetic misalignment production mechanism. In
Section 2, we briefly review the key results of [14] which are relevant for this work. The most
important quantity for this paper is the trapping temperature T, that can be calculated for
any benchmark point (m, f). From this, one can derive the initial conditions for the ALP
fluctuations. This is exposed in detail in Appendix A. The main quantity that is needed
to determine the late-time evolution of the fluctuations is their power spectrum. There are
two approaches for this calculation one can follow depending on the relative values of the
ALP mass m and the Hubble rate at trapping H, that determine whether fragmentation
is complete or incomplete. In Section 3, we calculate the power spectrum corresponding to
the ALP density contrast in KMM with fragmentation using the cosmological perturbation
theory. We also do the same exercise for LMM, and compare the two mechanisms. In
Section 4, we describe a semi-analytical estimate of the power spectrum in the case of
complete fragmentation where the cosmological perturbation theory breaks down. In this
section, we also make a comparison with the post-inflationary scenario. Next, In Section 5,
the formation of the dark matter halos is studied analytically via the Press-Schechter (PS)
formalism. We use the results obtained for the power spectrum to derive the halo mass
function (HMF), and the halo spectrum. We briefly describe the observational prospects
in Section 6, and finally conclude in Section 7. More technical details are presented in
appendices. Important equations are inside frames. Those equations which are new are in
addition in blue background.

Notation: We use the metric convention diag (—, +, +, +), and Mp; ~ 2.435 x 1018 GeV
denotes the reduced Planck mass.

2 Brief review of ALP fragmentation in kinetic misalignment

In this section, we summarize the main findings of [14]. We consider an ALP field 6 with
the Lagrangian

L= —J:gwauea,,e —V(9) = —f;gﬂ”auaaye —m2f2(1 — cos¥). (2.1)
In KMM, the evolution of the ALP homogeneous mode © can be divided into two regimes.
When the ALP kinetic energy f20?2 /2 dominates over the size of the potential barrier
2m2f2, then the ALP field rolls with the velocity ©® o« a~3 so that its energy density
redshifts as pg oc a~. Shortly after its kinetic energy becomes sub-dominant compared to
barrier height, it starts to oscillate around one of the minima, and behaves as Cold dark
matter (CDM).

For the early evolution, one can introduce the quantity called the yield defined by

Y = f20(T)/s(T) (2.2)

where s(7T') is the entropy density of the universe. Assuming entropy conservation, this
quantity is conserved at early times when pe o< a~%. The ALP relic density today can be



expressed as

Y
2060~ W20y [ —— ) [ = 2.3
W0~ h"om| 5550750y )\ 20 ) (2:3)

where we took Qpy = 0.12 [45]. This result is also valid for a temperature-dependent
potential with m replaced by mg.

The ALP field gets trapped once its kinetic energy becomes comparable to the barrier
height. This defines the trapping temperature T:

SPOAT) = 2 m*(T.). (24)

This depends on the barrier height at zero temperature, and on the high-temperature
scaling of the potential. For a temperature-independent potential it simplifies to [14]

E ~ (2 % 108)1/3 gS(T*) 13 Ab 1/3 h2Q@,0 1/
Ay 72 GeV h2Qpwm

where g5 denotes the number of effective degrees of freedom in the entropy.

(2.5)

The different fragmentation regimes in KMM depend strongly on the hierarchy between
the ALP mass and Hubble scale at trapping, i.e. m/H,, which can be obtained after solving
for T, in (2.5). These regimes can be summarized as follows:

1. Standard misalignment (m/H, < 3): The onset of oscillations is not delayed from
its conventional value m(Tysc) = 3H (Tosc), and there is no kinetic misalignment.

2. Kinetic misalignment with incomplete fragmentation (3 < m/H, < 4 X
10Y):  The onset of oscillations is delayed due to the non-zero initial velocity, but
the fragmentation is weak such that the energy density in fluctuations is always
sub-dominant.

3. Complete fragmentation after trapping (4 x 10 < m/H, < 5x10%): The ALP
field is completely fragmented, and the fragmentation ends after it would have been
trapped by the potential in the absence of fragmentation, i.e. Teng < Tk.

4. Complete fragmentation before trapping (5 x 102 < m/H, < 5 x 10%): The
ALP field is completely fragmented, and the fragmentation ends before it would have
been trapped by the potential in the absence of fragmentation, i.e. Tenq > T.

5. Non-perturbative (5 x 103> < m/H,): The ALP field is non-perturbative already
at the beginning of fragmentation due to the large adiabatic perturbations, so our
analytical solution breaks down.

In this work, we will denote the second region as the linear regime, corresponding to
incomplete fragmentation, while the third and fourth regions will be called the non-linear
regime, corresponding to complete fragmentation.

Our primary goal in this paper is to study the observational consequences of fragmen-
tation. For this, we need to calculate the power spectrum of the ALP density perturbations
at late times. Our pipeline to calculate the power spectrum depends whether the corre-
sponding benchmark point is in the linear or non-linear regime.



e For the benchmark points in the linear regime, we will use the cosmological perturba-
tion theory to solve the mode functions numerically without relying on the analytical
theory that we have developed in [14]. We do this beacuse in this regime m/H, is
not very large so the analytical method of [14] is less reliable. Also, the exact evolu-
tion can be obtained without too much difficulty by solving a couple of differential
equations numerically. The procedure is described in detail in Section 3.

e For the benchmark points in the non-linear regime, the use of the cosmological per-
turbation theory is not possible. Even though precise results will require a non-
perturbative analysis such as a lattice simulation, we will rely on the analytical theory
in [14] to calculate the late-time behavior of the mode functions. We then calculate
the power spectrum directly from these mode functions using the method in [30].
This is the topic of Section 4.

3 ALP density perturbations in the incomplete fragmentation regime

In this section, we calculate the power spectrum corresponding to the ALP energy density
at late times. This is the necessary ingredient in order to study the halo spectrum and
the gravitational signatures that we will work out in the next sections. In Section 3.1 we
will calculate the evolution of the mode functions during the fragmentation from which we
will obtain the evolution of the density contrast. In Section 3.2 we describe an effective
description of the density contrast at late times. Finally, in Section 3.3 we will compare
the power spectra of KMM and LMM models at late times and discuss the similarities and
differences.

3.1 Early evolution of fluctuations: before and during fragmentation

Our starting point is the Friedmann-Lemaitre-Robertson-Walker metric including curva-
ture perturbations ®, ¥ in the Newtonian gauge?:

ds? = a2(77){—[1 +2W(n, x)] dn? + [1 + 2®(n, x)]8;; dz* dz:j}, (3.1)

The anisotropic stress vanishes for scalar fields at the linear order in perturbation theory
which sets W = —®. At early times, we assume that the dominant component of the energy
density is radiation, so ® is an external field for the ALP.

We expand the ALP field as

0(n,x) = O(n) + 660(n,x), (3.2)

and keep only the terms that are linear in fluctuations §6 and ®. Since the fluctuations
are small, the average energy density is given by the energy density of the homogeneous
mode:

(@’> Ty P cos®), (3.3)

a

f2

(p) = pe 5

*We adopt the conventions used in [66].



where / denotes derivative with respect to conformal time. The density contrast is

2 1sp! 2
5:‘5”9:f[@59 102 4 m?sin0ss)|. (3.4)
pe  po a

The homogeneous mode satisfies the following equation of motion in physical time ¢:

a?

O +3HO +m?sin® = 0, (3.5)
while the equation of motion for the mode functions 6 reads
. . k2 .o
O + 3HO, + (2 + m? cos @) 0, = 20,;m?sin © — 49,0, (3.6)
a

where @y, are the Fourier modes of the curvature perturbations. Following [51], we introduce
the following dimensionless quantities:
k - k?2 2
Eﬁzmt, ty = /a’ K = /a,
V3H 2mH

t
™ 2H
where the approximate expression for t,, is valid during radiation domination. The mo-

(3.7)

mentum variable k is constant during radiation era, therefore it can be used to uniquely
identify the momentum mode. The variable t; is convenient to express the exact solution
for the curvature perturbations ®; in radiation era:

sinty — t costy
t ’
k

(1) = 30,0) (3.5)
where @1 (0) is a stochastic variable that depends on the amplitude of the scalar primordial
fluctuations Ay by

CURE (;) (IRW©)) = (;)(2;)14(:) (39)

Here R, is the comoving curvature perturbation, k, = 0.05 Mpc ™!

is the pivot scale, and
ns is the spectral tilt. In this work we take ng = 1 for simplicity, and set A, = 2.1 x 1077
consistent with the Planck 2018 measurements (TT,TE,EE+lowE+lensing 68%) [45].

In terms of the variables defined in (3.7), the equations of motion for the homogeneous

mode (3.5) and the mode functions (3.6) during the radiation era take the form [51, 52, 55]3:

d?e 3 de
. in® =0 3.10
dt2, +2tm dt,, sin ’ (3.10)
d29, 3 do k2 tr Ay dO
k- 0. —2 &, sin@ — £k Y 11
i +2tm dtm+ (tm+COS@ L ( L sin © i dtm>’ (3.11)

where we have used H = (2t)~!. After choosing the correct initial conditions for the
homogeneous mode © and the mode functions 6, the evolution of the ALP field and its
fluctuations can be determined by numerically solving (3.10) and (3.11).

30ur convention for the curvature perturbations differs by a sign compared to [51].



3.1.1 Initial conditions

To fix the initial conditions for the homogeneous mode, we used the ¢ parameter that we
have introduced in [14]:

po(tm) _1(/dON* ,©
o(tm) amif2 4<dtm +sin” o (3.12)

The homogeneous mode is rolling when g > 1, and oscillating when ¢ < 1. In the former
case, o satisfies the following relation [14]:

=32 o B — ), 1 3.13
o(7) (M) 0> (3.13)

where E is the complete elliptic integral of the second kind*, and
T =2H,t = (2H./m)t,, (3.14)

is an another dimensionless time variable defined such that 7 = 1 coincides with the time
of trapping. At any 7, this equation can be solved numerically to get o(7). At early times

4 m\*1
EAES 19

when ¢ > 1, we can approximate

4 1
1)~ ——
o(r < 1) 33

By plugging this result into (3.12) we get

4 m 3 1 . 261'

Here ©; is the initial angle at the start of the simulation which is irrelevant in the case of

a©
dt,,

kinetic misalignment mechanism®. We have chosen it as ©; = /2.

In order to fix the initial conditions for the mode functions, we solve (3.10) and (3.11)
analytically at early times when the ALP mass can be neglected by assuming that all
the modes are sourced from adiabatic perturbations and were super-horizon when ALP
homogeneous mode started to scale as kineation, i.e. pg oc a~%. We describe the calculation
in Appendix A.1, and in much more detail in [14]. For ¢; < 1, we can express the solution
as a power series in ty as (see (A.7))

4We use the following definition for the elliptic integral:

/2
E(k) = / dp /1 — k2sin? ¢
0

Note that most software packages such as Mathematica and scipy [67] use m = k? instead of k as their
argument when defining elliptic integrals.

SFor some choices of t,, ; and ©; the homogeneous mode can accidently stop on the top of the potential.
In this case, all the fragmentation effects we discuss in this section will be amplified. We will neglect such
accidental configurations in this work.
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Figure 2: FEvolution of the density contrast, obtained as the numerical solution of (3.10) and
(3.11) together with the initial conditions (3.17). The amplitude is normalized with respect to the
value of the primordial curvature perturbations |®(0)| = (2/3)v/As ~ 3 x 107°. The corresponding
benchmark point, m = 10715 eV and f = 1.3 x 104 GeV, lies in the region where fragmentation is
not complete. The dashed lines show the CDM predictions which are calculated using (3.20).

4
KMM: 04 (tm) ~ 2tma<1>k(0) ;} cit?, (3.17)

where the coefficients {¢;} are

1 23 491 4427 146 131

1 _ 23 _ _ 4427 ___dblsl 3.18
2 A 2 ST 1512000 4T T 93139200 (3.18)

Co = — ; ~Taan’
20 1680

The conversion between t; and t,, can be done via

[ 4t~

The approximation (3.17) is quite accurate up to t = 1. Therefore we have chosen our
initial time early enough so that for all simulated modes t; < 1 initially.

3.1.2 Density contrast evolution

The evolution of the density contrast is shown for a couple of modes in Figure 2, for the
benchmark point m = 107 eV and f = 1.3 x 10 GeV, which lies in the second region
(incomplete fragmentation) described in Section 2, but is close to the boundary with the
third region. The dashed black vertical line shows the time at which the homogeneous
mode gets trapped t,, . = m/2H,. For comparison we also show the CDM predictions

- 11 -



with the colored dashed lines. These can be calculated analytically in the radiation era,
and they read [55]

sint cost sint . 1
i T Cilty) +Inty w5 (3.20)
t t t

dcpmk = 99 (0) 5

where Ci is the cosine integral, and ~g is the Fuler-Mascheroni constant. Note that all
modes approach to 3®4(0) in the super-horizon limit. This is becuase in this limit the
adiabatic perturbations satisfy
6  0;
l+w, 1+w;’

(3.21)

for all species i and j, where é and w are the density contrast and the equation of state
respectively. During the radiation era the radiation perturbations are related to the cur-
vature perturbations by d, ~ 2®(0) in the super-horizon limit. Plugging this relation into
(3.21) and using the fact that the ALP equation of state is wy =~ 1 before trapping gives
0 ~ 3P4 (0) at early times in the super-horizon limit.

