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ABSTRACT

Dark matter (DM) with self-interactions is a promising solution for the small-scale problems of the standard cosmological

model. Here we perform the first cosmological simulation of frequent DM self-interactions, corresponding to small-angle DM

scatterings. The focus of our analysis lies in finding and understanding differences to the traditionally assumed rare DM (large-

angle) self scatterings. For this purpose, we compute the distribution of DM densities, the matter power spectrum, the two-point

correlation function and the halo and subhalo mass functions. Furthermore, we investigate the density profiles of the DM haloes

and their shapes. We find that overall large-angle and small-angle scatterings behave fairly similarly with a few exceptions. In

particular, the number of satellites is considerably suppressed for frequent compared to rare self-interactions with the same

cross-section. Overall we observe that while differences between the two cases may be difficult to establish using a single

measure, the degeneracy may be broken through a combination of multiple ones. For instance, the combination of satellite counts

with halo density or shape profiles could allow discriminating between rare and frequent self-interactions. As a by-product of

our analysis, we provide – for the first time – upper limits on the cross-section for frequent self-interactions.

Key words: astroparticle physics – methods: numerical – galaxies: haloes – dark matter

1 INTRODUCTION

Although many efforts have been made to uncover the nature of DM,

it remains largely unknown even after several decades of research. To

narrow down the large number of models that contain potential DM

candidates, a huge variety of experiments, based on direct and indi-

rect detection, are being carried out. Moreover, forthcoming astro-

nomical surveys with upcoming telescopes such as Euclid
1

(Euclid

Collaboration et al. 2020), Rubin Observatory
2

(Zhan & Tyson 2018)

and Roman
3

(Spergel et al. 2015) promise to tighten constraints on

cosmological models and to discriminate between models of DM

beyond the cold collisionless DM of the standard ΛCDM model.

⋆
E-mail: moritz.fischer@uni-hamburg.de (UHH)

1
Euclid: https://www.euclid-ec.org/

2
Rubin Observatory: https://www.lsst.org/

3
Nancy Grace Roman Space Telescope: https://www.jpl.nasa.gov/

missions/the-nancy-grace-roman-space-telescope

Among those are warm DM (Dodelson & Widrow 1994) and fuzzy

DM (Hu et al. 2000).

In this paper, we focus on a particular class of DM models called

self-interacting DM (SIDM). It was first proposed by Spergel &

Steinhardt (2000) in order to resolve tensions between cosmological

#-body simulations and observations. These tensions are known as

the small-scale crisis of ΛCDM, for a review see Bullock & Boylan-

Kolchin (2017). SIDM has been studied in a number of papers and

seems to be promising to solve or at least mitigate several small-

scale issues. For a review on DM with self-interactions see Tulin &

Yu (2018). In the limit of a vanishing cross-section, SIDM becomes

identical to the collisionless DM ofΛCDM. But given a large enough

cross-section, it alters the DM distribution on small scales and may

resolve issues such as the core-cusp problem. Self-interactions can

transfer heat into the centres of DM haloes and thus create den-

sity cores, in contrast to the cusps of collisionless cold dark matter

(CDM). This has been shown, for example, in Davé et al. (2001).

Moreover, SIDM can create diverse rotation curves (Creasey et al.

2017; Kamada et al. 2017; Robertson et al. 2018) and may be able

© 2022 The Authors

ar
X

iv
:2

2
0
5
.0

2
2
4
3
v
1
  
[a

st
ro

-p
h
.C

O
] 

 4
 M

ay
 2

0
2
2



2 M. S. Fischer et al.

to solve the too-big-to-fail problem (Zavala et al. 2013; Elbert et al.

2015; Kaplinghat et al. 2019).

There exist a number of SIDM models with a set of free parameters,

such as the total cross-section, the angular and velocity dependence

and the nature of the scattering (elastic or inelastic). Most studies have

assumed models that are isotropic, elastic and velocity-independent.

Burkert (2000) performed the first simulations with a Monte-Carlo

scheme where the numerical particles were treated analogously to

physical DM particles. Since then many variants of SIDM have been

studied, such as inelastic scattering (e.g. Essig et al. 2019; Huo et al.

2020; Shen et al. 2021) including multistate scattering Schutz &

Slatyer (2015); Vogelsberger et al. (2019); Chua et al. (2020) or even

multi-component DM (Todoroki & Medvedev 2018; Vogelsberger

et al. 2019). Also anisotropic cross-sections have been investigated

(Robertson et al. 2017b; Banerjee et al. 2020; Nadler et al. 2020).

