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Abstract

We consider the collective beam dynamics at the injector section of the European

XFEL. The results of the measurements for the longitudinal phase space (LPS) of the

electron beam are compared with those obtained from numerical modeling. A new ap-

proach is proposed for the analysis of the self-field effects in the LPS measurements.

It allows to determine accurately the synchronous RF phase in an accelerating module

and to subtract properly the RF curvature imprinted in the LPS. A further incorporation

with the simulation made it possible to separate the collective effects originating from

different sources and thus to quantify, individually, the impact of these effects on the

beam dynamics. This includes the space-charge dominated beam dynamics in the RF

gun as well as the collective effects dominated by the wake fields after the gun up to the

end of the injector section. A new analytical model is also proposed for the short-range

wake function of a finite chain of RF cavities and verified by both numerical analysis

and experimental results. It is shown that the physical models used in the simulation of

the beam dynamics after the gun allow to reduce the absolute error in the modeling of

the correlated energy chirp by order of magnitude in comparison with the case when

the collective effects after the gun are neglected.
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1. Introduction

The numerical modeling of modern free electron lasers remains a challenge for

the computational physics. The different scales of the physical processes do not al-

low to use self-consistent simulations of the particle motion with direct solution of

the Maxwell’s equations along the whole machine. Several approximate models like5

”space charge field”, ”wake field”, ”coherent synchrotron radiation”, ”paraxial field ap-

proximation” are developed and used in numerical codes to estimate the properties of

the electron bunch at the end of the electron accelerator. The models are approximate

and only experiments could confirm that they describe the collective beam dynamics

accurately. Or the experiment can at least help us estimate the errors of the modeling.10

However, direct comparison between simulation and measurement is very difficult

as many technical parameters of the machine are known only approximately or with

insufficient accuracy. For example, a small error in the definition of the radio frequency

(RF) parameters of the booster (the first RF module after RF gun) changes the bunch

properties at the end of the linac enormously [1]. The statistical errors usually can be15

excluded easily from the experiment, but the systematic errors due to the calibration or

drifting are difficult to identify and to remove. Hence methods of the analysis which

allow to remove the systematic errors are of great importance.

The accelerator beam dynamics of the European X-ray Free Electron Laser (XFEL)

[2] has been discussed recently in paper [1]. The authors have described the physi-20

cal models used and have presented results of numerical modeling. In this paper we

continue experimental and numerical studies of the beam dynamics and concentrate

our attention on the injector section of the facility: from the radio frequency gun up to

the dogleg section before the first bunch compressor. Due to a relatively low energy

of the electron beam at this section the collective effects impact considerably the beam25

dynamics and an accurate verification of the physical models applied in the simulations

is highly desired.

In this paper we present a new approach to the analysis of the self-field effects

in the measurements of the longitudinal phase space (LPS). It allows to identify the

synchronous RF phase in an accelerating module with a high accuracy and to subtract30
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properly the RF curvature imprinted in the longitudinal phase space. In combination

with beam dynamics simulations it allows to separate the impact of the collective ef-

fects originating from different sources: the space-charge dominated beam dynamics

in the RF gun and the collective effects dominated by the wake-fields after the gun up

to the end of the injector section.35

The measurement of LPS with a transverse deflecting structure (TDS) is a well es-

tablished procedure [3]. The main challenge is the analysis of the measurements and

the reproducibility in the numerical modeling. The energy chirp or the curvature intro-

duced by RF is considerably larger than that introduced by collective effects. Hence we

need an accurate procedure to define the RF parameters. The standard procedure (scan40

of the RF phase and measurement of the beam energy in the dispersion section) has a

considerable error (approximately 0.1 degree) in definition of RF phase. Additionally,

the energy measurement used for the calibration of RF voltage has a considerable error

(approximately 1%) as well. In order to overcome these difficulties and to substract the

RF curvature with high accuracy in the post-processing we suggest a new method. It45

is based on the analysis of TDS measurements with the hypothesis that the collective

effects are independent from the RF phase if the beam energy is kept approximately

constant. To our knowledge this accurate and reliable method of the extraction of the

RF curtvature was not described in the literature so far.

The results of the measurements and the analysis are compared with those of the50

numerical modeling. In order to take into account properly the wake field effects in the

accelerator modules we have developed a new model of the wake functions and have

done numerical studies to find out the coefficients of the model for the different RF

modules available in the injector section. The new model is an extension of the model

suggested earlier in [4]. The old model was not able to describe accurately the wake55

behavior required for the long bunches at the injector section. Hence in this paper a new

model with additional terms is introduced. It is shown for three different geometries

that the new model is able to reproduce accurately the numerical results obtained by

direct solution of the Maxwell’s equations. We have found that after the RF gun the

wake fields have a stronger impact on the bunch than the longitudinal space charge60

forces.
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The comparison of the theoretical collective effects with the measured ones in

XFEL facilities has been done, for example, in [1, 5, 6]. However, the authors of these

and other publications usually compare only the integrated parameters (energy loss,

rms energy spread, transverse kick) with the measured ones. In this paper we carry65

out a time-resolved comparison of theoretical and measured collective effects inside

of the electron bunch. Such kind of study requires much more accurate and advanced

measurements and allows to prove the theoretical models used in the simulations. We

show that the physical models used in the simulation of the beam dynamics after the

gun allow to reduce the absolute error in the modeling of the correlated energy chirp70

by order of magnitude in comparison with the case when the collective effects after the

gun are neglected.

