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1 Introduction

Crossing equations in conformal field theories (CFTs) are remarkable objects: while we

believe they encode almost if not all information about almost if not all critical phenomena,

cajoling these equations into yielding useful information is not an easy task. For this reason

they have fascinated humankind since the dawn of time.

The typical bootstrapper’s tool for analysing these equations is brute-force Taylor

expansion. This turns out to be remarkably effective and has taken us quite far [1], but

this does not mean we cannot do better. A subtler approach has been proposed based on

the concept of analytic ‘extremal functionals’ [2–5] (see also [6–15] for related works). Such

functionals are dual to extremal solutions to crossing, i.e. one which saturates numerical

bootstrap bounds. The functionals thus naturally lead to optimal bounds on the CFT data.

This approach is intimately related to the so-called Polyakov Bootstrap [16], wherein one

writes a CFT correlator in a way which manifests crossing but obscures the OPE [17–19]

(see also [20]).

In this paper we take a modest step in our quest for understanding arbitrarily com-

plicated systems of crossing equations, by extending the analytic functional bootstrap to

tackle CFT correlators of fields charged under a global symmetry [21, 22]. The functional

bases of [7, 8] for higher dimensional CFTs can be trivially extended to this setup as we

will mention in the discussion, essentially because they do not care about full crossing

symmetry. Here we will focus on 1d CFTs, or more precisely, to CFT correlators restricted

to the line, where it is indeed possible to have full crossing symmetry.

There are several motivations for doing this. Firstly, there are interesting physical

systems described by 1d CFTs with global symmetries, such as long-range versions of

familiar statistical physics models such as the O(N) models. These can be thought of as

toy models for higher dimensional systems which nevertheless provide highly non-trivial

examples of families of conformal fixed points. Another large class of examples consists

of conformal line defects, where rotations in the embedding spacetime descend to a global

symmetry on the defect. More trivially, restricting any higher-dimensional CFT on a line

also leads a 1d conformal system with a global symmetry. Finally, global symmetry provides

us with a system of multiple bootstrap equations, and setting up analytic functionals for

this case is the first step towards to do the same for multiple correlators involving distinct

conformal primaries.

We will show that for a wide class of charged CFT correlators we can construct two

types of analytic functional bases. The first type, which we call ‘simple’ is a set of func-

tionals that is essentially given as a direct sum of functionals for the uncharged case. The

second type of basis, ‘GFF functionals’ is a functional basis that is dual to the Generalized

Free Field solution for the specific group we considered. We show this basis of functionals

can also be obtained from a version of the Polyakov bootstrap for charged correlators, clar-

ifying and rigorously justifying some of the statements in [23]. We show that this basis can

be encoded into a ‘master functional’, whose sum rules translates into a crossing-symmetric

dispersion relation for charged CFT correlators.

Both kinds of functionals are useful in applications. We use the simple functional

basis to obtain bounds on OPE coefficients in various charged channels. In particular we
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demonstrate that in any such channel, the OPE density is bounded from above by that in a

GFF-type solution up to an order one coefficient. We then use the GFF functional basis to

demonstrate two numerical applications. The first one is to map out the space of allowed

correlator values for the O(N) case. We find this space has several corners, some of which

we understand analytically, others which we don’t and could be candidates for interesting

CFTs. The second application is to revisit the bootstrap of the 3d Ising twist defect,

introduced in [24] and first bootstrapped in [25]. We find that the analytic functional basis,

in this case for the fundamental irrep of the O(2) group, leads to dramatic improvements

in the convergence of the numerics, leading to significantly improved predictions for the

twist defect spectrum.

The plan of this paper is as follows: in section 2 we discuss the kinematics for describing

and bootstrapping a large class of charged correlators. In section 3 we define the simple

functional basis and prove general bound for the charged OPE densities appearing in such

correlators. We describe the Polyakov bootstrap in section 4 and propose a generalization

for the charged case. This proposal is justified in section 5 by the construction of a new set

of ‘GFF functionals’, which we also show to be captured by a crossing-symmetric dispersion

relation for charged correlators. In section 6 we consider two numerical applications of GFF

functionals, first mapping out the space of allowed O(N) correlators, and then focusing on

O(2) to bootstrap the Ising twist defect. We conclude in section 7 with a short discussion

and outlook. The paper is completed by several technical appendices.

2 Kinematics

We are interested in correlators of fields transforming in a unitary real irreducible repre-

sentation (irrep) r of dimension dr of a compact symmetry group.1 In this work we will

consider cases where the tensor product r⊗ r decomposes into a sum of r independent real

irreps a appearing with unit multiplicity.2 Note that one of these irreps is necessarily the

trivial one, which we call singlet and will indicate by a = S.

Let us denote the field by φi, where i = 1, . . . , dr. The four point function restricted

to the line takes the form

〈φi(x1)φj(x2)φk(x3)φl(x4)〉 =
Gijkl(z)

(x2
13)∆φ(x2

24)∆φ
, z2 =

x2
12x

2
34

x2
13x

2
24

, x2
ij = (xi − xj)

2. (2.1)

and we have the crossing relation

Gijkl(z) = Gilkj(1 − z) (2.2)

We can now introduce a basis of invariant tensor structures T a
ijkl associated to each ex-

changed irrep a in the φr × φr OPE. These can be expressed in terms of Clebsch-Gordan

coefficients:

T a

ij,kl =
1√
da

da∑

s=1

(Ca)ij,s(Ca) s
lk ,

dr∑

i,j=1

(Ca)ij,s(Cb)ij,r = δrsδ
ab (2.3)

1So this means the action of the group can always be represented by real orthogonal matrices
2If this was not the case, the OPE decomposition of the correlator would include non-positive products

of OPE coefficients.
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with da the dimensionality of the irrep a. While in general there can be other four-point

invariant tensor structures for a given group, the above are the only ones relevant for

decomposing a CFT correlator consistent with an OPE. These tensor structures satisfy

the relations
T a

ij,kl =
∑

b

CbaT b

il,kj , T a

ij,kl =
∑

b

ηbaT b

ji,kl ,

T a

ij,kl = T a

kl,ij , δab =
∑

ijkl

T a

ij,kl(T
b)ij,kl

(2.4)

where indices are raised/lowered with the invariant tensor δij . Note that among these the

tensor structure associated to the singlet is special:

TS
ij,kl =

1

dr
δijδkl . (2.5)

From these definitions it easily follows:

C = CT , C · C = η · η = 1 , C · η · C = η · C · η (2.6)

The η matrix is diagonal, and we have:

ηab = δabηa , ηa = ±1 , ηS = 1 . (2.7)

We say an irrep has even/odd parity if ηa = +1(−1) respectively. In what follows we will

assume without loss of generality the identity:

T a

[ij,k]l = 0 ⇒ (1 − C + η · C) · (1 − η) = 0 (2.8)

The reason for this is that if there is some structure that is nonzero under this antisymmetry

property then it is crossing antisymmetric as well as parity odd by itself. It therefore

decouples from the more interesting irreps satisfying the above which in general do mix

under crossing. As will become clear below, contributions to the correlator associated to

such irreps could be bootstrapped independently as in a problem without global symmetry.

It is useful to introduce projectors onto crossing (anti)symmetric structures:

P ab

± :=
1

2

(
δab ± Cab

)
. (2.9)

Since P ab
± are projectors we can write them as

P ab

± =

r±∑

s=1

ea±,se
b

±,s , (2.10)

where r+ + r− = r is the number of independent irreps in r ⊗ r and

∑

b

eb±,se
b

±,y = δst ,
∑

b

eb±,se
b

∓,t = 0 . (2.11)

The quantities ea±,s are eigenvectors of the crossing matrix Cab,

∑

b

Cabeb±,s =
∑

b

eb±,sC
ba = ±ea±,s . (2.12)
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At this point we can remark that the numbers of ±1 eigenvectors are the same for both C

and η, since

r+ − r− = Tr(C) = Tr(η · C · η) = Tr(C · η · C) = Tr(η). (2.13)

We can use all this technology to express the correlator, as well as the crossing equation,

in a nicer form:

Gijkl(z) =
∑

a

T a

ijklGa(z) , Ga(z) =
∑

b

CabGb(1 − z) . (2.14)

Each Ga(z) captures the contribution of a given representation a exchanged in the OPE.

In fact the OPE gives

Ga(z) =
∑

∆

aa∆G∆(z|∆φ) (2.15)

where the sum runs over SL(2,R) primary operators in the φ×φ OPE, with OPE coefficient

squared λ2
φφOa

∆
≡ aa∆ and G∆ an SL(2,R) conformal block, given by:

G∆(z|∆φ) = z∆−2∆φ
2F1(∆,∆, 2∆, z) . (2.16)

Let us introduce crossing (anti)-symmetric ‘vectors’:

F±,∆(z|∆φ) = G∆(z|∆φ) ±G∆(1 − z|∆φ) . (2.17)

In terms of these the crossing equations become (suppressing ∆φ dependence for simplicity)
∑

b

∑

∆

ab∆Fb|a
∆ (z) = 0 , Fb|a

∆ (z) = P ab

+ F−,∆(z) + P ab

− F+,∆(z) . (2.18)

It can be useful to diagonalize the crossing equation by introducing a concrete basis for the

crossing-(anti)symmetric subspaces in the space of irreps (see figure 1). This is achieved

by writing out the projectors as in (2.10). For instance we can write

Ga(z) =
∑

b

[
P ab

+ Gb(z) + P ab

− Gb(z)
]

=

r+∑

s=1

ea+,sG+,s(z) +

r−∑

s=1

ea−,sG−,s(z)

(2.19)

where
∑

a

ea±,sGa(z) = G±,s(z) = ±G±,s(1 − z). (2.20)

The crossing equation for each such function is obtained by contracting (2.18) with the

eigenvectors ea±,µ to get
∑

∆

a±,s,∆F∓,∆(z) = 0 , a±,s,∆ =
∑

a

ea±,sa
a

∆ (2.21)

This makes it clear that the crossing equation can be split into the analysis of r seem-

ingly decoupled functions, r+ of which are crossing symmetric and r− crossing antisym-

metric. In reality, these functions are linked by unitarity of Ga, translated into positivity

of the OPE density aa∆. This then constraints the OPE decompositions of these otherwise

decoupled functions.