Later behavior can be interpreted as follows:

e k = 0.1: This mode enters the horizon at tm =3/ 4k =75 long after the homogeneous
mode starts oscillating and redshifts as matter. Therefore, this mode locks on the
CDM evolution once the homogeneous mode gets trapped.

e k= 5.0: This mode experiences some growth slightly before the homogeneous mode
gets trapped, but after that it oscillates with a constant amplitude which is smaller
compared to the CDM prediction.

e k = 1.7: This mode experiences significant growth due to the parametric resonance
effect explained in [14], and its amplitude is enhanced significantly compared to CDM.

3.1.3 Power spectrum

By solving for the mode functions, we obtain the dimensionless power spectrum

2
Ps(k) = ;;Pa(k) = As@) ot (3.22)

where 0, = gkfbk (0). We show it in Figure 3 for different f values, and compare to the CDM
prediction calculated via (3.20). We set the ALP mass to m = 10~ ®eV. Smaller ALP
decay constants correspond to larger hierarchies between the ALP mass and the Hubble
scale at trapping which implies more efficient fragmentation. This feature can easily be
observed in the plot. We can also see that all power spectra converge to the CDM line at
low momenta since these modes enter the horizon long after the homogeneous mode gets
trapped and redshifts as matter.

- 12 —
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Figure 3: The dimensionless power spectrum for different benchmarks points (colored lines), and
the CDM power spectrum (black line) calculated via (3.20) at t,, = m/2H = 2 x 10%. For all
benchmarks points, the ALP mass is m = 107 eV. We observe that all power spectra converge
to the CDM prediction for low momenta. By decreasing the ALP decay constant f, we increase
the hierarchy between the ALP mass and the Hubble scale at trapping, m/H., which implies more
efficient fragmentation.

3.2 Evolution at late times: Well after fragmentation until today

In order to study the observational signatures such as the halo spectrum, we need to evolve
the power spectrum until today. Performing this by numerically solving the mode functions
is not feasible due to the rapid oscillations and very long time scales. However, an effective
description can be obtained for sub-horizon modes by using the fact that long after the
onset of oscillations a > a., i.e. t,, > 1, the ALP energy density redshifts like matter with
an average equation of state w = 0. Therefore, one can use the WKB approximation for
both the homogeneous mode ©, and the mode functions 6y (t). One makes the ansatz [68]

O(t) = a=%2[0 cos(mt) + O _ sin(mt)], (3.23)
0(t) = 04 (k,t) cos(mt) + 0_(k,t) sin(mt), (3.24)

where ©1 are constants. With this approximation, one can directly derive the evolution
of the density constrast as [68]

.. . k2
O +2H6;, + [cieff (a2 + 167erf,~> — 47er@] 0 = 8wG 6y i, (3.25)
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where p, is the energy density in the radiation, d, is the density constrast of the radiation,
and cg o is the effective sound speed of the ALP:

1 k2 1 k2 \' 1 k2
2 _ ~
Coefl = 4 2m2 (1 + 4a2m2> ~ 4aZm?’ (3.26)

where the approximation holds for non-relativistic modes. Even though this expression
is derived in the axion comoving gauge, additional terms that arise when converting this
result into any other gauge decay on sub-horizon scales [69]. The source term on the
RHS of (3.25) is proportional to the density constrast of radiation which oscillates rapidly
for sub-horizon modes. Therefore, by averaging over these oscillations we can neglect the
source term for the sub-horizon modes. The 167Gp, term on the LHS is negligible during
the matter era since cieﬂppr < pe®. Also, in radiation era we have 167Gp, ~ 6H? < k?/a?
for sub-horizon modes. In the end, we find that in both the radiation and matter era, the
evolution of the density constrast on sub-horizon scales at late times can be described by

. . k2
Op +2H 6 + <C§’eﬁa2 — 47TGp@>5k =0 (3.27)

The terms 47Gpg is responsible for the graviational collapse and the structure formation
during the matter era, while cierQ /a? is the “pressure” term. The CDM evolution can be
obtained by setting the sound speed to zero. On large scales cg,effk:Q /a? < 47Gpe, density
wins over the pressure so the density constrast grows like in the CDM case; logarithmically
during the radiation era, and linearly during the matter era with respect to the scale
factor. However, at small scales the pressure wins, and the density contrast oscillates with
a constant amplitude. The wavenumber at which both become equal is known as the axion
Jeans scale given by [1]

hQQ 1/4
ky = (167Gape o)/ *v/m = 66.5 x a'/* (h?QDG;J \ /ﬁ Mpe L. (3.28)

The take-away lesson is for ALPs there is scale-dependent growth, and ALP dark matter

differs from CDM on scales below the axion Jeans scale.
Following [51], we define

Y= afeq. (3.29)
In terms of this variable (3.25) becomes”
d2sy 3 \dd (k' 3
1 —s 1+ -y |— — — =14 =0. 3.30
y( +y)dy2+<+2y>dy+(y 5 | O (3.30)

Therefore, the momentum mode k drops below the Jeans scale at y = 2k* /3. We match
the evolution of the density constrast obtained by solving the mode function equation of
motion (3.11) with the differential equation given above at some t™M3*h which is much later

5Here we assume that ALPs make all of dark matter so PO = PDM-
"In this equation k is constant and defined in radiation era via (3.7).
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Figure 4: Evolution of the density contrast (solid lines) for three different momentum modes
from the time they enter the horizon until today. Up to the wvertical dotted line on the left, the
evolution is obtained by solving the full equations of motion (3.10) and (3.11), while the WKB
approximation (3.27) is used for the remaining evolution. The colored dashed lines show the CDM
evolution which we have obtained by matching the exact solution (3.20) in the ratiation era with the
WKB approzimation with ¢ = 0. The lowest momentum mode shown in blue locks on to the CDM
evolution when the homogeneous mode gets trapped, and follows it until today. The intermediate
mode shown in orange gets enhanced significantly at trapping, then oscillates with a frequency given
by the sound speed until it drops below the Jeans scale in the matter era. After that it starts to grow
linearly. The highest momentum mode shown in green does not experience exponential growth at
trapping, and oscillates rapidly in its remaining evolution. The grey shaded region on the top right
denotes where the overdensities collapse gravitationally. Its expression is derived in Section 5.1.

than the onset of oscillations t2#°" > 1, but long before the matter-radiation equality
Ymatch << 1. By using the fact that y = 21/4\/Heqtm/m in radiation era, we find the
matching conditions as

a5
™ Aty

do

0 — y—
t%atch y dy

=9 and 2t

(3.31)

tch
t%ac

Ymatch Ymatch

The full evolution of the density contrast of three momentum modes k= 0.1, k= 1.73,
k=5.0is plotted in Figure 4 for a benchmark point m = 1071 eV and f = 1.3 x 10™ GeV.
The full solution of the equations of motion (3.10) and (3.11) is matched with the solution
of the WKB approximation (3.27) by using (3.31) at t,, = 2 x 10% or y ~ 107%. The
momentum mode k& = 0.1 shown in blue continues to track the CDM evolution shown
via colored dashed lines. The mode k = 1.73 shown in orange oscillate with a constant
amplitude while it is above the Jeans scale. Once it drops below the Jeans scale during
the matter era, it starts to grow linearly. The evolution of the mode k = 5.0 is similar,
except it does not experience exponential growth during trapping, and drops below the
Jeans scale much later.
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3.3 Comparison with the Large Misalignment Mechanism

In this section, we compute the power spectrum of the ALP fluctuations in the Large Mis-
alignment Mechanism (LMM), and make the comparison with the Kinetic Misalignment.
This mechanism [51, 52] is a special case of the Standard Misalignment Mechanism where
the initial angle ©; is very close to the top of the cosine potential, i.e. |7 — 0;| < 1.

The calculation is the same as in the KMM case with the exception of initial conditions
for the homogeneous mode, and the mode functions. We start by discussing the homo-
geneous mode evolution. This will also give us the expression for the relic density today,
which we will use to determine the model parameters. Then we state the initial conditions
for the mode functions, and finally show the comparison.

Evolution of the homogeneous mode

We again use the dimensionless time ¢,, = m/2H ~ mt as the dynamical variable. The
initial conditions are given by
lim O(t,) =6;, lim ©'(t,)=0. (3.32)
tm—0 tm—0
If the initial angle is very close to the bottom of the potential |©;| < 1, then the cosine

potential can be approximated by a quadratic, which implies sin ©® ~ ©. In this case the
homogeneous mode equation of motion (3.10) with initial conditions (3.32) has an exact

solution: oalt)
5 1/4 tm
O(tm) = 21/4r<4) Giilﬁ, 0; < 1. (3.33)

In this case, the energy density is given by

meQ [0/ (tm)? + O(tm)?] = m? (r(i) &-)2

Pre (tm) =

IY)4(tm) + T34 (tm) (3:34)
2tm B

In the late time limit ¢,, > 1, in other words much after the onset of oscillations, one can
use asymptotic forms of the Bessel functions to show that

2
po(tm > 1) ~ meQQ <r<i> @,-> t-3/2 o a3, (3.35)
T

so the ALP field scales as cold dark matter at late times. Redshifting this energy density
until today we obtain

3/4 2
Qoo ~ (5.2 x 1074) (W) \/?0<J\51> o2, (3.36)

where T, is the temperature at which ¢,, = 1, i.e. 2H(T},) = m, and g,(T), 9s(Tin) are
the number of effective degrees of freedom in the energy density and entropy respectively.

If the initial angle ©; is not close to the minimum, the expression (3.36) receives
corrections from the anharmonacity of the potential. For a general initial angle, the relic
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Figure 5: Left figure: The evolution of the homogeneous mode in SMM/LMM with different
initial conditions obtained by numerically solving (3.10). When the initial angle is very close to the
top of the cosine potential, the ALP field starts oscillating much later due to to the tiny potential
gradient at the top. The onset of oscillations are shown by vertical dashed lines, and calculated via
(3.39). Right figure: Upper plot shows the numerically obtained anharmonicity factor values, and
the plot of the fit function (3.38), while the bottom plot show the relative errors of the fit function.
In most of the parameter space, the relative error is less than 10%.

density today is given by

3/4 m 2
Q@p:=(52><ur4)<g;(;?f))w/ﬂb<ﬂﬁl> OF Fann(0:), (3.37)

where Fu,n is the anharmonicity correction which should behave as Fonn(0;) — 1 as
©; — 0. By solving the equation of motion (3.5) numerically with different initial angles,

we found that the fit function

. 1.395
Fit (00 = [1 ~in (1 - ('(?j')mg)] , (3.39

approximates the numerical solution to an accuracy better than 10% for most of the initial
values. This function together with the numerically calculated values and the relative

errors are shown on the right plot of Figure 5.

As the initial angle becomes closer to the top of the potential, the anharmonicity factor
increases, thereby the relic density also increases. This behavior is due to the fact that the
tiny potential gradient at the top delays the onset of oscillations as can be seen from the
left plot of Figure 5. For small displacements from the top |7 — ©;| < 1, the dimensionless

time at which the oscillations start can be approximated by [51]

1 91/4.1/2
W ], (3.39)

to>¢ =1In

[m— 65 T'(5/4)
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Figure 6: Power spectra of ALP fluctuations in the Standard/Large Misalignment with different
initial conditions. These results are independent of the ALP mass and the decay constant, provided
that the oscillations start deep in the radiation era. We observe that if the initial angle is significantly

close to the top of the potential |7 — ©;| < 107>, there is an enhancement in the power spectrum
around the modes k ~ O(1).

which we show via dashed vertical lines in the left plot of Figure 5. As a result, the duration
of the matter-like scaling decreases which enhances the relic density. Soon we will show
that this delay of oscillations also enchances the ALP fluctuations just like in the Kinetic
Misalignment case.

