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A novel search for high-frequency gravitational waves in low-mass axion haloscopes
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Gravitational waves (GWs) generate oscillating electromagnetic effects in the vicinity of external
electric and magnetic fields. We discuss this phenomenon with a particular focus on reinterpreting
the results of axion haloscopes based on lumped-element detectors, which probe GWs in the 100 kHz -
100 MHz range. Measurements from ABRACADABRA and SHAFT already place bounds on GWs,
although the present strain sensitivity is weak. However, we demonstrate that the sensitivity scaling
with the volume of such instruments is significant – faster than for axions – and so rapid progress
will be made in the future. With no modifications, DMRadio-m

3
will have a GW strain sensitivity

of h ∼ 10
−20

at 200 MHz. A simple modification of the pickup loop used to readout the induced
magnetic flux can parametrically enhance the GW sensitivity, particularly at lower frequencies.

The present gravitational wave (GW) program is fo-
cussed on the nHz to kHz frequency range, motivated by
the signals expected from the merging of known compact
astrophysical objects. This focus leaves the ultra-high
frequency (UHF) range, above a kHz, largely unexplored,
despite its unique opportunity to probe the physics of the
very early Universe. For a recent summary of the chal-
lenges and opportunities at high frequencies, see Ref. [1].

In this work we propose a novel strategy for the UHF
range based on GW electrodynamics: the modified ver-
sion of electromagnetism applicable in the spacetime
metric of a GW. We show there exists a close analogy
to axion electrodynamics – the appropriate formalism
when working in the background of an ultralight axion –
and exploit this connection to convert axion haloscopes
into GW telescopes. In the vicinity of static electric and
magnetic fields, a GW sources a small electromagneti-
cal signal oscillating at the GW frequency. This opens
up the possibility of using low-mass axion haloscopes
with a frequency range of 100 kHz -100 MHz as detec-
tors for UHF GWs. Our proposed search strategy will
exploit the anticipated rapid progress being made in this
field by lumped-element axion detectors. We will show
how the existing results of ABRACADABRA [2–5] and
SHAFT [6] can already be recast as novel limits on GWs.
Going forward, DMRadio [7–10] will dramatically extend
both the axion and GW reach at these frequencies. As we
will demonstrate, the reach of DMRadio can be enhanced
with a simple modification to the signal readout, by using
a semicircular “figure-8” loop to measure the magnetic
flux. With this adjustment, the future reach of DMRa-
dio, as shown in Fig. 1, will represent both a competitive
and complementary approach to UHF GWs. Looking
even further into the future, the scaling of the GW reach
with the instrument volume is particularly advantageous,
which we highlight with the larger DMR8-100.

Figure 1 also depicts existing proposals for the UHF
band, including optically levitated sensors [11, 12], bulk
acoustic wave (BAW) devices [13] (see also Ref. [14]),
interferometers such as the holometer [15–17], current

FIG. 1. The UHF-GW experimental landscape, with the ap-
proach introduced in this work shown in color. DMRadio8

shows the projected reach of the full suite of DMRadio in-
struments were they to adopt our advocated figure-8 pickup
loop geometry. Looking to the far future, we also show the
reach of an upscaled DMRadio with a magnetic field volume
of 100 m
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, labelled DMR8-100. A subset of existing proposals

in this frequency range are shown in grey. Additional specifics
are provided in the text.

and future microwave cavity instruments, such as ADMX
and SQMS [18] (see also Ref. [19]), as well as cosmolog-
ical probes of GWs based on observations by the radio
telescopes EDGES and ARCADE [20–22]. We empha-
size that the different proposals we show are at varied
levels of maturity, and therefore caution against overly
quantitative comparisons. Instead, we refer to the spe-
cific references for details. Our proposal is related to the
(inverse) Gertsenshtein effect [23, 24], which describes
the conversion of GWs into photons, a concept that has
been proposed as method to search for GWs, in differ-
ent frequency regimes, in the laboratory [24–28] and cos-
mology [29–33]. For electromagnetic GW detectors in a
broader sense, see also pioneering work in Refs. [34–40].
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We organize the discussion as follows. We begin with
several general comments on the modification to elec-
trodynamics induced by a passing GW, before specializ-
ing to the case of interest: the sensitivity of a toroidal
magnetic field. We then outline how we can exploit this
sensitivity using existing ABRACADABRA and SHAFT
results, and future DMRadio searches. In the Supple-
mentary Material (SM) we provide the full details of our
calculations and a brief discussion of GW sources in the
UHF band.

Gravitational Wave Electrodynamics. We describe
the spacetime in the presence of a GW by the linearized
metric gµν = ηµν + hµν , with |hµν | � 1. The perturba-
tion to the flat-space metric generates a correction to the
kinetic term of electromagnetism, which can be written
as the following effective current,

∂νF
µν = jµeff = (−∇ ·P, ∇×M + ∂tP) . (1)

Here Fµν is the electromagnetic field-strength tensor,
and as we demonstrate in the SM, the effective polar-
ization and magnetization vectors are

Pi = −hijEj + 1
2hEi + h00Ei − εijkh0jBk,

Mi = −hijBj − 1
2hBi + hjjBi + εijkh0jEk,

(2)

where h = hµµ. Manifestly, in the presence of large exter-
nal electric or magnetic fields, GWs will source oscillating
fields, the detection of which is the focus of this work.

The above formalism facilitates a comparison with ax-
ion electrodynamics. In particular, the coupling between
the axion, a, and electromagnetism is also described by
Eq. (1), but with P = gaγγaB and M = gaγγaE, as
follows from L ⊃ gaγγaE ·B [41].

We can exploit this analogy in order to estimate the ex-
pected GW sensitivity. For both the axion and GW, the
magnitude of the induced fields is controlled by a dimen-
sionless combination, either the strain h ∼ |hµν | or gaγγa.
The axion dark-matter program aims to probe the QCD
axion, for which mafa ∼ mπfπ, where fa is the axion de-
cay constant, with gaγγ = α/2πfa. Matching the strain
sensitivity to the average gaγγa ∼ gaγγ

√
ρDM/ma for the

QCD axion, we find h ∼ α√ρDM/2πmπfπ ∼ 10−22. This
estimate sets the scale for the GWs that can be poten-
tially detected (see Fig. 1). Cosmological GW sources,
which are typically isotropic and incoherent, are bounded
by constraints on the total amount of radiation in the

Universe to satisfy h . 10−29 (100 MHz/f) ∆N
1/2
eff , well

below our estimated reach. More promising search tar-
gets are rare exotic astrophysical GW sources, such as
rare primordial black hole mergers. See the SM for fur-
ther details. We thus primarily focus on localized, ap-
proximately coherent GW signals in the following.