However, if the self-interaction cross-section is strongly

anisotropic, particles scatter by tiny angles. This implies a much

lower momentum and energy transfer per scattering event compared

to an isotropic cross-section. Hence, small-angle scattering must be

more frequent to have a similar effect on the DM distribution. Models

having different angular dependencies might be compared by using

the momentum-transfer cross-section. By frequent self-interactions

(fSIDM), we refer to a limit where the scattering angles become

infinitesimal small while the momentum transfer cross-section stays

constant. In contrast, we refer to rare self-interactions (rSIDM) for

less anisotropic differential cross-sections.

Frequent self-interactions have gained popularity in the context of

galaxy cluster mergers because they can explain larger DM–galaxy

offsets than rSIDM (Kahlhoefer et al. 2014; Fischer et al. 2021a,b).

However, numerical schemes that treat numerical particles like phys-

ical ones are not capable of simulating fSIDM. Only recently, a gen-

eral solution to this problem has been found. Fischer et al. (2021a)

developed a new scheme that allows to model frequent scattering

within #-body simulations.

However, previous fSIDM studies (Kahlhoefer et al. 2014, 2015;

Kummer et al. 2018, 2019; Fischer et al. 2021a,b) only considered

idealised cases that never took the full cosmological context into

account. In contrast, for rSIDM there are a number of recently pub-

lished simulations of cosmological boxes (Rocha et al. 2013; Peter

et al. 2013; Vogelsberger et al. 2016; Robertson et al. 2019; Banerjee

et al. 2020; Robertson et al. 2020; Stafford et al. 2020; Harvey et al.

2021; Stafford et al. 2021; Ebisu et al. 2022) or using zoom-in sim-

ulations (Vogelsberger et al. 2012; Zavala et al. 2013; Vogelsberger

et al. 2014; Fry et al. 2015; Vogelsberger et al. 2016; Robertson

et al. 2018; Despali et al. 2019; Robles et al. 2019; Vogelsberger

et al. 2019; Zavala et al. 2019; Nadler et al. 2020; Vega-Ferrero et al.

2020; Bhattacharyya et al. 2021; Bondarenko et al. 2021; Sameie

et al. 2021; Shen et al. 2021, 2022; Silverman et al. 2022; Sirks

et al. 2022). These simulations have been used to study the phe-

nomenology of SIDM models on various mass scales, such as dwarf

galaxies, MW-like galaxies and galaxy clusters. Several properties

of the DM haloes such as their density profile and their shape have

been measured and predictions for observations, such as gravitational

lensing, have been made. This enabled constraints to be put on the

total cross-section of rSIDM models, while fSIDM models have re-

mained poorly constrained. In this study, we investigate fSIDM, for

the first time using a cosmological simulation.

This paper aims to study the effects of SIDM on large scales to

understand the differences between fSIDM and isotropic rSIDM.

In this first effort, we assume the self-interactions to be velocity-

independent and elastic. We conduct DM-only cosmological #-body

simulations using a full box as well as zoom-in simulations and study

various properties of the DM distribution.

In Section 2 we briefly describe our numerical methods and present

the setup for our cosmological simulations. The results are presented

in Section 3. For example, we show the matter power spectrum, the

halo mass function as well as density and shape profiles of DM

haloes. A discussion of our results, their limitations, implications

and further perspectives follows in Section 4. Finally, we summarise

and conclude in Section 5. Additional details and plots are provided

in the appendices.

2 NUMERICAL SETUP

In this section, we describe the numerical setup for this study. We

give details of the code and algorithms that we have used as well as

our simulations and their initial conditions.

In this paper, we used the cosmological #-body code gadget-3,

the predecessor gadget-2 is described in Springel (2005). The im-

plementation of rare and frequent self-interactions has previously

been described in Fischer et al. (2021a,b). Additionally, we imple-

mented the comoving integration for the SIDM module to perform

cosmological simulations. A test problem that demonstrates that the

comoving integration is working as expected can be found in Ap-

pendix A. To match rare and frequent self-interactions we use the

momentum transfer cross-section,
4

fT̃ = 4c∫ 1

0

df

dΩcms
(1 − cos \cms)d cos \cms . (1)

We simulated a full cosmological box and and also performed

zoom-in simulations. All simulations are DM only and the self-

interactions are always velocity-independent and elastic. In the case

of rSIDM the differential cross-section is isotropic while fSIDM

corresponds to a very anisotropic cross-section.

