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Abstract

The Segal algebra So(G) is well defined for arbitrary locally compact Abelian Haus-
dorff (LCA) groups G. It is a Banach space that exhibits a kernel theorem similar to
the well-known Schwartz kernel theorem. Specifically, we call this characterization
of the continuous linear operators from So(G) to Sé(Gz) by generalized functions
in S{(G1 x G2) the “outer kernel theorem”. The main subject of this paper is to for-
mulate what we call the “inner kernel theorem”. This is the characterization of those
linear operators that have kernels in So (G| x G2). Such operators are regularizing—in
the sense that they map S6(G1) into So(G») in a w* to norm continuous manner. A
detailed functional analytic treatment of these operators is given and applied to the
case of general LCA groups. This is done without the use of Wilson bases, which
have previously been employed for the case of elementary LCA groups. We apply our
approach to describe natural laws of composition for operators that imitate those of
linear mappings via matrix multiplications. Furthermore, we detail how these opera-
tors approximate general operators (in a weak form). As a concrete example, we derive
the widespread statement of engineers and physicists that pure frequencies “integrate”
to a Dirac delta distribution in a mathematically justifiable way.
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1 Introduction

The focus of this paper is the kernel theorem associated with the Segal algebra So(G).
This space of functions was introduced by the first named author in [13]. Given a
locally compact Abelian Hausdorff (LCA) group G we write G for its dual group,
and for each w € G we denote by E, f(t) = w()f(t),t € G the modulation- or

frequency-shift operator. We define the set So(G) via convolution “x” and the usual
norm in L'

S0(0) = {£ €11+ [ 1Euf « fllido <0 . M

Any non-zero function g € So(G) (also called window) defines a norm on So(G) via

Ifllse.s = 1 f IsoG).s = /6 1Ewf * gl do, @)

that turns Sy into a Banach space. For any non-zero funcions g; and g, in So(G) these
norms are pairwise equivalent and we therefore allow ourselves to simply write || - ||s,
without specifying the function g. The space So(G) is a Fourier invariant Banach alge-
bra under convolution and pointwise multiplication. The continuous linear functionals
on this space form a space of generalized functions. Altogether they comprise the dual
space S;,(G), which is a Banach space itself. The action ¢ € S;,(G) on a function
f € So(G) is described by the bilinear form

(s Is0.856) * S0(G) x S3(G) = €, (f,0)s,.5,G) = 0 (). (3)

Throughout the paper Bil(X x Y, Z) is the space of bilinear and norm continuous
operators from the normed space X x Y into the normed space Z. Similarly, Lin(X, Y)
is the space of linear and norm continuous operators from X into Y. The spaces Bil
and Lin are endowed with their natural operator norms.

Using these spaces we can formulate the following result.

Theorem 1.1 (Outer kernel theorem for Sg) For any two LCA groups G| and G, the
following four Banach spaces are naturally isomorphic:

So(G1 x G2), Bil(So(G1) x So(G2), C),
Lin(So(G1), Sy(G2)) and Lin(So(G2), Sy(G1)).

In particular, given any of the four K € Sj(G1 x G»),

A € Bil(So(G1) x So(G2), ©),
T € Lin(So(G1), S4(G2)) or S € Lin(So(G2), Sy(G1))
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The inner kernel theorem for a certain Segal algebra 677

the others are uniquely determined by the following identity, valid for all f® e
So(Gi), i =1,2:

1 2 1 2 2 1
FO® P, Kisysycixan = A, D) = (f2, 7Dy 516
— 1] 2)
= (SO, sf¢ )S0.8)(G1)"

The unique generalized function K € S&(Gl x G») associated with A, T or S is
called the kernel of A, T or S, respectively and we write k (A) = «(T) = «(S) = K.
The outer kernel theorem for Sy was first announced in [12]. Its proof can be found
in, for example, [21, 22, 27].

This paper considers the following question:
Is there an analogue of Theorem 1.1 concerning operators that can be naturally
identified with the functions in So(G1 x G7) (rather than its dual space S6(G1 X
G2))?
This question has been considered and answered before in [8] and [22], however not
in the generality considered here (cf. Remark 1 following Theorem 1.3 below). As is
well known (and as we will explain in detail in Sect. 2) there is a natural isomorphic
copy of the Banach space of functions So(G) inside its dual space S()(G). We are
therefore also interested in the following question:

Among the operators in Lin(So(G1), S;(G2)), how do we characterize those
having a kernel K € SE)(Gl X G2) which is induced by a function in So(G1 x G2)?

As it turns out, these will in fact be operators that map S6(G1 ) into So(G>) in a certain
way. We therefore have the immediate follow-up question:

Given an operator in Lin(So(G1), S((G2)) that has its kernel K € S;(G1 x G2)
induced by a function in So(G1 x G2), how do we extend its domain from So(G1)
to all of S((G1)?
The main results of this paper, Theorems 1.3 and 3.2, answer these questions. For the
formulation of our results, we need two auxiliary spaces:

Definition 1.2 For LCA groups G| and G, we define the following two sets of
operators:

A(G1, G2) = {A € Bil(S4(G1) x Sy(G2), C) : A is weak™
continuous in each coordinate },

B(G1, G2) = {T € Lin(S{(G1), So(G2)) : T maps norm bounded weak™
convergent nets in Sy(G1)

into norm convergent nets in So(G2) }.

In Sect. 4 we prove that the spaces A(G1, G2) and B(G1, G;) are complete with
respect to their natural subspace topologies. Furthermore, we shall show that all ele-
ments in B(G1, Gy) are nuclear/trace class (and thus, in particular, also compact)
operators from S()(G 1) into So(G») (see Sect. 3.4).

We are now ready to formulate our first main result:
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678 H. G. Feichtinger, M. S. Jakobsen

Theorem 1.3 (Inner kernel theorem for Sg) For LCA groups G| and G, the four
Banach spaces

So(G1 x G2), A(G1, G2), B(G1, Ga) and B(G2, G1)
are naturally isomorphic. In particular, if any of the four
K € So(G| x Gyp), A € A(Gy,Gp), T € B(G1,G»y)orS € B(G,Gy)

is given, then the others are uniquely determined such that, for all oV € So(G),
i=1,2,

| 2 1 2 1 2
(K, CT( ) ®G( ))So,sb(Glez) = A(G( )7 G( )) = (TG( )’ G( ))Sos%(Gz)

— (50(2)7‘7(1))S0,S{)(Gl)' 4)

Remark 1 Ifthe groups G| and G are elementary, i.e., isomorphic to R” x Z™ x T!xF,
where F is some finite Abelian group and/, n, m € Ny, then a proof of Theorem 1.3 is
accessible using the isomorphism between Sq and £ that is granted by the construction
of Wilson bases. This approach to the inner kernel theorem can be found in [22]. Our
line of argumentation does not make use of this isomorphism and treats the general
case of arbitrary LCA groups. We devote the entirety of Sect. 4 to the proof of Theorem
1.3.

Remark2 Similar to the outer kernel theorem, given any A € A(G1,G3), T €
B(G1,Gy) or S € B(Gy, Gy), the function K € Sop(G; x Gy) satisfying (4) is
called the kernel of A, T or S and we denote this function by x (A), « (T) or k (S).

A combination of the inner and outer kernel theorem together with the continuous
embedding of Sy into 56 (see Lemma 2.4) allows us to make the following diagram
for any two LCA groups G| and G,. In the diagram the Hilbert-Schmidt operators
from L2(G) into L?(G>) are denoted by HS(G1, G2) .

Inner Kernel Theorem

AG1.G) = 8yGixGy) |

~

B(Gi,G2) | © Lin(S;(G1),80(G2) < Lin(L*(G1),80(G2)) < Lin(So(G1),S0(G2))

N N N
Lin(S{(G1),L*(G2)) <  Lin(L*(G)),L*(Gy)) < Lin(So(G1), L*(G2))
&
IN | L2(G1 x Go) = HS(G1, G2) IN N

Hilbert-Schmidt Operators

Lin(S)(G1),8((G2)) S Lin(L*(G1),8((G2)  C | Lin(So(G1),S((G2))

~

Bil(So(G1) x S9(G2),C) = S6(G1 x Ga)

Outer Kernel Theorem
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The inner kernel theorem for a certain Segal algebra 679

Furthermore, we have the following inclusions for Banach spaces of operators:
B(G1, G2) € HS(G1, G2) € Lin(So(G1), Sy(G2)). ()

In fact, these three spaces form a Banach Gelfand triple and have been investigated in
[3, 8] and [22]. For appliications of th [17] for applications.

Remark 3 Both the inner and outer kernel theorem for Sy are analogous to the situation
for nuclear spaces, cf. Chapter 50 and 51 in Treves book [34]. Further references to the
theory of nuclear spaces and their kernel theorems are Delcroix [11] and Hérmander
[25].

Note that So contains the Schwartz(-Bruhat) space as a dense subspace
([13,Theorem 9]) and that Sj, is a subspace of the tempered distributions. For more on
the Schwartz-Bruhat functions we refer to the original literature [6, 30].

The paper is structured as follows. Section 2 recollects necessary facts about the
function space So(G) and its continuous dual space S6(G). Section 3 is comprised
of several smaller pieces. The first of which, Sect. 3.1, states when the continuity of
the operators in the spaces .4 and B can be described with the notion of sequences
rather than that of nets. Section 3.2 contains the second main result of this paper,
Theorem 3.2. This result gives a more quantitative description of the operators in
Lin(So(Gy), S6(G2)) that have a kernel in S¢ and establishes a more natural norm on
those operators (rather than the subspace topologies as mentioned following Definition
1.2). Section 3.3 shows similarities between the matrix representation of operators
between finite dimensional spaces and the space B(G, G;). Examples of operators
with kernel in Sp and results concerning series representations, nuclearity and trace-
class properties of the operators in B are shown in Sect. 3.4. In Sect. 3.5 we define and
show examples of what we call regularizing approximations of the identity. Finally,
Sect. 3.6 contains some comments on extensions of the theory and references to related
work. As mentioned earlier, Sect. 4 is solely concerned with the proof of the Theorem
1.3.