We start in Section 2 from the layout of the injector section used in the measure-

ments and the simulations. Then, in Section 3 we describe the approach to the measure-

ments and to their analysis. In Section 4 we describe a model of wake field functions75

for the finite chain of RF modules and present the calculations to obtain the coefficients

of the model for the structures available in the injector section. These results are used

in the beam dynamics simulations described in Sections 4, 5. In Section 5 we com-

pare the numerical results with the measured ones and confirm the correctness of the

physical models used in the simulations.80

2. Layout of the injector section and the setup of the measurements

The European XFEL produces the hard X-rays down to sub-angstrom wavelength.

It consists of a 17.5 GeV linear accelerator (linac) and several undulator lines for SASE

radiation, namely, SASE1, SASE2 and SASE3. The layout of the facility with the

SASE1 branch is shown in Fig. 1.85

The injector section starts from the gun and ends before the bunch compressor BC0.

In our studies we use only the part of the injector section shown at Fig. 2. The electron

bunch travels a distance of 40 meters from the cathode of the RF gun up to the OTR

screen in the injector dumpline. In conventional operation of the facility the TESLA

cryomodule A1 accelerates the beam up to 150 MeV and then the bunch is decelerated90
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Figure 1: The layout of the European XFEL accelerator with SASE1 branch.

Figure 2: The setup of the experiment in the injector section.

in the high harmonic cryomodule AH1 to the energy of 130 MeV. With this energy the

bunch travels up to the bunch compressor BC0 for the compression to a higher peak

current.

In the experiment presented in this paper we switched off the high harmonic mod-

ule AH1 and the laser heater. During the scans of different parameters we kept the95

beam energy near to 130 MeV already after the first cryomodule A1. The bunch was

transversely kicked in the TDS and analyzed on the OTR screen after the dipole mag-

net in the dumpline. In order to calibrate the time and energy axes of the longitudinal

phase space we have proceeded in the usual way by using the phase of the TDS and the

voltage of cryomodule A1.100

In order to estimate the resolutions of the measurements in time Rt and in energy
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Table 1: Parameters of the measurement setup.

parameter Units Value

OTR resolution, σR µm 20

Normalized emittance, εn µm 0.6

Optical β-parameters at OTR , (βx, βy) m (0.6,15)

Dispersion, D m 0.59

Optical β-parameter at TDS, β0
y m 3

Optical α-parameter at TDS, α0
y 1.47

Wave number of TDS, k 1/m 58.7

Voltage of TDS, V MV 0.84

Length of TDS, L m 0.7

Streak of TDS, S 1.8

Reference energy, E0 MeV 130

RE we use the following equations

Rt =
1

S c

√
σ2

R + σ2
y, σ2

y =
βyεn

γ0
, (1)

RE =
E
D

√
σ2

R + σ2
x + (DKσI)2, K =

ekV
E0

, (2)

σ2
x =

βxεn

γ0
, σ2

I =
(β0
y + 0.25L2γ0

y − Lα0
y)εn

γ0
, (3)

where e is the absolute value of electron charge, c is the velocity of light in vacuum, γ0

is the relative relativistic energy, γ0
y is the value of the optical function at the middle of

TDS and the meanings and the values of other parameters are listed in Table 1. With

these values we estimate that in the measurements presented in the following sections

the time resolution Rt is equal to 0.35 ps and the energy resolution RE is equal to 10105

keV.
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3. Measurements and their analysis

The longitudinal component of the electric field on the axis of the gun cavity can

be represented as

Ez(z, t) = Ez(z) sin(ωt + θ), (4)

where ω is the angular frequency, θ is the phase of the wave. For electrons starting at

time t = 0, the longitudinal field has the highest value at phase of 90o. At phase θ0 = 0o

the field on cathode changes the sign and we will call phase θ0 ”zero-crossing” phase.110

In the following we present the phase θ in the form

θ = θ0 + θMM + ∆θ, (5)

where θMM is the phase of maximal mean momentum of the electron beam, θ0 is the

”zero-crossing” phase and ∆θ is a gun phase offset. The ”zero-crossing” phase θ0 was

defined experimentally in the same way as described at Section III.C of [7].

At the first step we have done a set of measurements to define a working point of

the gun at a bunch charge Q = 250 pC. We have found that the gun phase of maximal115

mean momentum of the electron beam θMM is 44 degrees and the momentum of the

beam after the gun is equal to 6.45 MeV/c.

The change of the longitudinal momentum in cryomodule A1 can be approximated

by expression

∆pz(τ) =
eV
c

cos(ωτ + φ), ω = 2π f , (6)

where τ is the relative time offset to the time of beam center of mass, e is the electron

charge, c is the vacuum light velocity, V and φ are the voltage and the synchronous

phase of the cryomodule A1, respectively, and f = 1.3 GHz. In order to estimate the120

error of Eq. (6) we have done numerical tracking of the particles in the external field of

the cryomodule. In the range of parameters of the experiment the absolute error in the

momentum is less than 0.5 keV and can be neglected in our analysis.