Initial conditions for the mode functions

In the case of Standard/Large Misalignment Mechanism, the background ALP field is
frozen at early times, and thus behaves as dark energy. At the zeroth order, the adiabatic
initial conditions for the ALP perturbations do vanish [1]. Higher order corrections can
be derived by solving the equations of motion for the homogeneous mode (3.10), and the
mode functions (3.11) at early times ¢, < 1. The calculation is somewhat technical and
is presented in Appendix A.2, leading to equation (A.17), the early-time super-horizon
behavior of the mode functions:

22

2
SMM/LMM: 8 (t,, < 1) = g<1>,€(0) sin ©; |12, T

B3+ 0@)|. (3.40)

The results and comparison with KMM

We first show the dimensionless power spectra at t,,, = m/2H = 2x103 with different initial
conditions in Figure 6. These results depend only on the initial conditions, and they are
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Figure 7: Comparison of the dimensionless power spectra of ALP fluctuations at t,, = m/2H =
2 x 10% in the Kinetic Misalignment mechanism (solid lines), with Large Misalignment Mecha-
nism (dashed lines). For all curves we assume a constant ALP mass m = 10~%eV. For LMM
benchmarks, the initial angles are determined via (3.37) such that the relic density is the same
as the dark matter density. For f = 6.0 x 1014 GeV (blue lines) both power spectra are similar
except there is a suppression of the high-momentum modes in LMM which is absent in KMM.
For f = 1.3 x 101 GeV (green lines), both models predict an enhancement for the modes around
k ~ O(1), however the growth is much larger in KMM. The reasons behind both of these features
are explained in the main text.

independent of the ALP mass and the ALP decay constant provided that the oscillations
start deep in the radiation era. From the plot, we can observe that for a large range of
initial values, the power spectra have similar features. The low momentum modes k<1
behave as CDM, while larger modes k> 1are suppressed with respect to CDM. Only when
the initial angle is significantly close to the top of the potential |7 — ©;| < 1072, there is
an enhancement in the modes k ~ O(1). The power spectrum reaches to O(1) values when
|7 — ©;] < 10719 after which the linear perturbation theory becomes unreliable.

We now compare the power spectra in the Large and Kinetic misalignment mechanisms.
The results are shown in Figure 7 which assumes a constant ALP mass equal to m =
10~ eV. We have chosen two benchmark values for the ALP decay constant; f = 6.0 x
10" GeV, and f = 1.3 x 10 GeV. The former is close to the boundary of the SMM-
KMM transition in the language of Section 2%, while the latter is close to the boundary of
incomplete-complete fragmentation. To compare the power spectra in these two benchmark
points with their LMM counterparts, we kept the ALP decay constant the same, and

8In Section 2, we defined the SMM region as the region where m./H. < 3. This is slightly different
what we mean as SMM in this section. In the former, the ALP field has an initial kinetic energy, but it is
insufficient to delay the onset of oscillations, while in the latter there is no initial kinetic energy. Despite of
this difference, there is no difference from a phenomenological standpoint.
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Figure 8: Comparison of the evolution of the gauge-invariant density contrast of the mode k=17
in the KMM (green) and LMM (light green) models. The thin lines denote the numerical solution
while the thick lines show the analytically obtained super-horizon behavior given in (3.45) for KMM
and (3.46) for LMM. The brown dotted line in the middle shows the time at which the mode enters
the horizon. The green line on the right shows the time of trapping in KMM, while the nearby
light green dashed line is the onset of oscillations in LMM. The dotted light green line shows the
point when EQ/tm = 1 indicating the start of the tachyonic instability. We see that even though the
enhancement is much larger in LMM when the initial angle is very close to the top, the final value
18 smaller than its KMM counterpart due to the heavy suppression of the initial fluctuations from
small |m — 0], see (3.48).

determined the initial angle ©; via (3.37) and (3.38) such that all of dark matter is made
of ALPs. For f = 6.0 x 10! GeV (blue lines), both models predict a similar power spectra
except higher momentum modes are suppressed in the case of LMM, while they are not
in KMM. On the other hand, for f = 1.3 x 10** GeV (green lines) both models predict an
enhancement of the modes with k ~ O(1), however the enhancement in the case of KMM
is much larger compared to LMM.

The larger enhancement in KMM compared to LMM deserves an explanation. At first,
one might think that this is due to the fact that the onset of oscillations is not delayed by
the same amount. However this is not true. Recall that in KMM the oscillations start at
T = 2H,t by definition. In terms of ¢,, this is

osc __
ZL/m

- 2H,’

KMM. (3.41)

On the other hand, the onset of oscillations in LMM is given by (3.39). Then for f =
1.3 x 101 GeV one gets t%¢ ~ 13.4(12.7) for KMM(LMM), so in both cases the onset of
oscillations are delayed roughly by the same amount. The real reason behind the difference
is imprinted on the evolution of the density contrast before the onset of oscillations, and
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can be studied analytically. We will make the comparison with the gauge-invariant density
contrast
6GT =6 — 3H(1 4 w)v, (3.42)

where v is the velocity potential which for the ALP field takes the form [14]

_ f?060
U T (3.43)

Thus, in Fourier space the gauge-invariant density contrast is

-
§S1 =6, — g% (3.44)
pe

By using the early-time behavior of the KMM mode functions (3.17) and the expression
for the curvature perturbations (3.8), we can show that at leading order

12 k2t e < 1,
5G1 L~ B, (0) x " ¥ . (3.45)
3t Sin(\/gtk) tr > 1
In the SMM/LMM case, we can use (A.17) and (A.25) to obtain at leading order
E cos? <(9i>%2t§1, <1
GI 175 2
Pshana i = Pr(0) X 81 sin ©; \+_, 5 (340
— | ——— |k t t 1
100 <COS@¢—1> peos(ty), >
By roughly comparing the density contrast for a mode k~1at tm ~ 1 we find
§GI 0.
SMAMVLMM 8 x 1073 cos? = ). (3.47)
O MM 2

The enhancement in LMM happens when |7 — 0;| < 1. In this case, on top of the two
orders of magnitude numerical suppression, there is also a drastic suppression from the
cosine term:

5GI — O, 2
M~ 8 x 1073 x u, T — 64 < 1. (3.48)
5KMM 4

This behavior can clearly be seen in Figure 8. In this plot we compare the evolution of the
gauge-invariant density contrast of the mode k = 1.7 in KMM and LMM models. The thin
lines denote the numerical solution, while the thick lines use super-horizon estimates (3.45)
and (3.46). We see that these estimates predict the evolution quite accurately until the
mode enters the horizon which is shown by the brown dotted line in the middle. Around
tm = 1, the LMM density constrast is around 12-orders of magnitude smaller compared to
KMM, consistent with the estimate (3.48). We also see that despite the fact that the final
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value of the density contrast is smaller in the LMM case, the enhancement is significantly
larger. The explanation for this is the tachyonic instability. Recall that the mode function
equation of motion has an effective frequency term given by w,% = k2 /tm — cos ©. During
the period when the homogeneous mode is stuck at the top we have cos © ~ cos©; ~ —1.
So the effective frequency of the mode becomes tachyonic when k2 /tm > 1. This moment
is shown by the vertical dotted light green line in Figure 8 labeled as “tachyonic”. We see
that the exponential growth starts shortly after this point.

Before closing this sub-section we also explain briefly why there is a suppression in
SMM/LMM power spectra at higher momentum values. These modes are well sub-horizon
when the oscillations start so their values slightly before the oscillations can be read from
(3.46) as 56T %*4@ x %*2tm. Therefore, higher momentum modes are suppressed
with k=2 before the onset of oscillations. After the oscillations start their amplitudes

are approximately constant which explains the suppression at high momentum modes in
SMM /LMM.

4 ALP density perturbations in the complete fragmentation regime

If the fragmentation is complete, the system dynamics is non-linear, and the equation of
motion for the mode functions become coupled to each other. In this case, one cannot
use the cosmological perturbation theory as we did in the previous section. To study this
regime precisely, one needs to use non-perturbative methods such as lattice simulations
which we leave for future work. However, it is still possible to get some semi-analytical
estimates by approximating the axion potential at late times by

Am?6?; (4.1)

Even though this approximation clearly breaks down during the fragmentation, it will
eventually be a good one once the self-interactions become negligible’. Since what we need
is the power spectrum at late times, this approximation is adequate for our estimates.

In the case when the fluctuations are not necessarily small, the density contrast is
defined by

5(t,x) = 2EX) = 40) ’?p; o) (4.2)

where (p) is the average energy density. For a quadratic potential (4.1) it takes the form

2y, . 1
5= <p>{2 [92(1 4 20) — <02>} + 5.5V V(1 - 20) — (V0 V0)] "

+m?(6% — <92>)}.

90ne feature which cannot be studied with this approximation is the formation of oscillons which are
localized field configurations of a real scalar field sustained only by self-interactions [70-72]. For more
information about the oscillons and their consequences for dark matter see [59] and the references therein.
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In deriving this expression we have neglected the O(®?) terms, but the ALP field 0(¢,x)
is kept non-perturbative. We now expand the ALP field as

Q(t,x)ZQB(t)—FQF(t,X):GB(t)-F/k N (

o (4.4)

Here 6y’s are stochastic variables that carry the statistical properties, while 6;’s are c-
number functions which depend only on the magnitude of the momentum k£ = k. We
assume that ’s satisfy

<éké;;,> = (27)36@) (k — K. (4.5)
The function A describes the evolution of the long wavelength modes k& < k, for which
V6 ~ 0. We took k, = a.H,, but this choice does not affect our results as long as k. is
much smaller than the relevant modes for the fragmentation for which k ~ ma, [14]. The
reason why we have made such a split even in the case of complete fragmentation is the
following: When calculating the power spectrum in the case of complete fragmentation,
we will use the semi-analytical results for the mode functions that we have derived in [14].
This method does not work for the modes that are super-horizon during fragmentation,
ie. ki < a.H,.

By plugging the expansion (4.4) into (4.3) we find

12 [0p0% m b5
<p>[ o (1+22) + 0p0F + -5 }
+{,02> {12[9/2( +20) — (02)] + 5 [VOr - VOR(1 — 20) — (VOr- VO] ()

2

- |

By approximating 1 4+ 2® ~ 1, the density contrast reduces to

2050 0%
+m lglp + =
il ] e
+<p>{ (02— (02)] + = (Vs - VO — (VO - V&F)]+2(0%—<9%>)}

We see that the density contrast has two contributions. The first term contains terms
which are linear in fluctuations, and it reduces to the linear density constrast (3.4) for
a quadratic potential if the fragmentation is incomplete since in this case g — ©, and
(p) =~ pe. Therefore, we refer this contribution to the density contrast as 6. Since the
second term is quadratic in fluctuations, we refer it as §9"2d and write § = §* 4 ¢9uad, On
the scales k ~ O(1) x mas where the fragmentation is efficient, the quadratic contribution
sauad dominates over the linear contribution 6. However, at scales k < ma, the quadratic
contribution is small as we shall show soon, so the linear contribution dominates.
After this splitting, the power spectrum takes the form

Ptk = 55 (1) =55 | (o) + (o) w2 (ref (o) s )] s

5hn
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where V is a volume factor which is much larger than all scales in the problem The last
term in this expression does contain terms of the form <<I>90> where ® and 6 are the
operators which encode the statistical properties of the curvature perturbations and ALP
fluctuations respectively. If the latter are sourced by adiabatic perturbations, then 6 ~
d. Therefore, by assuming that the three-point function for the curvature perturbations
vanishes <<i><i><i>> = 0, the last term in (4.8) becomes zero. Then the power spectrum
becomes

Ps(k) = Pin(k) + P (k), (4.9)

where Pgin(ki) _ <‘511n} > and P(;quad(k> —p-1 <‘52uad 2

>. The linear contribution is

given by
2
Phn k <f
W=

and it reduces to the power spectrum in the linear case when 6, — ©, and (p) — pg. The

. 9 ‘9 2
) (939k+m 930k+¢k93) , (4.10)

quadratic contribution is derived in [30], and it reads

d3q|F(q,q — k)
(43¢ F(q,9))
where
, . k- k' )
F(k‘, k ) = 0,0, + 3 + m* 0.0, (412)
a

The relevant contribution for the late time observables is the quadratic one. So we discuss
it first, and then comment on the linear contribution.