2 Preliminaries
2.1 Harmonic analysis on LCA groups

Throughout the paper we will be working with locally compact Abelian Hausdorff
groups, which we denote by G, G;,i = 1,2,.... As any locally compact group,
an LCA groups carries an (up to scaling) unique translation invariant measure, the
Haar measure. The dual group of an LCA group G is the multiplicative group of all
continuous group homomorphisms from G into the torus {z € C : |z| = 1}, which
we denote by G. Under the topology of uniform convergence on compact sets the dual
group becomes an LCA group itself. As such, it carries a Haar measure. Without loss
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680 H. G. Feichtinger, M. S. Jakobsen

of generality we always assume that these measures are normalized such that
flx) = /; f(a)) w(x)dug(w) for almost every x € G
G

for all f € L'(G) with f € Ll(a), where f is the Fourier transform of f, f(a)) =
fG fox)ducx), o € G. Typically we will perform integration in the time-
frequency plane (phase space) G X G so that we encounter integrals of the form
f ox& S W) dug, g(v) for suitable complex valued functions f on G x G. From now
on we shall simplify the notation and write [ ... dx, [5... dw,and [; &... dv,
rather than, e.g., fo G-+ digyg(v). For more on integration on locally compact
groups and abstract harmonic analysis we refer to, e.g., [23, 29] and [31].

2.2 The space Sg

In this section we summarize results on the space S and its dual space Sj,. As we
often will deal with functions in the spaces So(G1) and So(G2) and as well as with
generalized functions in S;(G1) and S{,(G>) for typically different locally compact
Abelian groups G;, i = 1,2, we define once and for all that f@ and o denote
a function and a generalized function in So(G;) and S{,(G;), respectively. Different
functions in So(G;) will be denoted either by different letters, e.g., f @ g(i )and h®,
or with an index, .
For functions in So(G1) and So(G2) the tensor product

(f(l) ® f(Z))(x(l), x(2)) — f(l)(x(l)) . f(2)(x(2))’ (x(l),x(Z)) € G| x G,
is a bilinear and bounded operator into So(G1 x G»). In fact,

1 2 1 2
1V ® FP sy x62).600e@ = I1f Pllsyic 1.0« 1F P llso(6).6@ -

Any f € So(G1 x G3) can be Writ_ten (in a non-unique way) as an infinite sum for
appropriately chosen sequences (f /.(l)) jeninSo(Gi),1 =1, 2,

F=Y_F" & f? suchthat Y 1 £ ls, I1£17 sy < o0, ©)

jeN jeN

where the sum is absolutely norm convergent in So (G| x G3). Moreover, the So(G | X
G»)-norm is equivalent to the projective tensor product norm

£l = inf { D 1F s 11 s, ) @)

jeN

where the infimum is taken over all admissible representations of f as in (6). We thus
have the following.
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The inner kernel theorem for a certain Segal algebra 681

Lemma 2.1 Given LCA groups G| and G, one has So(G1 x G2) = So(G1)&So(G2).

These statements were originally proven in [13,Theorem 7] and can also be found in
[27,Theorem 7.4].
The translation operator 7 and the modulation operator E,, are given by

T.f(t) = f(t —x) and E,f(t) =w(®)f(), t,x € G, wed.

They act as linear and isometric operators on So(G) and so do time-frequency shift
operators:

7(v) = 7(x, w) = E,T, forv=(x,w)eG xG.

Besides the definition of Sg in the introduction, there is also an atomic characteri-
zation:

Lemma 2.2 Fix a non-zero function g € S()(G) For any f € So(G) there exists a
sequence ¢ € £'(N) and elements v; € Gx G, Jj € Nsuchthat f = Z]EN cim(vj)g.
Furthermore, || f|| = inf |c||1, where the infimum is taken over all admissible
representations of [ as above, defines an equivalent norm on So(G).

This result goes back to [14] and can also be found in [27,Theorem 7.2].
The dual space S;,(G) is a Banach space with respect to the usual operator topology

I(f> 9)s,.856)]

sup . o €8)(G), ®)
resoGnoy  I1flIse(6).e

lollsyG).e =

where g € So(G) is any non-zero function. There is another indispensable norm on
SH(G).

Lemma 2.3 (see [27,Proposition 6.11]) For any g € So(G)\{0}

I v < SH(G) > Ry, llolme = sup_|(T(v)g, 0)sy.5() |
veGxG

is a norm on S(’)(G) which is equivalent to the norm in (8).

For alternative recent approaches to this space, whose elements are now called
“mild distribution” see [18] and [19].

In many situations the norm convergence in S, is too strong and therefore we also
have to make use of the weak™-ropology. Recall that og € S;,(G) is the weak™ limit of
anet (o) in S;(G) if

lién I(f, 00 — O'O)so,sg(G)| =0 forany f € So(G).

As for every Banach space (see [28,p. 98]), also for So(G) the Hahn-Banach The-
orem provides an isometric embedding into its double dual S;j(G) via the canonical
embedding
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682 H. G. Feichtinger, M. S. Jakobsen

1:80(G) = SG(G), «(f) =0 > (f.0)s86) | €S0(G), o € S(G).

Moreover, t(So(G)) is exactly the set of all bounded weak™ continuous functionals
on Sé)(G). That is, a linear and bounded functional ¢ : S6(G) — C sends bounded
weak™® convergent nets in S;(G) into norm convergent nets in C if and only if ¢ is
of the form ¢ (o) = (f, 0)50756(6) for some f € So(G) (see [28,Proposition 2.6.4]).
Henceforth we view, if necessary, So(G) as a closed subspace of S{(G). This fact is
essential for our proof of Theorem 1.3 in Sect. 4.

Similar as for functions, we can define the tensor product ¢V ® o of two gen-
eralized functions o1 € S6(G1) and 0@ ¢ S6(G2). It is the unique element in
So(G1 x G2) with the property that

1 ) 2 n o ) @
(FV® fP, 00 ®0)g g 61x6n = (0 Dsospia PP 0P sysp620
©)

for all f@ € So(G;), i = 1,2. One can show that

1 2 1 2
le® @D, = llo Wi, o @i, - (10)

For a proof of this we refer to [27,Corollary 9.2].

As mentioned in the introduction, the space So(G) is embedded into its dual space
St (G) in a very natural way. In order to properly formulate this result we define the
modulation space (for the parameter 1) as the subspace of S{,(G) given by

M!(G) = {o € SH(G) : / 1T (v)g, 0)s,556)| dv < oo}, (11)

GxG

where g is some non-zero function in So(G). In Sect. 3.6 we give references to literature
on the modulation spaces. The norm

Iy : MYG) > R, ol = / Mg 0)s, syl v (12)
GxG

turns M! (G) into a Banach space. Each function g € So(G)\{0} induces an equivalent
norm on M'(G). One can show that there exists a constant ¢ > 0 such that || ”56 <

cllollyt forallo € M!(G). That is, M (G) is continuously embedded into S()(G).

Lemma 2.4 The Banach spaces So(G) and M (G) are naturally isomorphic. In
particular:

(1) Via the Haar measure on G every h € So(G) induces a (unique) functional oy, €
S(’)(G):
(f on)s,.8G) = / S@) h@)dr forall f € So(G). (13)
G

This embedding of So(G) into S6(G) is linear, continuous and injective.
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The inner kernel theorem for a certain Segal algebra 683

(ii) Ifo isa generalized function in S (G), then there exists a function h € So(G) such
that (13) holds if and only if o € M! (G). The function h € So(G) is characterized
by the fact that for some g € So(G)\{0} (and then for every such g) one has:

(h, &)50’56((;) = ||g||2_2/G s (rr(v)g, a) (n(v)g, 6) dv forall 6 € SE)(G).
(14)

One can verify that the embeddings in Lemma 2.4(i) and (ii) are inverses of one
another (independently of the choice of the function g in (ii)). The details can be found
in [27,Theorem 6.12]. A side note: if % is any function in L?(G), p € [1, oo], then &
also induces a functional in S{)(G) as in (13).

By the natural isomorphism between So(G) and M!(G) the function space So(G)
is continuously embedded into its dual space S,(G). Due to this relation between
So(G) and Sé(G) we allow ourselves, for all f,h € So(G), to write (f, h)So,S{)(G)’
by which we mean the action that the function 4 has on f as in Lemma 2.4(i). Note
that (f, h)s, s;G) = (B f)s,.86)-

It turns out that the just mentioned embedding places Sy inside Sj, as a weak™ dense
space. Actually, we have the following.

Lemma 2.5 (see [27,Proposition 6.15]) For any o € S’O(G) there exists a net (o) in
MU(G) = So(G) such that

lim |(f, o — Ua)so,sg)| =0 forall f € So(G) and such that ||U“||56 < ”0”56'
o

The translation and modulation operators can be uniquely extended from oper-
ators on So(G) to weak*-weak* continuous operators on Sé)(G). We will denote
these extensions by the same symbol. Specifically, for f € So(G), o € Sy (G) and
Vv = (x,w) € G x G, they are characterized by the following identities:

(f Tx0)sy 8y6) = (T=x £ 0)sy.8,(G)»
(f+ E00)sy,8,(G) = (Eof. 0)s),8,G):
(f, 7w, 0) )3 536 = @) (T(=x, ©) f, 0)s,.8(G)-

In addition, for g, h € So(G), we define

(f.h- U)so,sg)(c) =(f"h, U)so,sé)(c),
(f g *xa)sy sy = (f g, 0)80,8)(G)> g/ () =g(-1, t€G.
These formulas remain valid for 4 being a pointwise multiplier of So(G) or g having

a Fourier transform with this property (defining a bounded convolution operator on

So(G)).
The complex conjugation of a generalized function is defined by the relation

(f 9)sq.856) = (f 9)s,.8,(G)
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684 H. G. Feichtinger, M. S. Jakobsen

The reader may verify that these definitions are compatible with the embedding of
So(G) into S()(G) as described in Lemma 2.4 and are in fact uniquely determined
based on this consistency consideration.

Observe that the extension of the translation operator to S6(G) is not the same as
its Banach space adjoint, which, by definition, is the operator given by

(T) :8H(G) — Sy(G), (f, (T) sy s56) = (Tx [ sy.806)-

However, it so happens that the Banach space adjoint of the modulation operator
E, : So(G) — So(G) is the same as its unique extension to an operator on S((G).

Throughout the paper (-, -) is the L?-inner product (with the anti-linearity in the
second entry), which is well-defined for functions in So(G) as So(G) € L?(G). In
fact, So(G) is continuously embedded into all the L”(G) spaces: for all p € [1, 0o]
and f € So(G),

11y < Nl 11 Iso(G) g

where p~! 4+ ¢~! = 1 for p € (1, 00) and the usual convention if p = 1 or p = oo

(this follows from [27,Lemma 4.19]). Furthermore So(G) is continuously embedded
into Cy(G) and hence Sé)(G) contains the Dirac delta distribution §, : f — f(x),
x € G, f €So(G).