– 4 –
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where

afree

∆ =
2Γ(∆)2

Γ(2∆ − 1)

Γ(∆ + 2∆φ − 1)

Γ(2∆φ)2Γ(∆ − 2∆φ + 1)
. (2.26)

As for the scaling dimensions they depend on whether we are considering the fermionic (F)

or bosonic (B) cases. We have

ǫ ηa = +1 ⇒ ∆a

n = 2∆φ + 2n ≡ ∆B
n

ǫ ηa = −1 ⇒ ∆a

n = 2∆φ + 2n+ 1 ≡ ∆F
n .

(2.27)

In particular notice that the spectrum depends also on the parity of the exchanged irrep.

It is then easy to see that this solution cannot be represented in the form (2.23).

O(N) application: as an illustration of the formalism let us consider the case where

the field φ transforms in the fundamental representation N of O(N). In this case the

tensor product contains representations which we label S,T,A, respectively the singlet,

traceless symmetric, and antisymmetric representations, with dimensions dS = 1, dT =

N(N + 1)/2 − 1 and dA = N(N − 1)/2. In this case we have

TS
ij,kl =

δijδkl
N

, TT
ijkl =

1

2
√
dT

(δikδjl + δilδjk − 2

N
δijδkl) , T

A
ij,kl =

(δilδjk − δikδjl)

2
√
dA

. (2.28)

The crossing matrix is given by

Cab =
1

2N




2 2
√
dT 2

√
dA

2
√
dT N − 2 −N

√
dT

dA

2
√
dA −N

√
dT

dA
N




ab

, a, b ∈ {S,T,A} (2.29)

The GFF solution is customarily written as

Gijkl(z) =
δijδkl

z2∆φ
+

δilδjk

(1 − z)2∆φ
+ ǫδikδjl . (2.30)

This translates into

GS(z) =
N

z2∆φ
+

1

(1 − z)2∆φ
+ ǫ

GT(z)/
√
dT =

1

(1 − z)2∆φ
+ ǫ

GA(z)/
√
dA =

1

(1 − z)2∆φ
− ǫ

(2.31)

This agrees perfectly with (2.24) up to an overall factor of N related to our convention for

normalizing the identity operator contribution.

It is also interesting to consider the projections onto crossing-(anti)symmetric sub-

spaces. Consider the following eigenvector basis for the crossing matrix:

Ea

+,1 =

(
1,
N − 1√
dT

, 0

)
, Ea

+,2 =

(
1, 0,

N − 1√
dA

)
, Ea

−,1 =

(
−2,

2 +N√
dT

,
N√
dA

)
.

(2.32)
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As promised, the coefficients in E+,1, E+,2 could be chosen positive. As discussed above, a

simple set of unitary and crossing symmetric correlators can now be obtained by choosing

any two unitary solutions to the uncharged crossing equation and setting

Ga(z) ∝ Ea

+,1G1(z) + Ea

+,2G2(z) (2.33)

with the proportionality constant fixed by demanding the right coefficient for the iden-

tity operator.

3 Simple functionals and their bounds

In this section we discuss a particularly simple set of analytic functionals which act on the

charged crossing equation. They are obtained simply as a direct sum of functionals which

act on the uncharged equation. This construction allows us to promote known analytic

functional bases, and their associated bounds, from the uncharged case to the present

charged setup.

3.1 Review: uncharged case

Let us begin by discussing crossing equations without global symmetry. They take the form:
∑

∆

a∆F±,∆(z) = 0 . (3.1)

The usual 1d CFT uncharged crossing equation is of − type, but as we’ve seen in the

previous section, with global symmetry we also get equations involving F+,∆.

A general approach for extracting constraints out of this equation is to introduce

linear functionals, satisfying the property that they should commute over the infinite sum

above [26]:

ω±

[
∑

∆

a∆F±,∆(z)

]
=
∑

∆

a∆ω±(∆) = 0 . (3.2)

Here we set ω±(∆) ≡ ω±[F±,∆(z)], with the ∆φ dependence left implicit. Also, it is

understood that a ‘−’ type functional only acts on antisymmetric functions and conversely

for a ‘+’ type functional.

In the usual numerical bootstrap approach, a useful complete set of functionals is

given by the set of derivatives ω± = {∂z, ∂2
z , · · · } evaluated at a particular point, say

z = 1
2 . Here however we are interested in another set, one which leads to optimal bounds

on the OPE coefficients a∆. They were constructed in [3–5, 27] and allow for the following

basis decompositions:

F±,∆(z) =
∑

n

αB,F±,n (∆)F
±,∆B,F

n
(z) +

∑

n

βB,F±,n (∆)∂F
±,∆B,F

n
(z) . (3.3)

The notation means here that we are free to either pick (B)osonic type functionals or

(F)ermionic ones. The reason for this name has to do with the fact that the functionals

satisfy certain duality conditions. For instance:

αB±,n(∆B
m) = δmn, ∂αB±,n(∆B

m) = −c±,nδm0 ,

βB±,n(∆B
m) = 0, ∂βB±,n(∆B

m) = δmn − d±,nδm0 . (3.4)
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Here c±,n and d±,n are some known coefficients and βB±,n = 0. For the fermionic functionals

αF±,n and βF±,n we have a similar set of conditions with ∆B
m → ∆F

m, c±,n → 0, d±,n → 0,

while all of them exist for all n ≥ 0.

Completeness of the functional basis means that their action on the bootstrap equation

gives a set of constraints which are necessary and sufficient for the validity of the bootstrap

equation. In other words,

∑
a∆F±,∆(z) = 0 ⇔

∑

∆

a∆α±,n(∆) = 0 ,
∑

∆

a∆β±,n(∆) = 0 , ∀n ≥ 0. (3.5)

It is understood in this equivalence that we may freely choose as complete sets either

bosonic or fermionic functionals. We should mention that the ‘+’-functional basis, con-

structed in [27], has not actually been proven to be complete although it is likely this can

easily following the same argument for the ‘-’-type basis [5]. This is because the funda-

mental ingredient for that proof is to have established that OPE coefficients are bounded

parametrically by the free OPE density (2.26), a fact which we will prove below.

3.2 Charged case

In the presence of a global symmetry the crossing constraints are given in equation (2.18).

In this case we have not one but a set of r crossing equations, each labelled by an index

corresponding to an exchanged irrep. We define the action of a linear functional on a

crossing vector Fb

∆ by:

ω[Fb

∆] ≡ ω(b,∆) :=
∑

a

ω|a[Fb|a
∆ ] . (3.6)

The notation ω|a serves to emphasize that this is the a-th component of the functional

ω, as we will shortly introduce functionals which are also labeled by a letter in this set.

Furthermore we can write

ω|a :=
∑

b

[
P ba

+ ω
|b
− + P ba

− ω
|b
+

]
⇒ ω(b,∆) =

∑

a

[
P ab

+ ω
|a
−(∆) + P ab

− ω
|a
+(∆)

]
(3.7)

where ω
|a
± are arbitrary functionals which act on F±,∆. Each such functional leads to a

sum rule:

∑

b

ab∆ω(b,∆) = 0 . (3.8)

We will now use the bases of functionals described in the previous subsection to obtain a

very simple basis of functionals for the global symmetry case. To do this we merely use

expression (2.18) for the crossing vector Fb

∆ and plug in the bases decompositions for F±,∆:

Fb|a
∆ =P ab

+

+∞∑

n=0

[
α−,n(∆)F−,∆n

+ β−,n(∆)∂∆F−,∆n

]

+ P ab

−

+∞∑

n=0

[
α+,n(∆)F+,∆n

+ β+,n(∆)∂∆F+,∆n

]
. (3.9)

– 8 –
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This can be rewritten as

Fb|a
∆ =

∑

c

∞∑

n=0

[
α̂c

n(b,∆)F c|a
∆n

+ β̂cn(b,∆)∂∆F c|a
∆n

]
. (3.10)

To see this we have defined

ω̂c

n[Fb] =
∑

a

ω̂c|a
n [Fb|a] , ω̂c|a

n = P ca

+ ω−,n + P ca

− ω+,n , ω = α, β (3.11)

which gives in particular

ωc

n(b,∆) = P cb

+ ω−,n(∆) + P cb

− ω+,n(∆) . (3.12)

If we use +,− functionals of the same kind, say both fermionic, this gives the duality

relations
α̂a

n(b,∆F
m) = δn,mδ

ab , ∂∆α̂
a

n(b,∆F
m) = 0

β̂an(b,∆F
m) = 0 , ∂∆β̂

a

n(b,∆F
m) = δn,mδ

ab ,
(3.13)

These results strongly suggest that the set of functionals αa
n, β

b
n (either bosonic of fermionic)

form a complete basis of functionals which act on the crossing equation, with associated

set of sum rules
∑

b

∑

∆

abα̂c

n(b,∆) = 0 ,
∑

b

∑

∆

abβ̂cn(b,∆) = 0 , for all n ∈ Z≥0 , c ∈ r ⊗ r . (3.14)

It is amusing to point out that these sum rules equivalently arise by demanding that a

version of the Polyakov bootstrap holds,

Ga(z) =
∑

∆

aa∆G∆(z) =
∑

b

∑

∆

ab∆P̂b|a(z) (3.15)

where the crossing symmetric “simple” Polyakov blocks have decompositions:

P̂b|a(z) = δabG∆(z) −
∞∑

n=0

[
α̂a

n(b,∆)G∆n
(z) + β̂an(b,∆)∂∆G∆n

(z)
]
. (3.16)

where we can choose ∆n = ∆B,F
n depending on the basis. This set of functionals is some-

what unusual, since it is dual to basis of operators which has the same set of scaling dimen-

sions in each and every channel b. This is certainly not consistent with our expectations

for a basis of functionals associated to generalized free fields, where these dimensions do

depend on the representation as mentioned in equation (2.27). Accordingly, the Polyakov

blocks above are not computable, or at least not immediately, as a sum of AdS exchange

Witten diagrams.