4.1 Quadratic contribution

We are interested in the late time behavior of the power spectrum, when all modes of
interest are non-relativistic. In the non-linear regime (complete fragmentation) we will use
the following ansatz to express the mode functions [14]:

= \/Py(k) A (t) Ny, (t) cos(mt + @y,), (4.13)

where ¢y, is a momentum-dependent phase factor, Py(k) is the initial power spectrum before

21\ [
Pylk) = Qk:))(;) AS<%>, (4.14)

)

the fragmentation

and the redshift factor A (t) is given by

Ap(t) = wy(t)ay?  (k/ai)
kL) = ;/Q(t)a?’/ZN m1/2a3/2

(4.15)

By definition, the backreaction will be important in the non-linear regime so the amplifica-
tion factors Ny are calculated via the workflow outlined in Section 3.2 of [14]. By plugging
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these terms into the expression for the power spectrum (4.11) we obtain

-2 N N2, cos? (¢4 — Plq_
Pquad(k) - qu2 d3 |a—k| ( q la k‘)7 (416)
0 q 2|q_k|2

where momentum integrals are over the modes which are amplified during the fragmenta-
tion, hence they are finite. The amplification factors Ny are interpreted as their asymptotic
limits, so they and the whole power spectrum is independent of time'". By averaging over
the phase factors we can replace the cosine square term by 1/2. Also, without loss of gener-
ality, we can choose q to be aligned with the 2-direction. Then |k — q| = \/k? + ¢ — 2kqu
where u is the cosine of the angle between k and q. After integrating over the azimuthal

Pauad () = </qu2> /qu2/ du |qq l:' (4.17)

It is more convenient to make a change of parameter from u to p = |q — k|. This way we

12 d @tk g
- 5 (fot) [ [0

The dimensionless power spectrum is

K itk q
P(?uad(k):%2 IR ) = k2< / qu2> / =2 / LN (4.19)

—k| D

angle we find

obtain

Let q = ¢/(asm). Then, one can show that at small momenta

—2
d
Pl < 1) ~ K3 </ dq Nq2> /q_gNél o K3, (4.20)

where k = k/(axm). Therefore we found that the power spectrum approaches to that of a
white noise at low momenta. On the other hand, the large momentum behavior is

P> 1) ~ ,i(/ dq Nq) - (4.21)

These modes collapse too late to contribute to structure formation and will thus be not
too relevant. We note that this result assumes that for all the modes the initial power
spectrum is given by (4.14) which is true as long as the mode is super-horizon at the onset
of the kination-like scaling of the homogeneous mode. Therefore, the initial conditions are
not valid for the modes k > ayjn Hyin. As a result, the high-momenta behavior will also be
modified. When and how this modification happens depends on the UV completion, and
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Figure 9: The dimensionless power spectrum Pgluad(k:) for an ALP model with constant mass

m = 1071° eV as a function of the dimensionless momentum k = k/(ma.) for different values of
the decay constant. The power spectra is plotted on the linear scale in the left figure, and on the log
scale in the right figure. The dashed lines show the low-momenta limit of the power spectrum P o k>
calculated via (4.20), while the dot-dashed lines show the high-momenta limit P « & calculated via
(4.21). In all cases, ALP make all of dark matter.

is irrelevant for the gravitational signatures that we will study in the next section. Thus,
we will not comment on the high-momenta behavior any further.

We show the plots of the quadratic contribution to the power spectrum in Figure 9
for a couple of benchmark points. We assumed a constant ALP mass m = 107'% eV, and
varied the ALP decay constant f. For all the curves, the ALP makes all of dark matter.
We can see that all power spectra are peaked at x ~ O(1) while the peak position moves
to slightly higher momenta for smaller decay constants. The reason behind this is that the
fragmentation starts earlier for smaller decay constants which permits exponential growth
of higher modes. However, this also causes amplification of a larger range of modes which
results in a more broad spectrum that has a smaller peak value. We can also see that the
low/high momentum behavior of all spectra is consistent with the expressions (4.20) and
(4.21) respectively.

4.2 Linear contribution

For fragmented axions to explain all of dark matter, the resulting matter power spectrum
should be consistent with the observations around the CMB scales k ~ 0.1 Mpc~!. The
relevant modes for fragmentation are those with k& ~ kpeax ~ asm. To express this in

10This is true only when the potential is approximated by a quadratic, in other words when the self-
interactions are neglected.

— 96 —



dimensionless units, we use the following relation derived in [14]:

My <(L*>:3__ E:p(LO (4 22)

mo \ Ao B 8 A%,O’

where m, is the ALP mass at trapping, Ayo = /mof is the today’s value of the bar-
rier height, and pg is the ALP energy density today without taking fragmentation into
account!'!. From (4.22) and assuming a constant mass we get

—2/3
5 A1 m_ \1/3 f
Epeatc ~ 10°Mpe™ x (75— <1014 =) - (4.23)

Therefore, the fragmentation scales are much shorter compared to the CMB ones'?. As
a result, the quadratic contribution will be very suppressed due to the k3 decay at low
momenta. Thus, the matter power spectrum at CMB scales will be determined mainly by
the linear contribution.

We cannot evaluate the linear contribution since 6p is not known. However, from
the discussion of the linear case in Section 3, we expect that the modes which are super-
horizon during fragmentation will lock on the CDM prediction once they enter the horizon.
Therefore, we approximate the linear contribution of the low momentum modes by the
power spectrum of CDM:

Pi(k; 2) = Pscpm(k; 2). (4.24)

This approximation has been used in [73] to study the gravitational signatures of axion
miniclusters when Peccei-Quinn breaking happens after inflation, and also in [58, 74] where
dark matter is generated from inflationary perturbations.

We show the full power spectrum including the CDM contribution in Figure 10. The

quad
1%

is time-independent, the CDM contribution has a logarithmic time-dependence during the

benchmark points are the same in Figure 9. Even though the quadratic contribution

radiation era. We have evaluated the CDM contribution at a/ag = 10~ which is much later
than the trapping scale factor a, for all benchmark points. The high momenta behaviors
are shown by the dotted lines since the position of their cutoff is model-dependent. We can
see that the spectra is peaked at higher comoving momenta for smaller decay constants.
This happens because of two reasons: First, as we have already seen in Figure 9, the power
spectrum is peaked at higher dimensionless momenta for smaller decay constants. On top
of this effect, the trapping happens later for smaller decay constants which implies that the
amplified modes have larger comoving momenta. This shift to larger momenta will have a
significant effect on the gravitational signatures as we shall see in the next section.

In order to study the gravitational signatures we need to evolve the power spectrum
Pauad yntil today. For this we will use the linearized evolution equation (3.27) even though

"The fragmentation might slightly modify the relic density today. We made a semi-analytical estimate
in [14], and found that this modification is not significant.

12The fragmentation scales can be close to the CMB scales at the very low ALP mass and very high ALP
decay constant region of the parameter space. However, this region is excluded by the BBN constraints
[14].
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Figure 10: The combined dimensionless power spectrum Ps = Pscpm + Pguad for an ALP
model with constant mass m = 1071%eV as a function of the comoving momentum k for different
values of the decay constant. The dashed lines show the low-momenta behavior without the CDM
contribution, while the dotted lines show the extrapolation to high momenta using (4.21). Note
that the CDM contribution is added only to the low-momenta part of the power spectrum, and we
assumed a/ag = 1075 when calculating the CDM spectrum which is much later than the trapping
scale factor a, for all benchmark points.

the fluctuations are clearly non-linear. The reasoning behind this approximation is that
the linearized analysis is all we need to have an estimate of the gravitational signatures
which becomes more clear when we discuss the Press-Schechter formalism in Section 5.2.

4.3 Comparison with the post-inflationary scenario

In our discussion so far, we have always considered the pre-inflationary scenario where the
spontaneous symmetry breaking that creates ALPs as Nambu-Goldstone bosons happens
before inflation. In the absence of an initial kinetic energy, the ALP angle 6 takes random
values 6 € [—m, ) in different patches of the universe after symmetry breaking. If this
process happens before inflation, each patch is inflated to huge sizes so that the initial angle
is the same everywhere in the observable universe which makes the ALP field homogeneous
at early times.

However, the symmetry breaking can also happen after inflation. This is the so-called
post-inflationary scenario. In this case the observable universe will contain many patches
all having a different initial angle. This leads to the emergence of topological defects like
cosmic strings and domain walls, also known as the string-wall network [75-77]. As a result,
the ALP field becomes very inhomogeneous in contrast to the pre-inflationary scenario.

It is interesting to compare our predictions for the power spectrum with the one pre-
dicted in the post-inflationary scenario. A simplified linear analysis of the post-inflationary
scenario for the QCD axion is given in [30] by assuming a quadratic potential. Full non-
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linear analysis of ALP models with different temperature dependencies including the con-
stant mass scenario has been recently presented in [41]. In this section, first we calculate
the power spectrum of a constant mass ALP model by adapting the method used in [30],
and then make a comparison with the numerical results of [41]. Finally we compare the
predictions in the post-inflationary scenario with the predictions of KMM and SMM /LMM.

Linearized analysis

Following [30], we separate the ALP mode functions as

Ok (t) = Or fi(1), (4.25)

where the statistical properties and the initial conditions are encoded in ék, while the
functions fi(t) contain the time evolutions, which are normalized such that fy(¢;) = 1. For
a quadratic potential, the equations of motion for fi’s are

2
fk + 3ka + <]:;2 + 'm2> fi=0, (4.26)

where m is the ALP mass which is assumed to be constant. The oscillations start around
t =t; = (2H1)~ !, where in the constant mass case H; is defined by [41, 78]

8
m=CH. (4.27)
We also define H; = a1 Hy = Lfl where Ly is the comoving horizon at ¢; [41]. Then, in
terms of the dimensionless time ¢, = mt, (4.26) takes the form

5 K2

3
i (tm) + %f,i;(tm) + [16% + 1] fi(tm) =0, (4.28)

where we have also defined K = kL;.
The evolution of the mode functions after the onset of oscillations can well be described
by the WKB approximation:

tm 2
G ' Gt = 2K
Jr(tm) = i AT cos (/t‘,;\{KB dt,,w(t,,) + g0k>, Wk (tm) = 161, +1, (4.29)

where ¢, and ¢y, are numerical factors which we have determined by numerically solving the
equation of motion (4.28) until £\ KB > 1. We have verified that by choosing tWKB = 50,
the WKB approximation reproduces the numerical solution very well.

The power spectrum is given by [30]

5 | d*k Py(k)Py(|k — q|) F(k, k — q)°
[ A3k Py(k)F(k, k)]

P(q) = 2(2n) , (4.30)

where )

FOK) = 00 + (5 + m? ) A0, (4.31)
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and Py(k) is the field power spectrum at some initial temperature T; defined such that
<éké;;,> = (21)%5®) (k — K') Py (k). (4.32)

A reasonable choice for Py(k) is [30, 41]

8t k2

where the cutoff is given by k¢ = a;H;, and the normalization is fixed such that <0(x)2> =
72 /3. Note that at late times when all the relevant modes become non-relativistic we have
Wi, ~ 1, and the power spectrum becomes independent of time!3.

Last thing we need to specify is the initial time. This needs to be before the onset of
oscillations but not too early since at those times the string-wall network plays an important
role [38, 41]. Again following [30] we have chosen T; = 3T} as the initial temperature where
Ty is defined by H(T1) = H;. This corresponds to an initial time of ¢,,; = 4/45 and a
momentum cutoff of k.. L1 = 9. After this point the calculation is identical to the one we

have presented in Section 4.1 so we do not repeat it here.

Results and comparison with lattice simulations and other mechanisms

We now present our results and make a comparison with the lattice result obtained in
[41] in Figure 11. The blue lines show the spectra obtained via the linearized analysis,
while the orange lines show the lattice results. The orange band on the right plot is
given by P(kL, < 1) ~ C(kL1)® with C ~ 0.03 — 0.05, which is the low-momentum
behavior reported in [41]. We can see that the non-linear effects shifts the spectrum to
larger momentum values and make the spectrum broader. As a result, the peak value gets
reduced by a factor of ~ 3.5.

Before concluding this section, it would be instructive to compare the power spectra
of all the dark matter production mechanisms that we have seen so far on a single plot.
For a given ALP mass, the decay constant is fixed in the post-inflationary scenario. The
relic density for this scenario is given by [41]

N 9o(T1) 3/4 95(Th) =1/ \ /2 f 2
h2Q9_0.019( P7O ) < = > <peV> (1012(}8\/) (4.34)

One can then solve for the ALP decay constant f to get the correct relic density. We

show this line on the ALP parameter space in the left plot of Figure 12 with the label
“post-inflation”. This line matches perfectly with the line one gets in the Standard/Large
Misalignment Mechanism by setting the initial angle to ©; =~ 3.06. However, the power
spectrum of the fluctuations is completely different due to the highly inhomogeneous initial
conditions. We demonstrate this on the right plot of Figure 12. In this plot, we set the
ALP mass to m = 1071° eV, and solve (4.34) to get the correct relic density and found

13As we have stated in Section 4.1, this is true only for the linearized analysis where the potential is
approximated by a quadratic, and therefore the self-interactions are neglected.
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f ~ 3.53 x 10" GeV. We then calculated the power spectra predicted by the Kinetic and
the Standard/Large Misalignment Mechanisms and make the comparison with the post-
inflationary spectra obtained both with the linearized analysis (solid line), and the lattice
results (dashed line). We see that the spectrum is greatly enhanced and broaden in the

post-inflationary scenario.

5 Gravitational collapse of fluctuations and the halo spectrum

Once the matter fluctuations become sufficiently dense, they decouple from the ambient
Hubble flow, and form gravitationally bound structures known as halos. This process is
called gravitational collapse. Studying this process precisely is quite difficult, and requires
N-body simulations. However, qualitative results can be derived by exploiting the approx-
imate spherical symmetry. This will be our goal in this section. We start by deriving the
critical density beyond which a density fluctuation will experience gravitational collapse
in Section 5.1. Then we introduce the Press-Schechter formalism in Section 5.2 which we
shall use in Section 5.3 to compute the halo mass function, the number density of halos
per logarithmic mass bin. We conclude the section by calculating the halo spectrum in
Section 5.4 that contains information about the mass-density relation of the halos at a

given benchmark.

