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Abstract: Self-amplified spontaneous emission (SASE) free-electron lasers (FELs) deliver ultrashort 1

pulses with femtosecond duration. Due to the fluctuating nature of the radiation properties of SASE 2

FELs, characterizing the FEL pulses on a single shot basis is necessary. Therefore we use terahertz 3

streaking to characterize the temporal properties of ultra-short extreme ultraviolet pulses from the 4

free electron laser in Hamburg (FLASH). In this study, the pulse duration as well as the pulse energy 5

are measured in a wavelength range from 8 to 34 nm as function of undulators contributing to the 6

lasing process. The results are compared to one-dimensional and three-dimensional, time-dependent 7

FEL simulations. 8
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1. Introduction 10

The electron bunches in single pass high gain free electron lasers (FEL) propagate 11

through the undulators just once producing the most intense extreme ultraviolet (XUV) 12

and x-ray pulses. The amplification mechanism is the so-called Self Amplification of Spon- 13

taneous Emission (SASE) resulting in fundamental statistical fluctuations of the radiation 14

properties. Properties of the radiation pulse energy and the radiation pulse duration have 15

been studied theoretically and experimentally in the last decades for the XUV and x-ray 16

range [1–4]. It turns out that the pulse energy (i.e. number of photons in one ultrashort 17

pulse) grows gradually by many orders of magnitude in the amplification process, whereas 18

the pulse duration first decreases in the exponential stage of amplification, and then grows 19

by about a factor of 2 when the amplification process enters the nonlinear regime. 20

The evolution of the pulse energy along the undulators, the so-called gain curve, has 21

been measured frequently in the past [5–11]. However, to our knowledge, there has been 22

only one study that investigates the pulse duration in relation to the number of undulators 23

contributing to the lasing [4]. In this study, however, the pulse duration is only estimated 24

by analyzing spectral fluctuations for one x-ray wavelength. Here, we present a more 25

comprehensive study where we measured the single shot pulse duration as well as the 26

pulse energy for six different wavelengths at the FLASH2 facility [11]. In addition to the 27

average, we can analyze the single-shot data and provide experimental values for the shot 28

to shot fluctuations. To get a complete picture of the process, the experimental data are 29

compared FEL simulations. 30

2. SASE FEL amplification process 31

The amplification process in SASE FELs develops from the shot noise in the electron 32

beam, passes an exponential stage of amplification, and finally evolves in the nonlinear 33

regime. Figure 1 shows the evolution of the radiation pulse energy and its fluctuations, and 34

the evolution of the radiation pulse duration along the undulator. The results are obtained 35

by the time-dependent FEL simulation code FAST using 1D and 3D FEL models [12]. To be 36

specific, we consider the case of an electron beam with a longitudinal Gaussian profile with 37

an rms duration τel . Fluctuations of the radiation pulse energy reach a maximum value in 38
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the end of the exponential gain regime and subsequently decreases in the nonlinear regime 39

while the radiation pulse energy continues to grow. In the high gain exponential regime the 40

number of modes M in the radiation pulse is defined as the inverse squared deviation of the 41

radiation pulse energy, M = 1/σ2
E, where σ2

E = 〈(Er − 〈Er〉)2〉/〈Er〉2 [2,13]. The saturation 42

point corresponds to the maximum brilliance of the radiation [14,15]. At the same time 43

the fluctuations of the radiation pulse energy decrease by a factor of 3 with respect to the 44

maximum value. In the framework of the one dimensional model the saturation length 45

and coherence time at saturation 46

zsat ≃
λW

4πρ

(

3 +
lnNc√

3

)

, (τc)max ≃ 1

ρω

√

πlnNc

18
, (1)

are expressed in terms of the FEL parameter ρ [16] and the number of cooperating 47

electrons Nc = I/(eρω) [2,13,17]. Here ω is the radiation frequency, I is the beam current, 48

−e is the charge of electron, and λW is undulator period. 49

A practical estimate for the parameter ρ comes from the observation that in the 50

parameter range of SASE FELs operating in the VUV and x-ray wavelength range, the 51

number of field gain lengths to reach saturation, is about 10 [14]. Thus, the parameter ρ 52

and the coherence time τc relate to the saturation length as: 53

ρ ≃ λW/zsat, τc ≃ λzsat/(2
√

πcλW). (2)

For the number of modes M & 2, the rms electron pulse length τel and the minimum 54

radiation pulse length τmin
ph given in FWHM in the end of the exponential gain regime are 55

given by [3,18,20] : 56

τmin
ph (FWHM) ≃ τel ≃

Mλ

5ρ
≃ Mλzsat

5cλW
. (3)