A related way of understanding these functionals is as follows. In section 2 we saw

that any crossing-symmetric correlator with global symmetry can be recast as a decoupled

set of r+ crossing-symmetric and r− crossing-antisymmetric functions. Each such function

satisfies a crossing equation, and we can introduce separate functional bases for each one

of them. Indeed a generic functional can be written:

ω|a =

r+∑

s=1

ea+,sω
s
− +

r−∑

s=1

ea−,sω
s
+ (3.17)

– 9 –
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which applying to (2.18) gives
∑

∆

a+,s,∆ω
s
−(∆) = 0 , s = 1, . . . , r+

∑

∆

a−,s,∆ω
s
+(∆) = 0 , s = 1, . . . , r−

(3.18)

i.e. the same as applying separate functionals to the crossing equations (2.21). This makes

it clear that we can use any functional basis we desire for each of these separate equations.

In the simple functional basis above we have effectively made the, well, simplest possible

choice, by using the same basis for all the r− equations, the same basis for all r+ equations,

and further setting the r− and r+ basis to be both dual to fermionic (or bosonic fields).

This is amounts to one possible choice of basis out of 2r that could have been constructed

in the same fashion.

3.3 OPE bounds

Using the simple functional basis we can easily promote constraints on the uncharged OPE

density to the charged ones. In particular consider a particular sum rule on the former

taking the form:
∑

∆

a+,∆ω−(∆) = 0 (3.19)

with

a+,∆ :=
∑

a

ea+a
a

∆ ,
∑

b

Cabeb+ = eb+ (3.20)

We will consider ω−(∆) to be combinations of α−,n, β−,n which have nice positivity prop-

erties. To obtain interesting sum rules we have to ensure positivity of a+,∆, but unitarity

only gives aa∆ ≥ 0. Hence we should choose crossing-matrix eigenvectors eb+ with positive

coefficients, preferrably as few as possible so that our bounds will be more constraining.

We have defined one such eigenvector in equation (2.22), but we can do better. Indeed

consider

Ea

+ :=
dr
2

(
δaS + CaS + ηaCaS

)
, Ẽa

+ :=
dr
2

(
δaS + CaS − ηaCaS

)
. (3.21)

Both of these are +1 eigenvectors with non-negative components, but furthermore the first

is zero for ηa = −1, while the second is zero for ηa = 1, with the exception a = S. In detail,

Ea

+ =





2 + dr
2

, a = S

√
da , ηa = +1

0 , ηa = −1

, Ẽa

+ =





dr
2
, a = S

√
da , ηa = −1

0 , ηa = +1

(3.22)

Recall there are r+ crossing symmetric eigenvectors overall, all of which can be chosen to

have non-negative. components. By deforming Ea
+ above, we see that among these we can

always choose r+ − r− to have positive components and furthermore satisfy
∑

b

(δab − ηab)Ea

+,s = 0, s = 1, . . . , r+ − r− (3.23)
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with

U∆,∆n
=

4 sin2
[
π
2 (∆ − 2∆n)

]

π2(∆ − ∆n)2
. (3.27)

and

L∆,∆n
=

16 sin2
(
π
2 (∆ − 2∆n)

)

π2(∆ − ∆n)2(∆ − ∆n−1)(∆n+1 − ∆)
(3.28)

We are furthermore free to choose ∆n to be ∆B
n or ∆F

n . In particular, since we know there

exists a choice of eigenvector with non-zero positive overlap with every irrep a (denoted

Ea
+ above), these imply that for any irrep the OPE density is bounded from above by the

“free” one:

lim sup
n→∞

[
∑

|∆n−∆|≤1

U∆,∆n

(
aa∆
aGFF

∆

)]
≤
∑

bE
b
+,ia

b
0

Ea
+

, (3.29)

However, the same statement does not hold for the lower bound. Indeed, for any choice of

irrep a, other than the singlet, there are always unitary solutions to crossing where Ga = 0:

suffices to set Ga proportional to Ea
+ or Ẽa

+ accordingly.

This means in particular that if we are interested in placing an upper bound on the

dimension of the leading operator in any given irrep a, this will always be infinite, except

if a = S. However, we can say that the joint gap in combinations of irreps is bounded. For

instance, going back to our O(N) example, the functionals:

β̂ai := Ea

+,iβ
F
−,0 , (3.30)

imply that setting a joint gap in the S,T channel (while allowing identity contributions

in both) is 1 + 2∆φ, and the same is true for the joint gap in the S,A channels. In both

cases the maximal gap is achieved by setting the full correlator proportional to the 1d

generalized free fermion solution, e.g.

Ga(z) = Ea

+,iGF (z) (3.31)

where for i = 1 the A channel contribution is vanishing, while for i = 2 the T channel

one is.

4 Interlude: Polyakov bootstrap

The goal of this section is to describe and explore the consequences of demanding an

expansion for the correlator in terms of Polyakov blocks - crossing-symmetric functions

associated to deformations of generalized free fields. Demanding this expansion holds will

lead to a set of equations on the CFT data. These equations will be such that they will be

trivially solved for generalized free fields.

We will show how Polyakov blocks can be defined in terms of AdS2 Witten diagrams.

In [23] (see also [28] for earlier work) it was shown for the case of O(N) that if the crossing

symmetric basis just contains exchange Witten diagrams the associated sum rules are not

convergent when OPE coefficients grow like that of a mean field theory. It was important

then to add contact diagrams to get convergent sum rules. Further assuming that the OPE
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coefficients of unitary theories are parametrically bounded by the OPE coefficients of mean

field theory, the exact structure of the crossing symmetric basis was found.

In this section we will systematically approach the problem for general global symme-

tries with similar arguments. In the next section we will show how to construct analytic

functionals which lead to the same equations from a different, more rigorous, perspective,

justifying the construction here.

4.1 Polyakov blocks and Witten diagrams

The Polyakov bootstrap states that the correlator may be expanded in a crossing-symmetric

basis of functions, the Polyakov blocks. These come in bosonic and fermionic varieties. Here

we will mostly restrict our discussion to the bosonic case since it’s the one most familiar.

We will comment on similarities and differences from the fermionic case as we go along.

We postulate that a generic CFT correlator can be expanded as follows:

Ga(z) =
∑

∆

aaG∆(z|∆φ) =
∑

b

∑

∆

ab∆Pb|a
∆ (z) , (4.1)

where the Polyakov blocks Pb

∆ are crossing symmetric,

Pb|a
∆ (z) =

∑

c

CacPb|c
∆ (1 − z) (4.2)

and have the following conformal block decompositions:

Pb|a
∆ (z) = δabG∆(z|∆φ) −

∞∑

n=0

[
αa

n(b,∆)G∆a

n
(z|∆φ) + βan(b,∆a

n)∂∆G∆a

n
(z|∆φ)

]
. (4.3)

As we will see in the next section, the coefficient functions α, β appearing above can be

computed as functional actions. Demanding (4.1) leads to the sum rules

∑

b

∑

∆

abαc

n(b,∆) = 0 ,
∑

b

∑

∆

abβcn(b,∆) = 0 , for all n ∈ Z≥0 , c ∈ r ⊗ r (4.4)

This is similar to (3.14), but there is an important difference. Indeed, although these

Polyakov blocks resemble the ones introduced in the previous section, notice that in the

expansion the scaling dimensions ∆a
n now depend on the channel a. This suggests the

functional actions now satisfy duality conditions:

αa

n(b,∆b

m)
?
= δn,mδ

ab , ∂∆α
a

n(b,∆b

m)
?
= 0

βan(b,∆b

m)
?
= 0 , ∂∆β

a

n(b,∆b

m)
?
= δn,mδ

ab ,
(4.5)

As it turns out these are almost correct but not quite. The correct expressions, and the

reasons for them, will be discussed in the next subsection.

Let us now show that the Polyakov blocks actually exist, and obtain expressions for the

functional actions appearing above. To see this we will need to consider Witten exchange

diagrams in AdS2, as illustrated in figure 3. These come in four different diagrams which

can be thought of as four bosons/fermions exchanging a scalar/pseudoscalar state. Let
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us focus on the four boson case. The two possible Witten diagrams arise as dimensional

reductions of the spin ℓ = 0 and spin ℓ = 1 exchanges in higher dimensions. They have

decompositions

W
(s)
∆,ℓ(z) = G∆(z|∆φ) +

∑

n

[
a

(s)
n,ℓ(∆)G∆n,ℓ

(z|∆φ) + b
(s)
n,ℓ(∆)∂∆G∆n,ℓ

(z|∆φ)
]
, ℓ = 0, 1

(4.6)

where ∆n,0 = 2∆φ + 2n and ∆n,1 = 2∆φ + 2n + 1. We can define their cross-channel

versions by setting:

W
(t)
∆,ℓ(z) = W

(s)
∆,ℓ(1 − z), W

(u)
∆,ℓ(z) = (1 − z)−2∆φReW

(s)
∆,ℓ

(
1

1 − z

)
. (4.7)

An important point is

W
(u)
∆,ℓ(1 − z) = (−1)ℓW

(u)
∆,ℓ(z) (4.8)

In terms of these we define

W
(+)
∆,ℓ =

W
(t)
∆,ℓ + (−1)ℓW

(u)
∆,ℓ

2
, W

(−)
∆,ℓ =

W
(t)
∆,ℓ − (−1)ℓW

(u)
∆,ℓ

2
. (4.9)

These definitions were chosen since they lead to simple block expansions:

W
(+)
∆,ℓ (z) =

∑

n

[
a

(t)
n,ℓ(∆)G∆B

n
(z) + b

(t)
n,ℓ(∆)∂G∆B

n
(z)
]
,

W
(−)
∆,ℓ (z) =

∑

n

[
ā

(t)
n,ℓ(∆)G∆F

n
(z) + b̄

(t)
n,ℓ(∆)∂G∆F

n
(z)
]
.