In the transverse-traceless (TT) gauge, the non-
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FIG. 2. The detector geometry we consider for the de-
tection of GWs. The experimental setup follows ABRA-
CADABRA [2]: a toroidal magnetic field B0, as given in
Eq. (5), is generated inside a toroid of inner radius R, width
a, and height H. In the presence of a GW or axion, a mag-
netic flux is generated in a pickup loop placed at the center
of the toroid, where B0 = 0. Axion detection makes use of a
circular pickup loop of radius r, whereas for optimal GW de-
tection we advocate the figure-8 configuration depicted, made
of two oppositely oriented semicircles.

vanishing components of a plane GW read

hTT

ij =
[(

UiUj−ViVj

)
h++

(
UiVj+ViUj

)
h×
]ei(k·r−ωt)
√

2
,

k̂= sθh ê
φh
ρ + cθh êz, V = ê

φh
φ , U = V × k̂, (3)

where φh and θh are, respectively, the azimuthal and in-
clination angles of the GW, and throughout we employ
the shorthand sα = sinα and cα = cosα. h+ and h× are
the strain amplitude associated with the plus and cross
polarizations. The choice of V is a convention, any unit
vector perpendicular to k can be adopted. Nevertheless,
we note that different choices will mix the definitions of
h+ and h×.

In the TT gauge, the form of Eq. (3) appears to con-
siderably simplify Eq. (2), although for our purposes this
can be deceptive because the experimentally generated
electric and magnetic fields in the equation are not nat-
urally defined in the TT frame. Instead, throughout this
work we will operate exclusively in the frame where all
detector quantities are defined. This is the proper detec-
tor frame, in which

h00 = ω2F (k · r)b · r, bj ≡ rihTT

ij

∣∣
r=0

,

h0i=
1

2
ω2 [F (k · r)− iF ′(k · r)

](
k̂ · r bi − b · r k̂i

)
, (4)

hij= −iω2F ′(k · r)
(
|r|2 hTT

ij

∣∣
r=0

+ b · r δij−birj−bjri
)
,

with F (ξ) = (eiξ−1− iξ)/ξ2 ≈ −1/2+O(ξ). See the SM
for details. On very general grounds, Eq. (4) shows that
the effective current and therefore the fields it induces
are rapidly suppressed for frequencies below the inverse
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length scale of the instrument. As we show, there are
further suppressions if the experiment is highly symmet-
ric.

Application to a Toroidal Magnetic Field. We con-
sider now an explicit experimental configuration to detect
the oscillating fields sourced by a passing GW. In particu-
lar, we follow the original ABRACADABRA proposal [2]
of establishing a DC toroidal magnetic field,

B0 = Bmax(R/ρ) êφ, for R < ρ < R+ a, (5)

and zero otherwise. The corresponding geometry is de-
picted in Fig. 2. The combined effect of the magnetic
field and a GW is an effective current that, according
to the Biot-Savart law, sources a magnetic field in the
region ρ < R such that

Bz(r
′) =

∫
toroid

d3r
(jρêφ − jφêρ) · (r′ − r)

4π |r′ − r|3
, (6)

where jρ = jeff · êρ and jφ = jeff · êφ. As we show in the
SM, the Biot-Savart law is sufficient to determine the
current to O(ω3); at higher orders the contribution from
the displacement current must be included. To detect
this magnetic field, a pickup loop is placed at the center
of the toroid, which will be sensitive to a magnetic flux
equal to Eq. (6) integrated over the area of the loop. We
next consider two different loop geometries, beginning
with the approach used in existing axion instruments.

Circular pickup loop: For a complete circle, the jρ con-
tribution vanishes – independent of the form of jµeff –
leaving

Φ = −
∫

loop

d2r′
∫

toroid

d3r
jφêρ · (r′ − r)

4π |r′ − r|3
. (7)

Taking r = (ρ, φ, z) and r′ = (ρ′, φ′, 0), a shift of φ′ →
φ′ + φ removes all φ dependence in the integrand in all
terms except jφ. Using the results in the previous section,
we compute the following value∫ 2π

0

dφ jφ = i
√

2πωh×Bmax

R

ρ
J2(ωρsθh)eiω(zcθh

−t). (8)

Independent of the incident GW direction, the h+ com-
ponent decouples. Furthermore, in contrast to what
would be naively expected from Eq. (4), the flux receives

no contribution at O(ω2) because the Bessel function of

second order satisfies J2(x) ' x2/8 +O(x3). Instead, in
the limit R � H � 1/ω the leading contribution to the
temporal-rms flux is

Φ =
1

32
h×ω3Bmaxπr

2Ra(a+ 2R)s2
θh
. (9)

Nonetheless, a GW will generate a flux, and existing ax-
ion searches for such a flux can constrain UHF-GWs.
In this regard, Eq. (9) may be compared against the

equivalent quantity for axions [2], for which jρ = 0,
jφ = gaγγ(∂ta)BmaxR/ρ, and expanding in R/H

Φ = gaγγ
√
ρDMBmaxπr

2R ln(1 + a/R). (10)

To isolate the fate of the expected ω2 contributions, let
us note that, at leading order in ω,

jφ =
ω2BmaxRe

−iωt

3
√

2ρ

[
h×
(
ρ cφsθh + zc2φcθh

)
(11)

−h+sφ

(
ρ cθhsθh + z(1 + c2θh)cφ

)]
,

jρ =
ω2BmaxRe

−iωt

6
√

2ρ

[
h×sφ

(
8zcθhcφ − ρ sθh

)
−h+

(
ρ cθhsθhcφ + z(4s2

φ − 4c2φc
2
θh
− 5s2

θh
)
)]
,

where we take φh = 0. (It can be restored by replacing
φ → φ − φh.) All of these terms will vanish for a cir-
cular pickup loop geometry: as noted above jρ cannot
contribute in this case in general, and from the explicit

expression we see that at O(ω2),
∫ 2π

0
dφ jφ = 0. Having

identified this, however, we can see that with an alter-
native geometry, these leading terms will survive. To be
explicit, using the above currents we can compute the
leading contribution to the magnetic field in Eq. (6),

Bz(ρ
′, φ′) =

1

8
ω2Bmaxρ

′R ln(1 + a/R)sθh

×
(
h× cos(φ′ − φh)− h+cθh sin(φ′ − φh)

)
.

(12)

The sinusoidal variation of both polarizations demon-
strates that the maximum flux is achieved with a pickup
loop with oppositely oriented segments for φ′ ∈ [0, π) and
φ′ ∈ [π, 2π)—the “figure-8” shown in Fig. 2.