The best beam emittance is obtained not in the gun phase of maximal electron beam

momentum but at a phase shifted by 2-3 degree. Hence we set the gun phase shift ∆θ125

7



to -2 degree. Additionally we have done a scan of the gun solenoid strength to set

the transverse projected emittance to the minimum value of 0.6 µm. The ”emittance”

means in this paper the root mean square (rms) normalized emittance. For example,

in horizontal plane the projected normalized rms emittance is calculated from the total

particle distribution by the formula ε pro j
x = (m0c)−1

√〈
x2〉 〈p2

x
〉
− 〈xpx〉

2, where px is130

the particle momentum and symbol 〈〉 defines the second central moment of the particle

distribution.

At this state of the gun we have done a scan of the phase of cryomodule A1 to define

the RF phase of maximal mean momentum of the electron beam. The longitudinal

electric field on the axis of cryomodule A1 has the same form as given by Eq. (4) with135

RF phase θA1. The RF phase of the cryomodule A1 was set to this phase θA1. Note that,

the exact value of the RF phase is not important for our discussion. We use only the

fact that for the RF phase θA1 (so called ”on-crest” phase) the synchronous phase φ is

zero for the bunch charge Q = 250 pC and the gun phase offset ∆θ = −2o.

Figure 3: Comparison of the longitudinal phase space from measurement (left) and from simulation (right)

for the bunch charge Q = 250 pC , the gun phase offset ∆θ = −20 and the synchronous phase of cryomodule

A1 φ = 0.

The left image in Fig. 3 presents the phase space measured with TDS at the gun140

phase offset ∆θ = −2o and the synchronous phase φ = 0o. The right image in Fig. 3 is

obtained from beam dynamics simulations which include collective effects, impact of

TDS and simulation of the OTR screen in the dump. We see an asymmetric curvature
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of the phase space which does not fit the cosinus function shape of Eq. (6). It means

that the electron beam has a considerable energy chirp induced by the RF in the gun145

and the collective forces in the gun and further downstream. Hence the synchronous

phase of the maximal mean momentum is different from the synchronous phase of the

smallest energy spread. The smallest energy spread will be reached at a phase which

makes the LPS shape symmetric (the head and the tail of the bunch have the same

energy). The A1 phase of minimal energy spread is usually different from the phase of150

maximal beam momentum by approximately 1 degree.

In order to compare the measurement with the simulation and to verify the physical

models of different collective effects we need to make not only one measurement but

a whole set of scans for different parameters. In the experiment we have done mea-

surements for three different bunch charges (250 pC, 500 pC, 750 pC) and for the gun155

phases offset ∆θ from -8 to 4 degrees. The scan of the gun phase is necessary for two

reasons: (1) to define the RF phase θMM of maximal mean momentum and (2) to check

that the energy chirp from the gun is correctly reproduced in the simulations.

If we change the bunch charge Q or the gun phase offset ∆θ then the synchronous

phase φ of the cryomodule A1 will change as well. We need to know this phase with160

high accuracy to be able to compare the measurement data with the simulation results.

Defining of the synchronous phase φ usually is carried out experimentally by looking

for the RF phase with the maximal electron beam momentum. Such approach requires

a considerable amount of operational time of the facility and the accuracy usually is

not better than 0.1 degree.165

During the experiment we have decided to use another method and to extract the

synchronous phase φ from the measured data in the post-processing. We have found

that the method presented below allows saving the facility operation time and to obtain,

with a higher accuracy, the synchronous phase φ than the conventional method, where

an experimental searching approach needs to be carried out, iteratively, for each new170

setup (a new bunch charge or a new gun phase), to find the RF phase of the maximum

beam momentum.

At each working point of interest (the bunch charge and the gun phase) we change

the RF phase of cryomodule A1 by ±4o and save the longitudinal phase space (LPS)
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by recording the beam image on the OTR screen in the injector dumpline. If we sug-175

gest that the residual LPS after a subtraction of the RF curvature of cryomodule A1 is

independent from the RF phase of A1, then from a simple analysis in post processing

of the measured data we are able to identify the synchronous phase φ accurately and

to subtract the RF curvature of the cryomodule properly from the LPS. Note, that due

to Eq. (6) the change in the syncronous phase φ is equal to the change in the RF phase180

θA1. In the following we will use for both offsets in the phase the same symbol ∆φ.

In the following we will show only a mean position of the slices in the longitudinal

phase space

pz(τ) =
1
ρ(τ)

∫
pz f (τ, pz)dpz, (7)

ρ(τ) =

∫
f (τ, pz)dpz,

"
f (τ, pz)dτdpz = 1, (8)

where f (τ, pz) is the phase space density of the electron beam in the longitudinal phase

space (see, for example, Fig. 3).