The size of the self-interaction kernel for each particle is set by

the distance to the 64th nearest neighbour. Finally, we employ the

following cosmological parameters: ΩM = 0.272, ΩΛ = 0.728,

ℎ = 0.704, =B = 0.963 and f8 = 0.809 (WMAP7, Komatsu et al.

2011).

To generate the initial conditions for the full box we use N-GenIC

(Springel 2015). The initial conditions are similar to box4 of the Ma-

genticum simulations
5

with a comoving side length of 48 Mpc ℎ
−1

.

We run simulations with different resolutions and refer to those us-

ing the naming convention of Magenticum (hr and uhr). Our highest

resolution run (uhr) contains ∼ 1.9× 10
8

simulation particles. More

details on the full cosmological box are given in Tab. 1. Moreover,

we performed cosmological zoom-in simulations with different res-

olutions of the same region. The region is selected from a large box

with a comoving side length of 1 Gpc ℎ
−1

. Several publications (e.g.

Planelles et al. 2013; Rasia et al. 2015) have used this box for zoom-in

initial conditions and it was first described in Bonafede et al. (2011).

In our zoom-in region, the most massive halo has a virial mass of

∼ 8.8 × 10
11

M⊙ ℎ
−1

. Further details can be found in Tab. 2. In

addition, we provide in Appendix B a convergence test of the density

profile of the most massive halo.

4
We implicitly assume identical particles, in this case, the definition is equiv-

alent to the one recommended by Robertson et al. (2017b) and Kahlhoefer

et al. (2017).
5

Magneticum: http://www.magneticum.org
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name ;box #DM <DM fT̃/<j

[cMpc ℎ
−1

] [M⊙ ℎ
−1

] [cm
2

g
−1

]

hr 48 216
3

8.28 × 10
8

0.0, 0.1, 1.0

uhr 48 576
3

4.37 × 10
7

0.0, 0.1, 1.0

Table 1. Properties of the full cosmological box simulations. In detail we

provide the name, the side length of the comoving box (;box), the number of

numerical DM particles (#DM) and the mass of the numerical DM particles

(<DM) as well as the momentum transfer cross-section per physical DM

particle mass (fT̃/<j). The non-zero cross-sections have been simulated

using fSIDM and isotropic rSIDM. All simulations share the same initial

conditions but with a different resolution.

name #high res <DM fT̃/<j

[M⊙ ℎ
−1

] [cm
2

g
−1

]

1x ∼ 4.51 × 10
4

8.3 × 10
8

0.0, 1.0

10x ∼ 4.52 × 10
5

8.3 × 10
7

0.0, 1.0

25x ∼ 1.13 × 10
6

3.3 × 10
7

0.0, 1.0

250x ∼ 1.13 × 10
7

3.3 × 10
6

0.0, 1.0

2500x ∼ 1.13 × 10
8

3.3 × 10
5

0.0, 1.0

Table 2. Properties of the zoom-in simulations. We provide the name of the

simulation, the number of particles in the highly resolved region (#high res),

the mass of the high resolution particles (<DM) and the cross-sections we

simulated (fT̃/<j). The non-zero cross-section has been simulated using

fSIDM and isotropic rSIDM. All simulations share the same initial conditions

but with a different resolution.

For the analysis, we identify DM haloes using the friends-of-

friends algorithm
6

implemented along with gadget-3. The built-

in module subfind also identifies substructure within the haloes

(Springel et al. 2001; Dolag et al. 2009). We use halo and subhalo

positions, masses and radii as provided by subfind. The virial radius,

Avir, and the virial mass, "vir, are measured with the spherical-

overdensity approach based on the over-density predicted by the

generalised spherical top-hat collapse model (e.g. Eke et al. 1996).

Here, Avir is defined as the radius at which the mean density becomes

larger than the one of the top-hat collapse model and "vir is the mass

inside Avir. Every halo contains at least one subhalo, which is the

primary subhalo located at the same position as the halo (determined

by the location of most gravitationally bound particle). The primary

subhalo typically contains most of the particles that belong to the

halo.