We will make frequent use of the following equality.

Lemma 2.6 (see [27,Lemma 6.10Gv)]) If g € So(G)\[O), then for any f € So(G)
and o € Sj(G)

(f, Dso.sy6) = lgly? f

; §<f’ m()g) ((v)g. 0)sy.5;(G) dV- (15)

Lastly, we define the short-time Fourier transform with respect to a function g € So(G)
to be the operator

Ve :84(G) = Cy(G x G). Vyo () = (1(1)8.0)g, ¢ ;) forall o € (G,
veGxG.

The operator maps L2(G) into L3(G x @) and it maps So(G) into So(G x 6) (see
[22,Section 6] or [27,:1:heorem 5.3(i1)]. Note that if f € L2(G), then Ve f(v) =
(f,m(v)g), v € G x G. Using the short-time Fourier transform we can reformulate
(15) as

813 (f.3)s, 5500 = /G VS VeI

X
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The inner kernel theorem for a certain Segal algebra 685

3 Operators that have a kernel in Sg
3.1 Nets versus sequences

The spaces of operators that are identified with So(G| x G2) by Theorem 1.3 are
defined using weak™ continuity in S;. The weak™* topology on S| is non-metrizable
(unless Sp is finite dimensional, [28,Proposition 2.6.12]) and it is therefore properly
described using nets. However, in some cases, e.g., if G = RY, we may use the notion
of sequences to describe the spaces A and B.

Lemma 3.1 If G| and G, are o-compact and metrizable, then the Banach spaces
A(G1, Gy) and B(G 1, G3) can be described by the behavior of convergent sequences.
Specifically,

A(G1, G2) = {A € Bil(S)(G1) x S((G2),C) :

A is sequentially weak™ continuous in each coordinate }
B(G1, G2) = {T € Lin(Sy(G1), So(G2)) :

T maps weak*-convergent sequences in Sy(G1)

into norm convergent sequences inSo(Gj)}

Proof If a locally compact Abelian group G is o-compact and metrizable then also
its dual group Gis o -compact and metrizable [5,Section 3]. It is a fact that Sg can be
described as a coorbit space associated to the Heisenberg representation of G x G [21].
Coorbit theory [20,Theorem 6.1], together with the fact that the time-frequency plane
GxGis o -compact, implies the separability of So(G). Thus, by the assumption in the
lemma, the spaces So(G;), i = 1, 2 are separable. The Banach-Alaoglu theorem thus
implies that the weak™® topology on S{, on any bounded set is metrizable. Hence the
notions of continuity by bounded convergent nets and convergent sequences coincide.

O

The commonly used locally compact Abelian groups R, Z, T, Z/NZ N = 1,2, ...
and the p-adic numbers are o-compact and metrizable. The additive group R under
the discrete topology is an example of a non-o-compact (albeit metrizable) locally
compact Abelian group.

3.2 Identifying operators that have a kernel in Sy

In this section we answer the second and third question posed in the Introduction,
which we expand on here.

Let T be an operator in Lin(So(G1), Sé(Gz)). By the outer kernel theorem 7 has
akernel K in Sj(G1 x G2). Assume now that this kernel is induced by a function in
So(G1 x G»). By the inner kernel theorem we know that these operators are exactly
the ones that belong to B(G1, G3) < Lin(Sf)(Gl), So0(G»)). For such an operator
T :So(G1) — S;,(G2) we are faced with the following questions.
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686 H. G. Feichtinger, M. S. Jakobsen

(a) How do we verify that the domain of the operator T can be extended from So(G1)
to S;(G1)?

(b) How do we know that its co-domain actually is So(G7) rather than S6(G2)?

(c) How can we verify its continuity properties as described in Definition 1.2?

Naturally, the same questions can be formulated for operators A € Bil(So(G1) x
So(G3), C) whose kernel might be induced by a function in So(G| x G?7).

The following theorem characterizes the operators in Lin(So(G1), S{)(Gz)) and
Bil(So(G1) xSo(G»), C) that have a kernel in Sg(G | x G7) and it describes how their
domain extends from Sy to 56.

Theorem 3.2 Fori = 1, 2 fix a function gV € So(G)\{0} such that g > = 1.

(1) IfAisanoperatorinBil(So(G1) xSo(G2), C), thenits kernelx (A) € S()(Gl xG2)
is induced by a function in So(G| x G»), i.e. A € A(G1, G»), if and only if

/ |A(n(v(1))g(1), n(v(z))g(z))| dow®,v?) < . (16)
G1X61XG2X62
In that case the operator A : Sj(G1) x S)(G2) — C satisfies
A(G(l), 0.(2))

= f Vg(l)a(l)(v(l)) . Vg(Z)o(z)(v(z))
G ><6| szxaz
AoV, 7 (w)g?) dw®, v (17)

(ii) If T is an operator in Lin(So(Gl), SE)(GZ)), then its kernel k (T) € S((G1 x G2)
is induced by a function in So(G| x G»), i.e. T € B(G1, Gy), if and only if

f |(rr(v(2))g(2),Ton(v(l))g(l))so’s(,)(cz)|d(v(l),v(z))<oo. (18)
G|X61><G2><62

In that case the operators T : Si(G1) — So(G?2) satisfies

1 2
(TG( )’ o ))SO‘S{)(Gz)

_ / V00 VD) - Vya0® )
G]XG]Xszaz
. (7T(v<2))g<2), Tn(v(l))g(l))so,sb d(v(]), 1,(2))' 19)

Remark 4 The formula in (17) extends the domain of A from So(G1) x So(G>) to
S(G1) x §(G2), and (19) extends the domain of T from So(G1) to Sj(G1).
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Remark 5 The condition in Theorem 3.2 that ||¢)||> = 1is only necessary to make the
equalities in (17) and (19) more pleasant. Otherwise the integrals need to be normalized
by g ® g@® ||52, see the details in the proof.

Proof of Theorem 3.2 We will only prove (i) as the proof of (ii) is similar. By Theorem
1.1 and by assumption we know that A has a kernel x(A) € Sé)(Gl x G7) so that

/ |A(n(v(1))g(1), n(v(2))g(2))| d(v(l), 1)(2))

Glxalezxaz

= [ e @x 0D kW), 5 6, | 4OV
G Xal Xszaz

N / (o 00 T 08V ® 8@). 6(A))g, 1 6, x60)]
G X61 Xszaz

d(x(l), w(l), x(Z)’ w(Z)).

By Lemma 2.4 the last integral is finite if and only if the generalized function x (A) €
S{)(Gl x G») is induced by a (unique) function in So(G1 x G3), which we shall
also call k (A). By Theorem 1.3 this kernel is identifiable with an operator A € A C
Bil(S((G1) x §,(G2), C) which satisfies

A, 0P) = (k(4), 6V ®)g, 5,6, x6)-

By use of Lemma 2.6 (with g = gD @ ¢@, f = k(A),0 = 6V @ 60@) we can
establish the desired equality.

1 2
(), 0V @ e P)g, 5 (G x6m)

=" @ g?1Iy? / (c(A), 70V @ 1 (1)) g (61x6)
Gi1xG1xG2xGa
(@M @r (@)@, 0V @0 51 (G x6y VP, V)
/ Al ®)g®, 7 (@)
Gi1xG1xG2xG

- (M)gM, U(l))SO,S{)(Gl) (m(v@)g?, 0(2))50,%(62)61(1)(1), vy,

O

In the Introduction we stated that the spaces A(G1, G2) and B(G1, G,) are Banach
spaces with respect to their subspace topologies which they naturally inherit from
Bil(S(,(G1) x S{(G2), C) and Lin(S((G1), So(G2)), respectively. At the same time it
is clear that the induced norms themselves fail to capture the continuity requirements
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for operators in A(G1, G2) and B(G1, G») as described in Definition 1.2. That is, the
induced norm on A(G1, G») can not distinguish between operators in Bil(Sé(Gl) X
S6(G2)) that belong to A(G, G3) and those that do not. Similarly, the norm on
Lin(S6(G1), So(G>)) can not detect if an operator actually belongs to B(G 1, G3) or
not. The results from Theorem 3.2 show how we can define a norm on the spaces
A(G1, Gy) and B(G, G3) that exactly captures operators with a kernel in So(G| x
Go).

Corollary 33 Let A, T, K, k(T), k(A) be related as in Remark 2. Fori = 1,2 fixa
function g € So(G)\{0}.
(i) I llag.e : AGI G2) — Ry,

1Al Ag1.00 = f A D)V r(v@)g?)[dD, v)
G ><61 sz><62
= |KIsg(G1xGa) 51082 = K (A)ISe(G1xGa),q10g:0 A € A(G1, G2),
defines a norm on A(G1, G»). This norm is equivalent to the subspace norm on

A(G1, G2) induced by the space Bil(S;,(G1) x S{(G2), C).
() |- B¢ = B(G1, G2) = R(—;,

_ 2,2 My, (D) @ @
IT1IB.g1.50 = f |(r ()™, T ()W) )| 4OV VD)
G1><51><G2><62

= K lIsy(G1xG2),g1022 = 1K (D) IS(G1xGa),g1022» T € B(G1, G2),

defines a norm on B(G1, G7). This norm is equivalent to the subspace norm on
B(G1, Gy) induced by the space Lin(S6(G1), So(G?)).

Remark 6 Theorem 3.2 implies that the integrals used to define the norms in Corollary
3.3(i) and (ii) are finite exactly when A and T belong to A(G1, G3) and B(G1, G3),
respectively.

We can use (19) and Lemma 2.6 with respect to the time-frequency plane G, x @2
to show that an operator in B(G, G») is uniquely determined by its action on all
time-frequency shifts of a given function in So(G1).

Corollary 3.4 Fix g € So(G1)\{0}. An operator in B(G1, Gy) is uniquely determined
by its action on the set {m(v)g : v € G| x G1}. Specifically, forall T € B(G, G»)
and oV € S)(Gy),i = 1,2,

(10,0 5560 = lgl® [ VoV - (17008 0P g o 0
1 XG0

We refer to Corollary 3.4 by saying that the following identity holds true in the
weak sense:

To = ||g||2_2/G _Veo(v) - Tmw(v)gdy forall o € SE)(Gl). (20)

1xG1
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3.2.1 A note on operator with kernel in S

The results of Theorem 3.2 and Corollaries 3.3 and 3.4 are notrestricted to the operators
in A(G1, G2) = B(G1, G), but can be formulated in a very similar form for the much
larger spaces of operators that have a kernel in S;(G x G2) (by use of the outer rather
than the inner kernel theorem and Lemma 2.6). For operators in Lin(So(G1), S6 (Gp))
they take the following form.