(4.10)

Let us now set:

W
(s,t,u)
∆,b (z) =





W
(s,t,u)
∆,0 (z) for ηb = 1

W
(s,t,u)
∆,1 (z) for ηb = −1

(4.11)

In terms of these we can finally write down our expression for the Polyakov block:

Pb

ijkl(z) = W
(s)
∆,b(z)T

b

ij,kl +W
(t)
∆,b(z)T

b

il,kj +W
(u)
∆,b(z)T

b

ik,jl . (4.12)

This can be alternatively written in components as follows:

Pb|a(z) = δabW
(s)
∆,b + Cab

[
W

(t)
∆,b + ηaηbW

(u)
∆,b

]
. (4.13)

It can be easily checked not only that this expression is crossing invariant but that it also

has a decomposition of the form (4.3), with

αa

n(b,∆) =





δaba
(s)
n,0(∆) + 2Caba

(t)
n,0(∆) for ηa = +1 , ηb = +1

δaba
(s)
n,1(∆) + 2Caba

(t)
n,1(∆) for ηa = −1 , ηb = −1

2Cabā
(t)
n,0(∆) for ηa = −1 , ηb = +1

2Cabā
(t)
n,1(∆) for ηa = +1 , ηb = −1

(4.14)
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x1

x2 x3

x4

x1 x4

x2 x3

x1

x2 x3

x4 x1

x2 x3

x4

∆, ℓ
∆, ℓ

∆, ℓ

Figure 3. Here we show the Witten exchange diagrams (exchanging a bulk operator of dimension

∆ and spin ℓ = 0, 1) in AdS2 out of which a Polyakov block is built. The fourth diagram indicates

specific (crossing symmetric) contact diagram contributions which need to be added to the Polyakov

block for reasons discussed in section 4.2.

and analogously for the β functional actions. We discuss how the coefficients above can be

computed in practice in appendix D.

At this point we should make an important remark. The coefficients appearing in the

conformal block decompositions above are actually not uniquely defined. One way to think

about this ambiguity is that there exist solutions to crossing arising from AdS diagrams

without any intermediate field being exchanged, also known as contact diagrams. Equiva-

lently, the three point couplings between external states and the exchanged state labeled

by ∆, ℓ appearing in the Witten diagrams are also not uniquely defined, since one could

always include derivatives in the three point coupling terms in the lagrangian. In the next

section we will construct functionals αa
n, β

a
n which will allow us to independently compute

the quantities αa
n(b,∆), βan(b,∆) appearing in (4.14) as the action of those functionals on

the crossing equation. Clearly the two different ways of computing these coefficients can

only ever match if the ambiguities mentioned above are somehow fixed. Let us now describe

how this is achieved.

4.2 Contact terms and subtractions

The ambiguities mentioned above can be expressed as crossing symmetric 4-point contact

diagrams. Considering the bosonic case for definiteness, the contact diagrams are Witten

diagrams in AdS2 built of 4 external Φ fields and a quartic vertex. The most general vertex

is a linear combination of quartic interactions of the schematic form ΦiΦj(∂
2)mΦkΦlT

c
ij,kl.

Such a contact diagram leads to a boundary correlator with a conformal block decomposi-

tion of the form

C|a(z) =
∑

n

[
aan,CG∆a

n
(z) + ban,C∂G∆a

n
(z)
]
, (4.15)

An important property of CFT correlators in unitary theories is boundedness in the u-

channel Regge limit, where z → i∞. For the bosonic case the above contact diagrams are

bounded in the Regge limit (i.e. ∼ zη , η ≤ 0), only for m = 0, 1 [5, 19].3 For fermionic

external legs only contact diagrams built with zero derivative vertices are Regge bounded [5,

3This can be seen from the Mellin amplitudes. In general if the Mellin amplitude behaves like s
j ,

in physical space the falloff should be z
j−1 [5]. In the limit of large Mellin variable s, the amplitudes

corresponding to m = 0 and m = 1 vertices go like s
0 and s

1 respectively.
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6]. As we show in appendix A, it turns out that for bosonic external legs the exact number

of contact diagrams that are Regge bounded is r+, and for fermionic external legs it is

r−. For instance, for fermionic terms this is because each term is labeled by one of the r−

parity odd tensor structures.

Consider now the Polyakov bootstrap equations (4.4). If the orthogonality condi-

tions (4.5) were exactly correct, then it is easy to check these equations would imply that

all the an,C , bn,C appearing in (4.15) would have to vanish. In particular this would exclude

the 4-point Regge bounded contact diagrams. Since we want these solutions to be boot-

strappable, it must be that some equations must be missing from the infinite set (4.4). One

convenient choice is to demand that the Polyakov blocks satisfy:

ǫ = 1 : βa0(b,∆) = 0 for ηa = 1 ,

ǫ = −1 : βa0(b,∆) = 0 for ηa = −1 . (4.16)

This eliminates r+ equations in the bosonic case and r− equations in the fermionic one,

which matches the number of contact terms.

So how do we obtain Polyakov blocks satisfying these conditions? Let us denote a

Witten diagram for a certain convenient choice of vertices as W̃
(s,t,u)
∆,b (z), and the analo-

gous uncorrected Polyakov block defined similar to (4.12) as P̃b(z). Then one relates the

corrected Polyakov block to the uncorrected quantities as below:

Pb|a
∆ = P̃b|a

∆ +

r±∑

i=1

sbi (∆)C|a
i for ǫ = ±1 . (4.17)

Here Ci are all the Regge bounded contact diagrams. The r± coefficients sbi (∆) above can

then be chosen to impose (4.16). More details on this procedure and the computation of

the W̃
(s,t,u)
∆,b (z) and associated block decomposition coefficients are given in appendix D.

To summarize, we claim at the end of this procedure the sum rules (4.4) hold, but

some of the functional actions appearing there are identically zero. The duality conditions

become:
αa

n(b,∆b

m) = δn,mδ
ab , ∂∆α

a

n(b,∆b

m) = −da,bn δm,0

βan(b,∆b

m) = 0 , ∂∆β
a

n(b,∆b

m) = δn,mδ
ab − ca,bn δm,0

(4.18)

for some coefficients cn, dn related to the conformal block decompositions of contact dia-

grams and the sbi above. Finally, the functional actions may be computed in terms of sums

of Witten diagrams.

5 The GFF functional bases

We will now show how to construct functional bases that bootstrap the Polyakov blocks

presented in the previous section. The functional actions lead to the very same sum rules

derived there, thereby justifying them more rigorously. Also, we will see that these bases

are neatly encapsulated in master functionals [29]. The master functionals in turn lead to

crossing symmetric dispersion relations for charged CFT correlators.
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5.1 Fundamental free equation

We would like to define a general class of functionals suitable for acting on the crossing

equation (2.18). We will work with a simple generalization of the functionals in [4, 5]. We

begin by setting

ω(b,∆) =

∫ ∞

1
dz
∑

a

h|a(z)IzFb|a(z) , (5.1)

with IzF(z) = limǫ→0 ImF(z + iǫ). By deforming the contour, we work with the more

convenient definition:

ω(b,∆) =
1

2

∫ 1
2

+i∞

1
2

dz
∑

a

f |a(z)Fb|a(z) +

∫ 1

1
2

dz
∑

a

g|a(z)Fb|a(z) (5.2)

where

f |a(z) =
ha(z) −∑

bC
bah|b(1 − z)

iπ
, Im z > 0 (5.3)

g|a(z) = −Izh|a(z)

π
, z ∈ (0, 1) (5.4)

Note that we have

f |a(z) =
∑

b

Cbaf |b(1 − z) . (5.5)

These definitions imply the gluing condition:

Rzf
|a(z) = −g|a(z) −

∑

b

Cbag|b(1 − z) , z ∈ (0, 1) . (5.6)

We wish to constrain the kernels such that they will describe functionals satisfying duality

conditions of the form (4.18). Let us take fa(z) real for z > 1 and z < 0. Using the

definition of Fb, a simple contour manipulation (whose validity we will comment on later),

together with the above condition, leads to

ω(∆, b) =

∫ 1

0
dz g|b(z)G∆(z|∆φ) −

∫ 0

−∞
dzf |b(z)RzG∆(z|∆φ)

=

∫ 1

0
dz

[
g|b(z) − cos[π(∆ − 2∆φ)](1 − z)2∆φ−2 f |b

(
z

z − 1

)]
G∆(z|∆φ) (5.7)

It follows that if we set

g|b(z) = ǫηb (1 − z)2∆φ−2 f |b
(

z

z − 1

)
(5.8)

with ǫ = +1(−1) for a boson (fermion), the functional action will have double zeros for

∆ = ∆b
n:

ω(b,∆) = 2 sin2
[
π

2
(∆ − ∆b

0)

] ∫ 1

0
g|b(z)G∆(z|∆φ) (5.9)
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where ∆b
n was defined in (2.27). Plugging in the relation between f |b, g|b into the gluing

condition we find the fundamental equation:

ǫ ηaRzf
|a(z) = −(1 − z)2∆φ−2f |a

(
z

z − 1

)
− z2∆φ−2

∑

b

ηaCbaηbf |b
(
z − 1

z

)
(5.10)

Note that if we remove all reference to ηa in the above equation it becomes diagonal in the

a index and in fact the equation then describes the simple functionals studied in section 3.

5.2 Boundary conditions and solutions

The solutions can be labeled by their behaviour near z = 0. We can split the set of

solutions into classes of functionals associated to individual representations, so that we

specialize f |a → fb|a. First we define prefunctionals which satisfy boundary conditions:

α̃a|b
n : fa|b(z) ∼

z→0−
− 2

π2

ηaδab(log(z)

z1+∆a

n−2∆φ

β̃a|b
n : fa|b(z) ∼

z→0−

2

π2

ηaδab

z1+∆a

n−2∆φ

(5.11)

Note that these boundary condition still do not specify the kernels uniquely. For instance,

in the above a solution with a given n can always be shifted by solutions with lower n.

This ambiguity can be fixed by demanding the duality conditions:

α̃a

n(b,∆b

m) = δn,mδ
ab , ∂∆α̃

a

n(b,∆b

m) = 0

β̃an(b,∆b

m) = 0 , ∂∆β̃
a

n(b,∆b

m) = δn,mδ
ab .

(5.12)

Concretely, the boundary conditions that we set at z = 0 above automatically guarantees

the duality conditions hold whenever m ≥ n. This easily seen to follow from the repre-

sentation (5.9). Imposing they also hold for m < n is precisely what fixes the remaining

ambiguity allowing us to shift functionals with a given n by lower ones.

However, there is an important catch, which is that the kernels corresponding to the

prefunctionals α̃, β̃ will in general not satisfy the correct fall-off at infinity. Indeed, the

kernels f |a should satisfy:

f |b(z) =
z→∞

O(z−2) (5.13)

This requirement is unchanged relative to the case without global symmetry, and is neces-

sary to ensure that the functionals are crossing compatible, i.e. that their actions commutes

over the infinite sum over states in the crossing equations [4, 5].