The minimum radiation pulse duration expressed in terms of coherence time eq. 2 is 57

τmin
ph (FWHM) ≃ 0.7 × M × τc. (4)

The radiation pulse duration is mainly defined by the length of the lasing fraction of 58

the electron bunch with some corrections related to the slippage effect. In the beginning of 59

the amplification process, the radiation pulse shape just repeats the longitudinal shape of 60

the electron bunch. In the exponential high gain regime the power amplification (and beam 61

bunching) is stronger for higher currents, thus the radiation pulse duration is reduced 62

as the electron bunch travels along the undulator. When the amplification approaches 63

saturation (full bunching) in the central part of the bunch, the tails of the electron bunch 64

begin to contribute more to the radiation power. Beam bunching continues to grow there 65

and the radiation pulse duration starts to grow as well. The effect of the lasing tails gives 66

the same relative radiation pulse lengthening as is illustrated in Fig. 1. The pulse length at 67

the saturation point is about a factor of 1.4 higher than the minimum pulse for the linear 68

regime given by eq. (2), and it is increased further up to about a factor of 2 in the deep 69

nonlinear regime. The second effect leading to pulse lengthening is the slippage of the 70

radiation, by one radiation wavelength per one undulator period. Evidently, the slippage 71

effect is more pronounced for shorter pulses and longer wavelengths. 72

The case of "cold" (zero energy spread) and monoenergetic electron bunches has 73

been analyzed in earlier papers in the framework of a 1D FEL model [2,3,19,20]. Using 74

the normalized electron pulse duration τ̄el = ρωτel allows to describe the simulation 75

results in a universal way for τ̄el & 2. The simulation results normalized this way, show 76

almost identical behavior for different τ̄el as illustrated in Fig. 1. Note that for τ̄el & 2, 77

τ̄ is essentially equal to the number of radiation modes (τ̄el ∼ M) [3,20]. In this paper 78

we extend the analysis of short pulse effects using the results of three-dimensional, time 79

dependent simulations carried out with the FAST code. The bold curves in Fig. 1 refer to 80

the 3D simulations applying typical FLASH2 experimental conditions: electron energy 1 81

GeV, rms energy spread 0.2 MeV and rms normalized emittance 1.4 mm-mrad. The lasing 82
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a) b)

Figure 1. a) Simulated average radiation pulse energy and fluctuations of the radiation pulse energy

along the undulator length normalized to the saturation length. The fluctuations are scaled with
√

τ̄el

to compensate the pulse duration dependence as described below in the text. b) Simulated evolution

of the radiation pulse duration along the undulator length. Thin curves show the result of the 1D

model for three different electron pulse length M ∼ τ̄el = 4, 8 and 16. The black bold curve shows the

3D model for the pulse length of M ∼ τ̄el = 5 without energy chirp, and the bold red curve shows

the 3D model including energy chirp.

fraction of the electron bunch is approximated with a Gaussian distribution of 16 fs rms 83

pulse duration and 1.5 kA peak current resulting in a radiation wavelength of 13.5 nm. 84

These parameters correspond to the value of M ∼ τ̄el = 5.1. Results of the simulations 85

are presented with the same normalization procedure as for the 1D case. The first set of 86

simulations refers to the case of a monoenergetic electron beam (bold black curves). We 87

see that the 1D and 3D results for the monoenergetic case are rather similar starting from 88

the end of the high gain exponential regime. The difference in the linear regime reflects 89

the spatial mode competition effect which is absent in the 1D model. However, at the end 90

of the high gain linear regime the fundamental TEM00 FEL mode is significantly larger as 91

compared to other higher spatial modes, and we see a good agreement of the results of the 92

1D and 3D model. 93

In the real accelerator the electron beam is not monoenergetic. The long pulse, low cur- 94

rent electron beam produced in the electron gun at FLASH is compressed in several stages 95

by a large factor (up to about one hundred), and the peak current is increased correspond- 96

ingly [21]. To achieve such a large compression, an energy chirp along the electron bunch 97

is applied in the accelerating sections. This energy chirp leads to a bunch compression 98

while the electron bunch moves through dedicated magnetic bunch compressors. An RF 99

induced energy chirp can be minimized such that it only slightly changes FEL properties 100

with respect to a monoenergetic beam. Still, different kinds of wakefields and collective 101

effects in the electron beam generate an energy chirp along the electron bunch. An example 102

of such an energy chirp induced by the longitudinal space charge field (LSC) is shown in 103

Fig. 2 [21]. An important feature of a LSC wake is that the energy of electrons in the lasing 104

fraction of the electron bunch is increased from the tail to the head of the electron bunch. 105