The “figure-8” configuration: Integrating Eq. (12) over
the figure-8 configuration yields,

Φ8 =
1

6
ω2Bmaxr

3R ln (1 + a/R) sθh

×
(
h×sφh − h

+cθhcφh

)
.

(13)

The result is now O(ω2) and sensitive to both polariza-
tions. While it will maximize the GW sensitivity, the
figure-8 pickup loop is insensitive to the axion signal, as
the Bz generated by the latter is independent of φ′. A
single semicircle is sensitive to both, with fluxes given
by half of Eqs. (10) and (13), respectively. Comparing
the two expressions, we also see that to compensate the
ω2 factor, the GW flux scales with an extra power of
r, indicating the improved volume scaling over the ax-
ion flux. Accounting for the minimal inductance of the

pickup loop [2], we see Φ8 ∝ V 7/6 whereas Φa ∝ V 5/6.
Ultimately, the beneficial volume scaling we see can be
traced back to the fact our measurement is linear in the
induced fields, which themselves are proportional to h for
the GW or a for the axion.
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From Eq. (13), we note that the response to the two
polarizations differs and depends on the direction of the
incoming GW. With two identical detectors angled ap-
propriately, polarization measurements as well as sky lo-
calization become possible (see also Ref. [42]). For a suffi-
ciently coherent source, one may hope to use the Earth’s
rotation or even a mechanical rotation of the experimen-
tal setup to break these degeneracies with a single detec-
tor.
Gravitational Wave Sensitivity. Low-mass axion
haloscopes perform a search for anomalous magnetic flux,
and in the absence of a significant signal above back-
ground, interpret the results as limits on gaγγ through
the use of Eq. (10). With the same equation we can
convert existing and projected limits on gaγγ into limits
on Φa, which we can recast as strain sensitivities when
compared with our predictions for the GW flux. The pro-
cedure is not quite as simple as equating the latter to Φa,
however. The sensitivity also depends on the relative co-
herence time of the two signals—a longer coherence time
corresponds to a narrower signal in the frequency domain,
which in general can be more sensitively detected over the
background (for an extended discussion, see Ref. [43]).
The coherence time of a signal with mean frequency ω̄ is
τ ∼ 2πQ/ω̄, where Q is the quality of the signal, a di-
mensionless measure of the inverse width of the frequency
distribution. The non-relativistic nature of axion dark-
matter implies a highly coherent signal with Qa ∼ 106,
such that τa ∼ (1 neV/ma) µs. Considering experimen-
tal runtimes longer than τ , then the flux will scale as

Φ ∝ Q1/4 [44], and so our actual limit on the GW flux

is given by Φ8 = Φa(Qa/Qh)1/4. Beyond this we assume
the signal persists during the relevant experimental run-

time, and fix the incident GW direction as k̂ = êy.
What remains is to determine a value for Qh. This will

depend on the specific source. As mentioned already, the
localized sources that are our focus can be coherent, but
are not expected to be as extremely coherent as a dark-
matter signal (see the SM for further discussion). As
benchmarks, we therefore consider sensitivity to both a
coherent Qh = 103 and incoherent Qh = 1 signal, to
indicate the dependence upon this choice.

With these choices, in Fig. 3 we show the reach of
existing and future haloscopes, taking the default cir-
cular pickup loop geometry. This roughly amounts to
using Eqs. (9) and (10), except that in all figures we
use the exact flux expressions (rather than these lead-
ing order results), which are provided in the SM. For
ABRACADABRA-10 cm [5] and SHAFT [6], we recom-
pute the GW flux for the explicit geometries specified
in those works, as well as accounting for the modified
magnetic field that results from the ferromagnetic core
adopted by SHAFT. The future projections of DMRa-
dio 50L, m3, and GUT are obtained by scaling up the
toroidal geometry of the ABRACADABRA-10 cm instru-
ment to the volumes of these future experiments specified
in Refs. [9, 10]. As the exact parameters of these instru-
ments have yet to be specified, these results should be in-
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FIG. 3. The GW strain sensitivity of low-mass axion halo-
scopes. We recast the existing limits obtained by ABRA [5]
(green) and SHAFT [6] (purple). For DMRadio we use the
projected future sensitivity of the three instruments that will
make up that program: 50L (blue), m

3
(cyan), and GUT

(pink) [9, 10]. In each case, results are shown for two choices

of the GW signal coherence, Qh = 1 (opaque) and Qh = 10
3

(transparent). All results assume a circular pickup loop, for
results using the optimal figure-8, see Fig. 1.

terpreted as representative of the parametric reach—the
sensitivities will change by O(1) amounts once the geom-
etry of the instruments is known. For instance, while the
50L instrument will adopt a toroidal geometry, m3 will
be solenoidal, and the geometry of DMRadio-GUT has
not yet been specified. In all cases, we see a suppression
in the sensitivity at lower frequency, which is a result of
the ω3 dependence of Eq. (9).

To overcome this, in Fig. 1 we show the combined sen-
sitivity if the DMRadio instruments adopted the figure-8
configuration (assuming Qh = 103). While the figure-8
geometry offers a parametric improvement, we note that
it is marginally less sensitive than a circular loop when
ω ∼ 1/R, which explains the flattening of the sensitivity
near f ∼ 200 MHz. While such DMRadio results are still
more than a decade away, in order to highlight the signif-
icant volume scaling of our approach, we also show the
reach of a scaled up version of DMRadio-GUT. In partic-
ular, DMR8-100 is an instrument with the same toroidal
geometry as above, but scaled up to a magnetic field
volume of 100 m3, the largest instrument suggested in
the original ABRACADABRA proposal [2]. (The mag-
netic field volume, VB , is also referred to as the effective
volume [6] or denoted by GV , where G is the geometric
coupling V is the volume of the toroid [3–5].)
Conclusions. We provide a formulation of GW electro-
dynamics which demonstrates that low-mass axion halo-
scopes are also UHF-GW telescopes. Through the use
of an optimized figure-8 pickup loop geometry, the DM-
Radio program may discover not only the dark-matter of
our Universe, but also exotic sources of GWs.

Going forward, there are several questions opened by
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our results that warrant further study. The discussion
we presented has been couched purely in terms of the
raw GW strain sensitivity. However, as our understand-
ing of the sources at UHF improves, it will be necessary
to reinterpret these results in terms of the specific model
parameters describing the source populations. At such a
time, it would also be worthwhile to understand the ad-
ditional information that multiple instruments could un-
cover, as we briefly discussed. Finally, lumped-element
instruments have at present only performed measure-
ments for ω � 1/R. Given the ω2 scaling of the GW
effective current, experimental results at higher frequen-
cies would be particularly welcome. From the theoretical
perspective, it would also be interesting to understand
the limit where ω ∼ 1/R, where a calculation based on
the Biot-Savart law alone is insufficient. Nevertheless,
the exact behavior has yet to be quantified, and would

be particularly interesting to consider for GWs given the
ω2 scaling of the effective current.