The solution to this problem is to define appropriate finite linear combinations of

prefunctionals. This behaviour is already familiar from the construction of the bosonic

functional basis in the absence of global symmetries, and reflects the existence of simple

solutions to crossing related to contact terms in AdS. What’s new for global symmetries

is that even for fermionic basis there are subtractions required. In all cases we’ve checked,

these subtractions satisfy:

(# of subtractions) = (# of irreps a with ǫηa = 1) (5.14)
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Figure 4. Bosonic functional βA
0 . We consider the O(n) case with n = 3 and plot its action in

the T and A channels for ∆φ = 1. The action in the S channel is proportional to that in the T

channel.

Notice this matches the expectations of section 4.2. We choose to always subtract β̃

functionals, such that:

βan = β̃an −
∑

c

ca,cn β̃
c

0

αa

n = α̃a

n −
∑

c

da,cn β̃
c

0

(5.15)

where it is understood that both ca,cn and da,cn are zero unless ǫηc = 1. The subtractions

modify the duality conditions:

αa

n(b,∆b

m) = δn,mδ
ab , ∂∆α

a

n(b,∆b

m) = −da,bn δm,0

βan(b,∆b

m) = 0 , ∂∆β
a

n(b,∆b

m) = δn,mδ
ab − ca,bn δm,0 .

(5.16)

Again this is in perfect agreement with the discussion of the previous section.

We have yet to present actual functional kernels satisfying all the desired boundary

conditions. For special values of ∆φ, the construction of the functional kernels can be done

very explicitly for the entire basis. For more general values, we can present an alternative

basis of functionals which is equivalent to the one above after orthonormalization. Details

are given in appendix B. Two typical functionals are shown in figure 4.

5.3 Master functionals and dispersion relation

A convenient way to package the functional bases is by introducing master functionals [29].

In the present context we will define these as:

Ωa

w := ǫηa
∞∑

n=0

[
G∆a

n
(w|∆φ)αa

n + ∂∆G∆a

n
(w|∆φ)βan

]
(5.17)

where as usual there are really two kinds, depending on whether we consider the bosonic

or fermionic basis. Their functional actions are given by

ǫηa Ωa

w(b,∆) = δa,bG∆(w|∆φ) − Pb|a
∆ (w) (5.18)
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with associated sum rule
∑

b

ab(∆)Ωa

w(b,∆) = 0 ⇔ Ga(w) =
∑

b

∑

∆

ab∆Pb|a
∆ (w). (5.19)

That is, the master functional sum rule is equivalent to the validity of the Polyakov boot-

strap. Since the master functional is, well, a functional, it can also be defined independently

in terms of its own f, g kernels. Setting

ga|b
w (z) = ǫηaδa,bδ(w − z) + ĝa|b

w (z) , ĝa|b
w (z) = ǫηbfa|b

w

(
z

z − 1

)
, (5.20)

the gluing condition of the previous section becomes:

ǫ ηbRzf
a|b
w (z) + (1 − z)2∆φ−2fa|b

(
z

z − 1

)
+ z2∆φ−2

∑

c

ηbCcbηcfa|c
(
z − 1

z

)

= −
[
δa,bδ(w − z) + Cabδ(1 − w − z)

]
(5.21)

In appendix C we explain how this equation can be solved in practice. In cases where we

can find an explicit analytic solution, we can reexpand the resulting kernels in w to recover

the αn, βn functionals finding perfect agreement.

Using formula (5.9) as applied to the master functionals, the corresponding sum rules

can be recast as a dispersion relation for the correlator:

∑

b

ab(∆)Ωa

w(b,∆) = 0 ⇔ Ga
(w) = −ǫηa

∫ 1

0
dz
∑

b

ga|b
w (z) d2Gb

(z) , (5.22)

In the above we have defined the double discontinuity:

d2Ga(z) := Ga(z) − ǫηa(1 − z)−2∆φRzGa(z)

(
z

z − 1

)
. (5.23)

The dispersion relation applies only to a suitably subtracted correlator, since representation

(5.9) is only valid for sufficiently large ∆

Ga
(z) := Ga(z) −

∑

b−

∑

∆≤2∆φ−1

ab∆Pb|a
∆ (z) −

∑

b+

∑

∆≤2∆φ

ab∆Pb|a
∆ (z) (5.24)

where b± are representations for which ǫηb± = ±1. The range of the subtractions is fixed

by the boundary conditions satisfied by the master functional kernels.

The dispersion relation is nothing but a restatement of the Polyakov bootstrap, since

the Polyakov blocks themselves satisfy the dispersion relation. Indeed, using the property:

d2Pb|a
∆ (z) = 2δab sin2

[
π

2
(∆ − ∆b

0)

]
G∆(z|∆φ) (5.25)

gives

Pb|a
∆ (w) = 2ǫηa sin2

[
π

2
(∆ − ∆b

0)

] ∫ 1

0
dz ga|b

w (z)G∆(z|∆φ). (5.26)

This formula can be used to compute the Polyakov blocks directly, as an alternative to their

description in terms of Witten exchange diagrams. It also directly translates positivity

properties of the master functional kernels into those of the Polyakov blocks. We show a

sample computation of the blocks in figure 5.
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Figure 5. Fermionic master functional. We consider the O(n) case with n = 3 and plot repre-

sentative components of the fermionic Polyakov blocks PS

∆
and PA

∆
for ∆φ = 1

2
evaluated at the

crossing symmetric point z = 1/2.

6 Numerical applications

The GFF functionals can be used as a basis for numerical bootstrap applications. In

this section we discuss two of these, to constrain correlators of a field transforming in the

fundamental irrep of an O(N) global symmetry. Firstly we obtain minimal and maximal

bounds on the values of such correlators, and secondly, we revisit the bootstrap of the 3d

Ising twist defect first considered in [25].

6.1 The space of O(N) correlators

We are interested in determining the range of allowed values for CFT correlators of fields

transforming in the fundamental representation of O(N) symmetry.4 Recall that in this

case there are three exchanged irreps, namely S,T and A. The goal of this section is provide

an initial exploration of this space, leaving a more detailed investigation for future work.

There are at least two ways of formulating the problem. The first is to ask for the

range of variation of Ga when it lies along some chosen direction na. We call this the radial

formulation of the problem:

Radial: min (max) R :=

√∑

a

[Ga(z)]2 such that Ga(z) = Rna . (6.1)

The second way is to again choose some vector θa as the normal direction to some plane

and ask what is the correlator which minimizes/maximizes the distance to that plane. We

call this the plane formulation:

Plane: min (max)
∑

a

θaGa(z) . (6.2)

Note that unitarity means we should take na with all positive components. As for

θa, we must set its components to be all positive/negative when doing minimiza-

tion/maximization. Either way, by varying over ~n or ~θ we expect to recover the same

4A similar problem has been adressed for S-matrices in [30].
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space of allowed correlator values. This space is bounded by some two dimensional surface

embedded in R
3, and whereas the plane method will give values clustered around points of

high curvature on this surface, the first method is more democratic but might miss such

points. In the following we will use a combination of the two.

Before we proceed to explain how the above may be formulated as linear optimization

problems, let us discuss some basic expectations. Firstly, the analysis of section 3 tells us

that a trivial set of solutions to the charged crossing equation can be obtained from the

uncharged case by setting Ga ∝ EaG(z), with Ea an eigenvector of the crossing matric Cab

with non-negative components. For O(N) there are two such vectors, which we repeat here

for convenience:

Ea

+,1 =

(
1,
N − 1√
dT

, 0

)
, Ea

+,2 =

(
1, 0,

N − 1√
dA

)
. (6.3)

This immediately tells us that the minimal allowed values for both GT and GA are actually

zero. Furthermore, it also shows us that correlator values may become arbitrarily large

unless we impose a gap in the spectrum. This is because for sufficiently small gap there

are unitary solutions to the uncharged crossing equation without identity which may be

included with an arbitrarily large coefficient. To deal with this, in the following we will

impose a uniform gap in all three channels equal to 2∆φ when addessing the maximization

problem. However, we choose to still allow for identity contributions in individual channels.

For convenience we set

minimization: S := {∆ : ∆ ∈ [0,∞)}
maximisation: S := {∆ : ∆ ∈ {0} ∪ [2∆φ,∞)}

(6.4)

In reference [29], one of us established exact correlator bounds for the uncharged case.

Following the analysis of section 3 these translate in the current context to the bounds:
(
∑

a

Ea

+,ia
a

0

)
GF (z) ≤

∑

a

Ea

+,iGa(z) ≤
(
∑

a

Ea

+,ia
a

0

)
GB(z) , i = 1, 2 . (6.5)

Here GF (GB) are given by

GB,F (z) = ±1 + z−2∆φ + (1 − z)−2∆φ (6.6)

and describe generalized free Boson (+1) or Fermion (-1) solutions. The bounds corre-

sponding to i = 1 will be saturated by choosing Ga(z) = Ea
+,2GB,F (z) and vice-versa.

Hence, for these choices of θa or na we already know what we will get.

Let us now explain how to obtain bounds by constructing suitable functionals for each

method. We first introduce the functional search space:

Λnmax
:= span {αa

n, β
a

n , n = 0, . . . , nmax ; a = S,T,A} (6.7)

In this work we have used the bosonic GFF functionals with nmax ranging from 2 to

6, i.e. we use bases containing up to 40 functionals.5 In the plane method we solve the

5As explained in [29], for the maximization problem we must include one additional functional, which

here we choose to be an element of the fermionic GFF basis.
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When z = 1/2 these inequalities collapse the allowed region onto a plane. Note that when

inequalities relating values of the correlator at different points are saturated implies that

correlator must contain only the operator of dimension zero. In the figure we can see that

the allowed region is cut by two such planes, where GT or GA degenerate in this way. The

cut surfaces then meet at a point corresponding to the (B + F, 1, 1) solution discussed

previously. It is clear that the allowed region will get substantially modified if we disallow

dimension zero operators in non-singlet sectors. It would be interesting to explore this

further, and also extend the analysis for different values of N .

6.2 The 3d Ising twist defect

Our next application is to the Z2 twist defect of the 3d Ising CFT. We begin by briefly

summarizing its definition and elementary properties, referring to [24, 25] for further details.

Consider the 3d Ising model on a cubic lattice. Now let us take a 2d semi-infinite

half-plane M and flip the sign of the spin-spin coupling of the Hamiltonian for all edges

intersecting the plane. This defines a Z2 topological domain wall. Any deformation to the

plane: M → M ′, with the boundary line fixed, preserves the Hamiltonian if we flip all the

spins between M and M ′. The boundary of M is a twist line defect. If the bulk theory

flows to an IR critical point, the boundary becomes a conformal line defect.