On the left plot of Fig. 4, we show by solid blue lines the measured mean slice

momentum pz(τ) at different RF phases of cryomodule A1. The measured curves can

be presented in the form

pz(τ,∆φ) =
eV(∆φ)

c
cos(ωτ + ∆φ + φ0) + ∆pz(τ,∆φ, φ0). (9)

On the left hand side the function pz(τ,∆φ) is the curve measured in the experiment for

the RF phase θA1 +∆φ and obtained by processing of the data from the OTR screen and185

from the energy monitor.

On the right hand side of Eq. (9) we introduce a free parameters φ0 to be yet defined.

The parameter φ0 is the synchronous phase of cryomodule A1 when the RF phase of

the module θA1 has the same value as in the measurement presented in Fig. 3 (∆φ = 0).

The value of voltage V(∆φ) was adjusted during the measurement analytically V(∆φ) =190

V(0)/ cos(∆φ) to keep the beam energy near to constant value. Finally, the last term in

the expression ∆pz(τ,∆φ, φ0) describes the residual mean slice momentum when the RF

curvature of cryomodule A1 is subtracted. This term is created by the beam dynamics

in the RF gun and by the collective effects after the gun. This term depends only weakly

on the RF phase of A1 if the final energy of the beam is kept approximately constant.195
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In order to find the parameter φ0, which provides the residual term ∆pz(τ,∆φ, φ0)

independent from the phase shift ∆φwe proceed as follows. We calculate the mean and

the rms residual functions

m(τ, φ0) =
1
N

∑
∆φ

∆pz(τ,∆φ, φ0), (10)

σ(τ, φ0) =

( 1
N − 1

∑
∆φ

[
∆pz(τ,∆φ, φ0) − m(τ, φ0)

]2
)1/2

, (11)

where N is the number of different phase offsets ∆φA1 used.

The value φ0 is defined as those that minimize the averaged value of the rms residual

function :

φ0 : min
φ

∫
σ(τ, φ)dτ. (12)

For the phase φ0 we can define the residual mean slice momentum ∆pz(τ) and the

residual mean momentum p0
z :

∆pz(τ) = m(τ, φ0), p0
z =

∫
∆pz(τ)ρ(τ)dτ. (13)

The parameter p0
z is a sum of initial momentum of the beam, the energy loss due to

the wake fields and the errors in the energy measurement and in the RF calibration.

For the bunch charge Q = 250 pC and the gun phase offset ∆θ = −2o we have

found p0
z = 5.93 MeV/c, φ0 = −0.01o. The value of p0

z is different from the measured200

beam momentum after the gun, 6.45 MeV/c. One of the reasons is the energy loss due

to wake fields. From the model of wake fields presented in Section 4.2 we estimate

that the energy loss due to the scattered fields for the bunch charge of 250 pC is equal

only to 54 keV. Hence the main sources of this difference are the errors in the energy

measurements and the error in the calibration of voltage of cryomodule A1. The value205

of the synchronous phase φ0 is very close to zero as expected.

The red dotted curves on the left plot of Fig. 4 show the curvature induced in the

longitudinal phase space of the electron beam by RF field of cryomodule A1 alone

(the sum of the first term in Eq. (9) and p0
z ). If we subtract the values of these curves

from the measured ones (shown by solid blue lines) then we obtain the residual curves210

∆pz(τ,∆φ, φ0)− p0
z for ∆φ = −4o,−2o, 0o, 2o, 4o, shown on the right plot by blue dotted
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lines. As expected they depend only weakly on the phase of cryomodule A1. Then,

we can calculate the residual mean slice momentum ∆pz(τ) − p0
z , represented by the

averaged curve (solid black line). The dashed red line in the right plot presents the

standard deviation σ(τ, φ0) as defined by Eq. (11).215

Figure 4: The left plot presents the measurement of the mean slice momentum for the bunch charge Q = 250

pC and the gun phase offset ∆θ = −2o. The blue solid curves show the mesurements at the RF phase offsets

∆φ = −4o,−2o, 0o, 2o, 4o . The red dotted curves present the curvature induced by RF field of cryomodule

A1. The right plot shows the residual mean slice momentum after a subtraction of the RF curvature. The

solid black line in the right plot presents the averaging of the dotted curves (see Eq. (13)). The dashed red

line presents the standard deviation as defined by Eq. (11).

Table 2: The synchronous phase φ0 in degrees for different charges and for different gun phase offsets ∆θ.

−8o −5o −2o 1o 4o

250 pC 1.77 0.82 -0.01 -0.68 -1.19

500 pC 2.17 1.25 0.41 -0.21 -0.71

750 pC 2.38 1.50 0.74 0.21 -0.27

In Fig. 5 we show another data set for the gun phase offset ∆θ = 4o and the same

bunch charge of 250 pC. The value of the synchronous phase φ0 is no longer zero

but −1.19o. The synchronous phases determined for other measurements are summa-

rized in Table 2. The shift of the synchronous phase with the charge increase can be

explained by bunch lengthening as discussed at the end of Section 6.220
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Figure 5: The left plot presents the measurement of the mean slice momentum for the bunch charge Q = 250

pC and the gun phase offset ∆θ = 4o. The blue solid curves show the mesurements at the RF phase offsets

∆φ = −4o,−2o, 0o, 2o, 4o . The red dotted curves present the curvature induced by RF field of cryomodule

A1. The right plot shows the residual mean slice momentum after a subtraction of the RF curvature. The

solid black line in the right plot presents the averaging of the dotted curves (see Eq. (13)).The dashed red

line presents the standard deviation as defined by Eq. (11).