3 RESULTS

In this section, we present the results of our simulations and compare

the effects of DM models. To this end we study several statistical

properties such as the matter power spectrum, the probability den-

sity function (PDF) of the DM densities, the two-point correlation

function and the halo and subhalo mass function. We then study the

impact of self-interactions on the density and circular velocity pro-

file of DM haloes. Furthermore, we investigate how the shapes of

haloes change when self-interactions are present. Besides, we study

qualitative differences between rSIDM and fSIDM and discuss trans-

ferring constraints on the cross-section of rare scatterings to frequent

self-interactions.

6
A description of the friends-of-friends algorithm can, for example, be found

in More et al. (2011).

3.1 Surface density

In Fig. 1 we show the surface density of the full cosmological box

for our CDM and fSIDM (fT̃/<j = 1.0 cm
2

g
−1

) simulations. At

a cosmological redshift of I = 0, basically, no differences between

the simulations are visible. Hence, fSIDM seems to agree well with

the collisionless DM on large scales. Previous studies that examined

the large-scale structure in rSIDM found that it looks like CDM, but

differences arise on small scales (e.g. Rocha et al. 2013; Stafford

et al. 2020). Hence SIDM keeps the success of CDM in explaining

the large-scale structure but could be capable of resolving small-scale

issues. In the next sections, we investigate quantitatively the effects

of fSIDM and rSIDM.

3.2 Matter power spectrum

Cosmological structure is characterised by the matter power spec-

trum. Stafford et al. (2021) computed it for several cosmologies

including isotropic SIDM. They found a suppression of small-scale

structure with increasing cross-section, while on large scales SIDM

behaves like CDM.

In Fig. 2 we show the matter power spectrum of our cosmolog-

ical full-box simulations and compare the various DM models. To

compute the power spectrum we use the same code as in Grossi

et al. (2008). In line with Stafford et al. (2021), we find that the

self-interactions affect the small scales (high :-values) only and can

lead here to substantial suppression of structures. The stronger the

self-interactions, the stronger the suppression of structure formation

on small scales. However, we only find small differences between the

rSIDM and fSIDM simulations. In particular, for the larger cross-

section of fT̃/<j = 1.0 cm
2

g
−1

the effects are very similar.

3.3 Distribution of dark matter densities

Here, we compute the volume-weighted probability to find a given

density, i.e. the PDF for a random position within the cosmological

volume. First, we use an oct-tree to find neighbours of the simulation

particles. For each particle, we find the radius that contains 160

neighbouring particles (for the highest resolution run, uhr). Using

that radius we estimate a physical density and divide it by the particle

mass to obtain a volume that is associated with the particle. From all

particles, we sum their associated volumes per logarithmic density

bin and divide by the simulation volume and logarithmic density bin

size. The result is shown in Fig. 3.

We find that the various DM models differ in the high-density

regime only. Here, self-interactions suppress the highest densi-

ties compared to CDM. The suppression takes place for densities

≳ 10
7

M⊙ kpc
−3

ℎ
2
. In consequence, this leads to an increase for

somewhat lower densities ∼ 10
6
–10

7
M⊙kpc

−3
ℎ

2
. However, the

low-density regions (≲ 10
6

M⊙ kpc
−3

ℎ
2
) do not show any differ-

ences between the DM models.

The densest regions are most sensitive to DM self-interactions be-

cause the effect of self-interactions depends on the density and the

velocity dispersion, which tends to be high in dense regions. How-

ever, we do not find large differences between rSIDM and fSIDM,

especially for the smaller cross-section of fT̃/<j = 0.1 cm
2

g
−1

the

models are very similar.

MNRAS 000, 1–17 (2022)
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Appendix D). At these radii, baryons play a less important role than

in the core region. Vargya et al. (2021) studied a MW-like galaxy and

proposed to compare the shape of the stellar and gas component to

the shape of the total matter distribution at a radial range of 2–20 kpc.

Thus the shapes at large radii (but still small enough to be affected by

self-interactions) are more sensitive to DM physics than the central

density or cores size because they are less influenced by baryonic

physics. The same could be true for the abundance of satellites, at

least as far as DM rich satellites are concerned.

Given a specific DM model, a single property can help constrain

the momentum transfer cross-section, but is quite limited in providing

bounds on the angular dependence of the differential cross-section.

An observation, e.g. of the abundance of satellites, could be explained

by rSIDM as well as by fSIDM with a different momentum-transfer

cross-section. In combination with another property, such as the

shape, it can become possible to derive bounds on the typical scat-

tering angle as demonstrated in Section 3.9. For a given DM model,

multiple measurements could lead to bounds on fT̃/<j , which are

not compatible with each other and thus exclude the considered

model.