In the continuum limit, at criticality the model without defect is a parity-invariant

CFT which has the symmetry group O+(1, 4) × Z2. The twist defect breaks the bulk

symmetry to O+(1, 2) × O′(2). The O+(1, 2) is the spacetime symmetry group on the

defect line, having the usual 1d conformal algebra sl(2,R). It also includes the symmetry

under reflection x → −x where x is the defect coordinate. This is called the S-parity.

The global symmetry group O′(2) is a double cover of rotations around the defect, with a

rotation of 2π identified with the non-identity Z2 transformation.

Operators on the defect can be classified according to their S-parity and O′(2) spin.

Operators that are even (odd) under Z2 have (half)-integer spins. We will consider a 4-

point function of real fermionic operators ψi (i = 1, 2) which transform as spin 1
2 under

O′(2). In the OPE of two such operators we find operators as follows [25]:

ψi × ψj ⊃ {O+,O−,S} . (6.16)

The O± operators have spin 0 and are even(odd) under S-parity, while S operators have

spin-1 and are S-parity even. We identify them as singlet, antisymmetric and traceless

symmetric irreps respectively in the O(2) of which O′(2) acts as a double cover. That is,

the correlator

〈ψi(x1)ψj(x2)ψk(x3)ψl(x4)〉 =
Gijkl(z)
x

∆φ

13 x
∆φ

24

. (6.17)

satisfies a decomposition into O(2) invariant tensors.

Some of the operator dimensions in the Ising twist defect spectrum were numerically

measured in Monte Carlo simulations [24]. In particular the dimension of ψi was accurately

determined ∆ψ ∼ 0.9187. The lowest dimension in the O+ and O− sectors, are estimated

to be ∆s = 2.27 and ∆p0 = 2.9 respectively. Finally, the lowest dimension in the S sector
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OPE data Functionals Derivatives Monte-Carlo

∆ψ 0.9187(6) 0.9187(6) 0.9187(6)

∆D 2 2 2

∆s 2.27(1) 2.27 2.27(1)

∆p0
2.841(2) 2.92 2.9(2)

aD 1.730(5) 1.81 —

as 0.777(2) 0.90 —

ap0
0.9278(2) 0.976 —

Table 1. Numerical estimates of OPE data in the Z2 twist defect from various approaches. The

operators s, p0 and D are the lowest dimension operatator in the O+, O−, S sectors, respectively

S,A and T. The rightmost column shows Monte-Carlo resuts from [24], the middle one is from

conformal bootstrap using a derivative expansion [25] and the column on the left is for the present

work using GFF analytic functionals. Numbers in italics were used as input.

is the displacement operator D with exact scaling dimension ∆D = 2. The conformal data

known in the literature and relevant to our correlator are summarized in table 1.

Here we will we search for this theory by numerically bootstrapping an O(2) invariant

system of correlators using the generalized free functionals. In practice this means looking

for solutions to a subset of the Polyakov bootstrap equations

∑

b

∑

∆

abω(b,∆) = 0 , for all ω ∈ Λnmax
(6.18)

under various assumptions on the allowed states, and where the restricted set is defined by

Λnmax
:= {αa

n, β
a

n , n = 0, . . . , nmax ; a = S,T,A} (6.19)

Below we have used the bosonic GFF functionals with nmax ranging from 2 to 6, i.e. we

have used up to 40 bootstrap equations.

We will follow the same strategy used in [25] for the numerical bootstrap computations.

We fix ∆ψ = 0.9187 and assume a minimum gap of dimension 2 in the S (or T) sector. We

then maximize the gap ∆s in the singlet sector as a function of aD, the OPE coefficient

of the displacement operator, which sits at the gap in the T sector. That is we solve the

problem:

max
aa

∆
≥0

∆s s.t. for all ω ∈ Λnmax
:

ω(0,S) + aD ω(2,T) +
∑

∆≥∆s

aS
∆ω(∆,S) +

∑

∆>2

aT
∆ω(∆,T) +

∑

∆≥0

aA
∆ω(∆,A) = 0

(6.20)

The result is shown in figure 8. We find an important difference between using analytic

functionals or derivatives. For any value of aD we find that bounds obtained with nmax = 2,

i.e. 16 components are better than using 60 derivatives, and in fact in a wide region we see

no significant change in the bound beyond nmax = 2. The extremal functional method [2]
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case the problem of obtaining positive sum rules amounts to constructing certain positive

semi-definite matrices. In this sense that problem is more similar to that of constructing

functionals for a multiple correlator setup. Indeed the functionals constructed in this work

can be thought of as a very useful warm-up for considering multiple correlator functionals.

We hope to take this up in the near future.

We expect the functional bases constructed in this work to be very useful for numerical

applications. In this work we explored two simple applications concerning numerical bounds

on scalar correlators in an O(N) symmetric theory. One interesting application is to

consider the large ∆φ limit, where CFT correlators become closely related to S-matrices,

and we should be able to make contact with the results of [30]. In our second application, we

have revisited the 3d Ising twist defect and found that the new functional basis dramatically

improves on the derivative basis, to the point where the numerical results seem to have

essentially converged. At this point, it seems the main issue in accurate determinations

of spectrum of the twist defect theory is the need to use Monte-Carlo data as an input.

Hopefully a multi-correlator analysis will allow us to do away with this limitation in the

near future.

In theories with a global symmetry group containing a continuous parameter, such as

O(N), we can consider several interesting limits. One of these is N → ∞. In this limit,

the perturbation expansion in certain AdS theories can be resummed to obtain correlation

functions with non-trivial, exact scaling dimensions in the singlet channel [33]. In the

language of this work, this would correspond to analytic functionals which are dual to bases

with non-trivial spectra in the S sector, and GFF spectra in the remaining ones. Given

that the correlator can be exactly computed, this gives hope the same will be true for the

analytic functionals. Other interesting limits correspond to sending N → 1 or N → 0.

Both limits have the property that the crossing matrix becomes non-diagonalizable. In the

N → 0 limit for instance, general arguments tell us that the tensor and singlet channel

spectra must collide and lead to logarithmic irreps of the conformal group. Our functional

bases are in principle be perfectly adequate for studying this limit, and should be the first

example of a basis dual to a logarithmic CFT. We leave a detailed analysis for further work.

Notably absent from our work is a discussion of functionals in higher dimensions. One

reason for this is that in a sense, such a basis already exists for charged correlators in higher

dimensions. Indeed, the functional basis constructed in [7, 8] can be trivially extended to

the charged case, by directly acting on the crossing equations ignoring global symmetry

indices. This is because that basis does not impose crossing symmetry in all three channels

automatically. In contrast, extending the more recent proposal [9, 10] which is fully crossing

symmetry is more non-trivial. It would be very interesting to carry this out.
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A Contact terms

The goal of this section is to derive the form of contact terms in AdS2 for both fermionic

and bosonic fields, consistent with a Regge growth for large z of at most a constant.

Bosons: we start off with bosonic fields Φi in AdS2, and study quartic interaction terms

in the lagrangian L. The Regge growth allows to have at most two derivatives. Consider

first terms without any derivatives. We can write these as

L ⊃
∑

s

g2
(0),sC

(0),s
ij,kl ΦiΦjΦkΦl (A.1)

where s runs over the set of independent terms, the number of which we want to determine.

Let us expand the tensor C(0),s into a basis of irreducible tensors,

C
(0),s
ij,kl =

∑

a

easT
a

ij,kl (A.2)

where eas is some vector. Now notice that Bose symmetry implies that only irreps with

ηa = 1 are relevant. Hence we can choose our vectors ea to have non-zero components only

for those irreps, so apparently there seem to be r+ such vectors. However, Bose symmetry

also implies crossing symmetry under i ↔ k. Overall we must have eas to be a simultaneous

+1 eigenvector of both η and C, and as we have argued in section 3.3 there are r+ −r− such

vectors. We conclude there are r+ − r− independent contact terms with zero derivatives.

With two derivatives the interactions now can be written as

L ⊃
∑

s

g2
(2),sC

(2),s
ij,kl Φi

↔
∂µΦjΦk

↔
∂µΦl . (A.3)

We can again expand C
(2),s
ij,kl but now it will be a superposition of parity odd tensor struc-

tures, of which there are r−. These are now all independent: dependence could only arise if

we could construct a non-trivial tensor satisfying C
(2),s
ij,kl = C

(2),s
[ij,k]l, but this is impossible due

to the identity T a

[ij,k]l = 0.7 We conclude that in the bosonic case there are r+ independent

contact terms, of which r− will have two derivatives.

Notice that since the terms without derivatives do not have overlap with parity odd

structures, we can immediately write down a formula for the correlator describing them

C(0),a
s (z) ∝ Ea

+,sC(0)(z) , s = 1, . . . , r+ − r− (A.4)

where E+,s is a simultaneous +1 eigenvector of C and η and C(0)(z) is a contact term for

the case without global symmetries.

Fermions: for fermions the analysis is simpler since Regge boundedness now implies

that we cannot include derivative terms in the lagrangian. Denoting a Majorana fermion

in AdS2 by Ψi, let us write contact terms as

L ⊃
∑

s

g̃2
(0),s C̃(0),s

ik,jl Ψi · Ψj Ψk · Ψl , Ψi · Ψj = ǫαβΨi,αΨj,β . (A.5)

7Note that the quartic term in the fields has symmetries corresponding to a Young-tableau shaped like

a 2x2 square, and so generically it can only be annihilated by antisymmetrization over three indices.

– 29 –



J
H
E
P
1
0
(
2
0
2
1
)
1
1
6

Notice we have written the indices in a slightly different manner to the bosonic case. It

easy to see that C̃
(0),s
ij,kl can be expanded in a basis of parity odd tensor structures, of

which there are r−. Again, these will all be independent unless we can find C̃
(0),s
ij,kl = C

(0),s
[ij,k]l,

which is impossible. Hence we conclude there are r− independent Regge bounded fermionic

contact terms.