5.1 Critical density for collapse

We consider a universe which can either be matter or radiation dominated, and take a
spherical shell of physical radius r. The time evolution of this radius obeys [2§]

7 4G 4G 47G G

;:—T(P+3P)Z—T(Pm+9r+3pr):— 5 Pm = g Pr (5.1)

where p,, is the matter density'* including the over-densities, and p, is the radiation density
which we assume to be homogeneous everywhere. The radiation pressure is p, = p,/3, and
we assumed that the matter is pressureless p,, = 0. The latter assumption is accurate
for CDM, however it breaks down for ALPs at small scales due to the quantum pressure
discussed in the previous section. We will comment later on the consequences. For now,
we continue our discussion by assuming p,, = 0.
Let M denote the mass inside the spherical region, i.e.
47 3 4m,_

M = —pmr® = — (P + Dpm)r® =

47
7 (1 3 2
3 3 P (1 +6)r, (5.2)

3

where p,,, is the background matter density, and 6 = Apy,/p,, is the size of the fluctuation.
We will assume that this mass remains constant during the gravitational collapse. In terms
of M, the equation of motion for r becomes

&G MG

7= — pr’ — .
r2

3

(5.3)

1Gince we are neglecting the baryons in this work, the matter density is the same as the ALP density,
Pm = Po-
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Let us parametrize r(t) by
r(t) = a(t)br()R, (5.4)

where R is the comoving radial coordinate, and by denotes the deviation from the ambient
Hubble flow. The R-subscript indicates that the evolution is valid for the spherical shell
with comoving label R. We will drop the subscript below to simplify the notation.

Next, we will switch the conformal time, and make a change of variables to y = a/aeq.
After some algebra, one can obtain a differential equation for the evolution of b(y): [28]

d?b 3 \db 1/1+6;
1 — 1+ =y )—+= —-b]=0 5.5
y( +y)dy2+<+2y>dy+2< = ) , (5.5)

where ¢; is the initial over-density in the region §; = dpm (yi) /P (yi) set at some early time

when b(y;) = 1. By deriving this result, we have used

47 4 47 P,
M = ?pmﬂ“g’ - ?pmﬂ-a?(l +6;)R3 = ?§agq(1 + 6;)R3, (5.6)

where poq = 2Py, 0q = 2Ppeq 18 the total average energy density at the matter-radiation
equality.

For a given value of the initial over-density d;, one can solve (5.5) numerically with
the initial conditions b(y;) = 1, and ¥'(y;) = 0 where y; < 1. Initially, the radius will
expand with the Hubble flow. Then it will start to deviate, and at yt, it turns around, i.e.
the expansion will stop, and the radius will start shrinking. This happens when 7 = 0, or
b (Ysa) + b(Yta)/Yta = 0. Numerical solution shows that the turnaround happens at [30]

~—. 5.7
Yta 51 ( )
Without a pressure term, the collapse will continue without a restriction, and the overden-
sity will eventually collapse to a single point at y = y. where the overdensity § becomes
infinite. Again, by numerical solution we observed that

1

Numerical calculation of §;yt,, and d;y. for a bunch of initial overdensities is shown on the
left plot of Figure 13.

After having calculated the time of collapse using the non-linear theory, we can ask
the following question: What would be the prediction of the linear theory if we had ex-
trapolated it until the collapse y.? [79] This is the necessary ingredient for using the Press-
Schechter formalism which we will review in the next section. The conservation of the mass
M implies

1+ 36 (y) = 1+ 6. (5.9)

In the linear approximation we define §(y) = 0; + Ad(y), and evaluate all expressions at
linear order in Ad(y). Then (5.9) implies b(y) = 1 — Ad(y)/3(1 + 9;), and (5.5) becomes

d2Aé 3 YdAS 32 1 3
1 T+ oy )—— 224 —— |AS = —24;. 1
Y490 +( +2y) dy 2|:3+3(1+5i):| 0=3 (5.10)
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considered in the plot. Right: The critical density 0.(x) predicted by the linear theory calculated
numerically via (5.13) together with approximate expressions in the deep matter (dashed orange
line), and deep radiation eta (dashed green line).

Note that in the §; < 1 limit, this equation reduces to the Meszaros equation as expected.
The solution of this equation with the initial condition Ad(y — 0) =0 is

2
30;(1 + 6;) 1 \/1751' + 426; + 25
Ad(y) = ——[oF1(0_,04,1,—y)—1], dr=-=+ 5.11
(y) 3+25Z [2 1( s U+ by y) ]7 + 4 4_’_461 ) ( )
where 9 F} is the hypergeometric function. So in the linear theory, §(y) is given by

; 3+ 34; 0;
lin ? 7

=0; | ——= o F1(6_ 1,—y) — . 12

Since the non-linear theory predicts that the initial fluctuation §; will collapse at y., we
can calculate the prediction of the linear theory for the overdensity at collapse by replacing
0; with the corresponding y., and setting y = y. in (5.12). So the prediction of the linear
theory at time of the collapse is

3+ 36; 0;
=5 | =R (5 1, —1,.) —

(5.13)

5iz1.1/yc

The quantity d. is called the critical density at collapse. Small fluctuations d; < 1 collapse
during the deep matter era where y. > 1. In this case we recover the well-known result:

1.1 3 3
Solye > 1)~ —— (14 Sye | & —(127)%% ~ 1.686, & < 1. (5.14)
Ye 2 20

On the other hand, for large fluctuations we can consider the y. < 1 limit to approximate
the hypergeometric function at 1 + y.. Then we find

3 1.1 3 1.1
5c(yc <K 1) ~ 0; (1 + 2yc> ~ E <1 + 2yc> ~ I, 6 > 1. (5.15)
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Suprisingly, the approximate expression for small and large fluctuations are the same. So
for all regimes, one can use 6. ~ (1.1/x.)(14+3x./2) as the expression for the critical density
at collapse [79]. The plot of the critical density d. as a function of y. is plotted on the right
plot of Figure 13.

5.2 Press-Schechter Formalism

The formation of the dark matter halos can be studied analytically via the Press-Schechter
(PS) formalism [80]. It relies on the following postulate: The fraction of matter .# which is
inside collapsed structures of comoving size larger than R at any given scale factor a is the
same as the probability & of finding an overdensity dr(x,a) > d.(a) where dr(x,a) is the
overdensity smoothed at the scale R, and d.(a) is the critical density for collapse at scale
factor a. If the initial fluctuations prior to collapse are small, then there is a one-to-one
correspondence between the mass M of the halo and the comoving radius R. Then the PS
postulate can be expressed as

F(> M:a) = P(6r(a) > 8.(a)). (5.16)

The relation between M and R depends on the choice of the window function Wg which is
used to smooth out the density contrast. For any window function, the smoothed density
contrast is given by

or(x,a) = /d?’x’ Wr(|x —x'|)8(x, a), /d3x Wr(x) =1, (5.17)

where ¢ is the energy density contrast. By a straightforward calculation we can obtain the
variance of the smoothed density contrast as

rhia) = (Jontx.a)?) = [ F|Wati)| Pathia) (518)

where W is the Fourier transform of the window function and Ps is the dimensionless power
spectrum corresponding to the density contrast.

The most common and natural choice for the window function is the spherical top-hat
(STH) window function which is defined by

47 -1 1, x<R
Wern(x) = <R3> X . 5.19
(%) 3 0. x>R (5.19)
Its Fourier transform is
Wern(kR) = (lj’%)g[sm(m) _ kRcos(kR)]. (5.20)

With this window function, the smoothed density contrast dr(x) is just the integral of the
density contrast over a spherical region of comoving size R centered at x. Then the mass
enclosed in the region is unambiguously given by
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where the approximation holds for small fluctuations. We will use this relation even if the
fluctuations are large15.

Note that in order to calculate the variance via (5.18), one needs to perform an integra-
tion over all momentum values, not just the ones we have simulated in the previous sections.
The contribution of higher modes can be neglected since the power spectrum is suppressed,
however the contribution of the lower momentum modes should be included. Since we have
shown that the power spectrum converges to the CDM result for low momentum modes,

we calculate the variance as'®
Eumi k
min dk — 2 max dk; . 2
o%(a) = / | Wa®)| Pscom (ks a) + / W) Ps ks a), (5.22)
0 kmin

where knin and kpax are the minimum and the maximum modes which are simulated. To
calculate the CDM contribution during the radiation era, we have used the gauge-invariant
density contrast 581131\/[ given by [55]

sinty  costp —

1 1 k
(581131\/[(]6; a) = 9‘1%(0) [ — Ci(tk) +Inty +vg — :| , = /a (5.23)

b t 2 V3H
so that the dimensionless power spectrum becomes!”
4 in ¢ ty —1 172
P (i) = S A, x 81[51;“ b L Gita) 4 Ity 2} | o
K k k

During the matter era, we use

2
ke ) E'Tgpks(K)
50, H (1+2)2 7

Piéom(k; 2) = As (5.25)

where Q,, ~ 0.32, K = 2k /keq With keq is the wavenumber which enters the horizon at
matter-radiation equality, and Tppks is the BBKS transfer function [81]:

~1/4
1+ 0.201K + (0.831K) + (0.282K)? + (0.346K)4} ,

(5.26)

In(1 +0.121K)

Tops(K) = =015

We review the derivation of (5.25) in Appendix B.

15The Press-Schechter Formalism relies on the assumption that there is a one-to-one correspondence
between the mass M of the halo and the comoving radius R which breaks down if the fluctuations are large.
A modified version of the formalism which does not rely on this one-to-one correspondence is proposed in
[30]. However, we found that this formalism is not very useful to construct the halo spectrum, which is
our main goal in this section. Therefore, we will present our estimates using the original Press-Schechter
formalism.

6Tn the case of complete fragmentation we took Ps = P?uad in the second term of (5.22) since for all the
simulated modes the linear contribution is negligible.

" The difference between the density contrast calculated in the Newtonian gauge and the gauge-invariant
one decays rapidly on sub-horizon scales. However, on super-horizon scales the Newtonian one becomes
a constant while the gauge-invariant one scales with t2. We are using the gauge-invariant one in this
calculation in order to have a well-defined integral for the variance.
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Figure 14: Euvolution of the variance o for the benchmark point m = 1075 eV and f = 1.3 x
10 GeV shown with solid lines. The red and blue lines denote redshifts in radiation and matter eras
respectively. The dashed lines show the corresponding spectra for CDM. We see that at large scales,
i.e. large comoving radius, the variance converges to the CDM prediction at all times. During the
radiation era, the variance grows logarithmically on large scales like CDM, while at small scales
it is frozen since the variance integral (5.22) is dominated by the modes that are above the Jeans
scale. Slightly after the matter-radiation equality, all relevant modes drop below the Jeans scale, so
the variance grows linearly with the scale factor at all scales. We also show a horizontal gray line
at which the variance becomes equal to the critical density at collapse during the matter era.

In Figure 14, we show the plots of the variance calculated at different redshifts for a
benchmark ALP model with m = 107" eV and f = 1.3 x 10" GeV with solid lines, while
the dashed lines show the CDM predictions. The lines with red and blue color tones denote
the redshifts in radiation and matter eras respectively. We can observe that the variance
evolution differs between small scales (smaller comoving radius) and large scales (larger
comoving radius). On large scales, all lines do converge to the CDM predictions which
grow logarithmically/linearly with the scale factor during the radiation/matter eras. On
the other hand, the small scales are frozen initially since the variance integral (5.22) at
those scales are dominated by the modes which are above the Jeans scale. Only slightly
after the matter-radiation equality these scales drop below the Jeans scale, and as a result
the variance grows linearly at all scales.

We compare the variance evaluated at today for different ALP benchmarks, and CDM
in Figure 15. We fixed the ALP mass to m = 10715 eV, and gradually decreased the ALP
decay constant starting from a value which is close to the Kinetic-Standard Misalignment
boundary. The curves with the red and green tones denote the benchmarks where the
fragmentation is incomplete and complete respectively, corresponding to linear and non-
linear regimes. In the linear regime, decreasing the axion decay constant yields larger
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Figure 15: The variance of the density power spectum today (5.22) calculated with the spherical
top-hat window function (5.19) for different ALP benchmarks with the mass m = 107° eV, and
CDM. The curves with the red tones denote the benchmarks with incomplete fragmentation (lin-
ear regime), while the ones with the green tones show the benchmarks where the fragmentation is

complete (non-linear regime).

enhancement of the small scales. The variance gets peaked for the benchmark which is
closest to the incomplete-complete fragmentation boundary. Decreasing the ALP decay
constant further reverses the trend, yielding to less enhancement. This feature is closely
related to the shape of the power spectrum that we show in Figure 9. As the ALP decay
constant decreases in the non-linear regime, the power spectrum becomes more broader,
and its peak is also shifted to higher momentum modes. These modes experience less
growth in the matter era due to the Jeans suppression, and as a result the variance gets

suppressed.