Such a feature leads to a visible increase of the FEL efficiency in the nonlinear regime 106

which on the other hand leads to an increase of the FEL radiation bandwidth. During 107

the experiments discussed in this paper the beam formation system has been tuned such 108

that the LSC produced a significant chirp of about 5 MeV peak-to-peak, resulting in the 109

increase of the radiation spectrum bandwidth by about a factor of two with respect to 110

natural FEL bandwidth. Results of the simulation including the LSC chirped electron beam 111

are shown in Fig. 1 as red bold line. While there is no difference between the chirped and 112

monoenergetic (unchirped) cases in the linear regime, we see visible differences in the post 113

saturation regime. The pulse duration becomes shorter and the radiation pulse energy 114

grows faster in the chirped case. The explanation of this phenomenon can be found in the 115

positive energy chirp along the lasing fraction of the bunch (see Fig. 2) which is equivalent 116
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Figure 2. Energy chirp along electron bunch induced by the longitudinal space charge field (blue

curve) as it was used for the chirped 3D simulation. The grey dashed curve shows the longitudinal

profile of the electron bunch.

to an undulator tapering. Thus, electrons interact more strongly with the radiation and 117

the power grows faster while the radiation pulse duration remains nearly constant. Only 118

the fraction of the bunch radiates where electrons were trapped in the regime of coherent 119

deceleration and in addition the slippage effect is also suppressed. 120

In the following sections we compare experimental results with the 3D simulations 121

performed for a chirped electron beam. The energy chirp along the lasing fraction of the 122

bunch was set to 150 keV/fs (Fig. 2) leading to a spectral width of about 1% for the XUV 123

pulse in agreement with several spectral measurements performed at FLASH [5,22–24]. 124

The chirp in the electron bunch leads to a chirp of 30 meV/fs in the 13.5 nm XUV pulse or 125

expressed as second order dispersion it yields a value of 25 fs2, which is comparable to the 126

measurements described in Ref. [25] with a second order dispersion of 50 fs2, where an 127

exceptionally large bandwidth (i.e. chirp) was requested. 128

3. FEL measurements 129

In order to measure the pulse duration of the XUV FLASH pulses, we used the 130

terahertz streaking technique [26–28]. In short, this method is based on photoionization of 131

noble gas atoms in the presence of a strong terahertz (THz) field. If the generated electron 132

wave packet is shorter than half the streaking field period, the temporal structure of the 133

wave packet will be mapped onto the kinetic energy distribution of the emitted electrons 134

and can thus be used to determine the XUV pulse duration. The measurements were 135

performed at the dedicated photon diagnostic beamline FL21 in the FLASH2 branch, which 136

is equipped with a permanently installed THz streaking setup [29]. The setup consists of 137

the interaction chamber containing a time-of-flight spectrometer, a dedicated laser system 138

delivering about 1 ps long pulses at 1030 nm with pulse energy of 3.5 mJ at a repetition rate 139

10 Hz and a THz generation setup based on optical rectification using a nonlinear crystal 140

(LiNbO3) (for details see e.g. [30,31]). 141

In Ref. [31] it was discussed that there is an optimum number of photoelectrons created 142

in the ionization process by the FEL pulse. One needs sufficiently many electrons to record 143

a single-shot photoelectron spectrum while limiting the number of electrons so that the 144

resulting space charge effects are negligible. For our setup this leads to an optimum XUV 145

pulse energy in the range of several hundred nJ to few µJ depending on the wavelength for 146

neon as the target gas. To ensure the same experimental conditions for all measurements, 147

the streaking setup was left unchanged during the gain curve measurements while the 148

transmission of a variable XUV attenuator [32] was adapted such that the average number 149

of created photoelectrons was constant for each measured setting. 150

FLASH2 is equipped with 12 variable gap undulator segments, each of 2.5 m length 151

and 31.4 mm period [11]. The pulse duration was measured with the streaking setup 152
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while varying the number of undulators contributing to the lasing. The shown data results 153

from 3 different measurement campaigns. In the first one, FLASH2 was set to 3 different 154

wavelengths: 8, 12 and 16 nm with a constant electron bunch energy of 1.00 GeV and an 155

electron bunch charge of 0.19 nC leading to XUV pulse durations on the order of 100 fs 156