It turns out these can be computed explicitly. Consider a set of vectors fa+,s, s =

1, . . . , r+ satisfying ηa · fa+,s = fa+,s. Set

C̃(0),a
s (z|∆φ) = C(0)(z|∆φ + 1/2)

∑

b

[
(δab − Cab)z + Cab − ηaCab

]
fb+,s (A.6)

Then it is easy to check that:

C̃b

s (z) =
∑

b

CabC̃b

s (1 − z)

C̃a

s(z) = −(1 − z)−2∆φηaC̃a

s

(
z

z − 1

) (A.7)

with the second condition guaranteeing the right OPE decomposition. Furthermore, out

of these r+ vectors, r+ − r− can be chosen to be +1 eigenvectors of the crossing matrix, as

we recalled above, and it is easy to check that these lead to a vanishing result above. We

are therefore left only with the desired set of r− independent fermionic contact terms.

B GFF functional construction

In this appendix we will discuss how to obtain the functional kernels of section 5, by

showing how equation (5.10) can be solved systematically subject to appropriate boundary

conditions.

B.1 Special values of ∆φ

We can find exact analytic solutions for special values of ∆φ. These correspond to:

Fermionic GFF (ǫ = −1) : ∆φ ∈ 1

2
+ Z≥0

Bosonic GFF: (ǫ = 1) : ∆φ ∈ Z≥0

(B.1)

Let us set

pβa|b
m : fa|b =

2

π2

Γ(1 +m)2

Γ(1 + 2m)

[
ηbδabPm

(
z − 2

z

)
+ ηaCab Pm

(
1 + z

z − 1

)]

pαa|b
m : fa|b =

1

2
∂mf

b|a
pβm

− ǫηaCabηb
2

π2

Γ(1 +m)4

Γ(1 + 2m)Γ(2 + 2m)
G1+m

(
1

z

) (B.2)

where furthermore we require

ηa = +1 ⇒ m = 1, 3, 5, 7, . . . (B.3)

ηa = −1 ⇒ m = 0, 2, 4, 6, . . . (B.4)
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It is easy to check that these pre-functional kernels satisfy equation (5.10), but in gen-

eral they do not have the appropriate fall off conditions at large z. To construct sets of

orthonormal functionals we begin with the type β:

βb|a
m = pβ

b|a
∆a

0+2m−1 + lower (B.5)

where we recall
∆a

m = 2∆φ + 2m, ǫηa = 1

∆a

m = 1 + 2∆φ + 2m, ǫηa = −1
(B.6)

Here “lower” stands for other terms of the form pβ, pα whose index is lower (or at most,

equal) than ∆a
0 + 2m− 1, and with coefficients chosen so that at z = ∞ the kernel decays

faster than 1/z. The αm type kernels can then be obtained by replacing pβ → pα and

differentiating those coefficients.

B.2 General solution

Let us begin with the fundamental free equations (5.10) which we restate below for conve-

nience:

ǫ ηaRzf
|a(z) = −(1 − z)2∆φ−2f |a

(
z

z − 1

)
− z2∆φ−2

∑

b

ηaCbaηbf |b
(
z − 1

z

)
(B.7)

There are six independent structures that the kernel of a functional ωa
0 would depend

on: 1, ηa, Cab, ηaCbc, Cabηc, ηaCbcηd. From the solutions for the special values obtained in

appendix B.1 we may write an ansatz for the kernels for general ∆φ. That is:

ω̃a

0 : fa|b =





P ab
+ h1,ω(z) + P ab

− f1,ω(z) + ηbCab h̃1,ω(z) if ηa = 1

P ab
+ h2,ω(z) + P ab

− f2,ω(z) + ηbCab f̃2,ω(z) if ηa = −1 .

(B.8)

Using properties of ηa and Cab, we may show that h1,ω(z), h̃1,ω(z), h2,ω(z) are crossing

symmetric functions (i.e. h(z) = h(1 − z)) and f1,ω(z), f2,ω(z), f̃2,ω(z), are crossing anti-

symmetric (i.e. f(z) = −f(1 − z)).

We want to compute the prefunctionals as discussed in section 5.2. Recall the boundary

conditions from (5.13) and (5.11) which are:

fa(z)
z→∞∼ z−1−ε . (B.9)

α̃a|b
n : fa|b(z) ∼

z→0−
− 2

π2

ηaδab(log(z)

z1+∆a

n−2∆φ

β̃a|b
n : fa|b(z) ∼

z→0−

2

π2

ηaδab

z1+∆a

n−2∆φ
. (B.10)

One way to find the solutions is to start with a general ansatz for the functional kernels,

Fa,b,c,d,e(z) =
∆d
φ

we+
1
2

3F2

(
c− 1

2
,
1

2
, 2∆φ+

3

2
;
a

2
+∆φ,

b

2
+∆φ; − 1

4w

) [
w = z(z−1)

]
, (B.11)
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with a, b, c, d, e being integers. A good feature of the above anstaz is that it by choosing the

arguments appropriately, we can get a log(−z)/zk or 1/zk (k integer) behavior as z → 0

as required in (B.10) . Now we take a linear combination of these functions as follows:

h(z) =
∑

a,b,c,d,e

cha,b,c,d,eFa,b,c,d,e(z)(1 − 2z) ,

f(z) =
∑

a,b,c,d,e

cfa,b,c,d,eFa,b,c,d,e(z) . (B.12)

where h = hi,ω, h̃1,ω, h2,ω and f = f1,ω, f2,ω, f̃2,ω . We can choose suitable values of z so

that the equations (B.7) give a system of simple linear equations for ca,b,c,d,e and then solve

for these coefficients.

Fermionic functionals: we then proceed to find the fermionic prefunctional kernels for

the simplest cases, α̃a
0 and β̃a0 that satisfy (B.10), using the above method. The actual

functionals αa
0 and βa0 (which satisfy the large z behaviour (B.9)) are obtained following

subtractions shown in (5.15). For the global symmetry groups we can only determine the

combination f̃2,ω − 1
2f2,ω , so it suffices to set f̃2,ω = 0. The other five functions are given

in the notebook included with this paper.

If one has the functionals α
a|b
0 and β

a|b
0 , then there is a trick that allows one to get the

higher functionals α
a|b
n and β

a|b
n (n > 0). This is possible through the following relation that

says if f |b(z) satisfies the free equation (B.7) then so does (showing the ∆φ dependence):

f ′|b(z|∆φ) =
[1 + z(z − 1)]p

[z(1 − z)]k
f |b
(
z

∣∣∣∣∆φ +
3

2
k − p

)
. (B.13)

for k, p ∈ Z .

Now if we have a functional ωa
n we can obtain a shifted functional sωa

n+m by taking

p = 0 and k = 2m . So we can simply write:

f
|b
sωa

n+m
(z|∆φ) =

[
1 + z(z − 1)

z(z − 1)

]2m

f
|b
ωa

n
(z|∆φ +m) . (B.14)

A shift in the z-singularity by z−2m results in new poles in ∆ shifted by 2m in the functional

action, which is exactly what we need for the GFF spectrum. Given the expression for all

the fermionic functionals with the lowest n, it is straightforward to obtain all the shifted

fermionic functionals. The functional ωa
n+m is obtained from shifted functional sωa

n+m by

subtracting lower functionals so that only the highest singularity in z survives.

Bosonic functionals: to obtain the bosonic functionals we once again use the for-

mula (B.13). We may start with the fermionic functionals constructed above. We now

need to shift the ∆-poles by odd number 2m + 1 compared to the fermionic values. This

translates to shifting the corresponding fermionic functionals by z−2m−1. To obtain the

components of the lowest bosonic functionals we may do the following:

f
|b

sω̃B,a
0

(z) =





z(z − 1)f
|b

ωF,a
0

(
z

∣∣∣∣∆φ − 3

2

)
if ηa = 1

1 + z(z − 1)

z(z − 1)
f

|b

ω̃F,a
0

(
z

∣∣∣∣∆φ +
1

2

)
if ηa = −1 .

(B.15)
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Here sω̃B,a0 denotes a shifted bosonic prefunctional, which is simply some combination of

the actual prefunctionals ω̃B,a0 . Also from the way we constructed them one should have

sω̃B,a0 = ω̃B,a0 for ηa = 1.

The actual functionals ωB,a0 are obtained from ω̃B,a0 (or sω̃B,a0 ) with the subtrac-

tions (5.15) again requiring the correct large z falloff. We can obtain all higher n bosonic

functionals following (B.14).

C Master functionals

In this section we examine how to solve for the master functional kernels, i.e. the equation:

ǫ ηbRzf
a|b
w (z) + (1 − z)2∆φ−2fa|b

(
z

z − 1

)
+ z2∆φ−2

∑

c

ηbCcbηcfa|c
(
z − 1

z

)

= −
[
δa,bδ(w − z) + Cabδ(1 − w − z)

]
(C.1)

We want to solve these equations in such a way as to remove all the homogeneous solutions,

which are of course nothing but the GFF functionals. We also want for the functional to

be crossing compatible, i.e. that it commutes with infinite sums of states in the crossing

equation. We can achieve this by demanding

fa|b(z) =
z→∞

O(z−2) , fa|b(z) =
z→0−




O(log(−z)) , ǫηb = −1

O(z−1) , ǫηb = +1
(C.2)

The reason why the boundary condition at z = 0 is different for ǫηb = 1 is because in

that case the βb0 functional kernels don’t exist (as they do not have the correct fall-off at

infinity), and they would be the ones with an asymptotic behaviour O(z−1).

We can solve for the master functional kernels in two ways: by ansatz for special values

of ∆φ, or numerically. We discuss these in turn.

C.1 Special values of ∆φ

As for ordinary functionals, we can find exact analytic solutions for special values of ∆φ.

These correspond to:

Fermionic GFF (ǫ = −1) : ∆φ ∈ 1

2
+ Z≥0

Bosonic GFF: (ǫ = 1) : ∆φ ∈ Z≥0

(C.3)

In this case we can make an ansatz for the master functional kernels:

fa|b
w (z) =





P ab
+ h1(w, z) + P ab

− f1(w, z) + ηbCab h̃1(w, z) if ηa = 1

P ab
+ h2(w, z) + P ab

− f2(w, z) + ηbCab f̃2(w, z) if ηa = −1 .