In this context, we want to stress that matching cross-sections

of various DM models is difficult because they typically behave

qualitatively different. Strictly speaking, it is impossible for rare and

frequent self-interactions and probably for further model variations

too.

Several studies (Kaplinghat et al. 2016; Correa 2021; Gilman et al.

2021; Sagunski et al. 2021) have suggested that the self-interaction

cross-section should be velocity-dependent, i.e. decrease for higher

velocities. We have not studied this, but a velocity dependence should

lead to qualitatively different results and is a reasonable step to extend

our study. Moreover, velocity-dependent scattering is well-motivated

from a particle physics perspective. This is, in particular, the case

for light mediator models, which interact frequently (e.g. Buckley &

Fox 2010; Loeb & Weiner 2011; Bringmann et al. 2017).

Another important step forward would be to include baryonic mat-

ter and its feedback processes. At small radii, the mass distribution

of haloes is typically dominated by the baryonic component. As

explained above, feedback mechanisms such as outflows from super-

novae can alter the DM distribution and also produce cored profiles.

By this, they can mitigate the core-cusp problem (e.g. Brooks et al.

2013; Brooks & Zolotov 2014; Chan et al. 2015; Oñorbe et al. 2015;

El-Badry et al. 2016) and the diversity problem (e.g. El-Badry et al.

2017). Thus it is important to take baryonic effects into account when

constraining the properties of DM models using these small-scale

problems.

5 CONCLUSIONS

In this paper, we have presented the first cosmological simulations

of DM with frequent self-interactions. We have compared DM-only

simulations of CDM, rSIDM and fSIDM in terms of various mea-

sures, such as the density PDF, the matter power spectrum, the two-

point correlation function of haloes and subhaloes, and the halo and

subhalo mass functions. In addition, we have investigated the den-

sity and circular velocity profiles of the DM haloes as well as their

shapes. Finally, we have examined qualitative differences between

fSIDM and rSIDM. Our main results from these simulations are as

follows:

• On large scales, rSIDM and fSIDM are very similar to CDM,

but deviate on small scales.

• Regarding the suppression of small-scale structures, rSIDM and

fSIDM behave very similarly. This includes the power spectrum, the

density PDF and the two-point correlation function as well as the

density core formation and shapes of haloes.

• We found an interestingly large suppression of the abundance

of satellites in fSIDM compared to rSIDM.

• It may be possible to distinguish observationally between

rSIDM and fSIDM using a combination of measurements. One

promising avenue is the combination of shape or density profile

measurements with the abundance of satellites. Further investiga-

tions, such as full-physics simulations are needed to find out whether

observations can discriminate between these DM models.

• Rare and frequent self-interactions behave similarly in many

aspects. This often allows transferring upper limits on the cross-

sections of rSIDM to fSIDM.

We have conducted cosmological DM-only simulations to under-

stand phenomenological differences between large and small-angle

DM scattering. Our results may prove helpful for more sophisti-

cated studies that compare simulations to observations with the aim

to discriminate between rSIDM and fSIDM. Such studies will in-

clude baryonic matter and baryonic physics, such as gas cooling, star

formation, AGN, and associated feedback mechanisms. This is the

subject of forthcoming work.
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APPENDIX A: COMOVING INTEGRATION TEST

Here we introduce a test problem for the comoving integration of

frequent self-interactions and demonstrate that our implementation

works.

Similar to the deceleration problem in Newtonian space presented

in Fischer et al. (2021a), we construct a deceleration problem in an

expanding space. Therefore, we have a background density modelled

by many particles which are at rest (vanishing canonical momentum).

A test particle of the same mass as the background particles has

initially a non-zero velocity and is travelling through the background

density. Due to the self-interactions, the test particle is scattering

many times, which leads to a deceleration. For the test simulation,

we only use the first step, the deceleration as described in section 2.1

of Fischer et al. (2021a), but not the second step, which re-adds

the energy lost in the first one (described in section 2.2). This test

problem is conducted without any other physics, i.e. gravity is not

present.

In Fig. A1 we show the cosmic deceleration problem by plotting

the canonical momentum of the test particle as a function of the

scale factor. Note, in the absence of self-interactions the canonical

momentum would stay constant over the cosmic expansion. We can

see that the simulation result matches the analytical prediction. Hence

we assume that the comoving integration is properly implemented.
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