FWHM. For the second campaign the FLASH2 electron bunch energy was 875 MeV with 157

a bunch charge of 0.2 nC, and the wavelength was set to 10 and 20 nm leading to XUV 158

pulse durations ranging from 50 to 160 fs FWHM. Besides these two campaigns, the third 159

campaign was performed with a significantly lower electron bunch energy of 434 MeV, 160

electron bunch charge of 0.2 nC leading to a wavelength of 34 nm. The experimental results 161

are summarized in table 1. 162

Table 1. Main parameters derived from the measurements shown in Fig. 3. The values are deduced

from scaling the experimental data to the 3D simulation. With zsat as saturation length in "number of

undulators" with a maximum number of undulators of 12 at FLASH2, τmin
ph (FWHM) as minimum

pulse duration, and Esat as the saturation pulse energy. In order to compare the experimental data to

the 1D simulation, the normalized electron pulse duration τ̄el (equivalent to the number of modes M)

was determined for all measured wavelengths using Eq. 4 and the coherence time at saturation τsat
c

(FWHM) was taken from Refs. [20,33].

Wavelength
electron
bunch
energy

zsat τmin
ph (FWHM) Esat τsat

c (FWHM) τ̄el |M

8 nm 1008 MeV 9.4 75 fs 60 µJ 7fs 22
10 nm 875 MeV 8.9 50 fs 39 µJ 8 fs 13
12 nm 1008 MeV 7.7 88 fs 88 µJ 9 fs 16
16 nm 1008 MeV 7.0 105 fs 130 µJ 12 fs 16
20 nm 875 MeV 6.1 95 fs 50 µJ 15 fs 13
34 nm 434 MeV 8.3 77 fs 26 µJ 20 fs 8

For all measurements except at 34 nm, the undulators were not tapered (all undulators 163

contributing to the lasing had the same gap settings i.e. the same K-value), in order to 164

compare the experimental values with the simulations. For each wavelength, the pulse 165

duration was first measured when all 12 undulators were closed (thus all undulators con- 166

tributing to the lasing). Afterward, starting with the undulators closest to the experiments, 167

one pair of undulators at a time was opened until no measurable XUV pulse energy could 168

be detected. Since only the down stream undulators were opened, the trajectory in the first 169

(lasing) undulators was kept constant. The resulting shift of the source point of the XUV 170

radiation enlarges the XUV focal spot in the streaking interaction region slightly, however 171

it is still sufficiently smaller (< 300 µm FWHM) as compared to the THz focal spot ( ∼ 1 172

mm FWHM) and did not lead to significant changes for the THz streaking measurements. 173

The energy of the XUV pulses was simultaneously measured with an absolutely calibrated 174

pulse energy detector (GMD) [34] provided by the FLASH photon diagnostic. 175

4. Discussion 176

We analyzed the average pulse energies and average pulse durations as well as their 177

respective fluctuations as function of the number of undulators contributing to the lasing 178

process for six different wavelengths. As basis we used the 3D simulation based on the 179

chirped electron bunch. In the first step the number of undulators was scaled to the 180

undulator coordinate z, such that the onset of measurable SASE (> 0.5 µJ ) coincides with 181

the z range in which the energy gain becomes visible in the simulated energy gain curve 182

(z/zsat ∼ 0.7). This determines the undulator axis scaling and already fixes the saturation 183

length zsat. It has to be noted that we took into account that the first two undulator segments 184

at FLASH2 hardly contribute to the lasing due to the slight misalignment and thus we 185

counted the first 2 undulators as 0.5 undulators (i.e. subtracting 1.5 from the actual number 186

of closed undulators). In the second step the pulse energy was scaled such that the pulse 187
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energy at saturation length z = zsat was defined as saturation pulse energy Esat and all 188

energies were normalized by the saturation energy. A similar normalization was applied 189

for the pulse duration. Here, the measured values were scaled to the minimum pulse 190

duration τmin at z/zsat ∼ 0.8. It is important to note that the experimental data has been 191

only rescaled and not fitted to the simulation result. 192

Fig. 3 shows the experimentally measured pulse duration (red spheres) as well as 193

the 3D simulation including chirp (red line) and the 3D simulation without chirp (red 194

dashed lines). The 3D model without chirp predicts a considerable pulse lengthening 195

when the amplification process enters the nonlinear regime (similar to the 1D models as 196

shown in Fig. 1), while the chirped simulation shows clearly less pulse lengthening. The 197

experimental pulse duration data does also not indicate a strong lengthening of the XUV 198

pulses in saturation and thus shows a good agreement with the 3D simulation including 199

chirp. For the pulse energy we measure a steady increase in saturation and beyond. This 200

behavior is again well represented by the 3D model including chirp, while the 3D model 201

without chirp predicts less energy increase after the saturation point. 202

The pulse energies as well as the pulse durations are stochastically fluctuating due 203