4. Modelling of the beam dynamics

4.1. Modelling of the RF gun

The electron bunch is produced by a shaped laser pulse in the RF gun. The laser

pulse has a temporally Gaussian shape and an rms duration of about 3 ps. The param-

eters used in the gun simulations are listed in Table 3.225

Table 3: Injector parameters.

subsection parameter

laser rms length, ps 2.7

width, mm 1-1.5

RF cavity frequency, GHz 1.3

maximal field on cathode, MV/m 56.3

phase, degree 35-47

solenoid Magnetic field, T 0.216

13



The simulations are done with code ASTRA [8]. In the gun simulations we have

followed the route used experimentally in setting up the gun. The scan of the RF

gun phase for the bunch charge of 250 pC resulted in the maximal mean momentum

phase θMM of 43o, which agrees reasonably with the phase defined in the experiment.

The ”zero-crossing” phase θ0 (see Eq. (5)) is defined for a reference particle at the230

center of mass of the beam distribution (each particle has its own birth time when it

starts from the cathode and the reference particle has started at an average time through

all particles). The strength of the solenoid field was chosen the same way as in the

experiment to produce a transverse emittance of 0.6 µm after cryomodule A1. The

solenoid strength in the experiment was 0.203 T. We think that the difference in the235

solenoid strength used in the experiment and the simulations is due to calibration errors

of the solenoid strength in the machine.

In our simulations we use 4 × 105 macro-particles. As for calculating the slice

parameters we have used 5 × 103 particles per slice. These calculations are done ac-

cordingly for the same set of bunch charges as in the experiment: 250 pC, 500 pC and240

750 pC. For each charge set point, the phase θMM (see Eq. (4)) is set as 43o and 5 differ-

ent gun phase offsets ∆θ are considered: −8o,−5o,−2o, 1o, 4o . The electron bunches

are tracked through the RF gun in presence of space charge forces till the entrance of

cryomodule A1. The obtained particle distributions are then used for further particle

tracking as well as the analysis as described in the next sections.245

4.2. Wake function of a finite chain of accelerating cavities

In order to take into account the impact of the electromagnetic fields scattered by

the vacuum chamber we use wake field formalism. The main sources of the wake fields

are RF cavities. In this paper we approximate the RF cavities by rotationally symmetric

geometries neglecting RF couplers and higher order modes absorbers. In the case of

the rotational symmetry the longitudinal wake function near the axis can be written in

the form [9]

wz(r, s) = wz(s) + w′⊥(s)
(
x0x + y0y

)
+ O(∆r3), (14)

wz(s) ≡ wz(0, s), w′⊥(s) ≡
∂2wz

∂x∂x0
(0, s), (15)
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where we have incorporated in one vector the transverse coordinates of the source and

the witness particles, r = (x0, y0, x, y)T and s is a distance between these particles in the

longitudinal coordinate s = z0 − z. The transverse wake function can be found through

Panofsky-Wentzel theorem and has the form:

w⊥(r, s) = w⊥(s)
(
x0ex + y0ey

)
+ O(∆r2), (16)

where

w⊥(s) =

∫ s

−∞

w′⊥(s′)ds′. (17)

Figure 6: The geometry of RF modules installed in the injector section of the European XFEL.

An approximate analytical forms of functions wz(s), w⊥(s) for the TESLA cry-

omodule (A1), the high harmonic module (AH1) and the transverse deflecting cavity

(TDS) have been already found in [10, 11, 4] for the setups and the geometries used at250

FLASH. However in [10, 11] the authors have been looking for the wake function of an

infinite chain of TESLA cryomodules, where each cryomodule consists of 8 TESLA

cavities connected by pipes with bellows. This infinite periodic approximation is accu-

rate for the wakes of TESLA cryomodules in the linacs L1, L2, L3, but in the injector

section the cryomodule A1 is an isolated structure and it has to be considered in the255

manner used in [4] for the high harmonic module and the TDS structure. At the same

time the layout of the high harmonic module [12] in the European XFEL is different
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Figure 7: The longitudinal and the transverse wake potentials of the Gaussian bunches in the high harmonic

cryomodule AH1. The bunch length is varied between 10 µm and 2 mm. The numerical results from code

ECHO are shown by solid blue curves. The analytical approximations are shown by dashed red curves.

Figure 8: The longitudinal and the transverse wake potentials of the bunch with the bunch charge 500 pC

at the gun phase offset of -2o. The dashed line shows the bunch shape in arbitrary units. The solid curves

present the wake potentials obtained from the analytical representations. The dots present the wakes for AH1

obtained by direct numerical solution of the Maxwell’s equations in ECHO.
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from that described and used in [11]: the high harmonic module includes not 4, but 8

cavities, the in-going step transition is replaced by a taper, the out-going step transition

is removed completely. The TDS structure has a little different geometry of cells and260

is composed only from 16 cells [13] .