While these issues should be resolved, a larger ques-
tion looms. Figure 1 highlights that a number of distinct
experimental proposals have coalesced on a strain sensi-
tivity of h ∼ 10−22 for f ∼ MHz GWs, a level that is
still many order of magnitude away from any signal of
the early Universe. Whether we can hope to probe such
strain sensitivities remains to be determined.
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[19] N. Herman, A. Füzfa, L. Lehoucq and S. Clesse,
Detecting planetary-mass primordial black holes with
resonant electromagnetic gravitational-wave detectors,
Phys. Rev. D 104 (2021) 023524 [2012.12189].

[20] V. Domcke and C. Garcia-Cely, Potential of radio
telescopes as high-frequency gravitational wave detectors,
Phys. Rev. Lett. 126 (2021) 021104 [2006.01161].

[21] J. D. Bowman, A. E. E. Rogers, R. A. Monsalve, T. J.
Mozdzen and N. Mahesh, An absorption profile centred
at 78 megahertz in the sky-averaged spectrum, Nature
555 (2018) 67 [1810.05912].

[22] D. J. Fixsen, A. Kogut, S. Levin, M. Limon, P. Lubin,
P. Mirel et al., ARCADE 2 MEASUREMENT OF THE
ABSOLUTE SKY BRIGHTNESS AT 3-90 GHz, The
Astrophysical Journal 734 (2011) 5.

[23] M. E. Gertsenshtein, Wave Resonance of Light and
Gravitational Waves , Sov. Phys. JETP 14 (1962) 84.

[24] D. Boccaletti, V. De Sabbata, P. Fortini and C. Gualdi,

https://doi.org/10.1007/s41114-021-00032-5
https://arxiv.org/abs/2011.12414
https://doi.org/10.1103/PhysRevLett.117.141801
https://arxiv.org/abs/1602.01086
https://doi.org/10.1103/PhysRevLett.122.121802
https://arxiv.org/abs/1810.12257
https://doi.org/10.1103/PhysRevD.99.052012
https://arxiv.org/abs/1901.10652
https://doi.org/10.1103/PhysRevLett.127.081801
https://doi.org/10.1103/PhysRevLett.127.081801
https://arxiv.org/abs/2102.06722
https://doi.org/10.1038/s41567-020-1006-6
https://arxiv.org/abs/2003.03348
https://doi.org/10.1103/PhysRevD.92.075012
https://arxiv.org/abs/1411.7382
https://doi.org/10.1109/TASC.2016.2631425
https://doi.org/10.1109/TASC.2016.2631425
https://arxiv.org/abs/1610.09344
https://doi.org/10.1103/PhysRevLett.110.071105
https://doi.org/10.1103/PhysRevLett.110.071105
https://arxiv.org/abs/1207.5320
https://arxiv.org/abs/2010.13157
https://doi.org/10.1103/PhysRevD.90.102005
https://arxiv.org/abs/1410.2334
https://doi.org/10.1103/PhysRevLett.127.071102
https://doi.org/10.1103/PhysRevLett.127.071102
https://arxiv.org/abs/2102.05859
https://doi.org/10.1103/PhysRevD.95.063002
https://arxiv.org/abs/1611.05560
https://doi.org/10.1088/1361-6382/aba669
https://doi.org/10.1088/1361-6382/aba669
https://arxiv.org/abs/2010.06118
https://doi.org/10.1088/1361-6382/abe757
https://doi.org/10.1088/1361-6382/abe757
https://arxiv.org/abs/2008.04957
https://arxiv.org/abs/2112.11465
https://doi.org/10.1103/PhysRevD.104.023524
https://arxiv.org/abs/2012.12189
https://doi.org/10.1103/PhysRevLett.126.021104
https://arxiv.org/abs/2006.01161
https://doi.org/10.1038/nature25792
https://doi.org/10.1038/nature25792
https://arxiv.org/abs/1810.05912
https://doi.org/10.1088/0004-637x/734/1/5
https://doi.org/10.1088/0004-637x/734/1/5


6

Conversion of photons into gravitons and vice versa in
a static electromagnetic field, Il Nuovo Cimento B 70
(1970) 129.

[25] Y. Zeldovich, Electromagnetic and gravitational waves
in a stationary magnetic field, Sov.Phys.JETP 65
(1973) 1311.

[26] W. K. De Logi and A. R. Mickelson, Electrogravitational
Conversion Cross-Sections in Static Electromagnetic
Fields, Phys. Rev. D 16 (1977) 2915.

[27] G. Raffelt and L. Stodolsky, Mixing of the Photon with
Low Mass Particles, Phys. Rev. D 37 (1988) 1237.

[28] A. Ejlli, D. Ejlli, A. M. Cruise, G. Pisano and H. Grote,
Upper limits on the amplitude of ultra-high-frequency
gravitational waves from graviton to photon conversion,
Eur. Phys. J. C79 (2019) 1032 [1908.00232].

[29] P. Chen, Resonant photon-graviton conversion and
cosmic microwave background fluctuations, Phys. Rev.
Lett. 74 (1995) 634.

[30] A. D. Dolgov and D. Ejlli, Conversion of relic
gravitational waves into photons in cosmological
magnetic fields, JCAP 12 (2012) 003 [1211.0500].

[31] T. Fujita, K. Kamada and Y. Nakai, Gravitational
Waves from Primordial Magnetic Fields via
Photon-Graviton Conversion, 2002.07548.

[32] M. S. Pshirkov and D. Baskaran, Limits on
High-Frequency Gravitational Wave Background from
its interplay with Large Scale Magnetic Fields, Phys.
Rev. D 80 (2009) 042002 [0903.4160].

[33] A. Ringwald, J. Schütte-Engel and C. Tamarit,
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Supplementary Material for A novel search for high-frequency gravitational waves in
low-mass axion haloscopes

Valerie Domcke, Camilo Garcia-Cely, and Nicholas L. Rodd

In this Supplementary Material we provide detailed derivations of the main results quoted in the main text, including
somewhat lengthy but useful analytical expressions which can be readily used to analyze more general detector
geometries. We begin in Sec. I by deriving the expression for the GW in the proper detector frame, Eq. (4) from the
main text, before turning to the heart of our calculations, the effective current induced by a passing GW in Sec. II.
Finally, in Sec. III we review possible GW sources in the UHF band.