to the SASE process and fluctuations induced by the acceleration process as well as mea- 204

surement uncertainties in the actual THz streaking measurement [20], leading to a broad 205

distribution. Example histograms of the fluctuations measured for a specific setting (fixed 206

wavelength and number of undulators) are shown in Fig. 4 b) and d). The rms value of 207

the fluctuations are also used as "error bars" in Fig. 3 denoting not the measurement uncer- 208

tainty but showing the range of the measured values. The actual experimental uncertainty 209

for single shot measurements was determined to be about ±20% for the pulse duration 210

measurements [31] and about ±10% for the pulse energy measurements [20], thus only a 211

small fraction of the shown "error bars" of the averaged values result from the measurement 212

uncertainties. 213

In Fig 4 a) and c), the normalized fluctuations are presented as function of z. The 214

fluctuations are not constant along the amplification process and for fewer closed undula- 215

tors the fluctuations are much larger. Both the 1D and 3D simulations show that for pulse 216

duration and pulse energy the relative fluctuations are largest in the linear regime and are 217

decreasing strongly in the range of z/zsat 0.8 to 1 and only decrease slowly after saturation 218

is reached. 219

In contrast to the simulated values of the pulse energy and the pulse duration (Fig. 1) 220

which are essentially pulse length independent, the respective fluctuations are indeed pulse 221

duration dependent. We know from Ref. [20] that the fluctuation of pulse duration and 222

pulse energy is inversely proportional to the square root of the number of modes as is also 223

indicated by the scaling in Fig. 1 a). Therefore we expect less fluctuations for longer pulses 224

(i.e. larger number of modes), as can be seen in Fig. 4 a) and c). To compare the fluctuations 225

predicted from the 1D and 3D model, the number of modes should be in the same range. As 226

the number of modes used for the 3D simulation is 5.1, therefore we can compare it to the 227

1D simulation with 4 and 8 number of modes (τ̄el = 4 and τ̄el = 8). The result shows that 228

the 3D simulation lays between the 1D simulation with 4 and 8 number of modes. Most 229

measured XUV pulse durations were significantly longer (τ̄el in the range of 15-20 as shown 230

in table 1) and thus can be compared to the 1D simulation with τ̄el = 16. The experimental 231

values show essentially the same trend as the 1D simulation with τ̄el = 16, with however 232

significantly higher fluctuations as the simulation predicts. This observation was already 233

described in [20] and can be attributed to additional fluctuations in the accelerator and 234

measurement uncertainties besides the SASE inherent fluctuations. 235

An interesting property for experiments is the radiation power (pulse energy divided 236

by the pulse duration). In Fig. 5 a) we compare how the power scales with z. It turns 237

out that the achievable power of the FEL pulses increases for all experimental settings 238

continuously along the undulators, even in saturation without a hint for a local maximum. 239

The chirped 3D simulation predicts the same behavior and shows a very good agreement 240

with the experimental data. The non-chirped 3D simulations exhibit a similar trend in the 241
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Figure 5. a) Development of the power (pulse energy divided by pulse duration), along the undulators

for different pulse durations. The chirped 3D model agrees significantly better with the experimental

data as compared to the non-chirped 3D model, while the oscillatory behavior predicted by the 1D

model is not reproduced at all. b) The measured as well as the simulated (3D model with chirp)

saturation length is plotted as function of the FEL wavelength for two different FEL setups. Error

bars are estimated as ±0.5 undulators from the analysis. The electron bunch energy for the 34 nm

measurement was much smaller than for the other measurements, thus it is not included in the plot.

reliably predict FLASH2 radiation parameters despite the different experimental settings 262

(different electron energies, undulator gaps and tuning). 263

5. Conclusion 264

We investigated the impact of the undulator length on the FEL pulse duration and 265

pulse energy and their fluctuations for six different FEL wavelengths. We compared 266

the simulation results from chirped and non-chirped 3D FEL simulations with 1D FEL 267

simulations. The chirp strengths was chosen such, that the typical spectral widths (∼ 1%) 268

observed at FLASH was matched. Comparing the experimental results measured for 269

different FEL setups with various simulation models we find a compelling agreement 270

with the chirped 3D model even if the FEL parameters deviate significantly between 271

measurement and simulation. This indicates that the result does not depend strongly on 272

the particular FEL setting. The features predicted by the 1D model and the non-chirped 3D 273

model could not be reproduced. In contrast the chirped 3D simulation results describe the 274

behavior of the pulse energy and pulse duration rather accurately for FLASH and can be 275

well used as input for future experiments or comparison to measurements. 276
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