5.3 Mass distribution of the halos

We now continue our discussion of the PS formalism in order to obtain the mass distribution
of the halos. We have seen that the relevant quantity to calculate is Z(dr(a) > d.(a)).
The easiest approach is to assume that §(x, a), hence dr(x,a) is a Gaussian random field.
Then the probability density function (PDF) for g is given by

2
f(Or;a) = _ exp (— 5R2(a) ) (5.27)
2n0%(a) 207(a)
Then by using the PS postulate we can write
o 1 0c(a)
F (> M;a) = P(0r(a) > d.(a)) = ddf(d;a) = - erfc (5.28)
de 2 20%(a)
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In the case of CDM, the variance U% goes to infinity as R — 0. This implies that all the
matter in the universe must finally be in virialized objects so we expect .# (> M;a) — 1
as M — 0 [82]. However, the PS result (5.28) has the limit .# (> M;a) — 1/2 as M — 0,
meaning that the PS formalism predicts that only half of the matter reside in collapsed
structures. The reason behind this disagreement is that in PS formalism only overdense
regions do collapse. In reality, underdense regions can also collapse if they are enclosed
within a larger overdense region [83]. This effect can be included by using the excursion

set formalism [84], for a nice review see [85]. The correct expression is'®

F(> M;a) =erfc | ——— |, (5.29)

which has the correct limit as M — 0.
With this final result we can write the comoving number density of collapsed objects
within the mass range (M, M + dM) as

dn(M;a) _ Pmo|dF (> M;a)

—ar Mo | -
o gpm,() 5C(a) danM(a) e . 52(&) dM ( ‘ )
Vo M2 op(a)| dInM P 20%,(a) '

This is known as the Press-Schechter mass function. In the literature, one commonly
uses the so-called halo mass function (HMF) which gives the number density of halos per
logarithmic mass bin:

dn(M;a) _ 1Pmpo

dinM 2 M fPS(”)‘

fes(v) = \/EV@@(-V;). (5.32)

The advantage of using this form is that one can replace fpg(v) by other fit functions

dIno?,(a)

dm M (5.31)

where v = 6.(a)/op(a), and

so that the HMF agrees more accurately with the results of the N-body simulations. An
often adopted fit function is the Sheth-Tormen fit [86] which uses an ellipsoidal collapse
model rather than a spherical one as in Press-Schechter. However, this fit function contains
numerical factors which are obtained by solving the excursion set problem explicitly for
CDM. So the numerical factors need to be recalculated for each model [87]. In this work
we will use the PS mass function (5.32) since it is more general and simpler.

18This result is derived under the assumption that the variance is smoothed via a Fourier-space top-hat
(FTH) window function Wern (kR) = ©(1 — kR), with © being the Heaviside function. This is simply the
analog of the spherical top-hat in momentum space. The major drawback of this window function is that
one cannot define a mass for the overdensity as we have done in (5.21) since its volume is not well-defined
[82]. The reason for choosing the FTH window function is that only with this choice the excursion set
problem has an analytical solution [85].
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Figure 16: Left plot: The evolution of the halo mass function (5.31) for the benchmark point
withm = 10" eV and f = 1.3x10'* GeV. We see that the number density of lighter halos decrease
with redshift, while the number density of heavier ones increase. This is a consequence of merging
of smaller halos with time forming larger halos. Right plot: The halo mass function today for
different benchmark points and CDM. The ALP mass is set to m = 10715 eV. The color codes are
the same as in Figure 15.

We show our results about the halo mass function in Figure 16. On the left plot we
show the time evolution of the HMF for the benchmark point m = 107 eV and f = 1.3 x
10 GeV. We see that the structure formation starts slightly after the matter-radiation
equality with light halos, and with time heavier halos begin to form. The number density
of light halos increase initially, however they start to decrease after some time. Meanwhile,
the number density of heavy halos is always increasing meaning that the number density
shifts from lighter halos to heavier halos. This feature arises because light halos merge
with each other forming heavier halos.

The halo mass function today for different benchmark points is presented on the right
plot of Figure 16. The number density of heavy halos are not affected by the fragmentation,
while the number density of light halos are suppressed compared to CDM due to the
existence of the Jeans scale. On intermediate scales, there is an enhancement compared to
CDM due to the fragmentation

We also present our results of the halo mass function in terms of the dimensionless
variable [30]

M dn(M;a)
XM= ————+. .
(M) Pmo dlnM (5-33)

in Figure 17. This approximately gives the fraction of dark matter that reside in halos with
masses between [In M,In M + dIn M]. We also denote the local maxima of these curves
with stars on the right plot. Note that for large M, the curves for all benchmarks converge

40 —



100 M= 10715 eV, f=1.3x10% GeV 100 m=10"2eV, z=0
— f=6.0 x 1014 GeV
—— f=1.5x10% GeV
1072 A —— f=1.3x10% GeV
10-1] — f=1.0x10" Gev

f=5.0 x 10'3 GeV

-4 |
10 f=1.0 x 1013 GeV

X(M) = (M/pm)dn/din M

10—6 4
10-8 z = 3000
z = 1000
— z =300
1010 - z =100
— z=30
—_—z=0
10712 T T T — T 1074 T f T T T
1074 107! 102 10° 108 107 1072 10° 102 104 106

Halo mass M [M¢] Halo mass M [My]

Figure 17: Analog of Figure 16, except that the vertical axis is in terms of the dimensionless
halo mass function defined in (5.33). This dimensionless quantity gives roughly the fraction of dark
matter that resides in halos with masses in the logarithmic mass bin [In M, In M + dIn M]. The
stars on the right plot show the local mazima of X (M) which approximately gives the mass of the
halos that have the largest fraction of dark matter, excluding very heavy halos.

m=10"%eV m=10"10¢eV m=10"1%eV
red, left blue, middle green, right

Kl\ﬁ\f f=40x10"GeV | f=67x102GeV | f=12x10"GeV

SOl1

LMM f=40x10"GeV | f=67x102GeV | f=12x10"GeV

dot-dashed | |7 —©;| =~ 1.2x107? | |7 =0, =~ 7.0x 107 | |t —6;| ~ 3.7 x 1077

Post-inf | 5 1012GeV | F=23x108GeV | f=35x 104 GeV
dotted

SMM f=3.0x102GeV f=4.0x10"3 GeV f=6.0x10"GeV
dashed |m — 0, ~ 0.6 |m— 0, = 0.4 |m— 0, ~ 0.4

Table 1: The list of benchmarks used in constructing the halo mass functions in Figure 18 and
the halo spectra shown in Figure 20.

to the CDM prediction for which X (M) grows with M. Therefore heavier halos contain
a larger fraction of dark matter even with fragmentation. However, these halos collapse
very late, so they are not sufficiently dense to be interesting for observational prospects as
we shall see in the next section.

In Figure 18, we show a comparison of the dimensionless halo mass functions cor-

19The CDM prediction for X (M) has a global maximum around M ~ 10" Mg, see Figure 18.
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Figure 18: Dimensionless halo mass functions predicted by the production mechanisms Kinetic
Misalignment (solid), Large Misalignment (dot-dashed), post-inflationary scenario (dotted), and
Standard Misalignment (dashed). Different colors denote different ALP masses; m = 1075eV (red,
left), m = 1071%eV (blue, middle), m = 107%eV (green, right). The ALP decay constants are
given in Table 1. The CDM prediction is shown via the brown line, and the curves do converge to
the CDM prediction for larger halo masses.

responding to different ALP masses and production mechanisms. The masses are m =
1075 eV (red, left), m = 107%eV (blue, middle), m = 107'%eV (green, right). Different
linestyles denote different production mechanisms: Kinetic Misalignment (solid), Large
Misalignment (dash-dotted), post-inflationary scenario (dotted), and Standard Misalign-
ment (dashed). When comparing Kinetic and Large Misalignment mechanisms we have
used the same value for the axion decay constant. For the post-inflationary scenario we set
the decay constant such that the correct relic density is obtained. The list of benchmarks
that we used to produce this plot are tabulated in Table 1. The CDM prediction is shown
by the brown line, and all the curves converge to it at large halo masses.

We end this section with a short discussion of the low-mass behavior of the halo mass
function. As we can see from the right plot of Figure 16, even though the halo mass function
for ALP is suppressed compared to CDM it still continues to grow with decreasing mass.
However, this is not physical since the existence of the Jeans scale should heavily suppress
the structure formation below a certain mass. This is a well-known problem of the Press-
Schechter formalism applied to ALP dark matter. In [51] and [88], it has been argued
that this isssue stems from the fact that even for a small comoving radius R, the spherical
top-hat window function still collects contributions from larger scales, i.e. small k-modes.
Other works claim that the issue is not the spherical top-hat window function, but the
critical density for collapse that we have computed in Section 5.1 should be modified to
account for the Jeans scale [87, 89, 90]. We will not investigate this issue further in this
work, and continue our calculations by using the spherical top-hat window function, and
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scale-independent critical density.

5.4 Halo spectrum

In this section we derive the halo spectrum predicted by the ALP fragmentation, compare
it with the predictions of Standard Misalignment and the post-inflationary scenario. For
this we need to know the density profile of the halos. We start by discussing the profiles
of the CDM halos, and later comment on the modifications due to the wavelike nature of
ALPs.

CDM Halos

The N-body simulations of CDM show that for a halo identified, or measured, at redshift z,
the density profile is well-approximated by the Navarro-Frenk-White (NFW) profile given
by [91]

6charpc(z)
12) = 5.34
p(r32) (r/rs)(1+1/r5)?’ (5.34)
where r; is called the scale radius which is defined by the condition
dInp(r)
ket VA ) :
dlnr ’ (5-35)

Ts

Ochar 18 the dimensionless characteristic density, and p.(z) is the critical density of the
universe at redshift z. An alternative but equivalent definition is

_ 4ps
p(r) = AT (5.36)

where ps = p(r = rs) is called the scale density. From this defition, one can also define the
scale mass M as the mass enclosed inside the scale radius:

(5.37)

M, = 4w /TS drr?p(r) = 16mpsr2 f(1), f(z) =In(l+z) — T+
0

It is well known that the energy density inside a virialized halo is approximately 200 times
the mean energy density when the halo was formed. This motivates the definition of a
quantity called the virialized radius ropo such that the mean energy density enclosed in a
spherical region of radius 7909 is equal to 200 times the critical density:

47T 3 -1 7200 9
200p, = 3 200 47r/0 drrp(r). (5.38)

One also defines the concentration parameter cogg by

200

C200 = (539)

Ts

Then we can use (5.38) to relate the characteristic density dchar to the concentration pa-

rameter cogo:
200 300

3 In(1 + c200) — c200/(1 + c200)”

Ochar = (5.40)
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Even though we have not written down the redshift dependence explicitly, both dcp,r and
co00 are redshift-dependent.

The quantities d¢nar and cogg need to be determined by the N-body simulations. How-
ever there is an emprical method originally developed by NFW for CDM [91], which can
also be used for axion miniclusters [79]. Consider a halo identified, or measured, at redshift
Z = zing. Assign this halo a mass Msgg which is equal to the mass enclosed in the spherical
region of radius 7r999. By definition we have

47
Moo = ?(200 X pe(Zind))T500- (5.41)

This mass can be identified with the mass M of the collapsing region defined in (5.21), i.e.
M <+ Msp?°. Then assign this halo a collapse redshift zeo1(Mago, f)?* defined as the redshift
at which half the mass of the halo was first contained in progenitors more massive than
some fraction f < 1 of the mass Mpp. This can be estimated using the Press-Schechter
formalism: [93, 94]

erfc [X (zeo1) — X (2ind)] = %, (5.42)

where

de(2) '
V/2[02(FMago; 2) — 02(Mao; 2)]

In this equation, d.(z) is the critical density for gravitational collapse, and o?(Mago; 2) is

X(z) = (5.43)

the variance at the redshift z evaluated with a spherical tophat window function with the

3 1/3
R= <2°03> : (5.44)
Am pm0ay

smoothing scale

where py, o is the CDM/axion density today??, and aq is the scale factor today.
Now assume that depar(2ing) Pe(zind), and hence pg, is proportional to the energy density
of the universe at the time of collapse:

5char(zind)pc(2ind) = 4Ps(zind) = Q:(Zcol)pc(zcol)v (5-45)

where €(z.o1) is in general z.,-dependent proportionality factor. Both € and f are free
parameters which need to be fit with the N-body simulations. For both CDM [91] and
axion miniclusters [79], it is found that f = 1072 provides a good fit to the simulations.
Hence, we will also use this value in our calculations. To determine €(z.) we have used
the CDM simulations compiled in [95], and axion minicluster simulations in [40]. The
details of the fitting procedure is explained in the Appendix C. Once this fitting is done,
all the halo properties, most importantly the scale mass My and the scale density ps, can
be calculated.