Throughout this paper, we use Heaviside units with ~ = c = 1, ηµν = diag(−+ ++), work to leading order in |hµν |,
and raise indices with ηµν .

I. GRAVITATIONAL WAVES IN THE PROPER DETECTOR FRAME

The two most commonly used prescriptions for fixing the gauge redundancies in linearized general relativity are
the TT gauge and the proper detector frame. In the former, the coordinate system is defined by freely falling test
masses. The GW tensor takes a particularly simple form obeying

h0µ = 0, hµµ = 0, ∂µhµν = 0. (S1)

This simplicity comes at a cost. In the TT frame, the description of rigid bodies including the various aspects of
the detector, become relatively unintuitive, as their coordinates are deformed by a passing GW due to the motion of
the coordinate system. On the other hand, in the proper detector frame the coordinate system is defined by rigid
rulers and closely matches the intuitive description of an Earth-based laboratory, with the GW acting as a Newtonian
force. The challenge associated with this frame is that the form of hµν will be more involved, particularly when
the wavelength of the GW is comparable to the size of the detector. Of the two possible complications, we find the
latter preferable, and therefore work in the proper detector frame throughout. We refer the reader to section 1.1.3
of Ref. [45] for a comprehensive discussion of both frames, and to Ref. [18] for specific examples in the context of
resonant cavity axion haloscopes. In this paper, we assume the entire experimental apparatus to be rigid.

The proper detector frame can be implemented with the use of Fermi Normal coordinates [46, 47]. Doing so, the
GW tensor is given by

hij = −2

∞∑
n=0

n+ 1

(n+ 3)!
R̂ikjl,m1...mn

rkrlrm1
...rmn ,

h0i = −2

∞∑
n=0

n+ 2

(n+ 3)!
R̂0kil,m1...mn

rkrlrm1
...rmn ,

h00 = −2

∞∑
n=0

n+ 3

(n+ 3)!
R̂0k0l,m1...mn

rkrlrm1
...rmn ,

(S2)

with Rµνρσ denoting the Riemann tensor. The mi indices appearing after the comma indicate that a spatial derivative

with respect to the direction mi must be taken. The notation R̂ indicates that the Riemann tensor and its derivatives
are to be evaluated at a specific reference point, which we take to be the origin of the coordinate system. To linear
order in h, the Riemann tensor is gauge invariant and can thus be evaluated in the particularly simple TT gauge.
Accordingly, we compute Riemann tensor for a GW using kµ = (ω, k) and the conventions we established in (3). This
procedures leads to

R0i0j =
ω2

2
hTT

ij ,

Rikjl =
ω2

2

(
k̂ik̂jh

TT

kl + k̂kk̂lh
TT

ij − k̂kk̂jh
TT

il − k̂ik̂lh
TT

jk

)
,

R0ijk =
ω2

2

(
k̂kh

TT

ij − k̂jh
TT

ik

)
.

(S3)
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Furthermore, for a GW we have Rµνρσ,m1...mn
rm1

...rmn = (ik · r)nRµνρσ. Using this and the auxiliary function

F (ξ) = −
∞∑
n=0

n+ 3

(n+ 3)!
(iξ)n =

eiξ − 1− iξ

ξ2 , (S4)

we can calculate the series in Eq. (S2). We find

h00 = 2F (k · r)R̂0i0jrirj , h0i =
[
F (k · r)− iF ′(k · r)

]
R̂0jikrjrk, hij = 2 i F ′(k · r)R̂ikjlrkrl, (S5)

which leads to Eq. (4) in the main text. These expressions agree with Ref. [18], which recently discussed the particular

case k̂ = êz (noting the different sign convention for plane waves adopted in that work). From the results above, it

is clear that in the proper detector frame, at leading order hµν ∝ ω2. As the experimentally measurable flux is linear

in hµν , this implies the best scaling we can hope to achieve with frequency is also Φ ∝ ω2, and indeed this is attained
by the figure-8 pickup loop.

II. THE EFFECTIVE CURRENT

The experimentally measurable effect discussed in the main body originates from the effective current a GW
generates in the presence of electromagnetic fields. In this section we first discuss this current in general, introducing
the language of effective polarization and magnetization for GW electrodynamics and demonstrating the close analogy
with axion electrodynamics. We then show how a GW generates an effective current, giving explicit analytical
expressions for all relevant components. We conclude this section by turning to the integration of this current,
deriving the induced magnetic field and the resulting flux through the pickup loop.

A. The Effective Magnetization-Polarization Tensor

In the absence of ordinary electromagnetic currents, the effect of axions or GWs on electromagnetic fields can be
described by a conserved effective current

∂νF
µν = jµeff. (S6)

The conservation of this current motivates the introduction of a skew tensor

jµeff = ∂νMνµ
eff , (S7)

where Mνµ
eff is the effective magnetization-polarization tensor. Its six components can be expressed in terms of two

vectors,

P i =M0i
eff, Mi = −1

2
εijkMjk

eff. (S8)

These are the effective polarization and magnetization, respectively. In terms of these two vectors, the effective current
then becomes

jµeff = (−∇ ·P, ∇×M + ∂tP), (S9)

as in Eq. (1). From this, we can identify an effective charge ρeff = −∇·P and an effective 3-current jeff = ∇×M+∂tP.
Maxwell’s equations take the familiar form

∇ ·E = −∇ ·P,
∇ ·B = 0,

∇×E = −∂tB,
∇×B = ∂tE +∇×M + ∂tP.

(S10)

Both axions and GWs can be formally conceived as a continuous medium [41, 48], as the expressions written above
make clear. Before turning to GWs, let us briefly review the explicit case of axion electrodynamics. There, the
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effective current is given by

jµeff = ∂ν

(
gaγγaF̃

νµ
)
, (S11)

where the derivative will only act non-trivially on the axion due to the Gauss-Faraday law, ∂ν F̃
µν = 0. Comparing

with Eq. (S7), we see Mµν
eff = gaγγaF̃

µν , so that [41]

P = gaγγaB, M = gaγγaE. (S12)

Substituting these into Eq. (S10) recovers the equations of axion electrodynamics. If the axion field is non-relativistic,
such that |∂ta| � |∇a|, then the leading contribution arises from the effective 3-current jeff ' ∂tP = gaγγ∂t(aB),
which is the effect that underpins much of the axion dark-matter program. For relativistic axions, however, all
contributions are relevant and the equations match those considered in Ref. [43].