Proposition 3.5 Given f®, g e So(G;), g # 0 fori = 1,2 one has for any
operator T € Lin(So(G1), S(G2)):

M 1V @13 - (SO Tf D), 5162

_ / Vo fO D)
G Xal ><G2X62

V.o <2>(v<2>)_(n(v<2)) @ T ox0M) ) dow® @),
@ f 8 8 )50.5,(G2)

G 70 =g [ Ve fO0) - T (20 0g) v,

G1xG

(iii) and |- 1|5 g, : Lin(So(G1), $((G2)) = Ry,

ITIB g0 = sup [@®)g?, Ta(vM)gM)g s 6l
U(I)EGlxél o
v(z)ersz

(T lisy(G1xG2). 51082

defines a norm on Lin(So(G1), S;(G2)) which is equivalent to the usual operator
norm on Lin(So(G1), Sj(G2)).

This result has the following consequence.

Corollary 3.6 Fori =1, 2 take gV e So(Gi)\{0}. Every continuous and bounded
function F € Cp(G1 x G| x Gy x G») defines a linear and bounded operator
T :So(G1) = Sy(G2) via

(fP. T Msy sy = f Ve fP0D) - Voo O 0P
G1x6|szx§2
FOWO @y go®, @), (21)

Conversely, for every linear and bounded operator T :So(G1) — S’ (G») there exists
a(non-unique) function F € Cp(G1 X G] x Gy X Gz) (whichalso depends on g(’)) such
that (21) holds. Moreover, the function F can be taken to be in L' (G x G1 x Ga X Gz)
if and only if T has a kernel in So(G1 x G»).
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Remark7 This shows that it is possible to have a calculus for operators in
Lin(So(G1), S;(G2)) where the operators are represented by bounded and continuous
functions (rather than abstract functionals as in the outer kernel theorem). However,
as the Corollary states, one has to pay for this by giving up on the non-uniqueness of
such a representation.

3.2.2 A note on Gabor frames

Recall that a function g € So(G) generates a Gabor frame for L?(G) with respect to
a closed subgroup A in G x G (typically A is a discrete and co-compact subgroup, a
lattice, in the time-frequency plane) if there exist constants A, B > 0 such that

AlFIE < fA (f. 7w Gg)dr < BIFIE Y £ € LAG). 22)

In that case there exists a (not necessarily unique) function & € So(G) such that

(va)SO,S() = //.\(f,n()\)g) (T (A)h, U)So,S’Q dr forall f e So(G), o € Sy(G).
(23)

We will not go into details of how pairs of function g and /4 can be found or be
characterized so that (23) holds. For general Gabor and time-frequency analysis we
refer to [7, 24] and [26].

We have already encountered a Gabor frame for L2(G) with respect to the subgroup
G x G: Lemma 2.6 shows that any non-zero function g € So(G) generates a Gabor
frame for L2(G) with respectto A = G x G (in (15) take o to be induced by f since
(15) holds for all f € So(G), which is dense in L2(G), it follows that (22) is satisfied
and that A = B = ||g||%). In this case, if g is any other function in So(G) such that
(g, 8) # 0, then the pair (g, h), where h = ((, g)) g satisfies (23).

Using (23) rather than (15) for the proofs of Sect. 3.2 leads to the following results
for the operators in B(G1, G2) (we leave the formulation of the corresponding results
for A(G1, G) to the reader).

Theorem 3.7 For i = 1,2 let g and h® be functions in So(G;) such that they
generate Gabor frames for L2(G;) with respect to a subgroup A; in G; x G and such
that (23) holds.

A - 1B.A;xa, : B(G1, G2) = RY,
2 2 2
1T Arxa, = fA |(r @), T (A M)gM)g, 6| 4D 2P,
1XA2
T € B(Gy, G2),
defines a norm on B(G 1, G2). This norm is equivalent to the subspace norm on
B(G1, Gy) induced by the space Lin(S6(G1), So(G»)). For an operator T €
Lin(So(Gl), Sé(Gz)) the norm is finite if and only if T € B(G1, G3).
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(i) Given T € Lin(So(Gl), Sé)(Gz)) with kernel kK (T) € So(G1 x Gy), then

1 2
(Ta( ), o ))So,SEJ(Gz)
:/ VoV 0D) - V00?6
A1 xXA>

. (n(k(z))h(z), Tn()\(l))h(l)) d()»(l), )\(2))‘

S0,8y(G2)

(iii) Any T € B(G1, Gy) satisfies

(Ta(l)’a(z))so,%(Gz) :/ Vg(l)a(l)()»(l))
Ay

(T ﬂ(k(l))h(l), 0(2))50’56((;2) dn .

We can very explicit if G = R”. In this case it is known that for any n € N the
Gaussian function g™ (x) = e ™* x € R" generates a Gabor frame for L>(R")
with respect to the lattice A = aZ>" C R?" whenever 0 < a < 1. Hence in this case
the integrals in Theorem 3.7 become a sum over lattice points. In particular, any linear
and bounded operator T from So(R") into S;;(R™) has a kernel in Sg (R"+™) if and
only if the Gabor frame matrix of T has coefficients in 2! (sz), i.e.

3w, Tn()»("))g(”))so,s;)<mm)| < 0.

AW eqzn
AW eqzm

3.3 Analogies with linear algebra

If A is an ny x np matrix, then it defines an operator A from C™ into Ccn2,
A:CM - Ay = A 0D, vD e,

Conversely, if a linear operator A from C™ into C™ is given and we use the standard
basis for these spaces, then the matrix representation of A is

A, j)=(Ae)) -ei, i=1,...,m, j=1,....m (24)

and then ;\\(v(l)) = A-v(D.If a matrix A is as above and if we let a matrix B € C"3>"2
define an operator B from C"2 into C"*3, then their composition, B o A, is represented
by the product of the two matrices. That is,

BoA:C" = C", Bo AWMy =8B-4.- vV, v em, (25)
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according to usual matrix multiplication:

ny
(B-A)i.j)=Y BG.k)-Atk.j). i=1.....n3,j=1..n.
k=1

The next two results show that the inner kernel theorem allows us to extend both
(24) and (25) from matrices to operators in B(G1, G3). In particular, the role of
the unit vectors in C" is taken by the Dirac delta distributions, 8y : So(G) — C,
ox: fr— fx), f€So(G),x e G.If G; =7Z/n;Z,i = 1,2, then the results reduce
to the matrix representation of linear mappings.

Lemma3.8 Given T € B(G1, G2) and A € A(G1, G») its kernel satisfies for x) €
Gi,i=1,2:

k(M x@) = (T80, 805,86 and K(A)ED,x?) = AG,0), 8,0),

Proof 1t is easy to verify the equality 8 y@ = 8,1y ® 8, since

(fO® P800 ®8,:0)5, G160 = L@ D)
= (fV @ rOh . x?).

The desired result now follows from the inner kernel theorem:

K(T)(x(l)’ x(Z)) = (K(T)’ Sx(l),x(Z))So,Sf)(Gl xG2)

= (k(T), 8, ® 8x(2>)So,Sg(G1sz) = (T80, 8)‘(2))50,56(G2)'

The equality for the kernel of A follows in the same fashion. O

The role of the “delta-basis” in Lemma 3.8 can also be taken by a continuous Gabor
frame (cf. Sect. 3.2.2).

Corollary 3.9 Fori =1,2let g® € So(G)\{0} and x® € G;.
(1) ForT € B(Gy, Gy) one has

K(T)(x(l),x(z)) — ||g(1)||2—2/ R (n(v(l))g(l))(x(l))

G1xGy

(T 0 m(wD)gD)x@) av D,

(ii) For A € A(G1, G3) one has

K(A)(x(l), x(2)) — ”g(l) ® g(2)||52 f (rr(v('))g(l))(x(')) (n(U(Z))g(Z))(x(Z))
G|><51><G2><62
. A(H(U(l))g(l), n-(v(Z))g(Q)) d(l)(l), V(Z)).
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Proof Combine equality (19) of Theorem 3.2, Corollary 3.4 with Lemma 3.8. O

The composition rule of operators represented by matrices has the following
analogous continuous formulation for operators with kernel in Sg.

Lemma3.10 IfT) € B(G, G2) and T € B(G2, G3), then T, o Ty € B(G1, G3) and

k(T2 0 Ty)(x D, x3) =/ k(M) D, x@) - k(T (x @, xP) ax @,
Gy
D eq;,i=1,3.

Moreover, using the norm on B as defined in Corollary 3.3, there exists a constant
¢ > 0 such that

IT20Tili < clT2liBIT1B-

Corollary 3.11 The Banach space (B(G, G), || - |B) forms a Banach algebra under
composition.

Proof of Lemma 3.10 Let us first show that the integral is well-defined. By Lemma 2.1
we can write

cy =Y f'@ £ and k() =Y 1P @ h'
jeN jeN

for suitable f;") € S0(G).i = 1.2and 1Y € So(G;), i = 2,3 and where j € N.
Furthermore, '

1 2 1 2
Y 1FVllso 17 sy < 00 and Y 1A lls 18P s, < oc.
jeN jeN

Because So(G) is continuqusly embedded into L%(G) and into L°°(G) the following
estimate applies: for all x® ¢ Gi,i=1,2,3

/ e (T, x@) i) (@, x ) [ dx®
Gy

Sfc S OG0 rOE@) AP @) D ()] dx®
2

j,keN
1 3 2 2
<y ||f;>||oo||h,i>||oo/ 12 6@y P (@) dx®
j keN G2
1 3 2 2
< 31 oo W oo 1L£2 12 NP 112
j.keN
1 3 2 2
<c U lso 1 so 12 lso WP sy < oo,
j.keN
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for some ¢ > 0. This shows that the integral and thus the function «(7> o T7) :
G1 x G3 — C is well-defined. Note that

k(T2 0 T1)(xD, x¥) = / k(M) x D, x@) e (1) (x P, x3) dx@
G

2
:/ 3 fj“)(x“))fj@)(x@))h}f)(x(”)h,‘f)(x@)dx(”
G2 j reN

2) 5@ (1 3) 1 3
= > U7 s, sy () @ 17D X,
j,keN

Hence «(T1 o T1) = Zj,keN(fj(Z)» I’l]((2))so,56(G2) f;l) ® h,(f). The above calculation
shows that