The rotationally symmetric approximation of these RF structures is presented in

Fig. 6. The black curve shows one of 9 bellows and a part of the first from 8 TESLA

cavities of cryomodule A1. Each TESLA cavity is composed by 9 cells. The red

curve presents the taper at the entrance of the high harmonic cryomodule AH1 which265

includes again 8 cavities and 9 bellows. The blue curve describes the geometry of the

transverse deflecting cavity (TDS) which includes 16 cells. In all cavities the first and

the last cells have a little different shapes. The details of the geometry can be found

in [11, 13, 12] and in the papers cited therein.

For an approximate analytical form of wake functions wz(s), w⊥(s) we use modified

and extended forms of the expressions suggested in [14, 15, 16, 11]. We present the

longitudinal and the transverse wake functions as follows:

wz(s) = θ(s)
(
Ae−

√
k0 s + B

cos((k1s)α)
√

s + k2s
+ C cos(k3s) + Dδ(s)

)
, (18)

w⊥(s) = θ(s)
(
A′

(
1 − (1 +

√
k′0s)e−

√
k′0 s

)
+ B′

√
s

1 + k′1s
+ C′ sin(k′2s)

)
, (19)

where θ(s) is Heaviside step function. The terms with coefficients A, A′ have the short-270

range asymptotics of the wake function of an infinite chain of cavities [16]. The terms

with coefficients B, B′ have the short range asymptotics of the wake function of an iso-

lated cavity [14]. The terms with coefficients C, C′ approximate a long term behaviour

of the wake at the tail of the relatively long bunch in the injector section. Finally, the

delta-function term with coefficient D is responsible for the contribution of step-out275

or collimator like geometry features. The first cosinus term in Eq. (18) is introduced

in order to describe an oscillation in the wake potentials. This oscillation appears in

a quite short bunch length when the main contribution moves from the first term (pe-

riodic model) to the second term (isolated cavity). For example, for the case of high

harmonic cryomodule AH1 we see it in Fig. 7 for the bunches shorter than 50 µm.280
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Table 4: The coefficients of the function wz(s).

A k0 B k1 α k2 C k3 D

V/pC 1/mm V/pC 1/mm 1/mm V/pC 1/mm V/pC

A1 287 0.413 4.75 35.0 0.746 1.52 12.1 0.181 0

AH1 711 1.94 1.50 106 0.661 0.201 49.2 0.154 0.0114

TDS 40.7 0.239 0.524 6.54 0.655 0.140 1.57 0.159 0

Table 5: The coefficients of the function w⊥(s).

A′ k′
0

B′ k′
1

C′ k′
2

V/pC/mm 1/mm V/pC/mm 1/mm V/pC/mm 1/mm

A1 1.03 0.426 3.63 0.0664 0.113 0.232

AH1 2.75 2.47 22.9 0.00968 0.645 0.287

TDS 0.0863 0.714 3.81 0.0135 0.0675 0.181

The coefficients of the longitudinal wake function wz(s) are found from numeri-

cal simulations with code ECHO [17] for the Gaussian bunches with an rms length

between 2 mm and 10 µm. The longitudinal wake potentials for the Gaussian bunch

profiles λσi (s)

Wz,i(s) = [wz ∗ λσi ](s) =

∫ s

−∞

wz(s − s′)λσi (s′)ds′, (20)

are fitted to the numerical results to minimize the residual δz defined as

δz =
∑

i

‖Ŵz,i −Wz,i‖, (21)

where ‖·‖ is L2-norm and Ŵz,i are the wake potentials obtained numerically with code

ECHO for longitudinal bunch shapes λσi , σi = 10, 15, 25, 50, 250, 500, 100, 2000 µm.

Table 4 lists the coefficients of Eq. (18).

The coefficients of the transverse wake function w⊥(s) are found from the fit of the

transverse wake potentials

W⊥,i(s) =

∫ s

−∞

w⊥(s − s′)λσi (s′)ds′, (22)
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to the numerical results in the same manner. Table 5 lists the coefficients of Eq. (19).

Figure 7 presents the longitudinal and the transverse wake potentials of the Gaus-285

sian bunches in the high harmonic cryomodule AH1. The bunch length is varied be-

tween 10 µm and 2 mm. The numerical results from code ECHO are shown by solid

blue curves. The analytical approximations obtained with Eq. (18) and Eq. (19) are

shown by dashed red curves.

The longitudinal and the transverse wake potentials of different RF modules for the290

electron bunch with charge of 500 pC (obtained in the simulations at the gun phase

offset ∆θ = −2o) are shown in Fig. 8.

4.3. Particle tracking with collective effects after RF gun

The tracking of particles from position z = 3.2 meters (entrance of cryomodule A1)

to the position of OTR screen is done in OCELOT[18]. It is done in the same way as,295

for example, in Elegant [19], in which quadrupoles, dipoles, sextupoles, RF cavities

and other lattice elements are modeled by linear and second order maps. The focusing

effect of RF cavities is taken into account according to the Rosenzweig-Serafini model

[20].