B. Gravitational Waves as a Source of the Effective Current

We will show now that, in a GW background, Maxwell’s equations can be written in the form of Eq. (S10). In such
a background, the homogenous Maxwell equations are unaffected for gauge fields Fαβ = ∂αAβ − ∂βAα, whereas their
inhomogeneous counterparts become (working in a region where jµ = 0)

∇ν
(
gαµFαβg

βν
)

= 0. (S13)

Using the properties of the divergence, this can be written as

∂ν

(√−g gαµFαβ gβν) = 0. (S14)

The smallness of |hµν | implies that all expressions can be expanded perturbatively. To first order in h, we have

gαµFαβ g
βν ' Fµν − F ν

α h
αµ − Fµβhβν . Hence(

∂ν
√−g

) (
Fµν − F ν

α h
αµ − Fµβhβν

)
+
√−g ∂ν

(
Fµν − F ν

α h
αµ − Fµβhβν

)
= 0. (S15)

Noting that ∂ν
√−g/√−g = gρσ∂νgρσ/2 = ∂νh/2 +O(h2), this leads to

∂νF
µν = ∂ν

(
−1

2
hFµν + F ν

α h
αµ + Fµβh

βν

)
. (S16)

The source term on the right-hand side can be written as an effective current induced by the GW (see also [18, 19]),

jµeff = ∂ν

(
−1

2
hFµν + Fµαhνα − F ναhµα

)
. (S17)

Note that, while there will be O(h) corrections to the electromagnetic fields – indeed, these are the fields we aim to

search for experimentally – these do not enter Eq. (S17), as such terms would be O(h2). Instead, the fields that enter
are those that were established by the experimental apparatus. To keep track of this, one can introduce a bookkeeping
notation Fµν = Fµν0 + Fµνh +O(h2), in which case only Fµν0 enters the effective current. (A similar notation is often
employed in the axion literature, where the expansion parameter is gaγγ , see e.g. Refs. [43, 49].) We will occasionally
make use of this notation, but where we do not, the relevant order of terms can always be determined from context.

Comparing Eqs. (S7) and (S17), we see that the expression in parentheses is a skew 2-index tensor, and can therefore
be interpreted as an effective magnetization-polarization tensor. We can then immediately draw on the results of the
previous section, and find

Pi = −hijEj +
1

2
hEi + h00Ei − εijkh0jBk, Mi = −hijBj −

1

2
hBi + hjjBi + εijkh0jEk, (S18)

as stated in Eq. (2).
As suggested in the main body, an avenue towards the detection of this effective current is repurposing axion
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haloscopes, where one has a large magnetic field, but E0 ' 0. In this case,

E0 ' 0 : Pi = −εijkh0jBk, Mi = −hijBj +

(
hjj −

1

2
h

)
Bi. (S19)

For a general magnetic field configuration, we will have both an effective charge and 3-current, and accordingly
corrections to both sourced Maxwell’s equations as in Eq. (S10).

C. The Biot-Savart Law and Induced Magnetic Fields

Having discussed general aspects of GW electrodynamics in the previous section, we now turn to the concrete
calculations that underpin the detection scheme proposed in the main text. We focus on an external toroidal magnetic
field – as appropriate for ABRACADABRA, SHAFT, and DMRadio-50L – and compute the induced magnetic field
generated by the effective current.

Let us begin by demonstrating that the correct starting point for our calculation is the Biot-Savart law in (6). To
do so, we show that the effective charge is not required to compute the induced magnetic field to all orders in ω,
whereas we can neglect the displacement current to O(ω4). At O(h), we can write Maxwell’s equations as

∇ ·Eh = ρeff,

∇ ·Bh = 0,

∇×Eh = −∂tBh,

∇×Bh = ∂tEh + jeff.

(S20)

These equations couple Bh and Eh. In order to isolate Bh, we take a curl of the Ampère-Maxwell equation, and then
substitute in Faraday’s law and the magnetic Gauss’ law. Doing so results in

�Bh = −∇× jeff, (S21)

whose solution is Jefimenko’s equation (see for example Ref. [50]),

Bh(t, r′) =

∫
d3r

(
jeff(tr, r)

4π|r′ − r|3
+
∂t jeff(tr, r)

4π|r′ − r|2
)
× (r′ − r), with tr = t− |r′ − r|. (S22)

From this equation it is clear that Bh can be determined exactly without any reference to ρeff. (An oscillating charge
distribution can of course give rise to a magnetic field, but that can be determined directly from jeff, which is linked
to ρeff by the continuity equation.)

In general, Jefimenko’s equation is required to exactly determine Bh. However, when 1/ω is much larger than the
characteristic scale of our instrument – usually a good approximation when using low-mass axion haloscopes – we can

simplify the result further. In particular, as the effective current for a plane GW satisfies jeff ∝ ω2e−iωt, Eq. (S22)
implies that

Bh(t, r′) =

∫
toroid

d3r
jeff(t, r)× (r′ − r)

4π|r′ − r|3
(

1 +
1

2
ω2|r′ − r|2 +O(ω3)

)
=

∫
toroid

d3r
jeff(t, r)× (r′ − r)

4π|r′ − r|3
+O(ω4). (S23)

Accordingly, if we work only to O(ω3), it is consistent to neglect displacement currents and start our calculation with
the Biot-Savart law. This is assumed in the main text and will be adopted for remainder of the SM. That we can
neglect the displacement current is equivalent to the magnetoquasistatic approximation conventionally adopted in
low-mass axion haloscope calculations, see for example Ref. [2].

For a pickup loop parallel to the x− y plane, the only relevant component for computing the magnetic flux is

Bz(r
′) '

∫
toroid

d3r
jeff(t, r)× (r′ − r) · êz

4π|r′ − r|3
=

∫
toroid

ρdφdρdz

(
jρêφ − jφêρ
4π|r′ − r|3

)
· (r′ − r), (S24)

For a toroidal magnetic field as given in Eq. (5), the azimuthal and radial components of jeff can be determined by
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direct calculation,

jφ =
ω2BmaxR

ρ

[
eκ

κ
− 2eκ

κ2 +
2(eκ − 1)

κ3

] (
z hTT

ρφ

∣∣
r=0
− ρ hTT

φz

∣∣
r=0

)
,

jρ =
ω2BmaxR

ρ

([
−1

2
− 1

κ
+

2eκ

κ2 +
2(1− eκ)

κ3

] (
ρ hTT

ρz

∣∣
r=0

+ z hTT

zz

∣∣
r=0

)
+

[
eκ

κ
+

2

κ2 +
2(1− eκ)

κ3

] (
z hTT

ρρ

∣∣
r=0

+ z hTT

zz

∣∣
r=0

)
+ikz

[
1

2κ
+

1

2κ2 −
1 + 2eκ

κ3 +
3(eκ − 1)