2 2 1 3
Y 1P D) £ s 18 s, < o0
Jj,keN

Hence « (T o T1) € So(G1)®So(G3). By Lemma 2.1 this implies that « (T o T) €
So(G1 x G3) as well as the moreover-part of the lemma. Let us show that the function
which we defined as « (75 o T7) indeed is the kernel of the operator 75 o Tj: if o) e
Sy(Gi),i =1,3, then

(T o T1o'V, 0(3))5056@3) = (k(T2), TioV ® 0(3))so,sg,<szG3)

2 3 1 3
=Y w2 en) 1o e ))s0.8,(G2xGs)

keN
1 (2 3) 3
= MoV sy sp60 0 Dsysyay)
keN
1 2 3 3
=Y (). o @k ))so,s;)(clxcz) (h, o' 1)s0.85G)
keN
M) o (@ _a @) 3 G
= > 0 f7 0V @ )s, syGix6m (s 0Dy 563
j,keN
_ 2 .2 (D [C)E)) (3))
= NN h / - h , O o .
(j%:N(f] k )SOsSO(Gz) f] ® k ® SO’S6(GI xG3)

3.4 Some examples, nuclearity and trace-class results
Example 3.12 The prototypical example of an element in Sg(G1 x G») is the tensor-

product function f = fD ® f@, fO € §)(G;),i = 1, 2. It is not difficult to show
that the unique corresponding operators A, T and S according to Theorem 1.3 are the
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following ones:

A :8)(G1) x S)(G2) = C, A(cV,6®@)

=(fD, UU))SQ,%(G]) f?, 6(2))50,86(62),

T :8y(G1) = So(G2), T(a") = (fM, 0 Mg 5161y - £
5 :84(G2) = So(G1), S©@P) = (f?, 0, 5,60 - [

where @ € S6(Gi),i=1,2.

Observe that the range of the operators 7 and S in Example 3.12 is one-dimensional.
Naturally, not all rank-one operators have a kernel in Sg. For example, let f1) be a
function in So(G) and let f @ pe a function in L2(G,) which is not also in So(G>),
then

T = (f" 0 Mg, sy - /@

is a bounded rank-one operator from S,(G1) into L2(G,) which does not have a
kernel in So(G1 x G3). Indeed, if we restrict T to an operator from So(G1) into
L%(Gy) C S6(G2), then (by the outer kernel theorem) its kernel in SE)(G] x G») is the
functional induced by the function f!® f2. Similarly, one can show that the operator

S = (fP D)2y - fV. WP € L2(Go),

is a linear and bounded rank-one operator from L2(G,) into So(G) with kernel
rre .

Remark 8 By Lemma 2.1 every f € So(G| x G7) has a representation

1 2 1 2
F=Y_r5" e f? suchthat Y 11 ls, 11/ sy < 00

JjeN jeN

The inner kernel theorem implies that the corresponding operator T € B(G1, G2)
satisfies

1 2
Toh = Z(fj( ),0(]))30,56(01) : fj( ) forall oV e S)(G),
jeN
where the sum is absolutely convergent in the norm on B.

This immediately leads to the following.

Corollary 3.13 Finite-rank operators in B(G, G3) are norm dense in B(G1, G»). In
fact, for any T € B(G1, G2) there exists a series of rank one operators (Tp)penN in
B(G1, G») such that

= ZT,,HB =0 and Z||Tn||5 < .

neN neN
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Because Sy is dense in L? it follows that the finite-rank operators of B(G, G;) are
dense in the space of Hilbert-Schmidt operators from L2(G,) into L2(G2).

Corollary 3.14 All operators in B(G1, G2) are nuclear operators from the Banach
space S,(G1) into the Banach space So(G2).

Proof By [33,Chapter III, §7] all nuclear operators from the Banach space SZ)(Gl)
into the Banach space So(G2) are of the form

T :8y(G1) > So(Ga), To =Yy yi @) £,
JjeN

where (1/f§1)) is a sequence in S;(G1) and (f;z)) is a sequence in So(G2) such that

1 2
Y1y Pl 12 s, < oo

jeN

Remark 8 combined with the fact that So(G1) is continuously embedded into S’O’(Gl)
via the natural embedding implies that all operators in 5(G 1, G») are nuclear. O

By the embedding of Sy into S, as described in Lemma 2.4 it follows that all the
operators in B(G1, G) are also nuclear operators from Sp(G1) into So(G2); from
So(G1) into S((G2); and from S,(G ) into S;(G2).

Corollary 3.15 An operator T in B(G, G) with kernel k(T) € So(G x G) is a trace-
class operator on both So(G) and S, (G). Its trace satisfies tr(T) = fG k(T)(x, x)dx.

Proof Following [32] we say that an operator 7' on a Banach space B is of trace class
if it has the form

T:B— B, Tx =Z(x,oj)B’B, -b; forall x € B,
jeN

for suitable sequences (o) in B’ and (b;) in B such that Zj lojllg 1bjllp < oo.
The trace of T is tr(T) = 3 _ (D), o)) p, p'- Remark 8 shows that for B = So(G) or
B = S()(G) the operators in (G, G) have the desired form. Here we also use that Sy
is continuously embedded into Sf and S{j via Lemma 2.4 and the canonical embedding
t: So — Sy, respectively. Before we show that tr(7T) = fG k(T)(x, x)dx we will
first prove that the integral is well-defined. The inner kernel theorem states that « (T)
is a function in So(G x G). Observe that the diagonal {(x,y) e G x G : x = y}isa
closed subgroup of G x G. Itis a fact (see [13,Theorem 7] or [27,Theorem 5.7]) that
the restriction of an Sq function to a closed subgroup belongs to Sg of that subgroup.
In our case this means that x — «(7")(x, x) is a function in Sp(G) and, in particular,

that it is integrable (as So € L!). Now, since « (T) = ZjeN fj(l) ® f/.(z),

um=ZWU%MW=ZLWmﬁmw

jeN jeN
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=/ Y P f,@(x)dx:f K (T)(x, x) dx.
G X G

jeN
O

Remark 9 Since Sy is continuously embedded into S(’) and (S;,, w*) = Sy it is rea-
sonable to extend the definition of trace-class operator from [32] used in the proof of
Corollary 3.15 as follows: We say a (linear and continuous) operator from S;,(G) with
the weak™ topology into So(G) with its norm topology is of trace-class if

T : Sy(G) = So(G), To = Z(ij), 9)80.8) ° fj(z) forall o € Sy(G),
jeN

for suitable sequences ( fj.(i)) in So(G) and such that Y~ | fj(l)|| I fj(z) | < oo. The

trace of such an operator is then tr(7) = ZjeN(fj(l), f;'(z))So,S{)' In that case, it is
clear from Remark 8 that B(G, G) coincides exactly with the trace-class operators
defined in this way.

Let us consider another important example of elements in B(G, G).
Example 3.16 (Product-convolution operators) For any two functions 4 and &7 in
So(G) the product-convolution operator
PChy .y : S5(G) = MY (G) = So(G), PCpy 1y (0) = (0 - hy) % ha,
and the convolution-product operator

C Py - S5(G) = MY (G) = 8o(G), CPyy iy (0) = (0 5 h1) - ha,

are linear and bounded operators, which send norm bounded weak™* convergent nets in
S (G) into norm convergent nets in M!(G) = S(G). Thatis, both operators belong to
B(G, G).One can show thatk (P Cy, p,) = T1(h1®h) andk (C Py, 4,) = 12(h1®h2),
where

71 :S0(G X G) = So(G x G), 11(f)(s,t) = f(s,t —5),
7 :S0(G X G) = So(G x G), ©o(f)(s,t) = f(t —s,1).

Product-convolution operators can be used to prove Lemma 2.5 (see [27,Proposition
6.15] for the details). The kernel theorems translate Lemma 2.5 into a statement for
operators:

Lemma 3.17 For any operator T € Lin(So(G1), Sz)(Gg)) there exists a net of
operators (Ty) in B(G1, G2), bounded in Lin(So(G1), S,(G2)) such that, for all
fDe8y(Gn,i=1.2

; 2 (D —
lgn ‘(f (T =Ty f )50,86(G2)| =0, ||Ta||op,S0—>S6 = ||T||op,So—>SE)'
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698 H. G. Feichtinger, M. S. Jakobsen

Similar to Lemma 3.17, the inner kernel theorem can be used to translate Lemma
2.2 from a statement of Sg to a statement of B(G 1, G3).

Proposition 3.18 Let Ty be a non-trivial operator in B(G1, G2). The operators T in
B(G1, G3) are exactly those of the form

2 1
T = ch n(v; )) o Ty orr(vj. )),
jeN

where ¢ € ¢1(N) and (v(-i)) are sequences in Gi X Gi, i = 1,2. The sum converges
in B(G1, G2) and furthermore ||T || = inf |[c||1, where the infimum is taken over all
admissible representations of T as above, defines an equivalent norm on B(G1, G2).

A similar statement is true for the space A(G1, G3). In that case, if A is a non-

trivial element in A(G1, G2), then all operators in A(G 1, G7) are exactly those of the
form

AW, 0@y =3 "c; A(r Mo 7 (vP)o @)
jeN

with ¢ and vj.i) in Proposition 3.18.

Proof of Proposition 3.18 By Lemma 2.2 we know that for any T € B(G1, G) there
exists a sequence ¢ € ¢'(N)and a sequence (xﬁ.l), x}z), a)j.l), a)j.z)) inG; xGyx Gy x
62 such that

k(T) = Z CjEw;l),wﬁ.z) Tx;l)’x;;) k(Tp).
jeN

Hence

1 2 1 2
(To® .0, 5165 = €M), 0V @ 0D, 516162

— . 1) 2)
= Z cj (Ew;”,wf) Tx;”,x;z)K(TO)’ o'’ Qo )So,Sg(Gl xGy)

jeN
_ . 1) (2)
= Z cj (K(T()), [Tix(/_l)Ew(/_l)O' 1® [fojz’ Ew;Z)G ])SU,S{,(GI,Gz)
jeN ’
_ . 1) )
= ZC] (To o T_X;’l) Ew;I)U s T—x;.Z) Ew;_)a )So,S(’)(Gz)
jeN
1 1
= Z“’j )(x;‘ ) ¢j (E,o T oToo E,ayT_ o, 0 )so,sé)(cz)'
jeN——— L —_—

e, @ (D
_.n(vj ) _.n(vj )
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If we take Ty to be a rank-one operator in B(G1, G7) as in Example 3.12 with
k(Ty) = f(l) ® f(z), then Proposition 3.18 states that any operator 7 € B(G, G»)
has the form

O ; My @M SO @y r@
To —ch(rr(vj )Y o )SO,SE)(GI)JT(UJ- ) f
jeN

foralle® € S{)(Gl),forasuitable sequence c € ¢! (N) and sequences (v?) in G; x@,-,
i=1,2. '

3.5 Regularizing approximations of the identity

Since Sy is weak™ dense in Sj; it is possible to approximate the kernel « (T') € S(G x
G») of ageneral operator 7' in Lin(So (G ), 86 (G»)) by anet (or sequence) of functions
ke in So(G1 x G») that converges in the weak™*sense towards « (7). The associated
operators Ty, € B(G1, G») satisty

lim |(£@, (7 = T fV)g, 16| = 0 forall fO eSo(G). i =1,2. (26)

We saw this already in Lemma 3.17. In this section we propose a construction of
a net of operators (7,) in B(G1, G2) such that (26) holds, that is not based on the
modification of the kernel per se (which is the idea behind Lemma 3.17), but rather by
a composition of the given operator T with certain operators: we introduce the idea
of a regularizing approximations of the identity.