(C.4)

where the symmetry properties are as before h1, h2, h̃ symmetric in z ↔ 1 − z and f1, f2, f̃

symmetric. The ansatze take the form e.g.

f1(w, z) =

∑M
k=0[z(z − 1)]k

[
(2z − 1)c1,k(w) + d1,k(w) log

(
z−1
z

)]

(z − 1)z(w − z)(w(z − 1) − z)(w + z − 1)((w − 1)z + 1)
(C.5)

– 33 –



J
H
E
P
1
0
(
2
0
2
1
)
1
1
6

The coefficient functions get uniquely fixed by (C.1) once we impose boundary conditions.

As for the α, β functionals, the identity T a

[ij,k]l = 0 implies we have the freedom to choose

f̃2(w, z) = 0 in the above.

C.2 Dispersion relation

The master functional kernels satisfy two distinct dispersion relations. Since the discussion

is almost identical to that of reference [29], modulo some extra indices, we only discuss one

of them here.

To start with, we postulate a dispersion relation for a general set of correlation func-

tions of the form

Ga
(w) = −ǫηa

∫ 1

0
dz
∑

b

ga|b(w, z) d2Gb
(z) (C.6)

where the bar reminds us that the above holds for suitably subtracted correlators. Our

goal is to determine the appropriate kernel ga|b(w, z) and precise subtractions such that

the above holds.

If the dispersion relation above holds then we expect:

d2
wg

a,b(w, z) = −ǫηaδabδ(w − z) (C.7)

This determines the discontinuities of ga,b for z < 0 and z > 1 as we will now see. Let

us set

ĝa|b(w, z) =
ga|b(w, z)√
w(1 − w)

. (C.8)

Then equation (C.7) gives:

Iwĝa|b(w, z) = ηaw−2∆φ− 3
2 ĝa|b

(
w

w − 1
, z

)
− δabδ

(
w − z

z − 1

)
(1 − z)2∆φ− 1

2

√
z(1 − z)

, w < 0

(C.9)

Imposing crossing we also determine

Iwĝa|b(w, z) =
∑

c

CacIwĝc|b(1 − w, z) , w > 1 (C.10)

Assuming analyticity of the kernel away from the cuts at w > 1 and w < 0, we can use the

Cauchy formula applied to ĝa|b to express it in terms of its discontinuities. Translating the

result back into ga|b we find

ga|b(w, z) = Kab(w, z) −
∫ 1

0
dw′

∑

c

Kac(w,w′)gc|b(w′, z) (C.11)

where

Kab(w,w′) =
(1 − w′)2∆φ− 1

2

π

√
w(1 − w)

w′(1 − w′)

(
δab

w − w′

w′−1

+
Cab

w − 1
1−w′

)
(C.12)

The set of equations (C.11) are of Fredholm-type and can be easily solved numerically. An

issue is that when ǫηa = 1 there are zero mode solutions. These correspond to αa
0 functional

solutions which are allowed by the integral equation. In practice however this can always

be subtracted out by hand since we have those functionals explicitly for any ∆φ.
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D Functional actions from Witten diagrams

In this appendix, we provide details of the Witten diagrams in AdS that enter the Polyakov

blocks of section 4. The conformal block decomposition of the Polyakov blocks are related

to functional actions as we described in the main text. In our implementation of functional

actions in the numerical applications of section 6 we have extensively used the results

described in this appendix.

D.1 Witten diagram decomposition for 1d CFT

We can decompose the exchange Witten diagrams8 in s-channel conformal blocks as shown

in section 4 which we repeat for convenience
[
denoting W̃

(±)
∆,ℓ = 1

2(W̃
(t)
∆,ℓ ± (−1)ℓW̃

(u)
∆,ℓ)

]
:

W̃
(s)
∆,ℓ(z) = G∆(z|∆φ) +

∑

n

[
ã

(s)
n,ℓ(∆)G∆n,ℓ

(z|∆φ) + b̃
(s)
n,ℓ(∆)∂G∆n,ℓ

(z|∆φ)
]
,

W̃
(+)
∆,ℓ (z) =

∑

n

[
ã

(t)
n,ℓ(∆)G∆B

n
(z) + b̃

(t)
n,ℓ(∆)∂G∆B

n
(z)
]
, (D.1)

W̃
(−)
∆,ℓ (z) =

∑

n

[
˜̄a(t)
n,ℓ(∆)G∆F

n
(z) +

˜̄
b

(t)

n,ℓ(∆)∂G∆F
n

(z)

]
,

for ℓ = 0, 1. Below we chalk out how to obtain the block decomposition coefficients in a

convenient way.

Following [34] we can use the s- channel equation of motion (Casimir equation) to

relate the exchange diagrams, W̃
(s)
∆,ℓ to contact diagrams C(s)

ℓ as shown below

(
1

2
MAB

12 M12AB − C∆,ℓ

)
W̃

(s)
∆,ℓ(z) =

∑

ℓ′=0,1

p∆,ℓ′,ℓC(s)
ℓ′ (z). (D.2)

Here MAB
12 are the conformal generators acting on the operator at x1 and x2 and C∆,ℓ

is the Casimir eigenvalue. Also C(s)
0 and C(s)

1 are the 4-point contact diagrams involving

zero-derivative and two-derivative vertices respectively (see appendix A) and p∆,ℓ′,ℓ are

some simple normalization functions (not shown explicitly).

The conformal block decomposition of the contact diagrams has the following form:

∑

ℓ′

p∆,ℓ,ℓC(s)
ℓ′ (z) =

∑

n

[
a(C)
n (∆, ℓ)G∆n,ℓ

+ b(C)
n (∆, ℓ)∂G∆n,ℓ

]
. (D.3)

Now acting with the equation of motion on the above equation, we can relate the coefficients

a
(s)
n,ℓ and b

(s)
n,ℓ for scalars and spin 1 exchanges as,

ã
(s)
n,ℓ =

a
(C)
n (∆, ℓ)(C∆n,ℓ,ℓ − C∆,ℓ) − b

(C)
n (∆, ℓ)∂C∆n,ℓ,ℓ

(C∆n,ℓ
− C∆,ℓ)2

,

b̃
(s)
n,ℓ =

b
(C)
n (∆, ℓ)

C∆n,ℓ
− C∆,ℓ

.

(D.4)

8Recall that we add the ˜ to differentiate from the contact term corrected Witten diagrams entering the

Polyakov Block in section 4.
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The coefficients a
(C)
n and b

(C)
n are simple to evaluate (we do not show them explicitly). We

present the final coefficients ã
(s)
n,ℓ and b̃

(s)
n,ℓ in the supplementary material.

The action of t-channel equation of motion on s- channel conformal blocks is not

diagonal, i.e. action of this on r.h.s. of t-channel counterpart of (D.2) is not an eigenvalue

equation. But it can again be written down in terms of finite number of s-channel blocks

as follows

D(t)[G∆(z)] = µG∆−1(z) + νG∆(z) + ρG∆+1(z). (D.5)

where the differential operator D(t) representing the action of Casimir equation in the

t-channel has the following form [34],

1

2
Dz−

(
1

z
− 1

2

)
Dz+∆(∆−1)−(1−4∆φ)

(
(1−z) d

dz

)
−4∆2

φ

(
1

z
− 1

2

)
−2∆φ(∆φ−1), (D.6)

with Dz = (1 − z)z2 d2

dz2 − z2 d
dz . The coefficients µ, ν, ρ are simple ∆-dependent functions.

Using this we get a recursion relation for the decomposition coefficients as follows:

ρn−1bn−1 + νnbn + µn+1bn+1 = Rn, (D.7)

and

ρn−1an−1 + νnan + µn+1an+1 + ρ′
n−1bn−1 + ν ′

nbn + µ′
n+1bn+1 = Sn. (D.8)

Here n ∈ Z≥0, and

an =





ã
(t)
n/2,ℓ for even n

˜̄a(t)
(n−1)/2,ℓ for odd n

, bn =





b̃
(t)
n/2,ℓ for even n

˜̄
b

(t)

(n−1)/2,ℓ for odd n

. (D.9)

Given the leading n = 0 double trace block coefficient we can use the above recursion

relations to find higher double trace block coefficients.

The expressions for Rn, Sn, ρn, νn, µn are presented in the supplementary material.

D.2 Computing b̃
(t)
0,ℓ, ã

(t)
0,ℓ

To find the leading coefficients of crossed channel exchange Witten diagrams we can use

the Mellin representation of the exchange Witten diagram in general dimension,

W
(i)
∆,ℓ(u, v) =

∫ i∞

−i∞
[ds] [dt] usvtΓ2(∆φ − s)Γ2(s+ t)Γ2(−t)M (i)

∆,ℓ(s, t), (D.10)

for i = s, t, u. For the t-channel the Mellin amplitude can be written in the basis of

continuous Hahn polynomials as follows [19]:9

M
(t)
∆,ℓ(s, t) =

∑

ℓ′

q
(t)
∆,ℓ|ℓ′(s)Q

2s+ℓ′

ℓ′,0 (t) , (D.11)

9The Mellin amplitudes of contact diagrams C
(i)
0 and C

(i)
1 are given by order 0 and order 1 polynomials

in Mellin variables.
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with Q2s+ℓ′

ℓ′,0 (t) is the continuous Hahn polynomials and q
(t)
∆,ℓ|ℓ′(s) is given in terms of a

regularized hypergeometric function defined in [23].

For 1d CFT we have to set u = z2 and v = (1 − z)2 and perform the t integration

following [23]. Then we can extract the leading decomposition coefficient of the crossed

channel exchange Witten diagram by computing residues of double poles at s = ∆φ:

b̃
(t)
0,ℓ =

[ ∫ i∞

−i∞
[dt]Res

[
z2s(1 − z)2tΓ2(∆φ − s)Γ2(s+ t)Γ2(−t)M (t)

∆,ℓ(s, t)
]
s=∆φ

]

z
2∆φ log z

= −2q
(t)
∆,ℓ|0(∆φ)κ0(∆φ)

[
κ0(s) ≡ Γ(s)4

Γ(2s)

]
. (D.12)

From the same residue but with the z2∆φ term one gets

ã
(t)
0,ℓ = −2

[
∂σ(q

(t)
∆,ℓ|0(σ)κ0(σ))

]
σ=∆φ

+ γE b̃
(t)
0,ℓ . (D.13)

The explicit expressions of ã
(t)
0,ℓ and b̃

(t)
0,ℓ for ℓ = 0, 1 is presented in the supplementary

material.10
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