κ4

]
rirjh

TT

ij

∣∣
r=0

)
,

(S25)

where κ = ik · r. The components of hTT

ij are determined by, for example, hTT

ρρ = (êρ)i(êρ)jh
TT

ij , and take the following
explicit forms

hTT

ρρ

∣∣
r=0

=
e−iωt

√
2

(
−h+(sin2(φ− φh)− cos2(φ− φh) cos2 θh) + 2h× cos θh cos(φ− φh) sin(φ− φh)

)
,

hTT

ρφ

∣∣
r=0

=
e−iωt

√
2

(
−h+(1 + cos2 θh) sin(φ− φh) cos(φ− φh) + h× cos(2(φ− φh)) cos θh

)
,

hTT

ρz

∣∣
r=0

= −e
−iωt

√
2

(
h+ cos θh sin θh cos(φ− φh) + h× sin θh sin(φ− φh)

)
,

hTT

φz

∣∣
r=0

=
e−iωt

√
2

(
h+ cos θh sin θh sin(φ− φh)− h× sin θh cos(φ− φh)

)
,

hTT

zz

∣∣
r=0

=
e−iωt

√
2
h+ sin2 θh.

(S26)

All expressions within square brackets in Eq. (S25) are O(ω0) at leading order, and therefore each line, except the

last one, contributes at ω2. To leading order and taking φh = 0, these equations reduce to those presented in the
main text in Eq. (11). Similar expressions can also be derived for more complicated forms of the magnetic field, as,
for instance, used in the SHAFT experiment. We will not state the corresponding relations here, although we note
that these were accounted for in computed the sensitivity shown in Fig. 3.

Before moving onto compute the magnetic flux, we note in passing that in our discussion in the main text and in the
next subsection, we placed the pickup loop at the vertical center of the apparatus for simplicity. From the expressions
above, we see that this simplifies the discussion as the terms odd in z vanish once we perform the volume integral
over the effective current. However, more general placements of the pickup loop may be of interest, for example to
include multiple pickup loops with different geometries, which would allow to distinguish different incident directions
and to distinguish between an axion and a GW signal. For this purpose, we observe that the terms proportional to
z in Eq. (11) typically oscillate more strongly with φ than those proportional to ρ, such that the additional signal
component which can be recovered away from the vertical center is (mildly) suppressed. In the case of a single pickup
loop, this leads to a mild preference of placing the loop at the vertical center. We emphasize, however, that the
expressions for the effective current and the induced magnetic field given above are fully general and can be used
compute the flux through any pickup loop geometry.

D. The Magnetic Flux

Having calculated the magnetic field, we now turn to the magnetic flux through the pickup loop,

Φ =

∫
loop

d2r′Bz(r
′) =

∫
loop

ρ′ dρ′dφ′
∫

toroid

ρ dρ dφ dz
jρêφ − jφêρ
4π|r′ − r|3

· (r′ − r). (S27)

The integration over the toroid is fixed by the geometry of the magnetic field, and we will restrict our attention to
the detector geometry depicted in Fig. 2. What remains, however, is to fix a configuration for the pickup loop. As
in the main text, we will consider two cases. In order to highlight the distinction, in Fig. S1 we plot the leading
contribution to Bz(r

′) for a GW incident along the x-direction, taking r = R = a = H/4. The sinusoidal variation
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FIG. S1. The leading ω
2

contribution to the z component of the GW induced magnetic field inside the torus, as a function of
the loop coordinates (ρ

′
, φ
′
). We have explicitly fixed the incident direction of the GW to be k̂ = êx, as shown. The sinusoidal

variation of the leading magnetic field can clearly be seen, which if integrated over a circular pickup loop will vanish. Oppositely
oriented semicircles – the figure-8 configuration – will instead be optimally sensitive to such a field. For the figure we assume
an ABRA-10 cm like configuration with r = R = a = H/4. If we took H � R, then what we are plotting here would be exactly
determined by Eq. 12.

emphasized from the simplified result in Eq. 12 is clearly visible. From this, it follows that a circular pickup loop will
be insensitive to the leading flux—the contribution from opposite sides of the pickup loop are cancelled. Nevertheless,
as this is the loop geometry used by axion experiments we will consider it below. We will then consider the case of a
partial loop, from which the optimal readout of a figure-8 geometry, where the contributions from each side can be
added coherently, can be inferred.

Circular loop: This is a highly symmetric configuration, allowing significant simplification. Let us first notice that
φ′ in Eq. (S27) only enters in the combination r′ − r: it does not appear in the effective current. Explicitly, we have

r′ − r = −
(
ρ− ρ′ cos(φ′ − φ)

)
êρ + ρ′ sin(φ′ − φ) êφ − z êz, |r′ − r|2 = z2 + ρ2 + ρ′2 − 2ρρ′ cos(φ′ − φ). (S28)

In particular, we observe that φ′ only appears in the combination φ′−φ. We can thus largely remove φ by performing
a shift φ′ → φ′ + φ, leaving

Φ =
1

4π

∫
toroid

ρ dρ dφdz

∫
loop

ρ′dρ′dφ′
jρρ
′ sinφ′ + jφ(ρ− ρ′ cosφ′)

(z2 + ρ2 + ρ′2 − 2ρρ′ cosφ′)3/2
. (S29)

The shift will also impact the range over which φ′ is integrated. If, however, we integrate around a complete circle
(as required for a circular pickup loop), then this shift has no impact: the range remains φ′ ∈ [0, 2π). There are then
two simplifications that occur. Firstly, the term proportional to jρ vanishes as can be confirmed by performing the φ′

integral (note, for example, that the integrand is odd in φ′). This is true independent of the form of jρ, as mentioned
in the main text. Secondly, the only φ dependence left in the integrand sits in jφ, so that we can rewrite the flux as

Φ =
1

4π

∫
toroid

ρdρdz

∫
loop

ρ′dρ′dφ′
[

ρ− ρ′ cosφ′

(z2 + ρ2 + ρ′2 − 2ρρ′ cosφ′)3/2

] [∫ 2π

0

dφ jφ

]
. (S30)
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Using the form of jφ in Eq. (S25) we can perform the integral over φ to obtain∫ 2π

0

dφ jφ = i
√

2πωh×Bmax

R

ρ
J2(ωρ sin θh)eiω(z cos θh−t) =

(
πω3ρ sin2 θhBmaxR

4
√

2

)
ih×e−iωt +O(ω4). (S31)

As in Eq. (8) in the main text, this demonstrates that the + polarization does not generate any signal in a circular

pickup loop, and that the leading contribution is O(ω3).