Definition 3.19 A regularizing approximation of the identity of So(G) is a net of
operators (Ty) in B(G, G) (equivalently « (Ty) € So(G x G)) for each o and which
satisfies the following conditions:

(@) limg [[To f — flls, =0 forall f € So(G),
(ii) Sup, ||Ta||0p,So—>S0 < 00,
(i) sup, [|Te llop,s)—s;, < 0
@(v) limy |(f, Tyo — ff)so,sg,<G)| =0 forall f € So(G), o € Sy(G).

Remark 10 Statement (i) and (ii) for the adjoint operators (7,°) implies (iv) and (iii),
respectively. Hence we need only conditions (i) and (ii) for self-adjoint operators.
Moreover, (i) implies (ii) for the case of a sequence of operators, due to the Banach-
Steinhaus principle.

We list three examples of such families of operators at the end of this section. It
is straightforward to show that the properties of a regularizing approximation of the
identity implies convergence of L.

Lemma 3.20 If (Ty) is a regularizing approximation of the identity for So(G), then

sup | T llop 212 < 00 and Im||To f — flla =0 forall f € L*(G).
o o
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700 H. G. Feichtinger, M. S. Jakobsen

Moreover, the net (k(Ty)) in So(G x G) S Sy(G x G) converges towards the kernel
of the identity operator in the weak*sense.

Proof The first statement follows by interpolation theory for operators and assump-
tions (ii) and (iii) in Definition 3.19. Now, since Sy is continuously embedded and
dense in L2, Definition 3.19(i) implies that

lim||Ty f — fllo — O forall feL%(G).
o

The moreover part follows from the fact that Definition 3.19(iv) implies (26) m]

Regularizing approximations of the identity allow us to construct a concrete family
of operators that have kernels in So(G x G7), which approximate in the weak™ sense
any given operator that has as (abstract) kernel in S()(Gl x G»).

Proposition 3.21 Fori = 1, 2 let (Tofi)) be a regularizing approximation of the identity
for So(G}). For any operator T € Lin(So(G1), S((G2)) the collection of operators

(Ty), To = T2 o T o TV is such that

(1) T, € B(Gy, Gy) for each «, i.e., k(Ty) € So(G ><'G2),

(ii) limg |(f @, (T = Tu) fO)g, 5 6,y | = 0forall fO € So(Gi), i =1.2,

(iii) & (Ty) converges to k (T) in the weak* sense.

(1V) Sup,, ||Tol||op,S()~>Sé) < 0.

(v) ForT € Lin(L*(G1), L*(G2)) one has limy |[(T —Ty) f l12(G,) = O forall f €
L%(Gy).

(vi) ForT € Lin(So(G1), So(G2)) one has limg ||(T —Ty) fllsy(G,) = 0 forall f €
So(G1).

Proof (i). For any « and i = 1, 2 the operator Tofl) belongs to B(G;, G;) and thus
maps bounded weak™ convergent nets in S6(G ;) into norm convergent nets in So(G;).
Since T € Lin(So(G1), S;(G2)) it is clear that then T, = T0§2> oT o Tofl) also maps
bounded weak™ convergent nets in 86 (G1) into norm convergent nets in So(G2). Hence
T, € B(G1, Gy).

(ii). This is a simple estimate:

. 2) A My £
tim [(f, (T = 7,7 o T o T,)) f V), 16|

<lim[(f@ (T -T2 o 1) fV)g, & 6ol

i @ (7@ @ (hy £ (1)
Him |(fP (T2 o T = T,2 o T o T,V) f )so,s’0<cz)|

<lim |(f@. (dg) = )T D), g )|

=0 (by Definition3.19(iv))
+1m L @lisy 172 lop,sy ) 1T llop,sg s, 110dsy = T r P llsy

2 2 : 1 1
=17 @ lso (599 172 Nop 5y ) 1T lop sy im 17e 0 = £ ls, = 0.
o
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(iii). This is implied by (ii).
(iv). By definition the operators Tofl) and Tofz) have uniformly bounded operator norms
as operators on S and Sj;. Thus

2 1
SUp [ T llop.sy—s = SUp 174> o T 0 TV llgp 505,
o o
< (sup I 72 I sup | 7,V <09
=\ Sup iy " llop,sy—s; op.So—Sj | SUP 1y "llop,So—So
o o

(vi). Incase T € Lin(So(G1), So(G2)) we make the following estimate: for all f €
So(G1)

lim (7 = 7,7 o T o Ty") £ s,

< lim |(T — TP o T)fls, +1im TP oT —TP o T o TV flIs,

=0
< (sup 1747 llop.So-80) 1T llop 8o im [1f = T," flls, = 0
o

The proof for (v) is similar. m]

We now show one particular application of regularizing approximations of the
identity.

Proposition 3.22 Consider an operator S € Lin(L2(G1),L*(G»)) and T €
Lin(L2(G»), L>(G3)). Let (Sy) and (Ty) be the nets of operators in B(G1, G2) and
B(G,, G3) associated to S and T as in Proposition 3.21, respectively. In that case the
kernel of the operator T o S € Lin(L2(G)), L2(G3)) is the weak* limit of the kernels

of the net of operators (Ty o Sy), kK (Ty o Sg) BN k(T o S), ie.,

liorln](fa), (ToS—TyoS)fY) | =0 forall fleSo(Gy, i =1,3.

S0.54(G3

Remark 11 The usefulness here is that the composition of the operators S and 7' can
we approximated in the weak™ sense by a composition of operators S, and 7, that
have kernels in Sp. Observe that the composition Ty, o Sy is well understood, cf. the
“continuous matrix-matrix product” in Sect. 3.3.

Proof of Proposition 3.22 By the estimates of Proposition 3.21 and the embedding of
L? into S;, one has:

llarn ‘(f(?’), (T o S — Ta o Sa)f(l))SO’SE)(Gg)‘

< lién |(f(3)’ (ToS—-T,o0 S)f(l))so,s6(c3)|

+ hgln |(f(3)’ (Ta oS — Ty o Sa)f(l))SO,S6(G3)|

< 1 Dlso lim (T = To) SF V2
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+ 1D liso (59p 1 Tallop ) Him 1SV = S f DV l2 = 0.
o

Let us apply Proposition 3.22 to a concrete example:

Example 3.23 The Fourier transform F is an operator from L2(G) onto L2(§). Fur-
thermore its inverse F~! is an operator from L2(G) onto L2(G). It is clear that

FloF= Id 2 (G- It is not difficult to verify that their kernels in S, (guaranteed by
the outer kernel theorem) are as follows:

o (F) € Sp(G x 6) is induced by the function G x G — C, (x, w) = o),
so that (h,ff)so,s()(a) =/ _f@h() ox)dx, o) forall feSo(G),he So(G).
GxG
uc(]-"*]) € s(’)(é x @) is induced by the function GxG— C, (w,x) > o),

so that ( f, fﬁlh)soﬁsé)(c) :/6 Gh(w)f(x)a)(x) d(x,w) forall f e So(G),he So(G).

X

oic(Idy2(gy) € S'O(G x G) is the functional defined by f1 ® f> — / f1(x) fa(x) dx,
G

for all f1, f> € So(G). This is typically expressed as K(Isz(G)) =68y —x).

While we describe the distributional kernel for the identity operator as a general-
ized function of two variables, in the spirit of a Kronecker delta (describing the unit
matrix), simply given as Sg,on (F) = fG F(x,x)dx, F € So(G x G) it has become
a common understanding to describe the kernel as a continuous collection of Dirac
delta distributions &y, or with the usual notation §(y) this becomes just § (y — x).

Let now (Fy), (Fy 1 be two nets of operators in 5(G, 6) and B(@, G) associated
to F and F~! as in Proposition 3.22. In that case

K (Fa) 5 k(F), k(F7H s w(FY,
K(F7 o Fu) 5 k(F 0 F) = k(ldy26)).

At the same time Lemma 3.10 tells us that « (F, o F,) is the function in So(G x G)
given by

K (Fo) (x, @) -k (Foy Y(w, ) do.

G

C(FS o Fa)x. y) =f

If “we take the limit” of the above integral, then we are lead to the following “identity”,
which is often found in physics and engineering:

/ax(f)(x, ) - k(F N, y)do = k(1dg2 )

- /Aa)(y—x)da)=6(y—x).
G
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Expressed in the familiar setting G = G = R:/ 2mOO=X) gy — S(y—x),x,yeR.
R

We now consider examples of regularizing approximations of the identity.

Example 3.24 (Partial sums of Gabor frame operators) Let ¢ € So(R) and a,b > 0
be such that { (1) g}rcazxpz is a Parseval Gabor frame for L2(R), ie.,

IfI3="Y_ Kf.xg)l* forall feL*R).

reaZxbZ.