The space charge forces are calculated by solving the Poisson equation in the bunch300

frame. Then the Lorentz-transformed electromagnetic field is applied as a kick in the

laboratory frame. For the solution of the Poisson equation we use an integral represen-

tation of the electro-static potential by convolution of the free-space Green’s function

with the charge distribution. The convolution equation is solved with the help of the

fast Fourier transform. The same algorithm for the solution of the three-dimensional305

Poisson equation is used, for example, in ASTRA.

The longitudinal wake function near the reference trajectory is presented through

the second order Taylor expansion in the way suggested in [21]. The coefficients wz(s)

and w′⊥(s) of Eq. (14) are singular at s = 0 and wz(s) includes a term with δ-function.

In order to tabulate these functions we use the representation [22]

w(s) = w0(s) + Rcδ(s) + c
∂

∂s
(w1(s)) , (23)
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where w0, w1 are non-singular functions, which can be tabulated easily and the constant

R has the meaning of resistivity.

The function wz(s) defined by Eq. (18) fits in representation of Eq. (23) as follows

w0(s) = θ(s)
(
Ae−

√
k0 s + B

cos((k1s)α) − 1
√

s + k2s
+ C cos(k3s)

)
, w0(+0) = A + C, (24)

w1(s) = θ(s)2B
log(1 + k2

√
s)

ck2
, R =

D
c
. (25)

The function w′⊥(s) defined by Eq. (17) and Eq. (19) fits in representation of Eq. (23)

as follows

w0(s) ≡ 0, w1(s) = c−1w⊥(s), R = 0. (26)

The wake potential for an arbitrary bunch shape λ(s) and the wake function w(s) as

in Eq. (23) can be found by formula

W(s) = [w0 ∗ λ](s) + Rcλ(s) + c[w1(s) ∗ λ′](s),

where c is the light velocity in vacuum, λ′ is a derivative of charge density λ and the

asterisk means the convolution as defined in Eq. (20).310

In the experiment we have matched the beam to the design optics for each charge at

the gun phase offset ∆θ = −2. We have reproduced this step in the simulations as well.

Note, in addition, that the efforts have been spent also with the particle tracking sim-

ulations in code ASTRA. It is worth mentioning that a good agreement of simulation

results has been reached between code ASTRA and code OCELOT.315

Finally, let us consider modeling of TDS. The particles have been tracked through

TDS in Ocelot coordinates
(
y, y′ =

py
p0
, c∆t, p = ∆E

p0c

)
with the linear matrix

1 L − LK
2 cos(ψ) 0

0 1 −K cos(ψ) 0

0 0 1 L
1−γ2

K cos(ψ) LK
2 cos(ψ) − LK2

6 cos(2ψ) 1


, (27)

where ψ, L are the phase and the length of TDS. The parameter K was defined in

Eq. (2).
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In the experiment we had K = 0.38 m−1, L = 0.7 m and the mesurements had

been done at the phases of 0o and 180o. Hence the energy chirp induced by TDS

can be estimated as dE/dt = 0.7 keV/ps and it is one order of magnitude smaller in320

comparison with the chirp introduced by the collective effects.

5. Comparison between measurements and simulations

Finally, we present a direct comparison of the measured curves with those obtain

from numerical simulations and clarify the impact of different collective effects on the

beam dynamics.325

In Fig. 9, the dots connected by the solid lines represent the synchronous phase φ

of cryomodule A1 obtained from the simulations. The black line shows the change of

the synchronous phase φ in dependence from the gun phase offset ∆θ for the bunch

charge Q = 750 pC while the blue line illustrates the case for 250 pC. The data from

the simulations are shown by points connected by dashed lines. The rms error between330

the measured and the simulated synchronous phases is equal to 0.1 degree for charge

of 250 pC and is equal to 0.15 degree for charge of 750 pC. This means, that the flight

time of the bunch in the RF gun obtained in simulations agrees with the experimental

data of Table 2. Hence the gun phase θMM is defined correctly in the experiment and in

the simulations.335

The following plots present the residual mean slice momentum ∆pz(t) measured in

the experiment and obtained by the simulations. We will simply refer it to the mean

slice momentum in the following.

Fig. 10 presents the results for the bunch charge of 250 pC. The dots with error bars

on the left plot present the measured mean slice momentum ∆pz(t). The error bars show340

rms error σ(τ, φ0) as defined by Eq. (11). The black solid line presents the mean slice

momentum obtained from the simulations as the effects of space charge and the wake

fields after the RF gun are taken into account. The red line shows the simulated mean

slice momentum if only the space charge effect is considered while the wake fields

effects after the RF gun are neglected. Finally, the blue line illustrates the simulation345

results when all the collective effects after the RF gun are neglected. This curve is
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Figure 9: Evolution of the synchronous phase φ̂0 of cryomodule A1 due to change of the gun phase offset

∆θ. The dashed lines present the measured data. The solid lines are obtained by simulations with collective

effects included.