20The reasoning behing this identification is the assumption that the mass M inside the collapsing region
as defined by (5.21) remains approximately constant during the collapse and the virialization [92].

*'The parameter zco1 has nothing to do with the redshift of the linear collapse y. = (1 + 2eq)/(1 4 2c)
that we have introduced in Section 5.1.

22We are assuming that CDM/axion make all of matter.
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ALP Halos

At small scales, the halo density profile for ALP dark matter cannot be described by the
NFW profile due to the wavelike nature of ALPs. For recent reviews, see for example [1]
and [42]. Numerical simulations show that the central profiles of ALP halos do not obey the
r~1 scaling, the so-called “cusp”, as in the NFW halos [96-98]. Instead, the density profiles
are described by solitons®® which are the eigenstates of the time-independent Schrédinger-
Poisson equations [101, 102]. The soliton profile can be fitted by [97]

2 —8
T
peot() = psor(0) |1 + (21/8—1) <> ] , (5.46)
T1/2
where
(0)~19><( m )_2 AT ARV (5.47)
pSOl ~ 1. 10_17ev pC @p .

is the density at the core, and 7y, is the radius at which the density is half of the core
density. By using this form of the profile one can calculate all the scale parameters 7, ps
and M. Then one can show that the scale density and the scale mass are related to each
other by

B m 6 Msol 4 B
Pl 1.2 % 10 4(10—17e\/> <MS® ) Mope3. (5.48)

This ground state configuration is independent of the power spectrum, and is reached
rapidly by a process called gravitational cooling [103, 104].

Results for the halo spectrum

Far away from the center of the halo, the density profile of the ALP halos can again be
explained by the NFW profile. Therefore, a realistic description requires a profile which
smoothly interpolates between the soliton profile (5.46) at small scales, and the NF'W profile
(5.36) on large scales. A precise way to obtain this matching is currently not known. In
this work, we calculated the halo spectrum by assuming the NFW profile at all scales,
however used the M$°-p°! relation (5.48) as an upper bound on the scale density for a
given scale mass.

We show the results of the halo spectrum in Figure 19. We assumed a constant ALP
mass, fixed it to m = 107° eV, and varied the ALP decay constant. The color codes of the
curves are the same as in Figure 15; the ones with the red tones denote the benchmarks
with incomplete fragmentation, and the ones with the green tones are the cases with
complete fragmentation. By comparing the results with the Figure 19 we can clearly see
that there is a direct relationship between the variance today and the peak scale density.
The benchmark which has the largest variance today, is also the benchmark which has the
largest scale density. This is a direct consequence of the fact that a larger variance implies

ZPrecisely, these are pseudo-solitons since the ALP field is time-dependent, and they are not absolutely
stable [1]. True soliton solutions require a conserved Noether charge [99]. Therefore they occur for complex
scalar field dark matter where the conserved U(1) charge guarantees stability. These are known as the
boson stars in the literature [100].
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Figure 19: Halo spectrum for some benchmark points predicted by kinetic fragmentation assuming
the NFW profile for the halos. The ALP mass is assumed to be constant and is fized to m =
1071%eV. Labels on top of the curves denote the ALP decay constants. The gray line labeled as the
“soliton profile” is the spectrum if all ALP halos have the soliton profile (5.46), and it is given by
(5.48). The curves with the red tones denote the benchmarks with incomplete fragmentation (linear
regime), while the ones with the green tones are the benchmarks with complete fragmentation (non-
linear regime). The dashed lines on the left of the soliton line are the halo spectra if the ALP halos
are described by the NEFW profile at all scales. The stars denote the halos for which X (M) as
defined by (5.33) has a local mazxima, meaning that the probability of these halos is larger compared
to nearby halos. Above the light/dark thin blue lines, weak gravitational lensing of compact halos can
induce localized distortions in the proper motion p of the background sources that can be observed
by SKA/GAIA. Above the thin pink line, the weak lensing can cause correlations in stellar proper
accelerations a that can be probable by Theia. In the region enclosed by the dark yellow line, the
compact halos can cause distortions in the waveform of the gravitational waves emitted from a
merger of two black holes that can be observed with aLIGO. See Section 6.1 for more details.

larger fluctuations, and they collapse earlier yielding to denser halos. We also show the
soliton relation (5.48) by the gray line on the left. The dashed lines on the left of it are
the spectra if the ALP halos have the NFW profile at all scales.

Finally, we compare the halo spectra corresponding to the different ALP masses and
production mechanisms in Figure 20. The ALP masses are m = 107 eV (red, left), m =
1071%eV (blue, middle), and m = 107'%eV (green, right). For all masses we compare
the production mechanisms Kinetic misalignment with fragmentation (solid lines), Large
misalignment (dash-dotted lines), post-inflationary scenario (dotted lines), and Standard
misalignment (dashed lines)?*. The straight faint lines labeled via the ALP mass show
the soliton spectrum corresponding to the given ALP mass. When comparing Kinetic and
Large misalignment mechanisms we have used the same value for the ALP decay constant.

24Kinetic misalingment without fragmentation line is indistinguishable from the Standard misalignment
line so we don’t show in the plot.
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Figure 20: The halo spectra corresponding to the benchmarks listed in Table 1 together with the
regions observable by future lensing probes that we briefly summarized in Section 6.1. Different
colors show the different ALP masses; m = 107°eV (red, left), m = 1071%eV (blue, middle),
m = 10~ eV (green, right). Different linestyles show different production mechanisms; Kinetic
misalignment with fragmentation (solid), Large misalignment (dot-dashed), post-inflationary sce-
nario (dotted), and Standard misalignment (dashed). The straight faint lines labeled via the ALP
mass show the soliton spectrum corresponding to the given ALP mass.

For the post-inflationary scenario we set the decay constant such that ALPs make up all of
the dark matter. The list of benchmarks that we used when constructing the halo spectra
can be found in Table 1. We also show the region of the M;—p, plane which can be probed
by future experiments by thin lines. We see that low-mass axions provide much more
optimistic discovery prospects since the halo spectra are peaked at larger masses.

6 Observational prospects

In this section, we briefly comment on the phenomenological consequences of the halo spec-
tra that we derived in the previous section. In Section 6.1 we discuss various experiments
that have a potential to probe the halo spectrum at small scales. In Section 6.2 we discuss
the consequences of the compact ALP halos for the terrestrial ALP detection experiments,
such as holoscopes.

6.1 Probes of the halo spectrum

The compact dark matter halos which are denser than the CDM ones can be probed by
future gravitational surveys via their direct gravitational interactions. A detailed study of
the discovery prospects is beyond the scope of this paper. Here we give a quick overview
by using the sensitivity curves in the M;—ps plane presented in [51].
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e Weak gravitational lensing: When a compact DM halo passes near the line of
sight of a background light source such as a star or any other luminuous object,
it can induce apparent motions of these light sources through gravitational lensing.
In the case of strong lensing, these distortions are easily visible and form Einstein
rings, arcs, and multiple images. If the distortions are weak so that they can only
be detected by analyzing a large number of sources statistically, then one speaks
of weak gravitational lensing. The discovery prospects of compact DM halos via
weak gravitational lensing has been studied in [105]. The weak lensing of a compact
halo can induce localized distortions in the proper motion u of the background light
sources that can be observed by GAIA [106] and SKA [107]. We call this p lensing,
and show the observable region via thin blue lines in Figures 19 and 20. Similarly,
the weak lensing can cause correlations in stellar proper accelerations « that can be
probable Theia [108]. We call this « lensing and show the observable region via thin
pink line in Figures 19 and 20.

e Photometric microlensing: Another way of probing the halo spectrum is the
photometric microlensing where the brightness of a background light source changes
due to the passage of a compact halo [109, 110]. The potentially observable region
as obtained in [51] is shown by the thin orange line in Figure 20.

e Pulsar Timing Arrays: The Pulsar Timing Arrays (PTAs) are powerful probes
of DM substructure at small scales [73, 111, 112]. A transit of a compact object
near the timing system can modify the frequency of the pulsar in two ways. First, it
can modify the photon geodesic along the line of sight causing a Shapiro time delay
[113]. Second, the compact objects can lead to an acceleration of the pulsar or the
Earth modifying the period of the pulsar via the Doppler effect [114]. We show the
potentially observable region obtained in [112] via the thin green line in Figure 20.

e Diffraction of Gravitational Waves: Final observable that we comment on is
the diffraction of gravitational waves. A distribution of compact DM halos can also
induce distortions in the amplitude and the phase of the gravitational waves emitted
from a merger of two black holes [115]. The potentially observable region via aLIGO
as obtained in [51] is shown via dark yellow lines in Figures 19 and 20.

All the observable prospects mentioned above assume a monochromatic halo mass
distribution, in other words X (M) is taken to be proportional to a §-function. This means
that, for a given My, the lines are derived under the assumption that some fraction of dark
matter resides in halos with scale mass M, and scale density ps. In [51] this fraction is
chosen to be 0.3 which we also use. The monochromatic assumption is necessary to draw
the observable regions on the M,—p; plane. The observable prospects will be modified with
more realistic mass distributions like we have derived in Section 5.3. For the halometry
observations, such as u- and a-lensing it is expected that this will not modify the qualitative
features too much [105]. However, taking into account realistic sub-halo mass distributions
reduces the prospects of the PTAs significantly, at least for CDM [73, 112].
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Figure 21: Contours of the encounter rate (solid black lines) calculated via (6.3) and halo crossing
times (dashed black lines) calculated via (6.4) on the My—ps plane. We assume a monochromatic
sub-halo mass function, and take Qsur, = 0.3 as the fraction of DM bound to sub-halos. For compari-
son, we also show the halo spectra for three benchmark points indicated in the top caption. The solid
and dot-dashed lines show the spectra in the case of Kinetic and Large Misalignment respectively
with the same mg and f values. The dashed lines are the soliton profiles. The halos that lie inside
the gray region are expected to be tidally distrupted according to the estimate in [51].

6.2 Consequences for terrestrial experiments

If the ALPs have couplings to the Standard Model, they can be detected via direct detection

25

terrestrial experiments, most notably via Haloscopes<®. These experiments search for a

monochromatic signal with frequency set by the ALP mass mg, and amplitude set by the
local DM density ng ~ 1.1 x 1072 Mg pc—3. The coherence time of the DM signal is given

2
mov2

If a significant fraction of DM in the Milky Way is bound to minihalos that are much

where v ~ 1072 is the galactic virial velocity of dark matter [116].

by 7 ~

denser that the local DM density, they can have a big impact on the terrestrial DM searches
if they pass through the Earth [51, 92]. During the crossing of a minihalo, the DM signal
is boosted by a factor of B ~ ps/ p%M, and is coherent for a much longer time. However,
detecting such a signal would also require some modifications in the experimental setups.
See [51] for more details on this point.

To assess the relevance of such an effect, we need to quantify how likely a microhalo
will pass through the Earth. This information is encoded in the differential encounter rate
given by

dlenc dn Pbu

dlin M~ dln M7 = Ty

(M)Uencvvir7 (61)

ZFor a detailed list of haloscope experiments and the corresponding references we refer the reader to our
companion paper [14].
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where ey ~ 772 is the encounter cross-section, vyiy ~ 200km/s is the virial velocity of DM
inside the Milky-Way, and dn/d In M is the sub-halo mass function (sHMF). The latter tells
us the distribution of sub-halos of the Milky Way and it is different than the HMF that we
have calculated in Section 5.3 that tells us about the global distribution of halos in the whole
universe. Therefore, a precise calculation of the encounter rate requires the calculation of
the sHMF which we have left for future work. Here we assume a monochromatic sHMF by
taking

X(M) = Qqup0(In M — In M,), (6.2)

where Qg is the fraction of DM in the Milky Way that is bound to minihalos. With this
assumption we can estimate the encounter rate as

2/3
o 0m (3 (1020000 63)
enc year Ds M, ) :

where we have assumed that the minihalos have the NFW profile and used (5.37). We see
that this effect is relevant mostly for very light sub-halos, and therefore for heavy ALP
masses mg > 107°eV. The crossing time of a minihalo can be estimated as

O N\ /3 1/3
T POM My
t ~ ~4d —_— . 6.4
e 15 days () () (6.0

We show our results in Figure 21. The solid and dashed black contours show the
encounter rate and crossing time respectively. We took g1, = 0.3 as the fraction of DM
bound to sub-halos, consistent with the previous section. We also show the halo spectra
for three benchmark points given in the legend. The solid and dot-dashed lines show
the spectra in the case of Kinetic and Large Misalignment respectively with the same my
and f values. The dashed lines show the soliton profiles. The halos that have densities
ps < 103p%M are expected to be tidally distrupted before the encounter according to the
estimate in [51].

We see that the probability of a minihalo encounter during the lifetime of an experiment
is rather low, even with highly optimistic assumptions. Repeating the calculation with a
more realistic sSHMF will likely give a lower encounter rate according to the analysis done
in [92] for a different model. We plan to revisit this in a future work.