In that case the associated Gabor frame operator

Sg :So(R) = So(R), Sy f = Z (fimM)g)m(r)g, f € SoR)
reaZxbZ

is the identity on So(R). Let (Ay), N € N be a family of finite subsets of aZ x bZ so
that for every point A € aZ x bZ there exists an Ng € N such that N > Ny implies
that A € An. For every N € N we define the operator

Sen i So®) = So(R), Senf= Y (f.rM)g)m(hg.
reAN

It extends to an operator on S;,(R) in the following way:

Sg,N : Sb(R) g SE)(R), (f, Sg,NU)SO,S{)(]R) = (f, Z ((@)g, G)SO,S()(R)n()‘)g)SO,SE,(R)'
AEAN

The collection of operators (Sg, n) veN 18 a regularizing approximation of the identity:
It is straight forward to write an explicit formula for the kernel of the operator S, y,
namely

K(Sg.N)(t1, 12) = Z T(Mg) T (M)g(r), t, 12 €R,
reAN

such that (f3, Sg,Nfl)SO,S{)(R) = (f1® fQ’K(Sg,N))So,S(’)(RZ)' Hence K(Sg,N) €

So(R?). Concerning condition (ii) and (iii) we need the following two inequalities: for
any f € So(R) and o € S{(R) there exists a constant ¢ > 0 such that

Y lfa@gl =clfls, ligls, and  sup [(x(bg, o)l < cliglls, llolls;-
reaZx bl realxbZ

27

We can then make the following estimates:

”Sg,N”op,So—)SO = Ssup ”Sg,Nf”So
f€So(R)
Il flisg=1
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< sup | Y (frmrmglg, < sup D I mMe)] ligls,
feSo(R) rEAy feSoR )AEAN
Il flisy=1 Il £lisg

Q27
< sup Y [fmMgligls, < ¢ sup (£ s 813, = c gl
fESO(R) reaZxbZ, f€So(R)
I fllsy= I fllsy=1

Hence supy [|Sg, n llop,Sg—s, < 00. Similarly, also using (27), we can show that

2
1S ¥ lop.sy -5, < € 1g13,-

Finally, because S, is the identity on So(IR) we find that

Jim Senf = flisy < lgllsy Jim 30 I wg)l =

A€aZxbZ\Ay

where the last equality follows from the fact that for any two functions f, g € So(R)
the sequence {(f, T (A)g)}rcazxbz is absolutely summable. In a similar way one can
show that (S, ) satisfies condition (iv) in Definition 3.19.

Example 3.25 (Product-convolution operators) In the sequel A(G) is the Fourier alge-
bra A(G) = {f e Co(G) : dh € Ll(a) s.t. f = Fgh}, here Fg is the Fourier
transform from L' (G) into Co(G). The norm in the Fourier algebra is defined by
lfllaA = llkll1, where h is as before. We now construct regularizing approxima-
tions of the identity with the help of product-convolution operators. As described in,
e.g., [27,Proposition 4.18], it is possible to find nets of functions (k) € So(G) and
(ga) € So(G) such that

lim | f *he = flls, =0 and lim|[f-go = flli =0V f €So(G),
where ||hqll1 < 1and [|gylla() < 1 for all a. The net of operators
To : SH(G) = S0(G), Too = (0 - ga) * ha, o € SH(G)

is a regularizing approximation of the identity.

Example 3.26 (Localization operators) Let (H,) be a sequence of uniformly bounded
functions in C.(R?) that converges uniformly over compact sets to the constant func-
tion 1 and take g to be a non-zero function in So(R) with ||g|l = 1. Then the
operators

T, : S&(R) — SoR), T,0 = A@Z H,(v) (m(v)g, U)SO,SQ)(R)TF(V)g dv

form a regularizing approximation of the identity.
Similar statements can be obtained for Gabor multipliers with respect to tight Gabor
families.
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3.6 Kernel theorems for modulation spaces

The inner and outer kernel theorem characterize the operators that are linear and
bounded from S;,(G1) into So(G2) and from So(G ) into S{(G2), respectively (with
some added assumptions in the former case). In between So(G) and S;,(G), or more
precisely, in between the embedding of So(G) into S6(G) and S6(G) there is a well-
studied family of spaces called the (unweighted) modulation spaces. We refer to [15,
16] and the relevant chapters in [24] for more on those spaces. Meanwhile they are
also well presented in the books [4] and [10]. For our purpose here we only want to
recall the following.

Definition 3.27 for p € [1, 00], g € So(G)\{0}, the modulation space M? (G) is given
by

pdv)l/p < oo}.

(28)

M?(G) = [a € S)(G) : llollmr == (/

Gx

- | (t()g. 0)s, 5,

In case p = oo the definition is modified in the obvious way.

One can show that different functions g induce equivalent norms. As already
mentioned in Sect. 2 we have M!(G) = S¢(G) and M®(G) = S4(G). For
p € (1, 00), the modulation space M?(G) is reflexive and (M?(G)) = Mp/(G),
where 1/p + 1/p’ = 1. For any fixed function g € So(G)\{0}, the action of a
generalized function o € M” (G) ona generalized function f € M?(G) is given by

=) —
(f Oy e ) = gl fG A(n(v)g,f)so,sé(G)(n(v)g,a)so,sé(G)dv. (29)

xG
In light of the inner and outer kernel theorems we may ask: can we characterize
the bounded linear operators from M? (G) into M?(G) for some p, g € [1, oo]. It is

straight forward to generalize Theorem 3.2 to the following sufficient condition for
operators in Lin(So(G1), SE)(GZ)) to be operators from M? (G1) into M7 (G»).

Proposition 3.28 Fix any two functions g € So(G)H\{0}, i = 1,2 and let p,q €
[1, oo]l. If an operator T € Lin(So(G1), S6(G2)) satisfies the condition

@y, My, 1) P OYP @)
(W g, Tr(v)g y dv ) dv'? < o0,
/szaz (/G]xal I Jsasi o

then T is bounded from M”/(Gl) into M4(G»). Hence, for oV ¢ Mp/(G) and
0@ e MY (G),
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18D @ g@13 (0@, To®) v o

= [ Vo0 e @0®) - (ro),
G]Xé]Xszaz
T N(V(l))g(l))so,%(cz) d(v(l), v(z))'

In general, the assumption in Proposition 3.28 is only sufficient for T to be a
bounded operator from Mp/(Gl) to M?(G,). For example, if p = g = 2, then the
identity operator is bounded on M?(G) = L?(G), but its kernel is not in L>(G x G).

Recently, in [1, 2] and [9] it has been shown that for

(1) p=oc andg € [1,00] and (2) p € [1l,00] andg = o0

it is possible to give (relatively abstract) necessary and sufficient conditions for oper-
ators to be continuous from M?’ (G1) to M?(G>) in terms of the kernels belonging to
certain modulation spaces. Such results confirm the usefulness of coorbit spaces, here
specifically of modulation spaces.

4 Proof of the inner kernel theorem

Here we give the proof for the inner kernel theorem, Theorem 1.3. It is useful to
introduce the space B(G 1, G2):

Definition 4.1 Let G| and G, be locally compact abelian Hausdorff groups. We then
define

B(Gl,Gz) = (T € Lin(S’O(Gl),L(So(Gz))) : T maps every bounded
weak*convergent net in SE)(Gl) into a norm convergent net in ((So(G3)) <
So(G2)).

The identification of So(G) with ¢(So(G)) (see Sect. 2.2) implies that B(G1, Gy) =
B(G1, Ga).

Proof of Theorem 1.3 We will show that the three Banach spaces So(G1 x G2), A and
B(Gl, G») are isomorphic. By the isomorphism between B(Gy, G2) = B(Gy, Ga)
and the fact that So (G| x G2) = So(G2 x G1) the inner kernel theorem follows. In
order to prove the desired identifications, we consider the following two operators.

¢:80(G1 x G2) > A, e(K) =@, 0@) 1> (K, 0V 8 0P)g, 51 61x6n) |

d: A= B(G1,G), d(A) =[aV 1> [6@ > A, a®)] ],

where K € So(G| x G2), A € Aand 0 € S)(G;), i = 1,2. In Lemma 4.3 and
Lemma 4.4 we will show that both these operators are well-defied, linear and bounded.
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Furthermore, let S;,(G1) ® S,(G2) be the tensor product of S;(G1) and S((G2),
that is, the linear span of elementary tensors,

N
SH(G1) ®S)(G2) = {0 €8)(G1 xGy) o =) oV @a”, NeN].
j=1

Then, for a given T € B (G1, G3), we define the operator

N N
e(T) : S)(G1) ® Sy(G2) — C, e(T)(Zo;l) ® (;J@) =Y 16",

j=1 j=1

So far, it is not clear whether the value of ¢(T)(0), 0 € SE)(G1) ® S{)(Gz) depends on
the particular representation Zyzl o ;1) ® 0;2)
this is not the case.

In Lemma 4.5 we show that ¢(T') is continuous with respect to the weak™ topology
induced by functions in So(G| x G2). Because S)(G1) ® S((G2) is weak™ dense in
S6(G1 x G7) (this is the case because the generalized functions induced by So(G1) ®
So(G2) are weak™ dense in S(G x G2) and they are a subspace of S, (G 1) ®S((G2)),
there is a unique weak™ continuous extension of e(7"), which we also call e(T), to a
functional from S(;(G| x G2) to C. We can therefore define the operator

of 0. We will show in a moment that

e:B— 1(S(G1 x G2)) S S((G1 x Ga),

which, toevery T € B, assigns the operator e(7T') from above. Since ((So(G1 X G3)) =
So(G1 x G») we can consider e as an operator from B into So(G1 x G»).

Now, given K € So(G| x G2),A€ Aand T € B(Gl, G1) one can, simply by the
definitions of the three operators ¢, d and e, show that

eodoc(K)=K, coeod(A)=A, docoe(T)=T.

This implies that ¢, d and e are injective, surjective, and hence invertible. We conclude
that e is the (unique) inverse operator of d o ¢, thus e(7T) (o) foro € S6(G1) ® S(’)(Gz)
can not depend on a particular representation of o as discussed earlier in the proof.
Because So(G1 x G7) is a Banach space, it follows that also the normed vector spaces
Aand B(G, G») are Banach spaces. To complete the proof it remains only to prove
Lemma 4.3, 4.4, and 4.5. O

In order to verify weak™ continuity of functionals the following result is essential
to us.

Lemma 4.2 ([28,Corollary 2.7.9]) Let X be a Banach space and X' its continuous
dual space. For a functional ¢ : X' — C the following statements are equivalent:

() @ is weak* continuous, i.e., if (x,) is aweak* convergent net in X' with limit x|, then
for all € > O there exists a o such that for all « > «g one has |(x}, — x(’))| < €.
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(ii) ¢ is continuous with respect to the bounded weak* topology, i.e., if (x,) is a (in X’
norm) bounded weak* convergent net in X' with limit x(,, then for all € > 0 there
exists a o such that one has |o(x}, — x()| < € for all a > .