In the main text we presented results derived assuming R, a � H � 1/ω. In this limit, eiωz cos θh ' 1, the terms
in Eq. (S30) odd in z vanish for a pickup loop placed at the vertical center of the apparatus, and the only remaining
integral over z to perform is∫ H/2

−H/2

dz

(z2 + |r′ − r|2z=0)3/2
=

2

|r′ − r|2z=0

[
1 +O

(
|r′ − r|2z=0/H

2
)]
. (S32)

Together with Eq. (S31), this leads to Eq. (9) in the main text.

Partial loop: As shown by the calculation leading to (S31), the decoupling of h+ together with the absence of

an O(ω2) contribution is a consequence of the reflection symmetry of the circular pickup loop. Motivated by this,
we consider a pickup loop forming a circular arc subtending the angles 0 < φ′ < φ′max. As explained above, the
integration along the z−axis may be formally performed by replacing dz/|r′ − r|3 → 2/|r′ − r|2z=0 and setting z = 0
everywhere else. Under the this approximation, the flux in Eq. (S27) takes the form

Φ =

∫ R+a

R

dρ ρ

∫ 2π

0

dφ

∫ r

0

dρ′ρ′
∫ φ

′
max

0

dφ′
[
jρêφ − jφêρ
2π|r′ − r|2

· (r′ − r)

]
z=0

=
e−iωt

12
√

2
ω2Bmaxr

3R ln(1 + a/R) sin θh

×
(
−h+ cos θh[cosφh − cos(φ′max − φh)] + h×[sinφh + sin(φ′max − φh)]

)
.

(S33)

The flux for specific geometries can be immediately obtained from this result. This includes the figure-8 configuration
discussed in the main text; in particular, Eq. (13) follows from this result.

III. GRAVITATIONAL WAVE SOURCES IN THE ULTRA-HIGH FREQUENCY BAND

Here we briefly summarize the possible sources that the search proposed in the main text may detect. For a more
detailed discussion of sources in the MHz band, we refer to Ref. [1]. There are no known sizable astrophysical sources
in this frequency range, implying that any GW detection at UHF is a smoking gun signal of new physics. Many models
that posit a completion of the Standard Model of particle physics at high energies also predict additional dynamics
in the early Universe, (such as phase transitions, formation of topological defects, non-perturbative (p)reheating
dynamics after inflation) which source gravitational radiation that can, depending on model parameters, constitute a
sizeable fraction of the total radiation energy present in the early Universe. Taking into account the cosmological red-
shift, these stochastic GWs are observable at frequencies f ∼ 100 MHz/ε∗ (T∗/1010 GeV) where T∗ is the temperature
of the Universe when the GWs are sourced and ε∗ < 1 indicates the GW wavelength in units of the Hubble horizon at
the time of production. This result suggests that the UHF band could be ideal for searching for new dynamics present
at energies well beyond what we can hope to probe directly. However, such cosmological GWs contribute to the
radiation energy budget of the Universe and thus impact big bang nucleosynthesis and the decoupling of the cosmic
microwave background. They are therefore constrained by bounds on ∆Neff, in particular ρGW/ρc . 10−5∆Neff,
where ρc is it critical density. For a broadband spectrum, this constrains the characteristic strain to be at most

hc,sto . 10−29 (100 MHz/f) ∆N
1/2
eff . This is at least six orders of magnitude below the most optimistic sensitivities we

presented in Fig. 1, suggesting that even with the advantageous volume scaling of the detection strategy suggested in
this work, such a signal is completely out of reach in the foreseeable future.

Such strong constraints do not apply to isolated GW sources in the late universe. For example, merger signals of
light primordial black holes (PBHs) can generate GWs with an amplitude of

h ∼ 10−21

(
100 MHz

f

)(
10 kpc

D

)
, (S34)
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where D is the distance to the observer and we have assumed two equal mass black holes merging at a chirp frequency
f , where mPBH ∼ 10−5M� (100 MHz/f) [45]. For inspiral signals close to the merger, the characteristic strain is

hc,insp = (2f2/ḟ)1/2 h ' h. Estimating the probability of a PBH merger in our cosmological vicinity depends on both
the astrophysical history and distribution of such PBH binaries, which in turn depends on the PBH mass function, the
spatial distribution of PBHs at formation, and the binary formation process. Estimates of the merger rate come with
significant uncertainties and lie roughly around Γ ∼ 10/yr/Gpc3 if PBHs form all of dark matter [51–54], indicating

that large GW signals with h ∼ 10−20 are likely tied to extremely rare events. Similarly, PBHs give rise to transient
GW signals if they scatter off each other without merging. The resulting spectrum is not monochromatic and peaks
at a frequency determined by the specific hyperbolic orbit that the PBHs follow. Observable signals require significant
clustering or very rare events such as close to parabolic encounters [55–57].

Another example for a possible isolated GW source in the late universe is axion superradiance [58]. Clouds of
axion-like particles could form around black holes when the axion Compton wavelength matches the Schwarzschild
radius. This would lead to an emission of GWs with a wavelength set by this same scale,

f

100 MHz
∼ ma

10−7 eV
∼ 10−3M�

mBH

. (S35)

Sourcing GW with a frequency above 0.1 MHz via this mechanism thus requires primordial black holes with masses
below the Chandrasekhar limit, MBH < 1.4M�. The amplitude of GWs originating from axion decay can then be
estimated as

h ∼ 10−26 100 MHz

f

10 kpc

D
, (S36)

assuming that the axion cloud constitutes 0.1% of the black hole mass.
Both the GW signal from inspiraling PBHs (sufficiently far from the merger) as well as the signal from axion

superradiance are expected to be approximately monochromatic and highly coherent. For merging PBHs, this ap-
proximation breaks down close to the merger and we expect a ‘chirp-like’ signal with rapidly increasing frequency
and amplitude. In this case (and similarly for hyperpolic PBH encounters), it seems more promising to look for this
short GW bursts which come with an increased amplitude, at the cost of a significantly reduced coherence length due
to an O(1) variation in the frequency per cycle just before the merger. Such high-frequency GW bursts can also be
constrained by the non-observation of corresponding GW memory signals in ground-based interferometers [59] (see
also [60]). On the other hand, GW signals from superradiance are well described as stationary monochromatic sources
compared to the typical duration of the experiment. This illustrates that different search strategies will need to be
implemented to optimally search for different possible GW sources. Generally, however, the GW signal is expected
to be less coherent than axion dark-matter, and so in general strategies searching for broader signals in the frequency
domain will need to be devised. (In this sense there are strong similarities with the search for relativistic axions, for
further discussion see Ref. [43].)
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