Figure 10: Comparison of the measurements with simulations for the bunch charge Q = 250 pC. The dots

with error bars represent the measurement data. The solid lines show the results obtained from the simu-

lations (”w/o”- without collective effects, ”SC” - only the space charge forces are included, ”SC&wakes”

- the space charge forces and the wakefields are included). In the right plot the solid lines are obtained by

simulations with collective effects included.
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Figure 11: Comparison of the measurements with simulations for the bunch charge Q = 500 pC. The dots

with error bars represent the experimental results. The solid lines show the results of the simulations (”w/o”-

without collective effects, ”SC” - only the space charge forces are included, ”SC&wakes” - the space charge

forces and the wakefields are included). In the right plot the solid lines are obtained by simulations with

collective effects included.

Figure 12: Comparison of the measurements with simulations for the bunch charge Q = 750 pC. The dots

with error bars represent the measurement data. The solid lines show the results of simulations (”w/o”-

without collective effects, ”SC” - only the space charge forces are included, ”SC&wakes” - the space charge

forces and the wakefields are included). In the right plot the solid lines are obtained by simulations with

collective effects included.

23



defined mainly by the space charge dominated beam dynamics in the RF gun and the

chosen gun phase offset ∆θ. As shown, the left plot presents the results for the gun

phase offset ∆θ = −2o while the right plot shows for other gun phases the comparisons

between simulations (solid lines) and measurements (the dots with error bars). More350

specifically, the blue curves represent the results for the gun phase offset ∆θ = −5o and

the red curves present the results for the gun phase offset ∆θ = 4o. It can be seen that

the simulations reproduce the evolution of the energy chirp, correspondingly, with the

evolution of the gun phase.

Fig. 11 and Fig. 12 present another two sets of comparisons for the cases of 500355

pC and 750 pC. The blue solid line in the right plot of Fig. 12 shows some peculiar

shape in the bunch tail. It can be explained by the space charge limited regime [7] for

extracting the bunch charge from the cathode at the gun phase offset of −5o. For this

special case we were able to extract from the cathode only 700 pC with a laser aperture

size of 1.5 mm in both the experiments and the simulations.360

Let us define the root-mean square error δ between the simulated curve f (τ) and

the measured one g(τ) on interval [τ1, τ2]

δ =
‖ f (τ) − g(τ)‖
√
τ2 − τ1

, (28)

where ‖·‖ is L2 norm. For the gun phase offset ∆θ = −2o (see left plots in Figs. 10-12)

we summarized this error in Table 6.

Table 6: The error δ in keV between the measured and the simulated residual mean slice momentum ∆pz(t)

for the gun phase offset ∆θ = −2o.

250 pC 500 pC 750 pC

w/o collective effects 26 33 41

with space charge only 20 25 35

with collective effects 3 6 7

In the left plot of Fig. 13 we compare the mean slice momentum for bunch charges

of 250 pC and 500 pC. As expected, the case with a higher bunch charge shows a

stronger energy chirp. The energy chirp for the case of 750 pC is very close to that of365
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Figure 13: The left plot compare the residual mean slice momentum for different bunch charges at the gun

phase offset ∆θ = −2o. The right plot compares the current profiles for different bunch charges at the

same gun phase. The dashed lines present the results of the measurements. The solid lines are obtained by

simulations with collective effects included.

the 500 pC case (it is not shown on this plot, see Fig. 12). It can be explained by a

considerable longer current profile of the bunch, as shown in the right plot of Fig. 13.

Moreover, for different bunch charges, the right plot of Fig. 13 shows the current

profiles obtained from both the measurements (dashed lines) and the simulations (solid

lines). The difference in the bunch length explains the shift of the synchronous phase370

as listed in the columns of Table 2 for different bunch charges at the same gun phases.

It correlates well with the bunch length difference: ∆φ = ω(σQ − σ250pC), where Q is

equal to 500 pC or 750 pC, and σQ is the bunch length for the bunch charge Q.

From the results presented in Figs. 10-13 and Table 6 we can conclude that the

reliability and performance of the physical models applied in the simulations for mod-375

eling the space charge forces and the wake fields are confirmed by the systematical

measurements. Additionally, we have shown that after the RF gun the wake fields have

much stronger impact on the beam dynamics than the space charge forces. The physi-

cal models used in the simulation of the beam dynamics after the gun allow to reduce

the absolute error in the modeling of the correlated energy chirp by order of magnitude380

in comparison with the case when the collective effects after the gun are neglected.
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6. Summary

We have considered both measurements and simulations for the impact of the col-

lective effects on the longitudinal phase space of the electron bunch at the injector sec-

tion of the European XFEL. The time-resolved measurements of mean slice momen-385

tum along the electron bunch prove the theoretical models of collective effects used in

the simulations. Moreover, we have suggested a method for accurately identifying the

synchronous phase of the RF module. It allows to extract the correlation in the mean

slice momentum due to the RF fields and simplifies the comparison between measure-

ment and simulation and the corresponding analysis. Additionally, a new model of the390

wake function in the finite chain of RF cavities is suggested and cross-checked with

the simulations as well as the measurements.
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