Lemma 4.3 The operator
¢:80(G1 x G2) > A, e(K) = [0, 0@) > (K, 0V @ 0P)g, 5 Gyx6n |-

is well-defined, linear and bounded.

Proof Let a function K € So(G| x G») be given. Then for some constant a > 0
1c(K)(0D, e =K,V @) < [K]s, 0V @ 0P,

10y
< alKls, lo Pl lo@lls;. (30)
Hence ¢(K)(c D, 0@) is well-defined. The bilinearity of ¢(K) is clear. Also,

~sup le(K) (oD, 0P)| < alKls,- (31)
\IU(')||56<01>:1v i=12

This shows that ¢(K) is an element in Bil(S;,(G1) x S{(G2), C). Let us show that
c(K) € A, i.e., c(K) is weak® continuous in each variable. In order to show this, let
us first consider a function K € So(G1) ® So(G2) € So(G1 x G7), that is, a function
of the form

N
K=Y e (/Y inS(G. i =12 NeN
j=1

(1)

If (ao(ll)) is a bounded weak™ convergent net in S;(G) with limit o, ’, and o@® ¢

Sy (G2), then

lim K)oV — oV, 0 @)| = lim (K. 0V = o) @ 6@)|

N
— 1 @ @ _ (D @ ()
=lim| Y (f}" 0" =) (f;7. 0]
j=1

N
2 . 1 1
= amax |17 lsy lo @lls, Y _tim (£, o5 = o) = 0.
j=1

By Lemma 4.2 the operator ¢(K) is weak™ continuous in the first coordinate. The
continuity in the second coordinate is proven in the same fashion. Let now K be
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any function in So(G1 x G3). Then, given any € > 0, we can find a function K e
So(G1) ® So(G») such that

c ¢)) %)) €
K—-—K - sup |lo  ||o ;< —.
I Iso - sup llog) I, o s, <

With this K fixed, there is, as we just showed, an index ¢ such that for all ¢ >
le(R) (oM — o, 0 P)| < €/2.
Hence, for o > « we have that
(K)o — a5, o)
= c(K =K+ K)oV =", 0@

e 1 > 1
<leK = K)o — o o)+ 1e(B) (o) — 8", 6@
e 1
<21K —Klis, sup lo) s, o @lls, + /2
o,

<e€/2+¢€/2=c¢€.

We have thus shown that ¢(K) is weak™ continuous in the first coordinate for any
K € So(G1 x G2). The continuity in the second coordinate is proven in the same way.
Consequently c¢ is a mapping from Sg(G1 x G2) into .A. The linearity of c is clear.
Finally, the boundedness of ¢ follows from the inequalities concerning c¢(K) above,
namely,

sup lle(K) I insy xs;.c) < @
KeSo(G1xG2)
1K llso=1

where a is the same constant as in (30) and (31). Hence the operator c is well-defined,
linear and bounded. O

Lemma 4.4 The operator
d: A= BG1, G, d) = [0 > [0@ > AW, 0™ ],
oD eSy(G), i=12,

is well-defined, linear and bounded.

Proof Let A be an operator in A. Let us show that d(A) is an operator in B(Gl, G).
That is, we need to show that d(A) € Lin(S;(G1), t(S;(G2))) and that d(A) maps
bounded weak™ convergent nets in S;,(G 1) into norm convergent nets in S (G2). Since
A € Aitis clear that for all oV € Sy(G1) and @ e S((G2) we have the estimate

1d(A) (@ D)0 = AV, )| < |Alloplo Vs, loPlls, < 00, (32)
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Hence the functional
d(A)(01) : Sp(G2) — C, d(A) (e P)(0@) = AV, 0@)

is well-defined. The bilinearity of A implies that d(A)(o (V) is linear. In order to show
that the functional is also bounded we use the estimate from (32). This yields

32)
sup AN @D) =" sup (Al oVl oI,

o €S} (G) o @eS)(Gr)
lo® =1 lo® =1
1
= [|Allop lloVlls; < 00 (33)

Hence d(A)(c (1) is also bounded. The weak*continuity of this functional is also easy
to show: if (0052)) is a weak™ convergent net in S (G2) with limit 052) € S((G2), then,
since A is weak™ continuous in the second coordinate,

lim [d(A) (e V) (0P — o) = lim |A(c", 6P — 0P| = 0.
o o

Thus d(A)(c V) € 1(So(G2)). Let us verify that d(A) is a bounded operator from
Sy (G1) into 1(So(G2)) € Si(G2).

My 33 )
sup ld(A) (e Dllsy = sup [ Allop llo™llsy = I Allop.  (34)

1 (1
o Vllsp )= oD lls; () =1

We have thus shown that d(A) € Lin(Sé)(Gl), t(So(G»))). It is left to show that
d(A) maps bounded weak* convergent nets in S6(G1) into norm convergent nets in
1(So(G2)) € S;(G2). Given a bounded weak™ convergent net (0051)) in S{(G1) with

limit aél) one has:

. 1 . 1
lim | d(4)(0s" = 05Nl =lim ~ sup  |d(A)(0" = 05" ()|
llo® s G =1

—lim  sup A" — oV, 0@
o
||o(2) ”SE)(GZ)SI

We need to show that the limit is equal to zero. Note that A is weak™ continuous in
the first and second entry. By the Banach-Alaoglu Theorem ([28,Theorem 2.6.18])
the unit ball of S{(G>) is compact in the weak™ topology. Continuous mappings on
compact sets are uniformly continuous, therefore we conclude that

. 1 . 1
lim [|d(A) (0" — o ))||S,0, —lim sup A" —al”,e®) =0.
o o (2)
”O' ||S6(G2)§1
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Hence d(A)(aoEl) ) is a S{(G2)-norm convergent net with limit d(A)(aél) ). Thus
d(A) € Band hence d is a well-defined operator and clearly linear. It is also bounded:

34
lAlI=1

Lemma4.5 Forevery T € B(G1, G»), the operator given by

N N
e(T) : S)(G1) ® Sy(G2) — C, e(T)(Za;l) ® 0;2)) =Y 16",

j=1 j=1
is linear and continuous with respect to the weak™ topology induced by So(G1 x G3).

Proof Let us first show that e(T') is a well-defined and linear operator on S;(G1) ®

Sé(Gz). Indeed, we find that for all finite sequences (o;i))?’:l in S{)(G,-), i=1,2,
N e N,

N N
e [ Yo" @ | | =Y T

j=1 Jj=1

N
(H 2
<M llopsysy 2 Mo lls o sy < oo.
j=1

For e(T) to be well-defined we should verify that the value of e(T)(0), 0 € S,(G1) ®

S((G2) is independent of its particular representation Z;-V:l oV ® ¢ This issue

is resolved in the proof of Theorem 1.3. The linearity of the operator e(7") follows
immediately from its definition.

Let us now show that e(T') is weak™ continuous. That is, we wish to show that
if a bounded net of elementary tensors, (O’o(ll) ® 00(12)) is weak™ convergent towards
oV ® 07, then

0 )

lime(T) (0P ® 0?) = e(T) (o @ o). (35)
o

Since e(T) is linear, it is enough to verify its weak™ continuity at 0. We may

write the zero element in S;(G1) ® S;(G2) as 0 = aél) ® aéz)

and 0(52) is some non-zero element in S (G2) with ||o(§2) ”56 = 2. Assume now that

, Where crél) =0

(ao(,l) ® 0052)) Li 0=0® aéz)). Furthermore, we may assume without loss of
generality that sup,, ||00([1) ||86(G1) < oo and ||0052) ||S{) = 1 for all & (in order to achieve
this normalization use that 0P @ 0@ = ac® ® a1 for all « € C\{0}. If
0052) =0, then use that 0V ® 0 = 0 ® 0® = 0 and then normalize appropriately).
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Assume for a moment that (0051)) Y5 0 and that (af)) AN 032). Then, for

i = 1,2 there exist a function #©) € So(G;) and an €® > 0 such that, for all index

o we have that o« > & and |(h®, a(’(% — o s, syanl = €D, This allows us,

for sufficiently large o, to achleve the 1nequa11ty

6(1)6(2) S |(h(1)7 O'a(gl))S(),SE)(Gl)(h(Z)’ 0.052) _ O'() ))SO S’ (G2)| (36)

On the other hand, because by assumption (oy 0 ® 0052)) BN O® 0(52)) = 0 we can
ensure that, for sufficiently high values of «,

i ) @ 2) .
[, 05, sp61) P o® = ay)s, 8)(Gyl < €Pe®.

This is a contradiction to (36) and therefore the assumption that (0051)) X5 0and

that (0(2)) AR a( ) is wrong. We must therefore be in either of the following three
situations:

() (o) =5 0and (0”) S o
(i) (o) L 0 and (0”) = ¥

(i) (") = 0and (02 > o

Assume for a moment that (Uaz)) —> 0(0) It follows from [28,Theorem 2.6.14] that
this implies

(2) P ?2)
loglls, < lim inf o, -
However, with our choice of normalization we find that
— 5P I (2) —
2= lloglls, < liminf o2 ls, = 1,

which, clearly, can not be the case. We must therefore be in situation (i). We thus

(1)
0

have that (0051)) 25 6" = 0. Note that T maps bounded weak™ convergent nets in

Sy (G1) into norm convergent nets in S;(G2). Thus lim, ||T<705 )||s” = 0. We therefore
find that

lim Je(7)(o4" ® o{?) = e(T) (03" ® o)
. 2 1
= hgn 1T (0" (0?) — T(O)(aé N = hén T (0 ") ()]
< 1im |7 (05" ls; llo I,

< (sup llog lls;) lim | T (5" lls; = .
o
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The inner kernel theorem for a certain Segal algebra 713

We have thus verified the continuity of e(7') for elementary tensors with respect to the
weak™ topology induced by functions in So(G| x G3). This continuity is preserved
by finite linear combinations and as a consequence e¢(7') is continuous from S6(G1) ®
S4(G2) into C. O

Remark 12 1t is worthwhile to note that in the proof of the inner kernel theorem we
only used that the linear span of the elementary tensors in Sg, i.e., So(G1) ® So(G2),
is norm-dense in So(G| X G») and that the linear span of the elementary tensors in

0 1.e., Sy(G1) ® S((G2) is weak*-dense in S;(G| x G»). It is therefore possible
to formulate the inner kernel theorem in a more general setting with the necessary
assumptions, e.g., for coorbit spaces (cf. [2]) or general Banach spaces. We leave this
for elsewhere. See also Remark 3.
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