7 Conclusion

In summary, we have analysed the implications of ALP fragmentation in the Kinetic Mis-
alignment Mechanism (KMM) for the formation of ALP mini-clusters, and the observa-
tional consequences. KMM is particularly appealing as it makes the low f/large coupling
region, which is accessible to terrestrial experiments, viable for dark matter. This work
is a follow-up to our companion article [14]. The main logic and results of this paper are
summarised in Figure 1, quoting the key equations. We solved the equations for the mode
functions of the ALP fluctuations (equations (3.10) and (3.11)), obtained the initial condi-
tions (3.17), and solved for the late time evolution (3.27). A key result is the comparison of
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the density contrasts in KMM versus the Standard Misalignement Mechanism (SMM) and
Large Misalignment Mechanism (LMM) before fragmentation starts (equations (3.47) and
(3.48)). This shows the large suppression in SMM and LMM in comparison with KMM,
initial fluctuations being much larger in KMM.

An important figure is Figure 4, showing the full evolution of the modes, comparing
CDM with KMM. The period just before fragmentation is illustrated in Figure 8, showing
clearly that the large initial fluctuations in KMM is what makes the difference.

Our two main final predictions are the halo mass functions (Figure 18) and the halo
spectra (Figure 20). This leads to promising prospects for experiments such as GAIA,
SKA, Theia, PTA, aLIGO. On the other hand, we do not expect that the formation of
dense ALP halos will impact direct detection experiments such as haloscopes as we found
that the probability of a minihalo encounter during the lifetime of an experiment is rather
low.

We will provide a more precise study of the predictions for the QCD axion, relying
on lattice simulations, in a future work. A key question for the relevance of this work is
the motivation for the kinetic misalignment mechanism. For this, the general class of UV
completions realising this framework should be scrutinised. This is what is done in [65]
where we analyse in detail the parameter space in the (m, f) plane.

In conclusion, there are great experimental prospects for probing the early evolution of
the ALP field and thus access high energy scales through a variety of detection approaches,
combining haloscopes, helioscopes, light-shining-through-the-wall experiments as well as
astronomical observations as the ones we have discussed in this paper.
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A Derivation of the initial conditions for the mode functions

In this Appendix we derive the initial conditions for the mode functions assuming they
originate from adiabatic perturbations. For the kinetic misalignment, we did this calcu-
lation in detail in our companion paper [14]. In Appendix A.1 we review the key results.
In Appendix A.2; we present the calculation for the standard/large misalignment case, by
generalizing the calculation in [55] that has been done for a quadratic potential.
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A.1 Kinetic misalignment

At early times the ALP mass can be neglected, so the equation of motions for the homo-
geneous mode, and the mode functions can be approximated respectively as

©+3HO ~ 0, (A1)
.. . 2 . .
0, +3HO;, + %Qk ~ —40,0. (AQ)

From these equations, the full solution for the mode functions can be derived as

(1) = -~ {cos(VBte ) ler — Tult) + To(tw)] + sin (V) [ea + Tu(ts) — Toltw)] |, (A)

k

where Z. s are the indefinite integrals

O, b sint,, 3cost, 3sint
T.(ty,) = _4\/§q>k(o)ﬁ%tk,i / dt), cos(ﬁt;)< t,3’<f + ko 7 ’f) (A.4)
? k k k

0, ik . sint, 3cost, 3sint
Ty(ty) = _4\/§c1>k(o)ﬁftk,i / dt), sm(\/ﬁt;)( t,g"f + ko e ’f) (A.5)
i 2 k k

Here ©; and H; are respectively the ALP velocity, and the Hubble scale at some early
time ¢;, and t; = (k/a;)/v/3H;. The coefficients c¢; and ¢y are determined by the initial
conditions at tj, = 5 ;. By assuming that all the relevant modes are deep super-horizon at
ti, i.e. tx; < 1, and sourced by adiabatic perturbations fix these coefficients uniquely as

1,6

— ¢
C1 9 k7lHi

®1(0), c2=0. (A.6)
Therefore, the full solution can be obtained by evaluating the integrals (A.4) and (A.5).

We will set the initial conditions for all the simulated modes when they are super-
horizon. Therefore we can expand the full solution as a Taylor series around t; = 0.
Moreover, since we assume that all the relevant modes are super-horizon at ¢; we can also
take the t;; — 0 limit in the end. This way we obtain

1 23, 491 , 4427 , 146131 4
— 4+ —t; — t — A7
5 T 20% ~ 1680 T 151200% ~ 93139200 * (1)

butt < 1) ~ o)~

When deriving this expression we have used

ti Oi _ a0 _ O(1) (A.8)
tr, H; a H; (t) '

Changing to dimensionless time variable t,,, = m/2H ~ mt gives (3.17).
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A.2 Standard/Large misalignment

We now repeat the calculation of the previous section in the case of Standard/Large Mis-
alignment. That is, we want to obtain an approximate solution of the mode function
equation (3.11) at early times t,, < 1 for super-horizon modes. This calculation has been
done in [55] for a quadratic potential, but the generelization to the full cosine potential is
straightforward. In order to do this, we first need to get an approximate solution for the
homogeneous mode equation of motion which is given by

0" (tm) + 2;@’(%) +sin O(t,,) = 0. (A.9)
At early times, the ALP angle © is very close to its initial value, so we can approximate
O(tm) = O; + 00(tm), (A.10)
where 00 < ©;. Then at leading order 6O obeys the following differential equation:
50" (tm) + Qfmé@’(tm) + [sin ©; + cos ©:0(t)] ~ 0. (A.11)

By solving this equation with the initial condition 00©(t,;,) — 0 as t, — 0, and then
expanding the result around ¢, = 0 one finds the asymptotic behavior of O(t,,) as

O(tm) =6, — %sin 0;t2, + O(tr,). (A.12)

This is in agreement with the results of [55] after replacing sin©®; — ©; in the case of
quadratic potential.
At leading order in t,,, the mode function equation of motion (3.11) becomes
d%0, 3 do k2

. 2 . d®,
- - i O ~ 2| Py(t i - itk———
az T 2, din, ; +cos@) k [ k(tr) sin © +5s1n@ kdtk]

(A.13)

= S(k,ty).

The homogeneous solutions are given by the Kummer’s function of the first kind?®: [55]

o)
01(tm) = exp(—i\/cos O; m)M(i + 2\/?%’7@, g, 244/ cos @itm> (A.14)
B exp(—z’\/cos @itm) M(l n

72
Oy (ty) = ik

214/ cos @itm) (A.15)

1
Vim 4" 2/cos©; 2’

The particular solution is

et g [T ap OEISEL) L 6a(t)S(Et,)
) = tew) [ g S ) | dtmwwmtm,eg(t%m)

where W is the Wronskian. Again, by expanding all the terms around ¢,, = 0 we can
27

obtain the asymptotic behavior of the particular solution as

26 Also known as the Kummer’s confluent hypergeometric function, or the hypergeometric function 1 F}.
2TNote that here we are also assuming that the modes are super-horizon, otherwise the second term can
dominate the first term.
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2 22
Hgart(tm) == gq)k(O) sin ®z t72n

243 4 A 17

Again this is in agreement with [55] after the replacement sin ©; — ©;.
The full solution is

Or(tm) = 101 (tm) + cab2(tm) + O (tm), (A.18)

where we have omitted the momentum subscripts from the homogeneous solutions in order
not to clutter the notation. As t,, — 0, the first solution has the limit §; — 1, while
the second solution 6 diverges. In the case of SMM, the adiabatic initial conditions for
the ALP mode functions should vanish in the super-horizon limit; see in particular (3.21).
Therefore, both of the integrations constants cj 2 need to be set to zero, and the solution
is given solely by the particular solution.
The sub-horizon behavior of the mode functions at early time can also be derived

analytically. For these modes we have

7.2 2

fm = jtté; > cos O (A.19)
at early times, so we can neglect the cos ©; term on the RHS of (A.13). In this regime, it
is more convenient to use ¢ as the dynamical variable. Then (A.13) becomes

d?0, 2 doy 9t
— L 2R 30~ SRSt A.20
a2 apdy, O 175, (4.20)

where the source term S is still defined by (A.13). Now the homogenous solutions are

91(%):(“)5(21‘5’““) and eQ(tk):S’in(ft’“). (A.21)

The particular solution is

Ic(tk) — ML(%)

apart ¢
k (k) ty t

, (A.22)

B 9k—4 sin(V/3t)
=7

where the integrals are

T.(ty) = / " dt, )3 cos(ﬁtk)S(t;), (A.23)

tri
173
Mw—/dW%Mﬁ@&m7 (A.24)
th,i
In the sub-horizon limit #; > 1, both integrands behave as oc t/?, so the integrals are
dominated by their upper cutoffs ¢;. Then, the particular solution becomes
sin tk
te |

92 ~
ezart(tk) — qu)k(o) sin @ik74 |:tk sinty — ;COS t —3 (A25)

Since the particular solution grows with ¢, it quickly dominates the homogeneous solution
so again the full solution is equal to the particular solution.
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B Derivation of the CDM power spectrum during the matter era

It is well known that the metric perturbations are constant during the matter domination.
This constant value is commonly expressed in terms of a transfer function T defined by

@k(aMD) = %T(k)‘bk(am). (B.l)

Here the scale factors ayp and ay, are irrelevant as long as they are chosen at deep matter
and radiation domination respectively. The normalization is chosen such that 7(0) = 1.
The main idea for introducing a transfer function is to separate the evolution of the modes
from their initial conditions.

The evolution at later times a > ayp can be described by
9
B4(2) = LT (R)D()(1 + 2)24(0), (B.2)

where D(z) is called the growth function. It is defined such that D(z) = (1 + 2)~! in
a matter-dominated universe without a cosmological constant €24 = 0. A non-zero p
suppresses the growth at very late times so that todays value of the growth factor is D(0) ~
0.79 instead of 1. Since this suppression happens very late, and most of the structures that
we are interested in collapse deep in the matter era, we neglect the suppression from the
vacuum energy and assume D(z) = (1 + z)~ L.

To get the density constrast, we make use of the Poisson equation given by

V20 = —4nGa*p,,0S", (B.3)

which is valid for all modes not just the sub-horizon ones. From this we can solve for the
Fourier modes of the density constrast as

3 k2T (k) 2 k2T (k)
-2 o A S A . B4
Omk = 5 QnHZ(1+2) " 0)=3 QHZ(1+ 2) R (0) (B-4)
The power spectrum is
4 VT (k) o 8w kT2(k) Lo RN\
P — 1 P = — 1 As|l — . B.

In this work we neglect the spectral tilt by taking ns = 1, and we also neglect the baryons so
the matter power spectrum is the same as the CDM power spectrum. Finally by changing
to the dimensionless power spectrum P = k*P(k)/272, and defining K = v/2k/keq We get
(5.25).

C Fitting procedure to obtain €(z.))

To determine €(z.o) we have used two sets of simulations:

o A set of CDM simulations compiled by Conde and Prada [95].
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Figure 22: Plot of the €(zc01) fit function (C.2), together with the N-body results of Conde and
Prada [95] for CDM, and Eggemeier et al. [40] for azion miniclusters.

e An axion minicluster simulation by Eggemeier et al. [40] based on the lattice cal-
culation of the post-inflationary scenario for the QCD axion that is performed in
[38].

Both sets of simulations give the results for the concentration parameter cogg as a function
of the halo mass Msgg. To perform the matching, first we did calculate the collapse redshifts
for the tabulated halo masses. For CDM halos we use the power spectrum (5.25), while for
the axion miniclusters we took the latetime power spectrum obtained in [38], calculated
the variance using the spherical top-hat window function, and finally evaluated until today
as [73, 79]

2
o2 (M; 2) = 02(M) (1 + 311++ZZ‘1> : (C.1)
where o; is the initial variance obtained from the power spectrum. The reason that the
Jeans scale plays no role in this evolution is because all relevant modes are well below the
Jeans scale at the matter-radiation equality.

After the collapse redshifts are calculated, it becomes a trivial task to determine €(zco1)
using the given concentration parameter data. For CDM halos that collapse around z ~ 10
we found that € ~ O(1) x 103, and it is an increasing function of z.,. On the other hand,
axion miniclusters collapse around zq, ~ 10% for which € ~ 9.76 x 10* did provide the
best fit. Finally by combining the CDM and the axion minicluster data we obtained the

following fit function for €(zc)):

5
Q:(Zcol> = Z C; [ln Zcol]i7 3 5 Zcol 5 30007 (CQ)
1=0
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with the coefficients:

{ci}e_o = {~1.55 x 10%,7.67 x 10*, —6.56 x 10*,2.39 x 103, -2.33 x 10%,5.98}  (C.3)

We show this fit function together with data from CDM and minicluster simulations in Fig-

ure 22. The observationally relevant halos collapse well before z., ~ 3 so the disagreement

between the Prada et al. results and our fit is not important.
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